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Abstract

We study equivariant vector bundles over configuration spaces with diagonals included, viewed as orbifold
quotients Mn/Sn by symmetric groups. Working in the equivalent language of equivariant vector bundles, we
construct an induced-equivariance functor and prove its adjunction with restriction. We then define Hadamard
and Cauchy tensor products and show that they form a symmetric 2-monoidal structure. We construct the
corresponding tensor and symmetric algebra bundles and prove that, for a local vector bundle V → M , the
bundle S⊠(S⊗(V )) is the free commutative 2-algebra generated by V . Finally, we show that any skew-symmetric
bundle map k : V ⊠ V → I⊗ induces a compatible Poisson bracket on this 2-algebra bundle.
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0 INTRODUCTION

0 Introduction
In this paper, we study an algebraic description of observables in relativistic classical field theory. Multilocal
observables in classical covariant field theory are most naturally described by integral kernels depending on several
spacetime points. The analytic difficulty is that these kernels are typically distributional and become singular
precisely when points collide, i.e. along partial diagonals. These singularities lead to the problem of multiplication
of distributions, which is controlled by wavefront-sets [Hör03]. They play a central role in causal and microlocal
approaches to covariant field theory [BF00], and more generally in perturbative algebraic quantum field theory and
in the locally covariant framework of [BFV03] and [Rej16].

A classical field on a spacetime M is a section φ ∈ Γ(E) of a vector bundle E →M . An observable is a smooth
functional on the space of fields Γ(E). Such functionals admit descriptions as integral kernels: a local observable is
one whose kernel is supported at a single spacetime point, for instance a section f of the dual bundle E∗ induces a

local observable Ff (φ) =

∫
M

〈
f(x), φ(x)

〉
dµ(x) that is linear in φ. More generally, polynomial local observables are

described by kernels fn ∈ Γ
(
S⊗n(E∗)

)
integrated against powers φ(x)⊗n at a single point. Here S⊗n(E∗) denotes

the n-th symmetric algebra (coinvariants of the Sn-action on (E∗)⊗n), which is naturally dual to the space Σ⊗n(E)
of symmetric tensors (invariants in E⊗n). Multilocal observables arise naturally by multiplying local observables
supported at different points: for instance(

Ff · Fg

)
(φ) =

∫
M×M

〈
f(x), φ(x)

〉〈
g(y), φ(y)

〉
dµ(x)⊗ dµ(y).

The integration measures dµ appearing here implicitly require a choice of volume form or, more intrinsically, densities
as sections of the density bundle. We do not address this issue in this paper. In this way, the space of multilocal
observables is naturally indexed by configurations of points in M , and carries two algebraic operations: the fibrewise
(Hadamard) product, corresponding to local polynomial observables, and the Cauchy product, corresponding to
combining observables supported on separate configurations. The singular behavior occurs precisely when the points
in a configuration collide (for instance y = x) and controlling these singularities is one of the central problems of
perturbative quantum field theory.

Recently, in [FKR24], the authors introduced an algebraic formulation over purely geometric objects that encode
multilocality by vector bundles over unordered configuration spaces. These carry two natural tensor products: a
fiberwise Hadamard product, which describes polynomial local observables, and a Cauchy product encoding disjoint
union, which describes multilocal observables, thus forming a 2-monoidal category in the sense of [AM10]. The
presence of two compatible tensor products in the algebra of observables was first observed in [Bor11] and made
explicit as a 2-monoidal structure in [Her19], where it serves as the categorical setting for the renormalization
picture and for the quantization of perturbative QFT via Laplace pairings developed in [Bro+04]. The construction
in [FKR24] realizes this structure geometrically over open configuration spaces. Using symmetric algebras for both
products, the authors construct a Poisson 2-algebra bundle whose distributional sections are designed to model
multilocal classical observables. For a different but related local-to-global approach to organizing the observables
of QFT, see the framework of factorization algebras of [CG17].

While removing the diagonals allows one to remain in the well-known territory of smooth manifolds, it also
excludes precisely the singular locus where important analytic phenomena occur. On the analytic side, the open
configuration spaces lack the compactness properties enjoyed by Mn, which are needed for functional-analytic
constructions on section spaces. On the physical side, renormalization by Epstein-Glaser consists in extending
distributions from Mn \∆n to Mn [EG74], and the ambiguity of this extension encodes the renormalization issues.
An algebraic framework that excludes the diagonals therefore cannot capture this ambiguity within its own structure.

The main idea of this paper is to restore the diagonals that are removed in the previous approach. The diagonals
appear as singular points of the orbifolds Mn/Sn. While the generalization of manifolds to orbifolds seems natural
- orbifold structures appear in various physical contexts, notably in string theory [Dix+85] - phenomena specific to
orbifolds appear, such as the "rank drop" phenomenon for orbifold vector bundles. Indeed, over a singular point
of the base orbifold, orbifold sections are constrained by the isotropy and only detect the invariant fibre directions.
Concretely, over a point (x, x) ∈M2, equivariant sections of a bundle V2 →M2 are constrained to the S2-invariant
part of the fibre (V2)(x,x), so that the space of observable quantities over coinciding configurations is smaller than
over the generic configuration (x, y). Equivariant vector bundles over powers Mn and constructions involving
the quotients Mn/Sn also appear independently in algebraic geometry [TT24] and in conformal field theory on
symmetric orbifolds [LM01]. We postpone the analytic study of distributional sections and renormalization to later
work.
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0 INTRODUCTION

Since the quotient spaces considered here are global quotients by finite groups, we do not need the full general
theory of orbifolds; we refer to [ALR07] and [Car19] for general background. Instead, we use the equivalent language
of equivariant vector bundles. More precisely, vector orbibundles over Mn/Sn may be described as Sn-equivariant
vector bundles over Mn. This equivariant viewpoint is the framework adopted throughout the paper.

Our first result is an induced-equivariance construction for equivariant vector bundles, analogous to induced
representations in finite group representation theory. This gives a functorial way to pass from H-equivariant
bundles to G-equivariant bundles and yields a Frobenius-type adjunction with restriction.

We then construct the equivariant analogue of the 2-monoidal framework of [FKR24]. On the category VBS•(M
•)

of equivariant vector bundles over the family of spacesM• = (Mn)n∈N, we define two tensor products: the Hadamard
tensor product, given degreewise, and the Cauchy tensor product, obtained from the external tensor product to-
gether with induced equivariance. We prove that these two monoidal structures are compatible and form a symmetric
2-monoidal category.

Next, we study the associated algebra objects. We construct tensor and symmetric algebra bundles for both
monoidal products and show that, for a local vector bundle V → M , the bundle S⊠

(
S⊗(V )

)
carries a natural

structure of commutative 2-algebra.
Finally, given a skew kernel k : V ⊠ V → I⊗, we show that it induces a Poisson bracket on S⊠

(
S⊗(V )

)
compatible with the two monoidal products. This provides the equivariant counterpart of the Poisson 2-algebra
structure previously obtained away from the diagonals.

The Poisson 2-algebra bundle S⊠
(
S⊗(V )

)
constructed here is the classical algebraic structure underlying mul-

tilocal observables on multiconfiguration spaces. It provides the foundation on which a theory of distributional
sections, and ultimately a geometric treatment of renormalization, can be developed.

The paper is organized as follows. In Section 1, we recall the basic theory of equivariant vector bundles and
prove the induced-equivariance theorem. In Section 2, we introduce the Hadamard and Cauchy tensor products
and establish the symmetric 2-monoidal structure. In Section 3, we construct the corresponding algebra bundles,
including the free commutative 2-algebra generated by a local vector bundle. In Section 4, we define Poisson
structures in this setting and prove the extension theorem for the bracket induced by a skew kernel, and illustrate
the construction explicitly for trivial bundles over M = R, recovering in particular the canonical Poisson bracket of
classical mechanics.

Notations. We conclude the introduction by fixing some notational conventions used throughout the paper.

If V and W are vector bundles over the same base manifold X, we distinguish between Mor(V,W ), the vector
space of vector bundle morphisms from V to W covering the identity, and Hom(V,W ), the vector bundle
over X defined by Hom(V,W ) = V ∗ ⊗W . Although these objects are different in nature, they are related by
the canonical identification Γ

(
Hom(V,W )

)
∼= Mor(V,W ). Because of this, the two notations may easily be

confused, and in this paper, we will adhere strictly to this distinction.

We denote the Hadamard tensor product by ⊗ and the Cauchy tensor product by ⊠; this should not be
confused with the usual external tensor product, denoted by ⊠ext.

If M is a manifold, we write M0 for a singleton whose unique element is denoted by ∅ and is called the vacuum
state.

Ordinary vector bundles V →M , viewed in contrast to bundles Vn →Mn, will be referred to as local vector
bundles.

Given a permutation σ ∈ Sn, we use the abbreviated matrix notation σ =
[
σ(1) · · · σ(n)

]
.
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support, and constant encouragement throughout this work. Special thanks are due to Anastasis Fotiadis and
Sacha Amiel for many stimulating discussions and for constantly keeping the exchange alive. The author also
thanks Sebastian Daza, Marco d’Agostino, Olga Kravchenko for helpful discussions and valuable comments.

For the purpose of Open Access, a CC-BY-NC-SA public copyright license has been applied by the author to
the present document and will be applied to all subsequent versions up to the Author Accepted Manuscript arising
from this submission.
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1 INDUCED EQUIVARIANCE FOR EQUIVARIANT VECTOR BUNDLES

1 Induced Equivariance for Equivariant Vector Bundles
In this section, we recall the basic definitions and constructions concerning equivariant vector bundles. We then
prove an induced-equivariance theorem, inspired by induction in representation theory, together with its adjunction
with restriction.

1.1 Equivariant Vector Bundles
We follow the standard definition going back to [Seg68].

Definition 1.1. Let G be a finite group acting smoothly (on the left) on a smooth manifold X. A G-equivariant
vector bundle over X is a vector bundle V → X such that:

1. G acts on the total space V ,

2. The projection map π : V → X is G-equivariant,

3. Every group element g induces a linear isomorphism fibrewise: g : Vx −→ Vg·x.

A morphism between G-equivariant vector bundles V and W is a G-equivariant bundle map V −→W covering the
identity on X. The space of G-equivariant bundle maps between V and W will be denoted by MorG(V,W ). We
denote by VBG(X) the category of G-equivariant vector bundles over X.

Notice that if x ∈ X is fixed by the G-action, then the fibre Vx carries a natural representation of the isotropy
group Gx = {g ∈ G, g · x = x}.

An equivalent formulation of the equivariant structure, which is sometimes convenient, is the following.

Proposition 1.2. Let G be a finite group, X be a left G-space and π : V → X be a vector bundle. The following
data are equivalent:

1. A G-equivariant vector bundle structure on V .

2. For each g ∈ G, a vector bundle isomorphism φg : V → g∗XV over X, where gX : X → X is the action of g
on the base X, such that φ1 = IdV and

∀g, h ∈ G, φgh = h∗X(φg) ◦ φh.

Proof. Assume first that V → X is a G-equivariant vector bundle. For each g ∈ G, denote respectively by

gV : V → V and gX : X → X

the actions of g on the total space V and on the base X. Since the projection π is G-equivariant, the following
diagram commutes

V
gV //

π

��

V

π

��

X
gX

// X

Hence, we have a well-defined bundle map φg : V → g∗XV defined by

∀v ∈ V, φg(v) =
(
π(v), gV (v)

)
.

Fibrewise, this map is (φg)x : Vx −→ (g∗XV )x = VgX(x) and it is linear because the action of g on the total space
is fibrewise linear. Since gV is invertible, φg is a vector bundle isomorphism. For the identity element 1 ∈ G, the
map 1V is the identity on V , hence φ1 = IdV . Now let g, h ∈ G. For v ∈ Vx, one has

φh(v) =
(
x, hV (v)

)
∈ (h∗XV )x,

and then
h∗X(φg)

(
φh(v)

)
=

(
x, gV

(
hV (v)

))
=

(
x, (gh)V (v)

)
= φgh(v).
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1 INDUCED EQUIVARIANCE FOR EQUIVARIANT VECTOR BUNDLES

1.1 Equivariant Vector Bundles

Thus
φgh = h∗X(φg) ◦ φh.

Conversely, suppose that for each g ∈ G, we are given a vector bundle isomorphism φg : V → g∗XV satisfying
the two stated compatibility conditions. Let pr2 : g∗XV → V be the second projection, and define

gV : pr2 ◦ φg : V −→ V.

Since φg is a bundle map over IdX , and since pr2 is a bundle map covering gX , it follows that gV is a bundle map
covering gX . In particular, one has

π ◦ gV = gX ◦ π.

Moreover, fibrewise gV is linear because φg is fibrewise linear. We now check the group action axioms. Since
φ1 = IdV , the corresponding map 1V is the identity on V . Next, using

φgh = h∗X(φg) ◦ φh

one sees that both (gh)V and gV ◦ hV are obtained by composing

V
φh−→ h∗XV

h∗
X(φg)−→ h∗Xg

∗
XV

∼= (gh)∗XV

with the natural projection onto V . Hence
(gh)V = gV ◦ hV .

Therefore the maps gV define an action of G on the total space V , and this action makes π : V → X into a
G-equivariant vector bundle. The two constructions are inverse to one another, and therefore the two kinds of data
are equivalent.

It is sometimes useful to reinterpret equivariant vector bundles in the language of groupoids. A groupoid G is a
small category in which all arrows are invertible. Recall that a K-linear representation of a groupoid G is a functor

F : G −→ VectK

where VectK is the category of K-vector spaces. That is,

• For each object x of G, there is a K-vector space Vx,

• Each morphism g : x→ y in G induces a linear isomorphism g : Vx → Vy.

Therefore, any G-equivariant vector bundle over X can be seen as a linear representation of the action groupoid
G = G ↷ X. To include the smooth structure, one can reformulate this as follows: a smooth representation of
G ⇒ X consists of a smooth vector bundle V → X together with a smooth Lie groupoid homomorphism

G −→ GL(V )

where GL(V ) is the linear groupoid of V (see [Mac05], Section 1.7).

Example 1.3 (Operations between equivariant vector bundles). Let V and W be G-equivariant vector bundles
over the same base X. The following standard constructions remain equivariant.

(a) The direct sum V ⊕W is a G-equivariant vector bundle with the diagonal action

∀g ∈ G, ∀v ∈ V, ∀w ∈W, g · (v, w) = (g · v, g · w).

The direct sum is the biproduct of the category VBG(X).

(b) The (internal) tensor product V ⊗W is a G-equivariant vector bundle with the diagonal action

∀g ∈ G, ∀v ∈ V, ∀w ∈W, g · (v ⊗ w) = (g · v)⊗ (g · w).

The tensor product gives to VBG(X) the structure of a symmetric monoidal category whose unit is the trivial
line bundle X ×K with G-action given by

∀g ∈ G, ∀(x, λ) ∈ X ×K, g · (x, λ) = (g · x, λ).
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1 INDUCED EQUIVARIANCE FOR EQUIVARIANT VECTOR BUNDLES

1.1 Equivariant Vector Bundles

(c) The dual V ∗ is a G-equivariant vector bundle with the dual action

∀g ∈ G, ∀µ ∈ V ∗, ∀v ∈ V, (g · µ)(v) = µ
(
g−1 · v

)
.

(d) The internal Hom-bundle Hom(V,W ) is defined by Hom(V,W ) = V ∗ ⊗ W and inherits a natural G-
equivariant structure. More precisely, fibrewise, for x ∈ X, g ∈ G and Tg−1·x : Vg−1·x →Wg−1·x, one sets

(g · T )x = g ◦ Tg−1·x ◦ g−1 : Vx −→Wx.

Note, however, that the space of sections of Hom(V,W ) identifies with Mor(V,W ), the space of all bundle
morphisms from V to W . In order to recover the space MorG(V,W ) of G-equivariant bundle morphisms, one
must instead consider the G-invariant sections:

MorG(V,W ) = Γ
(
Hom(V,W )

)G
.

In particular, although Γ
(
Hom(V,W )

)
does not directly recover MorG(V,W ), the bundle Hom(V,W ) is still

the internal Hom object in the category VBG(X).

(e) Let V → X be a G-equivariant vector bundle and W → X a G-equivariant subbundle, i.e. the inclusion
W ↪→ V is G-equivariant. The quotient bundle V/W → X inherits a natural G-equivariant structure given
by

∀g ∈ G, ∀[v] ∈ V/W, g · [v] =
[
g · v

]
.

(f) Let V → X be a G-equivariant vector bundle and W → Y be a H-equivariant vector bundle. Recall that
the external tensor product V ⊠ext W is the vector bundle over X × Y defined by π∗

1V ⊗ π∗
2W where

π1 : X × Y → X (resp. π2 : X × Y → Y ) is the projection onto the first factor (resp. onto the second factor).
Fibrewise, one has (

V ⊠ext W
)
(x,y)

= Vx ⊗Wy.

The external tensor product V ⊠extW is naturally a (G×H)-equivariant vector bundle with action given by

∀(g, h) ∈ G×H, ∀v ∈ V, ∀w ∈W, (g, h) · (v ⊗ w) = (g · v)⊗ (h · w).

(g) Let V → X be a G-equivariant vector bundle and f : Y → X be a G-equivariant map. The pullback f∗(V )
is G-equivariant with action

∀g ∈ G, ∀(y, v) ∈ f∗(V ), g · (y, v) =
(
g · y, g · v

)
which is well-defined on f∗(V ) because f(g · y) = g · f(y) = g · π(v) = π(g · v).

Example 1.4 (Trivial bundles and twisted trivial bundles). Let us briefly discuss trivial and twisted trivial equiv-
ariant vector bundles. Consider a trivial vector bundle X × V , where V is a finite-dimensional vector space. Any
G-equivariant structure on X × V has the form

g · (x, v) =
(
g · x, ρg(x)(v)

)
where, for each g ∈ G, the map ρg : X −→ GL(V ) is smooth and satisfies the cocycle relation

ρgh(x) = ρg(h · x)ρh(x).

When the fibre action is independent of x, that is, when each ρg : X → GL(V ) is a constant map, the family
(ρg)g∈G defines a linear representation ρ : G → GL(V ). In that case, we denote by X ×ρ V the corresponding
equivariant bundle and call it a twisted trivial bundle. The trivial equivariant bundle corresponds to the
case where ρ is the trivial representation; it will simply be denoted by X × V . For instance, the monoidal unit of(
VBG(X),⊗

)
is the trivial equivariant line bundle X ×K.
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1.2 Induced Equivariance and Restricted Equivariance
Throughout this subsection, G is a finite group and H is a subgroup of G (not necessarily normal in G). When
X = {∗}, an H-equivariant vector bundle over X is simply a linear representation of H. Then it is a standard
construction of representation theory to produce a linear representation of G called the induced representation
IndGH(V ) (see [FH91, Chapter 3]). We mimic this construction in the smooth case for equivariant vector bundles.

Definition 1.5 (Induced equivariance). Let V → X be an H-equivariant vector bundle and suppose that X is a
G-space. Denote by R a set of representatives of the right cosets H \G. The induced equivariant vector bundle
is defined by

IndGH(V ) =
⊕
ω∈R

ω∗V.

Theorem 1.6 (Induced equivariance). Using the previous notations, IndGH(V ) is a G-equivariant vector bundle
over X. Moreover, this construction is independent of the choice of R up to canonical isomorphism, and therefore
defines a functor

IndGH : VBH(X) −→ VBG(X).

Proof. Since R is a set of representatives of right cosets H \G, the map ω ∈ R 7−→ Hω ∈ H \G is a bijection. The
group G acts (on the left) on H \G by

γ · (Hg) = Hgγ−1,

and transporting this action through the above bijection yields an action G↷ R. Equivalently, for any ω ∈ R and
g ∈ G, there exist unique elements h ∈ H and ω′ ∈ R such that

ωg−1 = hω′.

We now define a G-action on IndGH(V ), which we denote by W for simplicity. An element of W has the form(
x, (vω)ω∈R

)
, where vω is an element of (ω∗V )x = Vω(x). For g ∈ G, we set

g ·
(
x, (vω)ω∈R

)
=

(
gx, (v′ω′)ω′∈R

)
, where v′ω′ = h−1 · vω,

and where h ∈ H and ω′ ∈ R are uniquely determined by the relation ωg−1 = hω′. Note that this action is
smooth because G is finite (hence discrete) and it only involves linear transformations by sending an element from
a summand to another one.

We now verify that this defines a G-equivariant vector bundle structure. Let g1, g2 ∈ G. Write

g2 ·
(
x, (vω)ω∈R

)
=

(
g2 · x, (v(2)ω2

)ω2∈R

)
, where v(2)ω2

= h−1
2 · vω and ωg−1

2 = h2ω2,

and then

g1 ·
(
g2 · x, (v(2)ω2

)ω2∈R

)
=

(
g1 · (g2 · x), (v(1)ω1

)ω1∈R

)
, where v(1)ω1

= h−1
1 · v(2)ω2

and ω2g
−1
1 = h1ω1.

We have
v(1)ω1

= h−1
1 · v(2)ω2

= h−1
1 · h−1

2 · vω = (h2h1)
−1 · vω

and
ω(g1g2)

−1 = ωg−1
2 g−1

1 = h2ω2g
−1
1 = h2h1ω1.

Therefore, since the decomposition G −→ H ×R is unique, it follows that

(g1g2) ·
(
x, (vω)ω∈R

)
=

(
(g1g2) · x, (v′ω′)ω′∈R

)
where v′ω′ = (h2h1)

−1 · vω = v(1)ω1
.

Thus the action is associative. The identity element acts trivially, since for every ω ∈ R one has

ω = Id · ω

which is already the required decomposition. Finally, the projection W → X is G-equivariant by construction,
and the action is fibrewise linear because the H-action on each summand ω∗V is fibrewise linear. Hence W is a
G-equivariant vector bundle.
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It remains to show that the construction is independent, up to canonical isomorphism, of the choice of repre-
sentatives. Let R and R′ be two systems of representatives of H \G. For every ω′ ∈ R′ there exist unique h ∈ H
and ω ∈ R such that ω′ = hω. The H-equivariant structure of V then induces canonical bundle isomorphisms

(ω′)∗V ∼= (hω)∗V ∼= ω∗V.

By assembling these isomorphisms over all representatives, one obtains a canonical isomorphism between the corre-
sponding direct sums. Therefore the bundle IndGH(V ) is well defined up to canonical isomorphism, and the functor
IndGH : VBH(X) → VBG(X) is well defined.

In linear representation theory, the induced representation functor is left-adjoint to the restriction functor. This
result, also known as Frobenius reciprocity, admits the following bundle-theoretic analogue.

Definition 1.7 (Restricted equivariance). Let W → X be a G-equivariant vector bundle. The restricted H-
equivariant bundle is the same underlying vector bundle W → X, endowed with the action obtained by restricting
the G-action to H. We denote it by ResGH(W ). This defines a functor

ResGH : VBG(X) −→ VBH(X).

The following statement means concretely that a G-equivariant map out of IndGH(V ) is equivalent to an H-
equivariant map out of V .

Corollary 1.8 (Frobenius reciprocity). The functor IndGH is left adjoint to ResGH . In other words, there is a bijection

MorG

(
IndGH(V ),W

)
∼= MorH

(
V,ResGH(W )

)
.

Proof. Define a map Φ : MorG

(
IndGH(V ),W

)
−→ MorH

(
V,ResGH(W )

)
by

∀f ∈ MorG

(
IndGH(V ),W

)
, Φ(f) = f ◦ j ∈ MorH

(
V,ResGH(W )

)
where j : V ↪−→ IndGH(V ) is the inclusion of the summand corresponding to the identity representative. Since
j is H-equivariant and every G-equivariant map is in particular H-equivariant, the composite Φ(f) = f ◦ j is
H-equivariant.

Conversely, let ψ : V −→ W be an H-equivariant bundle map. For each ω ∈ R, define a bundle map ψ̃ω :
ω∗V −→W fibrewise by (

ψ̃ω

)
x
: v ∈ (ω∗V )x = Vω·x 7−→ ω−1 · ψω·x(v) ∈Wx.

These maps assemble into a bundle map ψ̃ =
⊕
ω∈R

ψ̃ω : IndGH(V ) →W . Since R is finite, this direct sum is finite, so

ψ̃ is well defined, smooth, and fibrewise linear. It remains to check that ψ̃ is G-equivariant. Recall that

g ·
(
x, (vω)ω∈R

)
=

(
g · x, (v′ω′)ω′∈R

)
where v′ω′ = h−1 · vω and ωg−1 = hω′.

We have
ψ̃gx

(
g ·

(
x, (vω)ω∈R

))
=

∑
ω′∈R

(ω′)−1 · ψω′gx(v
′
ω′)

=
∑
ω′∈R

(ω′)−1 · ψω′gx(h
−1 · vω)

=
∑
ω′∈R

(ω′)−1 · h−1 · ψωgx(vω)

=
∑
ω′∈R

(hω′)−1 · ψωgx(vω)

=
∑

ω=hω′g

(gω−1) · ψωx(vω)

= g · ψ̃x

(
(vω)ω∈R

)
where we have used the H-equivariance of ψ. Hence, ψ̃ is G-equivariant. This defines a map

Ψ : ψ ∈ MorH

(
V,ResGH(W )

)
7−→ ψ̃ ∈ MorG

(
IndGH(V ),W

)
.

It is immediate from the constructions that the maps Φ and Ψ are inverses of each other.
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1.2 Induced Equivariance and Restricted Equivariance

The previous construction admits a geometric description analogous to the classical associated-bundle model for
induced representations in linear representation theory.

Proposition 1.9. There is a canonical isomorphism of G-equivariant vector bundles

IndGH(V ) ∼= (G× V )/H

where the right action of H on G× V is given by

(g, v) · h =
(
gh, h−1 · v

)
.

Proof. The group G acts on (G× V )/H by

γ ·
[
(g, v)

]
=

[
(γg, v)

]
.

This is well defined, since
γ ·

(
gh, h−1 · v

)
=

(
γgh, h−1 · v

)
= (γg, v) · h.

The projection
π̃ : (G× V )/H −→ X, π̃

(
[g, v]

)
= g · π(v),

where π : V → X, is G-equivariant. Thus E := (G × V )/H → X is a G-equivariant vector bundle. For a given
x ∈ X, the fibre over x is

Ex =
{[
(g, v)

]
, g · π(v) = x

}
=

{[
(g, v)

]
, v ∈ Vg−1·x

}
.

Now let
[
(g, v)

]
∈ Ex. Let R′ be a set of representatives of the left cosets G/H; note that inversion induces a

bijection R′ → R. We may write

g = ω′h with ω′ ∈ R′ and h ∈ H.

Since V is H-equivariant, the map
h : Vh−1·(ω′)−1·x −→ V(ω′)−1·x

is an isomorphism. Define ṽ = h · v ∈ V(ω′)−1·x. Then v = h−1 · ṽ, and therefore[
(g, v)

]
=

[
(ω′h, h−1 · ṽ)

]
=

[
(ω′, ṽ)

]
.

Hence every class in Ex admits a representative of the form
[
(ω′, ṽ)

]
with ω′ ∈ R′ and ṽ ∈ V(ω′)−1·x. This

representative is unique. Indeed, suppose
[
(ω′, ṽ)

]
=

[
(ω′′, ṽ′)

]
. Then there exists h ∈ H such that

(ω′′, ṽ′) = (ω′, ṽ) · h.

Thus ω′′ = ω′h. Since ω′ and ω′′ are both representatives of G/H, this forces h = Id, and hence

(ω′′, ṽ′) = (ω′, ṽ).

It follows that
Ex

∼=
⊕

ω′∈R′

V(ω′)−1·x ∼=
⊕
ω∈R

Vω·x =
⊕
ω∈R

(ω∗V )x.

Since these identifications are natural in x, they assemble into an isomorphism of G-equivariant vector bundles

(G× V )/H ∼= IndGH(V ).

The induction functor is also compatible with the tensor product in an oplax sense.

Proposition 1.10. The functor IndGH is an oplax monoidal functor between
(
VBH(X),⊗

)
and

(
VBG(X),⊗

)
. More

precisely, for all A,B ∈ VBH(X), there is a canonical map

IndGH(A⊗B) −→ IndGH(A)⊗ IndGH(B).

Moreover, this map is injective.

9
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Proof. The restriction functor ResGH is strongly monoidal, that is ResGH(A⊗B) ∼= ResGH(A)⊗ResGH(B). Therefore,
there is an H-equivariant map

A⊗B −→ ResGH

(
IndGH(A)⊗ IndGH(B)

)
.

By adjunction, this corresponds to a unique G-equivariant map

IndGH(A⊗B) −→ IndGH(A)⊗ IndGH(B).

To see that this map is injective, note that it is given by the diagonal inclusion:

IndGH(A⊗B) =
⊕
ω∈R

ω∗A⊗ ω∗B ↪−→ IndGH(A)⊗ IndGH(B) =
⊕

ω1,ω2∈R
ω∗
1A⊗ ω∗

2B.

Hence it is injective.

Proposition 1.11. Let K ⊂ H ⊂ G be subgroups. Then there is a canonical natural isomorphism of functors

IndGK
∼= IndGH ◦ IndHK : VBK(X) −→ VBH(X) −→ VBG(X).

Proof. For every V ∈ VBK(X) and every W ∈ VBG(X), one has

MorG

(
IndGH ◦ IndHK(V ),W

)
∼= MorH

(
IndHK(V ),ResGH(W )

)
and

MorH

(
IndHK(V ),ResGH(W )

)
∼= MorK

(
V,ResHK ◦ ResGH(W )

)
= MorK

(
V,ResGK(W )

)
.

Therefore, the functor IndGH ◦ IndHK is left-adjoint to ResGK . Since IndGK is also left adjoint to ResGK , the uniqueness
of the left adjoints up to canonical natural isomorphism yields

IndGH ◦ IndHK ∼= IndGK .

2 The 2-Monoidal Category of Equivariant Vector Bundles over Con-
figuration Spaces

In this section, we introduce the category of S•-equivariant vector bundles over the family of spaces M• = (Mn)n∈N,
together with the two tensor products that will be used throughout the paper. We first define the ambient category
VBS•(M

•) and the Hadamard tensor product, then construct the Cauchy tensor product by induced equivariance,
and finally prove that these two monoidal structures form a symmetric 2-monoidal category.

2.1 Equivariant Vector Bundles over Configuration Spaces
Let M be a manifold. For each n ∈ N, the permutation group Sn acts smoothly on Mn on the left by

∀σ ∈ Sn, ∀(x1, . . . , xn) ∈Mn, σ · (x1, . . . , xn) =
(
xσ−1(1), . . . , xσ−1(n)

)
.

As a convention, S0 denotes the trivial group and M0 = {∅} is the one-point manifold whose single element is
called the vacuum state. We denote M• the family of spaces (Mn)n∈N.

We now introduce a geometric analogue of species, in the sense of Joyal [Joy81], or equivalently of S-modules
appearing in the operadic litterature [LV12]. Recall that an S-module is a collection (Vn)n∈N in which each Vn is
a representation of the symmetric group Sn. In the geometric setting, we replace each representation Vn by an
Sn-equivariant vector bundle over Mn. We do not pursue this analogy further in the present paper.

Definition 2.1. An S•-equivariant vector bundle on M• is a collection V =
(
Vn → Mn

)
n∈N such that for

each n ∈ N, Vn → Mn is an Sn-equivariant vector bundle over Mn. We denote by VBS•(M
•) the category whose

objects are S•-equivariant vector bundles on M , and whose morphisms f : V → W are collections of Sn-equivariant
bundle maps fn : Vn →Wn covering the identity on Mn, for every n ∈ N.
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CONFIGURATION SPACES

2.2 Cauchy Tensor Product of Equivariant Vector Bundles over Configuration Spaces

The inclusion of M as the 1-component of M• gives rise to two natural functors.

ι∗ : V ∈ VBS•(M
•) 7−→ V1 ∈ VB(M)

called the pullback functor and
ι∗ : VB(M) −→ VBS•(M

•)

called the pushforward functor which sends a vector bundle V → M to the S-equivariant vector bundle concen-
trated in degree 1, equal to V in degree 1 and to the zero vector bundle over Mn in every degree ̸= 1. Note that
the pullback is a left inverse of the pushforward, i.e. ι∗ι∗V = V for any V ∈ VB(M). However, ι∗ι∗ ̸= Id.
Thus VB(M) identifies with a full subcategory of VBS•(M

•). As opposed to general S•-equivariant vector bundles,
the ones coming from VB(M) will be called local vector bundles.

Definition 2.2. For V,W ∈ VBS•(M
•), their Hadamard tensor product V ⊗W is defined degreewise by(

V ⊗W
)
n∈N = Vn ⊗Wn.

Its unit is given by the trivial equivariant line bundle I⊗ =
(
Mn ×K →Mn

)
n∈N with trivial Sn-action on the fibre

K. For each n ∈ N, we denote by 1⊗
n the constant section equal to 1 of the trivial line bundle (I⊗)n.

The usual tensor product of vector bundles immediately yields the following.

Proposition 2.3. The Hadamard tensor product ⊗ gives VBS•(M
•) a structure of a symmetric monoidal category,

with braiding β⊗
V,W : V ⊗W → W ⊗V given degreewise by the canonical symmetry Vn ⊗Wn

∼=Wn ⊗ Vn.

2.2 Cauchy Tensor Product of Equivariant Vector Bundles over Configuration Spaces
A natural first attempt to combine vector bundles living over different powers Mp and Mq is to use the external
tensor product ⊠ext. In the category of vector bundles over varying bases, this construction is symmetric monoidal:
its braiding is induced by the block-swap diffeomorphism of the base

τp,q : (x1, . . . , xp, y1, . . . , yq) ∈Mp ×Mq 7−→ (y1, . . . , yq, x1, . . . , xp) ∈Mq ×Mp,

together with the canonical symmetry of tensor products. In the present setting, however, this procedure does not
define a braiding in VBS•(M

•), because morphisms in VBS•(M
•) are required to cover the identity on the base

Mp+q, whereas the map induced by τp,q covers the block permutation of Mp+q rather than the identity. For this
reason, we introduce the Cauchy tensor product ⊠ as a symmetrized version of the external tensor product, yielding
a symmetric monoidal structure on VBS•(M

•).

Definition 2.4. For V,W ∈ VBS•(M
•), their Cauchy tensor product V ⊠W is defined degreewise by

∀n ∈ N, (V ⊠W)n =
⊕

p+q=n

IndSn

Sp×Sq

(
Vp ⊠

ext Wq

)
.

Its unit object, denoted by I⊠, is the trivial line bundle concentrated in degree 0, that is,

(I⊠)0 = {∅} ×K and (I⊠)n =Mn × {0} for all n ⩾ 1.

We denote by 1⊠
0 the canonical generator of the one-dimensional vector space (I⊠)0.

Theorem 2.5. The Cauchy tensor product ⊠ gives VBS•(M
•) the structure of a symmetric monoidal category.

Proof. The definition of ⊠ is functorial, since it is obtained degreewise from the external tensor product, direct
sums, and the induction functors.

We first identify the unit object. By definition, (I⊠)p = 0 for every p ⩾ 1, while (I⊠)0 is the trivial line bundle.
Hence, for any V ∈ VBS•(M

•) and any n ∈ N, only the summand with p = 0 and q = n contributes to
(
I⊠ ⊠V

)
n
,

and therefore (
I⊠ ⊠V

)
n
=

⊕
p+q=n

IndSn

Sp×Sq

(
(I⊠)p ⊠

ext Vq

)
∼= (I⊠)0 ⊠

ext Vn ∼= Vn.

These isomorphisms are natural in V and define a left unit isomorphism I⊠⊠V
∼=−→ V. The same argument applied

to V⊠ I⊠ gives a right unit isomorphism V⊠ I⊠
∼=−→ V. Since both are induced degreewise from the ordinary unit
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2.2 Cauchy Tensor Product of Equivariant Vector Bundles over Configuration Spaces

isomorphisms for the external tensor product, their compatibility is inherited from the corresponding compatibility
for ⊠ext.

We next construct the associator. Let U,V,W ∈ VBS•(M
•). Expanding the definition twice, one finds((

U⊠V
)
⊠W

)
n
=

⊕
r+s=n

IndSn

Sr×Ss

((
U⊠V

)
r
⊠ext Ws

)
∼=

⊕
p+q+s=n

IndSn

Sp×Sq×Ss

((
Up ⊠

ext Vq
)
⊠ext Ws

)
.

Similarly, (
U⊠

(
V ⊠W

))
n
=

⊕
p+q+s=n

IndSn

Sp×Sq×Ss

(
Up ⊠

ext
(
Vq ⊠

ext Ws

))
.

The associator of the external tensor product therefore induces, for each triple (p, q, s), a natural isomorphism
between the corresponding summands, and these assemble into a natural isomorphism

α⊠
U,V,W :

(
U⊠V

)
⊠W

∼=−→ U⊠
(
V ⊠W

)
.

The only point to check is that the repeated induction functors occurring in these identifications are compatible.
This follows from Proposition 1.11, which identifies iterated induction with induction from the product subgroup
Sp ×Sq ×Ss to Sn. Once this is done, the compatibility of the associators is reduced componentwise to the usual
associativity of the external tensor product.

Finally, we construct the braiding. For p, q ∈ N, let τp,q denote the permutation exchanging the first block of
length p with the second block of length q

τp,q : (x1, . . . , xp, y1, . . . , yq) ∈Mp ×Mq 7−→ (y1, . . . , yq, x1, . . . , xp) ∈Mq ×Mp.

The corresponding block permutation of the base induces an isomorphism

Vp ⊠
ext Wq

∼= τ∗p,q
(
Wq ⊠

ext Vp
)

covering the identity of Mp+q. Moreover, conjugation by τp,q identifies the subgroup Sp ×Sq with Sq ×Sp inside
Sp+q. By functoriality of induction, we obtain a natural isomorphism

Ind
Sp+q

Sp×Sq
(Vp ⊠

ext Wq) ∼= Ind
Sp+q

Sq×Sp
(Wq ⊠

ext Vp).

Summing over all decompositions n = p+ q gives a natural isomorphism

β⊠
V,W : V ⊠W

∼=−→ W ⊠V

Its compatibility with the associator is again reduced degreewise to the corresponding compatibility for the external
tensor product, and the relation

β⊠
W,V ◦ β⊠

V,W = Id

follows from the equality τp,q ◦ τq,p = IdMp+q .
We have therefore constructed a unit object, unit isomorphisms, an associator, and a symmetry satisfying the

required compatibility conditions. Hence
(
VBS•(M

•),⊠, I⊠
)

is a symmetric monoidal category.

Remark 2.6. The braiding described above corresponds to the case where the fibres are not graded. If they are,
then the same construction must be modified by the usual Koszul sign rule: exchanging two homogeneous elements
a and b contributes a factor (−1)|a||b| in addition to the block permutation of the base.

Remark 2.7 (Explicit formula for the Cauchy tensor product). A convenient choice of representatives for the
quotient (Sp ×Sq) \Sp+q is given by unshuffle permutations:

Ush(p, q) =
{
σ ∈ Sp+q, σ

−1(1) < . . . < σ−1(p) and σ−1(p+ 1) < . . . < σ−1(p+ q)
}
.

Hence,
(V ⊠W)n =

⊕
p+q=n

ω∈Ush(p,q)

ω∗(Vp ⊠ext Wq

)
.

For fixed p and q, the number of such summands is Card
(
Ush(p, q)

)
=

(
p+ q

p

)
, and summing over all decomposi-

tions p+ q = n yields a total of 2n summands.
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For small values of n, this gives the following fibrewise decompositions:

(V ⊠W)(x1,x2) =
(
V∅ ⊗W(x1,x2)

)
⊕
(
V(x1,x2) ⊗W∅

)
⊕
(
Vx1

⊗Wx2

)
⊕

(
Vx2

⊗Wx1

)
,

(V ⊠W)(x1,x2,x3) =
(
V∅ ⊗W(x1,x2,x3)

)
⊕
(
V(x1,x2,x3) ⊗W∅

)
⊕
(
Vx1 ⊗W(x2,x3)

)
⊕

(
Vx2 ⊗W(x1,x3)

)
⊕
(
Vx3 ⊗W(x1,x2)

)
⊕
(
V(x1,x2) ⊗Wx3

)
⊕

(
V(x1,x3) ⊗Wx2

)
⊕
(
V(x2,x3) ⊗Wx1

)
.

The Sn-action may be described explicitly on this unshuffle decomposition as follows. Fix a summand indexed by
ω ∈ Ush(p, q) and let σ ∈ Sn. Write

ωσ−1 = (α ⊔ β)ω′

where α ⊔ β ∈ Sp × Sq and ω′ ∈ Ush(p, q). Then σ sends the ω-summand to the ω′-summand, and the induced
map is obtained by applying (α ∪ β)−1 through the (Sp × Sq)-equivariance of Vp ⊠ext Wq. Thus the Sn-action
permutes the summands indexed by unshuffles, together with the corresponding equivariance correction inside each
summand.

For example, in degree 3 and for the decomposition 1 + 2, this mechanism can be visualized schematically as
follows (where we omit the xi’s).

σ =
[
2 3 1

]−1

IndS3
S1×S2

(V1 ⊠
ext W2)123 = V1 ⊗W23 ⊕ V2 ⊗W13 ⊕ V3 ⊗W12

IndS3
S1×S2

(V1 ⊠
ext W2)231 = V2 ⊗W31 ⊕ V3 ⊗W21 ⊕ V1 ⊗W23

2.3 The 2-Monoidal Structure on Equivariant Vector Bundles over Configuration
Spaces

The Hadamard and Cauchy tensor products ⊗ and ⊠ are compatible in the sense that they endow VBS•(M
•) with

the structure of a symmetric 2-monoidal category, also known as a symmetric duoidal category. The terminology
’duoidal’ for this structure was introduced in [BM12]; we follow the terminology and conventions of [AM10], in
order to avoid confusion with monoidal 2-categories, which are different in nature.

We briefly recall the definition in order to fix notation. A 2-monoidal category is a tuple (C,⊠, I⊠,⊗, I⊗), where

• (C,⊠, I⊠) and (C,⊗, I⊗) are monoidal categories,

• There is a natural interchange morphism

ζA,B,C,D : (A⊗B)⊠ (C ⊗D) −→ (A⊠ C)⊗ (B ⊠D)

satisfying the usual associativity compatibility conditions,

• There are three morphisms

∆ : I⊠ −→ I⊠ ⊗ I⊠, µ : I⊗ ⊠ I⊗ −→ I⊗ and ν : I⊠ −→ I⊗,

such that (I⊠,∆, ν) is a comonoid in (C,⊗, I⊗) and (I⊗, µ, ν) is a monoid in (C,⊠, I⊠).

Our goal is now to construct these data for VBS•(M
•) with the Hadamard and Cauchy tensor products. The

construction is induced by the compatibility between the Hadamard tensor product and the external tensor product:

(A⊗B)⊠ext (C ⊗D) ∼= (A⊠ext C)⊗ (B ⊠ext D),

together with the oplax monoidality of the induction functors.
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2.3 The 2-Monoidal Structure on Equivariant Vector Bundles over Configuration Spaces

Theorem 2.8. The category
(
VBS•(M

•),⊠, I⊠,⊗, I⊗
)

is a symmetric 2-monoidal category.

Proof. We first construct the structural morphisms of the 2-monoidal structure. For A,B,C,D ∈ VBS•(M
•), the

interchange map
ζA,B,C,D : (A⊗B)⊠ (C⊗D) −→ (A⊠C)⊗ (B⊠D)

is defined degreewise. In degree n, one has, using the canonical compatibility for the external tensor product[
(A⊗B)⊠(C⊗D)

]
n
=

⊕
p+q=n

IndSn

Sp×Sq

((
A⊗B

)
p
⊠ext

(
C⊗D

)
q

)
∼=

⊕
p+q=n

IndSn

Sp×Sq

((
Ap⊠

extCq

)
⊗
(
Bp⊠

extDq

))
,

then by the oplax monoidality of the induction functors, one obtains a natural map for each summand

IndSn

Sp×Sq

((
Ap ⊠

ext Cq

)
⊗
(
Bp ⊠

ext Dq

))
−→ IndSn

Sp×Sq

(
Ap ⊠

ext Cq

)
⊗ IndSn

Sp×Sq

(
Bp ⊠

ext Dq

)
.

Summing over all decompositions p+ q = n gives the desired morphism ζA,B,C,D.
The morphism ∆ : I⊠ → I⊠ ⊗ I⊠ is the obvious degreewise map: in degree 0, it sends 1⊠

0 to 1⊠
0 ⊗ 1⊠

0 , and in
positive degree it is zero. Similarly,

ν : I⊠ → I⊗

is the canonical degreewise inclusion, so that in degree 0 one has ν
(
1⊠
0

)
= 1⊗

0 . Finally,

µ : I⊗ ⊠ I⊗ → I⊗

is defined degreewise from the maps

µp,q : Ind
Sp+q

Sp×Sq

(
(I⊗)p ⊠

ext (I⊗)q

)
−→ (I⊗)p+q

sending the canonical unit
(
1⊗
p ,1

⊗
q

)
to 1⊗

p+q.

It remains to verify the axioms. The key point is that all structural morphisms introduced above are defined
degreewise from the corresponding morphisms for the ordinary tensor product and the external tensor product,
together with iterated induction. Thus every required diagram may be checked for each degree n.

For the interchange morphism, the associativity compatibility reduces degreewise to the following two facts.
First, the canonical isomorphism

(Ap ⊗Bp)⊠
ext (Cq ⊗Dq) ∼= (Ap ⊠

ext Cq)⊗ (Bp ⊠
ext Dq)

is natural and compatible with the associativity of both ⊗ and ⊠ext. Second, the oplax monoidality of the induction
functor is itself natural and associative. Since ζ is obtained by composing these morphisms and then summing over
all decompositions p+ q = n, the associativity diagram for ζ commutes in each degree.

The unit compatibilities are equally straightforward. Because I⊠ is concentrated in degree 0, every Cauchy
product involving I⊠ has a unique nonzero summand, namely the one corresponding to the decomposition 0+n = n
or n+ 0 = n. Under the resulting identifications, the maps involving ∆ reduce in degree 0 to the identity

1⊠
0 7−→ 1⊠

0 ⊗ 1⊠
0

and they vanish in every positive degree. This is exactly what is needed for the unit diagrams involving I⊠ to
commute. Similarly, the diagrams involving µ reduce degreewise to the fact that the multiplication on I⊗ identifies
the canonical section

1⊗
p ⊠ext 1⊗

q with 1⊗
p+q.

Finally, the compatibility of the unit data is checked directly. The object I⊗ is a monoid for ⊠ because the
multiplication µ is associative: for all p, q, r ∈ N, one has

µp,q+r

(
1⊗
p , µq,r

(
1⊗
q ,1

⊗
r

))
= 1⊗

p+q+r = µp+q,r

(
µp,q

(
1⊗
p ,1

⊗
q

)
,1⊗

r

)
.

Its left and right unit laws follow from the fact that ν
(
1⊠
0

)
= 1⊗

0 and that ν vanishes in every positive degree.
Dually, I⊠ is a comonoid for ⊗ because ∆ is coassociative and counital degreewise: in degree 0, everything reduces
to the identity 1⊠

0 7→ 1⊠
0 ⊗ 1⊠

0 ⊗ 1⊠
0 , and in positive degree all maps vanish.

Thus the data (ζ,∆, µ, ν) satisfy the axioms of a symmetric 2-monoidal category, and therefore the category(
VBS•(M

•),⊠, I⊠,⊗, I⊗
)

is symmetric 2-monoidal.
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2 THE 2-MONOIDAL CATEGORY OF EQUIVARIANT VECTOR BUNDLES OVER
CONFIGURATION SPACES

2.3 The 2-Monoidal Structure on Equivariant Vector Bundles over Configuration Spaces

Remark 2.9. • The object I⊗ is in fact a commutative monoid in (⊠, I⊠). Indeed, for every p, q ∈ N, one has

µp,q

(
1⊗
p ,1

⊗
q

)
= 1⊗

p+q = µq,p

(
1⊗
q ,1

⊗
p

)
.

Thus the multiplication is invariant under exchanging the two factors, and therefore commutative.

• Similarly, I⊠ is a cocommutative comonoid in (⊗, I⊗). Indeed, the comultiplication ∆ : I⊠ → I⊠ ⊗ I⊠ is
symmetric with respect to the ⊗-braiding: in degree 0, one has

∆(1⊠
0 ) = 1⊠

0 ⊗ 1⊠
0

which is fixed by the symmetry of the tensor product, while in positive degree all components vanish. Hence
∆ is cocommutative.

• In degree 0, the unit morphism ν : I⊠ → I⊗ is an isomorphism. More precisely, ν0 : (I⊠)0
∼=−→ (I⊗)0 identifies

the generator 1⊠
0 and 1⊗

0 . In particular, when no confusion is possible, we may regard these two elements as
canonically identified.

Remark 2.10 (Alternative choice of interchange map). One may also define another interchange map

ξA,B,C,D : (A⊠B)⊗ (C⊠D) −→ (A⊗C)⊠ (B⊗D)

obtained by projecting onto the diagonal summands. More precisely, in degree n one has(
(A⊠B)⊗ (C⊠D)

)
n

=
⊕

i+j=n
ω∈Ush(i,j)

⊕
k+ℓ=n

ω̃∈Ush(k,ℓ)

[
ω∗(Ai ⊠

ext Bj

)
⊗ ω̃∗(Ck ⊠ext Dℓ

)]
↠

⊕
i+j=n

ω∈Ush(i,j)

[
ω∗(Ai ⊠

ext Bj

)
⊗ ω∗(Ci ⊠

ext Dj

)]
∼=

⊕
i+j=n

ω∈Ush(i,j)

ω∗
((

Ai ⊗Ci

)
⊠ext

(
Bj ⊗Dj

))
=

((
A⊗C

)
⊠
(
B⊗D

))
n
.

Here we have used the canonical compatibility between pullback and tensor product, together with the usual
interchange between tensor product and external tensor product. Equivalently, ξ is obtained by sending all off-
diagonal summands, namely those for which (i, j, ω) ̸= (k, ℓ, ω̃) to zero.

This yields a second 2-monoidal structure
(
VBS•(M

•),⊗, I⊗,⊠, I⊠
)
, where the order of the two tensor products

indicates which interchange map is being used. In this alternative setting:

1. The morphism ∆̃ : I⊗ → I⊗ ⊠ I⊗ is the diagonal map. Indeed,(
I⊗ ⊠ I⊗

)
n

∼=
⊕

i+j=n
ω∈Ush(i,j)

(
I⊗

)
n
,

so ∆̃n : (I⊗)n →
(
I⊗⊠ I⊗

)
n

is naturally defined by the diagonal embedding. Under the above decomposition,
∆̃n(1

⊗
n ) is the diagonal element whose entries are all equal to 1⊗

n .

2. The morphism µ̃ : I⊠⊗ I⊠ −→ I⊠ is simply the inverse of the comultiplication ∆ constructed for the previous
interchange morphism. In degree 0, it is therefore characterized by

µ̃
(
1⊠
0 ⊗ 1⊠

0

)
= 1⊠

0 ,

and it vanishes in every positive degree.

3. The unit morphism ν̃ : I⊗ −→ I⊠ is the projection onto the degree 0 component. Equivalently

ν̃0(1
⊗
0 ) = 1⊠

0 , ν̃n(1
⊗
n ) = 0 for all n ⩾ 1.
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3 EQUIVARIANT ALGEBRA BUNDLES OVER CONFIGURATION SPACES

In this alternative setting, I⊗ is a cocommutative comonoid in (⊠, I⊠) and I⊠ is a commutative monoid in (⊗, I⊗).
These two interchange maps are related by

ξA,C,B,D ◦ ζA,B,C,D = Id(A⊗B)⊠(C⊗D).

The two 2-monoidal structures give rise to different notions of monoid and comonoid objects, and in this sense they
are dual to one another. In the present paper, we work with the interchange map ζ, since it yields the largest class
of monoid objects.

3 Equivariant Algebra Bundles over Configuration Spaces
Let (C,⊗, I) be a symmetric monoidal category, recall that a monoid object in C is an object M ∈ C with a
multiplication map M⊗M →M and a unit map I →M satisfying the usual associative and unit axioms. Classical
examples include monoids in (Set,×) and unital associative algebras in (Vectk,⊗).

The purpose of this section is to study monoid objects associated with the two monoidal structures introduced
above, namely the Hadamard tensor product and the Cauchy tensor product, in the setting of equivariant vector
bundles over configuration spaces. We describe the corresponding algebra objects and construct their associated
free algebras.

We begin with the Hadamard tensor product, whose behavior is close to the standard tensor product of vector
bundles and serves as a guiding example. We then turn to the Cauchy tensor product, where the presence of induced
equivariance and underlying combinatorics gives rise to a richer class of algebra objects.

Finally, we introduce the notion of a 2-algebra, namely an object endowed with both a Hadamard and a Cauchy
algebra structure, together with compatibility conditions encoded by an interchange law between the two tensor
products.

3.1 Equivariant Hadamard Algebra Bundles over Configuration Spaces
Definition 3.1. An equivariant Hadamard algebra (or equivariant ⊗-algebra) is a monoid object in the
monoidal category

(
VBS•(M

•),⊗, I⊗
)
.

Equivalently, an equivariant ⊗-algebra is an S-equivariant vector bundle A together with two maps

m⊗ : A⊗A −→ A and u⊗ : I⊗ −→ A

such that m⊗ and u⊗ satisfy the usual associativity and unit axioms. Equivalently, each An is an Sn-equivariant
algebra bundle in the sense that

∀a, b ∈ An, ∀σ ∈ Sn, m⊗
n (σ · a, σ · b) = σ ·m⊗

n (a, b)

and the unit 1⊗
n of An is fixed by the action, i.e.

∀σ ∈ Sn, σ · 1⊗
n = 1⊗

n .

We will say that A is commutative if m⊗ ◦ β⊗ = m⊗, where β⊗ is the ⊗-braiding of VBS•(M
•); equivalently, for

all n ∈ N and all a, b ∈ An, one has m⊗
n (a, b) = m⊗

n (b, a). One may also consider graded-commutative ⊗-algebras
where the braiding is twisted by the Koszul sign rule, i.e. β⊗

sgn(a⊗ b) = (−1)|a||b|b⊗ a. Thus the condition becomes

m⊗
n (a, b) = (−1)|a||b|m⊗

n (b, a).

A ⊗-morphism of equivariant ⊗-algebras is an equivariant bundle map f : A −→ B that is compatible with the
⊗-multiplication and the ⊗-unit in the usual sense; equivalently, it is given degreewise by maps fn : An −→ Bn

satisfying
fn(σ · a) = σ · fn(a) and fn

(
m⊗

n (a, b)
)
= m⊗

n

(
fn(a), fn(b)

)
.

We will denote by:

• Alg⊗(VBS•(M
•)
)

the category of equivariant ⊗-algebras.

• CAlg⊗(VBS•(M
•)
)

the full subcategory of commutative ones.
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3 EQUIVARIANT ALGEBRA BUNDLES OVER CONFIGURATION SPACES

3.1 Equivariant Hadamard Algebra Bundles over Configuration Spaces

• CAlg⊗
sgn

(
VBS•(M

•)
)

the full subcategory of graded-commutative ones.

Since the Hadamard tensor product is defined degreewise, a ⊗-algebra structure on A is equivalently given by
independent Sn-equivariant algebra bundle structures on each An, with no interaction between different degrees.

Example 3.2. If (A1,m
⊗
1 , u

⊗
1 ) and (A2,m

⊗
2 , u

⊗
2 ) are commutative ⊗-algebras, then A1 ⊗A2 is naturally a com-

mutative ⊗-algebra with multiplication m : (A1 ⊗A2)⊗ (A1 ⊗A2) −→ A1 ⊗A2 given by

∀a1, a2 ∈ (A1)n, ∀b1, b2 ∈ (A2)n, mn

(
(a1 ⊗ a2)⊗ (b1 ⊗ b2)

)
= m⊗

1;n(a1, b1)⊗m⊗
2;n(a2, b2)

and unit u : I⊗ −→ A1 ⊗A2 given by

un
(
1⊗
n

)
= u⊗1;n(1

⊗
n )⊗ u⊗2;n(1

⊗
n )

In fact, by using the componentwise description, one easily obtains that ⊗ is the coproduct of the category
CAlg

(
VBS•(M

•)
)
.

3.1.1 Equivariant Hadamard Tensor Algebra Bundles

Definition 3.3. The equivariant Hadamard tensor algebra bundle generated by V ∈ VBS•(M
•) is defined

by
T⊗(V) =

⊕
n∈N

V⊗n with V⊗0 = I⊗.

There is an obvious injection map V ↪→ T⊗(V), and one has[
T⊗(V)

]
k
=

⊕
n∈N

V ⊗n
k = T⊗(Vk).

Thus the Hadamard tensor algebra is constructed degreewise: each bundle Vk → Mk generates the usual tensor
algebra bundle T⊗(Vk) over Mk.

Its multiplication T⊗(V)⊗T⊗(V) −→ T⊗(V) is given by elementary maps

m⊗
p,q :

(
(v1 ⊗ . . .⊗ vp), (w1 ⊗ . . .⊗ wq)

)
∈ V⊗p ×V⊗q 7−→ v1 ⊗ . . .⊗ vp ⊗ w1 ⊗ . . .⊗ wq ∈ V⊗(p+q).

As usual, we will write m⊗(a, b) simply as a⊗ b.

Proposition 3.4. The equivariant Hadamard tensor algebra T⊗(V) is the free equivariant ⊗-algebra bundle gen-
erated by V ∈ VBS•(M

•). More precisely, for every equivariant ⊗-algebra A ∈ Alg⊗(VBS•(M
•)
)

and every
equivariant linear bundle map f : V −→ A, there exists a unique ⊗-algebra bundle morphism f̃ : T⊗(V) −→ A
such that the following diagram commutes

V
ι //

f
''

T⊗(V)

∃!f̃
��

A

Equivalently, the functor T⊗ : VBS•(M
•) −→ Alg⊗(VBS•(M

•)
)

is left adjoint to the forgetful functor
Alg⊗(VBS•(M

•)
)
→ VBS•(M

•).

3.1.2 Equivariant Hadamard Symmetric Algebra Bundles

In the context of linear algebra, the symmetric algebra generated by a vector space V is constructed as follows: for
each n ∈ N, the space V ⊗n carries a natural Sn-action by permutation of the factors. The space S⊗n(V ) is then
the space of coinvariants for this action, namely, the quotient of V ⊗n by the subspace spanned by vectors of the
form v − σ · v for v ∈ V ⊗n and σ ∈ Sn. The symmetric algebra is then given by the direct sum

S⊗(V ) =
⊕
n∈N

S⊗n(V ).
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3 EQUIVARIANT ALGEBRA BUNDLES OVER CONFIGURATION SPACES

3.2 Equivariant Cauchy Algebra Bundles over Configuration Spaces

We follow this standard construction in the setting of equivariant vector bundles.
Fix V ∈ VBS•(M

•). Since Vk is a Sk-equivariant vector bundle over Mk, the tensor power V ⊗n
k is also a

Sk-equivariant vector bundle over Mk. Note that Sn acts on V ⊗n
k by permuting the factors

τ · (v1 ⊗ . . .⊗ vn) = vτ−1(1) ⊗ . . .⊗ vτ−1(n)

and that this action commutes with the Sk-equivariant action. In particular, the subbundle

W⊗
k,n = Span

{
τ · v − v, v ∈ V ⊗n

k , τ ∈ Sn

}
⊂ V ⊗n

k

is Sk-equivariant and hence the quotient
S⊗n(Vk) = V ⊗n

k /W⊗
k,n

is a well-defined Sk-equivariant vector bundle. Thus the Hadamard symmetric algebra is obtained degreewise: each
bundle Vk →Mk generates the usual symmetric algebra bundle S⊗(Vk) over Mk.

Definition 3.5. The equivariant Hadamard symmetric algebra bundle generated by V ∈ VBS•(M
•) is

defined by
S⊗(V) =

⊕
n∈N

S⊗n(V) where
[
S⊗n(V)

]
k
= S⊗n(Vk).

The concatenation of tensors V⊗p × V⊗q → V⊗(p+q) is (Sp × Sq)-equivariant, where the action is given by
permutation of the factors. Hence it induces a map

S⊗p(V)× S⊗q(V) −→ S⊗(p+q)(V)

which is the multiplication map of S⊗(V). If [v] ∈ S⊗p(V) and [w] ∈ S⊗q(V), then we will denote by [v]⊙ [w] the
equivalence class of v ⊗ w. Whenever no confusion can arise, we will omit the bracket notation and simply write
products like v⊙w. Moreover, the tensors v⊗w and w⊗v differ by a permutation exchanging the two blocks of sizes
p and q, which belongs to Sp+q. Therefore they induce the same element in S⊗(V) and hence the multiplication
on S⊗(V) is commutative.

Since the Hadamard symmetric algebra is constructed degreewise, the following holds

Proposition 3.6. The equivariant Hadamard symmetric algebra S⊗(V) is the free equivariant commutative ⊗-
algebra generated by V. More precisely, for every equivariant commutative ⊗-algebra bundle A ∈ CAlg⊗(VBS•(M

•)
)

and every equivariant bundle map f : V −→ A, there exists a unique ⊗-algebra bundle morphism f̃ : S⊗(V) −→ A
such that the following diagram commutes

V
ι //

f
''

S⊗(V)

∃!f̃
��

A

Equivalently, the functor S⊗ : VBS•(M
•) −→ CAlg⊗(VBS•(M

•)
)

is left adjoint to the forgetful functor
CAlg⊗(VBS•(M

•)
)
→ VBS•(M

•).

Remark 3.7 (Hadamard exterior algebra). Similarly, one may construct the equivariant Hadamard exterior
algebra bundle degreewise: each bundle Vk →Mk generates the usual exterior algebra bundle Λ⊗(Vk) over Mk.
It is defined by

Λ⊗(V) =
⊕
n∈N

Λ⊗n(V) where
[
Λ⊗n(V)

]
k
= Λ⊗n(Vk)

and it is the free equivariant graded-commutative ⊗-algebra generated by V.

3.2 Equivariant Cauchy Algebra Bundles over Configuration Spaces
Definition 3.8. An equivariant Cauchy algebra (or equivariant ⊠-algebra) is a monoid object in the
monoidal category

(
VBS•(M

•),⊠, I⊠
)
.
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3 EQUIVARIANT ALGEBRA BUNDLES OVER CONFIGURATION SPACES

3.2 Equivariant Cauchy Algebra Bundles over Configuration Spaces

Equivalently, an equivariant ⊠-algebra bundle is an S-equivariant vector bundle A together with two maps

m⊠ : A⊠A −→ A and u⊠ : I⊠ −→ A

such that m⊠ and u⊠ are associative and satisfy the unit axioms in the usual categorical sense. Since[
A⊠A

]
n
=

⊕
p+q=n

IndSn

Sp×Sq

(
Ap ⊠

ext Aq

)
,

a multiplication map m⊠ : A ⊠ A → A is determined by maps IndSn

Sp×Sq

(
Ap ⊠ext Aq

)
−→ Ap+q and, by the

adjunction property of the induced equivariance functor, equivalently by (Sp ×Sq)-equivariant bundle maps

m⊠
p,q : Ap ⊠

ext Aq −→ Ap+q.

These may be seen as ordinary two-slot multiplication maps: an element v above a configuration (x1, . . . , xp) and
an element w above a configuration (y1, . . . , yq) are multiplied and placed above the concatenated configuration
(x1, . . . , xp, y1, . . . , yq). The unit is then 1⊠

0 which lies only over the vacuum state ∅. Thus, the ⊠-multiplication
combines not only the algebra elements but also the underlying configurations of points. Its associativity is expressed
by

m⊠
p+q,r ◦

(
m⊠

p,q ⊠
ext IdAr

)
= m⊠

p,q+r ◦
(
IdAp

⊠ext m⊠
q,r

)
as an (Sp ×Sq ×Sr)-equivariant map covering the concatenation map Mp ×Mq ×Mr →Mp+q+r.

We say that A is commutative if m⊠ ◦ β⊠ = m⊠, where β⊠ is the ⊠-braiding of VBS•(M
•). Equivalently, if a

lies above the configuration (x1, . . . , xp) and b lies above the configuration (y1, . . . , yq), we have

m⊠
p,q(a, b) = τp,q ·m⊠

q,p(b, a)

where τp,q is the block permutation
[
q + 1 . . . q + p | 1 . . . q

]
sending the configuration (y1, . . . , yq, x1, . . . , xp)

to (x1, . . . , xp, y1, . . . , yq). One may likewise consider graded-commutative ⊠-algebras, for which the braiding is re-
placed by β⊠

sign, so that
m⊠

p,q(a, b) = (−1)|a||b|τp,q ·m⊠
q,p(b, a).

A ⊠-morphism of equivariant ⊠-algebras is an equivariant bundle map f : A −→ B that is compatible with the
⊠-multiplication and the ⊠-unit in the usual sense. Equivalently, it is given degreewise by equivariant ⊠-algebra
bundle maps fn : An −→ Bn such that

fn(σ · a) = σ · fn(a) and fp+q

(
m⊠

p,q(a, b)
)
= m⊠

p,q

(
fp(a), fq(b)

)
.

We will denote by:

• Alg⊠(VBS•(M
•)
)

the category of equivariant ⊠-algebras.

• CAlg⊠(VBS•(M
•)
)

the full subcategory of commutative ones.

• CAlg⊠
sgn

(
VBS•(M

•)
)

the full subcategory of graded-commutative ones.

In contrast with the Hadamard product, the Cauchy product combines both the algebra elements and the underlying
configurations of points in M .

Example 3.9. Let (A1,m
⊠
1 , u

⊠
1 ) and (A2,m

⊠
2 , u

⊠
2 ) be commutative ⊠-algebras.

• The object A1 ⊠A2 =: B is naturally a commutative ⊠-algebra with multiplication m : (A1 ⊠A2)⊠ (A1 ⊠
A2) −→ A1 ⊠A2 obtained as follows:

m⊠
p,q : Bp ⊠

ext Bq −→ Bp+q.

These maps themselves are obtained by the maps

mp1,p2;q1,q2 :
(
(A1)p1

⊠ext (A2)p2

)
⊠ext

(
(A1)q1 ⊠

ext (A2)q2

)
−→ (A1)p1+q1 ⊠

ext (A2)p2+q2
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3 EQUIVARIANT ALGEBRA BUNDLES OVER CONFIGURATION SPACES

3.2 Equivariant Cauchy Algebra Bundles over Configuration Spaces

with p = p1 + p2 and q = q1 + q2, defined by

mp1,p2;q1,q2

(
(a1 ⊠ a2)⊠ (b1 ⊠ b2)

)
= m⊠

1;p1,q1(a1, b1)⊠m⊠
2;p2,q2(a2, b2)

and unit u : I⊠ −→ A1 ⊠A2 given by

u0
(
1⊠
0

)
= u⊠1;0

(
1⊠
0

)
⊠ u⊠2;0

(
1⊠
0

)
.

In fact, ⊠ is the coproduct of the category CAlg⊠(VBS•(M
•)
)
, since in any symmetric monoidal category,

the tensor product is the coproduct in the category of commutative monoid objects (see [Joh02], C1.1).

• The object A1⊗A2 has a natural ⊠-algebra structure, whose ⊠-multiplication is defined using the interchange
map ζ by

m : (A1 ⊗A2)⊠ (A1 ⊗A2)
ζ−→ (A1 ⊠A1)⊗ (A2 ⊠A2)

m⊠
1 ⊗m⊠

2−→ A1 ⊗A2.

Concretely, for each p, q ∈ N, the elementary multiplication maps

mp,q :
(
(A1)p ⊗ (A2)p

)
⊠ext

(
(A1)q ⊗ (A2)q

)
−→ (A1)p+q ⊗ (A2)p+q

defined by
mp,q

(
(a1 ⊗ a2)⊠ (b1 ⊗ b2)

)
= m⊠

1;p,q(a1, b1)⊗m⊠
2;p,q(a2, b2)

and unit u : I⊠
∆−→ I⊠ ⊗ I⊠

u⊠
1 ⊗u⊠

2−→ A1 ⊗A2 given by

u
(
1⊠

)
= u⊠1 (1

⊠)⊗ u⊠2 (1
⊠).

In fact, the bifunctor ⊗ lifts from VBS•(M
•) to Alg⊠(VBS•(M

•)
)

endowing the latter with a symmetric
monoidal structure.

3.2.1 Equivariant Cauchy Tensor Algebra Bundles

Definition 3.10. The equivariant Cauchy tensor algebra bundle generated by V ∈ VBS•(M
•) is defined by

T⊠(V) =
⊕
n∈N

V⊠n with V⊠0 = I⊠.

There is an obvious injection map V ↪→ T⊠(V), and one has[
T⊠(V)

]
k
=

⊕
n∈N

(V⊠n)k where (V⊠n)k =
⊕

p1+...+pn=k

IndSk

Sp1
×...×Spn

(
Vp1

⊠ext . . .⊠ext Vpn

)
.

For instance, over a point (x, y) ∈M2, the fibre of V⊠3 is

(V⊠3)xy = (V∅ ⊗ Vx ⊗ Vy)⊕ (V∅ ⊗ Vy ⊗ Vx)⊕ (V∅ ⊗ Vxy ⊗ V∅)⊕ (V∅ ⊗ V∅ ⊗ Vxy)
⊕(Vx ⊗ V∅ ⊗ Vy)⊕ (Vy ⊗ V∅ ⊗ Vx)⊕ (Vx ⊗ Vy ⊗ V∅)⊕ (Vy ⊗ Vx ⊗ V∅)
⊕(Vxy ⊗ V∅ ⊗ V∅).

In general, (V⊠n)k contains nk terms.
The multiplication on T⊠(V) is described as follows. Fix base configurations (x1, . . . , xp) ∈Mp and (y1, . . . , yq) ∈

Mq. An element of T⊠(V)(x1,...,xp) has the form v = v1 ⊗ . . . ⊗ vr, where each vi lives over some subtuple of
(x1, . . . , xp) of length ni. Similarly, an element of T⊠(V)(y1,...,yq) has the form w = w1 ⊗ . . . ⊗ ws, where each wj

lives over some subtuple of (y1, . . . , yq) of length mj . Then,

m⊠
p,q(v, w) = v1 ⊗ . . .⊗ vr ⊗ w1 ⊗ . . .⊗ ws

lying above the concatenated configuration (x1, . . . , xp, y1, . . . , yq) in the block pattern (n1| . . . |nr|m1| . . . |ms).
Thus, the ⊠-multiplication of T⊠(V) concatenates both vectors and base points. As before, we denote m⊠(v, w)
simply by v ⊠ w.
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Theorem 3.11. The equivariant Cauchy tensor algebra T⊠(V) is the free equivariant ⊠-algebra generated by V.
More precisely, for every equivariant ⊠-algebra bundle A ∈ Alg⊠(VBS•(M

•)
)

and every equivariant bundle map
f : V → A, there exists a unique equivariant ⊠-algebra bundle morphism f̃ : T⊠(V) −→ A such that the following
diagram commutes

V
ι //

f
''

T⊠(V)

∃!f̃
��

A

Proof. This is the standard construction of free monoids in a symmetric monoidal category described in [Mac98].

The functor T⊠ is canonically oplax monoidal with respect to ⊗. More precisely, it is an oplax monoidal functor

T⊠ :
(
VBS•(M

•),⊗, I⊗
)
−→

(
Alg⊠(VBS•(M

•)
)
,⊗, I⊗

)
.

This means that there are natural morphisms

T⊠(V ⊗W) −→ T⊠(V)⊗T⊠(W) and T⊠(I⊗) −→ I⊗.

Indeed, the object T⊠(V)⊗T⊠(W) is an equivariant ⊠-algebra, and there is a canonical bundle map given by the
inclusions

V ⊗W −→ T⊠(V)⊗T⊠(W).

Since T⊠(V⊗W) is the free equivariant ⊠-algebra generated by V⊗W, this map extends uniquely to a ⊠-algebra
morphism

T⊠(V ⊗W) −→ T⊠(V)⊗T⊠(W).

This morphism is generally not an isomorphism, even for local vector bundles.
When V is local, the description simplifies considerably. If V is a local vector bundle, so that Vk = 0 unless

k = 1, and we write V := V1, thereby identifying V with V , we therefore use the non-bold notation V for local
vector bundles. Then T⊠(V )k is non-zero only for the n = k-summand. That is,[

T⊠(V )
]
k
= (V ⊠k)k = IndSk

S1×...×S1

(
V ⊠ext . . .⊠ext V

)
=

⊕
σ∈Sk

σ∗
(
V ⊠extk

)
.

In particular, the fibre over a point (x1, . . . , xk) ∈Mk is[
T⊠(V )

]
x1,...,xk

=
⊕
σ∈Sk

Vxσ(1)
⊗K . . .⊗K Vxσ(k)

.

3.2.2 Equivariant Cauchy Symmetric Algebra Bundles

Similarly to the construction of the Hadamard symmetric algebra through coinvariants in Section 3.1.2, we carry
out the same type of construction for the Cauchy symmetric algebra bundle. For a given V ∈ VBS•(M

•), recall
that

[
T⊠(V)

]
k

is a graded Sk-equivariant bundle. As in the Hadamard case, we want to define a Sn-action on
(V⊠n)k that permutes the factors. This is achieved via the following combinatorial construction.

To this end, let us divide J1, kK into n packs of lengths i1, . . . , in. One may think of this as partitioning a deck
of k cards into n ordered piles of cards.

1 · · · i1

∣∣∣ i1 + 1 · · · i1 + i2

∣∣∣ · · ·
∣∣∣ i1 + i2 + . . .+ in−1 + 1 · · · k

1 2 · · · n

For a given permutation σ ∈ Sn, we would like to consider a permutation of the piles without changing the order
within each pile. This leads to the permutation

τ (i1,...,in)σ
= σ(1)

∣∣∣ σ(2)
∣∣∣ · · ·

∣∣∣ σ(n)
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These block permutations also appear in the standard description of the symmetric group action on tensor prod-
ucts in colored operad theory; see [Yau16, Chapter 11] for details. Some examples, where we denote σ =[
σ(1) . . . σ(n)

]
in matrix notation, are as follows:

σ =
[
3 2 4 1

]
∈ S4, τ (1,1,2,2)σ =

[
3 4 2 5 6 1

]
∈ S6;

σ =
[
2 3 1

]
∈ S3, τ (1,2,3)σ =

[
2 3 4 5 6 1

]
∈ S6;

σ =
[
2 3 1

]
∈ S3, τ (2,3,1)σ =

[
3 4 5 6 1 2

]
∈ S6;

σ =
[
2 1

]
∈ S2, τ (4,2)σ =

[
5 6 1 2 3 4

]
∈ S6.

In the extreme case where the k cards are divided into 2 decks (p, q), we recover the earlier permutation τp,q used
for the ⊠-braiding. At the opposite extreme, when the k cards are divided into exactly k decks, so that necessarily
(i1, . . . , ik) = (1, . . . , 1), one has τ (1,...,1)σ = σ for all σ ∈ Sk.

Given indices i1, . . . , in such that i1+ . . .+in = k, we denote by Sh(i1, . . . , in) the set of (i1, . . . , in)-shuffles, that
is, permutations α ∈ Sk that preserve the relative order within each consecutive block {i1 + . . .+ ir−1 + 1, . . . , i1 + . . .+ ir}.
The set of (i1, . . . , in)-shuffles is a set of full representatives of the left quotient SK/

(
Si1 × . . .×Sin

)
.

Proposition 3.12. Given indices i1, . . . , in such that i1 + . . .+ in = k and a permutation σ ∈ Sn, the map

α ∈ Sh(i1, . . . , in) 7−→ α ◦ τ (i1,...,in)σ ∈ Sh
(
iσ(1), . . . , iσ(n)

)
is a bijection of sets. Moreover, we have the relation

τ (i1,...,in)σ ◦ τ (iσ(1),...,iσ(n))

σ′ = τ
(i1,...,in)
σ◦σ′ .

In particular, we have (
τ (i1,...,in)σ

)−1
= τ

(iσ(1),...,iσ(n))

σ−1 .

Proof. Let us partition J1, kK into consecutive blocks

B1 = {1, . . . , i1} , B2 = {i1 + 1, . . . , i1 + i2} , . . . , Bn = {i1 + . . .+ in−1 + 1, . . . , k} .

Each block Br has length ir and an element of Sh(i1, . . . , in) is precisely a permutation of Sk that is increasing on
each block Br. Let α ∈ Sh(i1, . . . , in) and σ ∈ Sn. By construction, τ (i1,...,in)σ reorders the blocks according to σ
while preserving the order inside each block: it moves the block Br to position σ(r) while preserving the order inside
the block. It follows that α ◦ τ (i1,...,in)σ is increasing on the reordered blocks, hence belongs to Sh

(
iσ(1), . . . , iσ(n)

)
.

Now let σ, σ′ ∈ Sn. The permutation τ
(
iσ(1),...,iσ(n)

)
σ′ first reorders the blocks according to σ′, and then τ (i1,...,in)σ

reorders them according to σ. Therefore the overall effect is to reorder the blocks according to σ◦σ′. Since the order
inside each block is preserved at every step, the resulting permutation is exactly the deck permutation τ

(i1,...,in)
σ◦σ′ .

Taking σ′ = σ−1 yields the inverse formula, and bijectivity is immediate.

Since permuting the n factors sends the decomposition indexed by (i1, . . . , in) to the decomposition indexed
by

(
iσ(1), . . . , iσ(n)

)
, the permutation must be accompanied by a permutation of the underlying k points. This

is precisely achieved by the deck permutation τ (i1,...,in)σ . Accordingly, we define an action of Sn on (V⊠n)k =⊕
i1+...+in=k

IndSk

Si1
×...×Sin

(
Vi1 ⊠

ext . . .⊠ext Vin

)
by sending each summand indexed by (i1, . . . , in) to the summand

indexed by
(
iσ(1), . . . , iσ(n)

)
through the map

τ (i1,...,in)σ : IndSk

Si1×...×Sin

(
Vi1 ⊠

ext . . .⊠ext Vin

)
−→ IndSk

Siσ(1)
×...×Siσ(n)

(
Viσ(1)

⊠ext . . .⊠ext Viσ(n)

)
.

These maps glue together to a morphism

σ : (V⊠n)k −→ (V⊠n)k

and the previous proposition shows that this indeed defines a Sn-action on (V⊠n)k. Since Sk permutes the points
of the configuration through the induced equivariant structure, whereas Sn permutes the labels of the factors, we
obtain the following.

Lemma 3.13. The Sn and Sk actions on (V⊠n)k commute.
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Using this lemma, the subbundle W⊠
k,n is Sk-equivariant and therefore the quotient[

S⊠n(V)
]
k
:= (V⊠n)k

/
W⊠

k,n

is well-defined and Sk-equivariant.

Definition 3.14. The equivariant Cauchy symmetric algebra bundle generated by V ∈ VBS•(M
•) is defined

by
S⊠(V) =

⊕
n∈N

S⊠n(V) where
[
S⊠n(V)

]
k
= (V⊠n)k

/
W⊠

k,n.

As in the Hadamard case, the concatenation of tensors V⊠p ×V⊠q → V⊠(p+q) induces a map

S⊠p(V)× S⊠q(V) −→ S⊠(p+q)(V)

which is the multiplication map on S⊠(V). If [v] ∈ S⊠p(V) and [w] ∈ S⊠q(V), then we denote by [v] � [w] the
equivalence class of [v ⊠ w]. This multiplication � is commutative.

Theorem 3.15. The equivariant Cauchy symmetric algebra bundle S⊠(V) is the free equivariant commutative
⊠-algebra generated by V ∈ VBS•(M

•). More precisely, for every equivariant commutative ⊠-algebra bundle
A ∈ CAlg⊠(VBS•(M

•)
)

and every equivariant bundle map f : V → A, there exists a unique ⊠-algebra bundle
morphism f̃ : S⊠(V) −→ A such that the following diagram commutes

V
ι //

f
''

S⊠(V)

∃!f̃
��

A

Proof. Let A be an equivariant commutative ⊠-algebra with multiplication ⊠A and let f : V → A be an equivariant
bundle morphism. Since T⊠(V) is the free ⊠-algebra, f extends to a unique ⊠-algebra map

F : T⊠(V) −→ A.

For each n ∈ N, denote by Fn the restriction F |V⊠n . We claim that each map Fn is Sn-invariant with respect to
the permutation of factors. Indeed, on a pure tensor v1 ⊠ . . .⊠ vn ∈ V⊠n, one has

Fn(v1 ⊠ . . .⊠ vn) = f(v1)⊠A . . .⊠A f(vn).

If σ ∈ Sn, then σ · (v1⊠ . . .⊠ vn) is obtained by permuting the n tensor blocks and simultaneously transporting the
underlying configuration by the associated deck permutation τ (i1,...,in)σ . Since F is equivariant and multiplicative,
we obtain

Fn

(
σ · (v1 ⊠ . . .⊠ vn)

)
= f

(
vσ(1)

)
⊠A . . .⊠A f

(
vσ(n)

)
.

Since A is commutative, the product is invariant under permutations of the factors, and therefore

Fn

(
σ · (v1 ⊠ . . .⊠ vn)

)
= f(v1)⊠A . . .⊠A f(vn) = Fn(v1 ⊠ . . .⊠ vn).

It follows that Fn vanishes on the subbundle W⊠
n defined above (for each k, the degree-k component of Fn vanishes

on W⊠
k,n), and hence induces a well-defined equivariant bundle morphism

fn : S⊠n(V) −→ A.

Taking the direct sum over all n ∈ N yields the equivariant bundle morphism

f̃ : S⊠(V) −→ A.

We now show that f̃ is a ⊠-algebra morphism. Let [u] ∈ S⊠p(V) and [v] ∈ S⊠q(V). Since [u] � [v] = [u ⊠ v], one
has

f̃
(
[u] � [v]

)
= f̃

(
[u⊠ v]

)
= F (u⊠ v) = F (u)⊠A F (v) = f̃

(
[u]

)
⊠A f̃

(
[v]

)
.
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Therefore f̃ : S⊠(V) → A is multiplicative. Moreover, since F : T⊠(V) → A is a ⊠-algebra map, it sends the unit
I⊠ to the unit of A. Since the group action on I⊠ is trivial, the unit of S⊠(V) is also I⊠, and f̃ sends it to the unit
of A.

Finally, let g : S⊠(V) → A be a ⊠-algebra morphism extending f . Then the composition

T⊠(V) −→ S⊠(V)
g−→ A

is a ⊠-algebra map extending f : V → A. By the universal property of T⊠(V), this composition must be F . Since
the projection T⊠(V) −→ S⊠(V) is surjective, it follows that g = f̃ .

Similarly to T⊠, the functor S⊠ is canonically oplax monoidal with respect to ⊗, so that there are natural
morphisms

S⊠(V ⊗W) −→ S⊠(V)⊗ S⊠(W) and S⊠(I⊗) −→ I⊗.

In general, these morphisms are not isomorphisms. However, they become isomorphisms in the special case of local
vector bundles. If V is a local vector bundle, the combinatorics simplifies drastically, and one has, as vector bundles,[

S⊠(V )
]
k
∼= V ⊠extk = V ⊠ext . . .⊠ext V.

Proposition 3.16. The functor S⊠ is strongly monoidal with respect to ⊗ on the subcategory of local vector bundles,
that is, there are isomorphisms of commutative ⊠-algebras

S⊠(V ⊗W ) ∼= S⊠(V )⊗ S⊠(W ) and S⊠(I⊗) ∼= I⊗

when V and W are both local vector bundles.

Proof. We have the isomorphism S⊠(V )n ∼= V ⊠extn, as vector bundles and we use the interchange law between ⊠ext

and ⊗:
(A⊗B)⊠ext (C ⊗D) ∼= (A⊠ext C)⊗ (B ⊠ext D).

Therefore,
S⊠(V ⊗W )n ∼= (V ⊗W )⊠

extn ∼= V ⊠extn ⊗W⊠extn ∼= S⊠(V )n ⊗ S⊠(W )n.

Moreover, since I⊗ is already a commutative ⊠-algebra, we have S⊠(I⊗) ∼= I⊗.

The Cauchy tensor product recovers the Hadamard tensor product along the diagonals in the sense that:

Proposition 3.17. Denote by ∆k : x ∈ M 7→ (x, . . . , x) ∈ Mk the diagonal inclusion. If V → M is a local vector
bundle, then there is a canonical isomorphism

∆∗
k

(
S⊠(V )k

)
∼= V ⊗k

as vector bundles over M .

Proof. Since V is local, we have an isomorphism

S⊠(V )k ∼= V ⊠extk

as vector bundles over Mk. Pulling back along ∆k, one gets

∆∗
k

(
S⊠(V )k

)
∼= ∆∗

k

(
V ⊠extk

)
.

But restriction of an external tensor product to the full diagonal is canonically the internal tensor product, hence

∆∗
k

(
S⊠(V )k

)
∼= V ⊗k.

Remark 3.18. Similarly, by introducing a sign twist in the action, one constructs the Cauchy exterior algebra
bundle Λ⊠(V). As expected, Λ⊠(V) is the free equivariant graded-commutative ⊠-algebra generated by V.
Likewise, there are natural morphisms

Λ⊠(V ⊗W) −→ Λ⊠(V)⊗Λ⊠(W) and Λ⊠(I⊗) −→ I⊗

and these are isomorphisms when V and W are both local vector bundles.
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3.3 Equivariant Cauchy-Hadamard 2-Algebra Bundles over Configuration Spaces
Definition 3.19. An equivariant 2-algebra bundle is a double monoid object in the symmetric 2-monoidal
category

(
VBS•(M

•),⊠, I⊠,⊗, I⊗
)
.

Equivalently, an equivariant 2-algebra bundle is a S•-equivariant vector bundle A together with four maps

m⊗ : A⊗A −→ A m⊠ : A⊠A −→ A

u⊗ : I⊗ −→ A u⊠ : I⊠ −→ A

such that the following conditions hold:

1. A is an equivariant ⊗-algebra, i.e.
(
A,m⊗, u⊗

)
is a monoid object in

(
VBS•(M

•),⊗
)
.

2. A is an equivariant ⊠-algebra, i.e.
(
A,m⊠, u⊠

)
is a monoid object in

(
VBS•(M

•),⊠
)
.

3. The interchange law for m⊗ and m⊠ holds, i.e. the following diagram commutes

(A⊗A)⊠ (A⊗A)

m⊗⊠m⊗

��

ζA,A,A,A
// (A⊠A)⊗ (A⊠A)

m⊠⊗m⊠

��

A⊠A

m⊠

''

A⊗A

m⊗

ww
A

where ζ is the interchange map of the symmetric 2-monoidal category
(
VBS•(M

•),⊠,⊗
)
.

4. The units u⊗ and u⊠ are compatible, i.e. the three diagrams commute:

I⊗ ⊠ I⊗

µ

��

u⊗⊠u⊗
// A⊠A

m⊠

��

I⊗
u⊗

// A

I⊠ ⊗ I⊠
u⊠⊗u⊠

// A⊗A

m⊗

��

I⊠
u⊠

//

∆

OO

A

I⊠

u⊠
  

ν // I⊗

u⊗
~~

A

where µ, ∆ and ν are the three structure morphisms of the symmetric 2-monoidal category
(
VBS•(M

•),⊠,⊗
)
.

We say that A is commutative if both equivariant algebras (A,m⊗, u⊗) and (A,m⊠, u⊠) are commutative, i.e.
m⊗ ◦ β⊗ = m⊗ and m⊠ ◦ β⊠ = m⊠, where β⊗ and β⊠ are the respective braidings of the monoidal structures ⊗
and ⊠. The graded-commutativity is defined in a similar way using the graded braidings.

A morphism between equivariant 2-algebra bundles is an equivariant bundle map that is both a ⊗-algebra
morphism and a ⊠-algebra morphism.

We will denote by

• Alg⊠,⊗(VBS•(M
•)
)

the category of equivariant 2-algebra bundles.

• CAlg⊠,⊗(VBS•(M
•)
)

the full subcategory of commutative ones.

Remark 3.20 (Reformulation due to Aguiar & Mahajan). As described in the previous section, if A is an equiv-
ariant ⊠-algebra, then A⊗A is naturally a ⊠-algebra with ⊠-multiplication

(A⊗A)⊠ (A⊗A)
ζ−→ (A⊠A)⊗ (A⊠A)

m⊠
A⊗m⊠

A−→ A⊗A.

Hence conditions 3. and 4. can be reformulated by saying that

m⊗ : A⊗A −→ A and u⊗ : I⊗ −→ A are ⊠ -algebra morphisms.
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In other words, an equivariant 2-algebra bundle is a ⊗-monoid in the monoidal category
(
Alg⊠(VBS•(M

•)
)
,⊗

)
.

More concretely, over Mp ×Mq, this means that the diagram

(Ap ⊠ext Aq)⊗ (Ap ⊠ext Aq)
m⊗

p ⊠extm⊗
q

//

m⊠
p,q⊗m⊠

p,q

��

Ap ⊠ext Aq

m⊠
p,q

��

Ap+q ⊗Ap+q
m⊗

p+q

// Ap+q

commutes. Elementwise, if a1, a2 lie over (x1, . . . , xp) ∈ Mp and b1, b2 lie over (y1, . . . , yq) ∈ Mq, then over the
configuration (x1, . . . , xp, y1, . . . , yq), we have

m⊗
p+q

(
m⊠

p,q(a1, b1),m
⊠
p,q(a2, b2)

)
= m⊠

p,q

(
m⊗

p (a1, a2),m
⊗
q (b1, b2)

)
.

Equivalently,
m⊠

p,q : (Ap,m
⊗
p )× (Aq,m

⊗
q ) −→ (Ap+q,m

⊗
p+q)

is a ⊗-algebra morphism. For the units, this amounts to the following two concrete conditions:

• the units coincide in degree 0, i.e. 1⊗
0 = 1⊠

0 in A0.

• the units multiply along ⊠, i.e.
∀p, q ∈ N, m⊠

p,q

(
1⊗
p ,1

⊗
q

)
= 1⊗

p+q.

For a local vector bundle V ∈ VB(M), the equivariant Cauchy-Hadamard bundle of V is S⊠
(
S⊗V

)
∈ VBS•(M

•).

Theorem 3.21. The equivariant Cauchy-Hadamard bundle S⊠
(
S⊗(V )

)
is the free equivariant commutative 2-

algebra bundle generated by V .

Proof. We first construct the 2-algebra structure on S⊠
(
S⊗(V )

)
. The ⊠-multiplication is the free commutative

multiplication of S⊠, and we denote it by

(a, b) ∈ S⊠
(
S⊗(V )

)
× S⊠

(
S⊗V

)
7−→ a� b ∈ S⊠

(
S⊗V

)
.

The ⊗-multiplication is induced by the ⊗-multiplication S⊗(V )⊗ S⊗(V ) → S⊗(V ) and the strong monoidality of
S⊠ with respect to ⊗ on local vector bundles:

S⊠
(
S⊗V

)
⊗ S⊠

(
S⊗V

) ∼= S⊠
(
S⊗(V )⊗ S⊗(V )

)
−→ S⊠

(
S⊗V

)
.

More concretely, over a configuration (x1, . . . , xn) ∈Mn, if a = a1 � . . .� an and b = b1 � . . .� bn are pure tensors
of S⊠

(
S⊗V

)
, where ai, bi ∈ S⊗(V )xi

, then

a⊙ b = (a1 ⊙ b1) � . . .� (an ⊙ bn) ∈ S⊠
(
S⊗V

)
.

The ⊠-unit is the unit of the free commutative ⊠-algebra S⊠
(
S⊗V

)
. The ⊗-unit is induced by the ⊗-unit I⊗ →

S⊗(V ) and the strong monoidality of S⊠ with respect to ⊗ on local vector bundles :

u⊗ : I⊗ ∼= S⊠
(
I⊗

)
−→ S⊠

(
S⊗V

)
.

By a slight abuse of notation, we denote by the same symbol the ⊗-units of the ⊗-algebras S⊗(V ) and S⊠
(
S⊗(V )

)
.

More concretely, over a configuration (x1, . . . , xn) ∈Mn, the unit is

1⊗
x1,...,xn

= 1x1 � . . .� 1xn .

To verify the interchange law, take a1, a2 ∈ S⊠
(
S⊗V

)
above a configuration (x1, . . . , xp) and b1, b2 ∈ S⊠

(
S⊗V

)
above a configuration (y1, . . . , yq). Write

ai = a
(1)
i � . . .� a

(p)
i and bi = b

(1)
i � . . .� b

(q)
i .
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Then

(a1 � b1)⊙ (a2 � b2) =
(
a
(1)
1 � . . .� a

(p)
1 � b

(1)
1 � . . .� b

(q)
1

)
⊙
(
a
(1)
2 � . . .� a

(p)
2 � b

(1)
2 � . . .� b

(q)
2

)
= (a

(1)
1 ⊙ a

(1)
2 ) � . . .� (a

(p)
1 ⊙ a

(p)
2 ) � (b

(1)
1 ⊙ b

(1)
2 ) � . . .� (b

(q)
1 ⊙ b

(q)
2 )

= (a1 ⊙ a2) � (b1 ⊙ b2).

The compatibility of units is immediate from the construction above. Since both multiplications are commutative,
S⊠

(
S⊗V

)
is therefore a commutative 2-algebra.

We now prove the universal property. Let A be a commutative 2-algebra and f : V −→ A be an equivariant
bundle morphism. Since A is in particular a ⊗-algebra, f extends to a ⊗-algebra morphism:

S⊗(f) : S⊗(V ) −→ A.

Since A is also a ⊠-algebra, this further extends to a ⊠-algebra morphism

S⊠
(
S⊗(f)

)
=: f̃ : S⊠

(
S⊗(V )

)
−→ A.

It remains to show that f̃ is still a ⊗-algebra morphism. Consider the two morphisms

S⊠
(
S⊗V

)
⊗ S⊠

(
S⊗V

) ∼= S⊠
(
S⊗V ⊗ S⊗V

)
−→ A

induced by
α(v, w) = f̃(v ⊙ w) and β(v, w) = m⊗

A

(
f̃(v), f̃(w)

)
.

Since m⊗
A is a ⊠-algebra morphism, so is β, and by construction, α is also a ⊠-algebra morphism. Since both

are defined on the free ⊠-algebra S⊠
(
S⊗V ⊗ S⊗V

)
, it suffices to check that α = β on generators, namely on

S⊗(V )⊗ S⊗(V ). On S⊗(V )⊗ S⊗(V ), one has

α|S⊗(V )⊗S⊗(V ) = S⊗(f) ◦m⊗
S⊗V and β|S⊗(V )⊗S⊗(V ) = m⊗

A ◦
(
S⊗(f)⊗ S⊗(f)

)
.

Since S⊗(f) is a ⊗-algebra morphism, these two restrictions coincide, hence α = β. Therefore f̃ is a ⊗-algebra
morphism.

Finally, let g : S⊠
(
S⊗(V )

)
→ A be a 2-algebra morphism extending f . Restricting g along the inclusion

S⊗(V ) → S⊠
(
S⊗V

)
gives a ⊗-algebra morphism S⊗V → A extending f . By the universal property of S⊗, one has

g|S⊗(V ) = S⊗(f).

Since g is also a ⊠-algebra extending S⊗(f), the universal property of S⊠ implies that g = f̃ . This proves the
uniqueness, and hence the theorem.

Remark 3.22. If V is not local, then the functor S⊠ is no longer strongly monoidal. This property is crucial in the
previous theorem, both for defining the ⊗-multiplication and for proving the universal property: the isomorphism
allows one to check that the extended map f̃ is a ⊗-algebra morphism by restricting to generators.

In the general case, the oplax monoidality of S⊠ only provides a morphism

S⊠
(
S⊗(V)⊗ S⊗(V)

)
−→ S⊠

(
S⊗(V)

)
⊗ S⊠

(
S⊗(V)

)
which goes in the opposite direction to what is required to define a ⊗-multiplication on S⊠

(
S⊗(V)

)
.

4 Equivariant Poisson 2-Algebra Structures
Now that a 2-algebra structure has been introduced, we consider a Poisson structure compatible with the two
types of multiplications. We begin by describing the standard notion of a Poisson structure with respect to the
⊠-structure, which will serve as the model for the later compatibility with the ⊗-structure.
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4.1 Equivariant Poisson-Cauchy Algebra Bundles over Configuration Spaces
Definition 4.1. An equivariant Poisson ⊠-algebra is an equivariant commutative ⊠-algebra bundle

(
P,m⊠, u⊠

)
with a Poisson bracket

B : P⊠P −→ P

such that the following conditions hold:

1. B is skew-symmetric, i.e. B ◦ β⊠ = −B where β⊠ is the ⊠-braiding.

2. B satisfies the Jacobi identity, where the circular braiding is defined by

σ⊠ =
(
IdP ⊠ β⊠

)
◦
(
β⊠ ⊠ IdP

)
: P⊠P⊠P −→ P⊠P⊠P

and the identity reads
B ◦

(
B ⊠ IdP

)
◦
(
Id + σ⊠ + σ⊠ ◦ σ⊠

)
= 0

3. B satisfies the ⊠-Leibniz rule, i.e.

B ◦
(
IdP ⊠m⊠

)
= m⊠ ◦

(
B ⊠ IdP

)
+m⊠ ◦

(
IdP ⊠B

)
◦
(
β⊠ ⊠ IdP

)
.

Equivalently, a Poisson bracket B : P⊠P → P is induced by "elementary Poisson brackets", namely Sp ×Sq-
equivariant bilinear maps :

{·, ·}p,q : Pp × Pq −→ Pp+q

which send a vector over (x1, . . . , xp) and a vector over (y1, . . . , yq) to a vector over (x1, . . . , xp, y1, . . . , yq). In terms
of these elementary brackets, the Poisson bracket axioms become the following:

1. Skew-symmetry is given by
{a, b}p,q = −τp,q · {b, a}q,p

where τp,q is the block permutation
[
q + 1 . . . q + p | 1 . . . q

]
sending the configuration (y1, . . . , yq, x1, . . . , xp)

to (x1, . . . , xp, y1, . . . , yq).

2. Jacobi identity. Consider the block permutation

σp,q,r =
[
p+ 1 . . . p+ q p+ q + 1 . . . p+ q + r 1 . . . p

]
∈ Sp+q+r

and
σ(2)
p,q,r =

[
p+ q + 1 . . . p+ q + r 1 . . . p p+ 1 . . . p+ q

]
∈ Sp+q+r

These permutations cyclically permute the three blocks of sizes p, q, r, namely

σp,q,r(X,Y, Z) = (Y,Z,X)

σ(2)
p,q,r(X,Y, Z) = (Z,X, Y )

where

 X = (x1, . . . , xp) ∈Mp

Y = (y1, . . . , yq) ∈Mq

Z = (z1, . . . , zr) ∈Mr
.

Note that σ(2)
p,q,r ̸= σp,q,r ◦ σp,q,r, since the naive square composition does not account for the change of block

sizes. However, one has σ(2)
p,q,r = σq,r,p ◦ σp,q,r. Thus the Jacobi identity reads{

{a, b}p,q , c
}
p+q,r

+ σp,q,r ·
{
{b, c}q,r , a

}
q+r,p

+ σ(2)
p,q,r ·

{
{c, a}r,p , b

}
r+p,q

= 0.

3. ⊠-Leibniz rule is given by{
a,m⊠

q,r(b, c)
}
p,q+r

= m⊠
p+q,r

(
{a, b}p,q , c

)
+ τp,q,r ·m⊠

q,p+r

(
b, {a, c}p,r

)
where τp,q,r is the block permutation

[
τp,q | p+ q + 1 . . . p+ q + r

]
permuting only the first two blocks

and fixing the last one, so that

τp,q,r(X,Y, Z) = (Y,X,Z) where

 X = (x1, . . . , xp) ∈Mp

Y = (y1, . . . , yq) ∈Mq

Z = (z1, . . . , zr) ∈Mr
.
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A morphism between equivariant Poisson ⊠-algebras is a ⊠-algebra bundle morphism f : (P1, B1) −→ (P2, B2)
such that the following diagram commutes

P1 ⊠P1
f⊠f

//

B1

��

P2 ⊠P2

B2

��

P1
f

// P2

that is,
∀(a, b) ∈ (P1)p × (P1)q, fp+q

(
{a, b}(1)p,q

)
=

{
fp(a), fq(b)

}(2)

p,q
.

Therefore, equivariant Poisson ⊠-algebras form a category denoted Pois⊠
(
VBS•(M

•)
)
.

Proposition 4.2. Let (P1,m
⊠
1 , u

⊠
1 , B1) and (P2,m

⊠
2 , u

⊠
2 , B

⊠
2 ) be equivariant Poisson ⊠-algebra bundles. Then,

P1 ⊠P2 has a natural Poisson structure given by:

B : (P1 ⊠P2)⊠ (P1 ⊠P2) ∼= (P1 ⊠P1)⊠ (P2 ⊠P2)
B1⊠m2+m1⊠B2−→ P1 ⊠P2.

Proof. The bracket B on P1 ⊠P2 is given by the elementary Poisson bracket

{a1 ⊠ a2, b1 ⊠ b2}p,q = {a1, b1}(1)p1,q1
⊠m⊠

2;p2,q2(a2, b2) +m⊠
1;p1,q1(a1, b1)⊠ {a2, b2}(2)p2,q2

where p1 + p2 = p and q1 + q2 = q and a1 ∈ (P1)p1 , a2 ∈ (P2)p2 , b1 ∈ (P1)q1 and b2 ∈ (P2)q2 . Skew-symmetry
comes directly from the skew-symmetry of B1 and B2 and the commutativity of m⊠

1 and m⊠
2 . We now check

the ⊠-Leibniz rule: for a1 ∈ (P1)p1
, a2 ∈ (P2)p2

, b1 ∈ (P1)q1 , b2 ∈ (P2)q2 and c1 ∈ (P1)r1 , c2 ∈ (P2)r2 where
p1 + p2 = p, q1 + q2 = q and r1 + r2 = r, one has{

a1 ⊠ a2,m
⊠
q,r

(
b1 ⊠ b2, c1 ⊠ c2

)}
p,q+r

= {a1 ⊠ a2,m1;q1,r1(b1, c1)⊠m2;q2,r2(b2, c2)}p,q+r

=
{
a1,m

⊠
1;q1,r1(b1, c1)

}(1)

p1,q1+r1
⊠m⊠

2;p2,q2+r2

(
a2,m

⊠
2;q2,r2(b2, c2)

)
+m⊠

1;p1,q1+r1

(
a1,m

⊠
1;q1,r1(b1, c1)

)
⊠

{
a2,m

⊠
2;q2,r2(b2, c2)

}
p2,q2+r2

.

We now use the ⊠-Leibniz rule for B1, B2 and the associativity of m⊠
1 ,m

⊠
2 :{

a1 ⊠ a2,m
⊠
q,r(b1 ⊠ b2, c1 ⊠ c2)

}
p,q+r

= m⊠
1;p1+q1,r1

(
{a1, b1}(1)p1,q1

, c1
)
⊠m⊠

2;p2+q2,r2

(
m⊠

2;p2,q2(a2, b2), c2
)

+τp1,q1,r1 ·m1;q1,p1+r1

(
b1, {a1, c1}(1)p1,r1

)
⊠m⊠

2;p2+q2,r2

(
m⊠

2;p2,q2(a2, b2), c2
)

+m⊠
1;p1+q1,r1

(
m⊠

1;p1,q1(a1, b1), c1
)
⊠m⊠

2;p2+q2,r2

(
{a2, b2}(2)p2,q2

, c2
)

+m⊠
1;p1+q1,r1

(
m⊠

1;p1,q1(a1, b1), c1
)
⊠ τp2,q2,r2 ·m⊠

2;q2,p2+r2

(
b2, {a2, c2}(2)p2,r2

)
.

Consider a block decomposition (X,Y, Z) where |X| = p, |Y | = q and |Z| = r, then each block X (resp. Y and
Z) decomposes into X = (X1, X2) with |X1| = p1 and |X2| = p2 (resp. Y = (Y1, Y2) with |Y1| = q1, |Y2| = q2 and
Z = (Z1, Z2) with |Z1| = r1, |Z2| = r2). Then the global block permutation acts by permuting the blocks X,Y, Z
without changing their internal order, i.e.

τp,q,r(X,Y, Z) = (Y,X,Z) = (Y1, Y2, X1, X2, Z1, Z2).

Hence it acts by τp1,q1,r1 on the P1-part and by τp2,q2,r2 on the P2-part. Therefore, by using commutativity of the
two multiplications, this yields{
a1 ⊠ a2,m

⊠
q,r(b1 ⊠ b2, c1 ⊠ c2)

}
p,q+r

= m⊠
1;p1+q1,r1

(
{a1, b1}(1)p1,q1

, c1
)
⊠m⊠

2;p2+q2,r2

(
m⊠

2;p2,q2(a2, b2), c2
)

+τp,q,r ·
[
m1;q1,p1+r1

(
b1, {a1, c1}(1)p1,r1

)
⊠m⊠

2;p2+q2,r2

(
m⊠

2;p2,q2(a2, b2), c2
)]

+m⊠
1;p1+q1,r1

(
m⊠

1;p1,q1(a1, b1), c1
)
⊠m⊠

2;p2+q2,r2

(
{a2, b2}(2)p2,q2

, c2
)

+τp,q,r ·
[
m⊠

1;p1+q1,r1

(
m⊠

1;p1,q1(a1, b1), c1
)
⊠m⊠

2;q2,p2+r2

(
b2, {a2, c2}(2)p2,r2

)]
.
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By combining the first and third term, and the second and the last term, yielding{
a1 ⊠ a2,m

⊠
q,r(b1 ⊠ b2, c1 ⊠ c2)

}
p,q+r

= m⊠
p+q,r

(
{a1 ⊠ a2, b1 ⊠ b2}p,q , c1⊠c2

)
+τp,q,r·m⊠

q,p+r

(
b1⊠b2, {a1 ⊠ a2, c1 ⊠ c2}p,r

)
which is the ⊠-Leibniz rule. We now check the Jacobi identity. Consider the jacobiator J : (P1⊠P2)

⊠3 −→ P1⊠P2

defined by the elementary jacobiators

Jp,q,r
(
a1 ⊠ a2, b1 ⊠ b2, c1 ⊠ c2

)
=

{
{a1 ⊠ a2, b1 ⊠ b2}p,q , c1 ⊠ c2

}
p+q,r

+σp,q,r ·
{
{b1 ⊠ b2, c1 ⊠ c2}q,r , a1 ⊠ a2

}
q+r,p

+σ(2)
p,q,r ·

{
{c1 ⊠ c2, a1 ⊠ a2}r,p , b1 ⊠ b2

}
r+p,q

.

By using the ⊠-Leibniz rule using associativity, this yields six "pure" terms and twelve "mixed" terms. More
precisely,

Jp,q,r = Jpure
p,q,r + Jmixed

p,q,r

with
Jpure
p,q,r(a1 ⊠ a2, b1 ⊠ b2, c1 ⊠ c2) = J1;p1,q1,r1(a1, b1, c1)⊠m⊠

2;p2,q2,r2(a2, b2, c2)

+m⊠
1;p1,q1,r1(a1, b1, c1)⊠ J2;p2,q2,r2(a2, b2, c2)

where Jk is the jacobiator associated to the Poisson bracket Bk. Therefore,

Jpure
p,q,r = 0

and,

Jmixed
p,q,r

(
a1 ⊠ a2, b1 ⊠ b2, c1 ⊠ c2

)
= m⊠

1;p1+q1,r1

(
{a1, b1}(1)p1,q1

, c1
)
⊠m⊠

2;p2,q2+r2

(
a2, {b2, c2}(2)q2,r2

)
(1)

+m⊠
1;p1+q1,r1

(
{a1, b1}(1)p1,q1

, c1
)
⊠m⊠

2;q2,p2+r2

(
b2, {a2, c2}(2)p2,r2

)
(2)

+m⊠
1;p1,q1+r1

(
a1, {b1, c1}(1)q1,r1

⊠m2;p2+q2,r2
⊠
(
{a2, b2}(2)p2,q2

, c2
)

(3)

+m⊠
1;q1,p1+r1

(
b1, {a1, c1}(1)p1,r1

)
⊠m⊠

2;p2+q2,r2

(
{a2, b2}(2)p2,q2

, c2
)

(4)

+ m⊠
1;q1+r1,p1

(
{b1, c1}(1)q1,r1

, a1
)
⊠m⊠

2;q2,r2+p2

(
b2, {c2, a2}(2)r2,p2

)
(5)

+m⊠
1;q1+r1,p1

(
{b1, c1}(1)q1,r1

, a1
)
⊠m⊠

2;r2,q2+p2

(
c2, {b2, a2}(2)q2,p2

)
(6)

+m⊠
1;q1,r1+p1

(
b1, {c1, a1}(1)r1,p1

)
⊠m⊠

2;q2+r2,p2

(
{b2, c2}(2)q2,r2

, a2
)

(7)

+m⊠
1;r1,q1+p1

(
c1, {b1, a1}(1)q1,p1

)
⊠m⊠

2;q2+r2,p2

(
{b2, c2}(2)q2,r2

, a2
)

(8)

+ m⊠
1;r1+p1,q1

(
{c1, a1}(1)r1,p1

, b1
)
⊠m⊠

2;r2,p2+q2

(
c2, {a2, b2}(2)p2,q2

)
(9)

+m⊠
1;r1+p1,q1

(
{c1, a1}(1)r1,p1

, b1
)
⊠m⊠

2;p2,r2+q2

(
a2, {c2, b2}(2)r2,q2

)
(10)

+m⊠
1;r1,p1+q1

(
c1, {a1, b1}(1)p1,q1

)
⊠m⊠

2;r2+p2,q2

(
{c2, a2}(2)r2,p2

, b2
)

(11)

+m⊠
1;p1,r1+q1

(
a1, {c1, b1}(1)r1,q1

)
⊠m⊠

2;r2+p2,q2

(
{c2, a2}(2)r2,p2

, b2
)
. (12)

The following pairs of terms cancel out due to skew-symmetry of the bracket and commutativity of the multiplica-
tions: (1)-(8), (2)-(11), (6)-(3), (9)-(4), (12)-(5), (10)-(7). Therefore, it only remains

Jp,q,r(a1 ⊠ a2, b1 ⊠ b2, c1 ⊠ c2) = 0.

Hence the bracket B satisfies the Jacobi identity.

In fact, ⊠ is the coproduct in the category Pois⊠
(
VBS•(M

•)
)
.

Proposition 4.3. Let (P1, B1) and (P2, B2) be equivariant Poisson ⊠-algebra bundles, then P1 ⊗ P2 carries a
canonical Poisson ⊠-algebra structure defined by

B =
(
B1 ⊗m⊠

2 +m⊠
1 ⊗B2

)
◦ ζ

that is
{a1 ⊗ a2, b1 ⊗ b2}p,q = {a1, b1}(1)p,q ⊗m⊠

p,q(a2, b2) +m⊠
p,q(a1, b1)⊗ {a2, b2}(2)p,q .
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Proof. We denote m⊠ the multiplication on P1 ⊗P2, recall that

m⊠
p,q(a1 ⊗ a2, b1 ⊗ b2) = m⊠

1;p,q(a1, b1)⊗m⊠
2;p,q(a2, b2)

for a1 ∈ (P1)p, a2 ∈ (P2)p, b1 ∈ (P1)q and b2 ∈ (P2)q. We check skew-symmetry

τq,p · {b1 ⊗ b2, a1 ⊗ a2}q,p = τq,p ·
(
{b1, a1}(1)q,p ⊗m⊠

2;q,p(b2, a2) +m⊠
1;q,p(b1, a1)⊗ {b2, a2}(2)q,p

)
.

The permutation τq,p acts identically on both tensor factors. Using skew-symmetry of B1, B2 and commutativity
for m⊠

2 ,m
⊠
1 , we get

τq,p · {b1 ⊗ b2, a1 ⊗ a2}q,p = −{a1 ⊗ a2, b1 ⊗ b2}p,q .
Hence B is skew-symmetric. We now check the ⊠-Leibniz rule: for a1 ⊗ a2 ∈ (P1 ⊗P2)p, b1 ⊗ b2 ∈ (P1 ⊗P2)q and
c1 ⊗ c2 ∈ (P1 ⊗P2)r, a direct computation gives{

a1 ⊗ a2,m
⊠
q,r

(
b1 ⊗ b2, c1 ⊗ c2

)}
p,q+r

=
{
a1,m

⊠
1;q,r(b1, c1)

}(1)

p,q+r
⊗m⊠

2;p,q+r

(
a2,m

⊠
2;q,r(b2, c2)

)
+m⊠

1;p,q+r

(
a1,m

⊠
1;q,r(b1, c1)

)
⊗

{
a2,m

⊠
2;q,r(b2, c2)

}(2)

p,q+r
.

Applying the ⊠-Leibniz rule for B1 and B2 and the associativity of m⊠
1 ,m

⊠
2 , one obtains four terms{

a1 ⊗ a2,m
⊠
q,r

(
b1 ⊗ b2, c1 ⊗ c2

)}
p,q+r

= m⊠
1;p+q,r

(
{a1, b1}(1)p,q , c1

)
⊗m⊠

2;p+q,r

(
m2;p,q(a2, b2), c2

)
+τp,q,r ·

[
m⊠

1;q,p+r

(
b1, {a1, c1}(1)p,r

)
⊗m⊠

2;q,p+r

(
b2,m

⊠
2;p,r(a2, c2)

)]
+m⊠

1;p+q,r

(
m⊠

1;p,q(a1, b1), c1
)
⊗m⊠

2;p+q,r

(
{a2, b2}(2)p,q , c2

)
+τp,q,r ·

[
m⊠

1;q,p+r

(
b1, (m1)

⊠
p,r(a1, c1)

)
⊗m⊠

2;q,p+r

(
b2, {a2, c2}(2)p,r

)]
.

By combining the first and third term, and the second and last terms, one gets{
a1 ⊗ a2,m

⊠
q,r

(
b1 ⊗ b2, c1 ⊗ c2

)}
p,q+r

= m⊠
p+q,r

(
{a1 ⊗ a2, b1 ⊗ b2}p,q , c1 ⊗ c2

)
+τp,q,r ·m⊠

q,p+r

(
b1 ⊗ b2, {a1 ⊗ a2, c1 ⊗ c2}p,r

)
which is the ⊠-Leibniz rule. Now define the jacobiator J : (P1 ⊗P2)

⊠3 −→ P1 ⊗P2 by

Jp,q,r(a1 ⊗ a2, b1 ⊗ b2, c1 ⊗ c2) =
{
{a1 ⊗ a2, b1 ⊗ b2}p,q , c1 ⊗ c2

}
p+q,r

+σp,q,r ·
{
{b1 ⊗ b2, c1 ⊗ c2}q,r , a1 ⊗ a2

}
q+r,p

+σ(2)
p,q,r ·

{
{c1 ⊗ c2, a1 ⊗ a2}r,p , b1 ⊗ b2

}
r+p,q

.

Expanding all the terms using the ⊠-Leibniz rule, this yields again six "pure" terms and twelve "mixed" terms and
similarly to the previous proof, all these terms vanish either by the fact that B1 and B2 satisfy the Jacobi identity
or by skew-symmetry.

In fact,
(
Pois⊠

(
VBS•(M

•)
)
,⊗

)
is a symmetric monoidal category.

Example 4.4. In particular, if P is a Poisson ⊠-algebra and A is simply a ⊠-algebra, then P⊗A carries a natural
Poisson structure induced by P, with zero bracket on A.

For the usual Poisson bracket, the Leibniz rule is interpreted as a biderivation property in each variable. We
now introduce the analogous notion in the ⊠-setting. Let us fix an equivariant commutative ⊠-algebra (A,m⊠, u⊠).

Definition 4.5. A left (A,⊠)-module is an equivariant vector bundle N ∈ VBS•(M
•) together with an action

map µ⊠ : A⊠N −→ N satisfying the usual associativity and unit axioms, namely

µ⊠ ◦
(
m⊠ ⊠ IdN

)
= µ⊠ ◦

(
IdA ⊠ µ⊠

)
and

µ⊠ ◦
(
u⊠ ⊠ IdN

)
= λ⊠N

where λ⊠N : I⊠ ⊠N
∼=−→ N is the left unitor map.
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Concretely, this amounts to equivariant maps µp,q : Ap ⊠
ext Nq −→ Np+q such that for all a ∈ Ap, b ∈ Aq and

x ∈ Nr, one has the associativity relation

µ⊠
p+q,r

(
m⊠

p,q(a, b), x
)
= µ⊠

p,q+r

(
a, µ⊠

q,r(b, x)
)

together with the unit relation
∀x ∈ Nq, µ⊠

0,q

(
1⊠
0 , x

)
= x.

Since A is commutative, a left (A,⊠)-module structure induces a right action on N, namely the equivariant
map µ̃⊠ : N⊠A −→ N defined by µ̃⊠ = µ⊠ ◦ β⊠

N,A, where β⊠ is the ⊠-braiding. Componentwise, this reads

∀x ∈ Np, ∀a ∈ Aq, µ̃⊠
p,q(x, a) = τp,q · µ⊠

q,p(a, x)

where τp,q is the block permutation exchanging the two blocks of sizes p and q. In other words, N has a structure
of a ⊠-bimodule over A.

Definition 4.6. Let N be a left (A,⊠)-module. A ⊠-derivation of A with values in N is an equivariant bundle
map D : A → N such that

D ◦m⊠ = µ⊠ ◦
(
IdA ⊠D

)
+ µ̃⊠ ◦

(
D ⊠ IdA

)
.

Denote by Der⊠(A,N) the vector space of all ⊠-derivations of A with values in the (A,⊠)-module N.

Concretely, this means that there is a collection of equivariant maps Dn : An −→ Nn such that

∀a ∈ Ap, ∀b ∈ Aq, Dp+q

(
m⊠

p,q(a, b)
)
= µ⊠

p,q

(
a,Dq(b)

)
+µ̃⊠

p,q

(
Dp(a), b

)
= µ⊠

p,q

(
a,Dq(b)

)
+τp,q ·µ⊠

q,p

(
b,Dp(a)

)
.

When there is no ambiguity, the action map µ⊠(a, x) will be denoted a · x. The ⊠-algebra A carries a natural ⊠-
module structure given by its ⊠-multiplication. Thus, when N = A, this recovers the usual notion of a ⊠-derivation
on A.

As in the ordinary case, any ⊠-derivation annihilates the ⊠-unit. Indeed, applying the Leibniz rule tom⊠
0,0

(
1⊠
0 ,1

⊠
0

)
=

1⊠
0 gives

D0

(
1⊠
0

)
= 2D0

(
1⊠
0

)
.

Hence, D0

(
1⊠
0

)
= 0.

Finally, a ⊠-biderivation is a map B : A ⊠ A −→ N which is a ⊠-derivation in each variable. We denote by
Bider⊠(A,N) the vector space of all ⊠-biderivations. In particular, a ⊠-Poisson bracket is a ⊠-biderivation.

When A is a free ⊠-algebra, there is an easy description of Der⊠(A,N).

Proposition 4.7. Let W ∈ VBS•(M
•) and N is a

(
S⊠(W),⊠

)
-module, then restricting along the inclusion

W ↪→ S⊠(W) induces a natural bijection

Der⊠

(
S⊠(W),N

)
∼= MorS•(W,N).

In particular,
Bider⊠

(
S⊠(W),N

) ∼= MorS•

(
W ⊠W,N

)
.

Proof. Let D ∈ Der⊠

(
S⊠(W),N

)
, then on a monomial w1 � . . .� vn, one has

D(w1 � . . .� wn) =

n∑
i=1

(w1 � . . .� ŵi � . . .� wn) ·D(wi).

Therefore, D is entirely determined by its values on W, and the map Der⊠
(
S⊠(W),N

)
−→ MorS•(W,N) is

injective. Conversely, let f ∈ MorS•(W,N). Define Df ∈ Der⊠
(
S⊠(W),N

)
by Df

(
1⊠
0

)
= 0 and by

Df (w1 � . . .� wn) =

n∑
i=1

(w1 � . . .� ŵi � . . .� wn) · f(wi)
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and extend by linearity. Now if v = v1 � . . .� vp and w = w1 � . . .� wq, then

Df (v � w) = Df

(
v1 � . . .� vp � w1 � . . .� wq

)
=

p∑
i=1

(
v1 � . . .� v̂i � . . .� w

)
· f(vi) +

q∑
j=1

(
v � w1 � . . .� ŵj � . . .� wq

)
· f(wj)

=
( p∑

i=1

(
v1 � . . .� v̂i � . . .� vp

)
· f(vi)

)
· w + v ·

( q∑
j=1

(
w1 � . . .� ŵj � . . .� wq

)
· f(wj)

)
= Df (v) · w + v ·Df (w)

where we have used also the associativity of the ⊠-action. Therefore, Df is a ⊠-derivation extending f . So the map
Der⊠

(
S⊠(W),N

)
−→ MorS•(W,N).

Similarly, one can define the notion of ⊗-module over a commutative ⊗-algebra and derivations with values in
⊗-modules. More precisely, if A is a commutative ⊗-algebra bundle, then N is a (A,⊗)-module if we have an action
map µ⊗ : A⊗N −→ N satisfying the usual associativity and unit axioms. An ⊗-derivation on A with values in N
is an equivariant bundle map D : A → N such that

D ◦m⊗ = µ⊗ ◦
(
IdA ⊗D

)
+ µ̃⊗ ◦

(
D ⊗ IdA

)
.

We will denote by Der⊗(A,N) the vector space of all ⊗-derivations of A with values in the (A,⊗)-module N.
When A is a free ⊗-algebra, there is an easy description of Der⊗(A,N), analogous to the previous result.

Lemma 4.8. Let V ∈ VBS•(M
•) and let N be a

(
S⊗(V),⊗

)
-module, then restriction along the inclusion V ↪→

S⊗(V) induces a natural bijection
Der⊗

(
S⊗(V),N) ∼= MorS•(V,N).

4.2 Equivariant Poisson 2-Algebra Bundles over Configuration Spaces
A Poisson structure on a 2-algebra bundle P should satisfy an additional compatibility condition with the second
monoidal structure ⊗, analogous in spirit to the ⊠-Leibniz rule stated above which we have interpreted as a ⊠-
derivation property. In order to formulate this ⊗-compatibility, we first describe the natural ⊗-module structures
carried by the components Pp+q.

Consider the left extension map
ℓ : a ∈ P 7−→ m⊠

(
a,1⊗) ∈ P.

That is, for p, q ∈ N, we have an induced map ℓp,q given by

ℓp,q : a ∈ Pp 7−→ m⊠
p,q

(
a,1⊗

q

)
∈ Pp+q.

The map ℓp,q inserts q dummy points, thus extending an element defined on a p-configuration to an element defined
on a (p+ q)-configuration.

Lemma 4.9. The map ℓp,q is a ⊗-algebra morphism between
(
Pp,m

⊗
p ,1

⊗
p

)
and

(
Pp+q,m

⊗
p+q,1

⊗
p+q

)
.

Proof. This follows directly from the interchange relations in a double monoid.

Therefore, Pp+q is canonically a (left) (Pp,⊗)-module with the action

∀a ∈ Pp, ∀v ∈ Pp+q, a · v = m⊗
p+q

(
ℓp,q(a), v

)
.

Similarly, there is a right extension map r : b ∈ P 7−→ m⊠
(
1⊗, b

)
∈ P, or equivalently, a collection of maps

(rp,q)p,q∈N given by
rp,q : b ∈ Pq 7−→ m⊠

p,q

(
1⊗
p , b

)
∈ Pp+q

which turns Pp+q canonically into a (right) (Pq,⊗)-module with the action

∀b ∈ Pq, ∀v ∈ Pp+q, v · b = m⊗
p+q

(
v, rp,q(b)

)
.

Since, m⊗ is commutative, these left and right actions commute and hence, Pp+q is naturally a Pp-Pq-bimodule.
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Definition 4.10. An equivariant Poisson 2-algebra bundle is an equivariant 2-algebra
(
P,m⊠,m⊗) with a

Poisson bracket
B : P⊠P −→ P

such that

1. P is an equivariant Poisson ⊠-algebra,

2. B satisfies the ⊗-Leibniz rule induced by the ⊗-module structures defined above, namely for each p, q ∈ N,

• {·, ·}p,q is a derivation in the first variable with values in the left Pp-module Pp+q,

• {·, ·}p,q is a derivation in the second variable with values in the right Pq-module Pp+q.

Equivalently, the second condition can be written explicitly as follows: for all a, b ∈ Pp and c ∈ Pq,{
m⊗

p (a, b), c
}
p,q

= m⊗
p+q

(
{a, c}p,q , ℓp,q(b)

)
+m⊗

p+q

(
ℓp,q(a), {b, c}p,q

)
= m⊗

p+q

(
{a, c}p,q ,m

⊠
p,q

(
b,1⊗

q

))
+m⊗

p+q

(
m⊠

p,q

(
a,1⊗

q

)
, {b, c}p,q

)
.

Similarly, for all a ∈ Pp and b, c ∈ Pq,{
a,m⊗

q (b, c)
}
p,q

= m⊗
p+q

(
{a, b}p,q ,m

⊠
p,q

(
1⊗
p , c

))
+m⊗

p+q

(
{a, c}p,q ,m

⊠
p,q

(
1⊗
p , b

))
.

Lemma 4.11. A Poisson bracket automatically vanishes on ⊗-units, that is for all p, q ∈ N, we have

∀a ∈ Pp, ∀b ∈ Pq,
{
a,1⊗

q

}
p,q

=
{
1⊗
p , b

}
p,q

= 0.

Proof. We compute{
1⊗
p , b

}
p,q

=
{
m⊗

p

(
1⊗
p ,1

⊗
p

)
, b
}
p,q

= m⊗
p+q

({
1⊗
p , b

}
p,q
, ℓp,q(1

⊗
p )︸ ︷︷ ︸

=1⊗
p+q

)
+m⊗

p+q

(
m⊠

p,q

(
1⊗
p ,1

⊗
q

)︸ ︷︷ ︸
=1⊗

p+q

,
{
1⊗
p , b

}
p,q

)
= 2

{
1⊗
p , b

}
p,q
.

Thus,
{
1⊗
p , b

}
p,q

= 0.

The following lemmas will be used in the proof of our main theorem. Although they are analogous to standard
results, the presence of two distinct monoidal structures requires a precise formulation. We fix a local vector bundle
V −→M and set A = S⊗(V ).

Theorem 4.12. Let V be a local vector bundle and k : V ⊠ V −→ I⊗ a skew-symmetric bundle map. Then, k
induces a unique Poisson bracket B on P := S⊠

(
S⊗V

)
such that B extends k, i.e. the following diagram commutes

V ⊠ V
k //

ι⊠ι

��

I⊗

u⊗

��

P⊠P
B // P

where ι : V → P is the inclusion and u⊗ : I⊗ −→ P is the ⊗-unit.

Proof. Set A = S⊗(V ), so that P = S⊠(A). Since V is local, so is A = S⊗(V ). Therefore, P2 = A ⊠ext A. Now
P2 carries two (A,⊗)-module structures, one in each variable

∀a ∈ A, ∀u, v ∈ P2, a · (v ⊗ w) = (a⊙ u)⊗ w

and
∀b ∈ A, ∀u, v ∈ P2, (v ⊗ w) · b = u⊗ (w ⊙ b).

We compose k with the ⊗-unit u⊗ ◦ k : V ⊠ V −→ P2 sending v ⊠ w to k(v, w) ·
(
1⊗ ⊗ 1⊗). We now extend in

each variable separately. Fix w ∈ V , the map v ∈ V 7−→ k(v, w) ·
(
1⊗ ⊗1⊗) is linear. Since, A = S⊗(V ) is the free
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commutative algebra generated by V , Lemma 4.8 gives a unique ⊗-derivation A −→ P2. Similarly in the second
variable, Lemma 4.8 extends u⊗ ◦ k : V ⊠ V −→ P2 into a ⊗-biderivation

b : A⊠A −→ P2 ⊂ P.

Explicitly, on monomials of A, one has

b
(
v1 ⊙ . . .⊙ vp, w1 ⊙ . . .⊙ wq

)
=

∑
1⩽i,j⩽p,q

k(vi, wj) ·
(
v1 ⊙ . . .⊙ v̂i ⊙ . . .⊙ vp

)
⊗

(
w1 ⊙ . . .⊙ ŵj ⊙ . . .⊙ wq

)
.

Since P = S⊠(A) is the free commutative ⊠-algebra generated by A, Proposition 4.7 extends b : A⊠A −→ P to
a ⊠-biderivation

B : P⊠P −→ P.

It remains to verify that B is skew-symmetric and satisfies the ⊗-Leibniz rule and the Jacobi identity. For skew-
symmetry, define B′ = −B ◦ β⊠. Then B′ is also a ⊠-derivation P⊠P −→ P since β⊠ is a ⊠-algebra isomorphism
and B is a ⊠-derivation. By uniqueness in Proposition 4.7, it suffices to check that B′ coincides with b on A⊠A.
This is immediately verified using the explicit expression of b and skew-symmetry of k.

For the ⊗-Leibniz rule, fix p, q ∈ N, a ∈ Pp and b, c ∈ Pq, and consider the defect in the second variable:

∆p,q(a, b, c) = {a, b⊙ c}p,q − {a, b}p,q ⊙ rp,q(c)− {a, c}p,q ⊙ rp,q(b)

= {a, b⊙ c}p,q − {a, b}p,q ⊙ (1⊗
p � c)− {a, c}p,q ⊙ (1⊗

p � b).

Since the brackets satisfy the ⊠-Leibniz rule, it is immediate that ∆ is a ⊠-derivation in the first argument. Hence,
by Proposition 4.7, for fixed b, c ∈ Pq, it suffices to show that the map a 7−→ ∆(a, b, c) vanishes on A = S⊗(V ). To
encode the condition that both b and c must lie in the same configuration, consider the diagonal ⊠-algebra:

Q = P⊗P =
⊕
q∈N

Pq ⊗Pq

equipped with the diagonal ⊠-product

(b1, c1) � (b2, c2) =
(
b1 � b2, c1 � c2

)
.

The map µ : (b, c) ∈ Q 7−→ b ⊙ c ∈ P is a ⊠-algebra morphism by the interchange law. Thus P becomes a
(Q,⊠)-module via

x · (b, c) = x� µ(b, c) = x� (b⊙ c).

Now define, for fixed a, the map ∆a = ∆(a, ·, ·) : Q −→ P. We claim that this map is a ⊠-derivation. A direct
computation gives

∆a

(
(b1, c1) � (b2, c2)

)
= ∆a

(
b1 � b2, c1 � c2

)
=

{
a,
(
b1 � b2

)
⊙
(
c1 � c2

)}
−{a, b1 � b2} ⊙

(
1⊗ � (c1 � c2)

)
−{a, c1 � c2} ⊙

(
1p � (b1 � b2)

)
.

Using successively the interchange law and the ⊠-Leibniz rule, the first term becomes{
a,
(
b1 � b2

)
⊙
(
c1 � c2

)}
=

{
a,
(
b1 ⊙ c1

)
�

(
b2 ⊙ c2

)}
= {a, b1 ⊙ c1} � (b2 ⊙ c2) + (b1 ⊙ c1) � {a, b2 ⊙ c2} .

Likewise, the second term becomes

{a, b1 � b2} ⊙
(
1⊗ � (c1 � c2)

)
=

(
{a, b1} � b2

)
⊙

(
(1⊗ � c1) � c2

)
+

(
b1 � {a, b2}

)
⊙

(
(1⊗ � c1) � c2

)
=

(
{a, b1} ⊙

(
1⊗ � c1

))
� (b2 ⊙ c2) + (b1 ⊙ c1) �

(
{a, b2} ⊙

(
1⊗ � c2

))
.

Similarly, the third term becomes

{a, c1 � c2} ⊙
(
1⊗ � (b1 ⊙ b2)

)
=

(
{a, c1} ⊙

(
1⊗ � b1

))
� (c2 ⊙ b2) + (c1 � b1) �

(
{a, c2} ⊙

(
1⊗ � b2

))
=

(
{a, c1} ⊙

(
1⊗ � b1

))
� (b2 ⊙ c2) + (b1 ⊙ c1) �

(
{a, c2} ⊙

(
1⊗ � b2

))
.
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Therefore,

∆a

(
(b1, c1) � (b2, c2)

)
= (b2 ⊙ c2) �

(
{a, b1 ⊙ c1} − {a, b1} ⊙

(
1⊗ � c1

)
− {a, c1} ⊙

(
1⊗ � b1

))
+(b1 ⊙ c1) �

(
{a, b2 ⊙ c2} − {a, b2} ⊙

(
1⊗ � c2

)
− {a, c2} ⊙

(
1⊗ � b2

))
= ∆a(b1, c1) � (b2 ⊙ c2) + (b1 ⊙ c1) � ∆a(b2, c2).

Hence, ∆a is indeed a ⊠-derivation on Q. Since V is local, so is A = S⊗(V ), and therefore Q is the free commutative
⊠-algebra generated by A⊗A. It follows that it suffices to prove

∀a, b, c ∈ A, ∆1,1(a, b, c) = 0.

But this holds by construction of b = {·, ·}1,1, which satisfies the ⊗-Leibniz rule.
We now verify the Jacobi identity. Consider the jacobiator

Jp,q,r(a, b, c) =
{
a, {b, c}q,r

}
p,q+r

+
{
b, {c, a}r,p

}
q,r+p

+
{
c, {a, b}p,q

}
r,p+q

∈ Pp+q+r

where a ∈ Pp, b ∈ Pq and c ∈ Pr. Note that J is a ⊠-triderivation (i.e., a ⊠-derivation in each of its three
variables), hence it is determined by its values on A⊠A⊠A. Thus it suffices to prove

∀a, b, c ∈ A, J1,1,1(a, b, c) = 0.

By construction, J1,1,1 is a ⊗-triderivation (i.e., a ⊗-derivation in each of its three variables), so it suffices to show
that J1,1,1 vanishes on V ⊠ V ⊠ V . Recall that if a, b, c ∈ V , then

{b, c}1,1 = k(b, c)
(
1⊗
1 � 1⊗

1

)
= k(b, c)1⊗

2 .

Therefore, {
a, {b, c}1,1

}
1,2

= k(b, c)
{
a,1⊗

2

}
1,2

= 0

since the brackets vanish on units. Therefore, J = 0 on P, and the Jacobi identity holds.

Remark 4.13 (Computation rules). On P = S⊠
(
S⊗(V )

)
, there is a well-defined bracket B : P ⊠ P −→ P

characterized by the following properties:

1. The bracket vanishes on units, that is

∀a ∈ Pp, ∀b ∈ Pq,
{
a,1⊗

q

}
p,q

=
{
1⊗
p , b

}
p,q

= 0,

2. The bracket extends k, that is

∀a, b ∈ P1, {a, b}1,1 = k(a, b)
(
1⊗
1 � 1⊗

1

)
= k(a, b)1⊗

2 ,

3. The bracket satisfies the ⊗-Leibniz rule. More precisely, for all a, b ∈ Pp and c ∈ Pq,

{a⊙ b, c}p,q = {a, c}p,q ⊙
(
b� 1⊗

q

)
+

(
a� 1⊗

q

)
⊙ {b, c}p,q .

Likewise, for all a ∈ Pp and b, c ∈ Pq,

{a, b⊙ c}p,q = {a, b}p,q ⊙
(
1⊗
p � c

)
+

(
1⊗
p � b

)
⊙ {a, c}p,q ,

4. The bracket satisfies the ⊠-Leibniz rule. That is, for all a ∈ Pp, b ∈ Pq and c ∈ Pr,

{a� b, c}p+q,r = {a, c}p,r � b+ a� {b, c}q,r ,

{a, b� c}p,q+r = {a, b}p,q � c+ b� {a, c}p,r .
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4.3 Examples
4.3.1 Trivial bundles over R

We now illustrate the constructions of the previous sections in the simplest concrete setting. Recall from the
introduction that a classical field on a spacetime manifold M is a section φ ∈ Γ(E) of a vector bundle E → M . A
polynomial local observable of degree m at a point x ∈M is described by a kernel fm(x) ∈ S⊗m(E∗)x, which pairs
with the field configuration via

〈
fm(x), φ(x)⊗m

〉
∈ R. More generally, a multilocal observable of degree (m1, . . . ,mn)

at a configuration (x1, . . . , xn) ∈Mn is described by a kernel fm1(x1)⊗. . .⊗fmn(xn) where each fmj ∈ S⊗mj (E∗)xj ,

which pairs to
n∏

j=1

〈
fmj

(xj), φ(xj)
⊗mj

〉
. The full space of such kernels over all configurations is precisely the Poisson

2-algebra bundle P = S⊠
(
S⊗(V )

)
constructed in the previous sections, where V = E∗. The Hadamard product

⊙ encodes pointwise polynomial multiplication of kernels at a given point, and the Cauchy product � encodes
the concatenation of independent observations at separate points. The passage from kernels to actual observables
requires a further step of integration against densities and, along the diagonals, the renormalization of singular
products of distributions, which is future work.

In what follows, we take M = R and E = M × F where F is a finite-dimensional vector space of dimension r.
The dual bundle is V = E∗ =M ×F ∗. Fix a basis (e1, . . . , er) of F , then write (ξ1, . . . , ξr) for the dual basis in F ∗,
viewed as coordinate functions on F . For a field φ : R −→ F , its components are φa = ξa ◦ φ. Note also that since
M = R is orientable, the integration measure may be chosen canonically (up to a positive scalar) as the standard
Lebesgue measure dt. The treatment of densities mentioned in the introduction therefore does not intervene in this
example.

The Hadamard symmetric algebra at a point t ∈M is

S⊗(V )t = S(F ∗) = R
[
ξ1, . . . , ξr

]
the algebra of polynomial functions on the fibre F . A monomial

(
ξa1 ⊙ . . . ⊙ ξam

)
t

is the kernel representing the
local observable φa1(t) . . . φam(t). Since V is local, there is a canonical identification

Pn
∼= S⊗(V )⊠

extn

as Sn-equivariant vector bundles over Rn. Its fibre at a point (t1, . . . , tn) ∈ Rn is

P(t1,...,tn) = R
[
ξ1t1 , . . . , ξ

r
t1

]
⊗R . . .⊗R R

[
ξ1tn , . . . , ξ

r
tn

]
with the Sn-action permuting the factors together with the base points.

The rank drop phenomenon is most naturally seen at the level of equivariant smooth sections. An equivariant
smooth section is a smooth map f : Rn −→ S(F ∗)⊗n such that

∀σ ∈ Sn, f
(
tσ−1(1), . . . , tσ−1(n)

)
= σ · f(t1, . . . , tn).

Hence if x ∈ Rn has isotropy subgroup Gx ⊂ Sn, then the value of an equivariant section at x must lie in
the fixed subspace

(
S(F ∗)⊗n

)Gx . For instance, in degree 2, the fibre at a generic point (t1, t2) with t1 ̸= t2 is
R
[
ξ1t1 , . . . , ξ

r
t1

]
⊗ R

[
ξ1t2 , . . . , ξ

r
t2

]
, a polynomial algebra in 2r variables. Above a diagonal point (t, t) ∈ R2, the

transposition σ =
(
1 2

)
∈ S2 exchanges the two tensor factors, therefore equivariant sections must satisfy

σ · (f ⊗ g)(t, t) = (g ⊗ f)(t, t)

so their values lie in the invariant subspace
(
S(F ∗)⊗R S(F

∗)
)S2 . In total polynomial degree 1, the generic fibre is

2r-dimensional with basis
(
ξat1 ⊗1, 1⊗ ξat2

)
1⩽a⩽r

, while the allowed values of equivariant sections along the diagonal
form only the r-dimensional subspace spanned by

(
ξat1 ⊗ 1 + 1 ⊗ ξat2

)
1⩽a⩽r

. This is the rank drop phenomenon
discussed in the introduction.

Over a fixed configuration (t1, . . . , tn), the Hadamard product multiplies polynomials fibrewise at each site:

(f1 ⊗ . . .⊗ fn)⊙ (g1 ⊗ . . .⊗ gn) = (f1 ⊙ g1)⊗ . . .⊗ (fn ⊙ gn)

where fi ⊙ gi denotes the polynomial product in the fibre algebra S⊗(V )ti . The Cauchy product concatenates
configurations: if f lies over (t1, . . . , tp) and g lies over (tp+1, . . . , tp+q), then f � g lies over the concatenated
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configuration (t1, . . . , tp+q). The Hadamard product corresponds to multiplying local polynomial kernels at the
same spacetime point - for instance, (ξa⊙ξb)t is the kernel of the degree-2 observable φa(t)φb(t) - while the Cauchy
product concatenates kernels at different points into a multilocal kernel - for instance, (ξa)t1 � (ξb)t2 is the kernel
of the bilocal observable φa(t1)φ

b(t2).
A bundle map k : V ⊠ V → I⊗ is determined by smooth functions kab : R2 → R for 1 ⩽ a, b ⩽ r. The

skew-symmetry of k imposes
kab(t1, t2) = −kba(t2, t1).

In particular, notice that the matrix
(
kab(t, t)

)
1⩽a,b⩽r

is a skew-symmetric bilinear form on F ∗. By Theorem 4.12,
this kernel induces a Poisson bracket B : P⊠P → P determined on generators by{

ξat1 , ξ
b
t2

}
1,1

= kab(t1, t2) · 1⊗
(t1,t2)

∈ P(t1,t2).

Iterating the ⊗-Leibniz rule yields the following formula.

Corollary 4.14. For f(t1) ∈ S⊗(V )t1 and g(t2) ∈ S⊗(V )t2 , the elementary Poisson bracket is

{f(t1), g(t2)}1,1 =
∑

1⩽a,b⩽r

kab(t1, t2)
∂f

∂ξa
(t1)⊗

∂g

∂ξb
(t2)

where the partial derivatives are the usual polynomial derivatives in the fibre coordinates.

The ⊠-Leibniz rule extends the bracket to multilocal observables. If f(t1, . . . , tn) = f1(t1) � . . . � fp(tp) is a
pure ⊠-tensor with fi(ti) ∈ S⊗(V )ti and g(s) ∈ S⊗(V )s. Then

{f1(t1) � . . .� fp(tp), g(s)}p,1 =

p∑
i=1

f1(t1) � . . .� fi−1(ti−1) � {fi(ti), g(s)}1,1 � fi+1(ti+1) � . . .� fp(tp)

where each summand lies over the (p + 1)-point configuration obtained by reindexing the point ti with the pair
(ti, s), and {fi(ti), g(s)}1,1 ∈ P(ti,s) is computed by Corollary 4.14. Thus the bracket acts as a derivation of the
⊠-product, introducing one additional base point at each step.

Example 4.15. For r = 1 and f(t1, t2) = ξt1 � ξt2 and g(s) = ξs,

{f(t1, t2), g(s)}2,1 = k(t1, s) · 1⊗
(t1,s)

� ξt2 + ξt1 � k(t2, s) · 1⊗
(t2,s)

.

The first term lies in P(t1,s,t2) and the second in P(t1,t2,s). These are distinct summands in the unshuffle decompo-
sition of P3, reflecting positions at which the new base point s is inserted into the configuration.

4.3.2 Classical mechanics

We now specialize to the case of classical mechanics. Let Q be a real vector space of dimension d and set F = Q⊕Q∗

so that r = 2d. The field bundle is E =M ×F and its dual is V = E∗ =M ×F ∗. Fix a basis (e1, . . . , ed) of Q with
dual basis (e1, . . . , ed) of Q∗, and write the corresponding fibre coordinates of F ∗ as (q1, . . . , qd, p1, . . . , pd) where qi

is the coordinate function dual to ei and pj is dual to ej . A field φ : R −→ Q⊕Q∗ has components

φ(t) =
(
q1(t), . . . , qd(t), p1(t), . . . , pd(t)

)
.

The vector space F = Q⊕Q∗ carries a canonical symplectic form

∀α, β ∈ Q∗, ∀v, w ∈ Q, ω
(
(v, α), (w, β)

)
= β(v)− α(w).

In the ordered basis
(
(e1, 0), . . . , (ed, 0), (0, e

1), . . . , (0, ed)
)

of F , the matrix of ω is

(
ωab

)
1⩽a,b⩽2d

=

(
0 Id

−Id 0

)
.

Since ω is a constant skew-symmetric form on F , we may define a skew-kernel by

kab(t1, t2) = G(t1, t2) · ωab
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where G : R2 → R is any smooth symmetric function, for instance G = 1. The elementary Poisson bracket are{
qi(t1), pj(t2)

}
1,1

= G(t1, t2)δ
i
j · 1⊗

(t1,t2)

{
qi(t1), q

j(t2)
}
1,1

= 0, {pi(t1), pj(t2)}1,1 = 0.

For general polynomials f ∈ R
[
q1t1 , . . . , q

d
t1 , p1;t1 , . . . , pd;t1

]
and g ∈ R

[
q1t2 , . . . , q

d
t2 , p1;t2 , . . . , pd;t2

]
, one has

{f(t1), g(t2)}1,1 = G(t1, t2)

d∑
i=1

( ∂f
∂qi

(t1)⊗
∂g

∂pi
(t2)−

∂f

∂pi
(t1)⊗

∂g

∂qi
(t2)

)
.

Example 4.16. Take d = 1 and G = 1. For a single degree of freedom F = R2 with coordinates (q, p). Some
elementary brackets are{

q2(t1), p(t2)
}
1,1

= 2q(t1)⊗ 1⊗
t2 , {q(t1)p(t1), q(t2)p(t2)}1,1 = p(t1)⊗ q(t2)− q(t1)⊗ p(t2)

and{
q(t1)

2p(t1), q(t2)p(t2)
2
}
1,1

= 2q(t1)p(t1)⊗ 2q(t2)p(t2)− q(t1)
2 ⊗ p(t2)

2 = 4q(t1)p(t1)⊗ q(t2)p(t2)− q(t1)
2 ⊗ p(t2)

2.

Remark 4.17. The bracket B : P1 ⊠ P1 −→ P2 maps local observables to bilocal observables. To recover
the usual Poisson bracket of classical mechanics, one must pull back along the diagonal and then compose with
the Hadamard multiplication. More precisely, one composes the elementary bracket with the diagonal pullback
∆∗

2 : P2 → ∆∗
2P2

∼= S⊗(V )⊗ S⊗(V ) and applies the ⊗-multiplication within a single fibre. This gives

m⊗ ◦∆∗
2

(
{f, g}

)
=

d∑
i=1

( ∂f
∂qi

∂g

∂pi
− ∂f

∂pi

∂g

∂qi

)
which is the standard canonical Poisson bracket on R

[
q1, . . . , qd, p1, . . . , pd

]
. More generally, for a modified kernel

kab(t1, t2) = G(t1, t2)ω
ab, the diagonal restriction gives the classical bracket scaled by G(t, t). If G vanishes on the

diagonal, then the diagonal bracket vanishes.

The rank drop phenomenon takes a concrete form in the canonical setting. At a diagonal point (t, t) ∈ R2,
the fibre of P2 is R[q1, p1] ⊗ R[q2, p2] where the subscripts distinguish the two copies of the fibre at t. The
transposition acts by simultaneous exchange (q1, p1) ↔ (q2, p2). In total polynomial degree 1, the generic fibre
has dimension 4 with basis (q1 ⊗ 1, p1 ⊗ 1, 1 ⊗ q2, 1 ⊗ p2). However, the value at (t, t) of an equivariant smooth
section must lie in the 2-dimensional invariant subspace spanned by (q1 ⊗ 1 + 1 ⊗ q2, p1 ⊗ 1 + 1 ⊗ p2). Observe
that the bracket output {q(t1), p(t2)}1,1 = 1 ⊗ 1 is symmetric and therefore survives on the diagonal. In contrast
{q(t1)p(t1), q(t2)p(t2)}1,1 = p ⊗ q − q ⊗ p is antisymmetric and therefore cannot occur as the value at a diagonal
point of an equivariant smooth section.

5 Conclusion
The main outcome of this work is that the algebraic formalism developed previously away from the diagonals
extends naturally to the setting where repeated points are allowed. More precisely, by working equivariantly on
the spaces Mn, or equivalently on the quotient orbifolds Mn/Sn, we obtained a symmetric 2-monoidal category
of equivariant vector bundles carrying both the Hadamard and Cauchy tensor products. This gives a natural
framework for defining tensor, symmetric, and Poisson algebra bundles on multiconfiguration spaces, that is, on
unordered configuration spaces with diagonals retained by considering the space of orbits under the action of Sn.

In this way, the passage from smooth configuration spaces to the singular quotient spaces Mn/Sn does not
destroy the algebraic structures underlying multilocal observables, but instead allow them to be formulated in a
larger setting. The equivariant point of view is especially well suited to this extension, since it allows one to work on
smooth manifolds while keeping track of the orbifold geometry of the quotient. A distinctive feature of this enlarged
setting is the rank drop phenomenon: over configurations with coinciding points, the equivariance constraints reduce
the effective dimension of the fibres, so that fewer independent sections - and hence fewer independent observables
- can be detected. This phenomenon is a direct consequence of the orbifold structure and has no counterpart in the
smooth setting of [FKR24].

A natural next step is to study sections of the bundles constructed here. From the equivariant perspective,
one is first led to consider the spaces of sections of the corresponding equivariant bundles over Mn; passing to the
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quotient should then amount to restricting to the Sn-invariant sections, which are precisely the orbifold sections over
the multiconfiguration spaces. In this way, the algebraic structures obtained in the present article should induce
corresponding algebraic structures at the level of sections, and ultimately at the level of distributional sections
relevant for field-theoretic applications.

The analytic theory of sections and distributional sections on these multiconfiguration spaces remains to be
developed. In particular, the intrinsic treatment of densities required for integration, the study of singularities
along the diagonals and the corresponding renormalization procedures are left for future work. The present article
provides the algebraic and categorical foundation for such an extension.
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