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Abstract—This paper investigates the application of force
controls on a tendon-driven underactuated robotic arm. A direct
use of classical hybrid force/motion control based on computed
torque control can lead to instability for this type of system.
Reformulating the hybrid force/motion control using the pseudo
computed torque control (PCTC) framework leads to a stable
control strategy. Finally, it is shown that applying admittance
control in combination with PCTC also results in stable behavior
when exerting a force against a wall or in a cobotics context.
These results are then validated through experimentation.

Index Terms—Underactuated robots, Tendon-driven, Force
control, Stability study

I. INTRODUCTION

ATURE often inspires new technologies. The works of
N [1] and [2] introduce robots inspired by the bird neck.
Since birds lack arms, they use their neck and beak to grasp
and manipulate objects. These robots consist of stacked anti-
parallelogram joints (Fig. 1). These joints exhibit coupled
translational and rotational motion corresponding to the rolling
of one ellipse over another [3], mimicking the motion between
bird neck vertebrae. Also called X-joints, they are actuated by
cables pulling on both sides of the joint, reproducing the action
of muscles and tendons. In antagonistic actuation, these cables
are referred to as tendons.

The robot presented in [2] has three X-joints and four
tendons, allowing independent joint control. In contrast, the
robot studied here has more X-joints than tendons, so several
joints share the same tendons, making the system under-
actuated (Fig. 2). As shown in [4], increasing the number
joints without increasing the number of tendons increases
the robot workspace. Underactuation also enables adaptation
to environmental obstacles [S]. With many underactuated X-
joints, these robots resemble tendon-driven continuum robots
[6], [7], which use a deformable backbone actuated by tendons
attached at its ends. However, due to underactuation, [8] shows
that computed torque control (CTC) may become unstable.
Depending on the controlled variables, the system exhibits
non-minimum phase behavior [9]. Similar instabilities were
reported for flexible robots [10] and underactuated cable-
driven parallel robots [11]. To regulate the end-effector (EE)
position, pseudo computed torque control (PCTC), inspired by
CTC, was proposed and exhibits a large stability domain [5].

Robotic arms may also need to apply forces or interact with
users, requiring force rather than position control. In cable-
driven robots this is challenging because cable tensions must
remain positive. [12] reviews several force control strategies,

including impedance control, admittance control, and hybrid
force/motion control (HFMC). Impedance and admittance con-
trol, introduced by Hogan [13], regulate the applied EE force
from position errors to ensure compliant behavior. The main
difference is that impedance control outputs motor torques,
while admittance control generates reference positions.

Impedance control has been applied to tendon-driven hands
with fully actuated [14] and underactuated fingers [15], where
it is implemented at the joint level. It has also been applied to
the EE of a tendon-driven continuum robot [16], where robot
dynamics are treated as disturbances rather than inverted in the
control. However, impedance control requires an accurate dy-
namic model [17], which is often unavailable for cable-driven
robots. Admittance control does not have this limitation and
has been implemented in fully actuated [18] and underactuated
[19] cable-driven parallel robots, where a user guides the robot
using a handle with a force sensor.

Unlike impedance or admittance control, HFMC separates
force-controlled variables and position-controlled variables. It
has been applied to continuum robots interacting with surfaces
[20], [21]. In [20], the robot is tendon-driven but dynamics
are not considered, whereas [21] inverts and linearizes the
dynamics but uses secondary backbones instead of tendons.

Several controllers for constrained underactuated robots
were proposed in [22], but their stability was not analyzed.
Due to the robot underactuation, control stability must be
carefully verified. Lyapunov analysis [23] is commonly used,
although identifying a suitable Lyapunov function can be
difficult. In some cases, the total system energy may serve
as a Lyapunov candidate [24]. Another approach uses the
Laplace domain [25]: for linear multiple-input multiple-output
(MIMO) systems, stability can be studied through the poles
of the transfer matrix. Nonlinear systems can be linearized
around an equilibrium point, and if the linearized system is
stable, the Lyapunov indirect method theorem ensures local
asymptotic stability [26].

The tendon-driven underactuated structures studied here are
promising for robots with modulable stiffness suitable for
human-robot interaction, making force control essential. How-
ever, classical dynamic control is unstable for underactuated
X-joint robots [5], [8]. Similarly, [27] showed that HFMC
suffers from the same stability issues as CTC. While selecting
appropriate outputs can mitigate instability in position control,
this approach is ineffective for force control since the con-
trolled directions are imposed by the environment. Therefore,
classical force control strategies cannot be directly applied.
The main contribution of this paper is the development of
HFMC and admittance control strategies based on the PCTC
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framework and applied at the EE. Their large stability domain
is demonstrated by analyzing the transfer matrix of the lin-
earized system. These results also highlight challenges likely
to arise in tendon-actuated continuum robots.

The remainder of this paper is organized as follows. Sec-
tion II presents the robot. Section III introduces the proposed
HFMC based on PCTC and analyzes its stability. Section IV
presents admittance control combined with PCTC for two
scenarios: force application against a wall and cobotics. Ex-
perimental validation of both strategies is given in Section V.
Section VI discusses the limitations of the presented control
strategies, and Section VII concludes the paper.

II. PRESENTATION OF THE ROBOT

A. General presentation and dynamic model

The studied planar robot consists of a stack of X-joints,
illustrated in Fig. 1. The robot configuration is defined by the
joint vector ¢ that contains the angles «; between the upper
and lower bars of each X-joint. Each joint is actuated by two
antagonistic tendons of length [;, which are pulled by motors.
Figure 2 presents the robot under study. It consists of N; = 4
joints and N, = 3 tendons. The blue tendon pulls all the
joints on one side, while the other two tendons each pull two
successive joints on the opposite side. The green tendon passes
through the first two joints in a direction nearly parallel to a
diagonal bar, applying a negligible torque to the joint. This
tendon routing was selected based on the findings of [4]. It
can be observed that the robot is underactuated. Specifically,
since two joints are actuated by the same tendons, they cannot
be controlled independently. In general, with N, tendons, only
N.—1 degrees of freedom (DoFs) can be controlled [28], with
the remaining DoF being used to maintain positive tension in
the tendons. Thus, only 2 DoFs can be controlled on the robot
shown in Fig. 2. Additionally, in this figure, it can be observed
that springs are placed in parallel with the tendons to ensure a
stable equilibrium configuration at rest, i.e., when no tension
is applied to the tendons. An offset h, is also considered at
the EE.

Fig. 1.
tation. The joint has one degree of
freedom defined as the angle «; be-
tween the upper and lower bar.

X-joint kinematic represen-  Fig. 2. Robot with 4 X-joints and
3 tendons with an offset. Springs in
parallel of the tendons allow the robot
to have a stable equilibrium configu-

ration at rest.

We define g as the vector of controlled variables of the
robot with dimension N, — 1. In this paper, these controlled
variables correspond to the EE position (xgg, ygg), and we
will assume that the external forces applied to the robot act
only at this point. The kinematic relationships between these
controlled variables and the robot joint angles can be expressed
as:

q=g,(c) (1)

q=J(a)a 2
q=J(a)é+J(a,a)cx 3)

where J(a) = %‘iq (o) and g () is defined for the EE

position as [4]:

zpE = — 9 . sin(yi-1+ %)\/Wcos?(a—;) — sin(yn ) ho
yEE = y i g cos(vi—1 + G)\/L? — b2 cos?(F) — cos(yn)ho
(C))
with 79 =0 and v, = Y ;| ;.

The dynamic equation of the robot that links the joint
acceleration & to the tendon tensions f and the external forces
f, applied to the controlled variables can then be expressed
as [1]:

M(a)é + d(a, &) = Z(o) f + T () f, (5)

where:

o M(a) is the robot inertia matrix,

e d(a, ) contains the gravitational effect, the springs
effect, the centrifugal and coriolis effect and the fric-
tion. For this study, the friction model employed is
viscous friction in the joint, defined as: f.(a,&) =

2 2
—fo (2 (g—i) + 2 (g—’ﬁ) & where f, is the friction
constant and ¢, resp 1, the vector of the angles between
the left, resp. right, diagonal bar and the bottom bar. This
corresponds to viscous friction at passive joints between
the bars of the X-joints.

o Z(a) is the matrix that relates tendon tensions to the
torques they produce around the joint. Each term of this
matrix is expressed by Z(a)(i,5) = 7% where [;
is the length of the tendon j. ’

Coulomb friction on the wall is not considered here. Its impact
will be discussed in Sect. VL.

III. HYBRID FORCE/MOTION CONTROL (HFMC)

The HFMC separates the controlled variables into position-
controlled variables g,, and force-controlled variables q;: q =
[a).qf]".

The classical HFMC relies on the dynamic equation of the
controlled variables, which relates the accelerations of the
controlled variables ¢ to the cable tensions f and the external
forces f; applied to the controlled variables. This equation is
obtained by substituting Eq. (5) into Eq. (3):

i =J(@M (@) (Z(@)f +I(@)f, - d(e,&)) + (e, @)a

(0)
By applying position control on the acceleration of the
position-controlled variables and force control on the force-
controlled variables, it becomes possible to determine cable
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tensions that allow tracking of both position and force refer-
ences. However, we showed in [5] that inverting the dynamics
for the control led to instabilities. We therefore propose to
reformulate the HFMC by drawing inspiration from the PCTC
approach, which we will name Pseudo Hybrid Force/Motion
Control (PHFMC).

A. Implementation of the Pseudo Hybrid Force/Motion Con-
trol

Instead of directly inverting the dynamics, we invert the
kinematics (Eq. (3)) and substitute it into Eq. (5):

M (J+(q—Ja) +NJ>\a) +d=2f+3"f,

where Nj is the matrix whose columns form a basis of the null
space of J, and A, is a vector of dimension dim(a) —dim(q).
A = 0 is chosen to ensure that & = 0 when g is desired to
be zero in the control.

Equation (7) contains more equations than there are cables
(IN; > N.), and therefore cannot be solved directly to compute
the cable tensions f. To address this, the dynamic Eq. (7)
can be left-multiplied by the matrix P, which has dimensions
(N.—1)x N; and whose rows are the V. —1 dominant singular
vectors of Z. As shown in [29], the last singular value of the
matrix Z is negligible compared to the others. This allows
PZ to be a full rank (N, — 1) x N, matrix. This leads to the
following equation:

®)

A force sensor is mounted at the EE, allowing direct mea-
surement of the force f, applied to it. A corrected acceleration
w,, is defined for the position-controlled variables, along with
a corrected force h,, for the force-controlled variables :

P (MJW; ~J,a)+ d) —PZf+PI'f,

w‘]p = (.jz + Kp(qg - qp) + Kd(dg - q.p)

d d d
hg, = foq, + Kp2(fq, — Fq,) + Kiz [(Fg, — Fo,)dt
where K, Kq K;, K;2 and K5 are constant positive diagonal
matrices and f, ; is the force applied on the force-controlled
variables.

We define the matrices E;, of dimension dim(q) x dim(q,,)
and E; of dimension dim(q) x dim(q). The entries of these
matrices are 0 and 1 such that each row and each column
contains exactly one 1 and E;Ef =0,q,= E;q and q; =
E}rq. It can also be written that ¢ = E,q, + Efq;.

We assume that the robot is in contact with a wall, with no
desired motion of the EE perpendicular to the wall, and that
friction f, may act along the wall, affecting the position-
controlled variables. By replacing ¢ with E,w,,, and f, with
Efhg, +Epf,, in Eq. (8). The control equation is:

P (MJ*(Equp ~Jé) + d) —-Pp (zf + 3’ (thqf + Epfqp))
(10)
A Tension Distribution Algorithm (TDA) is applied:

f={PZ)" T+ \pnpz (11)

where:

=P (MI*(Byw,, —3&) +d— 7 (Eshy, + B,f, )
(12)
Ap is to ensure that all tendon tensions remain positive and
npy is the null space vector of PZ. As observed in [5], the
vector npyz contains strictly positive values for this type of
robot. Therefore, it is possible to determine a value of Ap
such that all tensions are greater than a minimum threshold
fmin > 0. In the control, at least one cable is maintained at
this minimum tension.
The PHFMC scheme is illustrated in Fig. 3.

N od eod d
o b g4, 4 4y f. £y
><1:fq(a)|-—
—
L

..d d
wq, =G, + Kp(a, — ap) h, —f d
. =fq. + Kp(fi — fq)
+ Ka(dl — ) e

d
+ Ki /(QZ —qp)dt + K /(fw - -qu)dt
v v ———

T =P (MJ*(Epwqp ~J&) +da)
~PI" (Eshy, + Byt )

v

f

TDA:

Ly Plf = (PZ)'T + Apnpy

Fig. 3. Scheme of the PHFMC.

B. Stability equation of the PHFMC

1) Linearization of the dynamic model around an equilib-
rium configuration:
We consider a static equilibrium configuration with tendon
tensions greater than or equal to a positive minimum tension
fmin:
do(0,0) = Z(co) fo + I (o) f 4o
To simplify the notations, we define: Z = Z(aw), J = J(av)

et M = M(ay). The resulting linearized dynamic equation
is:

13)

Mé, + Dé. + Ko, = Zf, + 3" f,, (14)
Wherea*:a_a()’.f*:f:fqu*:fq_qu,
K B(d(a,a)—Z(l;)afo—J (a)fqo)(amo.lo) and
D = %(ao,do). Since we consider an initially

static position, ¢&¢g = 0. The term K is influenced only
by gravity, the springs, the tendon tensions, and the forces
applied at the EE. The term D depends solely on viscous
friction since Coulomb friction is undefined at ¢&¢¢ = 0 and
cannot be linearized .

The TDA used in the control enforces a minimum tension
fmin 1n one of the tendons, while allowing higher tensions
in the remaining ones. We assume that the tension in this
tendon locally remains at this minimum. This leads to the
simplification Zf, = Z,u, where Z, and the input control
u represent Z and f, respectively, without the column (resp.
element) corresponding to the tendon that is at f,;,.
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Mé, + Dév, + Ka, = Z,u +J' f,, (15)

Finally, by defining q, = q — q, the linearized kinematic
equation is:

q, = Jo, (16)

2) Computation of the PHFMC transfer matrix:
Our goal is to express the transfer matrix between the input
control u and the desired position and force (q;'f and fz f) and
to analyze its poles to determine stability. To achieve this, we
will first express the robot dynamics in the Laplace domain.
Friction along the wall is not considered in the analysis (f o» =
0 leading to JT f,, = I TEsf ;).
Equation (15) in the Laplace domain becomes:
Kp(s)A=2,0 + (E}J) F,, a7
where s is the Laplace variable, A, f] and Fq ; are o, U,
and f, . in the Laplace domain, respectively, and Kp(s) =
Ms? + Ds + K.

We suppose that the position of the force-controlled vari-
ables g of the robot do not change (e.g. in the case of a rigid
wall). In other words, E]TJA = 0. Thus, from Eq. (17), we
obtain:

- = T =
ElJ(Kp(s) ™ (ZuU+ (E]J) qu) -0 (18

and the relationship between U and F ;18
F,, =H, (s)U (19)

where:

-1
o, () = - (BfI (Ko(s) " (B73) ) BJI(Kn(e) 2,
(20)
Using Eq. (17), we also obtain the relationship between A
a~nd U and between Qp (the Laplace transform of q,,) and
U :

A=H,(s)U, Q,=H, (s\U (21)
where

Ho(s) = (Kp(s) " (Zu+ (B]3) Hy,(5)) o
H, (s)=E,JH,(s)

By defining PID(s) = K, + Kqs + K;X and PI(s) =
Kpo + Kﬂ%, the control Eq. (10) in the Laplace domain is
(using Eq. (9)) :

P (Ds +K) A+ PMI'E, (s°Q, + PID(s) (@, - @, )

= P20 +PIE; (Fy, + PI(s) (Fy, - F,,))

(23)
Thus, by defining:
Vg,2(s) = —PITE;(I+ PI(s)) (24)
Vi,2(s) = PMJITE, (s’ + PID(s)) (25)
V2(s) =PMJITE,PID(s)H, (s) + PZ, 6)

—PJ'E;PI(s)H,,(s) — P (Ds+ K)H,

4
the transfer matrix of the PHFMC is defined as:
Qd
U=G1(S)l~f] 27
qu
where:
G1(s) = V5 (s) [Vg,2(s), Vg,2(5)] (28)

C. Stability results of the PHFMC

A vertical wall is assumed to be in contact with the EE,
with ¢y = zgg, and the robot is expected to move along the
wall, i.e., ¢, = ypr (E, = [1,0]T and Ef = [0,1]7).

To study the stability of PHFMC as a function of the robot
configuration, we can vary three interrelated parameters: the
position of the wall, the force applied by the wall on the EE,
and the position of the EE along the wall. We consider a
wall placed at a distance —0.22 m from the robot base and a
displacement of the EE along the wall within the range yrr €
[0.1, 0.35] m, as illustrated in Fig. 4. For a given force fg,, a
minimum tension f,,;,, and a desired EE position [2%, y% 1],
the static equation (13) can be solved to determine the robot
configuration in the following optimization scheme:

(o, f) =min || f]|
d(a) =Z(a)f +E; I () fy,
s.t. fq(a) = [x%andEE]
min(f) > fomin

. (29)

Fig. 4. Robot in contact with a wall at —0.22 m from the robot base with
a vertical position of the EE of ygr = 0.1 m (left) and ypg = 0.35 m
(right).

For the stability analysis, we use the design parameters of
our prototype. The diagonal bar of the X-joint has a length
of L = 0.1 m and a mass of 26 g, while the short bar
has a length of b = 0.05 m and a mass of 162 g. The
short bar is heavier because, in our prototypes, it consists of
two parallel bars connected by two shafts that support the
pulleys and an encoder used to determine the joint angle.
The robot offset length is h, = 0.092 m with a mass of
248 g, corresponding to the weight of a force sensor. The
tendon routing is implemented using 7mm radius pulleys with
bearings, which prevent friction between the tendon and the
bars. The springs share the same free length /g = 0.046 m but
have different stiffness values. From the first to the last joint,
the stiffnesses are k, = [2000, 1750, 1250, 1000] N/m on the
right and k; = [2000, 1750, 1250, 600] N/m on the left. The
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asymmetry in stiffness between the right and left sides of the
last joint is introduced to ensure that the robot does not rest
in a straight configuration as represented in Fig. 2.

Figure 5 presents the stability results of the robot with a
sampling of ygg € [0.1, 0.35] m of 500 points for f,,;, = 10
N and f,, = 5 N. The considered friction constant is f, = 0.1
N-m/(rad/s). The position-controlled variable gains are set to
K, = 3w?, K; = 3w, and K; = w® with w = 12. This
tuning is similar to that used in [5]. The gains for the force-
controlled variables are chosen as Kp2 = 0.1 and K; =
10. It is observed that the poles always have negative real
parts, indicating that the control is stable along this trajectory.
However, instabilities may appear if the gains of either the
position-controlled or force-controlled variables controllers are
greatly increased. Similar results are obtained for other robot
design parameters, wall positions and force applied on it.

|
@
IS

|
[e)
o)

|
©

Poles maximum real part (Hz)
&
[e0]

|
©

'O.l 0.15 0.2 0.25 0.3
y (m)

Fig. 5. Plot of the maximum real part of G1(s) poles for qf = zpg
and qp, = ygg for a vertical wall at —0.22 m from the robot base with
fmin = 10 N and fg, = 5 N. Kpo = 0.1, K;2 = 10, Kp = 3w?,
Kg = 3w and K; = w® with w = 12.

The relationship between [Q,, F, ]7 and [ ~g, F(ff}T in the
Laplace domain can also be expressed as:

Qp _ T T T @g
2| e e] e (g oo
It can be verified numerically that

s
[H;rp (0),H,, (0)} G1(0) = 1, indicating that f,, and
gp correctly converge to their desired values under this
control, as per the principle of the final value theorem [30].
Thus, the PHFMC introduced in this paper can be used
to achieve stable force control of the EE for this type of

underactuated robot.

IV. ADMITTANCE CONTROL
A. Implementation of the admittance control with the PCTC

Admittance and impedance control do not separate position-
controlled variables from force-controlled variables. These
control strategies aim to impose a behavior of all controlled
variables of the form:

MG — ') + D3¢ - ¢*) + Kl(qg—q*) = £,

where M¢, D?, and K¢ represent the desired inertia, damping,
and stiffness matrix, respectively. The control is asymptotically
stable for continuous systems if these matrices are positive
definite [31]. However, it is noted in [32] that, for discrete

€2y

systems, in the scalar case, Mf} cannot be smaller than half the
robot mass for the control stability. In practice, these matrices
are generally chosen to be diagonal in order to decouple the
controlled variables.

Admittance control is used on robots controlled in position;
in our case, the PCTC is employed. The inputs of the PCTC are
reference positions q”. These reference positions are computed
from the desired positions g and the forces measured by the
sensor, in order to produce the desired error behavior:

MG —§") + DG — ¢") +Ki(q —q') = f, (32)

q" is calculated at each time step by numerical integration as
proposed by [18], noting ¢ and ¢ — 1 the value at the current
and previous step:

. . -1 . .
= §'+ M) (f,. —Dgdl, —4)) - Ki(g,_, —qf))
= d e

q; =
q; = qi,+q;dt

(33)
where dt is the time step between two control updates. The
PCTC is then used by taking into account the forces applied
on the controlled variables:

PZf =P (MJ+(wqr —Jé) + d(a, @) — qu) (34)

where wyr = §"+K,(q" —q)+Ka(¢"—q)+K; [(g"—q)dt.
The TDA is then applied:

B 4 <. .
f=(Pz)"P (MJJ“(wqw- —J&) +d(a,q) - qu) )
+ Arnpz

The scheme of the admittance control with the PCTC is
described in Fig. 6.

e -1 . N
?;’ qu =§'+ (Mj) (f,—-DUd - ¢") —Ki(qd — qd))h—'l-ir
q" | rcte [|f)
as —
/dt qr
fq Ttatd

Fig. 6. Scheme of the admittance control with the PCTC.

This control strategy can be used to apply a desired force
to a wall. In this context, we use the notation ¢, for the
variable controlled along the wall and g for the direction
perpendicular to the wall. If the wall position is known, it is
sufficient to set the desired position of the EE slightly beyond
the wall by a distance dqy perpendicular to the wall. A force
will then be generated on the wall by the controller, with an
amplitude of K gf dqy with K gf the stiffness associated to gy
in the admittance control. By selecting appropriate values for
K gf and dqy, the applied force on the wall can be precisely
controlled.

Another possible application of this control method is in
cobotics. By setting Kg = 0 and specifying no desired
trajectory, the robot can follow a path imposed by a user
applying forces on the controlled variables. This type of
control is particularly useful when aiming to move heavy loads
with the assistance of the robot.
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B. Stability of the admittance control with PCTC

Equation (32) becomes, in the Laplace domain:

~ ~d 4=
Q =Q + (M’ +Dis+KI)'F, (36)

It can be observed that, when no force is applied to the EE,
~ T ~d R
Q = Q , and thus the control transfer matrix corresponds to
that of the PCTC, which was shown to have a large stability
domain in [5].

1) Stability against a wall:
In this section, we consider that the robot applies a force

against a vertical wall, as described in Section III-C. The
PCTC Eq. (34) in the Laplace domain is:

PMI* (°Q" + PID(s) (@ - Q)) =
PZ,U+PI'E;F,, —P(Ds+K)A

We can therefore express the transfer matrix between the
. AT Ed
reference controlled variables Q and U

(37

=T

U = Gs(s)Q (38)

as

Ga(s) = [qu +PJITE;H,,(s) — P (Ds + K) Ha(s)

+PMI*PID(s)E,H,, (s)] ' (PMJIT(s*1+ PID(s)))

(39)

Equations (36) and (39) then allow us to express the relation-
: ~d -
ship between Q and U as:

U = Gs(5)Q (40)

where
Ga(s) = (T - Ga(s)(Mis® + Dis + KI)'ByH,, (5)) Ga(s)
41)

As in Section III-C, the wall is at —0.22 m from the
base, fmmin = 10 N and a force of 5 N is applied on the
robot EE by the wall. Figure 7 presents the stability results
of the admittance control for Kg = 1001, Dg = 20I, and
Mfll = 0.11, Mg =11, or Mg = 10I. It can be observed that
instabilities may arise when M‘qi is either too small (Fig. 7a)
or too large (Fig. 7c). However, for certain values of M¢?, in
this case, on the same order of magnitude as the weight of the
robot, the control remains stable (Fig. 7b). The values of DZ
and K;’l do not appear to significantly affect stability, as long
as they remain positive. Similar results are observed for other
wall positions and other forces applied to the wall.

We can also express the relationship between [qu , Qp] and
q? as: .

Qp _ [T T T Ad
[H; (). H] (5)] Ga(s)Q

Fy,

(42)

We note K, the diagonal element of K associated with g;.
We obtain:

[m 0.8 0] G0 =]y g

This indicates that g, converges to its desired position, and
that applying a variation dqu results in a change in the force
applied on the robot EE of — K gf 6qj§ (thus, the force exerted

(43)
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Fig. 7. Plots of the maximum real part of G3(s) fora wall at cpp = —0.22
m. K¢ = 100I, D¢ = 201, and (a) M¢ = 0.1I, (b) M¢ = 1L, (o)

M¢ =101 Kp, = 3w?, K4 = 3w and K; = w® with w = 12.

by the robot on the wall varies by K gf Sq?). Admittance control
combined with PCTC can therefore be used to apply a force
against a wall.

2) Stability for cobotic application:
We now consider a cobotic application where Kg = 0 and
no desired control variables g¢ are imposed. The admittance
control in the Laplace domain then becomes:

Q =Hg; (s)F, (44)

where

H g, (s) = (Mls® + Dis) ™! (45)

The position of the EE evolves based on the amount of force
applied to it, so the control input becomes: i, = [ f 4dt. The
goal is therefore to determine the transfer matrix between u
and 4. By noting I, the Laplace transform of 2., we have the
relationship: R ~
F,=sl, (46)
The dynamic equations of the robot in this scenario are
written as:

% = HaU(S){j + Hafq (S)Ft] (47)
Q =Hy(s)U + Hyy, (s)Fyq
where
Hou(s) = Kp'(5)Zu, Hoy, (s) = Kp'(s)J7 (48)
Hgu(s) = JHau(s), Hgy,(s) = JHay, (5)
The PCTC equation in the Laplace domain yields:
PMJ* (32Q + PID(s) (Q _ Q)) - )

PZ,U+PJ'F,-P(Ds+K)A

_ We can therefore express the relationship between U and
I, as:
a

U = Gy(s)I, (50)

where:

Gy(s) =
(PZ, — P (Ds+ K)Hay(s) + PMJTPID(s)Hg,(s))
[-PJT + P (Ds+K)H,y, (s)+

PMJ™ ((s°I+ PID(s))Hyry,(s) — PID(s)Hyy, (s))](;l)

-1
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We study the stability of the control over a set of robot
configurations. These configurations are defined by a7 €
[—90°,90°] and a3 € [—90°,90°], each sampled over 100
points. We define f,,;,, = 10 N and assume that no external
force is initially applied to the EE (f, = 0). The values of aa,
oy, and f are then computed for each configuration through
the following optimization:

(a2, g, f) =min || f|
d(az,aq) = Z(az,aq) f
s.t.
mln(.f) Z fm'm

(52)

The results of the pole analysis of G4(s) for each of these
configurations are presented in Fig. 8. It can be observed that
there are a few configurations where the maximum real part
of the transfer matrix is positive (indicating instability) but
for the majority of configurations, it is negative (indicating
stability). The instability points of the control are located
around kinematic singularities of the controlled variables. In
this cobotic context, M, and D, have no influence on stability
as long as they remain positive definite.

az (%)

Fig. 8. Plot of maximum real part sign of G4(s) poles for My = 2I and
Mgy = 401 Kp = 3w?, Kg = 3w and K; = w3 with w = 12.

Using Eq. (47), the transfer matrix between g and %, can
then be expressed as:

Q = (Hau(s)Ga(s) + sHay, () I, (53)

sH ,y (s) is equal to the zero matrix when s = 0, and
H,,(0)G4(0) = Dq_l. It can be noted that this relationship
between q and i, is the same as that between ¢ and f:

sQ = (Hau(s)G4(s) + sHay, (s)) Fq (54)

Thus, applying a constant force on the EE results in a constant
velocity D;l f, of the EE, which is the expected behavior
under admittance control. Therefore, the use of admittance
control with PCTC in a cobotic context also leads to a stable
control strategy.

V. EXPERIMENTS

Simulations presented in [33] showed that these control laws
remain stable during contact with a wall. This section presents
the experiments validating these theoretical results on control
stability in the different contexts previously described, for the
robot with 4 X-joints and 3 tendons shown in Fig. 2.

A. Presentation of the prototype

It can be observed that, in Fig. 1, the diagonal bars intersect.
In practice, the three-dimensional assembly allows us to place
the diagonal bars on different planes, as shown in Fig. 9.
Similarly, the tendons and springs are also positioned on
different planes.

Tendons
Springs

7
Absolute
encoder

Fig. 9. X-joint assembly. Fig. 10. Prototype.

The prototype setup is shown in Fig. 10. The tendons are
driven by gearless Beckhoff motors (with an inertia of 52 x
10~% kg-m?) through a drum with a radius of 13 mm. These
motors can generate tensions up to 92.3 N, and a minimum
tendon tension of f,,;, = 10 N is chosen.

Absolute Heidenhain ECI 1119 encoders are mounted on
each X-joint to measure the angle ¢; or 1); between a diagonal
bar and the top bar. These measurements are used to compute
the joint angle «;. To ensure better mass distribution, the
encoders are alternately placed in front on the right side or
behind on the left side of each X-joint. Each joint velocity ¢;
is then obtained by numerical differentiation and filtered using
a third-order Butterworth infinite impulse response (IIR) filter
with a cutoff frequency of 30 Hz. The position and velocity
of the end effector are then computed using Egs. (1) and (2).

A 6-axis Omegal60 IP60 force sensor with a rounded tip is
mounted at the robot EE to interact with the wall or the user.
This sensor is connected to the computer via a relatively heavy
and stiff cable, which may affect the robot performance. To
minimize these disturbances, the cable is suspended over the
robot. The forces measured with the sensor are also filtered
using the same filter as for the joint velocities.

Finally, a removable wall is placed to the left of the robot
at a distance of —0.22 m from the robot base.

B. Experiments with the PHFMC

The PHFMC is used here with ¢, = ygg and ¢ = zgg,
so as to apply a force on the wall while moving along it. We
set K, = 3w?l, Kq = 3wl, and K; = w®I with w = 12,
Kp2 = 0.1 and K;3 = 10. The control update frequency is
1000 Hz. The robot is not in contact with the wall at the
beginning of the experiment and is brought into contact using a
PCTC. Once the sensor is in contact with the wall, the PHFMC
is used to apply a force of 3 N against the wall and to impose a
downward motion, followed by an upward motion. At the end
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of the motion, a PCTC is used to break contact with the wall.
Under the PHFMC, 2%, is not used for the tendon tension
computation. However, it is still defined throughout the motion
to trigger the switch back to the PCTC when 2%, > zpp
(indicating the intention to leave contact with the wall) at the
end of the motion. The results of this experiment are presented
in Fig. 11. In these figures, oscillations in tendon tensions
and the force applied to the wall can be observed during the
transitions between PCTC and PHFMC (Figs. 11a and 11d)
when the robot comes into contact with the wall. This was
also observed in simulation in [33]. Outside these transitions,
during the motion, the force applied to the wall along the x-
axis is around the desired value of 3 N (Fig. 11d). Forces
along the y-axis due to friction on the wall are also observed.
The trajectory along the y-axis is followed using PHFMC,
with some oscillations caused by unmodeled nonlinear friction
effects in the robot (Fig. 11c). This experiments can be viewed
in the multimedia attachment “videol”.
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Fig. 11. Time histories of (a) f, (b) &, (¢) q and (d) expressed as functions
of the position error for the PHFMC with 9 = YEE and qf = zgE. fo
and f, are the sensor forces along the x-axis and y-axis in the world frame
and f2 2 is the desired forces along the x-axis. The colors of f correspond to
the tendon colors of Fig. 2

Thus, the PHFMC is indeed stable and enables the applica-
tion of a force in one direction while simultaneously following
a trajectory in another direction.

C. Experiments with the admittance control coupled with the
PCTC

1) Admittance control interacting with a wall:
Admittance control is now used to apply the force to the wall.
We set M = 2I N/(m/s?), D¢ = 201 N/(m/s), and K¢ = 1001
N/m, and the desired x-position of the EE is set to 0.03 m
behind the wall in order to apply a 3 N force to the wall. The
results of this experiment are shown in Fig. 12.
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Fig. 12. Time histories of (a) f, (b) a, (¢) q and (d) expressed as functions
of the position error for the admittance control interacting with a wall with
M = 21 N/(m/s?) D = 201 N/(m/s) K& = 100I N/m. f and fy are the
sensor forces along the x-axis and y-axis 1n the world frame. The colors of
f correspond to the tendon colors of Fig. 2

Figure 12c shows that although 2%, is behind the wall,
T stops at the wall thanks to the force feedback. As with
the PHFMC, the robot therefore applies the desired force of
magnitude K¢ __(z%; — 2% ) to the wall while simultane-
ously following its desired trajectory perpendicular to the wall.
Figures 12a and 12d also show that there is less impact on the
tendon tensions and the force applied to the EE when the
robot makes or breaks contact with the wall, compared to the
PHFMC control. This is because, in the case of PHFMC, there
is a switch between PCTC and PHFMC, whereas admittance
control involves no such switching and maintains continuous
behavior. This experiments can be viewed in the multimedia
attachment “video2”.

Figure 13 highlights that friction affects the reference
controlled variables, and thus the trajectory tracking of the
position-controlled variables. It can be observed in this figure
that the variation in the error between the desired and refer-
ence EE vertical position corresponds to the variation in the
friction force along the wall. Indeed, for a constant friction
force f,, admittance control results in a steady-state error of
(K;lEE) ! fy- This was also observed in simulation in [33]
and it was showed that this error can be reduced by increasing
the value of K

2) Robot controlled by the hand of a user:

We are now interested in the cobotic application where a user
would control the robot by applying forces on the sensor. For
this, the term Kg is set to zero in the admittance control. The
user then imposes a trajectory, as shown in Fig. 14, moving
from configurations 1 to 6 and then approximately back to
configuration 1.

We use Mg = 2I N/(m/s?), Figs. 15, 16, and 17 show the
robot behavior with Dg = 51 N/(m/s), DZ = 401 N/(m/s), and
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Fig. 13. Evolution of the error on the vertical reference position compared
to the vertical force applied on the EE.

Fig. 14. Trajectory imposed by the user.

DZ = 100I N/(m/s), respectively. Dg models the damping
on the sensor velocity in this context. In all three cases, it
can be observed that the control is stable and that the user
manages to make the robot follow its motion. However, when
the damping is low, the EE motion oscillates significantly in
the user hand, as shown in Figs. 15¢ and 15d, compared to
higher damping values in Figs. 16¢, 16d, 17c, and 17d. These
oscillations propagate throughout the entire robot, as shown
in Figs. 15a and 15b. If the damping is too high, the user
needs to apply more force to move the robot, as shown in Fig.
17d compared to lower damping in Fig. 16d. It is therefore
necessary to choose the damping appropriately to ensure user
comfort and ergonomics. An example of the application of this
admittance control can be viewed in the multimedia attachment
”video3”.

VI. DISCUSSIONS

The control laws proposed here have a low computational
cost. Using MATLAB on a computer equipped with an
Intel(R) Core(TM) Ultra 7 165H processor (3.8 GHz, 16
cores, 22 logical processors), the PHFMC is computed in
approximately 40 us and the admittance control in 60 us,
including about 30 us required for the computation of the
dynamic terms. The computation of the matrix P, obtained
through a singular value decomposition, has a complexity of
O(N;N2). Similarly, the computation of the null space of
PZ has a complexity of O(N.(N; — N.)?). In our case,
with a single degree of actuation redundancy, the TDA has a
complexity of O(N,.). Therefore, this control scheme can be
implemented at high frequency on more complex systems.
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Fig. 15. Time histories of (a) f, (b) cx, (c) g and (d) expressed as a functions
of the position error for the admittance control interacting with a user with
M¢ = 21 N/(m/s?) D¢ = 51 N/(m/s) K& = 0I N/m. f, and f, are the
sensor forces along the x and y axis in the world frame. The colors of f
correspond to the tendon colors of Fig. 2
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Fig. 16. Time histories of (a) f, (b) e, (c) g and (d) expressed as a functions
of the position error for the admittance control interacting with a user with
M¢ = 21 N/(m/s>) D¢ = 401 N/(m/s) K¢ = 0I N/m. f, and f, are the
sensor forces along the x and y axis in the world frame. The colors of f
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We also showed in [33] that these control laws remain
stable even at lower control update frequencies (dt = 10 ms).
Furthermore, [33] demonstrates that when the wall is not
perfectly rigid but has a finite stiffness, the proposed admit-
tance control remains stable. However, in this case, instability
issues may arise with the PHFMC. It was also observed in
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[33] that instabilities may arise in the presence of a large
Coulomb friction coefficient. The stability of the PHFMC is
more sensitive to this coefficient than that of the admittance
control.

A difficulty associated with admittance control is the need
for accurate knowledge of the wall properties (position and
stiffness) in order to effectively apply the desired force. It
can also be noted that contacts occurring at locations other
than the end-effector have not been considered. Such contacts
could also affect the performance and stability of both control
strategies. Finally, the stability analysis was conducted starting
from a static configuration. Different stability results may
be obtained in the stability analysis if high velocities are
considered.

VII. CONCLUSION

This paper addressed force control strategies based on
the pseudo computed torque control (PCTC) framework for
an underactuated tendon-driven robot inspired by the bird
neck and composed of X-joints, where underactuation results
from multiple joints sharing the same tendons. Analytical
transfer matrices of the linearized system were derived for
each strategy, and pole analysis was used to assess stability.

A pseudo hybrid force/motion control (PHFMC) scheme,
based on the PCTC framework, was proposed to regulate both
position-controlled variables and force-controlled variables,
and its stability was demonstrated during robot—wall contact.
Admittance control combined with PCTC, which generates
forces based on position error, was also investigated for wall
force regulation and collaborative motion tracking. Stability
was ensured in both cases, subject to a condition on the virtual
mass Mg in the wall-contact scenario.

Experiments validated the stability of the proposed ap-
proaches. Controller switching between PCTC and PHFMC
during contact transitions was shown to induce disturbances,
whereas admittance control avoids switching but requires ac-
curate wall position knowledge for precise force tracking. Wall
friction, although limited in the experiments, was found to de-
grade admittance-based position tracking more than PHFMC.
In cobotic interaction, proper tuning of Dg was identified as
essential for user comfort.

Future work will extend the stability analysis to robots with
more joints, investigate the addition of an extra tendon for
end-effector orientation control, and evaluate the impact of
introducing a base revolute joint enabling spatial motion.
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