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Résumé. 2014 La transmission (T) et la réflexion (R) d’un milieu homogène diffusant la lumière de
façon isotrope sont calculées numériquement à l’aide d’une simulation dite de Monte Carlo (MC),
dans le cas d’un faisceau incident parallèle. Un grand nombre de valeurs des coefficients

d’absorption 03BA et de diffusion 03C3 par unité de longueur ont été explorées de façon à couvrir
pratiquement tous les cas possibles. Nous présentons ces résultats MC sous forme de réseaux de
courbes avec des paramètres réduits, ce qui permet d’avoir une vision globale des phénomènes.
Ces résultats precis nous ont permis de délimiter les domaines de validité des expressions
analytiques approchées obtenues avec un modèle à trois flux ou par résolution de l’équation de
transfert radiatif. Enfin nous avons construit des abaques simples à utiliser pour la détermination
graphique directe des coefficients 03BA et 03C3 à partir des mesures de R et T. Les effets des réflexions
sur les surfaces du milieu sont discutés dans la demière partie de l’article.

Abstract. 2014 An accurate Monte Carlo (MC) computer model is used to calculate the reflectances
(R) and transmittances (T) of isotropic scattering media for the case of collimated beam
illumination and for a wide range of absorption and scattering coefficients 03BA and 03C3 per unit length.
The MC results are presented by means of sets of curves with distance scaling in order to give an
overall understanding of the subject. Numerical comparisons are made with analytical expressions
obtained with a 3-flux model or derived from the equation of radiative transfer. These

comparisons indicate the range of 03BA and 03C3 values where these expressions are applicable. A simple
diagram is constructed with accurate MC results and can be used for direct graphical
determination of 03BA and 03C3 from R and T measurements. The effects of reflections at the boundaries

are described in the last section.
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1. Introduction..

Light propagation in scattering and absorbing media has received considerable attention. The
study of this phenomenon requires two strongly related steps :

1) an experimental determination of the optical properties of the medium of interest ;
2) the development of a suitable theory or model for describing the light propagation in the

medium.

Up to now experimental methods used to determine the scattering and absorption
characteristics of a medium are mostly based on measurements of the reflectance and
transmittance of slabs of the material. The most typical technique make use of spec-
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trophotometers with integrating spheres. For example, for measuring transmittance, the
sample is placed on an aperture made in the integrating sphere and is irradiated either by a
collimated beam or by diffuse light coming from a flux-filled second integrating sphere
(Fig. 1). Obviously reflectance cannot be measured by this twin-spheres technique, and the
sample is typically irradiated unidirectionaly by a collimated beam through a small opening in
the collecting sphere. Successive measurements can be made with an incident beam at various
angles to the normal to the sample surface.

Fig. 1. - Some examples of integrating spheres apparatus for transmittance or reflectance measure-
ments. (a) Measurement of the transmittance of a sample illuminated by a collimated beam.

(b) Measurement of the transmittance of a sample illuminated by diffuse light coming from a flux-filled
second integrating sphere. (c) Measurement of the reflectance of a sample illuminated by a collimated
beam.

Alternative methods based on measurements of the spatial distribution of the reflected light
have been recently proposed [1, 2].
As far as theory is concerned, several approaches have been developed. The aim of these

has been to find analytical expressions which are more satisfactory for the physicists and can
be computed very rapidly.
The most popular are the 2, 4 or n-flux phenomenological models initiated by Kubelka [3,

4] and the methods of solving the equation of radiative transfer [5-7].
Although these theories are often well founded, in practice many assumptions are used to

simplify the mathematics. A variety of more or less approximate analytical solutions has been
constructed within the conditions encountered in the measurements :
- the sample is bounded by parallel planes, the dimensions of which are very large

compared to the sample thickness ;
- the medium is homogeneous or made of several optically different homogeneous

layers ;
- in many cases the incident light is assumed to be collimated or perfectly diffuse.
A good analytical description is obtained for the limiting cases of dominant absorption or

dominant scattering but it is much more complicated to deal with the intermediate cases
where both absorption and scattering processes are significant.
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Incorporating real conditions such as source geometry, anisotropic phase function,
reflections on surfaces, inhomogeneous medium, is also very difficult and makes the

mathematical treatment very complicated. Numerical treatments are very often necessary to
solve the equations [6, 7].
Many papers compare the results of various theories and discuss their conditions of validity

but it is still very difficult to get a comprehensive understanding of light propagation in a
scattering medium even in the simplest cases.
An other and more general theoretical approach is to use a numerical Monte Carlo (MC)

simulation to follow the photons along their pathways in the material [1, 8, 9]. The algorithm
is very simple and MC calculations can be used for more realistic geometries without
additional conceptual difficulties. The main disadvantage of this method lies in its large
computer calculation time. The more real conditions are taken into account, the more time is

required to obtain accurate results. Nevertheless commercially available personal computers
have recently become quite powerful and now allow the use of this method in laboratories.
The object of this paper is both to test the accuracy of numerical MC simulations and to

give an overall and precise knowledge of diffuse reflection and transmission of light by
absorbing and scattering media in simple cases. Thus we present results of MC calculations for
a plane-parallel slab illuminated by a parallel beam of monochromatic light in the case of
isotropic scattering which is encountered, for example, when the scattering particles are
spherical and very small compared with the wave length. Accurate values of the transmittance
T and reflectance R are given for a very large range of absorption and scattering coefficients
per unit length K and a and for various slab thicknesses d in order to cover nearly all possible
cases. When possible, these values are compared with accurate values already available in the
tabulations by Van De Hulst [6] and Giovanelli [22] in the matched boundary case.
These general results are presented by means of sets of curves using distance scaling and

reduced parameters so that they may be used with any sample.
In the most simple cases we compare the accurate results of MC calculations to those

obtained with some approximate analytical expressions derived from a 3-flux model or from
solving the equation of radiative transfer and we determine their conditions of validity.
Graphical solutions for K and cr in terms of experimentally observed T and R are presented

parametrically in a simple graph. The general problem of this determination is widely
discussed.

Effects of the reflections at the slab boundaries are discussed in section 4.

2. Monte Carlo method.

The Monte Carlo methods proceed in a very different way from the analytical methods. Light
propagation in a scattering medium is not considered as a whole but is described locally : the
photon defined by its space coordinates and its direction of propagation undergoes events
which are mainly changes of direction in scattering events or its disappearance by absorption.
The path length between two interactions is statistically dependent on the probability of each
event.

The accuracy of the final result depends on the total number of photons used in the
calculations. For computational efficiency it is in fact more convenient to use groups of

photons rather than single photons.
All the photons of a same group are generated along the same incident ray and undergo the

same changes of direction at the scattering points.

2.1 MODELS. - In a first type of Monte Carlo technique (MCI) [1] part of the photons of a
group is absorbed continuously along the ray path between two scattering events and the
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other photons continue to follow their natural histories. At each point of the pathway the
weight of the group is equal to the number of unabsorbed photons which represents the
probability for one photon to reach this point along this special trajectory.

In this way a large number of individual stories are explored at once.

The basic steps of our MCI simulation are (Fig. 2) :
(1) a group of photons, of initial weight equal to 1, is generated with an incident direction

perpendicular to the sample surface ;
(2) the path length between successive scattering events is calculated as

where r is a random number uniformly distributed between 0 and 1 and o-is the true scattering
coefficient per unit length, which is the product of the number density of scattering particles
by the individual scattering cross section. a is then the inverse of the elastic mean free path.
This expression of L is statistically equivalent to the probability exp [- 0-L ] for a photon to
cover a distance L between two scattering events if no absorption occurs on this path ;

Fig. 2. - Schematic of a group of photons history showing the weighting factor at each interaction

point for the MCI Monte Carlo model. K is the absorption coefficient and the are the path lèngths
between successive scattering events. In case of specular reflection at the boundaries, the weight is
multiplied by the reflection coefficient r(8 ) corresponding to the angle of incidence 9. The refracted
part of the light participates in R or T depending on the surface.
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(3) along a path the absorption is taken into account by multiplying the weight of the group
by exp [ - K L ] ;

(4) at the end of each path a new direction is determined. In order to reduce the number of
significant parameters, we have investigated the case of isotropic scattering which has been
widely studied in the literature. The extension of the MC methods to anisotropic scattering
cases can be done without further complications by using, for example, a statistical law
derived from the Henyey-Greenstein phase function [10, 1] ;

(5) non random events occur when the trajectory crosses one of the slab surfaces : part of
the light is reflected towards the medium and in case of specular reflection it is easy to

calculate its weight and its direction, the refracted part of the light participates in R or T
depending on the surface ;

(6) groups of photons whose weight becomes lower than a critical weight, determined by
the desired precision, are eliminated.

In a second type of Monte Carlo technique (MC2) [9] (Fig. 3) absorption is not treated as a
continuous phenomenon but the group of photons is assumed to deposit a fraction of its

Fig. 3. - Schematic of a group of photons history showing the weighting factor W and the absorbed
dose a; at each interaction point for the MC2 Monte Carlo model. w o is the sample scattering albedo and
e = 1 - w o. Then are the path lengths between successive scattering events. In the case of specular
reflection at the boundaries, the weight is multiplied by the reflection coefficient r (0) corresponding to
the angle of incidence 8. The reflected part of the light participates in R or T depending on the surface.
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weight, as absorbed energy, at each scattering point. Steps (2) and (3) of MC 1 are modified
for MC2 :

(2’) the path length between successive interactions is calculated as :

(3’) at each interaction point a fraction of the photons family equal to the simple scattering
albedo CI) 0 = u / (K + u) is scattered and a fraction 8 = 1 - CI) 0 = K / (K + u) is absorbed.

In our T and R calculations we have obtained exactly the same results with these two
methods. This agreement is due to the fact that the absorption and diffusion phenomenons
are described by the same probability laws in the two models. MC2 would be computationally
more convenient for the calculation of the distribution of absorbed « dose » in the sample and
is often less computer-time consuming.

2.2 ACCURACY OF MC CALCULATIONS. - Since the final result is obtained by averaging
over the contributions of many photons, its accuracy depends on the number of photons used
in the calculations.

In order to evaluate this accuracy, we have made, in many different cases, a statistical
estimation of the variance of the results : R and T are calculated 25 x 103 times with
103 groups of photons for a given set of K, u and d values, where d is the thickness of the slab.
The half width at 1 /e height of the quasi-Gaussian distribution of the results is always very
close to 1.6 x 10 - 2 (absolute deviation) for T and very often much smaller than
1.6 x 10-2 for R.
To obtain a variance 10 times smaller, one should approximately multiply by 100 the

number N of groups of photons used in the calculations.
From this study we can assume that the absolute deviation of the MC results from exact

values is smaller than 1.6 x 10- 2 x ( 1 000/N)1/2 = (0.261N) 1/2 . This assumption appeared to
be verified each time we could compare our MC results to some very accurate values given in
the litterature [6]. 

’

For the elimination of the photons, it is not necessary to use a cut off weight smaller than
(0.26/N)1/2.
The results presented in this paper have been computed with 106 groups of photons and a

cut off weight equal to 10- 5. The absolute statistical error is then * 5 x 10- 4 for T, and very
often « 5 x 10- 4 for R, which, up to now, corresponds to the accuracy of the best

experimental measurements.

3. Case of index matching of the medium to the environment.

The scattering medium of finite thickness d is supposed to be bounded by two infinite parallel
planes. One of the planes is illuminated by a collimated normally incident beam.

In this paper, the results are limited to cases that satisfy the following conditions :

(a) the medium is homogeneous, isotropic and linear ;

(b) scattering is isotropic ;
(c) the light intensity is low enough so that non linear effects can be neglected. The photons

are assumed to be independent ;
(d) the optical characteristics of the medium are not modified by the absorbed energy. The

medium does not emit radiation or fluoresce ;

(e) the radiation is monochromatic and the absorption and scattering coefficients K and cr
are constant in the medium.
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One of the effects of this geometry and of these restrictions is that the total reflectance R
and transmittance T do not depend on the intensity distribution in the incident collimated
beam.

In the most simple ’ case of index matching of the medium to the environment on the
entrance and exit sides of the slab, no surface reflections occur. R and T depend only on the
optical thickness ( K + u) d and on the ratio K la which can be used as a parameter. All
results presented below have distances measured in units of the mean free path
1/ (K + u) in order to be shown in a more condensed and universal form.

3.1 MONTE CARLO RESULTS. - Some of the MC calculated values of transmittance T and

reflectan’ce R are given in table 1 and table II respectively.
The variations of T as a function of optical thickness are given in figure 4 for

K l a ratios ranging from 10- 3 to 2 x 102. T decreases from 100 % when ( K + a ) d = 0 to 0 %à
for infinite thickness. The transmittance has been plotted on a logarithmic scale to test the
exponential behaviour of the curves.
For the high absorption cases (K / 0- ::-- 20) the behaviour of T fits the Beer’s law

For the intermediate cases ( 10-1  K / 0-  2 ), the behaviour of T is still nearly exponential
but the slope of the Ln ( T) curves as a function of the optical thickness varies continuously
from - 1 to about - 0.5 when K / 0- decreases from 20 to 10-1. A detailed analysis of the data
shows that this remains true even for optical thicknesses as small as 0.05.
For the highly scattering cases (10-3  K/U : 10-1) the slope of the Ln ( T) curves

remains very close to 0.5 for very small thicknesses. But as ( K + u) d increases, the curves
begin to bend and the behaviour is exponential only for large optical thicknesses with slopes
that can be extremely small ( - 0.06 for K /0’ = 10- 3). From these observations it appears
that a measurement of the slope of the Ln (T) curve as a function of d is not sufficient to
determine separately K and 0- if K / 0- is unknown.

Fig. 4. - MC calculated transmittance as a function of optical thickness for K lu ranging from
10- 3 to 2 x 102. Isotropic scattering ; Normally incident collimated beam ; Index matching.
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Table 1. - Some MC calculated values of transmittance (%) for an isotropic scattering medium
illuminated by a normally incident collimated beam. Index matching.

Table II. - Some calculated values of reflectance (%) for an isotropic scattering medium
illuminated by a normally incident collimated beam. Index matching.
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When K / u tends toward zero the variations of T can be approximate to the formula :

given by Reichman [19] for the isotropic normal conservative case. For example if

KIO- = 10- 3 the relative discrepancy between the MC results and this formula is less than
10- 3 for optical thicknesses smaller than 1 and is not greater than 3 percent for larger
thicknesses.
For very small thicknesses the Reichman formula reduces to T = 1- 0.5 ( K + 0, ) d

1 - R when K d is negligible. This limit formula illustrates the fact that, in the isotropic case, a
scattered photon has an equal probability to leave the medium forward or downward.

Figure 5 shows the calculated reflectance R as a function of ( rc + 0- ) d. R increases from
0 % when ( K + a ) d = 0 to an asymptotic value ROC) for infinite thickness. This limit value
ROC) is reached more rapidly as KIO- increases. The optical thickness has been plotted on a
logarithmic scale to show this behaviour : the random path-way followed by the photon can
return to the illuminated surface. This phenomenon is more probable if the optical thickness
is large and if the absorption is low. The asymptotic value ROC) is due to the fact that a photon
venturing deeply inside the sample has a poor chance of returning back to the surface.

Fig. 5. - MC calculated reflectance as a function of optical thickness for K /0, ranging from
10- 3 to 102. Isotropic scattering ; Normally incident collimated beam ; Index matching.

For (K + a ) d  1 and K l a  10- l, the behaviour of R tends to become independent of
K / 01.
Figure 6 shows the results concerning the fraction A = 1 - (R + T) of the incident light

absorbed in the medium. The absorbance A increases from 0 % for (K + u) d = 0 to

(1 - ROC)) for infinite thickness.
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Fig. 6. - MC calculated absorbance as a function of optical thickness for K / u ranging from
10- 3 to 2 x 102. Isotropic scattering; Normally incident collimated beam; Index matching.

In this very simple case some accurate values of R and T can be found in tabulations by
Van De Hulst [6] and Giovanelli [22]. In all cases the absolute deviation, between our MC
results and these values, is smaller than the absolute statistical error of our MC calculations,
that is 5 x 10- 4.

3.2 COMPARISON WITH ANALYTICAL EXPRESSIONS.

3.2.1 Two or three-flux phenomenological models. - The well known Kubelka and Munk
(KM) 2-flux model [3] can be used when the sample is illuminated by diffuse light and when
the homogeneous scattering medium is bounded by parallel planes and extends over a region
very large compared to its thickness. These restrictions eliminate two dimensions from the
problem. In this model, light in the medium is separated into two diffuse fluxes propagating
forwards (F+ ) and outwards (F_ ). These two fluxes are coupled by two first order
differential equations :

where the direction z is perpendicular to the slab surfaces, z = 0 at the illuminated surface.
The KM absorption (K) and back scattering (S) coefficients for the diffuse fluxes

F+ and F_ are different from the coefficients K and au used in transport theory. The relations
between the KM coefficients and K and a have been studied for isotropic scattering by Klier
[11] and Meador and Weaver [12].
When there are no surface reflections, equations (3) are solved for the following boundary

conditions :
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where Id is the incident diffuse light. The well known solutions for the reflectance

R2 F = F_ (z = 0 ) /I d and the transmittance T2 F = F, (z = d)/Id are :

where

The reflectance of a semi-infinite slab is R2 F = G.
This two-flux model is still often used for measurements of optical characteristics of

materials with collimated incident light rather than diffuse light as required by the theory [ 13,
20]. This is due to the main advantages of this model : equations (5) are very simple and it is
possible to calculate K and S from T and R measurements with simple analytical relations
[15]. The most familiar argument for such a use is that the incident collimated beam is rapidly
converted into diffuse light. This argument seems a priori quite poor because, as can be seen
from figures 4 and 5, an important part of the significant events takes place in the first optical
depth where, for instance, the absorption of ideally diffuse light is twice the absorption of
collimated light.
A comparison of the results obtained from equations (5) with the exact results of MC

calculations for normally incident collimated light is shown in figure 7. The ratios of the values
calculated by the 2-flux and MC2 theories are mapped as a function of ( K + o,) d and

Fig. 7. - Ratio of the reflectances (or transmittances) calculated by the two flux theory and the Monte
Carlo method for collimated normally incident beam, mapped as a function of ( K + a ) x d and
K IU. Isotropic scattering and index matching.
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K / u. These parameters have been derived from K, S and d by using the analytical equations
given by Meador and Weaver [12] :

Which are in excellent agreement with the results of Klier [ 11 ] if K / 0- -- 1.
It is seen that if K / 0-  1, the ratio R2 FI RMC is very different from 1 for the small optical

thicknesses and becomes closer to 1 as ( K + a ) d increases. If K / u  0.1 and ( K + a ) d + 5
a better fit occurs (proportional deviation  10 %). The best agreement is obtained with the
larger optical thicknesses and the smaller absorption coefficients. If the absorption is

significant (K / 0- :::- 1 ) the deviation is always larger than 10 % and increases as ( K + a- ) d
increases. 

, 

:

On the contrary, for transmittances the agreement is good only for small optical
thicknesses, that is when the absorbance of the sample is negligible, and the proportional
deviation increases rapidly as (K + o-)J increases.

This comparison shows that the use of the 2-flux model should be avoid when the incident
light is collimated.

In the case of collimated illumination by an incident parallel beam much broader than d to
remain in a one dimensional problem, and when there are no reflections at the boundaries, it
is in fact necessary to insert in equations (3) a third flux Ic representing the unscattered
collimated beam within the medium [16-18] : the two diffuse fluxes F+ and F_ are augmented
by the light scattered from this primary collimated beam. In case of isotropic scattering,
equations (3) become :

The boundary conditions are :

where Io is the intensity of the collimated incident beam.
The solutions for the reflectance R3 F = F - (z = 0) /10 and the transmittance

where y = K + u,

and
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The reflectance of a semi-infinite slab is

The light distribution within the medium is given by :

where :

A comparison of the results obtained from equations (9) with the exact results of MC
calculations is shown in figure 8. Once more equations (6) have been used to relate K and S to
K and a in spite of the fact that they were settled for ideally diffuse illumination.

Fig. 8. - Ratio of the reflectances (or transmittances) calculated by the three theory and the Monte
Carlo method mapped as a function of (K + u) x d and K / 0. Isotropic scattering ; Normally incident
collimated beam ; Index matching.

For transmittances, both methods give values very close to the Beer’s law in the high
absorption cases (K /a- -- 20). In the high scattering situations ( K la  10- 2 ) the fit is also
excellent for any optical thickness. In the intermediate case (10- 2  K la  20), a deviation
occurs for large optical thicknesses, but it remains smaller than 5 % if (K + u) d : 1.
For reflectances, the agreement is good only in the high scattering cases (K / u  10-1 ) and

becomes very poor as K /0- increases.
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3.2.2 Analytical expressions derived from diffusion theory. - From the equation of radiation
transfer :

and using the Schuster-Schartzchild approximation, Reichman [19] has derived from the
equation of radiation transfer explicite expressions for the reflectances and transmittances of
homogeneous materials illuminated by a collimated beam. When the phase function is

constant (isotropic scattering) and for normal incidence, the equations reduce to :

where

The reflectance of a semi-infinite slab is :

it can be noticed that the optical thickness yd appears only in the exponentials and that the
other coefficients depend only on the albedo wo that is on the ratio K / 0-.
The advantage of this model over the 3-flux model is that it does not require the use of the

K and S Kubelka and Munk coefficients.

Figure 9 shows a comparison of the results obtained from (11) with those of MC
calculations :
For transmittances the fit is excellent for all K / u values if ( K + a ) d « 2 (proportional

deviation  1 %) but the deviation increases very quickly if (K + a ) d &#x3E; 2 especially for
intermediate values of K la.
For the reflectances, the agreement is much better than in figure 8 for the high absorption

cases and for the large optical thicknesses. If rc l a  0.3 the deviation remains lower than 5 %
whatever is the optical thickness and if K la &#x3E; 0.3 the deviation is lower than 15 %.

3.2.3 Comparison of the analytical expressions. - It is very interesting to notice that the
equations (11) derived from the equation of radiative transfer are equivalent to the 3-flux
expressions (9) if the following identifications are made : K = 2 K, S = o-. Then IL = a y,
G = I-, C = 3 D = 3 w 0/2(l _ a 2) and one can write :

The comparisons shown in figure 8 and figure 9 demonstrate clearly that the results

obtained with a multi-flux model depend strongly on the choice of the Kubelka-Munk
coefficients K and S. This problem has been widely discussed in the case of diffuse light
illumination [4, 11, 12, 20, 21] and also for collimated illumination [4]. Relations between the
KM coefficients and rc and a have been obtained by identification between KM equations and
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Fig. 9. - Ratio of the reflectances (or transmittances) calculated by equations (11) and the Monte Carlo
method mapped as a function of ( K + a,) x d and K / 0-. Isotropic scattering ; Normally incident
collimated beam ; Index matching.

solutions of the radiative transfer equation. The disagreement between the KM coefficients so
obtained and those previously deduced from physical arguments was in some cases resolved
[5, 21] by using different coefficients for different flux directions. In reality, the main problem
comes from the fact that K and S are not independent of the position z within the sample [21] ]
and that there is no simple way to correct the KM equations for the effects of this dependence.

In practice and from the results shown in figure 8 and figure 9 we observe that :

1) if K / cr -- 10- 2@ the values of T and R obtained with the 3-flux model and the equations
(6) given by Meador and Weaver [12] are excellent for any optical thickness ;

2) the equations (11) derived by Reichman (q - 0.5, y = 1) give very good results for R in
almost all cases ;

3) if (K + o- ) d «-- 1 both methods compare well with MC results for T.
One interesting point is that in MC calculations, no assumption has been made about the

width of the incident collimated beam. Therefore, the 3-flux model can be used to calculate
the total reflectance or transmittance even if the incident beam is very thin. Of course, this
would not be true for the calculation of the light distribution within the medium.

Since 3-flux R and T calculations can be done in a few seconds on a personal computer they
are recommended for use whenever their accuracy is acceptable. If K and or are known,
figure 8 and figure 9 can be used to determine their range of reliability and have a first idea of
the correction that should be made.
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If the accuracy is not sufficient, MC calculations give in any case results that are as reliable
as the best experimental data. Even though the MC method requires much more computer
time it is rapid enough to be used as a current tool in laboratories : the average computation
time for one group of photons varies, for a semi-infinite slab of isotropic scattering material,
from 2 x 10- 3 s to 0.2 s when K / U varies from 102 to 10- 2. This time is strongly reduced when
the optical thickness is smaller.
However, it should be noted that in the very simple case considered here (plane-parallel

slab, normally incident collimated beam, isotropic scattering), other numerical methods, as
the doubling method [6], could be faster and as accurate as MC if all what is required is R and
T. But these methods would not be suitable for other geometries.

3.3 DIRECT DETERMINATION OF K AND a FROM R AND T MEASUREMENTS. - The 2-flux
model based on the boundary condition of diffuse incident radiation is widely used to extract
the optical properties of a medium from R and T measurements because explicit expressions
for K and S as functions of R and T are available. But beside the fact that diffuse illumination
is difficult to perform (especially for R measurements) we have seen that an additional short-
coming of these models is that the parameters K and S require delicate interpretation to relate
them to K and a. Since spectroscopic measurements are normally made with collimated
incident radiation, it is more convenient to use models developed for such an illumination.
When the sample is illuminated by a normally incident collimated beam, equations (11) are

very simple but we have not been able to invert them in order to find analytical expressions
giving K and a as functions of R and T. Nevertheless commercially available programs may be
used to perform a numerical inversion of these expressions in a few seconds. To determine
approximate values of K and cr from the knowledge of R, T and d we have used the program
Eureka of Borland with equations (11). The precision of the results, as tested with accurate
MC calculations depends strongly on K, a and d. This is due to the deviations observed in
figure 9 and also to some other undeterminations that are discussed below.

In order to surmount these difficulties we have constructed a diagram (Fig. 10) with
accurate MC values of R and T. The axis of abscissa is a logarithmic scale of the optical
thickness ranging from 0.05 to 10 and the axis of ordinate is a logarithmic scale of

K la ranging from 10- 2 and 102. A first family of curves represents constant values of R and a
second family of curves represents constant values of T. The coordinates of the intersection of
two R and T curves give the corresponding value of K / a- and (K + o- ) d. It is then easy to

calculate K and a if the sample thickness d can be measured.
For the sake of clarity a limited number of R and T curves are shown in figure 10. In the

area where the meshes are tight, approximate values of ( K + o- ) d and K la can be obtained
very rapidly and only a few more MC calculations are necessary to reach an accuracy
compatible with the precision of the measurements (For numerical extrapolations one can see
Tab. 1 and Tab. II).

If the absorbed energy is smaller than 5 % of the incident light, that is in the area below the
dotted line in figure 10 corresponding to A = 1 - (R + T ) = 5 %, the meshes are stretched
out along the ordinate axis leading to a greater undetermination of K l a. This is due to the
fact that, as can be seen in figure 4 and figure 5, R and T tend to become independent of
K / 0- in the high scattering case (K la  10-1) and for the small optical thicknesses

«K + o-) d- 1).
Using equations (11), which give excellent results in this area, we obtain :
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Fig. 10. - Monte Carlo calculations diagram for direct graphical determination of K la and
(K + u) x d for R and T measurements. A first set of curves corresponds to constant R values and a
second set corresponds to constant T values. The coordinates of the intersection of two R and T curves
give the corresponding values of K / u and ( K + r ) x d. Normally incident collimated beam ; Isotropic
scattering ; Index matching. The dotted line corresponds to A = 1 - R - T = 5 %.

where Rl" and È.,’m depend only on the optical thickness yd.
A comparison of equation (13) with accurate MC calculations is given in table III for

KIO- = 10- 2 and K / u = 10- 3. It is seen that the absolute deviation of R and T from their
limit values is smaller than 0.01 if ( K + a ) d « 1. Measurements made on these conditions
can be used for an accurate determination of the optical thickness but the usual experimental
precision is not sufficient to determine precisely K / u .

This problem is also encountered in the area where R  0.5 % that is in the high absorption
cases ( K /0- &#x3E;» 20) for which the behaviour of T fits the Beer’s law T = exp (yd) whatever is
the optical thickness. The reflectance in this area is not much greater than the accuracy of the
best commercially available reflectance spectrometers and the determination of K / u is

difficult.
If the transmittance is smaller than 10 %, that is on the right side of the curve

T = 10 % in figure 10, the reflectance is very close to the asymptotic value Roo for infinite
thickness. In this area K / 0- is determined by the measurement of R even if the thickness d is
unknown. The inversion of equation (12) gives a very simple relation between Roo and
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Table III. - High scattering cases and small optical thicknesses : comparison of reflectances
and transmittances calculated by the Monte Carlo method with the limit values obtained with
equation (13).

This relation is tested with accurate MC calculations (106 photons) in table IV. The first
column gives the exact values of K l a and the second column gives the corresponding values
of RMc calculated with the MC method for infinite thickness. RMc is used in equation (14) to
calculate K la . The error column gives the relative amount by which this calculated value of

Table IV. - Evaluation of the rc la values calculated with equation (14). The accurate Monte
Carlo values of R for infinite thickness RMc are used for this evaluation.
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K / u differs from the exact value given in the first column. The relative difference between
the two sets of K / o, values is always smaller than 11 % and for K / 0-  0.1 it becomes smaller
than 5 %. When K la is determined, one can easily calculate the corresponding T curve as a
function of ( K + u) d and extract K and u values from the measurements of T and
d. If T is too small in comparison with the experimental accuracy, another measurement
should be made with a smaller thickness d.

4. Effects of reflecting boundaries.

If the refractive index n of the medium is different from the environment index

n’, surface reflections, both internal and external must be considered. These reflections
depend on the ratio n /n’ of the refractive indices and on the state of the surfaces. Throughout
part 4, we use the symbol R for the reflectance and C for the transmittance.
We present here MC calculations for n /n’ - 1.4. The surfaces of the slab of material are

assumed to be sufficiently smooth so that specular reflection occurs. At each reflection the
weight of the photons group is multiplied by the reflection coefficient corresponding to its
angle of incidence and calculated by Fresnel’s equations for unpolarized light (See Fig. 2 and
Fig. 3).

Results are shown in figure 11 and figure 12.
The part r x Io of the incident collimated beam extemally reflected at the front

(illuminated) surface is not included in A

If the optical thickness tends to zero, 3t tends to an asymptotic value R0 due to successive
internal reflections of the collimated beam and independent of K / u

Fig. 11. - MC calculated transmittance as a function of optical thickness. Index ration n /n’ - 1.4 ;
Specularly reflecting surfaces ; Normally incident collimated beam ; Isotropic scattering. The dotted
lines correspond to the results obtained in the matched-boundary case.
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Fig. 12. - MC calculated reflectance as a function of optical thickness. Index ratio n /n’ - 1.4 ;
Specularly reflecting surfaces ; Normally incident collimated beam ; Isotropic scattering.

When ( K + a ) d increases, R tends to an asymptotic value R00 which is always smaller than
the asymptotic value Roo obtained in case of index matching as predicted by Giovanelli [22].
e decreases from (1 - R0 = 97.28 % when (K + o-) d = 0 to 0 % for infinite thickness.
If ( K + u) d ;:::: 4, e is proportional to the transmittance T obtained in case of index

matching : the slope of the Ln (e) curves as a function of the optical thickness is equal to the
slope of the Ln ( T) curves shown in dotted lines in figure 11. For the high scattering cases
(KIG- :5 5 x 10- 2), the transmittance C for n / n’ = 1.4 is larger than the transmittance T in
case of index matching (n /n’ - 1 ). But if K/U;:::: 5 x 10- 2, e is smaller than T.
A diagram (Fig. 13) has been constructed with MC calculated A and C values and can be

used for graphical determination of K and u from 31, e and d measurements as indicated in the
previous section.
We have not attempted to compare these accurate MC results with 4-flux calculations for

the following reasons :

1) In case of reflections at the boundaries, the KM coefficients K and S depend on
K / U, z and also on n /n’ and there is no simple way to take this dependence into account.

2) It is not possible to obtain accurate information about the coefficients that describe the
reflections of the diffuse fluxes on the internal surfaces. Since the propagation through an
attenuating sample tends to partly collimate a diffuse beam, even in the isotropic scattering
case [21], the use of the internal reflection coefficients tabulated by Orchard [23] for

uniformly diffuse incidence would only give approximate results. Therefore the diffuse
internal reflection coefficients should be considered as parameters to be determined

experimentally.
3) In consequence a large number of empirical coefficients appear in general 4-flux

equations and make the arithmetic rather laborious. Furthermore, the minimum number of
measurements necessary for a complete knowledge of the optical properties of the material is
at least equal to the total number of unknowns.
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Fig. 13. - MC calculated diagram for direct graphical determination of K / u and ( K + a ) x d for R and
T measurements. Index ratio n In’ = 1.4 ; Specularly reflecting surfaces; Normally incident collimated
beam ; Isotropic scattering. 

’

The main advantage of the MC method over most of the other theories is that reflection is
described locally and, in case of specular reflection, the only additional parameter is the
indexes ratio n /n’ .

Since n can be measured by using total reflection in a high index medium, it is easier to
spend a few hours in computing a diagram for direct determination of K and Cr from a single R,
C and d measurement rather than to make a large number of measurements leading to the
knowledge of empirical parameters. 
When the boundaries are not perfectly smooth, reflected or refracted rays are partially

diffused depending of the surfaces roughness. There is an infinite range of possibilities when
all types of surfaces are considered. This kind of realistic conditions can be easily included in
the algorithms of the MC models if the characteristics of the internal reflection are known.

5. Concluding remarks.

One of the aims of this paper was to demonstrate that accurate Monte Carlo simulations of

light propagation in turbid media can now be performed on commercially available personal
computers. The main economical advantage is that the price of these computers is lower than
the cost of the computation time on a big computer. Only a few days of effective computation
have been necessary to obtain the data used in this paper.
Another interesting point is that accurate purely numerical results if presented by means of

sets of curves as a function of physical reduced parameters, can be used to give a

comprehensive understanding of the subject. Nevertheless approximate analytical expressions
are still very useful because they are computationally fast and also because they provide a way
of testing the foundations of numerical models.
No attempt has been made to compare the calculation methods described in this paper with
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every accurate numerical solution of the equation of radiative transfer [4, 5]. The Monte
Carlo method is chosen here because of its conceptual simplicity and the ease with which
realistic conditions can be incorporated in the model.
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