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SOLVING FORWARD AND INVERSE WAVE SCATTERING VIA
BOUNDARY INTEGRAL EQUATIONS AND DEEP LEARNING.
APPLICATIONS TO CLOAKING DESIGN.

CAMILLE CARVALHO, ELSIE CORTES, CHRYSOULA TSOGKA,
AND SYMEON PAPADIMITROPOULOS

ABSTRACT. We propose a deep learning framework based on an encoder-decoder architecture
for the design and evaluation of cloaking devices, demonstrated in this work for two-dimensional
wave propagation governed by the Helmholtz equation. The cloaks under consideration are
concentric layered media surrounding the object, whose geometry and material parameters
determine the scattering response. We consider circular and object-fitted layer configurations
and parameterize all designs by the layer thicknesses, enabling a unified representation for
direct comparison of different cloaks for the same object. Training data are generated using a
boundary element formulation suitable for geometries where analytic solutions are not available,
and neural networks are trained with standard hyperparameters on geometry-specific datasets.
The proposed approach is applied to circular, star-shaped, and kite-shaped objects. Results
show that object-fitted configurations consistently outperform simpler circular-layer designs in
scattering reduction, highlighting the importance of geometry in cloaking performance. Overall,
we present a flexible, data-driven approach for systematic comparison of cloaking strategies,
with potential extension to more complex geometries and broadband settings.
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1. INTRODUCTION

Invisibility has long captured the imagination of both storytellers and scientists alike. Though
discussions of it are often confined to fiction, cloaking technologies have attracted growing scien-
tific attention due to the diverse range of applications beyond the pursuit of optical invisibility
[1]. In addition to rendering objects undetectable to visible light, cloaking models have been ex-
plored for protecting structures from seismic vibrations, concealing sensors to enable noninvasive
medical imaging, and controlling acoustic or thermal wave propagation [2]. The fundamental
concept across these applications involves the reduction of wave scattering with materials so
the field exterior to the object appears unimpeded. For instance, this manipulation of the wave
field can be done via transformation optics, an approach to control field behavior by prescrib-
ing the spatial variation of material parameters according to a coordinate transformation [3].
The approach we are more interested in utilizing consists of using the so-called metamaterials:
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constructions of thinly layered contrasting materials that, when assembled, exhibit particular
effective optical properties conducive to cloaking [4, 5]. The optimal metamaterial design for
a cloak depends strongly on the geometry and material composition of the object to cloak,
and identifying the appropriate set of materials in each context is difficult. Determining the
cloak design parameters in each case typically involves solving individual complex scattering
problems, which is computationally expensive and time-consuming.

In this work, we specifically consider electromagnetic wave cloaking of time-harmonic waves
in 2D, which consists of a multilayered system representing a construction of multiple cloaking
shells. For object and cloak configurations with simple shapes, like circles and ellipses, analytic
solutions are available. However, more complex object-cloak configurations require alternative
approaches like finite element and finite difference methods, which can accommodate a wide
range of geometries [0l [7, §]. These volumetric methods, however, require meshing the entire
computational domain and truncating it with absorbing boundaries. This makes them less
suitable for applications where we are only interested in the far-field wave behavior, such as
cloaking. Alternatively, here we consider boundary element methods (BEM), which only require
discretization of the object and cloak interfaces [9]. BEM are particularly advantageous because
solutions in the volume can be evaluated at arbitrary points without redefining the underlying
mesh of the interfaces [10]. This reduction of the problem’s dimensionality is useful not only for
our 2D setting, but significantly efficient for extensions to 3D as well. However, BEM introduce
their own numerical challenges, including weakly and nearly singular kernels in the boundary
integral formulation that require specialized treatment; this is the so-called close evaluation
problem [IT]. These become especially pronounced when modeling metamaterial cloaks with
thin, closely spaced layers. Indeed, in that case, near-field interactions become essential to
capture, and failing to do so significantly impacts accuracy. We address these limitations in
this work, presenting an approach to handle this close evaluation problem to enable efficient
and accurate approximation of the solutions.

BEM is only employed in this work, however, to solve the forward scattering problem. For
metamaterial design, it is important to adopt a method which is better-suited for dealing with
the complexities of solving the inverse scattering problem, which is highly nonlinear and sub-
ject to non-uniqueness of solutions. There are a number of traditional inverse scattering solvers
that are employed depending on the problem and, in some cases, the problem’s constraints.
For example, PDE solvers such as nonlinear least squares are general, flexible, and applica-
ble to high-contrast scattering problems, but they often require repeated expensive forward
solves, stabilizers, and preconditioners which make them implementation-intensive [12]. This
has motivated many recent works in neural network approaches for the inverse scattering prob-
lem, in which models learn direct relationships between wave field data to medium parameters
[13, 14, 15]. Notably, data-driven approaches have been shown to perform well in high-contrast
regimes specific for modeling metamaterials. By leveraging the stability and well-posed nature
of the forward problem to generate training datasets, they enable the learning of more robust
and efficient mappings for the inverse problem |16, [17].

Among the various deep learning models, the architecture of the encoder-decoder framework
has been previously shown to be particularly effective for acoustic and electromagnetic cloaks
[18, 19, 20]. We adopt this structure due to its demonstrated success and its structural simplic-
ity, and explore the adaptation of the approach to a wide range of object-cloak configurations.
We emphasize the use of a general architecture with minimal hyperparameter tuning, enabling
the same framework to be applied across multiple cloaking scenarios. This enables direct com-
parison of different configurations for a chosen object to cloak, which is ideal for identifying
the most optimal cloaking device designs. With the proposed BEM approach combined with
the encoder-decoder architecture, in this paper we provide a full and flexible pipeline to solve
forward and inverse wave scattering, that could be applied to other applications than cloaking.

The work presented here is organized as follows. In Section [2| we introduce the formulation of
the multilayer scattering problem, outlining the associated parameters and governing equations.
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In Section |3] we present the neural network framework employed, including details on the
hyperparameters chosen for our models. Section [4] describes the methodology for constructing
datasets used to train and test our models. In Section [5] we demonstrate the application of the
network to various object cloaking problems, evaluating the ability of the constructed neural
network to output optimal cloaking designs. We conclude in Section [6] with a summary of the
design implications emerging from the results and an outline of directions for future work.

2. THE MULTILAYERED SCATTERING FORWARD PROBLEM

in

U

FIGURE 1. Example of a 5-layer configuration with star-shaped layers. The wave
numbers k;, permittivities €;, and radii r; are labeled, including an innermost
object defined by rp, kop, and o1, in region 25 = Q.. An incident plane wave u'™
generates a scattered field uj, in the background medium in € = (4, defined
by kbg and Ebg-

We consider wave propagation through a configuration of N + 1 concentric, material regions
(1; separated by smooth, nested interfaces I'; for 7 = 0,..., N. Each interface I'; is assumed
to admit a global polar parameterization in terms of (r,#), and depends on a characteristic
radius r;. For example, we consider the parameterization (z(),y(0)) = (r; cos(),r;sin(6))
when circular, but more generally we will consider interfaces that can be parameterized as
((0),y(0)) = (x(r;,0) cos(#), y(r;,8)sin(f)). For the cloak, we assume the interfaces admit the
same type of parameterization. In other words, we select one shape and add concentric layers of
the same shape. The radii are ordered as rqg > r; > ... > ry_1, ensuring that the interfaces are
closed, concentric, and non-intersecting. Each region is characterized by permittivity ; > 0.
We assume unit magnetic permeability across all regions, p; =1 for j = 0,..., N, so that the
material properties of each region are fully described by the permittivity. The wavenumber in
the j-th region is given by k; = w,/€;, where w denotes the fixed frequency of the time-harmonic
regime. The exterior region j = 0 represents the background medium, defined by wavenumber
ko = kg and permittivity g := e,,. The innermost region j = N corresponds to the object
to be cloaked, characterized by radius ry_; := rq,, wavenumber ky := ko, and permittivity
EN = Eob- An example of a configuration for a N = 5 layer problem (or a 4-layer cloak with
one object layer) is shown in Figure
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While considering electromagnetic wave scattering under Transverse Magnetic polarization,
Maxwell’s equations educe to a Helmholtz problem for the magnetic field u. Assuming time-
harmonic dependence of the form

u;(x,t) = u;(x) exp(iwt)
in each region €2;, and henceforth denoting the spatial component u;(x) simply by u;, we obtain
the following multi-layer transmission problem:
Helmholtz equation:
Viuj+kju; =0 inQ;, j=0,...N

Transmission conditions:

1 ou .
(1) [ulp, =0, and [ga—nj] . =0, only, j7=0,...N-1

Sommerfeld radiation condition:

ouse
lim \/F( bs _ ikbgufjg> —0.

r—00 or

where [ f]rj = fj+1 — f; denotes the jump of a functionf across the interface I'; and n; denotes
the unit outward normal on I';.
Let us make some remarks:

e We chose to consider a penetrable object. We may also employ other boundary condi-
tions, such as Neumann or Dirichlet, on I'yy_; if the object is non-penetrable.

e We chose the incident field u™ to be a plane wave of the form exp (ikpga - x) for a =
(cosa,sina). In this work, we fix the incident angle & = 7/2 so that the plane wave
propagates in the negative y-direction, though all results hold for any choice of .

For the forward problem, the goal is to characterize the wave propagation and scattering behav-
ior of the solutions w;(x) by this layered structure for a chosen object and background medium
in order to inform the design of effective cloaking configurations. We will utilize BEM to solve
the forward problem, but the focus of this work is developing an approach to solve the inverse
problem for various layer geometries.

3. THE DEEP LEARNING APPROACH FOR MULTILAYERED SCATTERING

Uncloaked Object Cloaked Object

!
|

Wm
{1
|
(

I?

FIGURE 2. The real part of the wave field solution is shown. (Left) Incoming
wave field scatters upon hitting the object. (Right) The object is cloaked by a
surrounding metamaterial.



FORWARD AND INVERSE SCATTERING VIA BOUNDARY INTEGRALS AND DEEP LEARNING 5

3.1. Problem setup. We seek to solve the multilayered scattering inverse problem: given
the properties of the background medium and the object, recover the radii and permittivities
of the cloaking layers defined by regions €i,...,Qxy_1. A successful cloak renders the object
undetectable, i.e., the wave field in the background medium is undisturbed with little to no
scattering, so that the total field is approximately equivalent to the incident field. That is,
upg(x) & u(x) (or the scattered field ufS (x) ~ 0), as illustrated in Figure 2| We assume a
priori knowledge of the background permittivity e, and the number of layers N so that the
inverse problem is posed on a consistent parameter space. This allows us to focus on recovering
the geometric and material parameters of the cloaking layers within a unified representation
that facilitates comparison across different configurations.

Even with these constraints, however, solving the inverse scattering problem is challenging
because it is high-dimensional, ill-posed, and nonlinear [21]. The wave field for the multilayer
problem is defined over a spatial domain, and the discretization of this domain leads to a high-
dimensional parameter space. The problem is ill-posed because the mapping between wave field
data to material parameters is typically non-unique and unstable with respect to noise, meaning
small measurement errors may lead to large variations in the reconstructed solutions. It is also
nonlinear because the wave field solution is obtained by solving a PDE whose coefficients depend
on unknown layer parameters, with coupling across interfaces through transmission conditions.
To address these challenges we employ a deep-learning approach, in particular, an encoder-
decoder neural network that learns directly from data. It learns how to capture the nonlinear
relationship between material parameters and wave field solutions without relying on an explicit
analytic model.

In this architecture, the decoder approximates the forward problem, mapping cloaking layer
parameters to the resulting scattered wave field. The encoder solves the inverse problem,
compressing a given wave field into a compact latent representation from which the layer pa-
rameters are reconstructed. Rather than training the encoder in isolation, we train it through
the combined network, using the pre-trained decoder to assess whether the predicted parame-
ters faithfully reproduce the input field. This setup effectively mitigates the ill-posedness of the
inverse problem, as the encoder is guided towards physically consistent parameter predictions.

Encoder-decoder architectures of this type have shown significant promise for layered geome-
tries in prior work [20, 22]. We would like to extend the use of this architecture to explore
cloaking devices for a wider range of different object and cloak geometries than previously ex-
amined. Indeed, it is common to consider circular or elliptical layers as an analytic solution
is available for those cases. However, the use of such approaches for other types of geometries
have not been explored, to our knowledge. The following subsections describe the key network
components and hyperparameter choices in detail.

3.2. Decoder model for the forward problem. Since all interfaces will be parameterized
the same way, the relevant parameters for the layered structure are the layer thicknesses Ar =
(rj —rj+1)=y’, and permittivities e = (£;)};" respectively. We first train a decoder network to
approximate the forward problem, mapping the physical parameters of the multilayer structure
to the resulting scattered wave field evaluated at a fixed set of points in the background medium.
Working with the layer thicknesses Ar rather than the radii r; directly is advantageous because
the thicknesses are naturally positive quantities, whereas using the radii would require explicitly
enforcing the ordering constraints ro > r; > --- > ry_; during training, which is considerably
more difficult.

The general structure of the decoder is shown in Figure[3] The wave field is separated into its
real and imaginary components re(u) and im(u), resulting in an output layer that is twice the
size of the point distribution in the background medium. Because the forward problem has a
unique solution for each set of parameters, training a model to approximate it is straightforward
and typically converges well.

The hyperparameter configuration of the feedforward neural network we implement for the
decoder is summarized in Table [I, We use a batch size of 128, meaning the model is updated
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FIGURE 3. Decoder architecture mapping layer thicknesses Ar = (r; — ;1)

>

N-2
Jj=0

and permittivities e = (q)j»vz_ll to the real and imaginary parts of the wave field
u* at a set of discrete spatial points.

Parameter Value
Batch size 128
Hidden layer sizes | [16, 32, 64]
Layer type Fully connected
Activation function | GELU
Optimizer Adam
(learning rate =0.001, weight decay=1e—5)

TABLE 1. Hyperparameter configuration of the neural network for the forward
problem.

after processing 128 training samples at a time. It is a middle-ground batch size that balances
computational efficiency and stability of training. The selected learning rate and weight decay
are also standard values for the Adam optimizer. While these parameters could be tuned for
individual problems, we find that a single set of standard values performs well across all cases
considered in this work. This is also more consistent with our goal of developing a general
architecture applicable to multiple problem settings.

The decoder consists of a fully connected architecture which adopts a low-to-high input to
output mapping to support the reconstruction of the high-dimensional wave field from our
compact set of parameters. It is composed of Gaussian Error Linear Unit (GELU) activation
functions in the hidden layers. Unlike ReLU, which is piecewise linear and can suffer from
dead neurons, or Tanh, which saturates for large input values, GELU provides smooth, non-
linear gradient responses that improve the network’s ability to reconstruct field solutions while
maintaining numerical stability during training [23]. Other standard activation functions were
tested, including Sigmoid and LeakyReLU functions, but the GELU activation function showed
the best convergence behavior in all test cases. The resulting decoder is compact yet effective,
and forms the backbone of the combined encoder-decoder framework described next.

3.3. Combined encoder-decoder model for the inverse problem. The encoder solves the
inverse problem, mapping a given wave field back to the physical parameters of the cloaking
device. As noted earlier, this mapping is not unique: multiple parameter configurations can
produce the same, or similar, scattered fields. To handle this ill-posedness, the encoder is not
trained in isolation but through the combined encoder-decoder network (see Figure {4)), where
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Hidden Layers Hidden Layers
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FIGURE 4. Combined encoder-decoder architecture trained to act as the identity.
The encoder maps the real and imaginary parts of the wave field u to estimates
of layer thicknesses Ar and permittivities e while the pretrained decoder given
the layer thicknesses Ar and permittivities e provides an estimate of the real and
imaginary parts of the wave field u*.

the decoder output is compared to the original input field. This effectively trains the encoder
to produce parameters that, when passed through the pre-trained decoder, reproduce the input
field as closely as possible.

In an encoder-decoder architecture, the encoder typically uses a symmetric but inverted
architecture relative to its partner decoder. So, in this work, we use fully connected hidden
layers of sizes [64,32,16]. Apart from the activation functions, the remaining hyperparameters
follow the same configuration as the decoder (as shown in Table[2). For the encoder, we found
after rigorous testing that Exponential Linear Unit (ELU) activation functions ensured more
robust learning of the inverse mapping than other activation functions, including GELU. This is
likely because ELUs avoid the dead neuron problem associated with ReLLU, maintain nonlinear
responses throughout training [24]. ELU generally show faster convergence on larger datasets
and were tested for the decoder as well [25], but only outperformed GELU when used to train
the encoder. Specifically, we construct a vertically-shifted variant of ELU with o = 1:

ar +1, x>0
(2) )= {(a(expx ~1))+1, <0,

which produced the best convergence and output behavior across all problem settings consid-
ered, including objects with exotic shapes. In some cases, the EReLU activation function [26]
also produced effective cloaks, though generally not as effective as the shifted ELU. In the
output layer, the softplus function (a smooth approximation of ReLU) is also used to enforce
positivity of the predicted parameters consistent with the physical constraints of the problem.

With the encoder-decoder architecture of our network established, we now turn to the next
component of the pipeline: data generation.

4. BEM FORMULATION FOR DATA GENERATION

The difficulty of the cloaking task depends on how close to the object the scattering effect
must be unobservable. However, as long as little to no scattering is observed beyond a certain
distance, the Sommerfeld radiation condition guarantees that the scattered field continues to
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Parameter Value
Batch size 128
Hidden layer sizes | [64, 32, 16]
Layer type Fully connected
Activation function | Shifted ELU (Softplus in output layer)
Optimizer Adam
(learning rate =0.001, weight decay=1e—5)

TABLE 2. Hyperparameter configuration of the neural network for inverse prob-
lem.

decay further from the source. It therefore suffices to train on wave field data sampled exclu-
sively in the background medium, outside the subdomains containing the cloaked object and
cloaking layers.

To derive the wave field solutions in the background medium, we employ a boundary integral
equation (BIE) formulation.

4.1. Boundary integral equations for multilayered scattering problem. In each sub-
domain €2;, the solution to the Helmholtz equation can be represented via a combination of
single- and double-layer integral operators S; ; and D; ; [27], defined as

Sulilx) = [ @5, ¥)n(y) AT x €0,
Dl = [ TGV utyars,, xe0,

In these integral operators, I'; (for ¢ = j — 1 or j) denotes the interface on which they are
defined. ®; is the fundamental solution to the Helmholtz equation in €2;, which in 2D is given

by
1
3) D;(x,y) = 7 Hy' (k;[x ~ y])

where H(()l) is the Hankel function of the first kind. The unknown quantities p in D;; and
S, ; are called density functions. They define the boundary data: we choose to use the standard
representation formula, therefore in the double-layer operator, p will be the trace w;, and in

the single-layer operator it will be the normal trace 94 | For simplicity, we denote the traces

on;
u;(y) and %(y) in D; ; and S, ; respectively by
ou;
wij=ui(y), and Oyu, ;= ﬁ(y), y €T}

Using the integral operators, we obtain the following boundary integral representations of the
solutions wu:

up(x) = u™(x) + Do o[uo,](X) + So,0[0ntio,0] (X) in Qp

) uj(x) = =Dj15{uj-1,;](x) + Sj-1,[Onuj—1,5](x)
+ D; jluj;l(x) — Sjj[Onuj;](x) in
un(x) = =Dy_1 n[un—1,§](X) + Sv_1,n[Onun—1,n](x) in Qn

forj=1,...,N —1.

The solution in each region (2; is determined from the traces of u and normal trace d,u on
each interface. To obtain the unknown traces w; ; and d,u; ;, we construct a system of equations
defined on the interfaces in terms of layer potentials. These layer potentials are found by taking
the limits of the single- and double-layer integral operators on each side of the boundary I';, and
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are called S;; and D, ; respectively. While the single-layer operator is continuous, the double-
layer operator exhibits a jump discontinuity: for a point x* on the boundary, it produces an
additional +1p(x") term such that

1
D; j[u](x) e i§ﬂ(xb> + Dy ) (x").
x—x0
Applying the transmission conditions in to the boundary integral representation equa-
tions yields a system of 2N equations and 2N unknowns. Denoting a boundary point x on
I'; as x?, we make the choice to keep the traces u;; and normal traces d,u; ;, so that the BIE

system to solve is:

Lug(x}) = ug'(x§) + Dooluoo)(x4) + So,0[0nuo0] (x5)

E:.
Tui(x5_y) = —Djoyjlujor ) (X0_y) + ﬁsj—lyj[anu]’—lvj—l](X?—l)
i

D ilu ] (x5 1) — S [0nui (X))
(5) !

6 .

sui(x)) = =Dj_yj[uj_1,;-1] (X)) + 5,—]18j—1,j[8nuj—1,j-ﬂ(x’;>
i

+ Djjlui ) (x5) = S;5[0nu;5](x5)

1 b EN

5UN(XN,1) = —DN—1,N[UN—1,N—1](XZJ)V,1) + Z SN—LN[@nUN—LN—l](X?V,l)

On the boundaries I'; for j = 1,..., N — 2, the integral equations incorporate both the
operators associated with the other interface and the layer potentials defined on the same
interface where the boundary solution is being evaluated.

The size of the resulting system is determined by the number of interfaces N and the number
of boundary points M we use to discretize the integrals. Once the unknown traces and normal
traces are obtained, the wave field in the background domain may be evaluated using the
boundary integral representation for ug(x). While we may simply need to compute the field
in the background (and therefore have knowledge of only wg, O,ugp), it is necessary to fully
solve due to coupled terms. In order to solve the BIE system, we make use of standard
quadrature rules such as the Kress Product Rule [27], yielding spectral accuracy to treat weakly
singular integrals. Here, the Hankel function and its derivatives can exhibit a logarithmic
singularity as |X§) —y| = 0, which requires specific treatment. We refer to [27, 28| for some
details. Once the boundary data is computed, we approximate the wave field solution with the
periodic trapezoidal rule (with M quadrature points), which yields spectral convergence in M
for smooth, closed boundaries [9).

For points near but not on the boundary, however, the Hankel function and its derivatives
become nearly singular as |x —y| — 0. This is known as the close evaluation problem. The
phenomenon is essential to handle as large errors may occur if not addressed explicitly. Here,
it may appear twice: (i) when evaluating the field with especially close to a boundary, (ii)
when solving the BIE system when the layers are closely situated. In the next section we
present a way to overcome this challenge.

4.2. Addressing the close evaluation problem (the BRIEF method). Achieving ac-
curate computations near interfaces is a well-known challenge in boundary integral methods,
addressed by a variety of techniques including Quadrature by Expansion [29], asymptotic ex-
pansions [30], and plane-wave density interpolation [31]. In earlier work [32] on the multilayer
scattering problem, we use the Boundary Regularized Integral Equation Formulation (BRIEF)
method, which uses a modified solution representation to eliminate near-boundary errors [33].
In the standard setting, the BRIEF method is applied to the representation formula (aka solu-
tions in the layers). However, in the background medium we can choose to evaluate the wave
field behavior far enough off the boundary to neglect this type of error. The complication
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specific to the multilayer transmission problem we mean to address arises when modeling thin
cloaking layers.

More precisely, when boundaries I';_;, I'; are close, then one can find points X?»_l el X? €
I'; such that |x%_; — x5’| — 0. Then the operators S;_; ;,D;_1,,8S;;,Dj_1jfor j=1,...N =2
appearing in become nearly singular. Because this error is introduced at the BIE system
level, it reduces the accuracy of the wave field solution everywhere.

Let us present how to use BRIEF generally. Consider the solution of Helmholtz equation
inside (or outside) a domain € with boundary I'. Then at some point, the following combination
of the single- and double- integral operators must be used:

(6) D[u](x) = S[du](x).

We assume @ exhibits a nearly singular behavior when [x —x®| — 0. We introduce an auxiliary
function ¢ and write

Dlu](x) = S[0nu](x) = Dlu — P}(x) = S[0u — 0nt](x) — (P[Y](x) — S[0n9](x)) -
The goal is to define ad hoc 1 such that:
(a) Dlu — ¥](x), S[0,u — O,1b](x) are regularized at x°;
(b) D[¢](x) — S[0,1](x) can be computed analytically (or with spectral accuracy).

One way to succeed is to construct 1 solution of the Helmholtz equation in 2 such that
P(xP) = u(x?), 9,0(x°) = d,u(x®). With this choice (a) is achieved, as well as (b) via the
Green’s representation formula. That is, it is well-known that solutions of the Helmholtz
equation in a domain €2 satisfy

—1(x) x €0
(7) D)(x) = S[ov](x) = { —3¢(x)  x€T,
0 xeR*\Q

It is then just a matter of finding the appropriate domain €2 and auxiliary function ¢. We
choose to construct 1 as a linear combination of two solutions of Helmholtz equations (denoted
9.f)
(%) = u(x")g(x) + dau(x’) f(x),

where g, f satisfy specific conditions at x*: g(x’) = 1, n(x®) - Vg(x*) = 0, f(x*) = 0, n(x*) -
Vf(x%) = 1, with n(x®) is the unit outward normal on I'. By construction, (a) is guaranteed.

For the multilayered scattering problem, we utilize several auxiliary functions, one for each
region €); associated to wavenumber £;, and the boundary integral equations must be modified
wherever |x5_; — x| — 0. We introduce

with
1 .
gj(x) = cos(kj [n(xg’) S(x— xz’)}) , fi(x) = k_J sm(kj [n(x?) S(x— xg’)}) .
We now modify equations in on I';_; as follows
§uj(X§71) == D1 [ujo11] (X5) + 5,—]153'—1,;' [Ontj—1-1] (X))
j—

+ Dy [ujy — 5] (Xo_y) = Sjj [Ontt; — Onthy] (X5_y).

Note that since X?fl € I';_y is exterior to the domain enclosed by I';, Green’s representation
formula applied to ¢; vanishes. Then we modify equations in on I';:

su;(x5) + Dyl ) (x5) = S (00w 5] (x5) + 5 (x))

84
— D1 luj—rj1 — ¥)(xh) + g,—jlsjfw [Onttj—1-1 — Opthj](x5).
i
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Here, x;’- € I'; is interior to the domain enclosed by I';_;, so Green’s representation formula
applied to ¢; yields the term @bj(x?)

Although determining these modified expressions seems verbose, implementation of BRIEF
within the boundary integral equations is in fact straightforward. When present, the auxiliary
function 1;(x) is explicitly known, and its associated trace and normal trace at x° are treated
as unknowns within the BIE system. Evaluation of the functions g, f;, and their normal
derivatives is likewise direct.

Moreover, the assumptions adopted in our multilayer framework simplify the implementation
further. In particular, for concentric interfaces of similar geometries that differ only in r, and
which are discretized using the same M angular quadrature points (6,,)m=1,.nm, We assume
that corresponding closest boundary points are aligned by their 8 values. This eliminates the
need to implement an additional method to determine these closest correspondences of points
on different interfaces.

When the modified system is solved for these unknown traces and normal traces, we should
observe an improvement in the accuracy of our boundary solutions. This is seen in Figure [3]
where we show the boundary data errors before and after applying the BRIEF for a 3-layer
forward problem with two circular boundaries. Both a homogeneous case with (ko, k1, ko) =
(1,1,1) and a non-homogeneous case (ko, k1, k2) = (4.5,2,5.3) for radii (ro,71) = (1,0.9) are
represented. In both cases the method reduces the close-evaluation error by a significant margin.

Although BRIEF does not eliminate the error entirely, it achieves accuracy comparable to
what would otherwise require a substantially finer boundary discretization. This computational
saving is modest for a single solve, but becomes significant when generating the large training
and validation datasets required for training our data-driven neural network. BRIEF removes
the uncertainty of the accuracy of our solutions for samples with cloaking layers characterized
by very small Ar, and this is reflected by the ability of our models to produce reliable results
as shown in the following section.

5. RESULTS FOR TRAINED NEURAL NETWORK MODELS

5.1. Choice of parameters and validation. Having described the process for efficiently
and accurately generating training and validation data, we now turn to the application of the
neural network to the cloaking problem. Our goal is to evaluate how the architecture learns
the mapping from inputs to outputs and to determine whether the models used to generate the
outputs generalize well.

Both the decoder and the combined encoder-decoder networks are trained using the Mean
Squared Error (MSE) loss between the predicted and reference fields. For the decoder network,
the objective is to learn the mapping from the input parameters to the output field. The
combined encoder-decoder network is trained to approximate the identity mapping, where the
input and output fields coincide.

We note that each network is trained for a specific object geometry and material configuration
€ob, and for a chosen background medium ep,. Additionally we fix the number of layers in the
cloak. The generalizability of the framework lies in the architecture itself; the same encoder-
decoder design and training procedure is applied across all configurations considered, with
a corresponding dataset generated for each using the BEM pipeline described in Section [4]
This makes the approach practical for new configurations, since accurate training data can be
generated efficiently without the need for volumetric meshing.

In the following numerical experiments, we consider an object with characteristic radius ro, =
1 and permittivity €,, = 1, embedded in a homogeneous background medium with permittivty
epg = 4. We then analyze cloaking configurations, where we restrict our attention to a four-
layer setting. We generate samples by solving the forward problem for the object under varying
layer parameters, recording the wave field over radii and permittivities satisfying predefined
constraints. For example, we choose that the layer boundaries and material parameters must
satisfy
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FIGURE 5. Log plot of the absolute error of the boundary data ug o, u1 1, Ot 0,
and 0,u, 1 obtained with Kress Product Rule using M = 100 equi-spaced quad-
rature points: without BRIEF (red), using BRIEF (blue).
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We also impose a minimum distance between consecutive radii, such that r; — ;41 > 0.01.

While these material parameters and constraints are kept fixed, the geometry of the object
and the configuration of the cloaking layers are varied in each case shown. Each dataset used
consists of 10,000 samples, which we split into training, validation and test sets using 80-10-10
partition. Larger datasets were also tested but there was not significant improvement in the
loss behavior up to 30,000 samples.

The sampling points of the wave field are constructed to evaluate the total field outside the
cloaking region while avoiding numerical instability near the interfaces. Since we consider a
four-layer cloak which extends up to a pre-defined maximum radius of r = 2.2, all observation
points are placed outside this region. To balance accuracy and stability, we select a radial sam-
pling domain spanning r € [2.4,4.4], ensuring a buffer exists between the outer close boundary
and any evaluation points to avoid close evaluation errors from the BEM in the representation
formula. Within this annular region, points are distributed uniformly in 6 € [0, 27) with small
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random angular shifts to avoid systematic alignment with geometric features of the configura-
tion and reduce directional clustering. The resulting distribution (shown in Figure @ consists of
200 points randomly sampled in 7, which corresponds to an effective density of 5 points per unit
area. We note that this yields approximately 7 points per wavelength resolution with respect
to the wavelength of the background medium, A, = 7, which is a moderate-use resolution for
wave propagation in this setting [28§].

Distribution of 200 points
where we compute scattering
solutions away from object

Domain in which 4-layer
cloaking device models are
defined

Domain in which the object
being cloaked resides

Outside domain (medium),
which includes the far—field
distribution

-4 4

- T T T T
—4 -2 0 2 4

FIGURE 6. Sketch of the sample distribution and setting to generate dataset.
The 200-point distribution on which wave field solution data is captured for the
training of the multiple neural networks presented. The sub-domains where the
object and cloaking layers are defined are also shown.

Including points closer to the cloak may improve the network’s ability to resolve the influence
of the layered structure on the nearby scattered field, though it also increases the difficulty of the
learning task. Smaller and larger point sets were also evaluated, but the 200-point distribution
was the smallest that achieved stable and accurate performance. Larger point distributions
did not yield sufficient improvement to justify the additional computational cost. The overall
difficulty of the problem also depends on the permittivity ratio €patio := Ebg/Eob, Which controls
the intensity of the scattered field produced by the object.

The same neural network architecture is employed in all settings so we may see how well
it generalizes across the range of object and cloak geometries considered. Nevertheless, more
substantial changes in problem setup, such as varying the object radius or number of cloaking
layers, may require corresponding modifications to dataset size, sampling distribution, and
potentially other training hyperparameters.

Model checkpoints are saved whenever the average validation MSE loss improves relative to
the best value observed in previous training passes (epochs). The final model corresponds to the
network achieving the lowest validation MSE loss, ensuring that the model selection prioritizes
generalization rather than simply fitting the training data.

In Figure we show the training and validation MSE loss curves for the decoder archi-
tecture described in the previous subsection.

The overall smoothness of the loss curves indicates a well-behaved optimization process that
largely avoids instabilities or divergence, which could otherwise lead to inconsistent predictions.
This decoder architecture is sufficiently stable to be used within the full encoder-decoder frame-
work to predict the wave field with satisfactory accuracy. This example is representative of the
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FIGURE 7. Training and validation MSE loss curves for the simple circular-object
case with 7,1, = 1, e5, = 1, and ey, = 4 for the decoder network and the combined
encoder-decoder network.

general training behavior observed across all problem settings and model variants studied in
the remainder of this paper. We improve the validation loss up to the 5000 epochs used for
training, which indicates the model may even be further improved given additional time.

The MSE loss curves for the same case using the combined encoder-decoder architecture are
shown in Figure Utilizing the pre-trained decoder model, the network trains effectively
with no apparent underfitting or overfitting. In this particular case, the combined network
exhibits slightly faster convergence than the decoder model alone, although this behavior is
not consistent and it sometimes converges slower. Overall, fluctuations in the loss are minimal;
while minor variability is present, the overall loss trend remains consistently downward.
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FIGURE 8. Evaluation of the decoder’s output for one test sample. The top row
corresponds to the real component of the wave field solutions, and the bottom
row to the imaginary component. The 200-point distribution used to generate
wave field data is where accuracy is evaluated.
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FIGURE 9. Evaluation of the encoder-decoder’s output for the test sample in
Figure [§

We further evaluate the accuracy of the fully trained decoder model by computing the ab-
solute error between test samples and their corresponding predictions. We look at one sample
case in Figure [§] which illustrates the accuracy of the model across most cases. Visually, the
true and predicted real and imaginary components of the wave field solutions for the data dis-
tribution correspond well. The pointwise absolute errors are minimal, with only a small number
of localized regions exhibiting slightly elevated yet still acceptable error. These results show
that the decoder model has been trained to a high degree of accuracy, which is essential for
enabling effective training of the encoder as well.

We also evaluate the absolute errors for the combined encoder-decoder by comparing input
to output wave field solutions directly. We examine the same sample from the previous figure
in Figure [9 The highest magnitude of error is lower than what was observed in the decoder,
which tells us that the combined network is well trained to produce approximately the same
wave field from the parameters output by the encoder in the model’s latent layer. This also
shows that the general performance of the model for predicting the wave field is improved with
this combined network construction.

5.2. Evaluation of a Cloak with a Circular Object. Having examined the loss curves
and outputs of the models, we now apply the trained encoder to generate cloaking design
parameters. The incident wave field for e, = 4 is fed into the encoder, which outputs the
cloaking layer parameters needed to mitigate scattering.

To quantify the performance of the cloak, we compute the radar cross section (RCS), which
measures the visibility of the object to an incoming wave: a larger RCS indicates stronger
scattering and greater detectability. The RCS is evaluated on a circle of radius

2w

kbg’

where \pg is the wavelength in the background medium and m is the number of wavelengths
at which we measure. Generally 1 < m < 3 is used to evaluate the near-field behavior of the

R=mAyg =m
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solution and m > 5 to approximate it in the far-field. We will use m = 5. The RCS in 2D is
then defined as
|ubg(R’ 9) - uin(Rv 9) |2

[u™(R,0)[?

We compute both the object RCS with no cloak present, and the cloak RCS using the
parameters output by the encoder, and compare them visually.

The incident field is shown in Figure [10[A), the uncloaked object field is displayed in Fig-
ure [L0[B) and the cloaked in Figure [L0[C), which closely reproduces the incident field. The
corresponding RCS curves are plotted in Figure [10[D).
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FIGURE 10. Visualization of the cloaking performance of the neural network.
Only the real part of each field is shown on the contour plots. (A) Incident field
u™, showing the field that impinges on the object. (B) Object field upg without
any cloak. (C) Cloaked field uy,y obtained using the neural-network-generated
parameters which minimize scattering. (D) Radar Cross Section (RCS) plot
comparing the object (orange) and the cloaked object (blue) which is almost
entirely minimized.

These results demonstrate that the proposed architecture is capable of producing a highly
effective cloaking design for the circular-object case. The cloaking device and corresponding
layer radii and permittivities are shown in Figure The loss behaviors observed in the models
trained for this case is representative of all models trained in this work, and comparably effective
cloaking results are obtained across all configurations considered. In the additional examples
explored in the next sections, the RCS in will serve as the primary quantitative metric for
assessing cloak performance, enabling systematic comparison across different object and layer
geometries.

We make a couple of remarks:



FORWARD AND INVERSE SCATTERING VIA BOUNDARY INTEGRALS AND DEEP LEARNING 17

Object and Cloak Configuration

0.0436 | 1.072
2.114
/! 0.3617 | 1.303
0.5112 | 1.469

e
B
=)
X
oo

FI1GURE 11. Cloaking parameters produced by the neural network for the simple
circular-object case with rop, = 1, €5, = 1, and ey, = 4. The left panel shows the
object interface in black and cloak interfaces in red, while the right panel lists
the corresponding layer radii and permittivities.

e The output cloak by the neural network in Figure [T1] considers rather thin layers. It is
then essential to ensure accurate computation of the boundary data in such configura-
tion.

e In the case of circular interfaces, one could directly consider the analytic solution to
generate data and train the network. However, this approach remains limited. In the
next section we test our methodology on other geometries, where no analytic solution
is available.

5.3. Cloaking a Star-shaped Object. Having demonstrated effective cloaking for circular
objects, we now consider geometries with non-circular boundaries. As a first step, we introduce
small perturbations of the circular object and layer boundaries, which we refer to as star-shaped,
parameterized by

z(60) = (r; + Acos(nb)) cos b,
y(0) = (r; + Acos(nd)) sin 6,

where n is the number of star points and A > 0 controls their relative size with respect to r;.
In the following examples, we choose n = 10 and A = 0.05, only varying r;.

(9)

RCS Plot
20°

Object and Cloak Configuration
—— Cloak RCS

Object-RCS

FIGURE 12. Cloaking parameters produced by the neural network for the star-
object case with circular layers for rop, = 1, eop = 1, and ey, = 4. The RCS plot,
the object and cloaking layers, and the corresponding layer radii and permittivi-
ties are shown.
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FI1GURE 13. Cloaking parameters produced by the neural network for the star-
object case with star-shaped layers corresponding to the problem in Figure

For non-circular objects, an immediate design question is how the cloaking layers should be
shaped. Cylindrical or spherical layers are often preferred for their simplicity of fabrication,
accessibility to analytic solutions, and ease of coordinate transformation [3, [34]. However, one
may ask whether object-fitted layers, whose boundaries follow the star-shaped object boundary,
would yield superior scattering reduction. Our neural network can generate parameters for
either choice of layer geometry, enabling a direct comparison via RCS evaluations.

Figure [12] shows the results when circular layers are used to cloak the star-shaped object,
with 7, = 1, € = 1, and ey, = 4, the same parameters as the circular case, for which
our sampling distribution is well validated. The encoder-decoder produces an effective cloak,
though with somewhat reduced performance compared to the circular object case.

Figure [13] presents the results when both the object and layer boundaries are star-shaped.
Despite very similar predicted parameters, the RCS shows a clear improvement over the circular-
layer case, with the object-fitted cloak achieving scattering reduction comparable to, or better
than, what was obtained for the simpler circular geometry. This confirms that the same general
architecture can handle different boundary shape configurations, and that object-fitted layers
can indeed yield more effective cloaking.

Whether the added fabrication complexity of star-shaped layers is justified by the improve-
ment in cloaking performance is ultimately a practical design decision. The neural network
provides a fast means to explore such trade-offs, and the use of BEM with BRIEF enables
accurate evaluation of these configurations without the computational overhead of volumetric
methods such as finite element or finite difference methods.

These results illustrate the key ideas well, but the star-shaped geometry remains a relatively
mild perturbation of the circular case. In particular, all objects considered so far are radially
symmetric, with wave field responses that do not strongly depend on their orientation relative
to the incident field. In the next subsection, we consider kite-shaped objects, where geometric
irregularity and orientation both significantly affect the scattering behavior, providing a more
demanding test of the encoder-decoder’s generalization.

5.4. Cloaking Kite-Shaped Objects. The kite-shaped boundary is parameterized as a per-
turbation of a circle of base radius r;:

x(Q) = rj(cosé’ + Acos(ne)) _ Arj,

(10) y(6) =r;sinb,

where A > 0 controls the amplitude of the perturbation. In the following examples, we choose
A = 0.5. The kite is symmetric with respect to the y-axis, and we examine two orientations
relative to the incident field direction: one in which the convex side faces the incoming wave,
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FIGURE 14. Cloaking parameters produced by the neural network for the convez-
facing kite-object case with circular layers for ro, = 0.5, o1, = 36, and epg = 4.
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FiGUuRE 15. Cloaking parameters produced by the neural network for the kite-
object case with kite-shaped layers corresponding to the problem in Figure .

and one in which the concave side does. To produce a significant object RCS, we take ro, = 0.5,
Eob = 36, and ey, = 4.

As before, we compare results for circular and object-fitted (kite-shaped) cloaking layers.
While the approach has proven effective for the geometries considered so far, cloaking a kite-
shaped object is a considerably more challenging problem due to its geometric irregularity and
orientation dependence. It is precisely for such objects that a flexible, data-driven approach is
most valuable.

We begin with the less challenging orientation of the kite to cloak, where the convex side of the
kite faces the incident field. The results from our neural network for circular layers cloaking the
kite-shaped object are given in Figure[14] An interesting observation emerges from the predicted
parameters: in typical metamaterial cloaking designs, the layer permittivities alternate between
higher and lower values across consecutive interfaces. This alternating pattern is seen in all
previous examples. For this configuration, however, the permittivities decrease monotonically
across the layers. This is an atypical construction, yet one that the RCS confirms to be effective.

When kite-shaped layers are used instead (Figure7 the cloaking is not fully effective overall:
while scattering is reduced in the direction of the incident field, it is slightly increased in the
cross directions. This suggests that object-fitted kite-shaped layers are particularly effective
at suppressing scattering in the direction they are oriented, which may be advantageous in
applications where directional scattering reduction is the primary objective.

Cloaking the kite-shaped object when its concave side faces the incident field is expected to be
more challenging. In this orientation, we may conceive that a cloak composed of circular layers
could outperform the object-fitted cloak with kite-shaped layers. The neural networks allows us
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FIGURE 16. Cloaking parameters produced by the neural network for the
concave-facing kite-object case with circular layers for ro, = 0.5, eq, = 36,
and e,; = 4.
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FIGURE 17. Cloaking parameters produced by the neural network for the kite-
object case with kite-shaped layers corresponding to the problem in Figure .

to directly gain insight into this question. We use the same object and background parameters
as in the previous kite-shaped example, modifying only the object orientation. Figure [I6]shows
the neural-network-predicted cloaking configuration and RCS for circular layers, while Figure
presents the corresponding results for kite-shaped layers.

In both cases, the neural network identifies a viable cloaking design. Despite the unfavorable
concave-facing orientation, the object-fitted cloak again yields superior reduction of the object’s
scattered field. Most of the scattering in the incident field direction is reduced, although residual
scattering remains in the m and 27 side directions. The results further support the observation
that object-fitted cloaking configurations tend to outperform simpler layer geometries. More
broadly, they demonstrate that the neural network architecture can be readily extended to
assess more complex object shapes for which analytic solutions are not available.

In this context, the full pipeline including the BEM used to generate training data is particu-
larly valuable for modeling cloaking designs. Many of the cloak configurations considered in this
work involve very thin layers, and without the use of the BRIEF method, samples intended to
capture the effect of such thin layers on wave propagation would be unreliable. These findings
collectively underline the robustness of the proposed framework and its considered applicability
to increasingly complex cloaking problems.

6. CONCLUSIONS

We have presented a data-driven framework for the design and evaluation of optical cloak-
ing devices, based on an encoder-decoder neural network trained on accurate BEM-generated
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scattering data. The framework enables systematic inverse determination of cloaking layer
parameters and direct comparison of different cloaking strategies across a range of object ge-
ometries.

A central technical contribution is the integration of the BRIEF method into the data gen-
eration pipeline, which enables accurate BEM solutions for thin-layer configurations without
the need for prohibitively fine boundary discretizations. This extends the applicability of the
framework well beyond simple circular geometries. The neural network consistently identified
effective cloaking designs for circular, star-shaped, and kite-shaped objects, including configura-
tions where orientation and geometric concavity significantly influenced the scattering behavior.

A consistent finding across all cases is that object-fitted cloaking layers outperform circular
layers in terms of scattering reduction, as measured by the RCS. This challenges the common
assumption in optical cloaking design that geometrically simpler, symmetric shells are univer-
sally optimal. The RCS provides a physically meaningful and consistent metric for quantifying
these differences, making it straightforward to assess trade-offs between geometric complexity
and cloaking effectiveness.

Several directions remain open for future work. First, we restricted attention to 2D wave
propagation, but this framework can be extended to 3D where the BEM would make data gen-
eration highly efficient. Additionally, the present framework is demonstrated for time-harmonic
propagation of electromagnetic waves, but the same methodology can be extended to other wave
phenomena including acoustic and elastic scattering with appropriate modifications to the gov-
erning equations and boundary conditions. Another natural extension concerns the complexity
of the cloaking design itself. In the present work, a fixed number of layers is assumed to enable
a controlled comparison across geometries. Future work could consider variable-depth or adap-
tive layer constructions, where the number of layers is treated as part of the design problem,
with the goal of achieving comparable cloaking performance using simpler configurations. This
would allow the framework to explore trade-offs between geometric complexity and scattering
reduction. Additionally, the current approach uses separate models for circular and object-
fitted configurations, but a unified training strategy could enable the network to directly infer
the optimal layer geometry for a given object. Such developments would further improve the
generalization of this framework, establishing it as a stronger general-purpose tool for inverse
scattering designs.
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