N
N

N

HAL

open science

Effective hyperfine Hamiltonian in homonuclear
diatomic molecules. Application to the B state of
molecular iodine

M. Broyer, Jacques Vigué, J.C. Lehmann

» To cite this version:

M. Broyer, Jacques Vigué, J.C. Lehmann. Effective hyperfine Hamiltonian in homonuclear diatomic
molecules. Application to the B state of molecular iodine. Journal de Physique, 1978, 39 (6), pp.591-

609. 10.1051/jphys:01978003906059100 . jpa-00208791

HAL Id: jpa-00208791
https://hal.science/jpa-00208791
Submitted on 4 Feb 2008

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/jpa-00208791
https://hal.archives-ouvertes.fr

LE JOURNAL DE PHYSIQUE TOME 39, JUIN 1978, PAGE 591

Classification
Physics Abstracts
31.30 — 35.208

EFFECTIVE HYPERFINE HAMILTONIAN
IN HOMONUCLEAR DIATOMIC MOLECULES.
APPLICATION TO THE B STATE OF MOLECULAR IODINE

M. BROYER, J. VIGUE and J. C. LEHMANN

Laboratoire de Spectroscopie Hertzienne de ’'E.N.S. (*).
24. rue Lhomond, 75231 Paris Cedex 05, France

(Regu le 14 décembre 1977, révisé le 16 février 1978 et accepté le 23 février 1978)

Résumé. — Le Hamiltonien hyperfin effectif est étudié pour les molécules diatomiques homo-
nucléaires. A I'aide de I’algébre des opérateurs tensoriels irréductibles, les termes de perturbation
du second ordre dus aux Hamiltoniens dipolaires magnétiques et quadrupolaires électriques sont
calculés et le résultat est exprimé sous une forme concise. Ces calculs sont appliqués a ’état B de la
molécule d’iode : les valeurs expérimentales des constantes du couplage spin-spin scalaire et ten-
sorielle sont interprétées. De plus. on montre que la valeur de la constante de couplage octupolaire
magnétique récemment publiée ne peut pas correspondre a la réalité et que des termes jusqu’ici
négligés devraient étre introduits dans le Hamiltonien hyperfin effectif.

Abstract. — The effective hyperfine Hamiltonian is studied in the case of homonuclear diatomic
molecules, using irreducible tensorial algebra. The second order perturbation terms due to the magne-
tic dipole and electric quadrupole Hamiltonian are calculated in a compact form. These calculations
are applied to the B state of molecular iodine : the experimental values of the scalar and tensorial
spin-spin coupling constants are interpreted. Moreover it is shown that the recently published magne-
tic octupole coupling value for the B state is unrealistic and also that some other terms must be

introduced in the hyperfine Hamiltonian.

1. Introduction. — With the recent development
of narrow band lasers, it is possible to measure hyper-
fine structures in the excited states of diatomic mole-
cules with great accuracy. As is well known, the
hyperfine Hamiltonian of molecules violates the
Born-Oppenheimer approximation. Therefore, it may
couple different molecular electronic states. Such
perturbations are generally much more important in
excited states than in ground states since the density of
electronic levels is much higher. The problem of the
interpretation of the hyperfine structure in excited
molecular states is therefore closely related to the
problem of such perturbations. For example, in the
B*I1,; state of I,, many parameters which have been
measured can be understood by a second order
perturbation of the electronic molecular state : spin
rotation constant, tensor spin-spin, scalar spin-spin,
magnetic octupole, Landé factors, chemical shift,
etc... However, up to now, no global theory of the
effective hyperfine Hamiltonian has been made and

(*) Laboratoire associé au Centre National de la Recherche
Scientifique.

usually one simply selects in the literature the terms
needed to fit the experimental results. In this paper a
detailed derivation of the effective hyperfine Hamil-
tonian in a homonuclear diatomic molecule is pre-
sented. Our theory will be limited to second order of
perturbation and the results will be applied to the B
state of I,.

2. Hyperfine Hamiltonian. — The origin of the
hyperfine molecular Hamiltonian lies in the inter-
action between the electric and magnetic multipoles
of a nucleus with the electric and magnetic fields
created by the electrons and the other nuclei. Due to
parity conservation inside the nuclei, only the even
electric ones and the odd magnetic multipoles are non
vanishing. Moreover, the Wigner-Eckart theorem
implies that the only existing 2*-poles are those for
which k& < 2 I, where [; is the spin of the considered
nucleus.

Let us first consider the terms involving the inter-
action between the nuclei and the electrons. We will
restrict ourselves to diatomic homonuclear molecules.
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2.1 INTERACTION BETWEEN ELECTRONS AND NUCLEIL

— This interaction can be written :
Hpe = Hpe(1) + FHpe(2) .

Je,. (1) is the hyperfine interaction between the
electrons and nucleus labelled 1;

Jene(2) the hyperfine interaction between the elec-
trons and nucleus labelled 2.

Moreover, J¢, contains all the multipole inter-
actions :

Jehf = JeMD + JeEQ + JeMO + JG’EH + -

where

Jeyp 1s the magnetic dipole Hamiltonian

XKgq is the electric quadrupole Hamiltonian

Jemo is the magnetic octupole Hamiltonian

Jeey is the electric hexadecapole Hamiltonian

It is clear that Jyp = Kyp(l) + Lyp(2),
JGEQ = JeEQ(l) + J@EQ(2), etc...

o) Magnetic dipole term.
Hmp(l) = Hp (1) + Fgy(1) + Kgl(1):

e J¢, (1) is the interaction energy between the
orbital electronic momentum and the magnetic mo-
ment of nucleus 1.

I,.1.A1
¥ (1) = z -2 g1, U UN (ﬂ> ( )-

3
- 47 e

The summation is over all electrons.
ug and puy are respectively the Bohr magneton and
the nuclear magneton. ug is negative and uy positive.

Ho _ 10-7). 1, and 1,1)

4n
are dimensionless. p;, = g;, ux I, Al (1) = 1y, A Pp,,
p. is the momentum of the electroneandr,, = r, — r,,
r, and r, being respectively the positions of nucleus 1
and electron e.

We use the SI unit system

® Js (1) is the interaction energy between the spin
of the nucleus 1 and the spins of the electrons

u
Ksi(1) = Z — Gs 91, U UN (Zl—oﬁ) X

e

x 3(Se'rle) (Il'rle) - (Il‘Se) (rle'rle)

5
rle

gs is the Landé factor of the free electron. S, is the
spin of electron e.

e J¢g (1) is the Fermi contact interaction energy :

Lo\ 87
HKp(1) = Z — 9s 91, U UN <4—0> TII .S, 0(ry,) -

e T
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These three magnetic dipole terms have all the same
tensorial form and by using the Wigner-Eckart
theorem, J¢yp(1) may be written :

(D) = Y. Y (= DT Q@) V(1)

where j,(1) = 1,(1) + S, and Q;(,) and V! (j.(1))
are spherical tensor operators of rank 1.

B) Electric quadrupole term.
Kpo(l) = 3, X (= DFQX) V2 (1)

4
qu(l) = _5_ Z
protons p
of nucleus 1

e, Y70, 0,)

rp, 0,and ¢, being the radial and angular coordinates
of the protons p inside the nucleus.

/4 e
Vezq(l) = "3‘ m Yq2(ele9 ?1e)

0., 9. being the angular coordinates of the vectorr,,,
and e the charge of the electron.

As for the case of 3yp(1), we may apply the Wigner-
Eckart theorem and write JCgo(1) as :

JeEQ(l) = z Z (_ l)q qu(ll) qu(je(l))

Q2(,) and V2 (j (1)) being spherical tensor operators
of rank 2.

Y) Other multipole terms. — We do not explicit in
any detail J€y, and Jgy, but by application of the

.Wigner-Eckart theorem, they may be written :

Kmo(1) = 3 Y. (= D* QX)) V2 (1))
Ken(l) = Z Z(_ 1) Q;(Il) Viq(je(l))

QXI,) and V)Xj,(1)) are spherical tensor operators
of rank k.

2.2 INTERACTION BETWEEN THE TWO NUCLEL —
o) Magnetic dipole term. — The magnetic moment of
one nucleus interacts with the orbital angular momen-
tum of the other nucleus and both magnetic moments
interact together.

JeMD(], 2) = JeIR(l, 2) + J@I”z(l, 2) .

Je;r(1, 2) corresponds to the spin orbit and spin
other orbit interactions between the two nuclei in
motion. J&;x(1, 2) is equal [1] to :

Z p ,I; +1).R
1,2 =2Q¢g; — 1) — = p ——n"r—.
¥r(1, 2) (2 g, )MN 4HN 2,

Z is the charge of the nucleus, My its mass number,
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VA

My
tum of the two nuclei R =J — L — S where J is
the total angular momentum of the molecule, L the
total orbital angular momentum of the electrons,
and S the total electronic spin. r;, =r, — r;

1y. .. . .
~ 5 )i dimensionless. R is the angular momen-

I.J—-L-°S)
Kre(1,2) = 22 g; — l)fiuﬁ—a———

where I = I; + I, is the total nuclear spin.
¥r,1,(1,2) is the direct spin-spin interaction bet-
ween the two nuclei :

2/1'0

Ky, = — 912 HNE X

y 3(Xy.ry5) (dporyp) — (1) (ry2.105)
< .
ria

B) Electric quadrupole term. — The quadrupole
of one nucleus interacts with the gradient of the
electric field created by the charge of the other

Jpo(1,2) =Y (= QX)) V2,(1,2) +

q

+ (= DIQX2) V2, 1)
qu(l) and qu(2) have been already defined.

4n (— Ze) ,
—_— ——=Y(0,,,
5 47 r§2 q( 125 P12)

vi1,2) =
ris, 615, @,, are the spherical coordinates of the
vector ry,. We have evidently

Y:(Glz, ©12) = Yqz(9219 Q1) -

We must also take into account the interaction
between the two electric quadrupoles of the two
nuclei ¥q,q,(1,2). This term is very similar to the
magnetic dipole-dipole term J, ,, and is proportional
to

Y (= DI(Q).Q*M); . V2,1, 2).

Similarly we have also the interaction Jgw(1, 2)
between the octupole of one nucleus and the magnetic
dipole of the other or the magnetic dipole due to the
rotation of the molecule, etc...

As we will see in the next paragraph (Table I),
these last terms are negligible.

v) Order of magnitude of the hyperfine terms. —
We express here the various terms as a function of the
mass energy of the electron mc?, the fine structure
constant «, the charge number Z, the electron to
proton mass ratio m/M.

ry is the radius of a nucleus, r,, the distance between
a nucleus and the electron e, r,, the distance between
the nuclei. a, is the Bohr radius.

EFFECTIVE HYPERFINE HAMILTONIAN IN DIATOMIC MOLECULES 593

Some dimensionless factors of the order of unity are
neglected. The electric 2*-pole is taken equal to erk;;
the magnetic 2*-pole to uyr .

The results are given in table L.

The third column gives numerical evaluation of
these terms in the case of iodine (Z = 53). The atomic
fine structure is used to evaluate { a3/r}, > (the order
of magnitude being the same for molecular wave
functions) ; the atomic magnetic octupole is used to
evaluate { ag/r}, ). rg is taken from Schwartz [17]

a3 5 2
<T°> - 13 <% =570 N_18x 10"

2
Tie Tle Qo

ry, is taken from molecular results [5] r,, ~ 3 A.

The shielding effects due to the core electrons have
not been taken into account. These effects will reduce
the direct interactions terms between the two nuclei.

The fourth column contains the values of the
parameters observed in the ground state of atomic
iodine.

The simplifying assumptions that we have made for
our estimations imply that the results can be wrong
by a fraction of one order of magnitude. Evidently
the selection rules have not been taken into account :
for instance the I.L term of the hyperfine structure
that we find of the order of 2 x 10° Hz will be zero
in an Q = 0 state (as noted below).

2.3 CoNCLUSION. — As a conclusion of this
paragraph 2, we can write the hyperfine Hamiltonian
as :

s = Fpe(1) + HKpe(2) + Hpe(1, 2)

Je,s(1) involves the interaction between the electrons
and the nucleus 1, 3¢,4(2) the interaction between the
electrons and the nucleus 2, J(1, 2) is the direct
interaction between the two nuclei.

Moreover, we have shown that order of magnitude

. of the various terms can be easily given.

3. Matrix elements of the different terms of Jj¢,,. —
For all calculations which are presented in this paper,
we use as a basis set of vectors | S; A4, 2, Q,v;J;
U, )I; F; My YywhereI =1, + L, andF =1 + J.
A, S, Z, Q are the usual molecular quantum numbers.
This means that we use a Hund’s case a representation
but our results are easily generalizable to a case ¢

representation. v is the vibrational quantum number

or eventually it is a continuous index for a continuum
of dissociation.

3.1 SYMMETRY PROPERTIES OF THE MATRIX ELEMENTS.
— Since the molecules under consideration are homo-
nuclear, the rotational levels are ortho or para and
therefore the I values are restricted :

For example for I, = I, = 3/2 the ortho states
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TABLE 1

Order of magnitude of the hyperfine terms

Hamiltonian

Fine structure
Hyperfine structure

1) Magnetic dipole

3
LLorLS a4ﬁ<“—3">
M\ ri.
m\* / a
I.I H— —_
& “(3) (;
I,.R i e
M r

2) Electric quadrupole

KR
[§}
ENEAN

P U N N

Nucleus-electron Jgo(1) + Jge(2)

‘WIOQL»
~_

Nucleus-Nucleus :

2 3
Quadrupole-charge (1, 2) o? % r_aSO_>
(4 12
& 5
Quadrupole-quadrupole 3¢, o,(1, 2) o’ a—li raTO>
0 12
3) Magnetic octupole
2
Nucleus-electron Jop(1) + JHom(2) ot m r_g <a_
M ag \r
m\?* rg
Nucleus-nucleus Jop(1, 2) a4<—1\7) a_(z,
4) Electric hexadecapole
4 a5
Nucleus-electron Jgy(1) + Jgyu(2) o? r_,: <-52 >
o \T1e
r4 a5
Nucleus-nucleus Jegy(1, 2) a? a—’: < rTO
0 le

Energy/mc?

3
a

“4Z<—32>
Tie

ow

ow

“Llow

P
3
- n

N

)z

Energy/h (Hz)
estimated for atomic
and molecular iodine

Energy/h (Hz)
measured in the *P;,
of the '27] atom

® 2 x 104
2 x 10° 8 x 10% (%)
> 5 x 102
2
—-—> J 5% 10%7J
2
10° 10° (©)
V4 3 x 107
3 x 10~* (negligible)
@) 2 x 10° (9

Q ~

owm

> J 1075 J (negligible)

10°

10~ 2 (negligible)

(“) The measured atomic fine structure is used to estimate ¢ 1/r3, >.

(*) The measured octupole constant is used to estimate QDY

() Taken from reference [11].

correspond to / =1 and 3, and the para states to
I=0and 2. For I, = I, = 5/2 (as for '?7I), ortho
states correspond to / = 1, 3, 5, para states to [ = 0,
2,4.

The unperturbed electronic wave functions of
homonuclear molecules are even (g) or odd (u) with
respect to the centre of the molecule. However, the
hyperfine Hamiltonian is not invariant by reflexion
of the electrons with respect to the center of the

molecule, therefore it can couple u and g electronic
states.

By using only symmetry considerations one can
show [2] that :
Cul’ |J€hf(1) | ul ) = (= D) ur 'Jehf(z) ,‘11>
(D

and
ul’ | Jye(1) |81 > = (= 1! I+ Cul’ | 3e,,(2) | 81 -
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Since it does not involve the electrons, J¢,.(1, 2)
does not have the same symmetry properties :

ul’ IJehf(laz) IUI> =(=D"Iur IJehf(l’z) |UI>
but (2
Cul’ | Jue(1,2) &I = 0.

It is easy to see that these relations ensure that J€,
does not violate the Pauli principle of symmetry and
antisymmetry of the total eigenfunction by exchange
of the two identical nuclei. For example ortho and
para rotational levels of two u states cannot be
coupled by J€,;. But the ortho rotational levels of a g
state can be coupled with the para levels of a u state.
As already pointed out by Herzberg [3], the ortho or
para character is no longer absolutely meaningful
in presence of a hyperfine structure.

3.2 CALCULATION OF THE DIFFERENT MATRIX ELE-
MENTS. — We want now to obtain the matrix elements
of J¢,; between two electronic states which may or

EFFECTIVE HYPERFINE HAMILTONIAN
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may not be different, in order to perform a second
order perturbation calculation. This type of calcula-
tion has been already made by Freed [4] in the case of
heteronuclear molecules when only one of the nuclei
has a nuclear spin. Freed’s results are evidently valid
for a homonuclear molecule if we use the basis set
| SAZQu,JI, Fy My I, My, ) for (). (F; = J + I).
To obtain the matrix elements of J€,;(1) in the good
basis set | SAZQuJ(I, 1,) IFMy ) one has to use the
usual angular-momentum algebra. The results are
the following. They are derived for a neutral homo-
nuclear molecule in which 4, S, X, Q and J, I, F are
integer.

o) Matrix elements of Jn(1). — J3,(1) may be
written :

Feue(1) = Y 1)

k

where J¢%(1) is a tensorial interaction of rank k bet-
ween the nucleus 1 and the electrons (see paragraph 2)

(S'AQ v I, L) I' F' My | 3e%(1) | SAQuJ(IL, 1,) IFMy y =
= Opp Opgppgp(— DFFTFRAFHIAIIT £ Qr V[T + 1) QT + 1)QRJ + D QRJ + )]

Ik J L I, 1 Fr 3
-Q AQ Q kK I' I, k J I

AQ=Q" —Q.

fi(1, Q', Q) depends also upon S', A, S, 4, v, V', etc...
This dependence is here suppressed in order to sim-
plify the notation. In fact f(1, Q', Q) contains the
electronic reduced matrix elements of the hyperfine
interaction of rank k and also a Franck-Condon
integral. If the electronic reduced matrix elements are
almost independent of r,,, the internuclear distance,
L, Q') Q), is proportional to the Franck-Condon
integral { v’ | v ) to a good approximation. The detailed
expressions of f,(1, Q, Q') and f,(1, Q, Q') are given
in table II.

Expression (3) is very similar to the formula which
should be obtained for a 2*-poles hyperfine interaction

J k J
in 4n atom. H , the 3j symbol
In an atom owever, (¢ _]Sym 0 <_ Q, AQ Q)

. I, I
and the 6j symbol
nd the 6] sy O{k 7

corresponding formula in the case of atoms. The 6j

L I, I :
symbol t I I corresponds to the coupling
1

of the two nuclear spins I, and I,. The 3j symbol

I
7 } do not appear in the
1

Jk J
(_ 0 AQ Q) appears when a tensorial operator

of rank k& has to be averaged over the molecular
rotation. This is the case of the magnetic and electric

fields (or their derivatives) created by the electrons
at the position of the given nucleus.

If we consider a molecule in a given electronic
state (Q' = Q), every electronic physical operator
(for example the magnetic field created by the elec-
trons) must at first be averaged over the electronic
motion, the nuclei being assumed to be at rest, and
then averaged over the nuclear motion (vibration
and rotation). As a result of the averaging over the
electronic motion and of the cylindrical symmetry
around the internuclear axis, only the longitudinal
part of the various electronic operators does not
vanish. For instance, the only non-zero component of
the magnetic field created by the electrons is along
the internuclear axis. The averaging over the vibration
is straight forward. The averaging over the molecular
rotation introduces the 3j symbol of formula (3).

The existence of this 3j symbol has an important

J k J
000

of k, the 2*-polar interactions vanish for odd values
of k in a molecular state Q = 0. This property may be
illustrated by the following classical and rather naive
argument. If Q = 0, J the total angular momentum
of the molecule (nuclear spin excluded) is perpendi-
cular to the internuclear axis, and the rotation axis
of the molecule is therefore perpendicular to the

consequence: Since ( ) = 0 for odd values



596 JOURNAL DE PHYSIQUE Ne 6

TABLE 11
Expression of f1(1, Q', Q) and of 1,(1, Q', Q)

In fact /,(1,Q', Q) = /,(1,8,4,2",Q",v',85,4,%,Q,v)
11, Q,2) = /21,8, 4%, 2, 2,0, 8, 4, 2, 2, v)

s 1 s\ (1 1 2
(1,8, A 5, Q' 0,8, 4,5, ,0) = | (= )=4+1+8
A ’ V) [( ) <2' ~ Az —z) <A2 ~AZ — A4 AA)X

x DS8(1) + 855 655(— 1) G4 4(1) + (= 1)~ A+1+5-2+2
S’ 1 S )
<2, _AX — E) Ki’fﬁ(l)] (LU + D@1 + D]
Ar=2'-2 AMd=4"—4.

D53(1) is the reduced matrix element of Jeg(1) :

YAA( le> (ple)

av).

)

T(S)

Dﬁi(l)——gsgzlunuw4 < A

SAv>.

G 4 4(1) is the reduced matrix element of 3¢, (1) :

TAA(l

e

G, 4(1) = 291. Us #N4 <A' '
i1

L7

K55(1) is the reduced matrix element of Jeg(1) :

. 8 u
K35(1) = — —gs gy, /"B“N—O‘SA'A §'A4"v SAv
3 4
(ug is negative)
fZ(l’ S(’ A,’ Zla Ql: vla S’ A9 Za Q’ U) = (_ 1)9' QA’A(I) [(2 Il + 3) (2 Il + 2) (2 Il + 1)/2 11(2 Il - 1)]1/2

Q.all) = 31¢10(1) 4,04(1)

o) = <11 M, =1] Y @3:z2-r)]|1 M,1=1,> =0
L]
1 4z
—q . 41) = Y2010, 010 |4 ).
2‘14,1() < 477:80r1e \/5 AA( le ?1e) >

IflA" Y =|A4>444 = qand | e | Q(1) g,4(1) is usually noted eqQ.

internuclear axis. Under these conditions, if the longi- case for the gradient of the electric field created by one
tudinal part of an electronic operator changes sign electron at the nuclei.

when the molecule is rotated by 180°, the averaged In conclusion, in molecular states Q = 0, the hyper-
value of this operator will be zero. For instance, this fine interaction of rank k vanishes to first order for odd
is the case for the magnetic field created by one electron  values of k. For such states, the second order hyper-
along the internuclear axis. However, this is not the fine terms are particularly important.

B) Matrix elements of 3,,(1, 2)

JGIR(1,2)=(491—2) T a7 \ 3 3

5 Ho I.J IL@L+S)
N MN r, :
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The first part of 3¢, cannot couple different electronic states

I.J

3

Iz

<Q’U’J’I'F

QUJIF> = 5919 5]11 51!1 <QU’

3

ri2

Qv> %[F(F +1)-II+1)—-JJ+1D]. 4)

The second part is very similar to J¢,,(1). But it does not couple u and g states and it is diagonal in [ :

IL.L+S
<Q,U’J’I'F|——§—3-—2‘
riz

X [QJT'+1) QJ+1) IT+1) 2 I+1)]"2 (= 1) +F+I+S {

J 1 J
QuJIF ) = §;.,(— 1D)¥
v > ri(— 1) (_ 0 AQ Q) X

FIJ | T+ Ti(S)
Q| AT T A
1 J I 3

ri2

Qv> .0

This last term is ug/uy ~ 2 000 times smaller than J¢;;(1) and can be neglected in a second order perturbation

calculation.

¥;,1,(1, 2) is diagonal for the electronic eigenfunctions because it contains only the coordinates of the
nuclei (ry,). The matrix elements of J¢,,,, have been derived by Bunker [5] :

1
QI T'F|®8y,,, | QIIFY = 6g.09F Uk <v’

12

r3

Ho
vy — X
>47t

x L(l+1) QL+1) (=) HFH+ 7302 1+1) Q I'+ )2 (2 J+1) 2 T +1)'?

J 2 J
-Q 0 Q

X
2 I

(there is a misprint in the 6j in Bunker’s formula).

F J 1

L I 1
I I, 1 (6)
I I 2

In the same way JCgq(1, 2) is also diagonal for the electronic eigenfunctions because it contains only the
coordinates of the nuclei. The matrix elements of Jgy(1, 2) are easily derivable using the known matrix elements
of the spherical harmonics in the rotational eigenfunctions basis (see for instance Ref. [6]) :

QW J'T'F|Hgo(1,2) | QUIIF ) = dgq2 x (— 1)2H3T NIt FHIHT

[(211 +3)QL +2)QI + 1)
21,21, — 1)

where

It must be remarked that inside a given electronic
state Q, Jgo(1, 2) has exactly the same dependence an
I'l,J', J, F as 3*(1) (see formula (3)). We would
have similar considerations for JCuo(1,2), ¥g,0,,
Jeu(1, 2). In conclusion, J€,(1, 2) is essentially dia-
gonal with respect to the electronic wave functions
and its off diagonal part may be neglected. Therefore
we will drop it in our second-order perturbation
calculation and discuss its influence at the end of the

paper.

4. Second order perturbation theory. — As already
noted, it is especially important to consider second-
order perturbation theory when Q = 0 since in this
case the only important diagonal term is due to

1/2 S
, ’ 1/2
] [QI+DHQI'+ DRI+ 1HQJ + D] <_g 0 Q)
{2 1, 1,} {F J 1}(—Ze)Q<
9 — (Q
LrIfl2ruw 2

0= <11 M, =1 ,2(3212: - rﬁ)

1

3
4 ey ri,

Qv> ™

IIMIl =11> .

Jego(k = 2). However, we derive the theory for any
value of Q.
The perturbing Hamiltonian can be written :

By = VU + K1) + Hpe(2) + Hie(1, 2)
%

where U is the off-diagonal term of the molecular
Hamiltonian which does not contain the nuclear
spin . U contains mainly the fine structure Hamil-
tonian and the off diagonal part of the rotational

2
Hamiltonian (— hz JL + S)).

Hria
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If the fine structure Hamiltonian is too large, the
appropriate basis set is a case ¢ one in which the fine
structure Hamiltonian is already diagonalized. In
fact, we will write now the molecular eigenstates
| QuJIF >. In these conditions, the results will be
available for the Hund case a and the Hund case c,
the difference between the two coupling cases appear-

CQUIT" F | Ragettecive | QUIF Y = <svaI"

Ne 6

ing only in the calculation of the electronic reduced
matrix elements.

Up to second order effects, the matrix elements of
the effective hyperfine Hamiltonian in a given rota-
tional vibrational level of a diatomic homonuclear
molecule are therefore given by :

Hone(1, 2) + Z JeK1) + JC"(2)‘ QvJIF>

QuJIF >

<QvJI” lcu + 2340 + JC"(2)| > < I‘U + 2 K00 + 1)
+ 2

where | p ) is a perturbing level of energy E,,.

As has been already noted, J€,(1, 2) is not consi-
dered at second order since it is essentially diagonal
for the electronic eigenfunctions.

We shall assume in our calculations that

| Eguy — E, | > AE,, .

AE,; being the total hyperfine structure. In the case
of an accidental coincidence between two interacting
hyperfine structures, the situation would have to be
studied by an exact diagonalization of the total
Hamiltonian.

The perturbing levels | p ) may be the ro-vibrational
levels belonging not only to other electronic states
but also to the state under consideration. | p > may
be written |Q'v'J'I' F) and E, = Eq, ;.

The second order term involving U twice is of no
interest in our problem since it takes the same value
for all the hyperfine sublevels. Let us consider now
the other second order terms.

4.1 THE CROSS TERMS U — J*i)(i=1,2). —
U operates only between states for which Al = 0

CQII" F|3eH0) | Q' ' I'Fy Q' v J' I' F|K¥G) | QuIIF )

oy — E ®

p

and AJ = 0 and it accounts only for the coupling
between two ‘different electronic states. Since the
matrix elements of U do not depend on I and F, the
second order terms of this type have the same 7 and F
dependence as the diagonal matrix elements of
Jek(i). However they may be sometimes identified,
for instance when the diagonal matrix element of
Jek(i) vanishes. Moreover systematic measurements
of the hyperfine splittings as a function of v and J
may also give some evidence of the existence of such
terms : the perturbation may vary with v and J.
For instance, if U is the off-diagonal part of the
rotational Hamiltonian, it must be linear in J.

4.2 THE CROSS TERMS
o) -xMGE=1,2;j=12).

The calculation of these terms are tedious and are
detailed in appendix I. We give here only an outline
of this calculation and some explanations giving the
physical insight of this problem.

We have to consider the following terms :

9
Qv J'r EQvJ - E.Qv.l
Let us note :
k W J M I Q' vJ M, I Mj|3%*
J€kk’(i’j) _ Z XD Qv 71" My < v J 7l (J) (10)
Qv JIMI'M EQu.I E.QVJ

J

The summations on /' and J' are the summations
on the hyperfine structure and on the rotation of the
molecule. As we will see, it is generally possible to
carry out these two summations and this is sufficient
to obtain the angular properties of J¢*¥(i, j). There-
fore, in the following part of this paragraph, we will

consider that Q' and v’ have fixed values and omit
temporarily the summations over Q' and v'.

As we have seen in paragraph 2.1 je¢*(i) may be
written :

2 2 (= DO M) Vi) .



Ne 6

However, if we limit ourselves to the matrix ele-
ments of J*(i) between two given electronic states
| Q> and | Q' >, the Wigner-Eckart theorem insures
that J¢*(i) may be written :

XD = 9@, ) 3, (- D1QE,M@) V;Jd) (1)

where J, is the total electronic angular momentum of
the molecule, and V}(J,) an irreducible tensor ope-
rator acting on J,. Q% (I) is an irreducible tensor
operator acting on the nuclear spin I, of nucleus i.
g(2, Q") depends upon the considered states | Q)
and | Q' .

If it is now assumed that the energy difference
between the neighbouring rotational levels is much
smaller than the energy difference between states
[Q> and |Q’), the energy denominator which
appears in formulae (9) and (10) can be factorized and
the summations on /' and J’ easily made. In the course
of these summations, we use the closure rules :

S IIM YD M| =1
I'M'1

21T M T QM| =12 5Q .

IM;g

Under these conditions, a cross term J*'(j, j) is
equal to :

92,0990, Q)
Q' EQvJ - E!)’v’]

x Y (= e QE () QX (1) Va@o) Vi) . (12)

Now we can take advantage of the usual rules of
the decomposition of the various tensor operators

fq(Ii) Qf'q,(lj) (or V¥J,) VEQ.) on an irreducible
tensorial basis set. In the course of this decomposition,
terms of the following type arise :

% (—DAQKL) ® Q¥ M) (VIR V¥I)E  (13)

(Q"X) ® Q*(1))¥, is an irreducible tensorial ope-
rator of rank K constructed from the tensorial contract

1\ t+k+K
CQuIT" F | 36*¥G, i) | QuIIF Y = Y. (=1
Qv EQvJ - EQ’v'J'

k K
X
AQ —AQ O

(
X
Q

J K\(I, 1, 'Y (F I J
—Q 0 )k 1 Lf|K J I
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product of Q%I;) and Q¥(I;). The same notation is
used for the operators V*(J,) and V*(J,).

All tensorial orders K in agreement with the triangle
rule |k — k'| < K< |k + k'| appear in J&*(i, j).

At this point, we must distinguish two types of
terms :

o) i =j — terms J*(i, ). — The tensorial ope-
rators (Q*(I) ® Q*(I))%, are all equivalent for any
values of k£ and k' and they are proportional to
Qf:Q(I,.). This is just the Wigner-Eckart theorem.
In the same way, the tensorial operators

(V¥Jo) ® V*J)g

are all equivalent and proportional to V§(J,). There-
fore formula (13) becomes :

2 (= DLOX,@) V5d,)

Q

(14

We obtain an important result : the second order terms
involving the same nucleus twice have the same angular
dependence as the first order term. Physically this is
easy to understand : in the present case, even at second
order, we have always an interaction between the
nucleus i and the electronic cloud. Such an inter-
action can be decomposed in scalar products of
different tensorial orders.

B) i #j — terms JM(i, ).
proportional to

— Je¥(i,j) is then

(= D2(QYI) ® QXU))Ep VW) . (14)
Q

The tensorial operators (Q*(I) ® Q*(I))~, with
i # j are different operators for each set of £ and £’
values. These terms will give angular dependences in
the effective hyperfine Hamiltonian which do not exist
at first order. This is easy to physically interpret :
a cross term J¢¥(i) J¢¥(j) creates, at second order,
an interaction between nucleus i and nucleus j through
the electronic cloud. The interaction evidently depends
on k£ and k'

The result of the exact calculation perfermed in
appendix I is the following :

*1,Q, Q) f,(1,2,2)) QK + 1) x

K I

5 F " 1/2
){k, I, k}(—l) QJI+D[QI'+1D) I+ 1]V

(15)
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and with i # j
) g(— 1)K
CQUIT F 3% G j) | QuITFY = Y —=——2 fx(1,Q', Q) fu(1,2,2)Y, QK + 1) x
ov Eguy — Egyy K
‘.k kK K 77 K\ LVp oy
—DFH QI (R I +1) 2 I+1))1? k K Kk { }

X(AQ —AQ 0)( T eIHh( ) @1+1) (Q —Q 0)1 PRy

1 1

In (16), ¢ = 1 if the two electronic states | Q ) and
| Q' > have the same symmetry u or gand ¢ = — 1
if they have opposite symmetry.

5. Discussion of the results. — We would like to
discuss the main contributions which correspond to
k=1or2and k''=1 or 2.

As already noted, the terms as J&%;, are difficult to
distinguish from the first order terms Jjc*. Indeed if we
compare expressions (3) and (15), the term of rank K
in (15) has exactly the same dependence in I, I, J, F
as the first-order term J¢* for k = Kin (3). If K = 0,
the corresponding term is independent of I and F
(I” = I) and has no interest, all the hyperfine sublevels
being shifted by the same amount.

(16)

On the contrary, the cross term Je; gives tensor
components of rank K which can indeed be distin-
guished from the first order terms of the same rank
k = K. The Jef; term involves a 9j symbol which
is absent in the direct J¢* term. In the present case,
the term corresponding to K = 0 has a dependence
in 1.

Table III summarizes all the terms which appear
whenk = land2andk’ = 1and 2.

It must be noted that some terms involving nucleus 1
and nucleus 2 vanish. Indeed the 9 j symbol

L, I' I
kK K k
L 1 1,

TaBLE 11

This table gives all the terms appearing in the second order perturbation theory

Rank K o
h
Origin of the terms  of the tensor operators I, 1", J, F dependence Te;ms n(ln vanmsiing
X K or Q = 0 states
Q-0
VIup 1 the same as JCyp +
VIgq 2 the same as Jgq +
V¥ymp 3 the same as Jyo +
0 independent +
Jemp(?) Jemp(d) 1 the same as JCyp,
: 2 the same as Jgq +
Jemp(d) () + 1 the same as JCyp
+ Feo(i) Hmp(d) 2 the same as Jgq +
3 the same as Xyp
0 independent +
1 the same as JCyp,
Jerq(d) Hro(d) 2 the same as Jgq +
3 the same as JCyp
4 the same as ¥y +
i #] 0 proportional to I, .1,
Jemp(d) Emp(J) 2 the same as the direct spin-spin J¢;,,
Femp (D) HKegl /) 1 different of any first order terms
Jxo(i) Horp()) 3 — —
0 — — +
Hro(d) Hrol(J) 2 — — +
4 — — +
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is equal to zero if K is odd, I and I” having the same

L I I I, I' 1,
parity. Similarly,<k K k' + <k’ K k pis
I, I I I, I I,

equal to zero if K + k£ + k' is odd. For example if
k = k' = 1, the non vanishing terms in JE*'(i, j)
correspond to K=0, 2;if k=1, k'=2 or k =2,
k' = 1, theycorrespond to K = 1, 3, etc.

J J K

is equal to zero if
Q -Q 0

Moreover, since (

(Q=0JI"F| R, + J4. | Q= 0JIF) =
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Q = 0 and X is odd, the terms corresponding to odd
values of K are absent in this case.

In principle, all the terms of different rank K but
originating from the same terms of the Hamiltonian
are related by simple algebric relations. This is clear
from formula (15) and (16). For example, let us discuss
the two terms of rank 0 and 2 arising from 3y (i),
Jmp(J) with i # jin a state Q = 0. The corresponding
matrix elements can be written following the notation
of Bunker [5] :

B ,
=500+ 1) =21 + D] + dg L, + ) Q1 + D) (= DFH 300 + 1) (7 + D] x
I, I, 1
x(2J+1)<J 2380 J I I 1 17
0 0/)2 J I ! !
I r 2

o represents the scalar spin-spin interaction (61,.1,)
and dy the tensorial spin-spin interaction

(dE(Il I, — 3;.r;5) (Iz-l'lz)/"%z))
e| /11, 2,0 2
3L, + )R+

3Q*-2
3L+ HQRL+ 1)

Qv EQvJ - EQ’U'J’

’ 2
dE= Zalfl(lagao)l

Q' EQIJJ - EQ’U’J'

The relationship between J and dg depends upon the
perturbing states. Table IV gives the results for the
different possible cases :

TaBLE IV
The studied level is a 0] level. We assumed
E,, — Eqn <0. If E,,—Eqp, >0,

all the signs in columns 2 and 3 are changed.

Relationship between

Perturbing level  Sign of §  Sign of dg dandd
1, <0 <0 6=2d
0, <0 >0 d=—d
1, >0 >0 d=2d
0, >0 <0 6=—d

g

Evidently if several perturbing states interact, the
relationship between 6 and dg may be difficult to
infer a priori. However, from the experimental results,
it is in principle possible to know the nature of the
perturbing state or states.

Finally a further point must be noted. The method
used here for the calculation (the separation between
the term Jeff ;) or Jefs ,, and the terms Jeff ,, or Jef% )
presents an apparent difficulty :

The summation on I’ is made through intermediate
eigenstates |Q'v'J'I' F) which may violate the
Pauli principle. It is clear that the total contribution
of such states which do not exist must be zero. This is
insured by relations (1). However, for JE(f ,, alone this
contribution is not zero, neither for Jet ,, etc... It is
zero only for Jeff ,, + ¥, + Jetf ,) + ¥ ,,. This
method enables the calculation of the effective
Hamiltonian to be made without knowing the per-
turbing states.

6. Effective hyperfine Hamiltonian in the B’IT,
state of molecular iodine. — Some precise results
have been recently published [9], [10], [14], [16]
concerning the hyperfine structure of some levels of
the I, B and X states. It seems interesting to apply our
formalism to these experimental results. As both of
these states verify Q = 0, the theory is the same for
the two states but the second-order terms of the
perturbation theory are necessary only for the B state
because the perturbing states are very much closer.

6.1 FIRST-ORDER TERMS. — As alreay noted,
when Q 0, J6%(0) is different of zero only if & is even.
Therefore :

POy, JI" F | Bemp(1) + Emp(2) | Mg+, JIF 5 =0
Mg, JI" F | Hyp(1) + Bup(2) | *Ho+, JIF 3 =0.

The nonvanishing first order terms are the elec-
tric quadrupole and hexadecapole interactions for
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Jeue(1) + J€,e(2). Their matrix elements are given
in table Va.
The first order terms of J€,(1,2) are nonzero
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(even if their "order is odd). The magnetic dipolar
interactions J¢,x(1, 2) and ¢, ;,(1, 2) have the follow-
ing matrix elements

C
Mg, I, 17 F | 30(1,2) | *Hy. J,LFY = 5,,,,,7"(F(F + 1) —IT+ 1) — JJ + 1))

g, JI"F|3e0,1,(1,2) | *Hoe JIFY = dpy LI, + D) QI + 1) (— DFHFFL 301 + 1)

XQI"+ 1)2Q2J+1) (g

The matrix elements of JCgo(1, 2) are, inside an elec-
tronic state, proportional to those of Jgo(1) + Hgg(2).
Usually the two terms are not distinguished, the usual
eqQ constant including both of them.

We should take into account also the matrix
elements of &y, 5, + ¥p,0, and Ky, o, etc... As shown
in table I these terms are negligible.

6.2 SECOND ORDER TERMS. — We are now going
to treat the terms resulting from the second-order
perturbation theory. The perturbing terms are U,

Hmp(1) + Hmp(2) , Keo(l) + Heo(2) ,
and
Fmo(1) + Fno(2)

For the B® IT,, state, 9V is the off-diagonal part of the
rotational Hamiltonian :
hz

V=—-—5[JL_+S)+J.(L, +8,)]

2 pris
U cannot couple u and g states neither 2 = 0 and
Q' = 0 states. Therefore it can only couple the 0
state to an 1, state. The matrix element is :
(1,0 JIF |V | 0 oJIF )y =
hZ
=\/2J(J+1) 1,v'| — T{@)+ T{(S)| 05 v>
2 pri,

= =200 + D) fo(1,, 07) -

The order of magnitude of U is 1 000 MHz for J = 1,
and 9V is linear in J. Jyp(7) and Jgq(i) are of the order
of 1000 MHz. ¥,(1, 2) is essentially diagonal with
respect to the electronic eigenstates and has no effect
in these second order terms. JCyo(i) and Jgy(i) are too
small to be considered in a second order theory;
however, since Jeyo(i) has no first order term, we
consider the cross term U — JCyo(?) which is the
biggest term involving JEyo(d)-

o) Terms of the form U — J*{). — The cross
term U — (J¥yp(1) + Fyp(2)) gives an effective dipo-
lar magnetic term which can be written Cg I.J. Its
matrix elements are proportional to those of 3¢,x(1, 2).

I, I, 1

2JFJ11111

o o/l2 r Jf{| " 1
I I 2

The matrix elements of the cross term

U - (J@EQ(I) + JGEQ(Z))

are proportional to the first order term arising from
Heq(1) + Heo(2). They are included in the same term.
As this term is proportional to J, this gives a depen-
dence in J to « eqQ ».

The cross term VU — (Jyo(1) + Hyo(2)) gives an
effective octupole 0O whose matrix elements are
proportional to those of the first order term J€yo(1, 2).
00 = (00)g + (00)p. In fact (0Q)p is negligible
(see table I).

B) Cross terms Je*J€*. — We limit our investi-
gations here to £ and k' < 2. As shown in table III,
many terms arise. But as Q = 0, only the terms with
even values of K do not vanish.

The terms Jeff;, which involve the same nucleus
twice, may be included in the electric quadrupole or
hexadecapole first order term (depending if K = 2,
or 4), as their matrix elements have the same 1, 1", J, F
dependence.

We are going therefore to focus our attention on
the Je{¥;, which involves both nuclei.

i) k = k' = 1. This is the second order magnetic
dipole Hamiltonian. Its contribution has been given
down in formula (17). The term with the § constant is
alone of its kind but the term with dg can be grouped
with the 3¢, ; (1, 2) term which has the same 11" JF
dependence.

i) k=1, k =2 or k=2, kK = 1. There is no
contribution from these terms when Q = 0 as is shown
in table III.

iii) k = k' = 2. This is the second order electric
quadrupole Hamiltonian. Three terms arise corres-
ponding to K = 0, 2, 4. They are given in tables Va
and Vb with the constants e, f, . The constant 4 has
two origins, that noted here and the direct interaction
between the two quadrupoles of the two nuclei g, o,
Therefore h = hg + hp. In fact Ay is negligible
(see table I). The effective hyperfine Hamiltonian
resulting from all these effects is given in table Va.
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TABLE Va

Effective hyperfine Hamiltonian. We have taken into account the fact that I and 1" have the same parity

Rank

Origin of the terms % Matrix element < 3I1," I" JF | 3¢, effective | *I1,. IJF )

Fgo(l) + Keol2)
Kol 2) . ceqQn(— 1)2,,+F((2 L+3)QL+)QL+1)

1/2
) (QI+1)QI"+1)"2 x

V(Iepe(l) + Keo(2) ) 2LQ2T, — 1)
JeMD((i))geeEQ((i)) @I+ 1) (J 2 J) {2 I, 11} {F J 1}
Jpoli) Fegli " .,
Jemp(i) Jenp(i) o o o), I I 2 I J
Hix(1, 2) ¢ _ _
Ven(l) + Koup(2) } 1 5 OplFF + 1) = Id + 1) = JU + 1)
Fonp(1) Honip(2) 0 2 oall + 1) = 21,1y + 1)
d(— DVFRNLU + DRI + 1) (301 + 1) 217 + 1)) x
31,1, 2) } Lo L1
iz 2 J 2 JN(F J I
Femp(1) Fenp(2
wmp(1) Hmp(2) x 2J + 1)(0 0 0){2 o J} I, I 1
I 2
QL +3)QL+2)QI + 1) U 0 S A
Keo(l) Keo(2) 0 e 2L — 1) (= {2 I, 1,}
QL+3)QL+2QI+1) . ) )
ST ey X (G TR D @I+ DI D) x
JeEQ(l) JeEQ(2) 2 1, 1, 2
X(J 2 J){F I J} / k 5
1 1
o o o)l2 v 1f)' L
pCRIEIOLIDENTD s (C 1 QI+ D @I+ D @I+ D) x
JCEQ(I) JCEQ(z) 4 1 1 I I 2
¥o,0, J o4 I\(F I Jy); ]
Lo 0 o)la s 1f)f B 2
I I 4
00 —_—
T 3 (—D)"HFQJ+1) 20U+ D) (R I+1) QI+ 1)) x
V(Ieou(l) + *om?) 3 (11 -1, o)
J 3 J) {F I’ J} 3 I, 11}
“\21 01 o)z v 1S I

N

hH

(= DFF2 T + 1)(‘(21 + 1)@+ 1)* x

J 4 JI\N(F I J) (4 I, I
“N\o o o)la s (L I I

The expression of the various constants which appear ~ clearly that the quadrupole coupling constant « eqQ »
is given in table Vb. is contaminated by various terms.

Jeew(D) + Hpn(2) <’1 I, 4)
VEH Cen
FHr(d) Hro() 4 I, - I, 0

6.3 COMMENT AND COMPARISON WITH EXPERIMEN- The observed value of « egQ » in the B* IT 0y State
TAL RESULTS. — &) The « eqQ » constant. — It appears  of I, is about 500 MHz [10]. The two main contri-
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TABLE Vb

Expression of the various constants.

(7 2 IV L, 2
X JJ+1
«e Q» = e Q + Z _2(f0(1us 0u+) f2(190:> 1u)+C.C.) % \/ ( ) (—1 1 0 )(11 —Il 0)
9 9 v'lu EO*vJ - Eluv’J J J 2 +
0 0 0
’ + g ’
+ Z Z (_ 1)2114.9/ 2fk(l,Q ’Ou)fk’r(lag ,0:)
k' k=1,2 v'Q’ EO*UJ - Eluv’.l
C. = fO(lu, O:) fl(l,O: lu) + c.c.
E= —
Tu (Bovuy = Evgwen) /Iy + D) Q1 + 2)
s v 2l 0,200 ] 1
v Eorw — Equy 3L+ 1D)QI +1)
d=dy+ dy
L elf1e 0P ger-
. Qv E0+uJ - EQ’v'J 311(11 + 1) (2 I + 2)
I, I, 2\
e = 23']2(1,91,0:”2 I -1 0
Qv EOJvJ - Eﬂ'v’.l 5
2¢| £,(1,Q,00) | . (2 2 2\ (1 I 2\?
PR A EECL - : :
& Eogrs — Eguy a0 -ae o)\r, -1 o
h = hE + hD
oy 2e]0.900) |2( e <2 2 4) <11 L, 2\
E Q' EO:U.’ - EQ'U'J AQ - AQ 0 11 - Il O
00 = 00g + 00y
OOE - _ Z 2(fo(lu’ 0:) f3(1’ 0:3 lu) + C.C.) (Il Il 3
Q' EO;DJ - Eluu'.l Il - Il 0
ean 21 501, 2°,00) P
«hH» = hje + ) (— 1)+ - X
s;' Eosvy — Ei vy
L, 4 I (2 2 4\ (1, A
X .
2 1 2 AQ — AQ 0/ \ [ - I 0>

butions are Jpo(l) + Jro(2) and Kge(l, 2), the
latter being evaluated at about 30 MHz (see table I).

The «eqQ» is also contaminated by terms
due to several sources. The contamination due to
FEmp(D) — Femp(d) is of the order of di, (see formulas (15)
and (16) and tables V) and di ~ 100 kHz [5], [10]. The
contamination by JCgq(i) — Jgo(?) should probably
be of the same order of magnitude. The contamination

by U — (Hgo(l) + Hgo(2)) depends on J and should
have also the same order of magnitude for J = 1
(asforJ =1,V x Xyo & Kgq)-

The decontamination of « eqQ » would need a pre-
cise study of this quantity as a function of v and J.
However the first order term « eqQ » could also pre-
sent some dependence in v and J, and the contami-
nation will be very difficult to observe.
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B) The C = Cg + Cp constant. — The Cp, constant
can be easily evaluated

Cp ~ 0.15 kHz..

This value is very small, and almost negligible.

C has been measured [9] in the B state for about 10
vibrational levels and is of the order of 30 kHz for
low v values. It increases drastically with v and
reaches 950 kHz for v = 62. This is interpreted as a
perturbation by a dissociative state having the same
dissociation limit as the B state.

A theory of this effect has been published [9] and the
observed values of C are rather well represented by the
formula

1.3 x 103
where E, (cm™ ') is the vibrational energy inside the B
state; E, is an energy very close to the dissociation
limit of the B state (E, = 4 400 cm ™).
The perturbing state responsible for Cy, is necessarily
a 1, state because U does not couple Q = 0to 2 = 0
states, neither u to g states. It is most probably
the 32" state of configuration 1 441 or the >X, state
of configuration 2 332 of reference [15] (see Fig. 1 of
this reference). The Landé factors and the chemical
shifts g, of the levels of the B> IT,, state of I, are also
interpreted as due to the same perturbing states.

Y) The d = dy + dg constant. — dp, is also eva-
luated to have a very low value of :

dp = 0.15 kHz .

dg has been measured only for two vibrational levels,
v’ = 11 and v’ = 43 of the B state. The results are
given in table VI. If the perturbing state for dy is the
same as for Cg, the ratio di/Cg must be approximately
constant. This ratio can be estimated :

dg _%om 1
CeJ~ v T T
At the present level of accuracy, this relation seems to
be well verified.

However, this verification is not really conclusive
as there are only two experimental results. As JCyp can
couple the *IT,, state not only to 1, states but also
to 0;, 0 and 1, states, the dy term may be due to
states other than the 1, responsible for Cg. In this case,
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there should not be any relationship between Cg
and dg.

0) The 6 constant. — The § constant has been
measured on the same levels as d and the results are
given in table VI. We have shown in table IV that the
perturbation of a 0. state by a 1, state lying above in
energy gives the results 6 < 0,d < 0and § = 2 d.

The ratios §/dg given in table V are very different
from 2. If we suppose that the B state is perturbed not
only by a 1, state but also by a 0, state lying above in
energy, then § and dg are sums of two terms, of
opposite sign for §, of the same sign for dg. Such an
hypothesis, which explains the anomalous 6/dy value
could be confirmed with more experimental results.

Finally, all the calculations made have not consi-
dered the terms involving the e, f, & constants. This
may have changed the 6 and d values which were
obtained by a least squares fit method.

€) The e, f, h constants. — To our knowledge, they
have never been considered until now in the literature
although in the case of the B state of I,, they must be
of the order of magnitude of § and d. This results from
the fact that JCgq ~ Jpm. The calculations made to
interpret the hyperfine structure should try to take
into account these 3 new terms. The only real limi-
tation to do this lies in the following fact :

The hyperfine structure of the ground and the excited
states are extracted from a spectrum consisting of 15
or 21 intense lines at most. With this limited infor-
mation, it is difficult to fit too high a number of
constants.

M) The magnetic octupole 0O = (00 )g. — This term
arises from U — (Jyo(l) + Jymo(2)) perturbation.
We can estimate the (00)g term by using the values
of Cg, as the perturbing state is necessarily the 1,
because VU is involved here :

Ce ~ Eup
(00)g mo

We can estimate J&yo and JCyp from the measu-
rements done in the iodine atom ground state *P, 2 [11]

Emo ~ 2 kHz
Jemp =~ 10° MHz .

We deduce : (00)g = 2 x 107 Cp.

TABLE VI
Cg, dg and 0 values for the two levelsv = 11 and v = 43. The results are taken from the papers of Landsberg [14].
C 0
Cg (kHz) dg (kHz) 5 (kHz) £ -
dy dy
v =11 288 + 1.4 — 256 + 2.8 - 117 + 1.6 ~ 1.2 ~ 4+ 0.5
v =43 186.9 + 0.6 — 102.5 + 0.7 —3.36 + 0.55 ~ 1.8 ~ + 0.03
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For instance, in the level v’ = 43, J' = 12, Cg has
been measured [10], [14], Cg = 180 kHz. Therefore
the order of magnitude of (0O)g is 0.5 Hz.

Ezekiel et al.[10], [16] have published a measurement
of 00 in this level (let us note that their Hamiltonian
was not quite correct). Their result is 1 or 2 kHz
depending on the publication [10], [16]. Our estimate is
rough, but the result of Ezekiel et al. seems unrealistic.

€) The hie term. — This term contains two contri-
butions : the first order term of the hexadecapole
interaction, and the second order quadrupole inter-
action. From tables III and V and formulas (15)
and (16), it is evident that this last term is of the order
of magnitude of the e, f, 4 constants. The direct hexa-
decapole term is difficult to estimate as it cannot be
measured in the *P; , state of the '*’I atom (J = 3/2).
As it results from the evaluation carried in table I,
the order of magnitude of the direct hexadecapole
interaction could be 1 kHz.

7. Conclusion. — We have derived the effective
hyperfine Hamiltonian for a homonuclear diatomic
molecule in a Hund’s case a representation. The
results are summarized in formulae (15) and (16) and
in table III. All the terms originating from the same
terms of the Hamiltonian are related. The relation
between them depends on the nature of the perturbing
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states : if the perturbing states are known, this relation
is easily calculable (see formulae (15) and (16)). If they
are unknown, the experimental values of the various
term give precise information concerning the possible
nature of the perturbing states as is illustrated in the
case of the ratio é/d.

Finally, all these theoretical results are applied to
the B? I1,; state of I,. From the experimental values
of the related 6 and d constants, hypotheses are
formulated about the perturbing states. The terms
arising from the second order quadrupole Hamil-
tonian are introduced (constants e, f and 4). Up to
now these constants e, / and 4 have never been consi-
dered but they can be of the same order of magnitude
as ¢ and d. In contradiction with recent papers [10], [16],
we conclude that with the present precision of the
experimental results, it is impossible to observe a
magnetic octupole interaction in the B state of I,.
On the contrary, it could be possible to observe e, f, &
and even AJe the hexadecapole term. It is not clear
a priori that e, f and & are negligible compared to d
and 6. If they are, it could probably be proved by a
computer fit. However the presently available experi-
mental results are insufficient since only two levels have
been studied with high accuracy. A systematic study
of the hyperfine structure in the B state as a function
of v and J would be necessary to clarify definitively
this problem.

Appendix I. — EXACT CALCULATION OF FORMULAE (15) AND (16). — In order to perform this calculation,
we define two irreducible tensor operator basis sets 757} and ., T; where the first operate on the orbital coor-
dinates of the electrons and of the nuclei and the second on nuclear spin coordinates.

22Tk has non vanishing matrix element only between states ¢ 2’ J' | and | QJ ), and ;7 only between

states (I, I,) I' | and | (I, 1) I ).
They are orthonormalized as follows :

Tk Tkt N
T J'JTq(Jil.thqll) - 5991 ()Qif?l 5.IJ1 61’1'1 5”‘1 541‘11

and

k ki\+ __
Tr I’ITq(Iilqu:) - 6111 51{1’ 5kk1 5qq1 .

The matrix elements of the scalar product ) (— 1)? $ 7T

q

<Q’J’I’F

Y (= 1y §9TE T,
q

From the normalization condition it may be shown that :

QT 22T Q> = J2k + 1

QJIF> — (__ 1)J+I’+F{

and

(A.1)

1T% , are obtained by formula 7.1.6 of Edmonds [6] :
I J’

X
;o1

x (Q T | EPTH | QIYLT | (fTH I Ty .

F
k

(I T 11y = 2k + 1.

If P,,,,, is the projector on the subspace | QuJI », J€¥(i), the multipole interaction of rank & for nucleus i can

be replaced by :

PQ'U’J’I’ Jek(l) PQvJI = wk(i, Q,s Qs J’a J, I(a I) Z (— l)q ?’yT; I’ITEq
q
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(_ 1)k+1,+12+I+J

Ck+1)

wli, @', ,J",J, I', 1) = [ Q)@+ DRI+ DRI+ DT + D)? x

J' J k 1 I
x k ! L A2
-Q A Q)L I 1

wk(19 Ql;’ Qu; J’y Ja I,a I) = (—‘ 1)I+I' wk(29 Q\L Qu’ J,9 J’ Il’ I)

The consequences of relations (1) are :

and
Wk(19 Qg/s Qu’ J,s J’ I” I) = (- 1)I+I'+1 wk(2’ Qg’) Qua J” J9 1,5 I) .

We must calculate second-order terms of the type :

CQUIT" F | %G, j) | QuIIF Y = <QUJI” Flrq)| Y —2L 1 5e9()) QvJIF>
QvI'r EQUJ - EQ'U’J’
where i and j represent nucleus 1 or nucleus 2
Py ¥, j) Popyr = Z wili, Q, Q' J,J, 1", I')
QvJ'r
wk’(j, Qla Q9 J,, Ja I/’ I) Z (— 1)q+q QQ T: ?‘?Tk 1’ I’Tiq I'ITIi’q
aq’
EQvJ - Eﬂ'v’l'
The product 7 T, 7T may be developed on the irreducible tensor operator basis set 7.
8TEIPTY = Y TON TS EPTEGITEY) BT =
KQ
k' k K k k' K
—D¥YQRE+ 1D QK + 1)K + 1)'/? QT

This result is a straightforward application of formula 6.2.8 of Edmonds [6] :

Ty = 2 (= D@ R+ D@K + DK+ D) x

k' k K k k' K K
x ’ ” ’ I"1 T*Q .
—q —-q + 0 1 I 1
Finally after the summation on ¢ and ¢’, one obtains :
Qk+1DQK + Dw(,Q, Q' ,J,J,1I') x

) (_ 1)k+k'+K
Pousr (0, j) Poyyr = . Eaorr — Eour

o5k — Equy

k k' K k k'
X w‘k’(js Q’& Q9Jl,J9 r I) {J J J/} {I I/r }Z(— I)QQQTKI ITEQ‘ (A‘3)

1. Summation on I'. — To go further into the calculations, we must differenciate between two types of
terms : the terms involving the same nucleus J¢*¥'(1, 1) or J¢**(2, 2) and the cross terms J¢** (1, 2) or J¢*¥'(2, 1).

1.1 TERMS INVOLVING THE SAME NUCLEUS J¢*¥'(i, 7).

(— DITIHI+IHK

Poyyre Kity Pousr = *i, QL Q) £, Q, Q) 2T + 1)2J + 1) x

Qv'I'TK E.Qv.l - EQ’U’J’
J ok J J K J\ (k I, I

x2QI' +1 2I+1H)QRI"+ 1
( )V ) ( )< Q'  AQ Q) (—Q’ AQ Q){Iz r 1"}

o 1) (K kK k) (kK
_ 1yeoerx . (A.
X{Iz I } {1' I 1} {J 7 } L (= DT T2 (A4

(We have used formula (A .2)).




608 JOURNAL DE PHYSIQUE Ne 6

With formula 6.2.12 of Edmonds [6], we may write : (I; = I,)

k I I A I k k K
21"+ D (= DF ! ! . ! ! -
;( V(=1 {1, I r(ln r I N (I ¢

= (- 1)K+k’+k+I+I" K 1 r 1 K I
L, 1, L |k I k

L, ) (L, )QRIT+1)QRIT + 1) x

(— De+k+I+I+T

kk’ —
PQUJI" Je(i,i) PQUJI - Z E . E
Qv'J'K QuJ Qv'J

x\/(71+1)(21"+1){f ; I”}{Il K Il}(’ « J-)

I] k, 11 k _Q, AQ Q

J' k' J k k' K
— neeerx . TK. .
X <—Q’ AQ Q){J J J,}X%( W irT2o Ty (A.5)

1.2 TERMS INVOLVING THE NUCLEUS 1 AND THE NUCLEUS 2. — For Jeff ,, or Jef5 ) the result is that of

expression (A.4) multiplied by (— 1)Y*I" ¢ where ¢ = 1 if the two electronic states Q and Q' have the same
symmetry (u or g) and ¢ = — 1 if they have opposite symmetry (£, and Q, or Q; and Q).
Now we use the formula :
L, I 1
Nk I I k' I I k k' K
21+ 1) (= D! ! ! ! ! =k K K
CTEDICEY {1] RS & SR I (M
L, I

(= D701, 27, Q) £o(1,Q', Q)

Pouyr Xy Pavst = 2. QI+ 1DQJ +1) x

Rv'J'K EQvJ - EQ’v’J‘
L 1m 4 J’ k J J Ok J
x JQI+1)QI"+ )k K k ( .
VI ) ) — Q' AQ Q) (— Q' AQ Q)
I, I I,
kK kK K
X {J ; J’} X %(— e PTE [T, . (A.6)

2. Summation on J'. — Here we must again differenciate between two situations.

2.1 THE PERTURBING STATES ARE THE NEIGHBOURING ROTATIONAL LEVELS OF THE SAME ELECTRONIC
STATE. — Q = Q' and v = v'.

The energy denominator is small and depends drastically upon J', its sign changes with J'. No simple
summation on J' is possible in this case. All the tensorial orders K consistent with |k — k' | < K < k + k'
arise. In fact, our decomposition in irreducible tensor operators has no clear advantage in this case : the electronic
reduced matrix elements contained in f, or £, are the same arising in the diagonal term of J¢* and J¢*. The energy
of the perturbing levels are well known. And the exact calculation of the hyperfine splitting is possible without
introducing new parameters.

If the perturbing levels are the neighbouring vibrational levels of the same electronic state, the contribution
of these levels is very small because { Qu’ | Qv > = 0 and because the electronic reduced matrix elements of J¢,
generally have only a small dependence on r,, the distance of the two nuclei. Depending of the different cases
the contribution of these terms may be either neglected or included in the terms of paragraph 2.2.

2.2 THE PERTURBING STATES BELONG TO OTHER ELECTRONIC STATES. — In this case, the energy of the
denominator is generally of the order of thousands of cm™!. The summation is performed over the different
rotational levels of a given electronic state Q'. The selection rule is J — k< J' < J+ k if k <k’ and
J—k'<J <J+ k'ifk' <k and we will apply our theory to small values of k£ (1 or 2). Therefore, it seems



reasonable to assume that Eq . ., =~ Eg ;. In expression (A.5) or (A.6)

of the summation.

Let us use the formula 2.19 of Rotenberg’s book [7] :

Ik J J'
20 + 1) (- 1) \)(
;( ) ( )(—-Q' A @) \~ o

= (— Q' k k'
- (g

— AQ
The final results are :

(_ 1)9'+k+k'+]+l"

kk’ —
PQUJI" Je(i,i) PQI}JI - Z E E
Qv Qus — Lovy

XZ{II K 11}{1( I
e 1, k3l I

X z (- I)Q ?JQT{Q( 1"1TI—(Q
Q
and with i # j

) (_ l)f)'+k+k’+.l(8)
Povyr Jefi’fﬁ Pouyr = Z

Qv EQv.I EQ’U’J
1 I I
! "1k k' K
x Yk K Kk
e AQ — AQ 0
I, I 1,
We recall that :

<QJ "F

%(— D2 PPTG 11T

J J
Q - Q

., F
QJIF> =(— DT K+ 1) {K
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can be taken out
E.Qv.l - EQ’v'J

k J){k K’ K}_
AQ Q) lg T Jy

K\ /[J J K .
(J, Q, Q' are integers) .
0 Q -Q 0

1L, QL Q) f(1,Q,2)2J + 1) \/(21+ DERI"+ 1) x

I”}(k k' K)(J J K)
LI\AQ —-AQ o0/\@ —-Q o

(A.7)

L QL Q) £, Q, Q) QT+ 1) JQI+ QI + 1) x

K
0) %(— 12 97K ., T5,. (A.8)

I J
7 .

~
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