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OSTWALD RIPENING IN IONIC CRYSTALS

S. C. JAIN (*) and A. E. HUGHES

Materials Development Division, Atomic Energy Research Establishment,
Harwell, Didcot, Oxon, UK

Résumé. — La théorie de Lifshitz-Slezov-Wagner (LSW) Ostwald Ripening, limitée par la
diffusion en volume ou les taux de réaction en surface, est étendue au cas de la diffusion par les
dislocations ou les joints de grain. La théorie prévoit une distribution universelle de taille de
particule, F(R/R.) ou R est le rayon critique, i. e. le rayon d’une particule qui est instantanément
en équilibre avec la concentration en soluté dans la matrice. Quelques-unes des approximations
faites dans la théorie sont discutées. L’approximation e ~ 1 -+ «/R utilisée en appliquant I’équa-~
tion de Thomson a la théorie n’est pas toujours valide et peut provoquer une erreur significative
dans la forme de la fonction de distribution des tailles pour les faibles valeurs de R. Des inhomo-
généités dans la distribution des distances entre particules peuvent provoquer la coalescence indé-
pendante de différents. groupes de particules dans le méme solide, ce qui donne une distribution
de tailles observée en désaccord avec la théorie simple.

Une comparaison de la théorie avec des expériences récentes dans des halogénures alcalins et des
verres confirme les résultats précédents et explique de nombrenses observations correctement. La
distribution des tailles observée pour des particules d’argent dans le verre est décrite par deux
distributions se recourant pour le cas de diffusion en volume. Les particules d’Ag dans KCl
sont décrites par la distribution étroite obtenue pour la diffusion par dislocation, et la distribu-
tion de MnCl;. 6 NaCl (phase de Suzuki) dans NaCl par la réaction de surface dans les limites des
approximations discutées.

Abstract., — The Lifshitz-Slezov-Wagner (LSW) theory of Ostwald ripening, limited by bulk
diffusion or surface reaction rates, is extended to the case of dislocation or grain-boundary diffu-
sion. The theory predicts a universal particle size distribution, F(R/R¢), where R. is the critical
radjus i.e. the radius of a particle which is instantaneously in equilibrium with the solute concen-
tration in the matrix. Some of the approximations used in the theory are critically examined. The
approximation e*’® ~ 1 + «/R, used in applying Thomson’s equation to the theory, is not always
valid and can cause a significant error in the shape of the size distribution function for small values
of R. Inhomogeneities in the distribution of interparticle separation can cause different groups of
particles in the same solid to ripen independently, thus giving an observed size distribution which
does not agree with the simple theory.

A comparison of the theory with recent experiments on alkali halides and glass supports the above
findings and explains a variety of observations satisfactorily. The observed size distribution of Ag
particles in glass is described by two overlapping distributions for the bulk diffusion case, Ag par-
ticles in KCl are described by the narrow distribution obtained for the dislocation diffusion case
and the distribution of MnCl,.6 NaCl (Suzuki phase) in NaCl by the surface reaction case when
allowance is made for the errors due to the approximations discussed above.

1. Introduction. — The kinetics of precipitation have grown into a single large precipitate or the solute

from a supersaturation of solute atoms or defects in a
crystal matrix have been extensively discussed by nume-
rous authors e. g. [1-7], and recently applied to the
aggregation of F centres into metallic colloids [8].
The precipitation process proceeds until the supersa-
turation of solute has become small, and most of the
excess solute has been incorporated into precipitated
particles, The particle size distribution during this
process remains fairly narrow. However, this distri-
bution does not persist, because the larger incerfacial
energy of a large number of small particies drives the
system towards a situation where the mean particle
size is increased. This process is known as Ostwsld
ripening, and in principle extends until the particles

(*) Permanent address: Defence Research and Develop-
ment Organization, South Block, New Delhi 110011, India.

has migrated to the surface of the crystal [9].

The mechanism of Ostwald ripening relies on the
transport of solute from small precipitates to larger
precipitates, so that the small ones shrink and the
large ones grow. These solute currents ariSe because
the solute concentration Cy in equilibrium with a
particle of radius R is given by Thomson’s equation [9].

Cr = C,, exp(2/R). €)]

C,, is the solute concentration in equilibrium with a
plane surface and « = 2 Qo/kT, where Q is the atomic
volume and ¢ the interfacial energy of the particle in
the matrix. Since Cy is larger for small values of R
a concentration gradient will exist so that solute
flows from the region near a small particle towards
a large particle. During Ostwald ripening a range of
particle sizes will be present.
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The theory of Ostwald ripening was formulated by
Greenwood {10] and considerably extended by Lif-
shitz and Slezov (11-12] and Wagner [13]. These
theories predict that the ripening system evolves into
a quasi steady state in which the size distribution
F(u) expressed in terms of the reduced variable
u = R/R does not change with time and in which the
mean radius R grows as ¢” where n < 1. The exponent
n is & when the ripening process is controlled by the
rate at which solute evaporates and condenses at the
particles (case 1), and 4 when the rate-limiting process
is bulk diffusion of solute atoms (case 2). Extensive
experimental work has been done to test these theories
in the case of metal alloys [9], with reasonable success.
However, the observed size distributions are usually
rather wider than predicted. Very little work has been
done on ionic crystals and glasses, although size dis-
tributions of colloids and precipitates have been report-
ed [14-18), and some attempt has been made to inter-
pret the ripening results theoretically [19-21]. In this
paper we report a more extensive analysis of the
experimental results, and extend the Lifshitz-Slezov-
Wagner (LSW) theory in two important respects. The
first of these is to cover the case where transport of
solute between particles takes place by dislocation or
grain boundary diffusion (case 3) rather than through
the bulk crystal. We also show that it is possible under
some conditions for different groups of precipitate
particles to ripen almost independently in the same
crystal. This leads to an interpretation of features of
the observed size distributions which are not explain-
ed by the conventional LSW theory. Since the detailed
arguments have been presented in another report [22]
we shall concentrate only on the main results.

2. Ripening theory and its extension to dislocation

and grain boundary diffusion. — Suppose that the
concentration of solute at a point distant from a pre-
cipitate particle is C,, i. e. C, represents the average
value of the solute concentration in the bulk of the
crystal. The rate of change of the radius of a particle
is then given in the steady state approximation (see
[11, 22]) by

d_IE = é;' (Ca - CR) (2)

dt R C

[

where n = 0, 1 and 2 for case 1, 2 and 3 respectively
and 4 is a constant factor. C, is the concentration of
solute atoms in the precipitate. The constant 4 is
equal to the surface reaction rate constant X in case 1
[13], the bulk diffusion coefficient D in case 2 [11]
and the dislocation or grain boundary transport para-
meter G in case 3 [22]. G is a function of the bulk and
dislocation or grain boundary diffusion coefficients
whose precise form depends on the assumptions made
in deriving equ. (2) (see [22]). The form of equ. (2)
has been used by LSW for cases 1 and 2. For case 3,
n = 2, has been shown to be approximately true for
grain boundaries [9, 22] and for the related problem of
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islands growing on a substrate [23, 24]. The extension
to dislocation diffusion is made in detail in [22] ; the
R™2 dependence arises simply whenever the solute
current to or from a particle is independent of particle
size, as it will be for a one dimensional diffusion path.

Using equ. (1) and assuming « <€ R (see later for a
discussion of this point) we can write

Cr = C,(1 + a/R) &)
which allows equ. (2) (with 4 = G and n = 2) to be
written as

R GaCy (1 1)

4
d& C,R*\R, R @

R, the critical radius, is the radius of a particle which is
instantaneously in equilibrium with the average solute
concentration C,, i. e. the radius of a particle which is
instantaneously neither growing nor shrinking. Thus

a/Rc = (Ca - Coo)/Coo (5)

R, is a crucial parameter in the LSW theory, since the
radius distribution function expressed in terms of
u = R/R_is found to be asymptotically independent of
the time ¢ at large times such that R, > R (¢t = Q).

Adapting the method of Lifshitz and Slezov [11, 12]
to case 3, we find that the size distribution function
S(R, t) is given by

const.
SR, 1) = 22 Py ®)
Fiuw) =
u® exp [_—:L] .exp [-— ! ant (u+ug)]
_ 3(uo—u) 6./2 TN G)
(“o _ u)19/6 (uz + 2““0 + 4u0)23/12
foru < u, = 4/3
Fiy(uw) = Oforu > 4/3.
0
For
_ 64 C, R}0)
P> % = 57 aGC,
we also have
R} = R¥0) (1 + t/r3) ®
_ _aCy -1/4
C,—C, = R t ©)

c

and the number of particles n(f) oc £ ~3/4,

The distribution Fi(u) also applies to the growth
of particles on surfaces (cf. [23 and 24)). Correspond-
ing expressions for the other cases 1 and 2 are given in
the Appendix. Note that the distribution functions
F(u) fall to zero at some upper limit of u, which is 2.0
for case 1, 1.5 for case 2 and 1.33 for case 3. The asymp-
totic time dependence of R, is R, oc t1/®*2)_ Plots of
F,(w), Fy(u) and F;(u) are shown in figure 1. In all
cases R, = fR where f = 1 for case 2 and is close to 1
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for the other cases. It is also possible to relate R,
exactly to the mean value of some power of R [13, 22].
Thus incase 3, R, * = R~ 1.

100
0751
T 0.50~
El
o Fyiu)
Falu) Flu)
025F F1 lul
F3lu)
.
1 il 2! J
o . 0.4 08 12 16 20
y —

Fic. 1. — Theoretical size distributions : Fi(s) for the surface

reaction case, F2(u) for the bulk diffusion case and Fs(x) for the

dislocation and grain boundary diffusion case. The maximum

values of the three functions occur at # = 1.00, # = 1.135 and

u = 1.142. Note that F(u) varies as u, u2 and u3 near u =0
in the three cases.

3. Modifications to the theory for small values
of R. — One of the assumptions used in the LSW
theory is that a/R < 1 in equ. (1) so that the exponen-
tial can be expanded. This must introduce some error
for small values of R, whose effect may be found as
follows. ‘

The total number of particles per unit volume n(f)
is given by

n(f) = j SR, 0dR (10)
o
and from the equation of continuity
of 8,
T + Eﬁ(f'R) = 0([11-13])
it follows that
_dn__ & [ SR, HdR = — Lim [ f(R, t)f(].
dt dt ) R—0
(11)

Since dn/ds must depend only on t, it follows that as
R — 0 the function f(R, r) must show the inverse func-
tional dependence on R to R. From equ. (2) it then
follows that for small R (€ R,)

Rn

f(R_’t)OCg/R—:I

(12
which is to be contrasted with f(R, #) oc R**? (i.e.
F, 4 1(u) oc v * 1) which results when equ. (3) is used. The
two forms are compared in figure 2. It can be seen that
the changes in f(R, t) at small R will be most obvious in
case 1.
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F(z)—>
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z—>

Fic. 2. — Comparison of the functions F(z) = zt/(et/z —1)

(full lines) and F(z) = z»*1 (dashed lines) for » = 0, 1 and 2 as

appropriate for cases 1, 2 and 3. The variable z is written for
R/a (see text).

Appropriate values of ¢ to use in equ. (1) are not
known with certainty for most systems (see [25 and
26]). Taking a probably high value of ¢ = 1000 ergs
cm~2, and Q =5 x 1072 em?, T = 1000 K, gives
o = 7 pm, so that the discrepancy due to using equ. (3)
would become significant for R < 20 nm. For very
small particles even equ. (1) will cease to be valid
since o becomes size-dependent [27]. One can thus
expect that the size distributions observed experi-
mentally may deviate somewhat from the curves in
figure 1 for small values of u.

4. The effect of inhomogeneities on ripening. —
It seems intuitively possible that if two or more groups
of particles are formed well-separated from one ano-
ther in the crystal, then each group may approximate
closely to an LSW system and ripen almost inde-
pendently, with the values of C, (and hence R,
continuing to be different in each region. This possi-
bility is suggested by some of the electron microscope
studies of precipitates (e. g. [18, 28]) which tend to
show groups of particles in a very inhomogeneous
spatial distribution. We may examine this situation
more quantitatively by comparing the value of
(dC,/dt), due to ripening within each LSW system
with the rate (dC,/d?); at which C, in each region tends
to change due to inter-region diffusion. If

(dC,/a1); < (AC,/dp), -
then we would conclude that each region will ripen
independently without communicating with other
regions. We shall examine this condition initially for
the specific example of case 2 i. e. bulk diffusion.
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From equ. (A7) of the Appendix it follows that

(dCa(l)) _ 492C%D

= %D 13
dt 27 C, R¥ (1) ()

where R (1) refers to region 1 etc. For a diffusion pro-
cess we can write

D
~ E [Ca(z) - Ca(l)]

)

( Sreo- c.)

DaC 1 1
= o0 - 14
I [RC(Z) Rc(l)] (4

where L is the distance separating region 1 and region 2.
The condition for independent ripening regions thus
o

becomes
1 (1 )
ey =l 1
RZ(D) @w\g

with R.(2) = BR.(1). If two systems are to be reco-
gnized as ripening independently, then R (2) must
be significantly different from R (1) i. e. f appreciably
greater or less than unity. Equ. (15) shows that if
B ~ 0.5 the condition for independent ripening is not
difficult to satisfy. For example, if a/R, ~ 0.3 and
C,/C, ~ 10° wehave (L/R)* > 3 x 10°i.e. L > 50 R..
Thus if R, ~ 20 nm the two regions need only be
separated by several microns. We may thus conclude
that it is very likely that in a relatively dilute system
there may be several groups of particles ripening almost
independently. Experimental size distributions would
then be superpositions of several different distribution
functions with different values of R, The arguments
are easily extended to cases 1 and 3. It turns out that
the condition becomes easier to satisfy as one pro-
gresses from case 1 through case 2 (as above) to case 3.
The existence of independent groups with different
values of R, presupposes, of course, that the different
regions have reached different stages of the precipi-
tation and ripening process at a given time. This does
not seem unreasonable where inhomogeneous nuclea-
tion (e. g. on dislocations) is involved. Finally, it
should be remembered that equ. (2) applies only
when one of the three solute transport processes is
truly rate-limiting. In the general case where more
than one process must be taken into account the expres-
sion for dR/dr becomes intermediate between the sim-
ple cases [9, 13]. Size distribution functions have not
been worked out under these circumstances, but
presumably they are intermediate between those
shown in figure 1.

)

C,
cT2 >
CP

5. Comparison of the theory with experiments. —
5.1 SILVER PARTICLES IN GLASS. — Kreibig [15]
has produced silver particles in photosensitive glass
containing 0.02-0.06 9, of Ag,0. Efforts have been
made to fit each of the theoretical curves in figure 1
with the size distribution as measured by Kreibig.
The fits were made by adjusting the scale of the radius
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coordinate so that the peak of the theoretical curve
comes close to that of the experimental histogram.
Using this procedure various fits can be tried and
judged independently. As shown in figure 3, F,(u) is
too broad to give a satisfactory fit to the data, regar-
dless of variations in fiiting procedure. On the other
hand, both the curves F,(u) and F,;(#) are much too
narrow when compared with the observed distribu-
tion. In any case one would not expect the dislocation
or grain boundary case to be relevant for a glass.

&

F1 (U) —
ARBITRARY UNITS

— i LT
0 - 05 10 15 20 25
u—

Fic. 3. — A comparison of the theoretical size distribution

function F1(#) with the experimental data for silver particles in

glass obtained by Kreibig. The experimental data have been

recast in terms of ¥ = R/R. by choosing a value of R. which
gives the best visual fit.

We suggested in section 4 that all particles need not
necessarily form part of one LSW system. Based on
this suggestion we have tried and fitted successfully
two F,(u) curves with the observed distribution,
the values of R being R; = 5.0 nm and R, = 6.5 nm
respectively for the two systems. It is seen from figure 4
that the curve F = F,(u;) + F,(u,;) (u; = R/R, and
u, = R/R,) agrees well with the observations.

Although this agreement of the sum of two F,(u)
curves with observations supports the suggestion that
two or more LSW ripening groups occur independently
in many cases, the real test of this suggestion would lie
in the measurement of the interparticle distances
and radius distributions in the sample. Unfortunately
such information is not available in any of the size
distribution measurements reported in the literature.

1t is seen in figure 4 that there are a few very large
particles (R ~ 10-13 nm) present in the system with a
gap near R ~ 11.5nm where there are no particles.
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Fic. 4. — Evidence of two LSW systems of silver particles

ripening independently in experiments made by Kreibig. The

observed size distribution, shown by histograms, fits with the

composite curve F = F; -+ F, where F; = Fo(u;) and
Fy = Fa(uy).

We will discuss briefly these large particles along with
the results of Shvarts et al. [14] and Chassagne [18],
in section 6. ‘

5.2 SiLver PARTICLES IN KCIl. — Recently Jain
and Arora [16] have measured the size distribution of
silver particles in KCl. The observed distributions for
a crystal ripened for two different times are shown by
the histograms in figures 5a and 5b. The distributions

{a) {b}

F3lu)—>
ARBITRARY UNITS

1 1 1
15 0 05 10 15
U —>

0 05 10

FiG. 5. — Ostwald ripening of silver particles in KCI by diffu-

sion through dislocations observed by Jain and Arora. The

observed distributions are perhaps the narrowest reported in

the literature and can be fitted only with the sharp theoretical

curves Fi(u) obtained for ripening by diffusion through dislo-~
cations. 2R = 33 nm for figure 5a and 46 nm for 55.
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are the narrowest of all the measured distributions on
different systems that we have seen so far (cf. data in
[9 and 29]). The theoretical plot of F,(u) appropriate
for diffusion through dislocations fits extremely well
with the observations in both cases as shown in figure 5.
Since the ripening was done at a rather high tempe-
rature (700 °C), the result that the diffusion is almost
completely controlled by transport through disloca-
tions may appear surprising. However, the crystals
were grown from the melt, quenched from high tem-
peratures several times and contained a very high dis-
location density. Durand ez gl. [8] have also found that
metallic colloids are formed by migration of F centres
to dislocations even if the alkali halide crystals are
not deformed. The most convincing evidence that
the colloids are in fact formed at dislocations, even in
undeformed crystals, is provided by the direct obser-
vations of colloids in the electron microscope [28].

Calleja and Agullé-Lépez [20] have attempted to fit
these data using the bulk diffusion distribution F,(w).
They obtain an apparently good fit by superposing the
two experimental distributions in figures 54 and 5b,
assuming that the ¢'/3 law holds for R(= R,). This
superposition, however, results in a distribution which
is substantially wider than each separate experimental
histogram, and explains why they are able to get a
good fit to F,(u). In fact the ripening times quoted by
Jain and Arora are not known precisely enough to test
the time dependence of R,, and the limited data fits
neither #1/3 nor £1/4,

F1(U) -—>
ARBITRARY UNITS

1 {
1.5 20

05

I
1.0
u—>
Fi1G. 6. — Size distribution of the Suzuki phase of MnCls.6NaCl
in NaCl crystals observed by Kirk ef al. (histogram) and theore-
tical plot of Fi(u), the LSW curve for surface controlled reac-

tion for R = 128 nm.
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5.3 Suzuki PHAse IN NaCl. — Kirk, Khan and
Pratt [17] have studied precipitates of the Suzuki
phase MnCl, : 6 NaCl in Mn doped NaCl crystals.
The size distribution of the precipitates measured by
them in a crystal containing 225 ppm of MnCl, is
shown in figure 6.

A study of the Suzuki structure shows that both
Mn2* and its charge compensating cation vacancy
have to be incorporated in the precipitate at specific
locations. It is therefore likely that a relatively slow
surface reaction will control the growth kinetics and
we compare the theoretical distribution F;{(x) with the
experimental results in figure 6. The agreement of
theory with experiment is good except for the very
small number of particles for # < 0.5. This discre-
pancy is perhaps to be expected in view of the discus-
sion of the approximation used in expanding Thom-
son’s equation in section 3. It was mentioned earlier
that this error is expected to be most apparent in the
surface reaction case 1. The experimental distribution
is too wide to be fitted satisfactorily by either F,(u)
or F;(u), although it could probably be fitted by a
superposition of several such curves.

6. The presence of large particles and the influence
of gross inhomogeneities. — We have seen in section 5
that there were a few large particles of silver present in
the glass in Kreibig’s experiments. These did not
form part of the two LSW systems which described
the size distribution of the rest of the particles. The
occurrence of these anomalously large particles is not
unique to silver particles in glass and is found in
many other systems {17, 29]. Shvarts er al. [14] have
reported the size distribution of Na and K colloids
in heavily coloured NaCl and KCI. They found that
the distribution of colloids was highly inhomogeneous
in their crystals, and a long tail is observed on the
large size side of the size distribution. The size distri-
bution spectra of Chassagne [18] are also very complex
and show an anamolously large population of large
particles. A notable result of the LSW theory for
Ostwald ripening is the sharp cut-off at some value of
R close to but larger than R on the large size side. The
presence of a few very large particles or a gradual tail
on the large size side are results exactly opposite to
the predictions of the theory.

S. C. JAIN AND A. E. HUGHES

A close study of the results of Shvarts er al. [14]
and Chassagne [18] shows that the distribution of
particles in space in the crystals is characterized by
large inhomogeneities. In many of the photographs of
colloids in crystals [18] the spacing between the sur-
faces of the colloidal particles in less than the particle
radii R. These features suggest that in these systems
we are dealing with conditions which result in at
least some of the colloidal particles being too close
together to meet the criteria for the applicability of
the LSW theory, since the concepts of steady state
diffusion and symmetry around each particle which are
used to derive equ. (2) break down. A satisfactory
theory of Ostwald ripening under these conditions is
not available (see however [29] and references therein
for an attempt at the problem). In addition, it is
also possible that very closely spaced particles may
coalesce by actual particle migration (driven in the
case of colloids presumably by surface diffusion). This
effect is not included in the main results of the LSW
theory of ripening, but is extremely important for the
growth of particles in vapours and liquids where it is
the dominant ripening process (see for example ]30-
347).

Despite these difficulties, we can understand in a
general way the features of the size distribution for
systems where some particles are formed very close
together., Such a cluster of closely spaced particles
can ripen independently of the behaviour of the rest of
the particles in the solid, so that it may ripen relatively
quickly into one large particle. If there are several
such clusters of particles, the situation after some
period of ripening may be that of a few very large
particles originating from these clusters, plus the rest
of the solid which may still contain one or more groups
of more dispersed particles which are still forming
LSW systems. In any one experiment, the particle
size distribution is then likely to display evidence for
an LSW-type distribution plus some anomolously
large particles.
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Appendix. — Ripening theory results for case 1 (n = 0) and case 2 (n = 1).
CaAsE 1, CASE 2.
u ex [—31‘] 2 ex [—————21‘]
F(u)—'___iz——i F(it}'— uep3_2u
' @-w (A1) ’ G+w’E-2w"
foru < 2.0 foru < 1.5 (A5)
Fi(u) =0foru > 2.0 Fy(u) = 0foru > 1.5
2 C, R%0 3
For t>11=_oTIP{C_m(-2: For t>12=?z%zv—é?:
R =RXO) (1 + t/7y) (A2) R® = R30) (1 + t/15) (A6)
C,—C,oct™? (A3) C,— C, ot 13 (A7)
n®) oc t731%, (A9) a®) <t (A8)
DISCUSSION

A. B. LiDIARD. — You said it was reasonable that
the precipitation of Ag in glass should be described by
two independent distributions because electron mi-
croscope observations showed spatial distributions
not to be homogeneous. Have you any idea why this
should be ?

A. E. HuGHEs. — Inhomogeneous spatial distribu-
tions are likely to arise if the initial precipitation pro-
cess takes place under conditions which are not ideal :
e. g. if there are temperature gradients or residual
stresses in the material.

31



