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Abstract: A stationary M/M/1 Processor-Sharing queue with Bernoulli feedbacks is con-
sidered in this paper. Jobs arrive externally with rate A and require services whose average
is 1/p; after completing a service, a job leaves the system with probability o and rejoins
the queue with probability 1 — . The queue is stable when the offered load, p = \/(au),
satisfies p < 1. The distribution of the queue seen by a tagged job which has joined the
queue n times already is investigated.
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La propriété ASTA des files d’attente processor-sharing
avec feed-back

Résumé : On étudie la distribution vue par un client qui revient pour la n-iéme fois dans
une file processor-sharing avec bouclage.

Mots-clés : Partage égalitaire. ASTA.
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The motivation for this short note arose from an e-mail discussion between I. Mitrani,
W. Whitt and M. Reiman, concerning, essentially, a stationary M/M/1 Processor-Sharing
queue with Bernoulli feedbacks. Jobs arrive externally with rate A and require services
whose average is 1/u; after completing a service, a job leaves the system with probability
« and rejoins the queue with probability 1 — . The queue is stable when the offered load,
p =M (au), satisfies p < 1.

The question is whether a tagged job which has joined the queue n times already, sees the
equilibrium queue size distribution upon the n + 1’st visit or not. Two opposing arguments
were put forward. On the one hand, this model is a simple special case of a separable queue-
ing network and therefore, by the ASTA property (Arrivals See Time Averages), the queue
size distribution at arrival instants, external and internal, is the same as the equilibrium
distribution:

pi=(1—p)p',i=0,1,.... (1)
However, the ASTA property in networks with probabilistic routing refers to the sequence
of all arrival instants, not the particular subsequence consisting of the consecutive feedbacks
by a given job. A priori, it is possible that such a selection of observation points affects the
observed distribution.

The counter-argument proceeds as follows: suppose that the tagged job has fed back
many times, and hence its total sojourn in the queue has been long. During all that time,
it has occupied a fraction of the available service capacity (according to the PS scheduling
policy), leaving, in effect, a slower server for the other jobs. Therefore, at the n + 1’st
feedback instant, the queue will tend to be longer than the one seen when the job first
arrived into the system.

The long-term effect of a job that does not depart can be quantified. Consider a modified
model where, in addition to the ‘normal’ jobs which come and go, there is one ‘special’
job which feeds back with probability 1, i.e. never leaves the system. Then, solving the
Birth-and-Death equations for the number of normal jobs in the system, we find a different
equilibrium distribution from ({):

pi=1—=p2@GE+1p",i=0,1,.... (2)

The average queue size corresponding to () is 2p/(1—p). Thus, the presence of a long-lasting
job effectively doubles the average queue size of normal jobs. However, the distribution () is
seen by random observers and normal arrivals; a priori, the distribution seen by the special
job may be different.

Although there has been a considerable amount of work on ASTA [2, @, |5, 6]), the above
question appears to be open. Most of the available results, in the context of networks with
probabilistic routing, concern the sequence of all arrival instants at a node, rather than the
consecutive visits to it by a particular job. The network models discussed by Kelly [2] allow
a job to be characterized by the route it takes; the corresponding ASTA result (Corollary
3.5) applies to jobs that have taken a particular route. However, those models specifically
exclude immediate feedbacks and so do not cover our system. A special case of a feedback
queue was examined by Lam and Shankar [3], who showed that the queue size distribution at
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feedback instants is independent of the number of feedbacks. However, the queueing policy
in that model was FIFQO. This leaves a small gap in the ASTA literature, which the present
note aims to fill.

The answer to the raised question is provided by the following:

Proposition 1 In the open PS queue with Bernoulli feedbacks, if a tagged job sees queue
size distribution ([d) ot its n’th feedback instant, then it sees {ll) at the n + 1’st feedback
instant (note that the job itself is not included in the number that it sees).

Since the tagged job sees distribution ([Il) when it first arrives into the system (that is
the PASTA property — Poisson Arrivals See Time Averages), Proposition 1 implies that it
sees distribution () at every feedback instant, regardless of their number.

Thus, while the tagged job remains in the system, it certainly causes the queue size
to increase. However, the job itself does not see that increase. This apparent paradox
can be explained intuitively by remarking that when the queue is short, the tagged job
circulates faster. Thus, it tends to see shorter queues more frequently than a random
observer. Similarly, when the queue is long, the tagged job circulates slowly and hence
tends to see longer queues less frequently than a random observer. It turns out that this
observational bias exactly counteracts the lengthening effect the tagged job has on the queue.

Proposition 1 shows that also in the modified model, where one special job feeds back
with probability 1, the distribution of normal jobs that it sees at feedback instants is (),
despite the fact that random observers and normal arrivals see distribution ([ )). In fact, we
shall prove a more general result:

Proposition 2 If, in addition to the normal jobs, there are k special jobs which feed back
with probability 1, then the stationary distribution of the number of normal jobs seen by a
giwen special job at feedback instants is equal to the stationary distribution of the number of
normal jobs in a system with k — 1 special jobs.

Proposition 2 is consistent with an ASTA property that holds in mixed queueing net-
works, see [6]. However, that result refers to the state seen at all consecutive service comple-
tion instants, regardless of the identity of the completing job. Here we are concerned with
the state seen at a sub-sequence of those instants, i.e., the consecutive service completions
for a given (arbitrary) special job. The method used to establish Proposition 2 is of some
interest in its own right.

Proof of Proposition 1

Let ¢;; be the conditional probability that the tagged job sees j jobs in the system at
the completion of its service, given that it saw i jobs when the service started. Using the
memoryless property of the exponential distribution, and conditioning upon the nature of
the next event to occur (either an arrival or a service completion), we can write a set of
recurrence equations:

A I i 1
i = it Ty T i-1, + (L —)gi ]+ ——=0ij ¢
i,j )\+uQ+1,J+/\+u{Z+1[aq 15+ ( oz)q,]]—i-H_1 ,]} (3)
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where 0; ; = 1if i = j and 0 otherwise. The first term in the right-hand side of () expresses
the fact that, if the next event is an arrival, then the tagged job may be considered to start
its service in the presence of i + 1 other jobs. The second term covers the case when the
next event is a service completion: if one of the other jobs completes, then the tagged job
sees i — 1 or i jobs depending on whether there is a departure or a feedback; if the tagged
job completes, then the state seen is j iff ¢ = j.

Multiplying both sides of @) by (A + p)(i + 1) and rearranging, that equation can be
rewritten as

gijlia(p+1)+ap+1] = (i + Dapgit1,; +iagi—1,; + i ; - 4)

It is convenient to introduce the generating functions

oo

gj(z):ZQi,jzi,j:O,l,... . (5)

i=0
If the tagged job saw distribution () at its n’th feedback, then, according to the definitions
of ¢; ; and g;(z), the probability that it sees j jobs at the n + 1’st feedback is given by

q-,j:(l_[))gj(p),j:071,-~- . (6)

Multiplying (@) by 2° and summing over all 4, those recurrences can be transformed into
first order differential equations:

alp—(p+ 1)z +2%g;(2) = [1 + ap — az]gj(2) =2/, j =0,1,... . (7)

Now, setting z = p in (@), the left-hand side vanishes and we obtain

or, according to (@), _
¢;=~0=p)p .
This establishes Proposition 1.

Proof of Proposition 2

We use a time-change argument similar to the one in Grishechkin [1]. Let B = {B(t); ¢t > 0}

be the Birth-and-Death process which, when in state 4, has a birth rate of (i + k)X and death

rate of iau. It is easily verified that B is stable when p < 1 and its equilibrium distribution

is given by

(i+k—1)!
il(k—1)!

When k = 1, this coincides with ().

(i) = pil=pk,i=0,1,.... (8)
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Define the (strictly increasing) function

At) = /0 [B(s) + k|ds , ©)

and let C(t) be its inverse: C(A(t)) = A(C(t)) = t. Then consider the process L = {L(t) =
B(C(t)); t > 0}. Since the jumps of L are uniquely mapped to jumps of B, L is also a
Birth-and-Death process. To obtain its birth rate, when in state i, we write

P(L(t+h)=i+1|L(t)=4)=P(B(C{t+h))=i+1|B(C(t)) =1)
= P(B[C(t) + hC'(t)] =i+ 1| B(C(t)) = i) + o(h)
= (i + k)AR[C'(t)| B(C(t)) =1i] + o(h) , (10)
where, according to (@) and the definition of C(t),

C'@IBEE) =i = A’(Cl*(t)) - B(c(z)) T (D

Substituting (1)) into @), dividing by h and letting h — 0, we find that the birth rate of L
in state ¢ is \. Similarly, the death rate of L in state i is aui/(i+ k). These are precisely the
birth and death rates of the modified model with & special jobs. The equilibrium distribution
of L is given by

7)',)1'(1 — ) i=0,1,... . (12)

When k =1, ([ coincides with ).
Since L(t) represents the number of normal jobs present in the system at time ¢, the
amount of service that a special job receives during the interval [0, A(x)] is equal to

O A
/0 L(s)+kd8_/0 st—/o B(u)—|—kdu_x' (13)

In other words, A(x) is the time necessary for a special job to obtain service x.

Now consider the embedded Markov chain B(¢,), where the sequence t,, forms a Poisson
process with rate pu. By the PASTA property, the equilibrium distribution of B(t,,) is given
by ). Hence, the equilibrium distribution of the embedded Markov chain L(A(t,,)) = B(t,)
is given by ®). But, according to ([[3), the sequence A(t, ) represents the consecutive instants
when the special job completes exponentially distributed services with mean 1/yu, i.e., the
consecutive feedback instants for a special job. Therefore, the equilibrium distribution of
the number of normal jobs that a special job sees at feedback instants is (§), while the
distribution seen by random observers and normal arrivals is ([[2), q.e.d.
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