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Résumé. 2014 Nous étudions expérimentalement les propriétés élastiques d’un réseau triangulaire de
barres élastiques réticulées, dont une proportion q choisie aléatoirement est manquante. Pour 0 
q  qr = 0.33 ± 0.04, la décroissance du module élastique peut être bien décrite par l’approximation
auto-cohérente (le comportement critique est hors de portée expérimentalement). Entre qr et le seuil
de percolation, qc = 0.66 ± 0.04, le réseau peut être étiré librement avant qu’il n’acquiert une rigidité.
L’évolution de cette extension libre en fonction de q est étudiée. Certains comportements critiques
sont proposés.

Abstract.2014 We report on the experimental study of the elastic properties of a triangular lattice
consisting of bonds free to rotate around their junctions, and where a fraction q of bonds are removed
at random. For 0  q  qr = 0.33 ± 0.04, the elastic-modulus decrease can be very well described
by a self-consistent approximation. (The critical behavior is out of reach experimentally). Between qr
and the percolation threshold, qc = 0.66 ± 0.04, the lattice can be stretched freely before it acquires
a non-zero elastic modulus. The evolution of the free extension as a function of q is studied. Some
estimates of critical behaviors are proposed.
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The percolation problem of the elasticity of
randomly depleted media has motivated a large
theoretical, numerical and experimental effort
in the past. Two classes of models are to be

distinguished :
1) Systems with angular elasticity, where the
rigidity goes to zero at the usual percolation
(connectivity) threshold; and
2) Systems with central-force interactions,
where the rigidity threshold and the usual per-
colation threshold are distinct. Whereas the first
case is now a well-understood subject [1-4], the
second is still quite debated [5-7]. In particular,
to our knowledge no experiments have been re-
ported in the literature up to now.

Let us call q the fraction of bonds removed
at random in a triangular network consisting of
elastic bars freely rotating at the nodes of the
lattice. For 0  q  qr, the lattice is rigid and its
elastic modulus becomes zero for q = qr. At this
point, the lattice can be deformed freely, even
though it is still fully connected. Finally, the
lattice becomes disconnected into small clusters
for q larger than qc. In the range qr  q  qc, a

finite deformation has got to be applied in order
to render the lattice rigid again. The aim of this
rapid communication is to address mainly the
question of the free stretching of the lattice in
that interval of q values.

The experimental lattice consists of an ho-
rizontal array of one thousand bonds (15 x 28
lattice) made out of plexiglass bars, 3 mm thick,
10 mm wide, at both ends of which a hole is pun-
ched which can fit an axis. The distance between
the two axes is 25 mm, and the diameter of the
metallic axes is 5 mm. The bonds are free to
rotate around them. One end of the lattice is
fixed and the opposite side is connected to a ri-
gid bar, onto which a dynamometer is attached.
The traction imposed onto the latter bar is di-
rectly read, and the displacement is measured
with a micrometer. The effect of friction in bet-
ween the bonds and the axes and onto the plane
the lattice was led on, was reduced by shaking
the lattice before any measurement was perfor-
med. This was checked by a good reproducibi-
lity of the experiment under cycles. The force
applied to the lattice was always too small to
cause any buckling out of the plane.

The experiment starts with a complete
triangular lattice and bonds are progressively
removed randomly. At lower tension, all the
contacts between the bars and the axes are not

active : in this regime, the number of active
contacts (and consequently the elastic modu-

lus) increases with the applied force. This is so-
mewhat similar to the apparent increase of the
elastic modulus of a granular array under pres-
sure. We estimate the elastic constant of the
lattice when its value has stabilized (i.e. in the
range 100-200 N). In the immediate vicinity of
the rigidity threshold, the local deformations be-
come rapidly large resulting in an overall non-
linear relation between force and displacement.
The combination of these two sources of non-

linearity makes the extent of the linear force-
displacement characteristic smaller and smaller
as q tends to qr, and prevents us from obtaining
any reliable data close to the rigidity threshold.
Figure 1 shows the decrease of the elastic mo-
dulus Y/Yo (normalized by the elastic modulus
Yo for q = 0) as a function of the proportion of
bonds removed.

Fig. 1.- Evolution of the elastic modulus Y (1)
(normalized by that of the intact lattice) and of the
free extension of the lattice A (q) (0 in arbitrary units)
as a function of the fraction, q, of bonds removed.

The self-consistent model prediction of the
evolution of YIYO is given by [8]

This corresponds to the straight line on figure
1. This relation is very well verified even close

to the rigidity threshold qr = 0.33 ± 0.04. This
was also observed numerically in numerical si-
mulations by Garboczi et al. [8]. The threshold
qr is also in good agreement with most previous
works dealing with the critical behavior (qr ran-
ging from 0.345 [6] to 0.358 [7]).

Figure 2 shows qualitatively the evolution
of the force-displacement relation as a function
of q. In the q - d plane, we have the phase
diagram of the elastic state of the lattice. Above
qr, there exists a domain (drawn in grey in

Fig. 2) where the extension, d, of the lattice
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requires no force. We call A (q) the maximum
displacement with no force applied. Obviously,
A (q) is zero for q  qr and it diverges for q
tending to q. The curve A (q) separates two
phases : one rigid, and one floppy.

Fig. 2.- Qualitative changes in the force-displacement
(F-d) characteristic curve as a function of the frac-
tion, q, of bonds removed. For q larger than qr, the
lattice can be stretched with no force. The domain
shaded in grey shows the possible displacements of
the lattice with no force applied. The maximum elon-
gation obtained is what we call the free extension,
A (q). In particular, we study the critical behaviors of
A (q) in the vicinity of the rigidity threshold (qr), and
of the percolation threshold (qc).

Figure 1 shows the evolution of A (q) ob-
tained from an average over 8 lattices. The two

ends of this curve are of special interest. One
expects two critical behaviors :

From figure 3a and 3b, we can extract

the slope of log (A (q) ) versus log (q - qr) or

log (qc - q), obtained with the values qr = 0.358
and qc = 0.653, giving approximately am 0.9 ±
0.3 and b = 0.3 ± 0.2. The theoretical values of
the threshold were used since the experimental
values were too unprecise to allow any determi-
nation. Once again, we want to emphasize the
fact that the experimental determination of the
critical behavior is a hard task to perform, and
thus the exponents a and b should be considered
as estimates more than precise values.

The divergence of A (qc) can be accounted
for by the following argument : close to the usual
percolation threshold, the shortest path connec-
ting two given points is fractal, and having a

fractal dimension of din = 1.130 [9] in two di-
mensions. Thus the length A of the shortest path
connecting two points a distance L apart scales
as A oc Ldmln. This property is valid if the dis-
tance L is smaller than the correlation length C
which diverges at the percolation threshold as
ç oc (qc - q)-", where v = 4/3 in two dimen-
sions. Above the correlation length, the lattice
can be seen as homogeneous, or regular. Thus,
if L is larger than C the shortest path has a
length of A oc L. (çdmln ) / ç . (It is obviously li-
near in L and matches the above expression for
L = I ). Obviously the free extension of the
lattice cannot be larger than the length of the
shortest path connecting the two ends of the lat-
tice. We thus expect A (q) to diverge close to qc
with the constraint :

Fig. 3.- Log-log plot of the free extension A (q) as a
function of (q - qr) (A) and of (gc 2013 q) (B). The slope
of this two curves gives the critical exponents a and b
introduced in the text through equations (2) and (3).

or b = v (dmin - 1) = 0.17. This estimate is an
upper bound for the exponent b. The effective
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free extension could be smaller than the shor-
ter path since there still exists some rigid clus-
ters than cannot be deformed so as to adopt
the conformation of the straight shortest path.
However, the variation of the size of these ri-
gid clusters is not critical in the vicinity of the
usual percolation threshold; therefore we are led
to conjecture that the free extension effectively
scales as the upper bound given given above
equation (4). We note that this theoretical es-
timate of b is somewhat lower than the experi-
mental value although within the error bar. This
may be due to the fact that in the range of va-
lues of p considered in figure 3b, the variation
of the size of the rigid clusters is large and thus
contribute to an apparent increase of A (q) with
q.

The other critical behavior, in the vici-

nity of the qr, is much more difficult to handle.
The reason for this is the non-local character of
central-force percolation. In addition to this, we
are dealing here with a property which is non-
linear, since it is the change of geometry of the
original lattice which provides the constraints
which make it rigid. However, we can suggest
the following approximative picture : the lattice
for q close but larger than qr consists in a set
of rigid clusters, of typical size C’ this corre-
lation length is distinct from the previously in-
troduced 03BE. The length, 03BE, diverges at the rigi-
dity threshold with a critical index v’ such that

, v,
ç’ oc (q - qr) -II . v’is characteristic of central-
force percolation. The only numerical determi-
nation of this exponent in given in reference [6] :
v’ = 1.05 ±0.1. Some other numerical studies [7]
suggest on the contrary that central-force and
usual percolation belong to the same universa-

, lity class, in which case v’ = v = 4/3 would
result. The rigid clusters are connected toge-
ther by bonds which may move freely. There-
fore, each cluster can be moved with respect to
the other ones by an amount that is of the order
of one bond length. The resulting overall exten-
sion of the lattice is thus of the order of (L/£’)

V,
or A (q) oc L (q - qr)" , giving a = v’. This es-
timate of a is consistent with the experimental
data (0.9).

The free extension of the lattice can be

put in correspondence with a physical property
of the "dual" central-force percolation. Suppose
that in the lattice we replace all elastic bonds by
infinitely rigid ones (fraction 1- q), and all mis-
sing bonds by elastic ones (fraction q), we have a

problem of "random reinforcement" [7,10]. The
compliance, C, (defined as the inverse of the
elastic modulus) of the lattice is zero for q less
than qr. It then increases continuously for q up
to 1. Nothing appears to be critical in the neigh-
borhood of qc. When a displacement d is impo-
sed onto the lattice, the tangent compliance of
the lattice decreases to 0 when d goes from zero
to A (q) (with say qr  q  q,). Once again, we
stress that the origin of this non-linear behavior
is the existence of large deformations.

A natural question arises from the above
considerations : what is the behavior of the com-

pliance and of the elastic modulus, for the dual
and for the original problem in the neighbo-
rhood of the critical line A (q) ? The only known
answer is in the immediate vicinity of the qr,
where the central-force percolation case is reco-
vered, leading to the critical behavior of :
Y in the original problem

and C in the dual problem

with f /v’ = 3 and gw’ = 0.97 [7]. More ge-
nerally, for a given displacement d, there exists
a value of q = q* such that A (q*) = d. In the
vicinity of q* we expect Y oc (q* - q)f (d) for

the original problem and C (x (q - q* )g( d) for
the dual for a displacement of d kept fixed. In
addition, these transport exponents are to be
complemented with an infinite series of expo-
nents which describes the behavior of all mo-
ments of the force distribution in both problems
(multifractal spectrum). Among those are two
geometric exponents which give the fractal di-
mension of the force-carrying subset of bonds in
the original problem. We know that, for d = 0
or q = qr, we again find the usual backbone of
central-force percolation, (with a fractal dimen-
sion of 1.93 as obtained in reference [6], or 1.65
from reference [7]). For d tending to infinity, or
q = qc, we have argued that this backbone is re-
duced to a set of shortest paths connecting finite
rigid clusters whose size does not change criti-
cally around q = qc, thus leading to a fractal
dimension of dmin =1.130. Let us note that, in
the latter case, the fractal dimension should be
defined with respect to the unde f ormed geome-
try.

We now suggest the following picture for
the size effects occuring in the interval qr  q 
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qc. For q* (d), there exists a finite correlation
length C’(q* (d)) which gives the typical size of
the rigid blobs. The properties of lattices of size
L  ç’ should be exactly those of the central-
force percolation problem. Above this scale, we
propose to renormalize the lattice by defining
new sites as the rigid blobs, the connections bet-
ween them becoming links. This "super-lattice"
is a random structure of the percolation type
with a lattice constant 03BE; however, it is not at
its threshold unless q = go. Therefore, on the
renormalized lattice we can define a new corre-
lation length, 03BE, expressed in units of C’, which
will diverge for q = qc as

with the usual v exponent of percolation, since
03BE’ has a smooth variation close to qc. The evo-
lution of the different length scales appearing in
this picture has been schematically represented
in figure 4. ç" diverges at q = qr since this length
scale is constructed with a lattice constant C’
which itself diverges, however, the ratio C"/C’
is of the order of 1 around qr. For a lattice of
size L such that C’  L  ç" (labelled B in
Fig. 4), one expects to see the usual percolation
type properties (such as the one mentioned pre-
viously for the shortest path).

Fig. 4.- Schematic picture of the different length
scales appearing for the case qr  q  q,._A : central-
force percolation regime _B : usual percolation re-
gime _C : small-disorder regime. 

’

The last regime (C in Fig. 4) is different
from both previous cases : for L &#x3E; ç", the lattice
structure is homogeneous; however, the length
of the "super-links" fluctuates and we expect to

see a "small-disorder regime" also encountered
in other problems such as in packing of granular
materials. With an infinitesimal force applied, a
single path will be stretched. Progressively, as
the force increases, the structure of the back-
bone will get richer and richer, and thus for ins-
tance, the elastic modulus will increase.

Finally, let us mention two experimentally
important phenomenon which have not been
taken into account in our study :
- steric hindrance effects which however will not

modify the scaling properties obtained;
- in-plane buckling which might be of impor-
tance mainly before the rigidity threshold is rea-
ched, and that may change both the threshold
and the critical exponents observed close to qr.

Chakrabarti et al. [11] have studied the
elasticity of a solid made of atoms interacting via
a Lennard-Jones potential (thus central-force
but not linear) or not interacting at all with a
certain probability and have also observed nu-
merically the occurence of a finite free displa-
cement if the fraction of non-interacting atoms
was large. However, no quantitative results were
extracted from their study about the quantities
mentioned above.

Tang and Thorpe [12] have recently consi-
dered the problem of the evolution of the elastic
modulus above A (q), in a so-called "stretched
tennis-racket" problem and they provide a large
amount of numerical results as well as a mean-
field theory for it. The problem they addresses
is close to the one we considered here. Although
the qualitative feature of their results and ours
do agree, a direct quantitative comparison is ho-
wever difhcult due to the difference of boundary
conditions considered and to the fact that they
did not investigate any critical aspect of the pro-
blem.

Finally, the results we have obtained expe-
rimentally and the questions they have raised
certainly necessitate further investigations and
application to more realistic materials where si-
milar effects are expected to occur such as stret-
ched unwowen textiles, or compressed piling of
grains where the situation is somewhat symmet-
ric to what we have described.
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