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Résumé. — Une théorie est développée pour le rétrécissement spectral de la réflection sélective
prés d’une ligne de résonance d’une vapeur atomique. Le rétrécissement est attribué au compor-
tement transitoire des atomes qui subissent des collisions avec les parois. On calcule la réflectivité
d’une interface entre du verre et une vapeur pour une distribution symétrique des vitesses atomiques
dans les deux cas ou les collisions entre les atomes et les parois sont diffuses ou spéculaires. Les résul-
tats de la théorie sont comparés avec des résultats expérimentaux récents.

Abstract. — A theory for the spectral narrowing of selective reflection near a resonance line of an
atomic vapor is developed. The narrowing is ascribed to transient polarization behaviour of vapor
atoms associated with wall collisions. For normally incident light the reflectivity of a glass-vapor
interface is calculated both for diffuse and for specular wall collisions and for a symmetric distribution
of atomic velocities. The theoretical results are compared with recent experimental results.

1. Introduction. — Selective reflection of light from
an atomic vapor near one of its resonance lines was
first observed by Wood [1] in 1909. The phenomenon
is usually analyzed in terms of the electromagnetic
theory of reflection of light at the boundary of a
homogeneous medium, assuming a local connection
between the electric field and the induced polarization
in that medium. In this theoretical analysis, hence-
forth to be referred to as the conventional dispersion
theory [2], the electric field in the medium can be
described by a complex refractive index. In 1954,
experiments of Cojan [3] on the selective reflection
from a glass-mercury vapor interface raised some
doubts as to the validity of such an analysis when the
sum of the natural line width Avy and the collisional
line width Av; is smaller than the Doppler width
Avy, [4]. Cojan found evidence for spectral narrowing
of selective reflection spectra relative to the Doppler
width. Conventional dispersion theory [2] predicts a
spectral width of the order of the Doppler width.
Recently, spectral narrowing of selective reflection
from a glass-sodium vapor interface was clearly
demonstrated and measured as a function of the
sodium density by Woerdman [5]. It was sug-
gested [3, 5] that the narrowing may be ascribed to
transient polarization behaviour of vapor atoms
associated with wall collisions. Such a transient
behaviour implies a nonlocal connection between the
electric field and the induced polarization in the vapor
and is therefore beyond the scope of the conventional
dispersion theory.

It is the purpose of this paper to propose a theory
for the selective reflection of light from a glass-vapor
interface, accounting explicitly for the transient polari-
zation effects associated with collisions of atoms at the
interface. The optical electromagnetic field will be
normally incident on the interface and nearly resonant
with one of the resonance lines of the vapor. Cojan [3]
already made a start to develop a theory of dispersion
in which wall collisions are included. However, his
theoretical work is limited to the case of specular wall
collisions, i.e. collisions in which the induced pola-
rization and the absolute velocity of an atom are
conserved. In the temperature range where the
spectral narrowing of the selective reflection occurs,
wall collisions are most probably of the diffuse type,
i.e. the induced polarization of an atom is lost upon a
wall collision. Cojan [3] also assumed that the velocities
of the vapor atoms are distributed Lorentzian instead
of Maxwellian. In this paper integral representations
are derived for the reflectivity of a glass-vapor interface
both for diffuse and for specular wall collisions, and
for a symmetric velocity distribution function of the
vapor atoms. These representations are worked out in
detail, partly analytically, partly numerically, for
both a Lorentzian and a Maxwellian velocity distri-
bution function. The theory is illustrated for the case
of the sodium D,-resonance line and reference is
made to recent experimental results [5, 6].

The organization of this paper is as follows. In
section 2, the theoretical model is outlined which
describes the selective reflection from a glass-vapor
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interface near a resonance line of the vapor. It is
shown that for

I' = (Avy + Avg)/Avp S 1

the wave propagation of the electric field in the vapor
cannot be exponential, i.e. selective reflection cannot
be described in terms of a complex refractive index.
The reflectivity of the glass-vapor interface must
then be calculated in terms of the surface admittance
M, defined as the ratio of the magnetic and electric
field strengths at the interface. For a vanishing vapor
density p, the reflectivity is proportional to the real
part of the surface admittance. In section 3, the
surface admittance is calculated by means of pertur-
bation theory as p — 0 for both specular and diffuse
wall collisions. For I' < 1, the resulting selective
reflection spectra are narrowed relative to the Doppler
width and the physical nature of that narrowing is
briefly discussed. In section 4, exact integral repre-
sentations for the surface admittance and for the
electric field in the vapor are derived for the case of
specular collisions by standard Fourier-integral tech-
niques. The integral representation for the surface
admittance is worked out analytically for the case of a
Lorentzian velocity distribution function and is
compared with the asymptotic results for p —» 0
obtained in section 3. Furthermore, it is shown in
section 4 and Appendix A that the electric field at large
distances from the glass-vapor interface decreases
more slowly than exponentially. Wiener-Hopf tech-
niques [7] are used to derive exact integral represen-
tations for the electric field in the vapor and the surface
admittance in the case that we are dealing with diffuse
wall collisions. The mathematical analysis is given in
Appendix B and ‘the results are summarized in sec-
tion 5. The integral representation obtained in that
manner for the surface admittance is evaluated
analytically for a Lorentzian velocity distribution
function and numerically for a Maxwellian velocity
distribution function. A comparison with the asympto-
tic results for p — 0 in section 3 is made at the end of
section 5. Finally, in section 6, the theory is applied
to the sodium D,-resonance line.

2. Theoretical model. — Consider a system consist-
ing of glass on one side of an interface and vapor on
the other side. The interface is in the y-z plane and the
positive x-axis is directed towards the interior
of the vapor. In the vapor, the electric light field
E(x) exp(— iwt) is taken in the y-direction and the
magnetic field H(x) exp(— iwf) in the z-direction. The
velocity component of a vapor atom in the x-direction
is indicated by # and will be positive for atoms moving
towards the interior of the vapor.

We restrict ourselves to small field intensities. Then
the polarization p, induced by the electric field in a
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fixed two-level atom is in the y-direction and satis-
fies [2]

d? dp
a 2 a 2 2 —
dtz + Y dt + (y + wo)Pa
2
=f-mlE(x) exp(— iof), (2.1)

where w, = 2 nv,, v, is the transition frequency, y a
damping constant, f the oscillator strength, e the
electron charge, m its mass and x the position of the
atom. As is well known [2], (2.1) is derived both from
classical and from quantum mechanical considera-
tions. The damping y is assumed to account both for
the radiation damping yy = 7 Avy and for the colli-
sional damping yo = m Avg, i.e. y = yy + 7c In the
rotating wave approximation (| @ — w, | € @) (2.1)
reduces to

dp, ie?

L4 (4 + iog)p, = %E(x) exp(— iof). (2.2)

If an atom has a velocity u then (2.2) still holds but
d/dt should be considered as a total derivative, i.e.

d/dt = 8/dt + u(9/ox) .

We shall indicate the induced polarization of such
an atom by p,(x, t; u), where x is the position of the
atom at the time ¢. If

Palx, 15 u) = py(x; u) exp(— iwi)
then p,(x ; u) satisfies

Y+ i Aw N
u a(x’u)_
etf

2mwgu

d .
d—xpa(x,u) +<

Ex), (2.3)

=1

where Aw = w, — w. Note that Aw is negative at the
high frequency side of w,. The general solution of (2.3)
can be written in the form :

pu(x; 1) = exp [— M@ﬁ] {Po(u) +

u
.2 x . ’
+ e f J E(x’) exp [M&] dx’} s
2mwgu xolt) u

2.4

where p,(u) and x,(u) are to be determined by appro-
priate boundary conditions. Consider first atoms that
move towards the interface, i.e. ¥ < 0. Then the
assumption that E(x) and p,(x ; #) vanish for x - oo
immediately yields :

. 2
pixin<0) = -
x jw B exp[(y + iA‘”J ' = x)] dx'. (2.5)
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If a fraction n (0 < 5 < 1) of the atoms collides
specularly with the interface and a fraction 1 — g
diffusely, we find

.2
pxiu> 0 = oot
x{ njm E(x") exp[— O+ iAa;) o + x)] dx’' +
0

+j " B exp[(y ! A“L) ' = x)] dx’}. @.6)

0

Having thus determined the induced polarization of
the atoms of the vapor, the macroscopic polarization
of the vapor can be determined from the relation

P(x) = pf V(u) p(x; u) du, 2.7

where V(u) is the velocity distribution function of
the vapor atoms. Probably the most realistic assump-
tion is that V(u) is a Maxwellian distribution function

Vuw) = ! exp [ w ]
M - - 1
U \/7_r ul,

where u, = (2 kg T/m,)'* is the mean thermal
velocity of the vapor atoms and m, and T stand for the
atomic mass and the absolute temperature of the
vapor, respectively. The Doppler width

Avp = =1 /In 2 ku, (8],

where kK = w/c. In order to carry out detailed analy-
tical calculations we shall also use the Lorentzian
velocity distribution function

(2.8)

1 u
Vi) = nu +

2.9)

where u is chosen such that the full widths at half
maximum of Vy(u) and Vy(u) are the same, ie.
u = uy, +/In 2. We should note that although the total
integrated probability for both Vy(w) and Vi (u)
equals one, V(1) and V;(u) differ considerably in
shape. In fact we have
V() = /mIn2 V(0) ~ 1.476 V (0)

whereas Vi (u) > Vy(w) for |u| > 1.55u.

For a given macroscopic polarization P(x), the
electric field E(x) is determined by Maxwell’s equation

d’E

—— +k®E=—47k*P.

o 2.10)

Finally the boundary conditions for the electric field
must be derived. Let the electric field strengths of the

SPECTRAL NARROWING OF SELECTIVE REFLECTION 471

incident and the reflected electromagnetic waves in
the glass be given by

E,, explikny x — iwt] :
and
E, exp[— iknyg x — iwf] ,

respectively. Here, n, is the refractive index of the
glass. Continuity of the electric and magnetic field
strengths across the glass-vapor interface yields the
conditions

Ein + Er = E(O) s
ikngl(Ein - Er) = E’(O) ’

@.11a)
(2.11b)

where the prime denotes differentiation with respect
to x. For a given E,, (2.5)-(2.7), (2.10) and (2.11)
determine the electric field in the vapor. Introducing
R = E /E;,, (2.11) can be written in the form

1-R M
TTR- ;g-l , (2.12)
where the surface admittance M is given by
M = E'(0)/(ikE)) . (2.13)

From (2.12) it is seen that the surface admittance can
be considered to be an effective refractive index. What
is measured in selective reflection experiments is the
reflectivity

2

nyg — M

_ 2 _
R=[R]| ng + M

2.14)

Therefore in order to calculate the reflectivity we only
need to know the values of the electric field and its
gradient at the glass-vapor interface, and the value of
the refractive index of the glass. (

We shall now assume that the electric field in the
vapor can be described by a complex index of refrac-
tion N(w), i.e.

E(x) = E° exp[ikN(w) x] 2.15)
and discuss the difficulties that may arise from such an
assumption. The complex quantity N(w) can be
written in the form n(w) + iy(w) with real » and .
The nonnegative quantity y is usually called the
attenuation index. In terms of » and y the absorption
length is given by /[, = (2nyk)~'[8]. According
to (2.5) and (2.15), the induced polarization of an
atom that is moving towards the interface with velocity
u corresponds to

Pa(x s u) = aw ; u) E(x) , 2.16)
where the polarizability per atom
22
ow; u) = e/ ! 2.17)

2mwyy + i Aw + ikuN(w) '
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The adaptation of the atom’s polarization to the
spatial variation of the electric field is expressed solely
by the dependence of the polarizability per atom on
the atom’s velocity. If an atom has collided diffusely at
the interface and moves towards the interior of the
vapor with velocity u, one infers from (2.6) and (2.15)
that its induced polarization is given by

P(x;u) = aw; u) {E % exp[ikN(w) x] —

— E%exp [— (y-l-—wAw)_x:l} (2.18)

u

The second term in the curly brackets of this relation
corresponds to a damped, free (not driven by the
electric field) oscillation of the dispersion electron. It
describes the transient adaptation of the atom’s
polarization to the electric field. The essential length
involved in the adaptation is the memory length
I.(4) = u/y. A somewhat more detailed discussion of
the adaptation will be given in section 3. It will be
clear that the transient contribution to (2.18) cer-
tainly cannot be neglected if kuy > y, ie. if

u> . J/In2(l'/y) uy, -

Consider for a moment only the first term in the curly
brackets of (2.18). The work performed by the electric
field on an atomic oscillator moving with velocity u is
then proportional to w Im a(w;u) | E(x) |?, and an
atom absorbs energy from the light field if

Ima(w;u) >0.

However, for atoms with velocities u satisfying
kuy > y, the imaginary part of a(w;u) is negative
and therefore these atoms drive the electric field
instead of being driven by that field. To express it
differently, such atoms acquire induced polarizations
which are more determined by the electric field they
have felt in the past than by the present (weaker)
field. Indeed the condition kuy > y can also be written
as

In() > 2 n(w) L () 2.19)

and 2 n(w) L, (w) = (kx(w))~* is the 1/e decay length
of the electric field in the vapor. In the case that
specular wall collisions are also involved, a similar
discussion applies. In conclusion, the above consi-
derations show that the electric field in the vapor
cannot be purely exponential. To calculate the
reflectivity of the glass-vapor interface we have to
solve the eqgs. (2.5)-(2.7), (2.10) and (2.11) exactly.
However, it will turn out that for I' > 1 and also in
the far wings of the resonance line, the reflectivity
can be calculated assuming an electric field of the
form (2.15) and omitting the transient contribution
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to (2.18). In this case one finds from Maxwell’s
eq. (2.10) that N satisfies
V(u)

2 0
| = 2me f"j W o= 220

2_
N mwo ) _ Aw + kuN — i

This is the well-known implicit equation for the
complex refractive index as derived by Voigt [9]. To
first order in the density we find

ne*fp [~ V(u)
N-1= ma, _mdqu+ku—iy’

2.21)
which is the conventional expression for the complex
refractive index, cf. Born [2]. For further reference it is
useful to write this expression in the form

N — 1 = RZGI* - 4) (2.22)

for the Maxwellian velocity distribution (2.8) and

iK

N-l=1—F+7

2.23)

for the Lorentzian velocity distribution (2.9). Here
we have introduced

e fp 1
K= movg TRV (2.24)
4 =Awj(nAv), K=./Ih2K,
= m2r, 4d=.In24

and Z({) is the plasma dispersion function as defined
by Fried and Conte [10]. From (2.21) it is seen that for
I' > 1, and also in the case | 4 | > 1, the attenuation
index y indeed has such a small value that condi-
tion (2.19) is only satisfied for extremely large atomic
velocities. The quantity K will be called the optical
density of the vapor. It is a measure for the number
of moving atoms which by interference build up the
coherent electric field in the vapor. We will assume
throughout this paper K < 1. Then we have
n =1+ O(K) and although the number of atoms
in a cubic wavelength may still be large, the negligence
of the Lorentz-Lorenz correction [11] in the previous
considerations is justified. To first order in K the
absorption length is given by [, = (2 kx) ™!, where
¥ = Im N satisfies (2.21).

3. Perturbation theory for vanishing vapor densities.
— In this section the surface admittance M is calcu-
lated by means of a perturbation expansion -of the
electric field in the optical density K of the vapor both
for diffuse and specular wall collisions and for a
symmetric velocity distribution function of the vapor
atoms. In general, I will also depend on K. If no
buffer gas is present and the collisions of the vapor
atoms are resonance collisions, then according to
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Weisskopf [12], Avc/Avp is proportional to K. A
perturbation expansion with respect to K must then in
general also be a perturbation expansion with respect
to I'. However, in this section the discussion will be
limited to values of K small enough to justify neglect-
ing the dependence of I' on K, i.e. it will be assumed
that K < I'. For resonance collisions of vapor atoms
and in the absence of a buffer gas this limitation
implies that natural line broadening is dominant in
the vapor. Then we have I' & Avy/Avp, which is
much smaller than one. Only in the presence of a
buffer gas can the limitation K < I' be satisfied for I
larger than one. The inequality K < I' implies that the
mean memory length or mean free path /,(u,) is
much smaller than the absorption length at resonance

l.p(w,). From the discussion in the previous section '

on memory effects one infers that this is precisely the
regime of densities where the conventional dispersion
theory can be a good approximation. However, it
will turn out to be so only for I' > 1.

We shall start the calculations from a slightly
modified version of Maxwell’s eq. (2.10) :

d’E

+ k*(1 + 2ie) E= — 4nk* P
dx?

3.1

The quantity ¢ is a positive infinitely small real number
which acts as a convergence factor. The right hand
side of (3.1) is proportional to the optical density K
and will be treated as the perturbation. The unper-
turbed electric field in the vapor is given by

E (x) = ey exp[(i — &) kx] x=0, @3.2
where e, is a constant. This field corresponds to an
electromagnetic wave in vacuum propagating towards
positive x-values. From (2.5)-(2.7) the polarization
P,(x) induced in the vapor by that wave can be
calculated. Using (3. 1) the first order correction to the
electric field is given by

E,(x) = — 4nklj Po(x) x
T® e(i—s)klx—x’l , 3.3
X mdx . ( . )
where Py(x) = Py(x) for x > 0 and Py(x) for x < 0

is as yet undetermined. Combining (3.2) and (3.3),
the electric field can also be written in the form

00

E = ¢, exp[(i — e)kx] — 4 nk’J Py(x") x
(0]
e(l e)k|x — x| o
X m (x>0, 3.9
where
- 4 k2 0 }_) ) ele— ikx’ +
€ =€ — 4T . o(x)m . (3.9,
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The quantity ¢, is uniquely determined by the boun-
dary conditions (2.11). However, e, and Po(x) for
x < 0 may be chosen arbitrarily as long as they
satisfy (3.5). For the calculation of the surface
admittance to first order in X such considerations are
not needed. From (3.2), (3.3) and (2.13) one readily
finds

M=l_4nik
e

I dxPy(x) exp[(i — &) kx], (3.6)
0 Jo

which is independent of e, (P, oc e,) and Fo(x).
In the following we put e, = 1. We have derived now
a simple formula which relates the surface admittance
M to the polarization Py(x) induced in the vapor by a
plane electromagnetic wave which propagates into the
vapor and satisfies Maxwell’s equations in vacuum.
From (2.5) and (2.6) we find the polarization of an
atom with velocity # induced by E(x) to be given by

e f
2mwg thku + y + i Aw’

e(i —&)kx

Paolx;u <0) = 3.7

e f nexp(— [y + tAw])
Dao(x;u>0) = +
’ 2 mw, —iku+ vy + iAo
el =9k _ exp (— E[y + iAw])
+ a7+ i B } 3.8)

Eq. (3.7) expresses the coherent response of an atom
moving towards the glass-vapor interface to the
electric field Ey(x). According to (3.8) an atom which
has just collided at the interface has an induced
polarization

ie’ f n
2mwy, —iku +y+ iAo’
3.9

Paolx =0, 5u>0) =

The atom now feels an electric field with a Doppler
shift different from that before the collision. Therefore,
even for n = 1, immediately after the collision the
induced polarization no longer corresponds coherent-
ly to the electric field and in moving away from the
interface it will exhibit transient polarization beha-
viour (eq. (3.8)) until the atom’s polarization has re-
established a relation with the new field similar to the
one that existed between the polarization and the
electric field before the collision at the interface
(eq. (3.7)). Indeed, for x > I,(u), we have

ie’ f
2mwyiku + 7y + i Aw

Qli—8kx
Pao(x;u > 0) =

(3.10)

Let us now discuss the various contributions to the
surface admittance. The coherent part of the pola-
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rization as described by (3.7) and (3.10) results,
using (2.7) and (3.6). in a contribution

N Vo(»)
MCOh_1+K_f_wM————wdy. (311)

Here the dimensionless velocity distribution function
Vo(y = ufu) = uVu) .

The expression (3.11) for M_, is equal to the conven-
tional expression for the complex refractive index of
the vapor (2.21). Therefore, in a sense all deviations
from the conventional dispersion theory are entirely
due to the above discussed transient polarization
behaviour of vapor atoms. According to (2.7), (3.6)
and (3.8) that behaviour results in a contribution to
the surface admittance

okl dry n
= ZKJO dr) Vo(y){[i(y =TT +

M

trans

1
"o HF I - D - r]}' G-12)

The first term in the curly brackets corresponds to the
destruction of the polarization p, o(x = 0, ;u > 0)
that is left after a specular (partly if n < 1) collision
of an atom with velocity . The second term in.these
brackets corresponds to the construction of a pola-
rization which is coherent to the new field. The total
surface admittance M equals the sum of M_, and
M(rans‘

Before evaluating M for a Maxwellian or a Lorent-
zian velocity distribution function a somewhat more
general discussion of the results obtained so far will be
presented. We can write the expressions (3.11) and
(3.12) for M, and M, in the form of convolution

coh trans

integrals. Introducing the dispersion function
D(y) = K/(y —iI'),

we find

Meon — 1 =§ Vo) D(y + 4)dy, (3.13)

expressing the fact that in the conventional dispersion
theory collisions of atoms and motions of atoms are
treated as statistically independent processes. Using
partial integration one obtains from (3.12)

M-1 =j Vo(y) D(y + 4)dy, (3.14)
where
I}o(}’) =
dv,
'/[4 Vo(y)—ZyW] +2(I1=n) Vo(y) (¥ <0),

0 (y>0).
(3.15)
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Thus M — 1 is a convolution of the dispersion
function D(y) and a function Vy(y) which has a
break at y = 0 and vanishes for y > 0. This is quite a
remarkable property as it immediately implies that
M — 1 contains a contribution with a spectral width
smaller than the Doppler widthif I' < 1 [5]. Moreover,
it is seen that the amplitude of that spectrally narrow
contribution is about twice as large for the case of
specular wall collisions as it is for the case of diffuse
wall collisions. We note that the contribution to the
surface admittance from atoms moving towards
the interface can be written in a form similar to (3.14) :

M - 1) |,<o =j Vo) D(y + 4)dy. (3.16)

Here Vy(y) = Vyo(») for y <0 and Vy(y) = 0 for
y > 0. However, this certainly does not imply that the
value of the surface admittance stems primarily from
atoms moving towards the interface. For diffuse wall

collisions we have Vo(y) =1 Vy(») and therefore
atoms moving either towards or from the interface
contribute equally to the surface admittance.

This section will be concluded with a further evalua-
tion of the surface admittance M = M_, + M,
for a Maxwellian and a Lorentzian velocity distri-
bution function, respectively. For the Maxwellian
velocity distribution (2.8) we find

_Z_I?F
),

x[ ! + 1
V=0 (r+ )

where {, = il' — A. The coherent part of M can rea-
dily be expressed in terms of the plasma dispersion
function Z({,), cf. (2.22). The integral corresponding
to the first term in the square brackets of (3.17) can be
expressed in terms of the exponential integral [13]

M

trans

dyye ™ x

], (3.17)

E\(2) =jw$ dr(Jargz| < n). (3.18)

The integral corresponding to the second term in the
square brackets of (3.17) can be calculated by using

yy + Co]_2 =[y+ Co]_1 = Loly + Co]_2 s
partial integration, and the easily verified equality

_ 2
e %

2/

E(- 8.

1 (7 e 1
ﬁjo dym= —5Z(%) +
(3.19)

In conclusion, from perturbation theory to first order
in the optical density K we deduce that for the case of
specular and diffuse wall collisions (0 < n < 1) and
for a Maxwellian distribution of the velocities of the
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vapor atoms, the surface admittance M is given by
the relation

—1
MK, ~Z¢) +

_C(Z)
+ n[(l —20) 2 - 20 - B EZE (- )
s

NG
2 e %

L2 zco] — - 2E(-1). (.20

7 7

The first term on the right hand side corresponds to
the conventional dispersion theory result (2.22).
From the well-known [10, 13] asymptotic expansions
of Z(¢,) and E(— (3) for {, » 0 and {, —» oo, we
obtain

M -1 2
—~ =iﬁ+—"
K /4

N

[1 +y5+%+ln(—cg)]+

T Gl ) A P

Nz

+0@) (-0 @.21)

and

M=1-K"+0(") (o), (.22

where y, = 0.577 21... is Euler’s constant and In (z) is
defined for |arg (z) | < n and In 1 = 0. From (2.14)
by expansion with respect to the optical density K we
find to first order in K that the reflectivity satisfies the
relation

R - R 1
0= -2 +
R, ng + 1

]] Re[M - 1],

gl —

(3.23)

where the reflectivity R, of the glass is given by

2

0= 5'3&—1—)2 ) (3.24)
(ngl + 1)

From (3.21) and (3.23) one infers that for I' < 1 the
reflectivity contains a contribution with a spectral
width smaller than the Doppler width. This contribu-
tion is logarithmic in nature, is centered at resonance,
and, as mentioned before, it is about twice as large
for the case of specular wall collisions as it is for the
case of diffuse wall collisions. Noting that

Mcoh =1- I?C(;l + O(CO_Z)

for {, — o, it is seen from (3.22) that in the far wings
of the resonance line (| 4 | > 1) and also for I' > 1 the
surface admittance and the reflectivity are well
described by conventional dispersion theory. For the
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Lorentzian velocity distribution (2.9) a rather labo-
rious calculation shows that

M——l_ i + i +
K L+T+id  "Q+T +id)y

@/n) @/m)In (I + id)
1= (T +id)? [l =T +id))
L =g @PIn @+ id) (3.25)

1= (I +id)? °

where the first term on the right hand side corresponds
to the conventional dispersion theory result (2.23).
For n = 1, i.e. for specular wall collisions, (3.25) is
precisely the expression Cojan [3] obtained as the
final result of his calculations. It will now be clear that
this result is not exact, but a rather special perturba-
tion theory result. In the next section exact calculations
of the surface admittance are performed for the case of
specular wall collisions. It then turns out that in
general Cojan’s result, (3.25) with n = 1, is well
suited for a comparison with experimentally deter-
mined reflectivities even if I' essentially depends on K.
Finally, it should be noted that for 4 = 0 the relative
reflectivity (R — Ry)/R, calculated with the Max-
wellian velocity distribution function is about a factor
of \/ 7 In 2 larger than the one calculated from the
Lorentzian velocity distribution function. This is
compatible with the ratios of Vy(#) and V() at zero
velocity as discussed in the previous section. Egs. (3.22)
and (3.25) show that in the far wings of the resonance
line and for I > 1 the reflectivities calculated with
the different velocity distributions differ largely in
their behaviour as functions of 4 and I.

4. Exact expressions for the case of specular wall
collisions. — To obtain exact expressions for the
electric field in the vapor and the surface admittance
in the case that we are dealing with specular wall
collisions only it is convenient to put formally

E(—- x) = E(x)

and to introduce the dimensionless coordinate X = kx.
Then egs. (2.5)-(2.7) and (2.10) combine to

E"(X) + E(X) + j dX' AX' — X)E(X") = 0,

@.1)
where
AX) = 2 iKJ Yy () exp [— Xy iA)] .
. ¥
.2)

Primes on E now denote differentiations with respect
to X. Eq. (4.1) is solved under the assumption that
E(X) is continuous for all X and absolutely integrable
on (— oo, oo). It follows from (4.1) and (4.2) that
E'(X) and E"(X) are also absolutely integrable on

33
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(— o0, ), that E"(X) is continuous for all X and
that E’'(X) is continuous except at X = 0. We intro-
duce the Fourier transforms

E(p) = ‘r E(X)e P dX,

A(p) =j AX)e PXdx. 4.3)
From (4.2) we have
~ , ® Vo(»)

If E’(X) tends to a for X — + 0, we find by integrating
by parts twice the relation

j E"(X)e PXdX = — p* E(p) — 2. (4.5)

Thus Fourier transformation of (4.1) results in

20

Epp) = . 4.6

0 =1 A0 “.6)
The Fourier inversion formula yields
o © eipX

EX) = - —. (4.7

@ nﬁwp—f+1+4m @7

The surface impedance M ~! is related to the electric
field at X = 0 by the relation
M~ = iE©0)/x . 4.8)
The Fourier transform A4(p) of the kernel of the
integral in (4.1) is discontinuous across the line
I'p™ + Ap® = 0, except at p = 0. Here, p'¥ and
p'® denote the real part and the imaginary part of p,
respectively. The line of discontinuity is a straight
line in the complex p-plane which passes through
p = 0 and makes an angle ¢ = tan™! (— I'/4) with
the positive real p-axis. According to whether
Ir'pY + Ap® is positive or negative we denote
A(p) by 4, (p) or A_(p), respectively. Across the line
of discontinuity, a jump

4nik . (il — A)
172 4.9
p °< p #.9)

occurs in A(p). On the real p-axis, however, 4(p) is
continuous. The zeros of the denominator of the
integrand in (4.7) satisfy the relation

Ap)-4_(p) =

-p*+ 1+ A4A(p)=0. (4.10)

Voigt [9] obtained the same implicit relation (2.20)
for the complex refractive index N. As A(p) is an even
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function of p the solutions to (4.10) occur ih pairs
+ py, £ Py, ... At least two solutions exist. To first
order in the optical density K they correspond to

p=1+1401). 4.11)
This equation is the equivalent of (2.21). For the
Lorentzian velocity distribution function Vi(u) it is
shown later on in this section that p, and — p, are the
only solutions to (4.10) when K < 1. All the available
evidence supports the same conclusion for the Max-
wellian velocity distribution Vy(u). In the following,
it will be assumed that (4.10) has only two solutions,
p1 and —p,. The latter solution is not of interest to us
as it corresponds to an electric field propagating in the
vapor towards the glass-vapor interface. For X = 0,
closure of the integral in (4.7) in the upper half plane
(UHP) of the complex p-plane, thereby avoiding
crossing the line of discontinuity for p # 0, shows
the electric field E to be the sum of a contribution

i

E\(X) = exp(ip; X) 4.12)

o4 Ldd
D1 de

pP=p1

due to the pole of the integrand at p = p, and a
contribution

&av=%j

C

dp x

[4_(») — 4, (p)] exp(ipX)

- = 4.13
[-PP+1+4.@][-P*+1+4_(p)] @13

due to the discontinuity of A(p) in the complex p-plane.
The straight integration path C runs from p = 0 to
p = oo exp(ip). In the conventional dispersion theory
the electric field in the vapor is equal to

E

conv — (la/pl) exp(ipl X) .

The contribution E, is proportional to E_,,, but not
equal to it. The electric field in the vapor is not des-
cribed by a monochromatic wave in the theory
presented in this paper but rather by a wave packet
with a continuous spectrum. The variation of 4(p)
with p shows up in the purely exponential contribution
E,(X). Later on in this section it is shown that E,(X) is
not an exponential contribution to E(X). We shall
refer to E, as the surface excitation. We now first
indicate briefly how the perturbation theory result
M=M, + M,,,, may be rederived from (4.7)
and (4.8). Here M_,; and M, satisfy (3.11) and
(3.12), respectively, and n = 1. By introducing a
positive infinitely small real number ¢ rewriting
— p* + 1 + A(p) in the form

{—P+1+2ie} {1+ [(Ap) -
- 2ig)/(—p*+ 1+ 2ig)}
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and expanding the latter expression with respect to
the term in the square brackets to first order in K,
one obtains for the surface admittance M the following
expression :

M=1—2%f dyVo(y)j x
X dp
(p—1—ie)*(p+1+ie)@py + T +id)

4.14)

The integral with respect to p can be evaluated by
closure in the UHP and LHP (lower half plane) of the
complex p-plane for y < 0 and y > 0, respectively.
In the limit ¢ — 0, one obtains from (4. 14) the equation

M=1+4 8iK x

d 1 * dVey) ]
* {513[(1) - 1)? L ipy + T + "A] }p=—1 (#.13)

and it can easily be shown that the right hand side of
this equation equals the above mentioned perturbation
theory result of section 3.

Next the surface admittance M will be evaluated in
detail from (4.8), (4.12) and (4. 13) for the Lorentzian
velocity distribution function V;(#). Numerical calcu-
lations are needed for the Maxwellian velocity distri-
bution function Vy(u). Such calculations will be
reported in the next section using the exact expression
for the surface admittance when the wall collisions
of the vapor atoms are diffuse instead of specular. This
case is the more interesting one for at moderate
temperatures wall collisions of atoms are most
probably of the diffuse type. If V(1) = Vi (u), then
A.(p) and A_(p) satisfy the relations

2iK

FTTid+p (4.16)

AA:(P) =
The zeros of the equations
T+id+p(—p*+1)+2iK=0

will be denoted by + p,, + p, and + p;. To first
order in the optical density K we have

e K
=TTy Ta
iK
P=—l+i—p5 @1

. 1 1
P3“_F""“’K[l—r—m*l+r+m]'

It is easily verified that only p; satisfies eq. (4.10):
as already stated. As none of the zeros + p;, +p,
and + p, is situated in the area in the UHP of the
complex p-plane in between the integration path C
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and the positive imaginary p-axis, one immediately
deduces from (4.13) that

4iocK-r°°
x
T

0

EX)= —

p exp(ipX) dp _
»* = p}) (P* — p3) (¥ — p3)

(4.18)

It is now straightforward to obtain the following exact

expression
iK -1
M_1 = + _l—_—— —_
| [”‘ T +id + p,)

_4K[_ @)
K [(pf - p2) (p1 - p3)

In (— p,)
@3 — pD) 3 — Pd)

" In (- p3)
(r3 —pd (3 - p%)] '
(4.19)

To first order in the optical density K, expression
(4.19) boils down to

iK 4 iK +
1+ T +id [l +T + id)?
n |1 — I + id)?

* n-uo +2iA)2]2 In (- Pa)] . (4.20)

M=1+

This result deviates from the perturbation theory
expression (3.25) with # = 1. For I' € 1, assum-
ing (3.23) to hold, the position of the maximum of
the logarithmic contribution to the reflectivity is
shifted from 4 = 0in (3.25)to 4 ~ — 2 K in (4.20).
As the spectral width of the logarithmic contribution
is of the order of I', the range of validity of (3.25)
with # = 1 is determined by the condition K < I,
which is precisely the basic assumption of the pertur-
bation theory as developed in the previous section.
The range of validity of the perturbation theory
result (3.25) with n = 1 can be extended to all values
of K < 1 and I' < 1 by replacing 4 in the logarithmic
contribution to (3.25) by 4 + 2 K(1 + A4%)~'. There-
fore, as already noted, Cojan’s [3] expression for the
surface admittance which is the same as (3.25) with
n = 1, is well suited to make a comparison of theore-
tical and experimental results for the reflectivity if
only relative and not absolute frequencies are compar-
ed. For I' > 1, the surface admittance M as described
by (4.20) reduces to the conventional dispersion
theory result (2.23), where M should be identified
with N.
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This section is concluded with a discussion of the
behaviour of the electric field in the vapor at large
distances from the interface. For X — oo, the surface
excitation E,(X) as given by (4.13) is mainly deter-
mined by values of p close to zero. As

il — 4 =|ill — A | exp(ip),
on the integration path C we have
p=@r—A4)0ir —4|7'pl.
Definet = |p|/|ill — 4| and

gO)={—(Gr— A4 2+ 1+ A, [ — 4)}"! x
x{ =Gl — 4?2+ 14+ A_[GIr — A} .
We shall approximate g(f) by g(0). The error
g() — g(0) = > S(¢) and S(?) is a bounded function
on 0 < ¢ < oo. The maximum value of S(¢) on that

interval of z-values is denoted by S,. From (4.9) and
(4.13) we obtain now

E,(X) = — 4iKa x

1

+ [g(O)r dt—t V0(1> e T+idXe R(X)} , (4.21)

0o

where
RX)| < S de 1V, 1 g X 4.22)
0 t
0

and

g(0) = (I + id)*> (T + id + 2iK)"%2. (4.23)
For the Lorentzian velocity distribution ¥y (u) it
follows by partial integration from (4.21) and (4.22)
that

Ez(X) = -

4 Ko
X
n

g(0) -4
— T 4 O X . (4.24
x{[(F+iA)X]2 X (X > 0). (4.29)
This result has been derived previously by Cojan [3].
For the Maxwellian velocity distribution function
Vu(u) the calculation of the asymptotic behaviour of
E,(X) as X — oo is much more involved. Using the
saddle point method [14] it is shown in Appendix A
4 iKo

that
5 2 1/3
J3 « )[(f+ iZ)X] *

X exp{— 3[(—f—_‘-_—2ij¢/]2/3}(X—> ). (4.25)

Ez(X) ~ o

The asymptotic behaviour of the surface excitation at
large distances from the glass-vapor interface thus
depends essentially on the type of velocity distribution
function involved. In particular it depends on the
behaviour of the velocity distribution function at
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large velocities. Mathematically, this is clear from
(4.21) as mainly small values of ¢ contribute to the
integral representation of E,(X). Physically, it is also
quite understandable. The surface excitation E,(X)
corresponds to the previously discussed transient
polarization behaviour of atoms running towards
the interior of the vapor. Therefore, only fast atoms
contribute to E,(X) at large distances from the inter-
face and as X — oo the contribution E,(X) to the
electric field E(X) in the vapor will be of smaller
magnitude for the Maxwellian velocity distribution
function than for the Lorentzian velocity distribution
function. A comparison of the magnitudes of E,(X)
and E,(X) shows that in general | E,(X) | outgrows
| E,(X)| only at distances from the interface much
larger than the absorption length /. (w,). In conclu-
sion, the theory presented in this section leads to
substantial deviations from the conventional results
for the reflectivity but has no practical consequences
for measurements of the absorption length.

5. Exact expressions for the case of diffuse wall
collisions. — For diffuse wall collisions of vapor
atoms, according to (2.5)-(2.7) and (2.10) the electric
field E(X) in the vapor satisfies the relation

2]

E"(X) + E(X) + J dX' AX — X)E(X") =0,

0

5.1

where A(X) is given by (4.2). We want to solve this
differential-integral equation by means of a Wiener-
Hopf techhique [7]. For that purpose the Fourier
transform A4(p) must be regular in a strip | p® | < ¢.
As we have seen in the previous section A(p) does not
satisfy such a requirement. However, at this stage it
should be realized that the velocity of light c is the
largest possible velocity. If the velocity distribution
function V(u) vanishes for | u | > ¢ then the line of
discontinuity breaks up into two parts with a finite
separation in the complex p-plane and A(p) is regular
in the strip | p® | < q,, where ¢, = ul'/c = y/w.
Such a result is also obvious from the asymptotic
behaviour of the modified kernel

o/ '
dy | X | .
-V —— T +id)],
7 o(») CXP[ 5 Tr+i )]

(5.2)

A(X) = 2iK J

0o

which is given by

A(X) = 0[K<ﬂai)"—')_l x
|

x exp(— M)] (1X]-). (5.3

w

The derivation of (5.3) is straightforward once the
change of integration variable z = c¢/(uy) has been
performed in (5.2). With the modified kernel (5.2)
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Wiener-Hopf techniques can be applied to (5.1).
The limit ¢ — oo is taken afterwards. As the calcu-
lations are rather intricate they are presented in
Appendix B. Only the final result for the surface
admittance is quoted here :

. [ee] 2_ _ -~
M=i+—l—[ dpln[u@]. (5.4)

2 P+ 1

We first show that the perturbation theory result
M=M_ + M, can be rederived from (5.4).
Here M, and M, satisfy (3.11) and (3.12), respec-

tively, and # = 0. Introducing a positive infinitely
small real number & we write

2 _ 4 2 _ _ T
nl? 21 A(p)]:ln p 21 2ic N
pe+1 pe+1
A(p) — 2ie
+Injl - —————1|. (5.5
n[ p2—1—2i£] ©-3)

The first term on the right hand side of this equation
yields a contribution to (5.4) which equals 1 — 7.
Expansion of the second term on the right hand side
of (5.5) to first order in K then yields

2K (7
M=1 +—”—j Vo(y)dy x
0

X k dp
-1 - ie)(p+1+ie)py + T +id)’
(5.6)

Further evaluation of this expression runs similar
to the evaluation of (4.14). In the limit ¢ — 0, the
final result is given by

[ Vo(y)
M—1+2IKJO dym, 5.7
which reproduces the perturbation theory result of
section 3 for n = 0.

Next, the surface admittance will be further eva-
luated from (5.4) for the Lorentzian velocity dis-
tribution function Vi(¥). For that distribution
function, M can be written in the form

i [ (=p)(—p) (P—Dp3)
M=’+EL ln[(p—i)(p+i)(p+F+iA):|dp’

(5.8)
where p,, p, and p; are the zeros of

F+id+p)(—p*+1)+2iK=0.
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To first order in the optical density these zeros are
given by (4.17). A straightforward calculation of the
integral in (5.8) results in

M=pi+ 2o In(p) +paln (= p) +
+psIn(=p3) + T +id)In (T + id)]. (5.9)

Expansion of this expression to first order in K yields

M=1+ iK 1[21K 1

1+T'+i4 =n| = 1——(F+iA)2+

+psIn(—py)+ (T +id)ln (I + iA)] , (5.10)

where p, is given by (4.17).

Assuming that the reflectivity is given by relation
(3.23), implying it to be proportional to Re M, we
discuss the difference between the reflectivities Rg
and R, calculated according to (5.10) and the pertur-
bation theory expression (3.25) with # = 0, respec-
tively. For I' > 1, the difference is negligible. For
I' < 1, the main difference shows up in the value of
the dimensionless frequency 4, where the reflectivity
is maximum. From (3.25) with = 0 one obtains
4, ~ 0, whereas from (5.10) the value 4,  — K is
obtained. Note that for the case of specular wall
collisions one obtains 4, ~ — 2 K from (4.20).
The maximum values of Rg and Rp, as well as their
values for | 4 | > 1, do not differ significantly. There-
fore, the conclusion is that for diffuse wall collisions
and a Lorentzian velocity distribution function the
reflectivity Rp, calculated from (3.23) and (3.25)
with # = 0, for all K <1 and I' < 1 is useful for
making comparisons between theoretical and experi-
mental results as long as a comparison of absolute
frequencies is left out of consideration. For specular
wall collisions a similar conclusion was drawn in the
previous section.

In an atomic vapor at moderate temperatures it is
most probable that the atomic velocities are distri-
buted Maxwellian and that the wall collisions of the
vapor atoms are of the diffuse type. Especially for this
situation one would like to know the behaviour of the
exact expression (5.4) for the surface admittance as a
function of K, I' and 4. In particular, the question
arises as to whether the conclusion drawn earlier for
the Lorentzian distribution of the atomic velocities,
namely that perturbation theory in a sense can be
useful for making comparisons between theoretical
and experimental results for all K <1 and I' < 1,
also holds for a Maxwellian distribution and diffuse
wall collisions. We again assume that the reflectivity R
is given by (3.23), i.e. R depends on Re M only.
Let A, = Re 4 and 4, = Im 4 (4, > 0) and let p,
satisfy p5 — 1 — A,(p,) = 0. The numerator

p*—1— A(p)
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of the argument of the logarithm in (5.4) can be
written in the form

[(P* — 1 — 4,)> + 4] exp(iy) ,
where
Y =

fO0<p<pp ¥=tan"! (= 4,/(p> - 1—4)) if
Po <p <o and tan~! (z) varies between — m/2
if z= — ocoand 72 if z = 0. As

—m +tan~! (— 4,/(p?> — 1 — 4,))

ReM=—n"j ¥(p)dp,

0

we find

: 1 (" A,(p)

ReM=p,—-| tan"}| —2—2 __|dp.
Po “J-o [1+A1(P)‘P2] P

(5.11)

Note that the integrand is discontinuous at p = p,,.
To first order in the optical density,

po=1+34,(1) =Rep,,

where p, is given by (4.11). Therefore the first term on
the right hand side of (5.11) corresponds to the
expression one obtains for the real part of the surface
admittance from conventional dispersion theory,
cf. (2.21). For the Maxwellian velocity distribution
function Vy(4) we have

2K (if—Z)
A =—ReZ ,
1(p) ) »

Ayp) = ZI;I—(Im Z(qu — 4

), (5.12)

where Z({) is the plasma dispersion function as intro-
duced in section 2. The exact reflectivity Rg was
calculated numerically from (3.23), (5.11) and (5.12).
From (3.20) with # =0 and (3.23), the perturbation
theory result for the reflectivity R, was also calculated
numerically. A typical result of these calculations is
shown in figure 1, where the reflectivities Ry and R,
are plotted as functions of the detuning Av = v — y,
for I' = 0.154, K = 0.063 and Av, = 1952 MHz.
The absolute reflectivity scale was obtained assuming
arefractive index of the glass of 1.627 7. For the values
of I and K chosen in figure 1, mean free path and
absorption length at the center of the resonance line
are about equal and perturbation theory in general
is a poor approximation to calculate the reflectivity.
Indeed figure 1 shows that Ry and R, have quite dif-
ferent values for 4 ~ 0. However, the values of Rg
and R, can be brought into close agreement if the
center of the spectrum associated with the reflectivity
R, is shifted over about 60 MHz towards higher
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FiG. 1. — Reflectivity R of a glass-vapor interface versus
Av = v — v, as calculated from the exact theory (Rg) and the low
density perturbation theory (Rp) for the case of diffuse wall collisions
and a Maxwellian distribution of atomic velocities. The natural
width Avy, the collisional width Av¢, the Doppler width Avp, the
optical density K and the refractive index of the glass n, have been
taken equal to 10 MHz, 290.6 MHz, 1 952 MHz, 0.063 and 1.627 7,
respectively. The low density formula (3.23) was used to calculate
the reflectivity.

frequencies. For |4| > 1, Rg and R, differ only
slightly. Similar results have been obtained for other
values of I' < 1 and K < 1. In conclusion one can
say that the difference between the perturbation
theory results of section 3 for # = 0 and the exact
results of this section is only marginal. For all K < 1
and I' € 1 the perturbation theory results are quite
satisfactory for making comparisons between theore-
tical and experimental results if comparisons of
absolute frequencies are left out of consideration.
In the illustrations of the theory that follow we restrict
ourselves to the perturbation theory results of sec-
tion 3.

6. Application to the sodium D,-resonance line. —
In this section the results obtained are illustrated
for the sodium D,-resonance line. This line corres-
ponds to a 3 %S,,, —» 3 ?P;, transition with a wave-
length of 5 889.95 A, an oscillator strength f of 0.655
(% 3 %) [15] and a natural line width of 10 MHz [8, 15].
Watanabe [16] has calculated the collisional broaden-
ing Ave for the D,- and D,-lines of sodium, using
absorption coefficient data obtained in the far wings
of the lines and vapor pressure data as measured by
Thiele [17]. He found for the D,-line that

Ave = 0.8 x 10713 x p MHz

where p is given in cm 3 [18]. Using more recent vapor
pressure data [19] figure 2 is obtained for the sodium
density as a function of the condensed sodium tempe-
rature. From a re-examination of the data in table I
of Watanabe’s paper using figure 2 one finds for the
D,-line

Ave = (0.70 + 0.14) x 10713 x p (MHz).(6.1)

Carrington et al. [20] have numerically calculated Av,
for a transition from a j =  ground state toa j = 3
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F1G. 2. — Sodium vapor density versus condensed sodium tempe-
rature (see ref. [19]).

excited state using the impact approximation and
ascribing the width to resonance collisions. Their
result is in good agreement with (6.1). The Doppler
width can be calculated from the relation

Avp = 76.0 x T'? (MHz), 6.2)
where T is the absolute temperature of the vapor.
From (2.24) one can verify that the optical density K
is given by

K=05187 x 10713 x pAvg!,  (6.3)
where p and Av, are given in cm ™3 and MHz, respec-
tively.

The energy scheme of the sodium D,-resonance
line is given in figure 3 [21]. The hyperfine structure
of the 3 2P, state will be neglected in the following.
The occupation numbers of the F =1 and F =2
ground states are 3 and 3, respectively. Thus, the
surface admittance My, corresponding to the D,-
line is given by the relation

My, =3MA;KT)+3MU4 + 45;K,T), (6.4)

where
4 =203 ZS1/2, F=2-3 21)3/2) — v]/Avp,

and
vs = v(3 2S1/2,F = 1 g 3 2P3/2) -
- v(3 281/2, F = 2 hd 3 2P3/2) .
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For the conventional dispersion theory, M(4; K, I')
is the complex index of refraction as given by (2.22)
and (2.23). For the present theory, M(4; K, TI)
is the surface admittance as given by (3.20) and (3.25).
As is obvious from figure 3, the transitions F = 2 — 3
and F = 1 — 1, 2 are the strongest ones and therefore
vs will be chosen somewhat smaller than the ground
state splitting 1 772 MHz, namely 1 720 MHz. The
reflectivity can now be calculated either from the
complete Fresnel formula (2.14) or from its low den-
sity version (3.23). The only selective reflection
experiments on sodium vapor published so far are
those of Woerdman [5]. In these experiments the
reflection cell is made of gehlenite glass which has a
refractive index of 1.627 7 at 300 K. This value will be
used for n,. )

F=3
60 |MHz F=2
32P b
—%34 MHz F=1_ 1
154MHz F=0 1 :
588995 A
1514
255
F=2
- 1772 MHz
3°Sy, l F=1

F1G. 3. — Hyperfine structure of the sodium D,-resonance line.
The ratio of the line strengths is indicated.

In figures 4 and 5 the reflectivity calculated using
(6.1)-(6.4) and (3.23) is plotted as a function of
Av =v — v(3 %Sy, F =2 -3 ?Py,) for the con-
densed sodium temperatures 610 K and 659 K. In the
spectra calculated from the conventional dispersion
theory, denoted by NC, the hyperfine splitting of
the 3 2S,,, ground state shows up only as a small
kink near the center of the spectra. Using the theory
given in this paper, including either diffuse wall
collisions (DC) or specular wall collisions (SC), a
separation into two peaks occurs. The spectra calcu-
lated using a Maxwellian or a Lorentzian velocity
distribution differ mainly in amplitude (see also
section 3). For low enough densities the low frequency
peak will be the highest in amplitude according
to (6.4). This is the case in the 610 K spectrum, but not
in the 659 K spectrum. For only specular wall colli-
sions (SC) the peaks are higher in amplitude than for
only diffuse wall collisions (DC). The reflectivity
between the peaks is larger than R, ( ~ 5.7 %) in the
DC spectra and smaller than R, in the SC spectra.
We mention that the spectra plotted in figures 4
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17%

REFLECTIVITY
—
1
1.2
o
ES

Av(GHz) ls

FI1G. 4. — Reflectivity of a gehlenite glass-sodium vapor interface
near the D,-line as calculated for a condensed sodium temperature
of 610 K from the low density perturbation results of the conven-
tional theory NC (no wall collisions), the theory for diffuse wall
collisions, DC, and the theory for specular wall collisions, SC.
The detuning Av = v — ¥(3 28,,,, F = 2 = 3 ?P,,). The spectra
in the upper half of the figure were calculated from a Maxwellian
velocity distribution function, whereas for the calculation of the
ones in the lower half of the figure a Lorentzian velocity distribution
function was used. All spectra were calculated from the low density
formula (3.23) for the reflectivity.

{8%

L L ) s
w ~ wn 2]

REFLECTIVITY

Lor. V.D.
NC DC SC
g 4 0/ >~8 4 |" 8 -4

Av(GHz)

Fi1G. 5. — Reflectivity of a gehlenite glass-sodium vapor interface
near the D,-line as calculated for a condensed sodium temperature
of 659 K from the low density perturbation results of the conven-
tional theory, NC (no wall collisions), the theory for diffuse wall
collisions, DC, and the theory for specular wall collisions, SC.
The detuning Av = v — ¥(3 2S5, F = 2 — 3 ?P,;,). The spectra
in the upper half of the figure were calculated from a Maxwellian
velocity distribution function, whereas for the calculation of the
ones in the lower half of the figure a Lorentzian velocity distribution
function was used. All spectra were calculated from the low density
formula (3.23) for the reflectivity.

and 5 do not essentially change if the complete Fresnel
formula (2.14) is used.

We shall now indicate some means to test the validity
of the present theory. Experimentally one can deter-
mine the overall amplitude

R — R
A — max min

R (6.5)
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and the full width at half maximum Av(F) of the peaks
in R — R, corresponding to the F =1 and F =2
components of the 3 2§, 2 ground state. For given
values of I' and K the quantities 4, Av(F = 1)/Avp
and Av(F = 2)/Av, were calculated numerically for
the case of diffuse wall collisions. The overall ampli-
tude 4 was also calculated from the conventional
dispersion theory. A Maxwellian velocity distribution
was assumed in these calculations. From a comparison
of the spectra calculated from the complete Fresnel
formula and from its small K version (3.23) it turns
out that the reduced amplitude 4/K and the width
AWF = 2)/Av, as calculated from (2.14) are inde-
pendent of K to within a few percents for K < 0.2
From best fits to the numerical results of the calcu-
lations one obtains for K < 0.2 the relations

(4/K)xc = 5[1 — 0.004 In® (100 I')]

001 <T < 0.4), (6.6
(4/K)pe = 12.5[1 — 0.167 In (100 I')]

001 <T <04), (6.7
AV(F = 2)/Avy = 0.095[1 + 1.55T1]

001 <T <0.3). (6.8)

The deviations from the exact numerical results are
at the most 5 9 for (6.6) and (6.7) and 10 % for (6.8).
According to the conventional dispersion theory 4/K
varies only slightly as a function of I' while in the
theory presented in this paper for diffuse wall colli-
sions A/K varies by a factor of about two going from
I' =03 to I = 0.01. Eliminating I" from (6.6) and
(6.8) a relation can be obtained between A/K and
Av(F = 2)/Avp. Since Ave and therefore I' is poorly
known, this relation may be most useful in order to
test the theory. The value of I' for which the two peaks
are of equal height turns out to be about 0.06. As it is
essential for the present theory that, at least for K < T,
the peak maxima occur at the transition frequencies

v(3 251/2, F=1-3 2P3/2)
and
v(3 281/2, F = 2 g 3. 2P3/2)

a frequency calibration could provide another test
ot the theory.

A first investigation of spectral narrowing in the
selective reflection from sodium vapor has been made
by Woerdman [5]. A comparison of the experimentally
obtained spectra with the theoretical ones obtained
from (2.14) and (6.1)-(6.4), assuming diffuse wall
collisions and a Maxwellian distribution of the atomic
velocities, shows that there is a good qualitative
agreement as regards the shape of the spectra. The
experimentally determined amplitude 4, however,
is smaller by a factor of about two as compared to the
amplitude predicted by theory, while the experimental
widths of the peaks are larger than the calculated
values. In the theoretical spectra equal peak heights
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occur at I' = 0.06 corresponding to a condensed
sodium temperature of about 620 K. However,
experimentally it is found that for 7T = 619 K the
high frequency peak maximum is still larger than
the low frequency one. These differences between
the experimental and theoretical results cannot be
explained by assuming a value of Ay larger than the
one obtained from (6.1). Recently, Burgmans and
Woerdman [6] have continued the experimental
work on selective reflection from sodium vapor with
special emphasis on a quantitative determination of
the spectra. A preliminary result of their work is that
the amplitudes of the spectra are found to be larger by a
factor of about two than those given in figure 2 of
reference 5. Experimental and theoretical amplitudes
are now no longer inconsistent.

Note added in proof. — In a pressure regime where
selective reflection is negligible Dodsworth et al. [22]
have studied wall collisions of atoms in connection
with the self-broadening of Hanle signals in backs-
cattered light.
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Appendix A. — Asymptotic expressions for
Re a —» oo will be derived for the integrals

I, = —l—j (He"'2 e, (A.1])
NZERE
0
and .
I = \/_LJ dite™ e ™. (A.2)
/3
0

To calculate the asymptotics of /;, we transform to the
integration variable s = Int to get

11=]T§ dse", h(s)=—e *—ae (A.3)
\TC

and then follow Laplace’s method [14]. The position s,
of the saddle point of A(s) satisfies the relation

exp(3 so) = (2/a)
and in the vicinity of s,
h(s) = h(so) + 3(s — 50)* h"(s0) ,
.'where .
h(sy) = — 3(a/2)*3

and
h'(sg) = 2 h(sg) .
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One finally obtains

1 “1/2 1 (a3
[1 ~ — Z_h"(‘\“’ CmSO) = g\/3 5 X

X exp [» 3<‘;’)2'3] (Rea - o). (A.4)

The integral I, can be treated in a similar way if we
transform to the integration variable s = 1> :

1
W

I, = J- ds e’ h(s)=—s‘1—a\/:s'. (A.5)
0

The position of the saddle point s, = (2/a)®® and

h(s) = h(so) + 3(s — 50)* h'(s0) ,

where
h(so) = — 3(aj2)*?
and A'(sy) = — § «¢*. Therefore
2 -1 a2
I, ~ 3\ A exp |— 3 5 (Rea— »n). (A.6)

Appendix B. — Eq. (5.1) will be solved under the
assumption that E(X) is continuous for X > 0 and
bounded for X > 0. It follows from (5.1) that E'(X)
and E”(X) have the same properties. Where necessary
in the following calculations, 4A(X) is the modified
kernel 4_(X) as given by (5.2). We extend (5.1) to

D(X) = E"(X) + E(X) +

+ j AX = X)EX)AX' (—oo<X<w),
(B.1)

where E(X) =0 for X <0, D(X) =0 for X >0
and D(X) is defined by the right hand side of (B.1)
for X < 0. From the asymptotic behaviour (5.3)
of A(X) one deduces D(X) = O(explgo X]) as X
tends to — oo. Here g, = y/w. The Fourier transform
of a function f(X) is defined by

fip) = j f(X)e PXdx . (B.2)

By theorems IIIl and V of Paley and Wiener [23],
E and E” are regular for p'® < 0, D is regular for
P > — g, and 4 is regular for | p? | < g, Moreo-
ver, £ and E” are bounded for p® < p, < 0, D is
bounded for p'® > p, > — ¢, and A4 is bounded for
|P® | < py < qo Successive integration by parts
shows that

E"(p) P Ep) —ifp —a (PP < 0)(B.3)
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where
o= lim E'(X) and p =

X->+0

lim E(X).
X-+0

Hence we find
Ep=-L_2 +0<i3)
p p p

(Ipl—= 0,p?<p,<0). (B.4
Fourier transformation of (B.1) yields, using (B.3),
the equation
D(p) + ifp + o = E(p)[- p* + 1 + A(p)]

(—qo<p?<0). (B.5)

The zeros of — p? + 1 + A(p) have been extensively

discussed in section 5. It is always possibleAto find
astrip | p® | < q; < qo where — p* + 1 + A(p) has

no zeros. Define a function
5 .
p*—1— A(p)
=— B.6
() == (B.6)

It is regular and free from zeros in the strip | /¥ | < ¢,

and

in each interior strip | p® | < g, < ¢, Using Cau-
chy’s integral theorem one can now prove (Titch-
marsh [24], p. 339) that

| <@ + p?) — 1|2 dp? < C(q;)

(p) = 1. (p)/t_(p), B.7
1 (" In(p ,
Int,(p) = —Z——J ) 4y (B.9)
m). p —p
1 (%" (p’)
Int_(p) = — — d dp’, (B.9
(» 2w) . T -» p’, (B.9)

where g, < g3 < ¢,, but g3 — g, is so small that 7(p)
has no zero in ¢; < | p® | < q5. Now 7,.(p) is regular
and free from zeros in p® < q;, t_(p) is regular
and free from zeros in p® > — g, and in their
respective half-planes of regularity |7.(p)| and
| T_(p) | lie between positive bounds. The functions

?.(p)=(3p + 1.(p)

JOURNAL DE PHYSIQUE

No 5

and
@ _(p) =7_(p)/Gp — 1)
satisfy
- D, 2
—P 1A =38 (F1<q). @10

Using this relation we can write (B.5) in the form

®_(p) [D(p) + ifp + o] =
=Ep)®.(p) (1p?¥]1<q). B.1])

The left hand side of this equality is regular for
p'® > — q,, the right hand side for p'® < 0. Thus
(B.11) defines an entire function. As ipE(p) = B and
(p) ' ®,.(p) =1 in the limit |pP | > oo, we find

B =5h— W <w.  ®D
and the electric field E(X) is given by
E(X)=—2E7—tj q)i;p(—;)dp. (B.13)

It can be shown that (B.13) indeed represents a
unique solution of (5.1) using methods  similar to
those used for the Wiener-Hopf equation [6, 23].
The value of the surface admittance M = a/(if) is
obtained as follows. From (B.4) and (B.12) it is

seen that
2 .
. ip
lim — .
P> I:‘D+(P) p]

According to (B.8) an asymptotic expansion of 7, (p)
for p'V) - oo results in

M =

(B.14)

0
. (p)=1+ » T o(pl™?,

1 ® r !
0 = ﬂj_wlnt(p)dp . (B.15)

From this relation and @_.(p) = (ip + 1) 7.(p) one
finally obtains

M=i®6+1). (B.16)
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