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Résumé.- La composante fondamentale et le second harmonique d'une onde acoustique d'amplitude finie 
produite par un projecteur de 10,2 cm de diamètre à la fréquence de 450 kHz ont été mesurés à diffé­
rentes distances, entre 1 m et 131 m, dans l'eau pure. Différents niveaux furent utilisés de façon à 
obtenir des régimes saturés et non-saturés du champ sonore. Les niveaux non-saturés mesurés en champ 
proche sont en bon accord avec la théorie de Ingenito et Williams (J.A.S.A. 49 (1971) 319-328), tan­
dis que les niveaux non-saturés mesurés en champ lointain correspondent à la théorie de Safar (J. 
Sound Vib. _13 (1970) 1-7). Le second harmonique étant généré localement à des distances de Tordre 
de 1/a (a = coefficient d'absorption du fondamental), la théorie de Safar peut être modifiée de fa­
çon à faire cadrer les niveaux saturés mesurés à ces distances en appliquant au fondamental les per­
tes par amplitude finie. Le diagramme de directivité du second harmonique, à ces distances, est très 
voisin du carré du diagramme de directivité mesuré pour le fondamental. 

Abstract.- Measurements were made at various ranges between 1 m and 131 m of the fundamental and se­
cond harmonic components of a finite-amplitude sound wave produced by a 10.2-cm-diameter projector 
driven at 450 kHz in fresh water. Various levels were used, so that nonsaturated, as well as satura­
ted, conditions obtained. The nonsaturated, nearfield levels are in good agreement with the theory 
of Ingenito and Williams (J.Acoust.Soc.Am. 49 (1971) 319-328), while the nonsaturated, farfield le­
vels agree with the theory of Safar (J. Sound" Vib. 13 (1970) 1-7). Because the second harmonic com­
ponent becomes locally generated at ranges of the orcfer of 1/a (a = fundamental absorption coeffi­
cient), the Safar theory can be modified to fit the saturated levels at such ranges by correction of 
the fundamental levels for finite-amplitude losses. The second harmonic beam patterns at such ranges 
closely approximate the square of the measured fundamental beam patterns. 

1. Introduction.- One of the consequences of medium 

nonlinearity is the generation of harmonic frequen­

cies during the propagation of an initially-sinusoi­

dal sound wave. Although this problem has been trea­

ted thoroughly for plane waves /1-4/, and approxi­

mately for spherical waves /5-7/, it is only recent­

ly that any progress has been made in predicting the 

harmonic levels from directional projectors /8-11/. 

Ingenito and Williams /8/ and Rogers /9/ have exa­

mined the absorption-free circular piston nearfield. 

Lockwood, Muir and Blackstock /10/ and Ostrovskii 

and Fridman /ll/ treated directional spherical wa­

ves (i.e., the farfield of a directional source). 

More recently, Fenlon /12/ has developed a combined 

plane- and spherical-wave Burgers Equation. His so­

lution ignores the harmonic levels at long range, 

however. 

Measurements of the second harmonic content 

have been made for spherical wave fields /13/ and 

for the fields of circular piston-like sources /10/, 

/14-21/. Nearfield measurements have been made opti­

cally /14/ and acoustically with large, planar re­

ceivers /15-17/ and with probe hydrophones /18-19/. 

Farfield data have been obtained acoustically in 

air /20//21/ and in water /10/. However, one of the 

remaining questions requiring an experimental ans­

wer concerns the absorption rate of the second har­

monic in the old-age region (i.e., ranges greater 

than 1/a, where absorption of the harmonics re-esta­

blishes the sinusoidal waveshape). Although theory 

indicates that the ultimate, long-range absorption 

rate should be twice that of the fundamental compo­

nent i.e., 2a, the date of Lockwood, Muir and 

Blackstock /10/ suggested a rate equal to 4a. The 

present experiment was undertaken to resolve this 

discrepancy by measuring second harmonic levels out 

to ranges on the order of 1/a. 

2. Theory.- Since there exists no comprehensive 

theory, able to deal simultaneously with absorption 

and finite-amplitude distortion in both the near-

field and farfield of the circular piston, we re­

sort to a "piecewise" theoretical approach. For the 

nearfield at low levels (i.e., prior to saturation), 

the theory of Ingenito and Williams /8/ is appro­

priate. For the farfield at low levels, we use the 

spherical-wave result of Safar /6/ : 

P2/P0 = (°oV
2r) exp ('4ctr) !3 ' (1) 

where : 

CTo = Bl° P o R o / p c 3 (2) 
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I n  these expressions, Po i s  the  average face pres- 

sure amplitude, r the range, Ro the  Rayleigh leng th  

( =  p r o j e c t o r  area/fundamental wavelength), w the  

fundsrnental angular frequency, p the  densi ty ,  C the 

sound speed, a the  fundamental absorpt ion c o e f f i -  

c i e n t  (Nepers per  u n i t  l eng th )  and B a n o n l i n e a r i t y  

parameter (= 3.5 i n  water).  The parameter uo i s  the 

r a t i o  o f  Ro t o  the shock-formation d is tance o f  a 

plane wave whose amplitude i s  Po. Thus, uo i s  a 

measure o f  the amount o f  d i s t o r t i o n  occurr ing wi -  

t h i n  the n e a r f i e l d .  

I n  order t o  descr ibe the  second harmonic a t  

h igh l e v e l s  i n  the old-age region, we assume t h a t  

the second harmonic i s  l o c a l l y  generated /22/, i .e, 

generat ion occurr ing a t  distances greater  than l / a  

from the  observat ion p o i n t  may be ignored. One may 

then employ a per tu rba t ion  theory /23/ t o  c a l c u l a t e  

the second harmonic generated by the  l o c a l  value o f  

the fundamental component. I n  the old-age reg ion  

t h i s  l o c a l  value w i l l  be : 

S P L ~  = SL, - 20 l o g  r - Gr  - EXOB, (4)  

where EXDB i s  the  e x t r a  loss  ( i n  dB) due t o  f i n i t e -  

ampli tude e f f e c t s ,  and : 

SLo = 20 l o g  PoRo - 3 (5)  

i s  the  rms fundamental source l e v e l  ( i n  the absence 

o f  n o n l i n e a r i t y ) .  Equation 1, which i s  the p e r t u r -  

b a t i o n  theory r e s u l t  f o r  EXDB = 0, may now be modi- 

f i e d  f o r  the case o f  nonzero EXDB by sub t rac t ing  

EXDB from the  fundamental "unperturbed" pressure 

l e v e l .  I n  decibel form, the r e s u l t  f o r  the a x i a l  s e  

cond harmonic sound pressure l e v e l  i s  : 

SPL2 = 2(SLo - EXDB) - 20 l o g  r + 20 l o g  f 

X - 4% + 20 l o g  I3 - SL1 - 6, (6)  

where f i s  the  fundamental frequency ( i n  kHz), 
- 
a = 8.686a, and : 

S L ~ *  E 20 l o g  ( ~ C ~ / Z R T B )  + 60 dB//lpPa-m-kHz.(7) 

I n  f r e s h  water /24/, S L ~ *  = 280 dB//lpPa-rn-kHz. 
' 

Although Eq. 6 conta ins the  term - 4Gr, t h e  

e f f e c t i v e  absorpt ion r a t e  a t  long range i s  275, be- 

cause : - exp (2ar) /2ar .  
'3 a r > > l  

(8) 

However, ranges i n  excess o f  5/12 are requi red f o r  

t h i s  asymptot ic 1 i m i  t t o  approach the  c o r r e c t  value 

w i t h i n  1 dB. Thus Crmust exceed 40 dB f o r  the 27; 

second harmonic absorpt ion r a t e  t o  hold. A t  shor ter  

ranges, h igher  e f f e c t i v e  absorpt ion r a t e s  may be 

expected. 

The f a r f i e l d  angular dependence o f  the  second 

harmonic component a t  low l e v e l s  has been shown /lo/ 
t o  have the form : 

D, ( e l  = too  ( e l l 2 ,  

where Do i s  the small-signal ( i .e. ,  unperturbed) 

fundamental beam pa t te rn .  I n  the old-age region, 

the fundamental beam pa t te rn ,  D1(8) i s ,  i n  general, 

broadened because o f  s a t u r a t i o n  near the  ax is .  I n -  

voking the l o c a l  generat ion concept again, we modi- 

f y  Eq. 9 t o  account f o r  the broadened "unperturbed" 

p a t t e r n  by t a k i n g  : 

D, ( e l  = ID, ( e l l 2 .  (10) - 
3. Experiment.- The experiment was conducted i n  a 

f r e s h  water transducer c a l i b r a t i o n  f a c i l i t y  i n  l a t e  

winter ,  1977. The pond was ice-covered and holes 

were c u t  a t  various ranges t o  a l low hydrophone em- 

placement. The water temperature was 3.3OC, so t h a t  

C = 1418 m/sec and 75 = 0.085 dB/m. The p r o j e c t o r  

had a 10.2 cm a c t i v e  diameter and was operated a t  a 

fundamental frequency o f  450 kHz. The Rayleigh len -  

gth, Ro, was 2.58 m. The p r o j e c t o r  was mounted on a 

r o t a t a b l e  s h a f t  and d r i ven  w i t h  a 10-kW pulsed po- 

wer a m p l i f i e r .  The hydrophone was used f o r  r e c e i v i g  

both the fundamental and second harmonic signals, 

which were subsequently se lected w i t h  a bandpass 

f i l t e r .  I t was determined t h a t  n e g l i g i b l e  second 

harmonic l e v e l s  were d i r e c t l y  rad ia ted  by the  pro-  

j e c t o r ,  by means o f  a close-range ( r  = 0.2 m) mea- 

surement which y i e l d e d  l e v e l s  s i g n i f i c a n t l y  below 

those a t  r = 1 m. 

The e x t r a  loss,  EXDB, a t  long range was mea- 

sured by no t ing  the  departure ( i n  dB) o f  the funda- 

mental received s igna l  from l i n e a r i t y  as the p r o j e c  

t o r  vo l tage was increased from low leve ls .  

4. Results and conclusions.- Three values o f  EXDB 

are tabulated i n  t a b l e  I. The l o c a t i o n  o f  shock i n -  

cept ion, if any, i s  a lso  ind ica ted  i n  the  tab le.  

Propagation data f o r  the fundamental component a t  

these th ree  l e v e l s  a re  p l o t t e d  i n  f i g u r e  1. It may 

be seen t h a t  beyond r = 20 m, the data fo l l ow the  

( s o l i d )  curves g iven by Eq. 4, i.e., beyond t h i s  

range, the e x t r a  loss  i s  constant and the  propaga- 

t i o n  i s  character ized by spher ica l  spreading and 

absorpt ion. 
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Table I. EXDB as a f u n c t i o n  o f  p r o j e c t o r  voltage, ext rapolated source leve l ,  and a,. 

P ro jec to r  Voltage 
Voltage Level SLo 

(Vpk-pk) (dB//lVms (dB//lpPa-m) Oo 

EXDB Shock 
(dB) Formation 

215.0 0.250 0 .5  None 

225.5 0.838 5.5 F a r f i e l d  

235.0 2.50 12.5 Nearf i e l  d 

Figure 1 : Sound pressure l e v e l  o f  fundamental com- 
ponent fo r  p r o j e c t o r  voltages o f  750 Vpp ( c i r c l e s ) ,  
250 Vpp (squares) and 75 Vpp (diamonds). S o l i d  cur-  
ves : Eq. 4. Dashed curve : smal l -s ignal  theory. 

Second harmonic l e v e l s  f o r  the  same three p r e  

j e c t o r  voltages are shown i n  f i g u r e  2 .  Beyond r - 
20 m, the  data f o l l o w  the p red ic t ions  o f  Eq. 6 (so- 

l i d  curves), so t h a t  the  Safar theory /6/, modi f ied 

by the i n c l u s i o n  of f i n i t e  amplitude losses, p r o v i -  

des an adequate descr ip t ion  o f  the second harmonic 

behavior i n  the  old-age reg ion  a t  a l l  l eve ls .  A t  

the  lowest l e v e l ,  wherein no shocks form, the theo- 

r y  o f  I n g e n i t o  and Wi l l iams /8/, al though u s u a l l y  

considered a n e a r f i e l  d theory, i s  s a t i s f a c t o r y  ou t  

t o  r = 20 m, about 8 x Ro, i n  t h i s  case. 

We t u r n  now t o  t h e  quest ion o f  the  second- 

harmonic absorpt ion r a t e .  As ind ica ted  i n  Sect ion 2 
we expect a 2E r a t e  t o  ob ta in  when Er exceeds about 

40 dB. Unfor tunate ly ,  the  maximum Z r i n t h i s  exper i -  

ment was about 11  dB, so t h a t  the  ranges were n o t  

l a r g e  enough f o r  the 2E r a t e  t o  be observed. Rather, 

a r a t e  = 3E preva i led  over much o f  the range. Figu- 

r e  3 i l l u s t r a t e s  t h i s  f a c t  by p l o t t i n g  the second 

harmonic 1 eve1 s corrected f o r  spher ica l  spreading 

versus range on a l i n e a r  scale. The t h e o r e t i c a l  

curve, -4% + 20 l o g  13, i s  shown s o l i d  i n  the f i -  

gure, and dashed l i n e s  o f  slope -2E and -& are 

harmonic absorpt ion l o s s  a t  500 m would exceed 

100 dB, so t h a t  l i t t l e  p r a c t i c a l  use could be made 

of the second harmonic s ignal  a t  t h a t  range. As a 

p r a c t i c a l  matter, i t  i s  perhaps b e t t e r  t o  approxi-  

mate the second harmonic absorpt ion r a t e  by 5. 

r o 

r (m) 

Figure 2 : Sound pressure l e v e l  of second harmonic 
component f o r  p r o j e c t o r  voltages of 750 Vpp (c i rdes )  
250 Vpp (squares) and 75 Vpp (diamonds). S o l i d  cur- 
ves : Eq. 6. Dashed curve : theory o f  re f .  8. 

F igure 3 : Second harmonic sound pressure l e v e l s  
corrected f o r  spher ica l  spreading and i n p u t  l e v e l s  
f o r  p r o j e c t o r  voltages o f  750 Vpp ( c i r c l e s ) ,  2 5 0 ~ ~ ~  
(squares) and 75 Vpp (diamonds). S o l i d  curve : 
~EI- + 20 l o g  13. Dashed l i n e s  have slopes o f  2Z and 
6. 

shown f o r  comparison. U l t ima te ly ,  a t  ranges - 500 4 

the  2E r a t e  should obta in.  However, the  t o t a l  second 
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The second harmonic beam p a t t e r n  data measu- 

red  a t  52.2 m are p l o t t e d  as symbols i n  f i g u r e  4. 

Again, the data are f o r  th ree  p r o j e c t o r  voltages, 

v iz . ,  80 Vpp, 250 Vpp and 750 Vpp. The s o l i d  curves 

are the  squared fundamental beam pat terns f o r  the 

same app l ied  voltages . These e x h i b i t  broadening and 

increased sidelobe l e v e l s  as the l e v e l  i s  ra ised.  

It may be seen t h a t  Eq. 10 i s  exper imenta l ly  v e r i -  

f ied.  Thus the r e s u l t  o f  Lockwood, Muir and Black- 

stock / lo / ,  although o r i g i n a l l y  intended f o r  nonsa- 

tu ra ted  waves, can be extended t o  saturated cases 

by use o f  the actual  fundamental beam pa t te rn .  

Figure 4 : Second harmonic beam pat terns a t  r = 
52.2 m f o r  p r o j e c t o r  voltages o f  750 Vpp ( c i r c l e s ) ,  
250 Vpp (squares) and 80 Vpp (diamonds). S o l i d  cur- 
ves : squared fundamental pa t te rns  f o r  same voltiges. 
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