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ABSTRACT. Well-structured transition systems provide the rightfdation to compute a finite basis

of the set of predecessors of the upward closure of a state.dlil problem, to compute a finite

representation of the set of successors of the downwardrelas a state, is harder: Until now, the

theoretical framework for manipulating downward-closetssvas missing. We answer this problem,
using insights from domain theory (dcpos and ideal comphefi, from topology (sobrifications), and

shed new light on the notion of adequate domains of limits.

1. Introduction

The theory of well-structured transition systems (WSTS)0syears old [9, 11, 2]. The most
often used result of this theory [11] is the backward al¢ponitfor computing a finite basis of the
set] Pre*(1 s) of predecessors of the upward closdre of a states. The starting point of this
paper is our desire to compufePost* (| s) in a similar way. We then need a theory to finitely (and
effectively) represent downward-closed sets, much as igpelased subsets can be represented by
their finite sets of minimal elements. This will serve as a$fs constructing forward procedures.

Thecover, | Post*(] s), contains more information than the set of predeceskdPse* (7 s)
because it characterizes a good approximation of the rbdithaet, while the set of predecessors
describes the states from which the system may fail; thercoey also allow the computation of a
finite-state abstraction of the system as a symbolic gragivebVer, the backward algorithm needs a
finite basis of the upward closed set of bad states, and itemmgntation is, in general, less efficient
than a forward procedure: e.g., for lossy channel systeltheugh the backward procedure always
terminates, only the non-terminating forward proceduiengemented in the tool TREX [1].

Except for some partial results [9, 7, 13], a general thebgdownward-closed sets is missing.
This may explain the scarcity of forward algorithms for WST®Ioting Abdullaet al. [3]: “Finally,
we aim at developing generic methods for building downwédoded languages, in a similar manner
to the methods we have developed for building upward closeduages in [2]. This would give a
general theory for forward analysis of infinite state systeim the same way the work in [2] is for
backward analysis.” Our contribution is to provide sucheotly of downward-closed sets.
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Related WorkKarp and Miller [16] proposed an algorithm that computes adirepresentation of
the downward closure of the reachability set of a Petri nigtkdt [9] introduced the WSTS frame-
work and generalized the Karp-Miller procedure to a clas&/&8TS. This is done by constructing
the completion of the set of states (by ideals, see Secti@n@)in replacing thes-acceleration
of an increasing sequence of states (in Petri nets) by it lggper bound (lub). However, there
are no effective finite representations of downward closgd & [9]. Emerson and Namjoshi [7]
considered a variant of WSTS (using cpos, but still withotheory of effective finite representa-
tions of downward-closed subsets) for defining a Karp-Mijeocedure to broadcast protocols—
termination is then not guaranteed [8]. Abdudiaal. [1] proposed a forward procedure for lossy
channel systems using downward-closed languages, codeREs. Ganty, Geeraerts, and others
[13, 12] proposed a forward procedure for solving the cdwéitg problem for WSTS equipped
with an effective adequate domain of limits. This domainuees that every downward closed set
has a finite representation; but no insight is given how tlieseains can be found or constructed.
They applied this to Petri nets and lossy channel systemslulkbet al. [3] proposed another
symbolic framework for dealing with downward closed setstimed Petri nets.

We shall see that these constructions are special cases adropletions (Section 3). We shall
illustrate this in Section 4, and generalize to a compreakiertgerarchy of data types in Section 5.
We briefly touch the question of computing approximationghefcover in Section 6, although we
shall postpone most of it to future work. We conclude in Seci.

2. Preliminaries

We shall borrow from theories of order, both from the thediryvell quasi-orderings, as used
classically in well-structured transition systems [2,,Hijd from domain theory [5, 14]. We should
warn the reader that this is one bulky section on prelim@sariVe invite her to skip technical points
first, returning to them on demand.

A quasi-ordering< is a reflexive and transitive relation on a sét It is a (partial)orderingiff
it is antisymmetric. A seX equipped with a partial ordering ispmset

We write > the converse quasi-ordering,the equivalence relatiog N >, < associated strict
ordering € \ =), and> the converseX \ =) of <. Theupward closure] E of a setE is
{ye X |3z € E-z <y}. Thedownward closurd Eis{y € X | 3z € E -y < z}. A subset
E of X is upward closedf and only if £ = 1 FE, i.e., any element greater than or equal to some
element inE is again inE. Downward closedsets are defined similarly. When the ambient space
X is not clear from context, we shall wriley F, Tx F instead of| F, T E.

A quasi-ordering isvell-foundedff it has no infinite strictly descending chain, i.eq > x; >
... >x; > .... An antichainis a set of pairwise incomparable elements. A quasi-ordasmwell
if and only it is well-founded and has no infinite antichain.

There are a number of equivalent definitions for well quadiedngs (wqo). One is that, from
any infinite sequencey, x1,...,z;, ..., one can extract an infinite ascending chajn < z;, <
o<y, <o, withidg < < ... < i < .... Another one is that any upward closed subset
can be written? FE, with F finite. Yet another, topological definition [15, Proposition 3id}to
say thatX, with its Alexandroff topology, is Noetherian. Thdexandroff topologyn X is that
whose opens are exactly the upward closed subsets. A siiisetompact if it satisfies the Heine-
Borel property, i.e., every one may extract a finite subcénmn any open cover ok’. A topology
is Noetherianiff every open subset is compact, iff any increasing chaimméns stabilizes [15,
Proposition 3.2]. We shall cite results from the latter pagzethe need evolves.



inria-00359699, version 1 - 9 Feb 2009

WSTS I: COMPLETIONS 435

We shall be interested in rather particular topologicatepawhose topology arises from order.
A directed familyof X is any non-empty familyz;),.; such that, for ali, j € I, there is & € I
with z;, z; < x3. The Scott topologyon X has as opens all upward closed subgétsuch that
every directed family(z;),.; that has a least upper boundn X intersectsU, i.e., z; € U for
somei € I. The Scott topology is coarser than the Alexandroff topglog., every Scott-open is
Alexandroff-open (upward closed); the converse fails inagal. The Scott topology is particularly
interesting ordcpos i.e., posetsX in which every directed familyz;),.; has a least upper bound
SUp; e Tj-

The way belowrelation < on a posetX is defined byr < y iff, for every directed family
(2i);¢; that has a least upper bound> y, thenz; > x for some: € I already. Note that < y
impliesz < y, and that’ < 2 < y < ¢/ implies2’ < 3. However,< is not reflexive or
irreflexive in general. Writd E = {y e X |3z e E-a <y}, {E={ye X |Jr c E-y < z}.

X is continuousif, for every z € X, |z is a directed family, and hasas least upper bound. One
may be more precise: Basisis a subsetB of X such that any element € X is the least upper
bound of a directed family of elements way belevin B. Then X is continuous if and only if it
has a basis, and in this caXeitself is the largest basis. In a continuous dchojs Scott-open for
all z, and every Scott-open sktis a union of such sets, Vil = |, . fa [5].

X is algebraiciff every elementz is the least upper bound of the set of finite elements below
x—an elemeny is finite if and only if y < y. Every algebraic poset is continuous, and has a least
basis, namely its set of finite elements.

N, with its natural ordering, is a wqo and an algebraic posdt.it\elements are finite, so
x < yiff x < y. Nis not a dcpo, sinc# itself is a directed family without a least upper bound.
Any finite product of continuous posets (resp., continuaymag) is again continuous, and the Scott-
topology on the product coincides with the product topolofygy finite product of wqgos is a wqo.
In particular,N*, for any integetk, is a wgo and a continuous poset: this is the set of configursti
of Petri nets.

It is clear how to complet®& to make it a cpo: leN,, be N with a new elemeni such that
n < wforalln € N. ThenN,, is still a wqo, and a continuous cpo, with< y ifand only if z € N
andx < y. In general, completing a wqo is necessary to extend coNigyabee techniques [9, 13].
Geeraertet al. (op. cit.) axiomatize the kind of completions they need ie tbrm of so-called
adequate domains of limitsWe discuss them in Section 3. For now, let us note that thensec
author also proposed to use another notion of completionath@r context, known abrification
[15]. We need to recap what this is about.

A topological spaceX is always equipped withgpecialization quasi-orderingvhich we shall
write < again: z < y if and only if any open subset containingalso containg,. X is Ty if and
only if <'is a partial ordering. Given any quasi-orderidgon a setX, both the Alexandroff and the
Scott topologies admit as specialization quasi-ordering. In fact, the Alexanfdimbology is the
finest (the one with the most opens) having this property. chiaesest is called thepper topology
its opens are arbitrary unions of complements of sets ofdima { E, F finite. The latter set$ F,
with E finite, will play an important role, and we call them tfieitary closedsubsets. Note that
finitary closed subsets are closed in the upper, Scott, aedaatroff topologies, recalling that a
subset isclosediff its complement is open. Thelosurecl(A) of a subsetd of X is the smallest
closed subset containing. A closed subset’ is irreducible if and only if F' is non-empty, and
wheneverF’ C Fy U Fy with Fy, F; closed, thenF C Fy or F' C F,. The finitary closed subset
| 2 =c({z}) (x € X)is always irreducible. A spac¥ is soberiff every irreducible closed subset
F'is the closure of a unique point, i.d:, = | « for some uniquer. Any sober space %, and
any continuous cpo is sober in its Scott topology. Convergglen alj spaceX, the space(X)
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of all irreducible closed subsets &f, equipped with upper topology of the inclusion orderingis
always sober, and the mag : = — | z is a topological embedding of insideS(X). S(X) is
the sobrificationof X, and can be thought as together with all missing limits fromX. Note in
particular that a sober space is always a cpo in its spegiaiz ordering [5, Proposition 7.2.13].

It is an enlightening exercise to check ti4iN) is N,,. Also, the topology oS (N) (the upper
topology) coincides with that d,, (the Scott topology). In generak is Noetherian if and only
if S(X) is Noetherian [15, Proposition 6.2], however the upper armtt3opologies do not always
coincide [15, Section 7]. In case of ambiguity, given anygios, we write X, the spaceX with
its Alexandroff topology.

Another important construction is tidoare powerdomairt(X) of X, whose elements are
the closed subsets df, ordered by inclusion. (We do allow the empty set.) We aggunpeit with
the corresponding upper topology.

3. Completions of Wqos

One of the central problems of our study is the definition obmpletionof a wgo X, with all
missing limits added. Typically, the Karp-Miller consttion [16] works not withN*, but with N .
We examine several ways to achieve this, and argue that thahi@same, up to some details.

ADLs, WADLsWe start with Geeraertst al's axiomatization of so-calle@dequate domain of
limits for well-quasi-ordered set¥ [13]. No explicit constructions for such adequate domaiins o
limits is given, and they have to be found by trial and errour @ain result, below, is that there is
a unique least adequate domain of limits: seérificationS(X,) of X,. (Recall thatX, is X with

its Alexandroff topology.) This not only gives a concretensouction of such an adequate domain
of limits, but also shows that we do not have much freedom fimithg) one.

An adequate domain of limifd.3] (ADL) for a well-ordered sef is a triple(L, <,~) where
L is a set disjoint fromX (the set oflimits); (L;) the mapy : L U X — P(X) is such thaty(z) is
downward closed for alt € L U X, andvy(z) = | x « for all non-limit pointsz € X; (L) there
is a limit point T € L such thaty(T) = X; (L3) z < 2/ if and only if v(2) C ~(2’); and (L4) for
any downward closed subsbtof X, there is a finite subséf C L U X such thaty(E) = D. Here
V(E) =U.ep(2).

RequirementI(,) in [13] only serves to ensure that all closed subsets of X can be repre-
sented as$,x F for some finite subsdt: the closed subsétU X itself is then exactly ,ux {T}.
However, [.2) is unnecessary for this, sindeu X already equald;,x F by (L3), whereE ' is
the finite subset of. U X such thaty(E) = L U X as ensured byl(). Accordingly, we drop
requirement(s):

Definition 3.1 (WADL). Let X be a poset. Aveak adequate domain of limif&/ADL) on X is any
triple (L, <, 7) satisfying €1), (Ls), and (4).

Proposition 3.2. Let X be a poset. Given a WADLL, <, ) on X, v defines an order-isomorphism
from (L U X, <) to some subset 61(X,) containingS(X,).

Conversely, assum& wqo, and letY” be any subset df{(X,) containingS(X,). Then(Y \
ns(Xa), X,7) is a weak adequate domain of limits, wherenaps eachr € X to | x « and each
F € Y\ ns(X,) to itself; < is defined by requiremenLy).

Proof. The Alexandroff-closed subsets af are just its downward-closed subsets. -§0) is in
H(X,) for all z, by (L;). LetY be the image ofy. By (L3), v defines an order-isomorphism of
LU X ontoY. It remains to show that” must containS(X,). Let F' be any irreducible closed
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subset ofX,,. By (L4), there is a finite subset C L U X such thatF" = (J, ., v(x). SinceF is
irreducible, there must be a singtec E such thatF' = v(z). SoFisinY.

Conversely, letX be wqo,L = Y \ ns(X,), and~, < be as in the Lemma. Properti€s; |
and (Ls) hold by definition. For¥.4), note thatX, is a Noetherian space, hen§¢X,) is, too
[15, Proposition 6.2]. However, by [15, Corollary 6.5], eyelosed subset of a sober Noetherian
space is finitary. In particular, take any downward closdossti) of X. This is closed inX,,
hence its image)s(D) by the topological embeddings is closed inms(X,), i.e., is of the form
ns(Xq) N F for some closed subsét of S(X,). Also, D = ng'(F). SinceS(X,) is both sober
and Noetherian}" is finitary, hence is the downward-closufex) E’ of some finite subsek’ in
S(X). Let E be the set consisting of the (limit) elementsfihn L, and of the (non-limit) elements
z € X suchthat y = € E'. We obtairy(E) = |,z 2. Onthe other hand) = 53! (F) = {z €
X|loelsx)y '} ={zeX|3zc - |xCz}=,pz=7(E) So{4) holds. m

l.e., up to the coding functior, there is a uniqueninimal WADL on any given wqo.X:
its sobrificationS(X,). There is also a unique largest one: its Hoare powerdofiik,). An
adequate domain of limits in the sense of Geeragtrtd. [13], i.e., one that additionally satisfies
(L) is, up to isomorphism, any subset®f X,,) containingS(X,) plus the special closed sét
itself as top element. We contend tli4tX,) is, in general, the sole WADL worth considering.

Ideal completionsWe have already argued th&f X ), for any Noetherian spac¥, was in a sense
of completion of X, adding missing limits. Another classical constructiorat limits to some
posetX is itsideal completion/dl(X). The elements of the ideal completion Xfare itsideals
i.e., its downward-closed directed families, ordered bylusion. 7dl(X) can be visualized as a
form of Cauchy completion ofX: we add all missing limits of directed families:;),.; from
X, by declaring these families to be their limits, equating fiamilies when they have the same
downward-closure. Iddl(X), the finite elements are the elementsXafformally, the mapy;4; :

X — IdI(X) that sends to | x is an embedding, and the finite elementd @f(X) are those of
the formn; 4 (x). It turns out that sobrification and ideal completion cailgiin a strong sense:

Proposition 3.3([17]). For any posetX, S(X,) = Idl(X).

This is not just an isomorphism: the irreducible closed st#sf X, are exactlythe ideals.
Note also thaf dI(X) is always an algebraic dcpo [5, Proposition 2.2.22, Item 4].

When X is wqo, any downward-closed subset¥fis afinite union of ideals. SdZdl(X) \
X, C,id) isa WADL on X. Proposition 3.2 and Proposition 3.3 entail this, and a loitamn

Theorem 3.4. For any wgoX, S(X,) = Idi(X) is the smallest WADL oX .

Well-based continuous cpoBhere is a natural notion of limit in dcpos: whenevet), ; is a
directed family, considesup,; ;. Starting from a wqa¥, it is then natural to look at some dcpo
Y that would containX as a basis. In particulaY, would be continuous. This prompts us to define
awell-based continuous dcpas one that has a well-ordered basis—namely the originait pos
This has several advantages. First, in general there aegasenotions of “sets of limits” of
a given subsefd C Y, but we shall see that they all coincide in continuous posBteh sets of
limits are important, because these are what we would likg+éiller-like procedures to compute,
through acceleration techniques. Here are the possiblensotFirst, defind.uby (A) as the set
of all least upper bounds i of directed families inA. Second]ndy (A), theinductive hullof
AinY, is the smallest sub-dcpo &f containingA. Finally, the (Scott-topological) closuré(A)
of A. Itis well-known thatcl(A) is the smallestownward closedsub-dcpo ofY” containing A.
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(Recall that any open is upward closed, so that any closeohgst be downward closed.) In any
dcpoY, one hasA C Luby (A4) C Indy(A4) C cl(A), and all inclusions are strict in general. E.g.,
inY = N,, take A to be the set of even numbers. THeuby (A) = Indy (A) = AU {w} while
cl(A) = N,. While Luby (A) = Indy (A) in this case, there are cases whemdy (A) is itself not
closed under least upper bounds of directed families, aedhas to iterate theuby operator to
computelndy (A4). On continuous posets however, all these notions coindideAppendix A].

Proposition 3.5. Let Y be a continuous poset. Then, for every downward-closedesubsef Y,
Indy (A) = Luby (A) = cl(A).
We shall use this in Section 6. The key point now is that, gga@il-based continuous dcpos

coincide with completions of the for§(X,) or Idi(X), and are therefore WADLSs [10, Appen-
dix B]. This even holds for continuous dcpos having a wellffded (not well-ordered) basis:

Proposition 3.6. Any continuous dcp®” with a well-founded basis is order-isomorphic @l (X))
for some well-ordered set. One may take the subset of finite element& dbr Y. If Y is well-
based, thenX is well-ordered.

4. Some Concrete WADLS

We now build WADLSs for several concrete poséfs Following Proposition 3.2, it suffices to
characterizeS(X,). AlthoughS(X,) = Idi(X) (Proposition 3.3), the mathematics §X,) is
easier to deal with thandi(X).

N*. We start withX = N*, with the pointwise ordering. We have already recalled fridr]
that S(N¥) was, up to isomorphism(N,,)", ordered with the pointwise ordering, wheteis a
new element above any natural number. This is the structsed in the standard Karp-Miller
construction for Petri nets [16].

Y*. Let X be a finite alphabet. Thdivisibility ordering | on ¥*, a.k.a. the subsequence (non-
continuous subword) ordering, is defined byas ... a,, | woaiwias...ay,w,, for any letters
ai,as,...,a, € 3 and wordswg,wq,...,w, € X*. There is a more general definition, where
letters themselves are quasi-well-ordered. Our definiScthe special case where the wqo on let-
ters is=, and is the one required in verifying lossy channel systethsHigman’'s Lemma states
that| is wgo onX*.

Any upward closed subséf of >* is then of the form| E, with E finite. For any element
w = aiasy...a, Of E, T w is the regular languagE*a;X*as3* ... X*a,X*. Forward analysis
of lossy channel systems is instead based on simple reguyleessions (SREs). Recall from [1]
that anatomic expressiois any regular expression of the fof, with a € 3, or A*, whereA is
a non-empty subset of. WhenA = {ay,...,a,}, we takeA* to denote(a; + ... + a,)*; o’
denotes{a, ¢}. A productis any regular expression of the fomye, ... e, (n € N), where eacle;
is an atomic expression. simple regular expressigmr SRE is a sum, eithef) or P, + ... + B,
wherePy, ..., P, are products. Sum is interpreted as union. That SREs andi@dre relevant
here is no accident, as the following proposition shows.

Proposition 4.1. The elements of(X}) are exactly the denotations of products. The downward
closed subsets ai* are exactly the denotations of SREs.

Proof. The second part is well-known. ¥ = P, + ... 4+ P is irreducible closed, then by irre-
ducibility £ must equall, hencefF’ is denoted by a product. Conversely, it is easy to show that an
product denotes an ideal, hence an elemedtitfX ) = S(X,) (Proposition 3.3). (]
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Inclusion between products can then be checked in quadiragd1]. Inclusion between SREs
can be checked in polynomial time, too, because of the resbéglproperty thaP;, + ... + P, C
P[ + ...+ P, ifand only if, for everyi (1 < i < m), there is aj (1 < j < n) with 7, C P/ [1,
Lemma 1].Similar lemmas are given by Abduéaal. [3, Lemma 3, Lemma 4] for more general
notions of SREs on words on infinite alphabets, and for a aimmibtion for finite multisets of
elements from a finite set (both will be special cases of omstactions of Section 5). This is
again no accident, and is a general fact about Noetheriarespa

Proposition 4.2. Let X be a Noetherian space, e.g., a wgo with its Alexandroff mpol Every
closed subsef’ of X is a finite union of irreducible closed subséts, ...,Cy,. If C1,...,C], are

also irreducible closed, Thef; U...UC,, C C1U...UC] ifand only if for everyi (1 < i < m),

thereis aj (1 < j < n)with C; C Cj.

Proof. For the first part, by the results of [153(X) is Noetherian and sober, which entails tat
can be written| {z1, ...,z }; now takeC; = ngl(l x;), 1 < i < m (see [10, Appendix C] for
details). The second part is an easy consequence of irtelityci [

Proposition 4.2 suggests to represent closed subsetsas finite subsetsl of S(X), inter-
preted as the closed ¢} , C. WhenX = X7, A is a finite set of products, i.e., an SRE. When
X = NF, Ais afinite subset o, interpreted ag A N N*,

Finite TreesAll the examples given above are well-known. Here is one ihatw, and also more
involved than the previous ones. LEtbe a finite signature of function symbols with their arities.
We let F;, the set of function symbols of arit; Fy is the set ofconstantsand is assumed to be
non-empty. The seT (F) is the set of ground terms built frofh. Kruskal's Tree Theorem states
that this is well-quasi-ordered by the@meomorphic embeddirgdering<, defined as the smallest
relation such that, whenever= f(u1,...,uy,)andv = g(vi,...,v,), v Jvifand only if u J v,
forsomej, 1 < j <mn,or f =g, m=mn,andu; v, us <vg, ..., Uy Jv,,. (As for 2*, we take
a special case, where each function has fixed arity.)

The structure o (7 (F),) is described using an extension of SREs to the tree caseu3éss
regular tree expressions as defined in [6, Section 2.2]Kle a countably infinite set of additional
constants, callettolesd. Most tree regular expressions are self-explanatory, pEX€eene star
L*" and concatenatio.o L. The latter denotes the set of all terms obtained from a teirm’
by replacing all occurrences &f by (possibly different) terms fromd’. The language of a holg
is just{O}. L*" is the infinite union of the languages©f L, L. L, L.oL.o L, etc.

Definition 4.3 (STRE) Tree productandproduct iteratorsare defined inductively by:

e Every holeO is a tree product.

o f'(P,...,P,)isatree product, for an§ € X, and any tree produci®, .. ., P,. We take
f*(Py,...,P,) as an abbreviation fof (Py,..., P.) + P, + ... + P.

o (>, Cy)»P.oP is atree product, for any tree produt anyn > 1, and any product
iteratorsC; overd, 1 < i <n. Wewrite} " | C;for C; + Co + ... + C,,.

e f(P,...,Py)isaproduct iterator over for any f € X, where: 1. eactP;,, 1 <i < kis
eitherO itself or a tree product such thatis not in the language af;; and 2. P, = O for
somei, 1 <i<k.

A simple tree regular expressidBTRE) is a finite sum of tree products.

A tree regular expression tdosediff it has no free hole, where a hole is free QL+, . .., L),
Li+...4 Ly, orin f*(Ly,..., L) iffitis free in someL;, 1 < i < k; the only free hole ird is
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O itself; the free holes of.*" are those of., plusO; the free holes of..5 L’ are those of./, plus
those ofLL exceptd. E.g.,f7(a’,b") and(f(3, ¢’ (a”)) + f(g°(b"), D)) .0’ (a’,b") are closed
tree products. Then [10, Appendix DJ:

Theorem 4.4. The elements &8 (7 (F),) are exactly the denotations of closed tree products. The
downward closed subsets B{F) are exactly the denotations of closed STRES. Inclusiondilde
able in polynomial time for tree products and for STRES.

5. A Hierarchy of Data Types

The sobrification WADL can be computed in a compositional veasywe now show. Consider
the following grammar of data types of interest in verifioati
D == N natural numbers
| A< finite setA, quasi-ordered by
| Dy x...x Dy finite product
|  Dy+...4+ Dy finite, disjoint sum
| D finite words
| D® finite multisets
By compositionglwe mean that the sobrification of any data typé& computed in terms of the
sobrifications of its arguments. E.&(D}) will be expressed as some extended form of products
overS(D,). The semantics of data types is the intuitive one. Finitelpets are quasi-ordered
by the pointwise quasi-ordering, finite disjoint sums by paming elements in each summand—
elements from different summands are incomparable. FopasgtX (even infinite), X * is the set
of finite words overX ordered by thembeddingyuasi-ordering<*: w <* v’ iff, writing w as the
sequence ofn lettersayas . . . a,,, ONe can writev’ aswoa) wyabws . . . wy,—1a,,w),, with a; < af,

as < dby, ...,a, < d,. X®is the set of finite multiset§z, ..., z,[} of elements ofX, and is
quasi-ordered by<®, defined asi{|z1, z2,...,zm[} <® {y1.y2. ..., ynl} iff there is an injective
mapr : {1,...,m} — {1,...,n} such thatr; < y,(; forall4, 1 < i < m. When<is just

equality,m <® m/' iff every element ofn occurs at least as many timesrif as inm: this is the
<™ quasi-ordering considered, on finite s&tsby Abdullaet al. [3, Section 2].

The analogue of products and SREs fof is given by the following definition, which gen-
eralizes thex* case of Section 4. Note thd? is in general annfinite alphabet, as in [3]. The
following definition should be compared with [1]. The only améngful difference is the replace-
ment of (a + €), wherea is a letter, withC”, whereC' € S(X,,). It should also be compared with
theword language generatorsf [3, Section 6]. Indeed, the latter are exactly our prosiuwctA®,
whereA is a finite alphabet (in our notatiord <, with < given as equality).

Definition 5.1 (Product, SRE) Let X be a topological space. L&™* be the set of finite words
on X. ForanyA,B C X*, let AB be {ww' | w € A,w' € B}, A* be the set of words od,
A? = AU {e}.

Atomic expressionare either of the fornC”, with C € S(X), or A*, with A a non-empty
finite subset of5(.X ). Productsare finite sequenceses; ... ex, k € N, andSREsare finite sums of
products. The denotation of atomic expressions is givefi®y] = C*, [A*] = (Ugea [C])*; of

products byfeies ... ex] = [ei] [ez2] - - - [ex]; of SRESbY[P, + ...+ P;] = Ule [P

Atomic expressions are ordered by C c'tiff ¢ C o 0t T Aiff ¢ C ' for some
C'e A, A* I ' A* © A’ iff for every C' € A, thereis a0’ € A’ with C C C’. Products are
quasi-ordered byP C ¢'P'iff (1) e Z ¢’ andeP T P, or (2)e = C7, ¢/ = ¢"*, C C ¢’ and
PC P,or(3)e =A",eC A" andP C ¢/P'. We let=beC N J.
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Definition 5.2 (®-Product,®-SRE) Let X be a topological space. Foramy B C X, letA®
B ={mum' | m e A,m € B}, A® be the set of multisets comprised of elements frdm
AD = {{z]} | z € A} U {0}, wheref is the empty multiset.

The ®-productsP are the expressions of the ford® © C(P ®...0 C(,? , WhereA is a finite
subset ofS(X), n € N, andC, ..., C,, € S(X). Their denotatiof P] is (U 4 C)® ® [[Cl]]® ©)
...®[C,]¥ . They are quasi-ordered By C P’, whereP = A® & (P © ©...0 and
P =A%0C% o o...0c@ iff (1) foreveryC € A, thereis &’ € A’ with C' C ",
and (2) lettingl be the subset of those indicgsl < ¢ < m, such thatC; C C’ fornoC’ € A/,
there is an injective map: I — {1,...,n} such thatC; C C’;(i) forall: € I. Let=belC N J.

Theorem 5.3. For every data typeD, S(D,,) is Noetherian, and is computed bg(N,) = N,;
S(Aga) = AS; S((Dl X ... X Dk)a) = S(Dla) X ... X S(D]m); S((Dl + ...+ Dk)a) =
S(D1y)+...+8(Dy,); S(D*) is the set of products o modulo=, ordered by (Definition 5.1);
S(D®) is the set ofp-products onD modulo=, ordered by (Definition 5.2).

For any data typeD, equality and ordering (inclusion) i§(D,) is decidable in the polynomial
hierarchy.

Proof. We show thatS(D,,) is Noetherian and is computed as given above, by inductiothen
construction ofD. We in fact prove the following two facts separately: 8l)D) is Noetherian D,
not D, ), whereD is topologized in a suitable way, and ()= D,.

To show (1), we topologiz& and A< with their Alexandroff topologies, sums and products
with the sum and product topologies respectively; with the subword topologyviz. the smallest
containing the open subses*U; X*U X* ... X*U,X*, n € N, Uy, Uy, ...,U, open inX; and
X ® with the sub-multiset topologynamely the smallest containing the subsgt8 © U; © Us ®
... ® Uy, n € N, whereUy, U,, ...,U, are open subsets df. The case oN has already been
discussed above. Whedx is finite, it is both Noetherian and sober. The case of finitgpcts is
by [15, Section 6], that of finite sums by [15, Section 4]. Thees ofX*, resp.X ®, are dealt with
in [10, Appendices E, F].

To show (2), we appeal to a series of coincidence lemmas,isbdhat(X™*), = X and that
(X®), = X& notably. The other cases are obvious.

Finally, we show that inclusion and equality are decidahl¢hie polynomial hierarchy. For
this, we show in the appendices that inclusion&{D*) is C on products, and is decidable by a
polynomial time algorithm modulo calls to an oracle deaidinclusion inS(D). This is by dynamic
programming. Inclusion i§(D®) is C on ®-products, and is decidable by a non-deterministic
polynomial time algorithm modulo a similar oracle. We cama#® since the orderings &%, and on
A< are polynomial-time decidable, while inclusion$tD; x ... x Dy) = S(D;) x ... x S(Dy)
and inS(Dy + ...+ Dg) 2 S(Dy) + ... + S(Dy) are polynomial time modulo oracles deciding
inclusion inS(D;), 1 <i < k. m

Look at some special cases of this construction. Fifstis the data typ& x ... x N, and we
retrieve thatS(N¥) = NE. Second, whent is a finite alphabetA* is given by products, as given in
the X* paragraph of Section 4; i.e., we retrieve the products (aREs$ of Abdullaet al. [1]. The
more complicated cased®)* was dealt with by Abdullat al. [3]. We note that the elements of
S((A®)*) are exactly theiword language generatorsvhich we retrieve here in a principled way.
Additionally, we can deal with more complex data structigesh as, e.g(((N x A<)* x N)®)®,

Finally, note that (1) and (2) are two separate concernséamtof of Theorem 5.3. If we
are ready to relinquish orderings for the more general tapoal route, as advocated in [15], we
could also enrich our grammar of data types with infinite tamsions such a®(D), whereP(D
is interpreted as the powerset bfwith the so-called lower Vietoris topology. In fac(P(X)) =
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‘H(X) is Noetherian whenevex is, and its elements can be representefihéte subsetsA of S(X),
interpreted a% ). , C [10, Appendix G]. In a sense, whilg(X,) = Idl(X) for all ordered spaces
X, the sobrification construction is more robust than thelideapletion.

6. Completing WSTS, or: Towards Forward Procedures Computng the Cover

We show how one may use our completions on wqos to deal withaiat analysis of well-
structured systems. We shall describe this in more detaihother paper. First note that any data
type D of Section 5 is suited to applying the expand, enlarge andkchkyorithm [13] out of the
box to this end, since thefi(D,) is (the least) WADL forD. We instead explore extensions of
the Karp-Miller procedure [16], in the spirit of Finkel [9F @merson and Namjoshi [7]. While the
latter assumes an already built completion, we construéti$so, we make explicit how this kind of
acceleration-based procedure really computes the coget, Post*(| x), in Proposition 6.1.

Recall that avell-structured transition systefWSTS) is a tripleS = (X, <, (6;)~,), where
X is well-quasi-ordered by, and each); : X — X is a partial monotonic transition function.
(By “partial monotonic” we mean that the domain &fis upward closed, andl is monotonic on
its domain.) LettingPre(A) = (JI_, 8; ' (A), Pre®(A) = A, and Pre*(A) = Upen Pref(A),
it is well-known that any upward closed subsetXfis of the formT FE for some finiteE C X,
and thatPre*(1 E) is an upward-closed subsetz’, E’ finite, that arises alg);", Pre® (1 E) for
somem € N. Hence, provided is decidable and; (1 F) is computable for each finit&, it is
decidable whether € Pre*(7 E), i.e., whether one may rea¢hF from z in finitely many steps.
Itis equivalent to check whethgre | Post*(| x) for somey € E, wherePost(A) = |J;; §;(A),
Post®(A) = A, andPost*(A) = ey Post™(A).

All the existing symbolic procedures that attempt to coraputPost*(| x), even with a fi-
nite number of accelerations (e.g., Fast, Trex, Lash), cdy acompute subsets of the larger set
Lub(] Post*(] x)). In general,Lub(] Post*(] x)) does not admit a finite representation. On
the other hand, we know that the Scott-closuiiePost*(| x)), as a closed subset &&ll(X) (in-
tersected withX itself), is always finitary. Indeed, it is also a closed sulgeS(X,) (Proposi-
tion 3.3), which is represented as the downward closure bélfyrmany elements af (X, ). Since
Y = IdI(X) is continuous, Proposition 3.5 allows us to conclude thaby (| Post*(] z)) =
cl(Post*(] x)) is finitary—hence representable provid&ds one of the data types of Section 5.

This leads to the following construction. Any partial maomatc mapf : X — Y between
quasi-ordered sets lifts to @ntinuouspartial mapSf : S(X,) — S(Y,): for each irreducible
closed subset (a.k.a., ided@l)of S(X,), eitherC Ndom f # P andSf(C) = | f(C)={y e Y|
dr e CNndom f -y < f(x)}, orCNdom f = () andSf(C) is undefined. Theompletionof a
WSTSS = (X, <, (6;)7,) is then the transition systed = (S(Xa), S, (S6:)iq)-

For example, whetX = N*, andS is a Petri net with transitiond; defined av;(r) =7+ d;
(whered;- € ZF; this is defined whenevet + d € Nk, thens is the transition system whose set of
states isS(X) = Nk, and whose transition functions a®s; (') = Z + d;, whenever this has only
non-negative coordinates, taking the convention ¢hatd = w for anyd € Z.

We may emulate lossy channel systems through the follouingtional-lossychannel systems
(FLCS). For simplicity, we assume just one channel and nal Istate; the general case would only
make the presentation more obscure. An FLCS differs from@8 In that it loses only the least
amount of messages needed to enable transitions. Xake ¥* for some finite alphabet: of
messages; the transitions are either of the @) = wa; for some fixed lettet,; (sendingz; onto
the channel), or of the formy (w) = w, Wheneverw is of the formw; a;ws, with w; not containing
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a; (expecting to receive;). Any LCS is cover-equivalent to the FLCS with the same seam$
receives, where two systems amver-equivalenif and only if they have the same setost*(F')
for any downward-closed’. EquatingS(X*) with the set of products, as advocated in Section 4,
we find that transition functions of the first kind lift 85;(P) = Pa; , while transition functions
of the second kind lift t0:S5;(e) is undefined Sd;(a’P) = S5;(P) if a; # a, Séi(a;P) = P,
S0;(A*P) = §6;(P) if a; ¢ A, S0;(A*P) = A*P otherwise. This is exactly how Trex computes
successors [1, Lemma 6].

In general, the results of Section 5 allow us to use any doofalatatypedD for the state space
X of S. The constructiorf then generalizes all previous constructions, which usdzbtdefined
specifically for each datatype.

The Karp-Miller algorithm in Petri nets, or the Trex proceelfor lossy channel systems, gives
information about the cover Post*(| z). This is true ofany completionS as constructed above:

Proposition 6.1. Let S be a WSTS. LeRost be thePost map of the completioﬁ. For any closed
subsetr’ of S(X,), Post(F) = cl(Post(FNX)),andPost (F) = cl(Post*(FNX)). Hence, for
any downward closed subsktof X, | Post(F) = X N Post(F), | Post*(F) = X N Post (F).

Proof. Let F' be closed inS(X,). Post(F) = U, cl(6;(F)) = cl(U, 6:(F)) = cl(Post(F)),

/\k;
since closure commutes with (arbitrary) unions. We theimcthat Post (F) = cl(Post*(F)) for
eachk € N. This is by induction ork. The caseg = 0,1 are obvious. Whe& > 2, we use

the fact that, for any continuous partial m@p () cl(f(cl(A))) = cl(f(A)). Thenfo?tk(F) =
—k—1
Ui cl(di(Post(F))) = Uiy cl(di(cl(Post™(F)))) = Uiy cl(d;(Post*'(F))) (by ()

—% —k
= cl(Post*(F)). Finally, Post (F) = Uyey Post (F) = Upen c(Post®(F)) = cl(Post*(F)).
We conclude, since for ang C X, | A is the closure ofd in X,; the topology ofX, is the
subspace topology of that 6f X, ); so, writingcl for closure inS(X,), | A = X Ncl(A). (]

Writing F as the finite unioi®, U. . .UCy, whereCy, ..., Cy € S(X,), @(F) is computable
asUy <y i<k S01(Ciy)U...USE,(C;, ), assumingSs; computable for each (We takeSd;(C;)
to mean( if undefined, for notational convenience.) Althougd; may be uncomputable even
wheny; is, it is computable on most WSTS in use. This holds, for eXanfpr Petri nets and lossy
channel systems, as exemplified above.

So it is easy to computg Post(| x), as (the intersection ok with) J%?t(l x). Computing

| Post*(| x) (our goal) is also easily computed R@*(l x) (intersected withX again), using
acceleration techniques for loops. This is what the Karpekiconstruction does for Petri nets, what
Trex does for lossy channel systems [1]. (We examine teftinimégssues below.) Our framework
generalizes all these procedures, using a weak accelerggumption, whereby we assume that
we can compute the least upper bound of the values of loodtek times, & € N. For any
continuous partial mag : Y — Y (with open domain) on a dcpW, let theiteration g be the
map of domainlom g such thag(y) is the least upper bound ¢§* (y)) .o if ¥ < g(y), andg(y)
otherwise. LetA = {Sd1,...,80,}, A* be the set of all composites of finitely many maps from
A. Ouracceleration assumptiois that one can compu®y) for anyg € A*, y € S(X,). The
following procedure then computgsPost*(| z), as (the intersection of with) fo\st*(l x), itself
represented as a finite union of elementsSok, ): initially, let A be {z}; then, whilePost(A) ¢

| A, choose fairly(g,a) € A* x A such thata € dom g and addg(a) to A. If this terminates,A

is a finite set whose downward closure is exagtlyost*(| x). Despite its simplicity, this is the
essence of the Karp-Miller procedure, generalized to a&lalass of spacek.



inria-00359699, version 1 - 9 Feb 2009

444 A. FINKEL AND J. GOUBAULT-LARRECQ

Termination is ensured for flat systems, i.e., systems wbaseol graph has no nested loop, as
one only has to compute the effect of a finite number of loopgieineral, the procedure terminates
on cover-flattablesystems, that is systems that are cover-equivalent to satngy8tem. Petri nets
are cover-flattable, while, e.g., not all LCS are: recallt,tha an LCS,| Post*(| z) is always
representable as an SRE, however not effectively so.

7. Conclusion and Perspectives

We have developed the first comprehensive theory of downwlasid subsets, as required for
a general understanding of forward analysis techniques®T 8/ This generalizes previous domain
proposals on tuples of natural numbers, on words, on mtdfisfowing for nested datatypes, and
infinite alphabets. Each of these domains is effective, insbnse that each has finite presenta-
tions with a decidable ordering. We have also shown how themef sobrificationS(X,) was
in a sense inevitable (Section 3), and described how thieaptm compute downward closures
of reachable sets of configurations in WSTS (Section 6). \Vée pb describe such new forward
analysis algorithms, in more detalil, in papers to come.
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