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Résumé. — On présente dans cet article le calcul de la susceptibilité non-linéaire au voisinage d’une transition a
deux photons sans élargissement Doppler. Dans le cas d’un systéme a deux niveaux, on donne une solution non
perturbative qui permet de prévoir des effets nouveaux sur I'indice, effets liés au transfert de population entre
niveaux fondamental et excité. Dans le cas d’un systéme plus complexe, on étudie a I'ordre le plus bas les effets
d’anisotropie induits par un faisceau sur ’autre faisceau se propageant en sens inverse. On montre enfin que les
conditions pour obtenir un régime bistable quand des atomes a I'intérieur d’une cavité Pérot-Fabry sont soumis
a un champ dont la longueur d’onde est proche d’une résonance a deux photons, sont relativement faciles a réaliser.

Abstract. — We present in this paper a calculation of the non-linear susceptibility near a Doppler-free two-photon
transition. In the case of a two-level system, we find a non-perturbative solution. We deduce new effects on the
non-linear refractive index which are related to the change of the linear susceptibility because of the transfer of
atoms between the ground and excited levels. In the case of a more complex system, we study at the lowest order
of perturbation the anisotropy induced by one beam on the other. At last, we show that it is easy to observe a
bistable behaviour when atoms, inside a Pérot-Fabry cavity, interact with a beam whose wavelength is close to a

two-photon resonance.

The problem of Doppler-free two-photon absorp-
tion has been considered in many papers [1]. On the
other hand, only a very small number of papers [2]
have discussed Doppler-free two-photon dispersion
which is a subject closely related to the previous one.
It certainly corresponds to the fact that Doppler-free
two-photon absorption has been mostly used for
spectroscopic purposes and in this case, it is generally
easier and more precise [3] to detect the excited atoms
by fluorescence or by ionization [4] rather than by the
absorption itself. This explains why the evolution
from saturated absorption spectroscopy to saturated
dispersion which has been observed in a neighbour
technique has little chance to occur with a great
extension in the two-photon domain. Nevertheless,
it seems interesting to calculate the formulae corres-
ponding to two-photon dispersion, firstly because it
may be possible that in some very particular cases the
dispersion may be more accurate than the other
detection mechanisms, secondly because the depen-
dence of the index of refraction upon the intensity
leads to new effects such as induced optical activity [2]
and birefringence, bistability...

The paper is divided into four parts. In the first
part, we perform a brief recall of the general formalism
and we calculate the refractive index of a travelling
wave when its wavelength is close to a two-photon
resonance. In the second part, we consider the case
where two waves of opposite directions interact in the
medium and we calculate the modification of the
refractive index of one wave due to the presence of
the other. In the third part we describe two effects
related with the interaction of the waves near a two-
photon resonance : the optical activity [2] and the
birefringence and we calculate the angular parameters
in the general case of a J, — J, transition. In the
last part, we consider the problem of optical bista-
bility near a Doppler-free two-photon transition.

1. Refractive index of a travelling wave. —
1.1 EFFECTIVE HAMILTONIAN. — In order to describe
the two-photon absorption, we need at least three
levels : the ground and the excited states g and € and a
relay level j [3]. Nevertheless, it is possible in many
cases to omit the level j by introducing the two-photon
operator [3, 5] and setting up an effective hamilto-
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nian [6]. We now give a few details in order to clarify
our notations.

In the following, the calculations dealing with the
atom are always performed in the rest frame of the
atom.

We consider an atom with two non-degenerate
levels | g > (ground state) and |e ) (excited state)
of the same parity, and a certain number r of relay
levels | j > of the opposite parity. This atom interacts
with an electric field whose value in its rest frame is
equal to :

E(f) = Reéege @ .

The interaction hamiltonian, at the electric dipole
approximation, is equal to :
V= —D.EQ)

where D is the electric dipole moment of the atom.
In order to solve the density matrix equation :

. d e
ih—p =[Hy + V,p] — ilip

T, (1

(where H, is the hamiltonian of the free atom and .
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corresponds to the evolution due to relaxation), we
assume that the following inequalities are satisfied :

W, — @

I 8 ~| Iweg—za)l
|wje+wl > Q
ije—(bl

(hw;, is equal to the energy difference between the
levels j and g and Q ! is the evolution time of the
coherence p, in the interaction representation).
In that case we can integrate adiabatically the
d

‘a Pje and l.h(—i;
populations p,, and p.. and the coherence p., in the
interaction representation vary very slowly with time
(the other coherences p; where j and k are different
from g and e can in most cases be neglected). Reporting
the expressions obtained for p,; and p; in the equa-

equations giving if p,; because the

. .. d . d 4 d .
tions giving if q; Pee ih 3 Pm and i q; Peo Ve obtain,

at the secular approximation, an equation for the den-
sity matrix restricted to subspace g, e which is (in the
Schrédinger representation) :

., d e
lh(-i—p = [Heff, p] - lhprel (2)
with t
|8|2 ’ 82 - 2ot
E+ 5l ceigntey  Scelo,lere
Heff = *2 ISIZ (3)
7 (81Quple>e®™ (gl 0ul8)

The energy of the ground state E, has been taken equal to 0 and the Q and Q' operators are those introduced in

reference [6] :

1
Q:e, = D¢y h—w:_—HOD-Sz

. 1
O = Do8s 5 T F =,

(It can be noticed that the energy denominator
— hd + E, — H, is practically equal to %@ — H,
because | E, — 2 Aw | is very small).

The hamiltonian is formally equivalent to that of a
spin 1/2 interacting with a static and a rotating magne-
tic field. The solution of such a system is well known,
we find in the case of a weak relaxation a damped
Rabi precession in the rotating frame. The Rabi
pulsation Q is equal to :

s
\/[(weg-—Zw)+ﬁ:|'+Z

2

§2¢elQ, 18>

Q= 7

(6)

D.SZ + D.82

4

1
+ he + E, — H,

D.g, . 5)

where s is the light-shift of the g-e transition [6]

1817
7 [KelQpled —(eglQyl80]. (D

S =

In order to take into account the relaxation processes, .
we assume phenomenologically that :

(i)ee)relax = =T, Pe
(bgg)relax =+ I Pe
(;)eg)relax = - Feg Peg -
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The steady state solution is :

— gliwt &*? <gl Qa"z" |e> x

pge = 4
OE — ihl
X — ®)
OE* + B T2(1 + a?)
Peg = Pie &)
1 a T
Pee = 7~ = (10)
2 0E* + *T2(1 + a?
Pgg = I Pee (11)
where a is the saturation parameter
& 2
a=| 1<elQ,lg>| 12)

21T, T,

and SE is the energy detuning from the two-photon

1
hé> + E, — H,

(e
e
(e

(D)= — Re&*e”™ [<e|Ds*
Dse
De

De

This expression for { D ) contains terms oscillating at
3 w which correspond to frequency mixing and terms
oscillating at w. In the following, we only retain these
last terms which must be taken into account in order
to calculate the refractive index. Furthermore, we
neglect in the following the antiresonant terms (those
which correspond to an energy denominator equal to
— hd — H,).

In the sections 1 and 2 we also assume that € is
real and that D is colinear to € (it corresponds, for
instance, to the case of a S — S two-photon transi-
tion).

Introducing the notations D = D.g and Q = Q}:s
we transform the expression (15) into :

<D > = - (Qggpgg + Qe’epce)E(t) — 2Re x
X (peg Qge &* eié")t) .

D+D
| J——
h(;)"Ho
*

hé + E, — H,

L S —
7> — H,
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absorption resonance

OF = hwe, + s — 2 i . 13)

1.2 POLARIZATION OF AN ATOM IN ITS REST FRAME. —
For the calculation of the polarization of the medium
and the refractive index, we need the mean value of D :

(D) =TrpD = 2Re Y (p; De; + p;; Dyy)
J
(14)

where use is made of D, = 0.

We obtain p;, and pj, (as it was mentioned before) by
integrating adiabatically the equations (1) giving
ih% p;j. and iﬁdit pg;- The values of p;. and p;, only
depend on p,,, p,. and p.. which have been calculated
previously (see (8)-(11)). We find for (D ) :

1
—7e + E. — H, e>”“+
1 1

D+D—tF —H,

De*

De*

e> Pes
g> Pge
g) p] (15)

1

D+ D De*

S S
_hd)_Ho

L_p+D— De*

1
h&‘)"‘Ho

Using p,; = 1 — p, and the definition (7) of the light-
shift s, this expression can be transformed into :

(DY =— (Qgg + ﬁp) EQ@) -
— 2Re (pe, O, 6 €™) .

The first term — Q,, E(f) corresponds to the usual
linear polarization. The term (4 s/| & |?) p.. E(?) is a
corrective term to the linear polarization which comes
from the modification of the populations of the states g
and e due to the two-photon transition. The last
expression is the term expected for two-photon dis-
persion because it involves the optical coherence p,,.
Using the formulae (8)-(13), we obtain for ( D) :

(D) =Re@Ee ) <— 0, +

+ Re (e i ¢i%) (

| Qe 1718 |2 (OF — sI“eg/Fe)>+
2[6E* + B> T2(1 + a%)]

2 2
10, 1161 T ) (16)
2[6E* + K2 T2(1 + a?)]
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The first term of { D ) (with a phase identical to the
one of the incident electric field) corresponds to the
real part of the polarizability x’ (i.e. the dispersion)
while the second term corresponds to the imaginary
part ¥’ (i.e. the absorption). This last value is the one
which is classically obtained in the theory of two-
photon absorption [6]. The relations between y' and
¥’ are clearly very different from the one encounted
in the theory of susceptibility for a non-saturated
single-photon transition. In particular the value for
which y” is maximum (8E = 0) does not correspond
to the value for which the non-linear term of ' (labelled

_ola

r,
of xiL can be very sensitive to collisional processes
because generally I, and I' have a different behaviour
with the pressure of vapour.

Up to now, we have not taken into account the
velocity distribution of the atoms. That will be done
in the next sections. However, because of the possi-
bility of cancelling the Doppler broadening in a two-
photon transition [1], we shall demonstrate that most

Xno) isequal to 0 6F . Furthermore, the zero

N m

+ 1/2
hd av | ——
; j_w ’[2 ks T] xp

€

N
A= ——0+
€o

mV?
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of the features found in formula (16) remain true
when the velocity distribution is taken into account.

1.3 ATOMS IN A TRAVELLING WAVE. — In the case
of a dilute atomic vapour interacting with a travelling
wave, we have to transform the previous formulae
in order to take into account the spatial dependence
of the electric field and the velocities of the atoms.
The electric field is now equal to :

E(z,t) = Resexp i(kz — wt) .

Because of the motion of the atom, z depends on ¢.
If we assume for the trajectory a straight path
z=V,t + zy, we have to replace in the previous
formulae @ by w — kV, (*). The values of x’ and y”
are obtained by transforming the formulae into the

" laboratory frame and by averaging over the velocities.
N, T, m and kg being respectively the number of atoms
per unit volume, the temperature of the vapour, the
mass of the atoms and the Boltzmann constant, we
find :

mV? | Q. ? 180 |2 OF — sI I, — 2 hkV,)
2ks T 2[(OE — 2 hkV,)? + B2 T2(1 + a%)]

(17
|Qge |2 IE‘O |2 hreg

In these formulae 6F = (fiw,, + s — 2 hw) is the
energy detuning from the two-photon resonance.

The term first in (17) corresponds to the linear
susceptibility y; of the vapour.

Up to now, we have not demonstrated that the
plane travelling wave can be a solution of the Maxwell
equations if two-photon processes are taken into
account. It is easy to show that §(r) = &, e'** (with k
independent of z) is a solution of
%P

or?

1 0’E

v - L ZE
¢ or?

= Ho

only if | §, | is constant which means that the absorp-
tion must be negligible on a range of the order of the
wavelength. In that case, we can define an index

o) = % = (1 + 1)

which is dependent on the amplitude &, of the electric
field.

2. Atoms interacting with two travelling waves of
opposite direction. — 2.1 POLARIZATION OF AN ATOM

" 2kg T 2[(OE — 2 0kV,)2 + K> T2(1 + a?)]’

(18)

INTERACTING WITH TWO WAVES OF DIFFERENT FRE-
QUENCY. — We consider an atom which interacts in
its rest frame with two electric fields whose polariza-
tions are parallel to &

E,
E,

Re 81 e""T’"

Re §, e 7102 |

In order to simplify the discussion, we perform several
assumptions on the relative values of &, and @, :

(@) |®; — @3 | > T'y(1 + a®)'/? (width of the opti-
cal transition).
The condition shows that we can separate the pro-
cesses corresponding to the absorption of two photons
@, of two photons @, and of one photon &, and one
photon @,.

(11) la)l - ébZl > lweg— c‘Z)l - 6)2 |'
If this condition is fulfilled, it implies that the essential
contribution to the non-linear polarizability has its

(') Usually [1, 3], we neglect k¥, compared to the single-photon
detunings | w;; — @ |, | @5 + @ |...
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origin in the quasi-resonant absorption of two diffe-
rent photons (®; and &,). This can be understood

because w., — 2 @, is equal to

(i) |@; — @2 | < [ — @y |, |0 — D2

If this condition is fulfilled, we can use the same
! 3 two-photon operators Q and Q' (defined for an
(@ — @y — @3) + (@2 — @y) @0, + @,
o average value of 0 >~ ———
which is roughly equal to @, — @,. . 2

If those three assumptions are valid, we can as in section 1.1 derive an effective hamiltonian :
<Ee + %Qe,e(l 81 |2 + |82 |2) %Qeg 81 82 eXp — l(d)l + 6)2) t )
50, 8185 exp i@, + @)t F Q{18 I° + 18217

Performing the same calculations as in section 1, we obtain the mean value of the electric dipole moment { D ).
We separate in { D ) the components oscillating at @,({ D )3,) and @,(C D )3,). For instance, we obtain for

Heff =

(D5 :

(D>z = [Re (&, eio) (— Q. +

with
OF = W@,g — @) — @) + 5y + 5,
§ = %(Qe’e - Qgg) I 8l |2
§ = %(Qe’e - Qgg) I 82 |2
I Qeg I I 81 82 |
Ay = ———F—.
hiT.T.,

There are two minor differences between this value of
{ D Yz, and the one obtained in a travelling wave
(formula (16)). The non-linear dependence of { D )
which was proportional to | Q,, |*/2 is now propor-
tional to | Q. |2. Moreover the correction of the
dispersion due to the transfer of population (sI'.,/I".)
is also multiplied by 2. These two factors 2 have the
same physical origin. They come from the fact that
it is now possible for the atom to reach the excited
state by two different ways [3] : absorbing first @,
and then @, or absorbing the photons in the opposite

| Qpe 121865 |2 OE — 25, reg/re)> .
(0E)* + T2l + a2y

+ Re (81 e_,-(;,l, ei% | Qge |2 |82 |2 hreg :‘

)(512")2 + 21 + a}y)

order. At those two ways it corresponds a factor 2
on the coherence effects and a factor 4 on the popu-
lation effects.

2.2 ATOMS IN TWO TRAVELLING WAVES OF OPPOSITE
DIRECTION. — We now consider moving atoms
interacting with two travelling waves propagating
in opposite directions :

El = SEI Cos (kl zZ — wl l)

E,=¢E,cos(k;z+ wy ).

We assume that the conditions (i), (ii), (ii1) of para-
graph 2.1 are valid for each atom in its rest frame.
We can then find as in paragraph 1.3 a complex
susceptibility. We have two essential terms in this
susceptibility, the first corresponds to the Fourier
component at w;, the second to the one at w,. For
instance, we obtain for y(w,;) = x; = x1 + ix1 the
following results :

sz2 |Qge |2 |82 I2 (6E - 2S1 reg/Fe + h(kl - kZ) Vz)

N
Xi = _—Qgg+
€o

2
mV;

N + W m 1/2
N P P ke T

OE + Ak, — k) V.)F + B> TE(1 + a2y)
(19)

| Qe I” 18, P AL,

N + oo m 1/2
X,I/ = - s d z eXp — 2 2 2 2
o) |2k T 2ko T OF + hik, — ky) V.2 + B2 T2(1 + a2,)

OF being equal to i(w,, — w; — w3) + 51 + $,.

These expressions are similar to the ones obtained
by Liao and Bjorklund [2] but take into account

(20)

terms which are of higher order in electric field. As in
this previous work we obtained a susceptibility at the
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pulsation w, which depends on the magnitude of the
other field §&,.

It can also be noticed that we have the following
relation : x| &2 = x5 & which corresponds to the fact
that we have to absorb the same number of photons
of each wave in order to excite the atoms.

As in section 1.3, we can show that the plane
waves &, exp(k, z — w, ?) and &, exp ik, z + w, 1)
are solutions of the Maxwell equations if the absorp-
tion can be neglected. We then find a refraction index
n, which is at the lowest order in the electric field
only function of the intensity I, of the opposite
wave [2].

2.3 ATOMS IN A STANDING WAVE : SMALL ENERGY
DETUNING. — We now consider the case where the
two oppositely travelling waves have the same ampli-
tude and the same frequency in the laboratory frame.
It corresponds to the case of a standing wave. If the
energy detuning /(w., — 2 w) is small compared to
the Doppler width of the two-photon transition, we
can apply the results of the previous section with no
essential changes.

If the Doppler width ku is large compared to the
energy detuning | w., — 2 w |, it means that for most
of the atoms, in their rest frame, the assumptions of
paragraph 2.1 are satisfied. The pulsations in this
frame @, and @, are respectively equal to w — kV,
and w + kV, and | @, — &, | = |2kV, | is gene-
rally larger than | 0, — @; — @, |.

If the Doppler width is larger than the natural
width of the g-e transition (even with saturation),
the first assumption is also satisfied for most of the
atoms. The number of velocity groups for which the
hypothesis are not satisfied being very small, we can
use the results of paragraph 2.1 with the further
simplification that w, = w, = w. We obtained in the
case of two opposite waves of same amplitude
@€ =68 =98:

" N N nge |2|8|2(6E_2s(reg/re))
X=——0p+— 2 2 12 2
€0 € (OE)* + h* T'5(1 + a®)
(1)
N 21812 I
” — |2Qge| 2|8|2 cg 3 (22)
t QE + R T5(1 + a)
with
OE = H(we; — 2 @) + 25
1041181
h

The first comment that we can perform on these
formulae is that we can obtain a very large value of y’
because the cancellation of the Doppler broadening
permits to obtain the same response for all the atoms.
In particular for a small value of dE(~ #I',,) the non-
linear part of the susceptibility is about kV/F
(kV being the Doppler width) larger than the value
calculated in a travelling wave.
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It is also possible to observe here that the relations
between ' and x” are different from those obtained
in the single-photon case. If y” keeps a lorentzian
shape, its maximum being at

_ Weg " N
WOmay, = —'2— ﬁ s

¥’ has not the usual shape of a dispersion curve (see
Fig. 1), in particular it must be noticed that the value
for which x4, = 0 differs from w,,. As noticed

previously the behaviour of y' comes from the fact
that we take into account in our calculations the modi-
fication of the linear susceptibility due to the variation
of population of the ground and excited levels.

0* 10
\
.. .
0 - =<
50MHz 50MHz
c 5 Watt/mm d
3‘10'4 A 3.10"} ~
_._____0 /I_X-‘ﬂ \\\\\\\ —“h; T)C*m -
--------- 200MHz | 200 MHz
|
| 500 Watt/mm? |
e

Fig. 1. — Value of the non-linear susceptibilities x” (full line) and
x' (dashed lines) as a function of the frequency detuning

(Weg — 20)2m

in the case of the 5S-5D two-photon transition in Rb for T = 200 °C.
The curves a, ¢ and e correspond to a relaxation rate for the optical
coherence I', equal to I'./2. The curves b, d and fto I, = 2 T.. .
The curves a and b correspond to an incident power I equal to
0.05 W/mm?2, the curves c and dto / = 5 W/mm?, the curves e and f
to] =5 x 102 W/mm?2. In this last case, the value of x” is too small
to be shown on the same scale as x’'. It can be observed that for large
value of I and of I',,/T,, x' keeps a sign practically constant in the
region where its value is important.

If the energy detuning is small compared to the
Doppler width and if the absorption is negligible on a
range of the order of a wavelength, the same argu-
ment as above shows that the standing wave
2 § cos kz cos wt is a solution of the Maxwell equa-
tions and we obtain a refractive index equal to

\/l + ¥ ~1 +§ in the case of a vapour.
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2.4 ATOMS IN A STANDING WAVE : LARGE ENERGY
DETUNING. — In the case of a large detuning, the
condition (ii) of paragraph 2.1 is no more valid. It
means that all the energy detunings i(w,, — @, — ®2),
Wweg — 2 @,), H(we, — 2 @,) are now of the same
order of magnitude. It is now difficult to find an
exact solution because we have to take these different
processes into account simultaneously. Moreover,
we show hereafter that the standing wave (in that
situation) is generally not a solution of the Maxwell
equations. More precisely the spatial dependence of
the polarization is different from the one of the
standing wave and it is not possible to define a refrac-
tive index. We can interpret the difference with the
previous situation in the following way : the Rabi
period (which is close to (w., — 2 @)~ ") is very small
compared to the time of flight of the atom between
two nodes of the standing wave (time ~ (kV)™!).
Because the polarization arises from a non-linear
process, it follows that the spatial dependence of the
polarization is different from the one of the standing
wave. Such an effect does not occur if the assumptions
of the previous section (2.3) are valid ; in this case, the
time of flight (k¥)~! is short compared to the Rabi
period and the motion of the atom averages the inten-
sity variations of the standing wave [6]. As we have seen
above, it results in the possibility to obtain an index
for the standing wave.

In the case of an energy detuning large compared
to the Doppler width, it is not possible to obtain an
exact solution for the Maxwell equations because the
susceptibility y now depends on the position. However,
as it is shown in Appendix, for a dilute vapour contain-
ed in a cell of dimension L we obtain a quantity 7
which has the same behaviour as the refractive index if
| i — ng | L/4 < 1 (ng is the usual refractive index and
/. is the wavelength). If the field is assumed to be the
sum of two oppositely propagating waves of ampli-
tude &, and §&,, the value of #, is equal to (see Appen-

dix) :
8 2
x <' ;' + 18, |2).

(23)

N|Q,. I’
2e5 (we, — 2 w)

ﬁl=n0+
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We can notice that at this lowest order in electric field,
the effective index looks as the sum of the contribu-
tion to the index of the travelling wave 1 alone and
the contribution to the index of wave 1 perturbed by
wave 2. It means that we simply add the effect of
dispersion due to the detunings #(w,, — 2 @;) and
h(weg — @y — @). In this last case the factor 2 has
its usual origin from the two possible paths for
absorbing the different photons (@,) and (®,).

3. Case of different polarizations for the two beams.
— In the previous section, we have discussed the
problem of the interaction of a standing wave with
an atom near a two-photon transition. It was possible
to attain an exact solution with a non-perturbational
treatment because of the two important asSumptions :

(i) we have considered two non-degenerate levels,

(ii) we have considered the same polarization for
the two oppositely propagating travelling waves.

However, there are many situations where these
assumptions are not valid. For these cases, we present
below a perturbational treatment and we obtain
the refractive index at the lowest order in electric
field. We then describe two different types of aniso-
tropy which can be induced by one beam on another
beam of different polarization.

3.1 THEORY OF THE SUSCEPTIBILITY. — We consider
an atom with a ground level g of angular momentum
J, (the sublevels are labelled according to their magne-
tic quantum numbers m,). The excited state € has an
angular momentum J,. In its rest frame the atom
interacts with two waves propagating in opposite
directions

E, = Re§, g e 1%
E, = Re§, g, 7
where €, and €, can be complex polarizations. We

assume for the present section the same hypothesis as
in paragraph 2.1.

In order to find the component of the electric dipole moment oscillating at frequency @,, we perform a
calculation identical to the one already done in paragraph 1.2 and we obtain :

(D@y))=—Re Y (m|p|my)ete™

mg,me

[

D———Def + Det———D

1 1

S

DSZ

ho — H, how — H,

n

— it

62
-Re,{,v: J, +1

n).

1
Do —H,

The second term of this expression corresponds to the usual linear susceptibility. In the following we focus
our attention in the first term : the non-linear part of  D(@,) ) labelled { Dxy(@2) ). Byevaluating{ m, | p | m, >
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at the lowest order of perturbation (the ground level is assumed to be not polarized), we obtain :

N |6, P 667 1 S q
< DNL(wZ) > - Re h(weg _ 2 W — ireg) 2 Jg + 1 m§ne [< mg I Qn‘ez‘l me > < me | Qenez |mg > 1% +

+ (mg | Qdup Im. > Cme | O3, Img > &3] (24)
We have introduced in this formula the symmetrical two-photon operator [5]
stlez = %[chaz + Q£2£|] .

€5 is the polarization orthogonal to &, (Which means that €5.€% = 0) in the plane orthogonal to e, (direction of
propagation of the waves). In theory, we should introduce a component of { Dy (®,) ) along e,. However the
application of the formulae demonstrated below for the component along &> shows that the component along
Oz is equal to 0. So we don’t keep it in the formula. The circular frequency w is equal to (@, + @;)/2. Apart from
the anisotropic terms, the difference between (24) and the formula obtained previously in the non-perturbational
theory (§ 2. 1) comes from the fact that all the effects related to the light-shift and the saturation are now neglected.

We can obtain a further simplification in the expresswn of { Dnp(@2) > by introducing the standard compo-
nents of the two-photon operator [5, 7} (see formula (13) of [5])

AN,
«®Qs,=P. Q5. P, = di(e,, € . £
Q:, Q... Py k;(uﬁql a1, £2) T

where P, and P, are the pl‘O}CCtOl'S on the eJ, and gJ, subspaces. The coefficients ak(e,, €,) are presented in [5].

Reportmg thlS expression of ¢Q5 . in formula (24) and using the orthogonality relation of the Clebsch-
Gordan coefficients, we find (this demonstration is very similar to the one presented in the case of absorption
in [5],§1.3.1)

Tiel. g/

| &) > & e y 1 N
Mg — 20 — il 2d, + 1

|<elell Q¥ gl >
k=0.2 2k + 1

< DNL((DZ) > =R

[ Z | ak(e,, €2) Iz + € Z ak(e,, €;) d* (g, 82)] (25)

It is possible to obtain an explicit value for the summation over ¢q. Some values have already been reported [5],
the other ones can be calculated easily using a theory identical to the one developed in [8]. We find (the coefficients
aj are equal to 0 [5]) :
| ag(sls £,) |2 =3lg.8 |2
Y Ylaiene) P =%+ dle.et
k=0,2 q

a(ey, €) ag*(e,, &) = (e, .€;) (g,.8)*

Z 02(31, €;) ala;*(sl’ €)) = 3(e;.85%) (e} .8,) .
k=0,2 g

(26)

(In order to demonstrate this last formula, we have used &,.€5* = 0). Thus the formulae (25) and (26) permit to
calculate the angular dependence of the non-linear susceptibility without any difficulty (?).

For the sake of simplicity, we assume now that the intensity of one beam is much larger than the intensity
of the other (for instance I, > I,). In that case, the polarization €, of the beam 1 is only very slightly modified
during its propagation and we can take it as a constant.

It appears obviously on formula (25) that the dipole moment { Dy, (&®,) ) varies linearly with the electric
field &,. Thus we can define a refractive index for the wave §,. We can also (because of this linearity) add two
solutions &, and 8 (provided that I, and I; << I)) to find another solution.

Our problem consists in finding the eigenvalue of the tensor of susceptibility (see formula (25)). We now
solve this problem for two important particular cases : the case where the intense beam &, is circular and the case
where it is linear.

(®) In order to obtain the susceptibility y, we must come back to the laboratory frame and then average on the velocity distribution
(see section 1.4). We assume in this section that the two oppositely travelling waves have wave vectors of the same order of magnitude
such that the residual Doppler effect | k, — k, | V is much smaller than I',, which permits to simplify the average over the velocities.
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3.2 POLARIZATION ROTATION INDUCED BY A CIRCULARLY POLARIZED BEAM. — We assume that the intense
beam 1 is circularly polarized (¢, = e, for instance). By applying formulae (25) and (26), it appears immediately
that the eigenstates of the tensor of susceptibility correspond to the two opposite circular polarizations. More

precisely, if we assume that | w,, — 2 @ | > I'¢,, we find the following values for the refractive index n, and n_
corresponding to a polarization &, identical to e, or orthogonal to it (e_)

N n 1 Kell @M

T 28 Mo, —2w) QJ, + 1) 5 @7
~ N I, 1L [1Kell@®lgly !

"-‘”0'2_%h(weg—zw)(2J,+1)[3 5 +§|<CJ°”Q°”%>|2]

n, being the ordinary index at this wavelength.

It appears obviously that the refractive index corresponding to the two opposite circular polarizations e,
and e_ are practically always different. It follows that if the beam (2) has a linear polarization at the entrance of
the cell, this linear polarization rotates during its propagation in a way identical to the case of the Faraday effect.
This effect has been observed by Liao and Bjorklund [2] in the case of the 3S,,,-5S,,, transition in sodium. It
must be noticed that the effect is not restricted to the case of a S-S transition (even if it is the most obvious case
because { eL, | @ || gL, > = 0 and that n, = n,). This effect occurs for almost all the transitions. In particular
if J; # J. only the tensor of rank k = 2 couple the ground and the excited states and it is easy to see that the non-

linear part of the refractive index is then 6 times larger for n, than forn_.
Addition of hyperfine coupling can be dealt with in the same manner as in reference [5].

3.3 BIREFRINGENCE INDUCED BY A LINEARLY POLARIZED BEAM. — We now assume that the intense beam 1
is linearly polarized (¢, = e, for instance). By applying formulae (25) and (26), we find that the eigenstates of the
tensor of susceptibility correspond to the polarizations e, and e,. We find

N I, 1 2 [el Q% Igld]* 1 0 2
M= Mo = 3o h(weg—zw)(21g+1)[§ 5 *3l<el ol |
N L 1 1[Cel Qg
n.‘.=n0 * .

T 26 Mg —2w) 2J,+1 2

5

The refractive index for waves polarized parallel to the axes Ox and Oy are practically always different. We thus

obtain a birefringent medium.

4. Bistability near a doppler-free two-photon tran-
sition. — The dependence of the index of refraction
with the intensity may also lead to the observation of
bistability [10]. The possibility of observing bistability
near a two-photon resonance has already been sug-
gested in a nice paper of Arecchi and Politi [11].
However, even if these authors were aware of the
interest of the standing wave pattern in order to elimi-
nate the Doppler broadening, their theory is performed
for the case of a travelling wave in a ring cavity. Fur-
thermore, they essentially consider the case of two-
photon absorption bistability. We feel that two-
photon dispersive bistability is easier to observe
experimentally. For instance, if the light-shift s is
different from O, as it is usually the case, it is not
possible to find a situation where the absorptive part
appears alone (see formulae (21) and (22)). On the
other hand, there are many experimental conditions
(see Fig. 1) where x” is closed to 0 while x’ has an
important value.

Many Doppler-free two-photon experiments are
performed inside a Pérot-Fabry cavity [9]. Such a
system close to a two-photon resonance is potentially

bistable (which means that for the same input power
in the cavity, one may observe different outputs accord-
ing to the history of the system). Up to now, bistability
has not been observed in these conditions because
the density of the atoms (or the power of the laser)
was not sufficient. But, as we shall demonstrate it
hereafter, a bistable behaviour can occur for several
two-photon transitions in alkalis using commercial
c.w. dye laser.

By comparison with previous experiments on
bistability performed with an atomic vapour [10],
the Doppler-free two-photon experiments present
several advantages :

— because the energy detuning from the two-pho-
ton transition is the same for all the atoms [12], all
the atoms (3) will have the same behaviour. They will
contribute either to the dispersion or to the absorption
in the same way ;

— the formulae for the refractive index are more

(®) We neglect the small fraction of atoms which can absorb two
photons of the same progressive wave.
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simple in the Doppler-free two-photon case because
the average on the Doppler distribution can be
obviously calculated. The atomic system, and in
particular its response, is thus easier to understand
and we can get more information on the bistable
device itself.

In order to precise in which experimental conditions
bistability can be experimentally observed, we perform
hereafter a calculation of the order of magnitude of the

dephasage 6¢ = n, % I (where n, is the non-linear part

of the refractive index and / is the length of the cell).
At the lowest order in electric field n, is equal to
(see formula (28)) :

N
n2—-2—-8-0‘IXb

with

b= 1 ' 1

Mwg —20) QJy+ 1)
2
x[gueangwga>|+%

3 5
STCATUPAY]

In many experimental situations, it is more convenient
to use a Pérot-Fabry with spherical mirrors instead
of a Pérot-Fabry with plane mirrors. In the case of a
gaussian beam, the intensity is not uniform and the
index of refraction n, is now depending on z. For the
present discussion we do not consider the problem
of self focussing and we just calculate the value of the
dephasage 59 along the axis of symmetry of the
gaussian beam :

12

0P = s @ ny(z)dz.
c

-1/2

To calculate 6@ we use the value (29) of n, with

4 P
1 —3
gocmt W3(z2)
where P is the power of the laser and W(z) is the radius

of the gaussian beam (more precisely it is the distance
from the axis where the electric field is divided by e)

2
Wi (1 + z—2>
Zr
The waist W, is the smallest value of W and
zg = nW¢/i. We find for ¢ :

W(z)? =

0P =4—2{V—2w£aArctgL.
gt A 2zg

We observe that if / 2 zg, 0® has practically reached
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its asymptotic value :

N

g2 c?

w?Pb.

0D, =

From an experimental point of view it appears that
there are only two factors which can be modified : the
power P and the density N of atoms. If one increases
the focussing, the value of @ will not increase very
much if the higher terms in power of the intensity
(see formula (21)) can be neglected.

In order to observe a bistable behaviour we must
attain a value of 6@ of the order of 2 n/F where F is the
finesse of the Pérot-Fabry (P being the power inside
the cavity).

A rough calculation performed in the case of the
584,5-5Ds,, two-photon transitionin Rb (4 = 7 779 A)
shows that those conditions can be attained with
F ~ 20, an incident power of 0.1 W and a pressure of
rubidium of the order of 1072 torr, the frequency
detuning from the resonance being equal to 30 MHz.
These conditions can be attained easily and we expect
to obtain soon an experimental confirmation of the
theory.

Acknowledgments. — We are very indebted to Dr.
E. Giacobino for the helpful and stimulating discus-
sions we have together and for the precious advices
about the manuscript.

Appendix. — In the case of an energy detuning
large compared to the Doppler width, it is possible to
perform the calculations by making the assumption
that the atom looks still [6]. The reason for that is that
the atom undergoes a lot of Rabi precessions between
two nodes of the electromagnetic field. In that case,
we can apply formula (16) but with an electric field
& which is now dependent on z. It results in a suscep-
tibility y(z) which is dependent on z. More precisely,
we split x(z) into two terms, the linear susceptibility y;
which does not depend on z and the non-linear term
(@) = x(2) — 1

We now try to find an approximate solution for the
Maxwell equation for the electric field :

This equation can be written as :

d2 , .
d—25+k(2)6= —k(z)x(z)t,

with :

SN

K2 =

I

N

4

Using the Green function

1 .
G.(2) = z—ikexp(lk -8z
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we find :
. + o0
iko ! oliko— )z —z'| N e(y
8(2) = &o(2) + 5~ dz’ el o272y (2') §(2")
(A.1)

where §y(z) is the unperturbed electric field (which
means the field without any atoms). Its value is
equal to :

. ik . ("
z<0:8(z)=£0(z)+7e tkoz
0
k ) L
2> L:8%2) = §(2) +l—2—9e"‘°zj
0

Because of the dependence of x°(z) on | &,(z’) |? it can
be easily shown that most of the integrated terms
oscillate with L while only one term grows monotoni-
cally with L. This last term is preponderant if the
dimension of the cell L is much larger than 1/k,
(which is of the order of the wavelength). This condi-
tion is usually fulfilled in our experiments in the
optical domain. We define :

z2<0 &8z = |8 |e ez + |§, |e"‘“e‘"‘°z|:1 + idkL + i

z<L 8@ =|§ |e“"‘e“‘°z[l + i kL + i

Fl

As we neglect absorption, it is easy to verify that 6k
and ok’ €®1 ~#? are real quantities (it is a consequence
of the dependence of x(z') on | &(z’) |?). If 6kL and
8 .
8—1 ok’ L are small compared to 1, we can interpret
2
the quantity (1 + ix) (with x <X 1) as the beginning of
the expansion of €. By this method, we can define
two pseudo-refractive index 7, and 7 ,, one for each
wave propagating in the medium :

1 | &, | €2
i, =1 + — |0k + ————— 6k'* A.4
ny + ko ( 15, |&” ) ( )
~ 1 |64 |ei‘pl
=1+ — (6k + ————— 6k’ ). A.S5
e ltg ( e ) A.5)

Those pseudo-refractive index can be used to calcu-
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Bo(2) = | & | € ot + |8, | €2 e7ihox,

If the exact solution is close to §y(z), we obtain an
approximate value of the correction using the Born'
approximation which consists in replacing in (A.1)
x(z) §(z") by its unperturbed value x°(z’) §,(z") (%).

We assume that the vapour is contained inside a cell
limited by the planes z = 0 and z = L. The field
outside the cell is equal, at the Born approximation,
to :

dz' @) [181 | € 24’ + |8, | €]

dz' 2°(z') [| 81 | € + | &, | e™2 e~ 2oz

L
1
Sk == lim —j dzy(z")
2L*+<zoL 0
L
6k’—k° im L | d 2iky z'
_7L—3111wz x()exp 2iky 2.

]

At this approximation, the electric field, outside the
cell, takes the simple value (we assume that there is
no absorption) :

ip1
& Sk’ ] (A.2)
| & | €2
§ i2 . .
.1 82 |e‘ Sk'* L | + | &, | eiv2 e ikoz (A.3)
| &y e

late the apparent optical length of the medium as
long as the previous conditions are fulfilled. Using the
relations (16), (A.4), (A.5), we obtain at the lowest
order in the electric field :

NQgg N | Qge |2 x
2ep 28wy — 2w)

8 | & |2
2

and a symmetric expression for 7,.

1 -

ﬁlz

+ | &2 12]

(*) As the non-linear susceptibility x(z") depends on z’ through
the value of the electric field §(z’), the notation x°(z') means that we
perform the calculation of x[&(z')] with the unperturbed value of the
electric field : x°(z") = x[60(z)]-
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