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 a b s t r a c t

In this paper, we present a 2D numerical model developed to simulate the dynamics of soft core-shell particles. 
To accommodate large particle deformations, the particle surface is represented as a thin shell composed of mass 
points that interact through elasto-plastic force laws governing their linear and angular relative displacements. 
Particle shape changes are controlled by these interactions, in conjunction with a uniform particle core stiffness. 
This model can be applied to simulate flexible beams and core-shell particles of arbitrary shape. We calibrate and 
verify this model by comparing the deformation of constrained beams under load with theoretical predictions. 
Subsequently, we explore the diametral compression of a single particle between two walls, focusing on the 
influence of the particle core stiffness and shell plasticity. Our findings indicate that increased core stiffness 
reduces particle volume change and promotes the development of flat contact areas with the walls. To further 
illustrate the model capabilities, we apply it to the uniaxial compaction of a granular material composed of core-
shell particles. We show that, depending on the core stiffness and shell plastic threshold, the compaction leads 
to either a significant reduction of particle volumes or an improved pore filling due to particle shape changes. At 
high compaction, particle shapes vary such that elastic particles without core stiffness become mostly elongated, 
elastic particles with core stiffness form polygonal shapes, while plastic particles develop elliptical or highly 
irregular forms. Finally, we simulate the tensile fracture of a tissue composed of elastic or plastic cells, illustrating 
the model’s potential applicability to soft tissues that undergo both large cell deformations and fracture.

1.  Introduction

The study of soft particles is a diverse and rapidly evolving field 
within materials science and the physics of complex systems. These soft 
particles encompass a wide range of materials, including hydrogels [1], 
polymers [2,3], colloids [4–6], emulsions [7], plant cells [8,9], and red 
blood cells [10]. Understanding the mechanical behavior of these ma-
terials has broad implications across multiple disciplines. For instance, 
deformable polymer particles can be engineered to create innovative 
materials with customized properties [11–13].

Plant cells and red blood cells belong to the broader class of core-
shell particles, which consist of solid, liquid, or gas cores surrounded 
by solid shells [14–17]. The combined effects of their core and shell 
materials make them suitable for many applications such as drug deliv-
ery, chromatography, catalysis, and design of artificial cells. The core-
shell particles are assembled from inorganic, organic, polymeric, or crys-
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talline materials with sizes ranging from nanometer to micrometer. Hol-
low nanoparticles are of particular interest because of their lower den-
sity compared to their solid counterparts, and they have been explored 
for their use in catalysis. The mechanical properties of core-shell parti-
cles are essential for their performance in applications. In exception to 
a few studies [17–19], most past studies have been concerned with the 
fabrication and initial biological characterization of core-shell particles 
rather than their mechanical behavior.

What connects these materials, despite their diverse physical na-
tures, is their common ability to undergo significant deformation 
due to both collective particle rearrangements and changes in par-
ticle volume or shape under external and internal stresses. These 
characteristics alter the space-filling properties of soft-particle sys-
tems compared to hard particle packings, where the packing fraction 
cannot exceed the random close packing (RCP) limit [20,21]. The 
rheological behavior of highly deformable particle systems confined
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beyond this jamming limit has only recently been studied systematically
[22–24].

The standard method for simulating granular materials is the Dis-
crete Element Method (DEM) [25,25–27]. This technique consists in in-
tegrating the equations of motion for the translational and rotational 
degrees of freedom of each particle, accounting for their contact interac-
tions, and employing a time-stepping scheme [28]. The primary assump-
tion of DEM is that particles are undeformable and lack therefore shape 
degrees of freedom, though small overlaps are permitted to represent 
contact elastic or plastic deflections between particles. Consequently, 
DEM in its basic formulation is unsuitable for simulating soft particles, 
which require shape degrees of freedom. However, numerical methods 
incorporating shape degrees of freedom within the DEM have been pro-
posed. For instance, Mollon developed a Soft DEM, where rotations and 
center-of-mass displacements are managed similarly to DEM, but ellipti-
cal particles can adjust their aspect ratio through stepwise variations in 
strain (assumed to be uniform) in response to changes in average stress 
due to contact forces [29]. This model is limited to elliptical particles 
and cannot be used to simulate arbitrary particle shapes. Boromand et al. 
introduced a versatile Deformable Particle (DP) method, where the de-
grees of freedom are represented by mass points (or vertices) on the par-
ticle boundary [23]. The evolution of these boundary points is governed 
by a shape-energy function, which is minimized with each increment of 
imposed displacements to determine the new positions of the points. 
This approach allows for arbitrary deformations from a reference shape 
defined by the initial positions of the vertices. The DP model has been 
applied to study the jamming of soft grains [23] as well as the isotropic 
compaction and hopper flow of deformable particles [24,30]. From the 
viewpoint of mechanical behavior, the DP model can be considered as 
a method for the simulation of hollow-core thin-shell particles.

It is noteworthy that continuum methods such as Finite Element 
Method (FEM) and Material Point Method (MPM) can also be used to 
simulate soft particles [22,31–37]. In particular, these methods can be 
adapted to core-shell particles, which are at the focus of this paper. But, 
such models may be delicate to handle for the simulation of core-shell 
particles with vanishing shell thickness or for the treatment of frictional 
contacts [22].

In this paper, we present a 2D numerical method that builds on the 
principles of the DEM with frictional contact interactions between indi-
vidual particles, but with the added capability of handling large defor-
mations. In close analogy with the DP model, as previously discussed, 
our model introduces shape degrees of freedom by representing the par-
ticle surface as a shell composed of mass points interacting through 
elasto-plastic force laws.

As in DP model, our Soft Particle Dynamics (SPD) model relies on 
a limited number of degrees of freedom per particle, enabling efficient 
simulations of core-shell particles. A key distinction lies in the treatment 
of dynamics by SPD and DP: the DP model is inherently quasi-static, 
whereas SPD is based on a fully dynamic algorithm, making it better 
suited for applications involving time-dependent behavior such as vis-
cous damping and collisions with finite energy restitution. In addition, 
an explicit elastic limit on shell flexion is introduced in SPD to allow for 
plastic deformations. In contrast to DP, we also account for friction be-
tween particles via a Coulomb friction law. For modeling cellular tissues 
or core-shell aggregates, we have also implemented a multi-directional 
adhesion law between soft particles. Finally, to account for liquid core 
in the simulations of a broad class of systems such as living cells, the 
model incorporates a core stiffness of pressure in addition to the stretch 
and bending stiffness parameters associated with the shell elements.

We shall see that the mechanical behavior of a single particle can 
vary significantly based on the values of stiffness parameters and shell 
plasticity. We highlight the versatility of this method by applying it to 
the compaction of deformable core-shell particles and the fracture of 
cellular tissues.

Section 2 presents a detailed description of the approach. Section 3 
presents the software implementation of this approach, describes the 

Fig. 1. Representation of a particle composed of 8 mass points and 8 segments 
in the 𝑥𝑦 plane.

neighbor search and optimization strategies, and analyzes performance 
and scalability. Section 4 considers the calibration of the method, focus-
ing on its application to beams subjected to point forces. In Section 5, 
we examine how model parameters affect the mechanical response of 
a single particle under diametral compression between two flat walls. 
For the sake of demonstration, in Section 6 we present simulations of 
the compaction of an assembly of deformable particles. To showcase the 
applicability of the method to cellular materials, in Section 7 two exam-
ples of cellular tissue fracture under tensile deformation are presented 
and briefly discussed. Finally, Section 8 concludes with a summary of 
the key findings and potential future directions for this work.

2.  Model description

In this section, we outline the main ingredients of the model and 
introduce the notations that will be used throughout the paper. It is 
important to note that both the model and the examples discussed are 
in two dimensions under plane-stress conditions.

2.1.  Geometric representation of particles

In the model, we refer to various basic units-such as plant cells, 
grains, microcapsules, nanotubes, and vesicles-as "particles." Each parti-
cle can undergo significant elastic or plastic deformations without break-
ing and interacts with other particles through elastic and cohesive con-
tact forces. These deformations involve changes in both the volume and 
shape of the particles, which are modeled by representing each particle’s 
periphery as an array of mass points connected by elastic-plastic force 
laws. These force laws can be viewed as extensible elements (beams) 
linking the mass points; however, the mass and dynamics of the system 
are carried by the mass points themselves, which we will also refer to as 
nodes or vertices. It is important not to confuse this approach with alter-
native methods that represent the particle surface as an array of beam 
elements articulated at their endpoints, where the mass and dynamics 
are carried by the elements rather than the nodes.

In our model, the mechanical integrity of a particle is maintained 
through the interactions between adjacent pairs of mass points and by a 
flexural or bending stiffness at each vertex formed by two adjacent seg-
ments (elements), which involves three mass points. These mass points 
at the vertices are the discrete elements of the model and represent the 
shape degrees of freedom of a particle. Changes in particle shape are 
governed by variations in the angles between adjacent segments (the 
bending mode), while variation of the particle’s perimeter depends on 
the elongation of these segments (the stretch mode). Although the dy-
namics is carried by the vertices, we assume that for interactions be-
tween particles, the segments behave as sphero-segments-thick lines 
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Fig. 2. Identification of vertices and segments in each particle. Each vertex has a local number within the particle; to refer to it globally, both the particle number 
and the local vertex number are needed. For instance, the bottom-right vertex is identified as C|𝑗 |𝑉4, where 𝑗 is the particle number and 4 is the local vertex number. 
Similarly, any vertex in particle 𝑖 is denoted as C|𝑖|𝑉𝑘, where 𝑘 specifies the vertex within that particle.

with rounded caps-that can come into contact with the vertices of other 
particles.

Fig. 1 illustrates a 2D particle consisting of vertices and elements of 
varying lengths 𝓁 in the 𝑥𝑦 plane. The initial shape of the particle is 
defined by the equilibrium lengths 𝓁0 of its sides and the angles 𝜃0 be-
tween adjacent elements. The corresponding stretch and bending stiff-
nesses are denoted by 𝑘𝑠 and 𝑘𝑏, respectively. The particles are assumed 
to have a length 𝑠 along the 𝑧 axis. The set of vertices defines a thin 
shell, but we numerically replace each vertex by a disk of radius 𝑟 and 
each segment joining two vertices by a sphero-segment or rounded-cap 
rectangle of thickness 2𝑟. The centers of the disks at the vertices of two 
adjacent elements coincide.

We employ a local numbering scheme for vertices within each parti-
cle to ensure precise identification. As illustrated in Fig. 2, this method 
assigns each vertex a pair of indices, denoted as C|𝑖|𝑉𝑘, where 𝑖 represents 
the particle number and 𝑘 indicates the local vertex number. An element 
connecting two successive vertices 𝑘 and 𝑘 + 1 within the same particle 
𝑖 is labeled as C|𝑖|𝑉𝑘→𝑘+1. Additionally, our data structure accounts for 
cases where an element may have a missing endpoint, which is useful 
for modeling open or breakable cells, though such cases are beyond the 
scope of this paper. To accommodate these scenarios, we introduce the 
concept of an “absent" vertex, denoted by ∅, as seen in C|𝑖|𝑉4→∅. This 
linked list structure, whether closed or open, is both concise and easy 
to implement.

2.2.  Internal forces and moments

Two mass points 𝑘 and 𝑘 + 1 are assumed to interact through a har-
monic potential energy with a plastic threshold. In other words, the 
extensional incremental deformation 𝛿𝓁(𝑘,𝑘+1) of the segment C|𝑖|𝑉𝑘→𝑘+1
joining the two points is governed by a linear elastic-perfectly plastic 
law:

𝛿𝐹(𝑘,𝑘+1) =
⌈

𝑘𝑠 𝛿𝓁(𝑘,𝑘+1)
⌋

±𝐹 Y𝑠
, (1)

where 𝑘𝑠 is the stretch (extensional) stiffness, 𝛿𝐹(𝑘,𝑘+1) is the extensional 
force increment, and 𝐹 Y𝑠  is the elastic limit or plastic threshold force. 
The notation ⌈Δ⌋±  is defined as:

⌈Δ⌋± =
{

Δ if | + Δ| <  ,
0 otherwise.

(2)

In this notation, compressive forces and contractions of a segment are 
counted as positive, whereas tensile forces and extensions are considered 
negative.

Shear deformation across the shell wall is neglected. However, to 
endow a particle with an equilibrium shape, we must also incorporate 
resistance to bending at all vertices of the particle. We assign a reference 
angle 𝜃0𝑘 to each node C|𝑖|𝑉𝑘, and the variations 𝛿𝜃𝑘 of the angles follow 

a linear elasto-plastic law:
𝛿𝑀𝑘 = ⌈𝑘𝑏 𝛿𝜃𝑘 ⌋±𝑀Y

𝑏
, (3)

where 𝑘𝑏 is the bending stiffness, 𝛿𝑀𝑘 is the torque increment at node 𝑘
due to internal or external forces, and 𝑀Y

𝑏  is the elastic limit or plastic 
threshold for the torque. The initial values 𝓁0(𝑘,𝑘+1) of segment lengths 
and 𝜃0𝑘 of vertex angles define the particle’s initial shape. Any changes 
in shape require external forces. In the elastic regime, the initial shape 
represents the reference state such that if external forces are removed, 
the particle will return to this initial shape.

When plastic deformations occur at some nodes under the action 
of external forces, the torque 𝑀𝑘 at those nodes remains equal to 𝑀Y

𝑏
while the angles and consequently the shape of the particle change. In 
the same way, an element may reach its extensional elastic limit, in 
which case the force will remain at its plastic limit 𝐹 Y𝑠  unless the di-
rection of loading changes. Once external forces are removed, the new 
reference state is defined by the cumulative plastic deformations at all 
nodes and elements. As we shall see in Section 2.4, since our model as-
signs degrees of freedom only to mass points, an interaction law like 
(3), which involves the angle 𝛿𝜃𝑘 as a variable, represents a three-body 
interaction between the three nodes 𝑘 − 1, 𝑘, and 𝑘 + 1. This interaction 
is handled by substituting the torques with moments of forces acting on 
the segments.

To accurately model the physical behavior of systems such as cellular 
tissues, it is crucial to account for the effect of fluid inside the particle. 
Let 𝑉  denote the volume of the particle, 𝑉0 its initial volume, and 𝑝 the 
fluid pressure. We assume that the fluid is inviscid, and the variations 
𝛿𝑝 of pressure follow a linear isotropic elastic behavior:

𝛿𝑝 = −𝐾Ω
𝛿𝑉
𝑉0

, (4)

where 𝐾Ω is the core modulus due to the presence of the fluid. While 
the fluid can possess viscosity or exhibit more complex behaviors, this 
model assumes an inviscid fluid for simplicity. Under undrained condi-
tions, where the fluid is confined within the particle, the fluid pressure 
𝑝 adjusts in response to changes in the particle’s volume. Conversely, 
under drained conditions, where the fluid is in equilibrium with the 
surrounding environment, 𝑝 remains constant and equal to the external 
pressure. As discussed further below, the overall bulk modulus 𝐾 of a 
particle is a combination of 𝐾Ω and 𝑘𝑠.

2.3.  Particle interactions

In 2D, the interactions between two particles C|𝑖 and C|𝑗 reduce to in-
teractions between their vertices and elements. A vertex-vertex contact 
occurs between two disks, while a vertex-element contact is a contact 
between a disk and a thick line. An element-element contact can involve 
either one vertex-vertex contact along with one vertex-element contact, 
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Fig. 3. An element-element contact can involve either one vertex-vertex con-
tact, indicated by two arrows, along with one vertex-element contact, or it can 
involve two vertex-element contacts, each marked by a single arrow.

Fig. 4. Possible contact configurations between two elements.

or two vertex-element contacts, as illustrated in Fig. 3. Therefore, for 
detecting the contacts between two particles, it is sufficient to consider 
only vertex-vertex and vertex-element interactions.

Fig. 4 illustrates the three possible interactions between a vertex 
of C|𝑖 and an element C|𝑗 |𝑉𝑘→𝑘+1 of the cell C|𝑗 : C|𝑖|𝑉𝑙 − C|𝑗 |𝑉𝑘 (Fig. 4a), 
C|𝑖|𝑉𝑙 − C|𝑗 |𝑉𝑘→𝑘+1 (Fig. 4b), and C|𝑖|𝑉𝑙 − C|𝑗 |𝑉𝑘+1 (Fig. 4c). For the sake 
of simplicity we denote by A and B the vertices 𝑉𝑘 and 𝑉𝑘+1 endpoints 
of the element C|𝑗 |𝑉𝑘→𝑘+1, and by C the vertex 𝑉𝑙 of C|𝑖 in contact with 
the element. 𝐼 is the contact point of C with the element, and 𝐶 ′ is the 
projection of 𝐶 over the line (𝐴𝐵).

These cases can be algebraically distinguished by analyzing the 
length 𝑎 = ⃖⃖⃖⃖⃖⃗𝐴𝐶 ⋅ ⃖⃖⃖⃖⃖⃗𝐴𝐵∕‖⃖⃖⃖⃖⃖⃗𝐴𝐵‖ and considering the different in-plane thick-
nesses 2𝑟𝑖 and 2𝑟𝑗 of cells C|𝑖 and C|𝑗 :

1. for 𝑎 < 0, the normal vector at contact is ⃗𝑛 = ⃖⃖⃖⃖⃖⃗𝐶𝐴∕‖ ⃖⃖⃖⃖⃖⃗𝐶𝐴‖ and the over-
lap is 𝛿𝑛 = ‖

⃖⃖⃖⃖⃖⃗𝐶𝐴‖ −
(

𝑟𝑖 + 𝑟𝑗
)

,
2. for 0 ⩽ 𝑎 ⩽ 𝓁, 𝑛 = ⃖⃖⃖⃖⃖⃖⃖⃗𝐶𝐶 ′∕‖⃖⃖⃖⃖⃖⃖⃖⃗𝐶𝐶 ′

‖ and 𝛿𝑛 = ‖

⃖⃖⃖⃖⃖⃖⃖⃗𝐶𝐶 ′
‖ −

(

𝑟𝑖 + 𝑟𝑗
)

,
3. for 𝑎 > 𝓁, 𝑛 = ⃖⃖⃖⃖⃖⃗𝐶𝐵∕‖ ⃖⃖⃖⃖⃖⃗𝐶𝐵‖ and 𝛿𝑛 = ‖

⃖⃖⃖⃖⃖⃗𝐶𝐵‖ −
(

𝑟𝑖 + 𝑟𝑗
)

.

We also denote by (𝐼, 𝑛, 𝑡⃗) the local frame attached to the contact point 
with ⃗𝑡 = 𝑛 × 𝑧.

The total contact force 𝑓 at the contact 𝐼 is defined by its normal 
and tangential components 𝑓𝑛 and 𝑓𝑡 in the local frame:
𝑓 = 𝑓𝑛𝑛 + 𝑓𝑡 𝑡⃗. (5)

In all cases, the normal elastic repulsion force is given by:
𝑓𝑛 = 𝑘𝑛𝛿𝑛, (6)

where 𝑘𝑛 is the normal contact stiffness. The tangential elastic force 
follows the Coulomb friction law, which can be expressed using force 
increments 𝛿𝑓𝑡 as follows:
𝛿𝑓𝑡 = ⌈−𝑘𝑡 𝛿𝑢𝑡 ⌋±𝜇𝑓𝑛 , (7)

where 𝜇 is the friction coefficient, 𝑘𝑡 is the tangential elastic stiffness, 
and 𝛿𝑢𝑡 is the incremental tangential displacement of C|𝑗 with respect to 
C|𝑖 at the contact point. This is equivalent to the following expression:

𝑓𝑡 =

{

−𝑘𝑡𝑢𝑡 for |𝑓𝑡| ≤ 𝜇𝑓𝑛,
−𝜇𝑓𝑛

𝑢̇𝑡
|𝑢̇𝑡|

otherwise, (8)

where 𝑢𝑡 is the cumulative tangential displacement and 𝑢̇𝑡 is the tangen-
tial relative velocity.

2.4.  Time stepping scheme

Given that the discrete degrees of freedom for the particles are car-
ried by their vertices, we assign a mass 𝑚 to each vertex, resulting in 
a total particle mass of 𝑁𝑚 for a particle composed of 𝑁 vertices. The 
classical velocity Verlet time-stepping scheme is applied to each mass 
point. This scheme, widely used in DEM, is recognized for its balance 
between accuracy and computational cost. As a symplectic integrator, 
it conserves the phase-space volume over time, making it well suited 
for Hamiltonian systems. Unlike DEM, rotational degrees of freedom for 
the mass points are not required, as particle rotations naturally arise 
from the displacement of vertices. The time step 𝛿𝑡 must be kept below 
the critical threshold 𝛿𝑡𝑐 =

√

𝑚∕𝑘max, where 𝑘max represents the largest 
stiffness parameter of the system.

Although the elements are massless, they can still receive forces at 
their contact points with other particles. Since the dynamics is entirely 
governed by the mass points located at the vertices, any force acting 
on an element must be transferred to the vertices at its endpoints, as 
illustrated in Fig. 5. Let 𝑓 represent a force vector acting on an element 
of length 𝓁, applied at a point located a distance 𝑎 from one end, de-
noted as 𝑘, and a distance 𝓁 − 𝑎 from the other end, denoted as 𝑘 + 1. 
Assuming the element is in equilibrium under the action of 𝑓 and the 
reaction forces at the two vertices, the force 𝑓 is fully transferred to 
these endpoints. The forces acting at the vertices 𝑘 and 𝑘 + 1 are given 
by 𝑓𝑘 = 𝑤𝑘𝑓 and 𝑓𝑘+1 = 𝑤𝑘+1𝑓 , respectively, where 𝑤𝑘 = (𝓁 − 𝑎)∕𝓁 and 
𝑤𝑘+1 = 𝑎∕𝓁.

The core pressure within a particle manifests through the force it 
exerts on each vertex. This process occurs in two distinct steps. First, 
a force increment 𝛿𝐹 in(𝑘,𝑘+1) due to the core pressure increment 𝛿𝑝 acts 
on each element (𝑘, 𝑘 + 1). Given the isotropic nature of the pressure, 
this force increment is perpendicular to the element at its midpoint and 
is calculated as 𝑠𝓁(𝑘,𝑘+1)𝛿𝑝, where 𝓁(𝑘,𝑘+1) is the length of the element. 
Second, this force is equally distributed between the two vertices 𝑘 and 
𝑘 + 1, in accordance with the rule outlined in Section 2.3. The variation 
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Fig. 5. Representation of force transfer from the contact point to the nodes 
belongingto C|𝑖|𝑉𝑘→𝑘+1.

Fig. 6. Equivalence between a torque acting at the node 𝑘 and a pair of couples 
acting on the elements (𝑘 − 1, 𝑘) and (𝑘, 𝑘 + 1).

𝛿𝑝 in core pressure during each time step is given by the corresponding 
volume change, which is based on the displacements of the vertices at 
the midpoint of each time step, similar to how contact forces with other 
particles are handled.

As previously mentioned, the torque Eq. (3) represents a three-body 
interaction, given that the primary variables of the system are the dis-
placements of the mass points. The variation 𝛿𝜃𝑘 of the angle at a vertex 
𝑘 is computed at the midpoint of each time step. Using Eq. (3), the incre-
ment 𝛿𝑀𝑘 is calculated. As shown in Fig. 6, this torque increment can 
be replaced by two couples (𝛿𝐹1,−𝛿𝐹1) and (𝛿𝐹2,−𝛿𝐹2), with the force 
magnitudes given by:

𝛿𝐹1 =
𝛿𝑀𝑘

2𝓁(𝑘−1,𝑘)
(9)

𝛿𝐹2 =
𝛿𝑀𝑘

2𝓁(𝑘,𝑘+1)
. (10)

The forces 𝛿𝐹1 and −𝛿𝐹1 are perpendicular to the element (𝑘 − 1, 𝑘) and 
act on the vertices 𝑘 − 1 and 𝑘, respectively. Similarly, the forces 𝛿𝐹2 and 
−𝛿𝐹2 are perpendicular to the element (𝑘, 𝑘 + 1) and act on the vertices 
𝑘 and 𝑘 + 1, respectively. The sum of the two couples equals 𝛿𝑀𝑘.

Finally, a combination of forces and velocities can be imposed on 
the particles through their vertices. Specifically, a particle can be made 
perfectly rigid by freezing its surface degrees of freedom. In the same 
way, wall boundary conditions can be enforced by imposing force or 
velocity components on selected vertices of a particle.

3.  Implementation and performance analysis

With the model now fully defined, this section provides insights into 
its software implementation and evaluates its expected performance 
characteristics. The implementation was developed within a computa-
tional code named l-hyphen, written in C++ and distributed under the 
CeCILL-B license (available at https://github.com/richefeu/l-hyphen). 
A distinctive feature of l-hyphen is that it relies exclusively on the
toofus framework [38], without introducing any additional exter-
nal dependencies. Visualizations and graphical processing are handled 
through a dedicated application built on OpenGL [39], ensuring the soft-
ware remains self-contained, multi-platform and user-friendly.

Given that core-shells can exhibit extremely large deformations, their 
construction involves sub-elements, that are thin lines and disks. Conse-
quently, the classical Verlet radial-distance method is insufficient when 
applied to significant deformations, leading to inaccurate determination 
of neighboring elements. Therefore, an approach based on a hierarchical 
neighborhood definition has been developed to address this issue.

By defining the axis-aligned bounding box (AABB) that encompasses 
each core-shell, their proximity can be stated when the expanded boxes 

by a margin using an alert distance 𝑑alert overlap. For this very initial 
broad phase step, an algorithm with complexity (𝑁2

shell) was used in the 
performance analysis. Additionally, we implemented a linked-cell algo-
rithm which has a complexity of (𝑁shell). Following the broad phase, 
the proximity of all pairs of node-bar and node-node elements is tested 
using the smallest segment-point or point-point distances, with half the 
thicknesses of the shells subtracted. This fine phase has a complexity of 
(𝑛2sub), where 𝑛sub represents the number of sub-elements on adjacent 
core-shells. It could be optimized by considering a hierarchical structure 
of sub-elements using binary trees of bounding boxes, but this strategy 
has not yet been fully implemented as it was not currently absolutely 
necessary.

The performance analysis is accomplished using a simulation setup 
that models a column collapse on a horizontal plane consisting of soft 
core-shell particles. The core-shell particles are initially arranged into a 
column using an algorithm that is beyond the scope of this analysis.

To assess the simulation time as a function of the number of nodes 
in the system, two parameters were systematically varied for a column 
of fixed size: 1⃝ the number of particles was incrementally increased 
while maintaining approximate homothety, 2⃝ the number of nodes was 
augmented in the configuration with the smallest number of particles by 
subdividing the particle faces; Fig. 7(a).

For all simulations, the total duration 𝑡total was recorded. Addition-
ally, the time spent was measured in three key phases: (1) the recon-
struction of the neighbor list, denoted as 𝑡neighbors, (2) the computation of 
internal forces and moments within the particles (Section 2.2), denoted 
as 𝑡shell, and (3) the calculation of interaction forces between particles 
(Section 2.3), denoted as 𝑡interaction.

Fig. 7(b) shows the relative contributions of the different calculation 
steps as a function of the total number of nodes 𝑁 . The times have been 
normalized by the total time of each simulation 𝑡∙(𝑁)∕𝑡total(𝑁) (hence 
the red/disk curve equals 1). The three main contributions observed 
are: calculations of interactions between elements (yellow/diamond), 
construction of neighbor lists (green/triangle), and calculation of in-
ternal forces (blue/square). For configuration 1⃝, where the number of 
particles is increased while maintaining node density, the relative share 
of time spent on interactions 𝑡interaction increases with 𝑁 according to 
a power law, while the relative times spent on searching for neighbors 
𝑡neighbors and calculating internal forces 𝑡shell tend to decrease. When only 
the number of nodes per particle is increased (configuration 2⃝, 381 
fixed particles), the trends remain the same but with a different distribu-
tion of costs: the relative share of interaction calculations is lower than 
in configuration 1⃝, at the cost of a relative increase in the time spent 
searching for neighbors and calculating internal forces. In other words, 
densifying local meshes increases the local processing cost per cell with-
out causing as many inter-particle interactions as when increasing the 
number of particles. The inset confirms that the total computation time 
generally follows a quadratic growth 𝑡total ∝ 𝑁2 for both configurations. 
However, the growth is less pronounced in configuration 2⃝, which is 
consistent with a lower number of inter-particle interactions (the overall 
interaction pairs increase less rapidly).

4.  Calibration and verification

The parameters of the force laws used in the model must be expressed 
as functions of the material properties and the number 𝑁 of segments 
or their lengths 𝓁. We assume that each particle represents a core-shell 
tube of shell thickness ℎ and length 𝑠. If the shell is made of a material 
of Young modulus 𝐸 and Poisson ratio 𝜈, according to shell theory, the 
extensional stiffness is given by [18]

𝑘𝑠 =
𝐸ℎ

1 − 𝜈2
, (11)

whereas the bending rigidity is

𝑘𝑏 =
𝐸ℎ3

12(1 − 𝜈2)
. (12)
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Fig. 7. (a) Sketch of the two tested configurations to increase the number of nodes. (b) Evolution of the different relative computation times as a function of the 
number of nodes. The solid symbols correspond to an increase in the number of particles 1⃝ and the empty symbols to configuration 2⃝, where the number of nodes 
per particle is increased in the 381-particle reference sample. The inset shows that the total durations evolve overall as the number of nodes squared.

Fig. 8. (a) Simulated cantilever beam with 8 elements, (b) simulated simple support beam with 8 elements, and (c) normalized vertical deflection 𝛿∕𝛿max as a function 
of the location 𝑥 along the beam for cantilever beam (CB) and simple support beam (SSB) with 20 elements. The solid lines are the analytical expressions (15) and 
(17). The arrows indicate the location of the external force.

This expression is based on the consideration that the moment 𝑀𝑏 at a 
vertex is equivalent to the bending moment of a continuous beam at the 
location of the vertex. Note that the bending stress over the cross section 
is given by 𝜎𝑏 = 𝑀𝑏𝑦

𝐼𝑐
, where 𝐼𝑐 = ℎ3𝓁∕12 is the centroidal moment of 

inertia of the beam’s cross section and 𝑦 is the distance from the beam’s 
axis [40].

For the plastic thresholds 𝐹 Y𝑠  and 𝑀Y
𝑏 , we assume that they are re-

lated to the material tensile plastic stress 𝜎Y through the following rela-

tions:

𝐹 Y𝑠 = ℎ𝑠𝜎Y, (13)

and

𝑀Y
𝑏 =

4𝐼𝑐
ℎ

𝜎Y. (14)

The latter assumes that the angular plastic threshold is reached when 
the largest shear stress 𝜎𝑠 = 𝑀𝑏ℎ

4𝐼𝑐
 in the section of the beam is equal to 

the plastic stress threshold 𝜎Y.
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Fig. 9. The ratio of the maximum deflection 𝛿max of cantilever beam and simple 
support beam to its theoretical value 𝛿𝑡ℎmax as a function of the inverse of the 
number of nodes 𝑁 .

To verify the code and the calibration of the values of 𝑘𝑠 and 𝑘𝑏, 
we simulated the elastic behavior of a cantilever beam (CB) under the 
action of a force 𝐹  applied at its free end and a simply supported beam 
(SSB) under the action of a force 𝐹  applied at its center for an increasing 
number of nodes. The analytical expression for the normalized elastic 
deflection in the CB case is [40]:

𝛿𝐶𝐵(𝑥)
𝛿𝐶𝐵𝑚𝑎𝑥

= 1
2

( 𝑥
𝐿

)2(
3 − 𝑥

𝐿

)

, (15)

where 𝐿 is the length of the cantilever, and the origin of the 𝑥-coordinate 
is the left fixed end of the beam. The maximum elastic deflection occurs 
at the free end of the cantilever and is given by:

𝛿𝐶𝐵
𝑚𝑎𝑥 = 𝐹

3
𝐿3

𝐸𝐼𝑐
. (16)

The analytical expression for elastic deflection in the case of SSB is:

𝛿𝑆𝑆𝐵(𝑥)
𝛿𝑆𝑆𝐵𝑚𝑎𝑥

= 16
5

𝑥
𝐿

{

1 − 2
( 𝑥
𝐿

)2
+
( 𝑥
𝐿

)3
}

, (17)

with the maximum deflection at the center of the beam given by:

𝛿𝑆𝑆𝐵𝑚𝑎𝑥 = 5𝐹
768

𝐿3

𝐸𝐼𝑐
. (18)

Fig. 8(a) and (b) display the equilibrium shapes of the two beams 
simulated with 9 nodes, using the expressions (11) and (12) to set the 
values of 𝑘𝑠 and 𝑘𝑏. The vertical deflections 𝛿, normalized by the max-
imum deflection 𝛿max, are shown in Fig. 8(b) with 21 nodes, alongside 
the analytical solutions (15) and (17). Despite the low number of nodes, 
the normalized vertical deflections are reproduced with high precision 
for both CB and SSB.

Fig. 9 shows the ratio of 𝛿max to its theoretical values 𝛿𝑡ℎmax (standing 
respectively for 𝛿𝐶𝐵

max and 𝛿𝑆𝑆𝐵max ) as a function of 1∕𝑁 . This ratio is slightly 
above 1, indicating that the maximum deflection is over-estimated by 
simulations. However, as the number of nodes increases and 1∕𝑁 tends 
to zero, the ratio converges to 1 as a nearly linear function of 1∕𝑁 . 
Hence, the numerical solution approaches its analytical value as the 
number of nodes increases, and the value in the continuum limit can 
be predicted by extrapolation. This behavior is a consequence of finite 
resolution in simulations, which affects the strain field, and is therefore 
independent of the method used [41].

Fig. 10. A particle composed of 𝑁 mass points (nodes) and subjected to internal 
pressure 𝑝.

5.  Diametral compression of a core-shell particle

5.1.  Dimensionless parameters

Let us consider a core-shell particle as a regular polygone of radius 
𝑅0 and composed of 𝑁 mass points. The particle shape tends to a cir-
cle with increasing 𝑁 . The deformation of this particle under general 
loading depends on the values of the stiffness parameters 𝑘𝑠, 𝑘𝑏, 𝐾Ω, 
and 𝑀𝑌

𝑏 . From these four elastic parameters we can define three dimen-
sionless parameters, which are expected to fully control the range of all 
possible behaviors of the particle. The bending stiffness 𝑘𝑏 can be com-
pared to the stretch stiffness 𝑘𝑠 via the distance 𝓁 between mass points. 
The corresponding stiffness ratio 𝜉 is

𝜉 =
𝑘𝑏

𝑘𝑠𝓁2
= 1

12

(ℎ
𝓁

)2
, (19)

where Eqs. (11) and (12) are used.
The second dimensionless parameter 𝜂 can be defined by comparing 

𝐾Ω with the effective stiffness 𝐾𝜕Ω induced by shell elements:

𝜂 =
𝐾Ω
𝐾𝜕Ω

. (20)

This parameter represents the core-to-shell stiffness ratio. For 𝜂 = 0, a 
circular particle behaves as an elastic ring, while for 𝜂 ≫ 1, its behavior 
is expected to be closer to that of a solid elastic particle.

An estimation of 𝐾𝜕Ω can be obtained by considering a circular par-
ticle subjected to an external isotropic pressure 𝑝, as shown in Fig. 10. 
The application of this pressure leads to the variation or the radius from 
𝑅0 to 𝑅, the variation Δ𝑉 = 𝑉 − 𝑉0 of the volume, and the variation of 
the length between two mass points from 𝓁0 to 𝓁. Since the central angle 
2𝜋∕𝑁 between two adjacent mass points does not change, we have
Δ𝑉
𝑉0

=
𝓁 + 𝓁0
𝓁0

Δ𝓁
𝓁0

. (21)

The pressure is isotropically distributed on the midpoints of the seg-
ments. Hence, the force acting at each vertex is

𝑓 = 𝑝𝓁𝑠 cos
( 𝜋
𝑁

)

. (22)

This force is balanced by the extensional force 𝑔 = 𝑘𝑠Δ𝓁 acting between 
the mass points, such that

2𝑔 sin
( 𝜋
𝑁

)

= 𝑓. (23)

As a result, according to Eq. (21), we have

𝑝 =
2𝑘𝑠
𝑠

tan
( 𝜋
𝑁

)Δ𝓁
𝓁0

=
2𝑘𝑠
𝑠

𝓁0
𝓁 + 𝓁0

tan
( 𝜋
𝑁

)Δ𝑉
𝑉0

, (24)

implying

𝐾𝜕Ω =
2𝑘𝑠
𝑠

𝓁0
𝓁 + 𝓁0

tan
( 𝜋
𝑁

)

≃
𝑘𝑠
𝑠

tan
( 𝜋
𝑁

)

= 2𝜋
𝑁𝑠

𝐸ℎ
1 − 𝜈2

(25)
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Fig. 11. Evolution of particle shape during the compression and decompression 
of a circular particle between two flat walls for a large value of the stiffness ratio 
𝜂 = ∞ in the purely elastic case (a) and for a small elastic limit ratio 𝛾 (b).

The latter approximation correspond to the value of 𝐾𝜕Ω in the initial 
state with 𝓁 ≃ 𝓁0. This expression allows us to calculate the core-to-shell 
stiffness ratio 𝜂 from its definition (20).

The third dimensionless parameter can be defined by comparing the 
elastic limit 𝑀𝑌  to the characteristic moment of the particle

𝑀∗ =
𝐸𝐼𝑐

(1 − 𝜈2)𝑅
, (26)

which represents the elastic energy of an elastic sheet of length 2𝜋𝑅 that 
is curved to a cylinder of radius 𝑅. We therefore define the following 
elastic limit ratio characterizing the shell plasticity:

𝛾 = 𝑀𝑌

𝑀∗ . (27)

As 𝛾 increases from zero, the shell behavior varies from a floppy 
membrane-like to a solid elastic behavior.

As an illustration, let us consider the diametral quasi-static 
compression-decompression cycle of a single circular particle between 
two flat and parallel walls, varying the elastic and plastic parameters of 
the particle. The strain rate is kept sufficiently low to ensure complete 
relaxation after each strain increment. The walls are modeled as rigid 
bars represented by open cells with node reference angles equal to 0 and 
with high values of 𝑘𝑏 and 𝑘𝑠 compared to those of the particle.

Fig. 11 shows the evolution of the particle shape with a high value 
of the stiffness ratio 𝜂 in the purely elastic case (𝛾 = ∞) and in the case 
of a finite elastic limit 𝛾 where the particle undergoes plastic deforma-
tion. The maximum vertical strain is 𝜀 = 1 − 𝑏∕𝑏0 = 0.35, where 𝑏 is the 
distance between the two walls and 𝑏0 = 2𝑅 is its initial value. In the 
purely elastic case, the particle deforms nearly as a flattening ellipse, 
with a minor axis length 𝑏 perpendicular to the walls and a major axis 
length 𝑎 parallel to the walls. Initially, the contacts with the walls are 
point contacts but develop a small flat contact area as deformation con-
tinues. During unloading, the particle fully recovers its initial circular 
shape. In the case with a small elastic limit, the particle rapidly reaches 
the plastic deformation regime during compression, resulting in a larger 
contact area with the walls compared to the purely elastic case. We also 
see that the particle does not fully recover its initial shape after unload-
ing as a result of the cumulative plastic deformation of the shell. In the 
following, we compare the particle deformation in the elastic and plastic 
cases with analytical expressions.

5.2.  Elastic ring

At the beginning of compression, the particle flattens but remains 
rounded. As the strain increases, the shape evolves to resemble a 
rounded-cap rectangle or a stadium-like shape, characterized by two 
parallel flat sides in contact with the walls and two lateral semi-circular 
sides [42]. The evolution of the particle aspect ratio 𝑎∕𝑏0 as a function 
of 𝑏 can be predicted for these two shapes under the assumption that the 
perimeter remains constant. For the elliptical shape, the relationship be-
tween 𝑎 and 𝑏 is given by the following implicit equation [42]:
2𝑏0 = 3(𝑎 + 𝑏) −

√

(𝑎 + 3𝑏)(3𝑎 + 𝑏). (28)

Fig. 12. Evolution of the major axis length 𝑎 normalized by the initial value 𝑏0
of the minor axis length as a function of axial strain 1 − 𝑏∕𝑏0 during diametral 
compression of an elastic ring (𝜂 = 0) from numerical simulation (black line) 
and from two models assuming either elliptic (red line) or stadium-like (blue) 
particle shape with constant perimeter. (For interpretation of the references to 
colour in this figure legend, the reader is referred to the web version of this 
article.)

Fig. 13. Evolution of the contact length 𝐿𝑐 normalized by the initial diameter 
𝑏0 as a function of axial strain during diametral compression of an elastic ring 
(𝜂 = 0). The slope of the dashed line is 𝜋∕2.

In the case of the stadium-like shape, the aspect ratio 𝑎∕𝑏0 is expressed 
as:

𝑎
𝑏0

= 1 +
(𝜋
2
− 1

)

(

1 − 𝑏
𝑏0

)

. (29)

These equations provide a simple way to describe the deformation be-
havior of the particle as it is compressed.

The analytical ratio 𝑎∕𝑏0 is plotted as a function of 𝜀 = 1 − 𝑏∕𝑏0 in 
Fig. 12 for the two shapes discussed earlier, based on Eqs. (28) and 
(29), as well as from numerical simulations with 𝜂 = 0 (elastic ring). As 
expected, the simulated evolution of 𝑎∕𝑏0 falls between the two shapes, 
resembling an ellipse at low 𝜀 values and transitioning toward a stadium-
like shape at higher values. Fig. 13 illustrates the corresponding evo-
lution of the normalized contact length 𝐿𝑐∕𝑏0. This contact length in-
creases nonlinearly with vertical strain but shifts to a linear trend be-
yond 𝜀 ≃ 0.3. The linear behavior in the second regime aligns with the 
shape transition from ellipse to stadium-like. For a stadium-like shape 
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Fig. 14. Evolution of the normalized volume of an elastic ring (𝜂 = 0) as a func-
tion of axial strain during diametral compression.

Fig. 15. The ratio of extensional energy 𝑊𝑠 to bending energy 𝑊𝑏 for two values 
of the stiffness ratio 𝜂 as a function of axial strain.

with constant perimeter, it can be shown that
𝐿𝑐
𝑏0

= 𝜋
2

(

1 − 𝑏
𝑏0

)

. (30)

A straight line with a slope of 𝜋∕2 is plotted in Fig. 13, demonstrating 
that the slope observed in simulations during the second regime is very 
close to this value. A similar relation can be derived for the evolution 
of the volume 𝑉  of the stadium-like shape under the constant perimeter 
assumption:

𝑉
𝑉0

= 1 −
(

1 − 𝑏
𝑏0

)2
. (31)

As shown in Fig. 14, this relation is in excellent agreement with the vol-
ume evolution of an elastic ring from the onset of compression through 
to large strains.

The assumption of a constant perimeter is physically justified by the 
lower energy cost of bending as compared to stretching in the case 𝜂 = 0. 
In our simulations, we find the ratio of the total stretching energy 𝑊𝑠 to 
the bending energy 𝑊𝑏 is negligibly small for 𝜂 = 0 but increases with 
deformation for large values of 𝜂 as shown in Fig. 15. Note that the ratio 
𝑊𝑠∕𝑊𝑏 is proportional to the ratio 𝑘𝑠∕𝑘𝑏 ∝ ℎ−2 and tends to infinity as 
ℎ vanishes.

It is also interesting to compare the energy costs for the faceting 
of the particle against the walls and for a uniform deformation of the 

Fig. 16. The total wall-particle normal force 𝐹  normalized by the characteristic 
force 𝐹 ∗ for 𝜂 = 0 as a function of the contact length 𝐿𝑐 during diametral com-
pression of an elastic ring from simulations (full line) and from the approximate 
analytical expression (33) (dashed line).

particle. The first deformation mechanism is local in the sense that it 
takes place only at the contact with the two walls while the curva-
ture remains equal to the initial curvature everywhere else. The second 
mechanism involves a slight decrease or increase of the curvature at all 
points of the shell. The total energy stored in the two contacts of length 
𝐿𝑐 with the two walls is 𝑊𝑐𝑜𝑛𝑡𝑎𝑐𝑡 = (𝑘𝑏∕2)(2𝐿𝑐∕𝑅2

0) since the curvature 
changes from 1∕𝑅0 to 0 and the range of deformation is 2𝐿𝑐 . Alterna-
tively, if the same amount of deformation was uniformly distributed on 
the shell, the change of curvature would be ±𝐿𝑐∕𝑅2

0 and therefore the to-
tal energy stored in the shell would be 𝑊𝑢𝑛𝑖𝑓𝑜𝑟𝑚 = (𝑘𝑏∕2)(𝐿𝑐∕𝑅2

0)
2(2𝜋𝑅0). 

The latter involves a multiplication by the total perimeter 2𝜋𝑅0 in or-
der to obtain the total energy. Requiring 𝑊𝑐𝑜𝑛𝑡𝑎𝑐𝑡 < 𝑊𝑢𝑛𝑖𝑓𝑜𝑟𝑚 implies 
𝐿𝑐∕𝑏0 > 1∕2𝜋 ≃ 0.16. This means that the uniform deformation mode is 
energetically more favorable at low strains, but faceting becomes more 
favorable (with lower energy cost) when the contact length exceeds 
0.16𝑏0. This is consistent with Fig. 13, which shows that the contact 
length increases indeed much faster beyond 𝜀 ≃ 0.25 corresponding to 
𝐿𝑐 ≃ 0.16𝑏0.

Another important variable is the total force 𝐹  exerted by the wall 
on the particle. For an elastic ring, the vertical force 𝐹 ′

𝑘 acting on each 
vertex of the particle by the wall creates a local moment 𝐹 ′

𝑘𝓁 relative to 
the two neighboring vertices 𝑘 − 1 and 𝑘 + 1. This moment is balanced 
by the torque 𝑀 ′

𝑘 resulting from the change Δ𝜃′𝑘 in the vertex angle. 
Initially, the angles are 𝜋 − 2𝜋∕𝑁 , but due to compression, the angles 
at the vertices in contact with the wall tend to 𝜋 because the interface 
in the contact zone between the wall and the particle is flat. Therefore, 
Δ𝜃′𝑘 = 2𝜋∕𝑁 , leading to 𝑀 ′

𝑘 = 2𝜋𝑘𝑏∕𝑁 . The equilibrium of each vertex 
in the contact zone implies 𝑀 ′

𝑘 = 2𝜋𝑘𝑏∕𝑁 = 𝐹 ′
𝑘𝓁, which, together with 

Eq.  (12), leads to 𝐹 ′
𝑘 = 𝐹 ∗ with

𝐹 ∗ =
𝑘𝑏
𝑅

=
𝐸𝐼𝑐

(1 − 𝜈2)𝑅𝓁
. (32)

This force is the characteristic elastic force of the particle. Since 𝐹 ′
𝑘 is 

independent of the vertex position 𝑘 in the contact zone, the total contact 
force is the number 𝑁 ′ of nodes on the contact line multiplied by 𝐹 ∗. 
Therefore, for 𝑁 ′ = 𝐿𝑐∕𝓁, we have
𝐹
𝐹 ∗ =

𝐿𝑐
𝓁

. (33)

The derivation of this expression does not depend on the particle shape, 
suggesting that during diametral compression, Eq. (33) is valid in both 
small-strain and large-strain regimes.
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Fig. 17. Local pressure 𝑝 normalized by the characteristic pressure 𝑝∗ (see text) 
in the contact zone as a function of nodal position 𝑥 normalized by the initial 
particle radius 𝑅 during diametral compression. The numbers indicate the ver-
tical deformation 1 − 𝑏∕𝑏0. The origin of 𝑥 is the middle of the contact zone.

Fig. 18. The total wall-particle normal force 𝐹  normalized by the plastic force 
threshold 𝐹 ∗∗ for 𝜂 = 0 as a function of the contact length 𝐿𝑐 during diametral 
compression of a plastic ring from simulations (full line) and from the approxi-
mate analytical expression (36) (dashed line).

Fig. 16 shows 𝐹∕𝐹 ∗ for an elastic ring as a function of 𝐿𝑐∕𝓁. The sim-
ulation data are close to the expected affine relation in both regimes, 
though with a slightly lower slope in the first regime. The simulated 
forces are consistently below the predicted values because the model 
assumes the contact line is flat and that all forces at all nodes in the 
contact area reach their maximum value 𝐹 ∗. An example of the pressure 
profile along the contact line is shown in Fig. 17 at four different instants 
of compression. The pressures 𝑝 are calculated by dividing the contact 
force on segments of length 𝓁 by 𝑠𝓁. The pressures are normalized by 
the characteristic pressure 𝑝∗ = 𝐹 ∗∕(𝑠𝓁). We see that the pressure is not 
constant across the entire contact zone. Initially, the largest pressure 
𝑝∗ is only reached at the center of the contact zone, with a parabolic 
force profile around it. At larger strains, a long plateau of constant pres-
sure 𝑝∗ forms, but the pressure decreases on both sides of this plateau 
over several nodes, explaining the lower contact force compared to the 
prediction of Eq. (33).

Fig. 19. Local pressure 𝑝 normalized by the characteristic pressure 𝑝∗∗ (see text) 
in the contact zone as a function of nodal position 𝑥 normalized by the ini-
tial particle radius 𝑅 during diametral compression for 𝑀𝑌 ∕𝑀∗ = 5 × 10−5. The 
numbers indicate the vertical deformation 1 − 𝑏∕𝑏0. The origin of 𝑥 is the center 
of the contact zone.

5.3.  Plastic ring

Let us now consider the ring (𝜂 = 0) with a finite plastic threshold 
𝑀𝑌 . This threshold must be compared with the elastic characteristic 
torque 𝑀∗ defined from Eq. (32) as follows:

𝑀∗ = 𝐹 ∗𝓁 =
𝐸𝐼𝑐

(1 − 𝜈2)𝑅
. (34)

The amount of plastic deformation of a particle depends on the ratio 
𝑀𝑌 ∕𝑀∗. For illustration, we focus on an example where the plastic 
threshold is reached at very low strains. Simulations of diametral com-
pression were conducted for 𝑀𝑌 ∕𝑀∗ = 5 × 10−5. At such a low plastic 
threshold, it can be assumed that all vertices in the contact zone between 
the particle and the driving wall are at the plastic threshold. Following 
the same reasoning as in the case of the elastic ring, all forces are ex-
pected to equal the plastic force threshold:

𝐹 ∗∗ = 𝑀𝑌

𝓁
. (35)

Consequently, as in Eq. (33), the total contact force 𝐹  is given by
𝐹
𝐹 ∗∗ =

𝐿𝑐
𝓁

. (36)

Eq. (36) shows excellent agreement with the simulation data, as 
illustrated in Fig. 18, without distinguishing between low- and large-
strain regimes. The pressure profile along the contact line is displayed 
in Fig. 19 at four different instants of compression. The pressure is nor-
malized by the characteristic pressure 𝑝∗∗ = 𝐹 ∗∗∕(𝑠𝓁). A broad pressure 
plateau emerges from the beginning of diametral compression, with a 
steep pressure drop on both sides of this plateau. This indicates that the 
assumption of a flat contact area holds better in the plastic case, which 
explains the excellent agreement of the simulation data with Eq. (36).

Fig. 20 displays the particle volume as a function of diametral strain 
𝜀 = 1 − 𝑏∕𝑏0. In the plastic case, the volume reduction slightly exceeds 
that of the elastic ring in the initial regime, but they coincide at larger 
strains. The key difference is that the plastic ring retains its distorted 
shape upon unloading, while the elastic ring recovers its original circular 
shape.

5.4.  Influence of core stiffness

The presence of a nonzero core stiffness 𝐾Ω leads to an internal pres-
sure 𝑝 that arises from volume changes. This pressure exerts a radial 
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Fig. 20. Evolution of the normalized volume of a ring (𝜂 = 0) as a function of 
diametral strain during diametral compression for a plastic ring with 𝑀𝑌 ∕𝑀∗ =
5 × 10−5 as compared with that of an elastic ring.

Fig. 21. The shape of an elastic ring at diametral strain 1 − 𝑏∕𝑏0 = 0.3 for 𝜂 = 0
(without core stiffness) (a) and for 𝜂 = ∞ (with high core stiffness) (b).

force 𝐹𝑖𝑛 = 𝑝𝑠𝓁 on each element, which tends to increase the angles be-
tween elements, especially at the vertices in contact with the wall. We 
focus here on a very large value 𝜂 ≃ 105, denoted as 𝜂 = ∞ in the figures.

Fig. 21 illustrates the shape of an elastic ring at a vertical strain of 1 −
𝑏∕𝑏0 = 0.3 for two cases: 𝜂 = 0 (no core stiffness) and 𝜂 = ∞. As expected, 
the contact area is significantly larger for 𝜂 = ∞. In contrast to the 𝜂 =
0 case, as shown in Fig. 22, the volume change for 𝜂 = ∞ is minimal 
and does not follow the expression (31) for a stadium-like shape. The 
typical evolution of a stadium-like shape involves a reduction in the 
radius of the circular sides and an increase in contact length. However, 
the internal pressure development hinders the increase in curvature. As 
a result, the contact area increases more rapidly, while the curvature 
of the sides increases more slowly compared to the 𝜂 = 0 case. Indeed, 
Fig. 23 shows that the growth rate of 𝐿𝑐 is approximately 2.1, exceeding 
the 𝜋∕2 value expected for a stadium-like shape. Consequently, the effect 

Fig. 22. The volume of an elastic ring as a function of diametral strain 1 − 𝑏∕𝑏0
for 𝜂 = 0 (without core stiffness) and for 𝜂 = ∞ (with high core stiffness).

Fig. 23. The normalized contact length 𝐿𝑐 of an elastic ring as a function of 
diametral strain 1 − 𝑏∕𝑏0 for 𝜂 = 0 (without core stiffness) and for 𝜂 = ∞ (with 
high core stiffness).

of core pressure or core stiffness is to facilitate extensive contacts with 
the walls (and other particles) without a significant change in volume.

The total force 𝐹  acting on the contact line is the sum of the internal 
force 𝐹𝑖𝑛 due to pressure 𝑝 and the characteristic elastic force 𝐹 ∗ at each 
node, multiplied by the number of nodes 𝐿𝑐∕𝓁:

𝐹
𝐹 ∗ =

(

1 +
𝑝𝑠𝓁
𝐹 ∗

)

𝐿𝑐
𝓁

. (37)

The significance of the additional term, compared to Eq. (33), depends 
on 𝑝, which is a function of the volume change. Fig. 24 illustrates 𝐹
as a function of 𝐿𝑐 for both 𝜂 = 0 and 𝜂 = ∞. As expected, for a given 
𝐿𝑐∕𝓁, the contact force is higher in the 𝜂 = ∞ case, with the difference 
increasing as volume change and contact length increase.

The pressure distribution along the contact line, shown in Fig. 25, 
reveals that the force plateau extends over nearly the entire contact area, 
with sharp drops at both ends of the plateau. Unlike the plastic case, 
the plateau level rises with diametral compression due to the increasing 
internal pressure. Hence, Eq. (37) provides an accurate estimate of the 
force. If 𝑝 remains constant, 𝐹  is a linear function of 𝐿𝑐 . However, if the 
volume change linearly depends on diametral strain, 𝑝 will also vary 
linearly with 𝐿𝑐 , causing 𝐹  to increase quadratically, similar to a solid 
cylinder of Young’s modulus 𝐸 and Poisson’s ratio 𝜈. For such a solid 
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Fig. 24. The normalized contact force as a function of contact length 𝐿𝑐 during 
diametral compression of an elastic ring as a function of vertical strain 1 − 𝑏∕𝑏0
for 𝜂 = 0 (without core stiffness) and for 𝜂 = ∞ (with high core stiffness).

Fig. 25. Local pressure 𝑝 normalized by the characteristic pressure 𝑝∗ (see text) 
in the contact zone as a function of nodal position 𝑥 normalized by the initial 
particle radius 𝑅 during diametral compression of an elastic ring for 𝜂 = ∞ (with 
high core stiffness). The numbers indicate the diametral deformation 1 − 𝑏∕𝑏0. 
The origin of 𝑥 is the middle of the contact zone.

Fig. 26. The normalized contact force as a function of diametral strain 𝜀 = 1 −
𝑏∕𝑏0 for 𝜂 = 0 (without core stiffness) and for 𝜂 = ∞ (with high core stiffness).

cylinder, the analytical expression of 𝐿𝑐 as a function of 𝐹  is given by 
[43]:

𝐿𝑐 =
{

2𝐹 𝑅
𝜋𝑠

1 − 𝜈2

𝐸

}1∕2
. (38)

It is important to note that the volume change at small strains (below 
10%) is negligible, and the particle behaves like an elastic ring without 
core pressure, with the contact force increasing linearly with contact 
area. This behavior is clearly observed in Fig. 24 at low values of 𝐿𝑐∕𝓁. 
In plant cells, the hydrostatic turgor pressure plays a similar role with 
respect to cell walls as core pressure does in our model with respect to 
shell elements. The incompressibility of the liquid prevents significant 
volume change, so the turgor pressure primarily facilitates the faceting 
of cell walls during interactions [44,45].

Fig. 26 shows the normalized vertical force 𝐹∕𝐹 ∗ as a function of 
the diametral strain 𝜀 = 1 − 𝑏∕𝑏0 for 𝜂 = 0 and 𝜂 = ∞. In both cases, the 
force increases rapidly (faster than exponential) with 𝜀 at the beginning 
of compression, but asymptotically tends to a linear form for 𝜂 = 0 and 
a nearly exponential form for 𝜂 = ∞. This indicates that the volumetric 
strain decreases almost exponentially with strain. This decrease is small 
for 𝜂 = ∞, as observed in Fig. 22, but its effect is amplified by the high 
value of the core stiffness.

6.  Uniaxial compaction of an assembly of soft disks

In this section, we present simulations of the uniaxial compaction 
of an assembly of soft frictionless circular particles. The particles are 
initially allowed to fall into a rectangular box under their own weight. 
After the sample reaches static equilibrium, gravity is removed, and the 
top wall is moved downward at a constant velocity. The simulation in-
volves 500 particles with an average radius 𝑅 and a standard deviation 
Δ𝑅∕𝑅 = 0.15.

Fig. 27 shows snapshots of the uniaxial compaction process up to a 
cumulative vertical strain 𝜀 = ln(𝐻∕𝐻0) ≃ 0.3, where 𝐻 is the current 
sample height and 𝐻0 is the height at the first point of contact between 
the top wall and the top layer of particles as seen in Fig. 27(a). During 
compaction, the void ratio 𝑒, defined as the ratio of the total volume 𝑉𝑟
of the pore space between particles to the total volume 𝑉𝑠 of particles, 
decreases due to three factors: 1) particle rearrangements, 2) particle 
volume reduction, and 3) particle shape change. The extent to which 
each factor contributes to pore reduction depends on the elasto-plastic 
parameters 𝑀𝑌  and 𝜂.

Fig. 28 shows the vertical stress 𝜎 as a function of the vertical strain 
𝜀 during both the loading (downward movement of the top wall) and 
unloading (upward movement of the top wall) phases. The data is pre-
sented for four distinct sets of parameter values: 1) 𝜂 = 0 and a high 
value of the relative plastic threshold 𝑀𝑌 ∕𝑀∗ (elastic particles without 
core stiffness), 2) 𝜂 = 1 and high 𝑀𝑌 ∕𝑀∗ (elastic particles and low core 
stiffness), 3) 𝜂 = ∞ and high 𝑀𝑌 ∕𝑀∗ (elastic particles and high core 
stiffness), and 4) 𝜂 = 0 and very low value of 𝑀𝑌 ∕𝑀∗ (plastic particles 
without core stiffness). The initial configuration at 𝐻 = 𝐻0 is the same 
for all the four simulations. The stresses are normalized by the charac-
teristic stress
𝜎∗ = 𝐹 ∗

2𝑅𝑠
. (39)

For purely elastic particles (high 𝑀𝑌 ∕𝑀∗), 𝜎∕𝜎∗ increases in a 
strongly nonlinear manner with 𝜀 during loading. Upon unloading, the 
stress decreases along a path that is close to but slightly below the load-
ing path, indicating a residual strain. This residual strain suggests that 
due to particle rearrangements, the sample ends up in a slightly more 
compact state than initially, while the particles regain their original cir-
cular shape. The residual strain is smaller for higher values of 𝜂. This 
collective granular plasticity is typically observed in granular materials 
composed of rigid particles . In contrast, for plastic deformable particles 
(with a very low 𝑀𝑌 ∕𝑀∗), the particles undergo irreversible deforma-
tion during loading, and 𝜎∕𝜎∗ decreases until a significant residual strain 
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Fig. 27. Snapshots of the uniaxial compaction of an assembly of 500 soft core-shell particles.

Fig. 28. Vertical stress 𝜎 normalized by the characteristic stress 𝜎∗ (see text) 
during uniaxial compaction (full lines) and decompaction (dashed lines) of an 
assembly of soft particles for four sets of parameter values: 1) 𝜂 = 0 and a high 
value of the relative plastic threshold 𝑀𝑌 ∕𝑀∗, 2) 𝜂 = 1 and high 𝑀𝑌 ∕𝑀∗, 3) 
𝜂 = ∞ and high 𝑀𝑌 ∕𝑀∗, and 4) 𝜂 = 0 and low value of 𝑀𝑌 ∕𝑀∗.

is reached. Here, the plastic behavior is primarily attributed to the in-
trinsic plasticity of the particles rather than their rearrangement. The 
observed increase in 𝜎∕𝜎∗ with increasing 𝜂 reflects the corresponding 
rise in particle bulk stiffness.

Fig. 29(a) displays the relationship between the void ratio 𝑒 and the 
normalized stress 𝜎∕𝜎∗ for the same parameter sets discussed in Fig. 28. 
For a total cumulative compaction 𝜀 = 0.3, the void ratio 𝑒 decreases 
from 0.22 to 0.1 for 𝜂 = 0 in the elastic case, to 0.04 for 𝜂 = ∞ in the 
elastic case, and to 0.06 for 𝜂 = 0 in the plastic case. These variations in 
𝑒 correspond to changes in particle shapes under stress. During unload-
ing, 𝑒 increases across all elastic cases and follows a trajectory close to 
that during loading. When the vertical strain returns to zero, 𝑒 remains 
slightly lower than the initial value 𝑒0, indicating that despite the par-
ticles’ fully elastic behavior, there is a small residual compaction due 
to particle rearrangements. In the case of plastic rings, where 𝑀𝑌 ∕𝑀∗

is low, the change in particle shape is irreversible, leading to a slight 
increase in 𝑒 due to elastic restitution. However, 𝑒 retains a low value 
after full unloading, attributed to both particle plastic deformation and 
particle rearrangements.

The void ratio 𝑒 decreases as a function of 𝜎∕𝜎∗ initially in a nonlin-
ear manner but, at higher stresses, follows a logarithmic function over 
two decades:

𝑒 = 𝑒0 − 𝐶 log10
( 𝜎
𝜎∗

)

, (40)

where 𝐶 represents the compressibility index. This compaction law is 
well documented for clays, although its microscopic origins are not fully 
understood [46]. In our simulations, the value of 𝐶 is approximately 
0.07 for elastic particles, regardless of the stiffness ratio 𝜂. However, for 
plastic particles, 𝐶 is higher, reflecting their increased deformability.

The volume-change behavior of granular materials is typically de-
scribed using the void ratio 𝑒 or the packing fraction Φ = 1∕(1 + 𝑒). This 
variable is sufficient when the total particle volume is conserved during 
compaction or flow. However, when particles undergo volume changes, 
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Fig. 29. Void ratio 𝑒 (a) and relative particle volume variation Δ𝑉𝑠∕Δ𝑉  (b) as 
a function of the normalized stress 𝜎∕𝜎∗ for the same four parameter sets as in 
Fig. 28. The solid and dashed lines represent the loading and unloading paths, 
respectively.

it is necessary to consider also the ratio Δ𝑉𝑠∕Δ𝑉 , where Δ𝑉𝑠 represents 
the cumulative change in particle volume from its initial state, and Δ𝑉
denotes the cumulative volume change of the entire sample. This ra-
tio quantifies the contribution of particle volume change to the overall 
compaction.

Fig. 29(b) shows Δ𝑉𝑠∕Δ𝑉  as a function of 𝜎∕𝜎∗. For 𝜂 = ∞, Δ𝑉𝑠
is negligible. However, as 𝜂 decreases, Δ𝑉𝑠∕Δ𝑉  increases significantly, 
reaching a peak value of 0.37 for 𝜂 = 0 when 𝜎 ≈ 𝜎∗ (corresponding 
to 𝜀 = 0.3). This means that at this point, particle volume change ac-
counts for 37% of the total sample volume change Δ𝑉 . The remainder 
of the volume change is due to changes in the pore volume Δ𝑉𝑟, re-
sulting from particle shape alterations and, to a lesser extent, particle 
rearrangements. This high volume change is consistent with the signifi-
cant particle volume change observed during diametral compression of 
elastic rings.

In the case of plastic particles, the volume change contribution at 
𝜀 = 0.3 is lower, with Δ𝑉𝑠∕Δ𝑉 ≈ 0.22. This is because plasticity allows 
particles to change shape more easily than volume. Snapshots of the 
samples at 𝜀 = 0.3 (just before unloading) are shown in Fig. 30, along 
with color-coded levels indicating the elastic energies 𝑊 𝑖 of particles 𝑖, 
normalized by the average elastic energy per particle ⟨𝑊 ⟩. In all cases, 
the elastic energy distribution is inhomogeneous and closely related to 
particle shapes. For elastic particles without core stiffness (Fig. 30(a)), 
there is a large number of rounded-shaped particles with low energy, 
alongside elongated, stadium-like particles with high energies, often 
forming locally ordered groups. In contrast, elastic particles with high 
core stiffness (Fig. 30(b)) deform into polygonal shapes that efficiently 

Fig. 30. Snapshots of the compacted samples for a cumulative vertical defor-
mation of 𝜀 = 0.3 with (a) 𝜂 = 0 and a high value of the relative plastic threshold 
𝑀𝑌 ∕𝑀∗ (elastic particles without core stiffness), (b) 𝜂 = ∞ and high 𝑀𝑌 ∕𝑀∗

(elastic particles and high core stiffness), and (c) 𝜂 = 0 and very low value of 
𝑀𝑌 ∕𝑀∗ (plastic particles without core stiffness). Color levels represent the nor-
malized elastic energies of the particles for the energies above the average en-
ergy per particle. Particles of elastic energy below the average are in white.

Fig. 31. A cohesive cellular tissue subjected to axial extension. The bottom wall 
is immobile.
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Fig. 32. The yield criterion at the interface between two cells; see Eq. (41).

Fig. 33. Three snapshots of the tensile loading of a cellular tissue. The color 
levels are proportional to the elastic energies of the cells normalized by the 
fracture energy 𝑊0 of a single normal cohesive link.

Fig. 34. Vertical stress normalized by the peak stress 𝜎max versus vertical strain 
𝜀ℎ for an elastic ring (large value 𝑀𝑌 ∕𝑀∗ and 𝜂 = 0) and a plastic ring (small 
value of 𝑀𝑌 ∕𝑀∗ and 𝜂 = 0).

fill space, similar to observations in MPM simulations of solid disks 
[22,37]. This polygonal structure arises from the ability of elastic rings 
with isotropic core stiffness to create large surface areas. For plastic 
particles (Fig. 30(c)), many particles maintain an elliptical shape, while 
others are strongly distorted due to their plasticity, which allows them to 
better conform to their local environment. The efficient filling of pore 
space in Fig. 30(b) and (c), with void ratios 𝑒 ≈ 0.04 and 𝑒 ≈ 0.06, re-
spectively, results from two distinct mechanisms: the creation of flat 
interfaces in Fig. 30(b) and the adaptation of particle shapes to the pore 
space in Fig. 30(c). Notably, the void ratio is also higher in regions with 
elliptical particles as compared with the initial configuration of circular 
particles since even slight deviations from circular or spherical shape 
can significantly increase the void ratio [47,48].

7.  Fracture of cellular tissues

To further demonstrate the applicability of soft particle dynamics, 
we consider the simulation of fracture in cellular tissues subjected to 
simple tension. Fig. 31 shows an example of a cellular tissue fixed at the 
bottom and subjected to vertical extension by moving the top wall. The 
cellular configuration is created using a Laguerre-Voronoi tessellation 
of a granular packing with small size polydispersity. The cells are then 
transformed into sphero-polygons with a small Minkowski radius 𝑟. The 
tissue’s mechanical integrity is maintained by normal and tangential co-
hesive forces between the vertices of adjacent cells. For two neighboring 
vertices at the ends of the interface between adjacent cells, the initial 
distance is set to 𝑟. From this reference state, we define the normal dis-
placement 𝑢𝑛 and tangential displacement 𝑢𝑡, corresponding to normal 
and tangential forces 𝑓𝑛 and 𝑓𝑡, respectively. The normal displacement 
𝑢𝑛 is perpendicular to the common interface, while the tangential dis-
placement 𝑢𝑡 is parallel to it.

We assume linear force-displacement relationships for both normal 
and tangential forces, such that 𝑓𝑛 = 𝑘𝑛𝑢𝑛 and 𝑓𝑡 = 𝑘𝑡𝑢𝑡, where 𝑘𝑛 and 
𝑘𝑡 represent the normal and tangential stiffness coefficients of the inter-
face, respectively. The sign convention used defines compressive forces 
and inward displacements as positive.

We define a fracture criterion based on a local yield function defined 
as:

𝜁 =
𝑓𝑛
𝑓 0
𝑛
+
|

|

|

|

|

𝑓𝑡
𝑓 0
𝑡

|

|

|

|

|

𝛼

− 1, (41)

where 𝛼 is a model parameter, 𝑓 0
𝑛 < 0 is the tensile normal force thresh-

old in the absence of shear, and 𝑓 0
𝑡 > 0 is the tangential force threshold 
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Fig. 35. Snapshots of the elastic (a) and plastic (b) cellular tissues fractured under tensile loading.

at zero normal force. This criterion is illustrated in Fig. 32 for 𝛼 = 2. In-
side the yield surface (𝜁 < 0), displacements follow elastic force laws. A 
link between two vertices breaks when 𝜁 = 0 is reached, signifying the 
onset of fracture. According to this equation, mode I fracture (normal 
displacement) occurs only under tension while in compression (𝑓𝑛 > 0), 
a link can break only due to shear.

For our simulations, we set 𝛼 = 2, as used in previous studies [49]. 
When links between cells break, the cohesive connection is lost irre-
versibly, and the interaction changes to a frictional contact with a co-
efficient of friction 𝜇 = 0.3. We also set 𝑘𝑡 = 0.1𝑘𝑛. Fig. 33 shows three 
snapshots of a tissue undergoing tensile loading, along with the elas-
tic energy distributions of the cells. The energy values are normalized 
by the fracture energy 𝑊0 = (𝑓 0

𝑛 )
2∕2𝑘𝑛 of a single normal cohesive bond. 

The first cracks typically appear near the boundaries, but only one crack 
propagates across the tissue, following a rough intercellular path.

In Fig. 34, we observe the vertical stress as a function of vertical 
strain for both elastic and plastic particles for 𝜂 = 0. The elastic case 
exhibits brittle behavior: the stress increases with strain until reaching a 
peak, followed by a sharp drop. Cracking events manifest as fluctuations 
in the stress before fracture. In contrast, the plastic case shows initial 
elastic deformation followed by a prolonged plastic phase, characterized 
by stress drops of increasing magnitude. Snapshots of the fracture path 
(Fig. 35) reveal elongated cells and an irregular fracture path in the 
plastic case at failure.

8.  Conclusion

In this paper, we introduced a Soft Particle Dynamics (SPD) model 
for simulating the dynamics of collections of soft core-shell particles 
such as granular materials composed of deformable particles and bio-
logical tissues. To accommodate large particle deformations, the particle 
surface is represented by a shell of mass points interacting through linear 
and angular stiffness, as well as a core stiffness. The model incorporates 
also frictional contact interactions between particles, shape plasticity, 
cohesive links, and fracture mechanics. Unlike continuum approaches, 
our SPD approach extends the Discrete Element Method (DEM) to in-
clude shape degrees of freedom.

We showed that the model parameters can be mapped to material 
properties such as the elastic and plastic moduli of a beam or a cir-
cular particle. For verification and validation, we compared the elastic 
deformation of beams under point loads and the compression of parti-
cles between two walls with theoretical or semi-theoretical predictions. 
These behaviors were analyzed using dimensionless variables to under-
stand the influence of parameters such as core stiffness and shell plastic 
threshold on the particle deformation.

When applied to the uniaxial compaction of a collection of de-
formable circular particles, our numerical method effectively captures 
different mechanisms underlying the compaction process based on the 
values of model parameters. The particles adapt their shapes to fill pore 
spaces through elongation and flat edge-to-edge contacts, or by con-
forming to the shape of the pore space. The compaction process was 
observed to follow a logarithmic consolidation law, similar to that seen 
in clays. We also applied the model to cellular tissues by simulating 
tensile fracture in cellular tissues modeled as bonded polygonal cells.

Although the two-dimensional SPD, as formulated in this paper, does 
not precisely replicate the mechanical behavior of solid cylindrical par-
ticles – such as the force-surface area relationship in diametral compres-
sion – due to the degrees of freedom being limited to the particle periph-
ery, it closely approximates the behavior of solid particles when high 
core stiffness is present. This leads to minimal volume change and the 
development of large contact areas with walls. The use of an isotropic 
pressure or stiffness is obviously a simplification and is only convenient 
for core-shell particles with a liquid core of weak viscosity as in liv-
ing cells. However, the model can easily be extended to include a vis-
cous term (e.g., Δ𝑝 = 𝐾Ω Δ𝜀𝑣 + 𝜂Ω Δ𝜀̇𝑣, or incorporate a perfect gas law 
(𝑝Ω ∝ 𝑇 ), or even account for shear resistance within the cell, effec-
tively treating the core as a solid phase material rather than a fluid or 
gas. Such extensions would allow for a more nuanced representation 
of the interactions between core and the shell structure, particularly in 
systems where viscous dissipation or thermal effects play a significant 
role. The method is also particularly well-suited for simulating plant tis-
sues and vesicles, with the control of core stiffness, internal pressure, or 
particle volume. Similar to the DEM, the computational cost of SPD sim-
ulations depends on the total number of particles, as well as the number 
of nodes per particle, which determines the accuracy of particle shape 
representation and its deformation.

Extending the SPD method to three dimensions is straightforward: 
mass points are distributed across each particle surface, with their in-
teractions parameterized using linear elements connecting these ver-
tices. As in 2D, the contact forces can be mapped to the neighboring 
mass points, mirroring conventional interpolation in finite element tech-
niques. Contact detection between core-shells relies on the distances 
between vertices of a shell and the surface elements of another shell. 
This approach is, in fact, fully compatible with sphero-polyhedra (so-
called 𝑅-shapes), as demonstrated in several studies using the software 
Rockable [https://github.com/richefeu/rockable] [50,51]. The primary 
challenge in 3D lies in accurately modeling wall resistance to flexion, 
particularly when accounting for irreversible bending deformations.

The SPD model offers significant potential for efficient numerical 
simulations of deformable particle systems. It readily enables in-depth 
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studies of the mechanical behavior and rheology of complex granular 
assemblies composed of soft particles of arbitrary shape and size dis-
tributions without significant computational overhead. Indeed, particle 
shape is a key factor in real granular materials and its effect on the 
elasto-plastic behavior has been recently at focus of numerous studies 
[50–55]. Therefore, an interesting issue is how assemblies of soft parti-
cles of various shapes evolve during compaction and shear, on the one 
hand, and how their deformability affects the stress-strain behavior, on 
the other hand.

We are currently undertaking an extensive parametric study on the 
compaction of granular materials composed of core-shell particles, ex-
ploring a wide range of model parameters. The findings from this study 
will be detailed in an upcoming paper. While this paper primarily ad-
dressed examples of nearly homogeneous cellular structures, we have 
also conducted an in-depth investigation into the fracture behavior of 
disordered cellular tissues, with results to be presented in future work.
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[1] D.M. Heyes, A.C. Brańka, Interactions between microgel particles, Soft Matter 5 (14) 
(2009) 2681–2685.

[2] R.T. Bonnecaze, M. Cloitre, Micromechanics of soft particle glasses, Adv. Polym. Sci. 
236 (117–161) (2010).

[3] S.-Y. Tang, R. Qiao, Liquid metal particles and polymers: a soft–soft system with 
exciting properties, Acc. Mater. Res. 2 (10) (2021) 966–978.

[4] M. Cloitre, R. Borrega, F. Monti, L. Leibler, Glassy dynamics and flow properties of 
soft colloidal pastes, Phys. Rev. Lett. 90 (2003) 068303.

[5] C.N. Likos, Soft matter with soft particles, Soft Matter 2 (6) (2006) 478–498.
[6] O.S. Deshmukh, D. van den Ende, M.C. Stuart, F. Mugele, M.H.G. Duits, Hard and 

soft colloids at fluid interfaces: adsorption, interactions, assembly & rheology, Adv. 
Colloid Interface Sci. 222 (2015) 215–227.

[7] O.H. Piñeres-Quiñones, D.M. Lynn, C. Acevedo-Vélez, Environmentally responsive 
emulsions of thermotropic liquid crystals with exceptional long-term stability and 
enhanced sensitivity to aqueous amphiphiles, Langmuir 38 (3) (2022) 957–967.

[8] E. Coen, D.J. Cosgrove, The mechanics of plant morphogenesis, Science 379 (6631) 
(2024) eade8055.

[9] F.B. Daher, S.A. Braybrook, How to let go: pectin and plant cell adhesion, Front. 
Plant Sci. 6 (523) (2015) 1–8.

[10] A. Yazdani, Y. Deng, H. Li, E. Javadi, Z. Li, S. Jamali, C. Lin, J.D. Humphrey, C.S. 
Mantzoros, G. Em Karniadakis, Integrating blood cell mechanics, platelet adhesive 
dynamics and coagulation cascade for modelling thrombus formation in normal and 
diabetic blood, J. R. Soc. Interface 18 (175) (2021) 20200834.

[11] C. Zhu, C. Ninh, C.J. Bettinger, Photoreconfigurable polymers for biomedical ap-
plications: chemistry and macromolecular engineering, Biomacromolecules 15 (10) 
(2014) 3474–3494.

[12] K.M. Weerakoon-Ratnayake, C.E. O’Neil, F.I. Uba, S.A. Soper, Thermoplastic 
nanofluidic devices for biomedical applications, Lab Chip 17 (3) (2017) 362–381.

[13] A. Gora, R. Sahay, V. Thavasi, S. Ramakrishna, Melt-electrospun fibers for advances 
in biomedical engineering, clean energy, filtration, and separation, Polym. Rev. 51 
(3) (2011) 265–287.

[14] F.M. Galogahi, H. An, Y. Zhu, N.-T. Nguyen, Thermal and mechanical stabilities of 
core-shell microparticles containing a liquid core, J. Mol. Liq. 344 (2021) 117726.

[15] F.M. Galogahi, Y. Zhu, H. An, N.-T. Nguyen, Core-shell microparticles: generation 
approaches and applications, J. Sci. Adv. Mater. Devices 5 (4) (2020) 417–435.

[16] A.S. Yadav, D.T. Tran, A.J.T. Teo, Y. Dai, F.M. Galogahi, C.H. Ooi, N.-T. Nguyen, 
Core–shell particles: from fabrication methods to diverse manipulation techniques, 
Micromachines 14 (3) (2023) 497.

[17] R. Ghosh Chaudhuri, S. Paria, Core/shell nanoparticles: classes, properties, syn-
thesis mechanisms, characterization, and applications, Chem. Rev. 112 (4) (2012) 
2373–2433.

[18] A. Fery, R. Weinkamer, Mechanical properties of micro-and nanocapsules: single-
capsule measurements, Polymer 48 (25) (2007) 7221–7235.

[19] Y.-H. Huang, F. Salmon, A. Kamble, A.X. Xu, M. Michelon, B.C. Leopercio, M.S. 
Carvalho, J.M. Frostad, Models for the mechanical characterization of core-shell 
microcapsules under uniaxial deformation, Food Hydrocoll. 119 (2021) 106762.

[20] J.G. Berryman, Random close packing of hard spheres and disks, Phys. Rev. A 27 
(2) (1983) 1053.

[21] S. Torquato, T.M. Truskett, P.G. Debenedetti, Is random close packing of spheres 
well defined?, Phys. Rev. Lett. 84 (10) (2000) 2064.

[22] S. Nezamabadi, F. Radjai, J. Averseng, J.-Y. Delenne, Implicit frictional-contact 
model for soft particle systems, J. Mech. Phys. Solids 83 (2015) 72–87.

[23] A. Boromand, A. Signoriello, F. Ye, C.S. O’Hern, M.D. Shattuck, Jamming of de-
formable polygons, PRL 121 (24) (2018) 248003.

[24] Y. Cheng, J.D. Treado, B.F. Lonial, P. Habdas, E.R. Weeks, M.D. Shattuck, 
C.S. O’Hern, Hopper flows of deformable particles, Soft Matter 18 (42) (2022) 
8071–8086.

[25] F. Radjai, F. Dubois, Discrete Numerical Modeling of Granular Materials, Wiley-ISTE, 
New-York, New-York, 2011.

[26] T. Pöschel, T. Schwager, Computational Granular Dynamics: Models and Algorithms, 
Springer, 2005.

[27] J. Zhao, S. Zhao, S. Luding, The role of particle shape in computational modelling 
of granular matter, Nat. Rev. Phys. 5 (9) (2023) 505–525.

[28] D. Hernández-Delfin, D.R. Tunuguntla, T. Weinhart, R.C. Hidalgo, A.R. Thornton, 
Shape matters: competing mechanisms of particle shape segregation, Phys. Rev. E 
106 (5) (2022) 054614.

[29] G. Mollon, The soft discrete element method, Granular Matter 24 (1) (2022) 11.
[30] A. Boromand, A. Signoriello, J. Lowensohn, C.S. Orellana, E.R. Weeks, F. Ye, M.D. 

Shattuck, C.S. O’Hern, The role of deformability in determining the structural 
and mechanical properties of bubbles and emulsions, Soft Matter 15 (29) (2019) 
5854–5865.

[31] E. Barkanov, Introduction to the finite element method, Inst. Mater. Struct. Faculty 
Civil Eng. Riga Tech. Univ. (2001) 1–70.

[32] J. Alberty, C. Carstensen, S.A. Funken, R. Klose, Matlab implementation of the finite 
element method in elasticity, Computing 69 (2002) 239–263.

[33] F. Guener, O.N. Cora, H. Sofuoglu, Numerical modeling of cold powder compaction 
using multi particle and continuum media approaches, Powder Technol. 271 (2015) 
238–247.

[34] G. Mollon, A multibody meshfree strategy for the simulation of highly deformable 
granular materials, Int. J. Numer. Meth. Eng. 108 (12) (2016) 1477–1497.

[35] M. Cárdenas-Barrantes, D. Cantor, J. Barés, M. Renouf, E. Azéma, Three-dimensional 
compaction of soft granular packings, Soft Matter 18 (2) (2022) 312–321.

[36] S. Nezamabadi, X. Frank, J.-Y. Delenne, J. Averseng, F. Radjai, Parallel implicit 
contact algorithm for soft particle systems, Comput. Phys. Commun. 237 (2019) 
17–25.

[37] S. Nezamabadi, F. Radjai, Explicit total Lagrangian material point method with im-
plicit frictional-contact model for soft granular materials, Granular Matter 26 (3) 
(2024) 67.

[38] V. Richefeu, Toofus: a collection of single-header C/C++ utilities, 2025, https://
github.com/richefeu/toofus.

[39] K. Group, Open graphics library (OpenGL) registry, 2025. https://www.khronos.
org/registry/OpenGL/.

[40] F.P. F.P. Beer, E.R. E.R. Johnston, J.T. DeWolf, D.F. D.F. Mazurek, Mechanics of 
materials, McGraw-Hill Education, New York, NY, seventh edition. edition, New 
York, NY, 2015.

[41] R. Affes, J.Y. Delenne, Y. Monerie, F. Radjaï, V. Topin, Tensile strength and fracture 
of cemented granular aggregates, Eur. Phys. J. E 35 (11) (2012) 117.

Computer Physics Communications 321 (2026) 110030 

17 

http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0001
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0001
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0002
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0002
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0003
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0003
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0004
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0004
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0005
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0006
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0006
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0006
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0007
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0007
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0007
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0008
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0008
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0009
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0009
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0010
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0010
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0010
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0010
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0011
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0011
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0011
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0012
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0012
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0013
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0013
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0013
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0014
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0014
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0015
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0015
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0016
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0016
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0016
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0017
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0017
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0017
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0018
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0018
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0019
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0019
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0019
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0020
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0020
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0021
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0021
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0022
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0022
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0023
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0023
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0024
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0024
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0024
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0025
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0025
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0026
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0026
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0027
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0027
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0028
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0028
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0028
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0029
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0030
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0030
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0030
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0030
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0031
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0031
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0032
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0032
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0033
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0033
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0033
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0034
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0034
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0035
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0035
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0036
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0036
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0036
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0037
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0037
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0037
https://github.com/richefeu/toofus
https://github.com/richefeu/toofus
https://www.khronos.org/registry/OpenGL/
https://www.khronos.org/registry/OpenGL/
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0040
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0040
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0040
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0041
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0041


Y. Trivino, V. Richefeu, F. Radjai et al.

[42] A. Van Hirtum, Deformation of a circular elastic tube between two parallel bars: 
quasi-analytical geometrical ring models, Math. Prob. Eng. 2015 (1) (2015) 
547492.

[43] K.L. Johnson, Contact Mechanics, Press Syndicate of the University of Cambridge, 
1985.

[44] T. Kanahama, S. Tsugawa, M. Sato, Rigidity control mechanism by turgor pressure 
in plants, Sci. Rep. 13 (1) (2023) 2063.

[45] O. Ali, I. Cheddadi, B. Landrein, Y. Long, Revisiting the relationship between turgor 
pressure and plant cell growth, New Phytol. 238 (1) (2023) 62–69.

[46] J.K. Mitchell, K. Soga, et al., Fundamentals of Soil Behavior,  3, John Wiley & Sons 
New York, 2005.

[47] B. Saint-Cyr, K. Szarf, C. Voivret, E. Azéma, V. Richefeu, J.-Y. Delenne, G. Combe, 
C. Nouguier-Lehon, P. Villard, P. Sornay, et al., Particle shape dependence in 2D 
granular media, EPL (Europhys. Lett.) 98 (4) (2012) 44008.

[48] T.-D. Tran, S. Nezamabadi, J.-P. Bayle, L. Amarsid, F. Radjai, Contact networks and 
force transmission in aggregates of hexapod-shaped particles, Soft Matter 20 (16) 
(2024) 3411–3424.

[49] J.-Y. Delenne, M.S. El Youssoufi, F. Cherblanc, J.-C. Bénet, Mechanical behaviour 
and failure of cohesive granular materials, Int. J. Numer. Anal. Methods Geomech. 
28 (15) (2004) 1577–1594.

[50] D.C. Vu, L. Amarsid, J.-Y. Delenne, V. Richefeu, F. Radjai, Macro-elasticity of gran-
ular materials composed of polyhedral particles, Granular Matter 26 (1) (2024)
6.

[51] D.C. Vu, L. Amarsid, V. Richefeu, J.-Y. Delenne, F. Radjai, Quasistatic rheology of 
granular materials composed of dodecahedra, Eur. Phys. J. Special Top. 234 (2025) 
1–19.

[52] B. Saint-Cyr, K. Szarf, C. Voivret, E. Azéma, V. Richefeu, J.-Y. Delenne, G. Combe, 
C. Nouguier-Lehon, P. Villard, P. Sornay, et al., Particle shape dependence in 2D 
granular media, Europhys. Lett. 98 (4) (2012) 44008.

[53] D.-H. Nguyen, E. Azéma, P. Sornay, F. Radjai, Effects of shape and size polydis-
persity on strength properties of granular materials, Phys. Rev. E 91 (3) (2015)
032203.

[54] J. Gong, X. Pang, Y. Tang, M. Liu, J. Jiang, X. Ou, Effects of particle shape, physi-
cal properties and particle size distribution on the small-strain stiffness of granular 
materials: a DEM study, Comput. Geotech. 165 (2024) 105903.

[55] J. Gong, Z. Liu, J. Nie, Y. Cui, J. Jiang, X. Ou, Study on the automated character-
ization of particle size and shape of stacked gravelly soils via deep learning, Acta 
Geotech. 20 (2025) 2369–2394.

Computer Physics Communications 321 (2026) 110030 

18 

http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0042
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0042
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0042
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0043
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0043
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0044
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0044
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0045
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0045
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0046
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0046
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0047
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0047
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0047
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0048
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0048
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0048
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0049
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0049
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0049
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0050
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0050
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0050
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0051
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0051
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0051
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0052
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0052
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0052
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0053
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0053
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0053
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0054
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0054
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0054
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0055
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0055
http://refhub.elsevier.com/S0010-4655(26)00012-3/sbref0055

	A soft particle dynamics method based on shape degrees of freedom for core-shell particles
	1 Introduction
	2 Model description
	2.1 Geometric representation of particles
	2.2 Internal forces and moments
	2.3 Particle interactions
	2.4 Time stepping scheme

	3 Implementation and performance analysis
	4 Calibration and verification
	5 Diametral compression of a core-shell particle
	5.1 Dimensionless parameters
	5.2 Elastic ring
	5.3 Plastic ring
	5.4 Influence of core stiffness

	6 Uniaxial compaction of an assembly of soft disks
	7 Fracture of cellular tissues
	8 Conclusion


