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The apportionment of quadratic entropy: 
a useful alternative for partitioning 

diversity in ecological data
Sandrine Pavoine1* and Sylvain Dolédec2

Many methods that study the diversity within hierarchically structured populations have been

developed in genetics. Among them, the analysis of molecular variance (AMOVA) (Excoffier

et al., 1992) has the advantage of including evolutionary distances between individuals.

AMOVA is a special case of a far more general statistical scheme produced by Rao (1982a;

1986) and called the apportionment of quadratic entropy (APQE). It links diversity and

dissimilarity and allows the decomposition of diversity according to a given hierarchy. We

apply this framework to ecological data showing that APQE may be very useful for studying

diversity at various spatial scales. Moreover, the quadratic entropy has a critical advantage

over usual diversity indices because it takes into account differences between species. Finally,

the differences that can be incorporated in APQE may be either taxonomic or functional

(biological traits), which may be of critical interest for ecologists.

Keywords: dissimilarity, functional diversity, macroinvertebrates, Rao’s axiomatization,

taxonomy

1. Introduction

Biodiversity means variability of life in all its form, levels and combination including

genetic diversity, species diversity and ecosystem diversity (see e.g. Heywood and

Watson, 1995). The study of biodiversity thus covers a wide range of disciplines.

Within each discipline, several indices or statistical methods have been developed to

measure biodiversity. This enormous quantity of specific biodiversity measurements

*Corresponding author.

1Laboratoire de biométrie et biologie évolutive, UMR CNRS 5558, Université Lyon I, 69622,
Villeurbanne Cedex, France;

E-mail: pavoine@biomserv.univ-lyon1.fr
2Laboratoire d’écologie des hydrosystèmes fluviaux UMR CNRS 5023, Université Lyon I,

69622, Villeurbanne Cedex, France

1



Acc
ep

te
d 

M
an

us
cr

ip
t

requires a more general framework since diversity is a property common to any

biological element whatever its scale and type. Such a framework was initiated by

Rao (1986) who proposed a set of axioms listing the properties required for a given

measure to be considered as a measure of diversity.

Several methods dealing with genetic diversity in subdivided populations have

been developed (Excoffier, 2001). Every method decomposes genetic diversity into an

average genetic diversity within demes and a genetic diversity among demes. If demes

are themselves hierarchically structured, genetic diversity within demes can be

decomposed as well. Such approaches are currently used for decomposing gene

diversity. (Nei, 1973; Weir and Cockerham, 1984; Finkeldey, 1994), nucleotide

diversity (Nei and Li, 1979; Nei and Tajima, 1981; Nei and Jin, 1989; Crease et al.,

1990; Lynch and Crease, 1990; Nei and Miller, 1990; Holsinger and Mason-Gamer,

1996), microsatellite diversity (Slatkin, 1995), and any kind of genetic diversity

(Excoffier et al., 1992).

Similar to genetic data, ecological data are hierarchically structured according to

spatial and temporal scale (Frissell et al., 1986; Kolasa, 1989) and taxonomy in case

of community ecology. Whittaker (1960, 1972) defined important concepts stating

that the total c-diversity of a region includes two components: a-diversity which

represents within-community diversity and b-diversity which characterizes the degree

of change in species diversity along environmental gradients. In the traditional

multiplicative approach (Whittaker, 1960, 1972), b-diversity is the ratio between

total diversity (c) and a-diversity. Recently many authors stated that the decompo-

sition of the total diversity into within- and between-community diversity should be

additive (e.g., Veech et al., 2002; Ricotta, 2003), as formerly suggested by Allan

(1975) and Pielou (1975) for example. Such an additive partition of diversity can be

expanded to various levels of organization and has potential application to multiple

scales (Lande, 1996). Moreover it provides commensurable measures of within- and

between-community diversity (Wagner et al., 2000; Veech et al., 2002). Despite the

bewildering range of diversity indices, ecologists lack methods that can simulta-

neously analyze all components of diversity by taking into account both the abun-

dance of the species and the dissimilarities among species.

In this paper, we highlight that Rao’s apportionment of quadratic entropy

(APQE, Rao, 1982a) is a fundamental basis allowing the partition of diversity

suited to any kind of data. Although this method has been used extensively in

genetics under the name of AMOVA, it is rather new in Ecology. We illustrate

the potential of APQE using an ecological data set including two scales and

various types of biological information such as species composition and trait

composition.

2. The apportionment of quadratic entropy

We will restrict our approach to hierarchically structured data (e.g., nested sampling

design, taxonomic hierarchy). With this type of data, Rao (1986) provided two rules

needed to characterize a measure of diversity (H). The first one is that H must be

obviously nonnegative. The second one concerns concavity, which means that the

diversity in two mixed sets (communities, regions or taxonomic levels, for example)
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must be higher than the average diversity within each set in order to avoid negative

values for the components of diversity (see also Lande, 1996).

In this context, Rao (1982b, 1984) developed the apportionment of diversity

(APDIV) as an appropriate method for partitioning diversity in hierarchically

structured data.

Let us consider any N entities distributed among subsets nested into r groups.

Group i contains si subsets. Each entity belongs to one out of n categories. Let

and lij be a priori probabilities associated with group i and the subset j of group i,

respectively. These probabilities usually are the relative size (entity number) of each

group or subset. Let pij be a vector that contains the frequencies of the categories in

the subset j of group i. The frequencies of the categories in group i as a whole are

given by the vector pi� ¼
Psi

j¼1 lijpij; and their frequencies in all the groups mixed

together are given by the vector p�� ¼
Pr

i¼1 kipi�. Further consider H as a measure of

diversity being nonnegative and concave. Then the APDIV is defined as

Hðp��Þ ¼
X

r

i¼1

ki
X

si

j¼1

lijHðpijÞ

þ
X

r

i¼1

kiHðpi�Þ �
X

r

i¼1

ki
X

si

j¼1

lijHðpijÞ

þHðp��Þ �
X

r

i¼1

kiHðpi�Þ: ð1Þ

The index H(p•• ) measures the total diversity within all the groups mixed together.

In the right-hand side of equation (1), the first row represents the diversity within

subsets and within groups, the second corresponds to the diversity among subsets

but within groups, and the last one stands for the diversity among subsets and

among groups.

Rao and colleagues (Rao and Nayak, 1985; Liu and Rao, 1995) applied this

general approach to a particular diversity index called ‘‘quadratic entropy’’. This

index was introduced by Rao (1982b) to link diversity measurements with dissimi-

larity coefficients. Let D be a n · n matrix containing the dissimilarities dkl between

any categories k and l (1 £ k £ n and 1 £ l £ n). Matrix D is symmetric with null

values on the diagonal. The quadratic entropy is defined as

HD pð Þ ¼ ptDp ¼
X

n

k¼1

X

n

l¼1

pkpldkl

where p ¼ p1 � � � pk � � � pnð Þ is a frequency vector, either pij, pi• or p•• with the above

notations.

As stated by Rao (1986), a diversity measure can be decomposed along a nested

sampling provided that it is nonnegative and concave. HD is always nonnegative be-

cause it only sums up frequencies and distances which are nonnegative. In order to

assure its concavity, we only consider dissimilarity matrices D such that the matrix

noted D
1
2, which contains the square root of the values in D, is Euclidean (Rao, 1984;

Rao and Nayak, 1985; Champely and Chessel, 2002) that is to say n points Mk

(k=1,2,...,n) can be embedded in a Euclidean space so that the Euclidean distance

between Mk and Ml is
ffiffiffiffiffiffi

dkl
p

. (Gower and Legendre, 1986). Note that a nonEuclidean
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dissimilaritymatrix can be transformed into aEuclidean dissimilaritymatrix (Lingoes,

1971; Cailliez, 1983). The APDIV applied to the quadratic entropy is called appor-

tionment of quadratic entropy (APQE). APQE generalizes other types of decompo-

sition of diversity indices: the categorical analysis of variance (CATANOVA, Light

and Margolin, 1971), which decomposes Gini–Simpson index, and the analysis of

variance (ANOVA, Fisher, 1925), which partitions the variance of a quantitative

variable.APQE is equal toCATANOVAwhen the dissimilarities among the categories

are all equal to 1 (D=11t)I, where 1 is a n · 1 vector of units and I is the n · n identity

matrix) (Nayak, 1986a). It is equal to the ANOVA when the dissimilarity between the

entities k and l is equal to yk � ylð Þ2, where yk and yl are the values taken by a quan-

titative variable for the entities k and l, respectively (Rao, 1984).

3. Use of APQE: from genetics to ecology

Fifteen years before Rao’s axiomatization the quadratic entropy was introduced

probably for the first time by two ecologists (Hendrickson and Ehrlich, 1971) to take

into account differences between species in a diversity index. However, for the last

25 years, this index has been given success mostly in genetics. Two teams of genet-

icists have contributed to the use of quadratic entropy. First, Nei and collaborators

(Nei and Li, 1979; Nei and Tajima, 1981) designed indices similar to quadratic

entropy in order to measure nucleotide diversity. In that case, the entities are

organisms and the categories represent particular DNA sequences. Second, Excoffier

et al. (1992) developed a decomposition similar to the apportionment of the qua-

dratic entropy widely used in genetics (see for example Bosch et al., 1999; Olsen

et al., 2003; Lecis and Norris, 2004; Qiu et al., 2004; Vences et al., 2004). This

decomposition, called analysis of molecular variance (AMOVA), treats data where

individuals (entities) generally belonging to the same species are sampled from sev-

eral populations (subsets). These populations may be grouped into clusters, which

may be themselves grouped into larger clusters thus generating a hierarchical

structure. Furthermore, each individual is characterized by one or two genetic traits

(categories) and genetic dissimilarities among traits are computed.

This data scheme may be easily transposable to ecological data since the analysis

of species diversity should take into account the dissimilarities between species, the

abundance of species within communities and the hierarchical structure of com-

munities.

Several ecologists have recently rediscovered Rao’s work and have suggested

applying quadratic entropy to their particular ecological data (Izsak and Papp,

1995; Watve and Gangal, 1996; Izsak and Papp, 2000; Shimatani, 2001;

Champely and Chessel, 2002; Izsak and Szeidl, 2002). In that case, the diversity

within a fauna or a community is under concern and differences between species

are estimated in terms of taxonomy or trait. Izsak and Szeidl (2002) even showed

that quadratic entropy may decrease with the number of species. Indeed in a

community where species are different in terms of genetics or traits, if the

additional species are very close to the others the mean of the between-species

dissimilarities decreases. To our knowledge, only Champely and Chessel (2002)

have applied the partition of Rao’s quadratic entropy to ecological data, as
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formerly suggested by Woollcott Smith in his discussion following Izsak and

Papp (1995) paper.

4. An ecological application in hydrobiology

To illustrate the potential of APQE for analyzing and decomposing diversity in

ecological data, we selected a data set published in aquatic ecology by Ivol et al.

(1997). These authors aimed at analyzing changes in macroinvertebrate assemblages

along the course of a large river. Fluvial hydrosystems are in essence hierarchically

organized from microhabitats to entire watersheds (Frissell et al., 1986) and thus

provide an adequate model for decomposing diversity. Furthermore, approaches at

the community level presuppose the use of species lists to compare assemblages

among various environmental situations. Such approaches thus imply to consider

how species aggregate. Taxonomic aggregation has been mostly used (Corkum and

Ciborowski, 1988), however functional aggregation according to biological traits

such as size or reproduction (Statzner et al., 1997) or feeding types (Vannote et al.,

1980) may enable larger scale comparisons and provide much more general infor-

mation about ecosystem functioning.

Computations and graphical displays were done using the R statistical software

(Ihaka and Gentleman, 1996). Programs and functions for computing AMOVA and

quadratic entropy are available in the ade4 package of the R environment; and the

APQE function is available by request to the first author of the paper.

4.1 Data set

A total of 38 sites were surveyed along 800 km of the Loire River yielding 40 species

of Trichoptera and Coleoptera sampled from riffle habitats (see Ivol et al., 1997 for

further details on sampling). The river was divided into three regions according to

geology: granitic highlands (Region#1), limestone lowlands (Region#2) and granitic

lowlands (Region#3).

Two species traits were selected from existing databases (Usseglio-Polatera et al.,

2000; Statzner et al., 2001; Gayraud et al., 2003). These trait databases summarise

the available European knowledge accumulated over the 20th century for all easily

identifiable freshwater invertebrates of France. We selected maximal size, which

usually indicates the ratio of production/biomass and of production/respiration in

lotic invertebrate (Statzner, 1987) and has many implications for many other func-

tions in the ecosystem. We also considered the functional feeding groups, which have

been largely documented since the works of Cummins (1974) and represent cor-

nerstone in the river continuum concept (Vannote et al., 1980). In these databases,

for each of the two traits, the affinity of each species to each trait category is

quantified using a fuzzy coding approach, (Chevenet et al., 1994). The maximal size

achieved by the species is divided into five length categories ranging from £ 5

to >40 mm. Feeding habits comprise seven categories: engulfers, shredders, scrap-

ers, deposit-feeders, active filter-feeders, passive filter-feeders and piercers. A score is
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assigned to each species for describing its affinity for a given trait category from ‘‘0’’

which indicates no affinity to ‘‘3’’ which indicates high affinity. These affinities are

further transformed into percentage per trait per species. The percentage of affinity

of the species k for the category m is noted qkm.

4.2 Dissimilarity measurements

We used four criteria to compute the dissimilarities among species: equidistance,

body size, feeding habits and taxonomy. For the equidistance, the dissimilarity be-

tween two species was arbitrarily set to 1 meaning an equivalence between species.

To compute dissimilarities from the fuzzy variables (body size and feeding habit), we

selected the Manly’s distance. (Manly, 1994, formula 5.8 p. 68) defined as

dkl ¼ 1�
X

M

m¼1

qkmqlm

,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

M

m¼1

q2km

X

M

m¼1

q2lm

( )

v

u

u

t

where dkl is the dissimilarity between species k and l, M is the number of categories

(five for the maximal-size trait and seven for the feeding-habit trait), and 9 km and

qlm are the percentages of affinities of species k and l for the category m of either the

body size or the feeding habit depending upon which criteria is concerned. Quadratic

entropy applied to dissimilarities taking into account species traits yields a measure

of functional diversity (Petchey and Gaston, 2002). For computing taxonomic dis-

similarities we used the index proposed independently by Izsak and Papp (1995) and

Warwick and Clarke (1995): the dissimilarity equals 1 between two species of the

same genus, 2 between two species of different genera belonging to the same family, 3

between two species of different families belonging to the same order and 4 between

two species belonging to a different order.

4.3 Decomposition of the quadratic entropy

Since the value of total diversity depends on the type of biological variable we

compared the decomposition of the total diversity in terms of percentage. Within-site

diversity incorporated from 50 to about 65% of the total diversity (Table 1). Values

were very stable across the indices. Only feeding groups demonstrated a lower

diversity at this scale linked to a higher diversity among sites. The diversity among

sites within regions contained from 24 to 36% of the total diversity. Finally, the

diversity among regions ranged from 9 to 14% of the total diversity. For comparing

values of diversity across spatial scales, we had to take into account the number of

independent items (degree of freedom) at each scale. To test the within-scale dif-

ferences several methods have been proposed. Nayak’s process (1986a, b) tests if the

organisms are independently divided into the sites according to a multinomial dis-

tribution. This distribution is assumed to be constant first across regions and second

across sites within each region. Our data highly differs from both assumptions. Two

interpretations are possible: either the sites and regions are indeed different, or the
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distribution of the organisms across the sites is not multinomial. Macroinvertebrates

show patchy distributions according to levels of environmental disturbance (Levins

and Paine, 1974). Those aggregations imply that, sampling an individual from a

species increases the chance of observing other individuals from the same species.

The multinomial assumption is thus here invalidated. Excoffier et al. (1992) sug-

gested permutation tests to avoid distribution assumptions. They performed test on

the differences between regions by permuting sites across regions. We choose this

permutation scheme because it suits our data by taking into account the aggregation

of individuals. For each permutation, we compute the ratio of the diversity between

regions to the diversity between sites within regions. Excoffier et al. (1992) tested the

differences between sites within regions by permuting the individuals across the sites

within each region. This type of permutations does not take into account aggrega-

tion and thus could overestimate the real between-site differences. We choose to

permute each species’ abundance across the sites within each region. For example,

for species k in region i, the abundance values nijk are permuted over sites 1 £ j £ si.

Once the permutations are done for all species, the ratio of the diversity between sites

within regions to the diversity within sites is computed. For selected permutation

scheme, the number of simulated values (out of 1000 samples) higher than the

observed one is given in Table 1. For the between-region diversity from 12 to 22

simulated values exceeded the observed reference ratio. This suggests significant

differences between regions in terms of frequency distributions, taxonomic and size

compositions and diets. By contrast, the only significant differences between sites

within regions are due to feeding habits.

According to Lande (1996), gamma diversity equals the weighted average alpha

diversity plus beta diversity. Computing such values for each of our three regions

(Table 2) showed that the three regions were approximately equally balanced

according to the abundance of species (Gini–Simpson total diversity). Taxonomic,

size, and diet diversities discriminated Region#1 situated upstream better than Gini–

Simpson diversity due to higher regional species richness about twice that of the two

other regions. Though differing in species richness, Region#2 and Region#3 had

similar low diversity in size and diet, whereas similar to other indices Region#1 had

the largest value. This result, which contradicts usual knowledge (e.g., Statzner,

1987), should be associated with the further downstream impact of human activities

(Region#2 and Region#3) involving a reduction of environmental heterogeneity.

5. Discussion

Few methods for quantifying gamma diversity (i.e., diversity at the landscape level

allowing comparison among regions) exist in ecology (Sweeney and Cook, 2001).

The selected ecological example was intended to show how the APQE may help to

partition diversity. In this case the APQE allowed the computation of two types of

global diversity. Diversity at the scale of the entire stream or total diversity could be

valuably compared to a similar value computed for some other stream. Regional

gamma diversity allowed us the comparison of diversity among regions. As a result,

the APQE is a useful tool for estimating biodiversity at a variety of spatial scales, a

major issue in both basic and applied ecology (Vinson and Hawkins, 1998).
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In our study, diversity was significantly different between regions whereas diversity

between sites within regions was significantly dissimilar only for diet composition.

Differences in diet composition and resulting diversity are predicted along rivers by

the river continuum concept (Vannote et al., 1980). This may explain our results

since our sites within regions are distributed from up- to downstream over large

distances (>40 km). The differences observed between regions are probably due to

the environmental characteristics of each region such as altitude for example. This

latter result is supported by Parsons et al. (2003) who have demonstrated a greater

similarity in macroinvertebrate assemblages at the site (riffle) scale than at the

catchment scale.

Veech et al. (2002) states that ecologists should use diversity partitioning as a

conceptual framework and an analytical method to address questions pertaining to

the relationship between local and regional species diversity. We think that Rao’s

axiomatization appears as a fundamental basis for analyzing patterns of diversity.

Quadratic entropy has an advantage over species richness and Gini–Simpson index

because it takes into consideration the dissimilarities among species.

Other recent studies are linked to APQE. Their goal was not to describe diversity

but to test differences between groups of sites estimated through Bray–Curtis index

(Bray and Curtis, 1957). Legendre and Anderson (1999), McArdle and Anderson

(2001) and Anderson (2001) have tackled the question of factorial designs instead of

nested designs. In fact, their analyses correspond to another part of Rao’s

axiomatization namely the analysis of diversity (ANODIV). In that case, up to now

the constraint of orthogonal sampling is needed. Ways for performing permutation

tests are still debated. Anderson (2001) did not restrict the partition of diversity to

Euclidean matrix of dissimilarity, but stated that any matrix can be used. Since the

primary focus of the author was to test differences between groups of sites, then the

question of negative diversity was of minor importance. In this paper, we have

restricted our analysis to Euclidean matrix (e.g., Rao and Nayak, 1985; Schneider

et al., 2000) to remove the non-interpretable result such as negative diversity between

communities.

Cousins (1991) underlined the contradiction that traditional ecological indices

treat species on an equal basis whereas species identification put to the fore differ-

ences between species. Shimatani (2001) also considered that species differences

should be included in biodiversity indices to provide better ecological applications.

Finally, Watve and Gangal (1996) noticed that ‘‘an information-based index would

treat a community of four different biotypes of coliforms identical to another

community consisting of one species of coliforms, one of actinomycetes, one of

myxobacteria, and one of archaebacteria, whereas we feel that the latter should be

treated as more diverse.’’

The use of APQE allows the introduction of phylogenetic or taxonomic distances

between species, which helps to overcome the above drawbacks. In our example, we

used a taxonomic distance computed according to the taxonomic tree. An alternative

could be to decompose diversity according to the taxonomic level (e.g., genus, family).

Furthermore, ecologists do need methods that simultaneously evaluate diversity at

different scales (Ricklefs, 1987) and APQE may help to reach this objective.

As stated in the introduction, several methods for decomposing diversity were

developed mainly in genetics and transferred to ecology. For example, Allan (1975)
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compared two methods developed in ecology by Pielou (1967) and Levins (1968) to

one method designed in genetics by Lewontin (1972). Furthermore, Lande (1996)

introduced in ecology the additive decomposition of the Gini–Simpson index pro-

posed in genetics byNei (1973). In this paper, we suggest that the apportionment of the

quadratic entropy of Rao (1982a), also at work in AMOVA (Excoffier et al., 1992) a

method designed for genetics, can be efficient for ecological data. All these decom-

positions of diversity represent particular cases of Rao’s apportionment of diversity.
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