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Abstract

We study equivariant vector bundles over configuration spaces with diagonals included, viewed as orbifold
quotients M"/&,, by symmetric groups. Working in the equivalent language of equivariant vector bundles, we
construct an induced-equivariance functor and prove its adjunction with restriction. We then define Hadamard
and Cauchy tensor products and show that they form a symmetric 2-monoidal structure. We construct the
corresponding tensor and symmetric algebra bundles and prove that, for a local vector bundle V. — M, the
bundle Sx(S@’ (V)) is the free commutative 2-algebra generated by V. Finally, we show that any skew-symmetric
bundle map k : VKV — Ig induces a compatible Poisson bracket on this 2-algebra bundle.
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0 INTRODUCTION

0 Introduction

In this paper, we study an algebraic description of observables in relativistic classical field theory. Multilocal
observables in classical covariant field theory are most naturally described by integral kernels depending on several
spacetime points. The analytic difficulty is that these kernels are typically distributional and become singular
precisely when points collide, i.e. along partial diagonals. These singularities lead to the problem of multiplication
of distributions, which is controlled by wavefront-sets [H6r03]. They play a central role in causal and microlocal
approaches to covariant field theory [BF00], and more generally in perturbative algebraic quantum field theory and
in the locally covariant framework of [BFV03] and [Rej16].

A classical field on a spacetime M is a section ¢ € I'(E) of a vector bundle E — M. An observable is a smooth
functional on the space of fields I'(E'). Such functionals admit descriptions as integral kernels: a local observable is
one whose kernel is supported at a single spacetime point, for instance a section f of the dual bundle E* induces a

local observable F¢(¢) = / < f(x), cp(x)>du(x) that is linear in ¢. More generally, polynomial local observables are
M

described by kernels f,, € F<S®"(E*)) integrated against powers ¢(z)®™ at a single point. Here S®"(E*) denotes

the n-th symmetric algebra (coinvariants of the &,,-action on (E*)®™), which is naturally dual to the space X" (E)
of symmetric tensors (invariants in E®™). Multilocal observables arise naturally by multiplying local observables
supported at different points: for instance

(Fr- Fo)(p) = / (F(@), 0(@) W), o) u(z) ® du(y).

M x M

The integration measures du appearing here implicitly require a choice of volume form or, more intrinsically, densities
as sections of the density bundle. We do not address this issue in this paper. In this way, the space of multilocal
observables is naturally indexed by configurations of points in M, and carries two algebraic operations: the fibrewise
(Hadamard) product, corresponding to local polynomial observables, and the Cauchy product, corresponding to
combining observables supported on separate configurations. The singular behavior occurs precisely when the points
in a configuration collide (for instance y = x) and controlling these singularities is one of the central problems of
perturbative quantum field theory.

Recently, in [FKR24], the authors introduced an algebraic formulation over purely geometric objects that encode
multilocality by vector bundles over unordered configuration spaces. These carry two natural tensor products: a
fiberwise Hadamard product, which describes polynomial local observables, and a Cauchy product encoding disjoint
union, which describes multilocal observables, thus forming a 2-monoidal category in the sense of [AM10]. The
presence of two compatible tensor products in the algebra of observables was first observed in [Borll] and made
explicit as a 2-monoidal structure in [Herl9], where it serves as the categorical setting for the renormalization
picture and for the quantization of perturbative QFT via Laplace pairings developed in [Bro+04]. The construction
in [FKR24| realizes this structure geometrically over open configuration spaces. Using symmetric algebras for both
products, the authors construct a Poisson 2-algebra bundle whose distributional sections are designed to model
multilocal classical observables. For a different but related local-to-global approach to organizing the observables
of QFT, see the framework of factorization algebras of [CG17].

While removing the diagonals allows one to remain in the well-known territory of smooth manifolds, it also
excludes precisely the singular locus where important analytic phenomena occur. On the analytic side, the open
configuration spaces lack the compactness properties enjoyed by M™, which are needed for functional-analytic
constructions on section spaces. On the physical side, renormalization by Epstein-Glaser consists in extending
distributions from M™\ A,, to M™ [EG74], and the ambiguity of this extension encodes the renormalization issues.
An algebraic framework that excludes the diagonals therefore cannot capture this ambiguity within its own structure.

The main idea of this paper is to restore the diagonals that are removed in the previous approach. The diagonals
appear as singular points of the orbifolds M"/&,,. While the generalization of manifolds to orbifolds seems natural
- orbifold structures appear in various physical contexts, notably in string theory [Dix-+85] - phenomena specific to
orbifolds appear, such as the "rank drop" phenomenon for orbifold vector bundles. Indeed, over a singular point
of the base orbifold, orbifold sections are constrained by the isotropy and only detect the invariant fibre directions.
Concretely, over a point (z,z) € M 2 equivariant sections of a bundle V5 — M? are constrained to the Go-invariant
part of the fibre (V2)(; 4, so that the space of observable quantities over coinciding configurations is smaller than
over the generic configuration (z,y). Equivariant vector bundles over powers M"™ and constructions involving
the quotients M"/&,, also appear independently in algebraic geometry [TT24] and in conformal field theory on
symmetric orbifolds [LMO01]. We postpone the analytic study of distributional sections and renormalization to later
work.
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Since the quotient spaces considered here are global quotients by finite groups, we do not need the full general
theory of orbifolds; we refer to [ALRO7] and [Car19] for general background. Instead, we use the equivalent language
of equivariant vector bundles. More precisely, vector orbibundles over M"/&,, may be described as &,,-equivariant
vector bundles over M™. This equivariant viewpoint is the framework adopted throughout the paper.

Our first result is an induced-equivariance construction for equivariant vector bundles, analogous to induced
representations in finite group representation theory. This gives a functorial way to pass from H-equivariant
bundles to G-equivariant bundles and yields a Frobenius-type adjunction with restriction.

We then construct the equivariant analogue of the 2-monoidal framework of [FKR24]. On the category VBs, (M*®)
of equivariant vector bundles over the family of spaces M* = (M"),en, we define two tensor products: the Hadamard
tensor product, given degreewise, and the Cauchy tensor product, obtained from the external tensor product to-
gether with induced equivariance. We prove that these two monoidal structures are compatible and form a symmetric
2-monoidal category.

Next, we study the associated algebra objects. We construct tensor and symmetric algebra bundles for both
monoidal products and show that, for a local vector bundle V' — M, the bundle S¥(S®(V)) carries a natural
structure of commutative 2-algebra.

Finally, given a skew kernel k£ : VXV — Ig, we show that it induces a Poisson bracket on S¥ (S®(V))
compatible with the two monoidal products. This provides the equivariant counterpart of the Poisson 2-algebra
structure previously obtained away from the diagonals.

The Poisson 2-algebra bundle S¥ (S®(V)) constructed here is the classical algebraic structure underlying mul-

tilocal observables on multiconfiguration spaces. It provides the foundation on which a theory of distributional
sections, and ultimately a geometric treatment of renormalization, can be developed.

The paper is organized as follows. In Section 1, we recall the basic theory of equivariant vector bundles and
prove the induced-equivariance theorem. In Section 2, we introduce the Hadamard and Cauchy tensor products
and establish the symmetric 2-monoidal structure. In Section 3, we construct the corresponding algebra bundles,
including the free commutative 2-algebra generated by a local vector bundle. In Section 4, we define Poisson
structures in this setting and prove the extension theorem for the bracket induced by a skew kernel, and illustrate
the construction explicitly for trivial bundles over M = R, recovering in particular the canonical Poisson bracket of
classical mechanics.

Notations. We conclude the introduction by fixing some notational conventions used throughout the paper.

If V and W are vector bundles over the same base manifold X, we distinguish between Mor(V, W), the vector
space of vector bundle morphisms from V' to W covering the identity, and Hom(V, W), the vector bundle
over X defined by Hom(V, W) = V* ® W. Although these objects are different in nature, they are related by

the canonical identification F(Hom(V, W)) = Mor(V, W). Because of this, the two notations may easily be
confused, and in this paper, we will adhere strictly to this distinction.

We denote the Hadamard tensor product by ® and the Cauchy tensor product by X this should not be
confused with the usual external tensor product, denoted by K.

If M is a manifold, we write M for a singleton whose unique element is denoted by () and is called the vacuum
state.

Ordinary vector bundles V' — M, viewed in contrast to bundles V,, — M™, will be referred to as local vector
bundles.

Given a permutation o € &,,, we use the abbreviated matrix notation o = [o(1) --- o(n)].

Acknowledgments. The author is deeply grateful to Alessandra Frabetti and Leonid Ryvkin for their guidance,
support, and constant encouragement throughout this work. Special thanks are due to Anastasis Fotiadis and
Sacha Amiel for many stimulating discussions and for constantly keeping the exchange alive. The author also
thanks Sebastian Daza, Marco d’Agostino, Olga Kravchenko for helpful discussions and valuable comments.

For the purpose of Open Access, a CC-BY-NC-SA public copyright license has been applied by the author to
the present document and will be applied to all subsequent versions up to the Author Accepted Manuscript arising
from this submission.



1 INDUCED EQUIVARIANCE FOR EQUIVARIANT VECTOR BUNDLES

1 Induced Equivariance for Equivariant Vector Bundles

In this section, we recall the basic definitions and constructions concerning equivariant vector bundles. We then
prove an induced-equivariance theorem, inspired by induction in representation theory, together with its adjunction
with restriction.

1.1 Equivariant Vector Bundles

We follow the standard definition going back to [Seg68]|.

Definition 1.1. Let G be a finite group acting smoothly (on the left) on a smooth manifold X. A G-equivariant
vector bundle over X is a vector bundle V. — X such that:

1. G acts on the total space V,
2. The projection map m: V — X is G-equivariant,
3. Every group element g induces a linear isomorphism fibrewise: g : Vy — Vs,

A morphism between G-equivariant vector bundles V and W is a G-equivariant bundle map V. — W covering the
identity on X. The space of G-equivariant bundle maps between V and W will be denoted by Morg(V,W). We
denote by VBa(X) the category of G-equivariant vector bundles over X .

Notice that if x € X is fixed by the G-action, then the fibre V,, carries a natural representation of the isotropy
group G, ={g € G, g-x =x}.
An equivalent formulation of the equivariant structure, which is sometimes convenient, is the following.

Proposition 1.2. Let G be a finite group, X be a left G-space and m : V — X be a vector bundle. The following
data are equivalent:

1. A G-equivariant vector bundle structure on V.

2. For each g € G, a vector bundle isomorphism ¢4 : V — gxV over X, where gx : X — X is the action of g
on the base X, such that p1 = Idy and

v.g7h€ Ga Pgh :hﬁ((gpg)o(ph
Proof. Assume first that V' — X is a G-equivariant vector bundle. For each g € G, denote respectively by
gy V>V and gx : X = X

the actions of g on the total space V and on the base X. Since the projection 7 is G-equivariant, the following

diagram commutes
|4 V

X—X

9x

gv
_—

Hence, we have a well-defined bundle map ¢, : V' — g%V defined by

weV,  py) = (7). gv(v)).

Fibrewise, this map is (¢g)z : Vo — (9% V)2 = Vyi(2) and it is linear because the action of g on the total space
is fibrewise linear. Since gy is invertible, ¢, is a vector bundle isomorphism. For the identity element 1 € G, the
map 1y is the identity on V, hence ¢1 = Idy. Now let g,h € G. For v € V,;, one has

en(v) = (2. hv(v)) € (V)

and then

Wx(24) (2n(0)) = (w,9v (b () ) = (2. (9h)v ()] = @gn(v).
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1.1 Equivariant Vector Bundles

Thus
Pgh = h?{(ﬁpg) O Ph-

Conversely, suppose that for each g € G, we are given a vector bundle isomorphism ¢, : V' — g%V satisfying
the two stated compatibility conditions. Let pry : g%V — V be the second projection, and define

gy 1prao@y: V. — V.

Since ¢, is a bundle map over Id x, and since pr, is a bundle map covering gx, it follows that gy is a bundle map
covering gy . In particular, one has
TOogy =gx Om.

Moreover, fibrewise gy is linear because ¢, is fibrewise linear. We now check the group action axioms. Since
(1 = Idy, the corresponding map 1y is the identity on V. Next, using

Pgh = h?{(‘ﬁg) SR

one sees that both (gh)y and gy o hy are obtained by composing

V2 s v ) e e v (ghys v

with the natural projection onto V. Hence
(gh)v = gv o hy.

Therefore the maps gy define an action of G on the total space V, and this action makes 7 : V' — X into a
G-equivariant vector bundle. The two constructions are inverse to one another, and therefore the two kinds of data
are equivalent. O

It is sometimes useful to reinterpret equivariant vector bundles in the language of groupoids. A groupoid G is a
small category in which all arrows are invertible. Recall that a K-linear representation of a groupoid G is a functor

F : G — Vectg
where Vecty is the category of K-vector spaces. That is,
e For each object x of G, there is a K-vector space V,
e Each morphism g : ¢ — y in G induces a linear isomorphism ¢ : V,, = V.

Therefore, any G-equivariant vector bundle over X can be seen as a linear representation of the action groupoid
G = G ~ X. To include the smooth structure, one can reformulate this as follows: a smooth representation of
G = X consists of a smooth vector bundle V' — X together with a smooth Lie groupoid homomorphism

G — GL(V)
where GL(V) is the linear groupoid of V' (see [Mac05], Section 1.7).

Example 1.3 (Operations between equivariant vector bundles). Let V and W be G-equivariant vector bundles
over the same base X. The following standard constructions remain equivariant.

(a) The direct sum V @& W is a G-equivariant vector bundle with the diagonal action
Vge G, YveV, YweW, g (v,w)=(g-v,9 w).
The direct sum is the biproduct of the category VBg(X).
(b) The (internal) tensor product V ® W is a G-equivariant vector bundle with the diagonal action
Yge G, YveV, YwelW, g-(vew)=(g-v)®(g-w).

The tensor product gives to VB (X) the structure of a symmetric monoidal category whose unit is the trivial
line bundle X x K with G-action given by

Yge G, VY(z,\)eXxK, g-(z,\) = (g z,N).
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(c) The dual V* is a G-equivariant vector bundle with the dual action
VgEeG, YpeV', YoeV,  (g-m()=p(g”" v).

(d) The internal Hom-bundle Hom(V,W) is defined by Hom(V,W) = V* ® W and inherits a natural G-
equivariant structure. More precisely, fibrewise, for x € X, g € G and Tj-1.,, : V-1, — W1, one sets

(g : T)x =g OTgfl-z 0971 Ve — W

Note, however, that the space of sections of Hom(V, W) identifies with Mor(V, W), the space of all bundle
morphisms from V' to W. In order to recover the space Morg(V, W) of G-equivariant bundle morphisms, one
must instead consider the G-invariant sections:

Mor (V, W) = T'(Hom(V, W))€.

In particular, although I'(Hom(V, W)) does not directly recover Mor¢(V, W), the bundle Hom(V, W) is still
the internal Hom object in the category VBg(X).

(e) Let V — X be a G-equivariant vector bundle and W — X a G-equivariant subbundle, i.e. the inclusion
W < V is G-equivariant. The quotient bundle V/W — X inherits a natural G-equivariant structure given
by

Vg € G, VY[v] e V/W, g-w]=1[g-v].

(f) Let V. — X be a G-equivariant vector bundle and W — Y be a H-equivariant vector bundle. Recall that
the external tensor product V X°** IV is the vector bundle over X x Y defined by 7V ® 75W where
m: X XY — X (resp. m3: X xY — Y) is the projection onto the first factor (resp. onto the second factor).
Fibrewise, one has

(VESW), =V, @ W,

(x

The external tensor product V K™ W is naturally a (G' x H)-equivariant vector bundle with action given by

V(g,h)EGXH, vve‘/v V’LUEW, (g,h)(v@w):(gv)@)(hw)

(g) Let V — X be a G-equivariant vector bundle and f : Y — X be a G-equivariant map. The pullback f*(V)
is G-equivariant with action

VgeG, V(ywv)ef(V), g (yv)=(9v9)
which is well-defined on f*(V') because f(g-y) =g fy) =g -7(v) = (g -v).

Example 1.4 (Trivial bundles and twisted trivial bundles). Let us briefly discuss trivial and twisted trivial equiv-
ariant vector bundles. Consider a trivial vector bundle X x V', where V is a finite-dimensional vector space. Any
G-equivariant structure on X x V has the form

g (z,0) = (g2, py(2)(v))

where, for each g € G, the map p, : X — GL(V) is smooth and satisfies the cocycle relation

pgn(x) = pg(h - z)pn(z).

When the fibre action is independent of z, that is, when each p, : X — GL(V) is a constant map, the family
(pg)gec defines a linear representation p : G — GL(V). In that case, we denote by X x, V the corresponding
equivariant bundle and call it a twisted trivial bundle. The trivial equivariant bundle corresponds to the
case where p is the trivial representation; it will simply be denoted by X x V. For instance, the monoidal unit of
(VBa(X),®) is the trivial equivariant line bundle X x K.
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1.2 Induced Equivariance and Restricted Equivariance

Throughout this subsection, G is a finite group and H is a subgroup of G (not necessarily normal in G). When
X = {x}, an H-equivariant vector bundle over X is simply a linear representation of H. Then it is a standard
construction of representation theory to produce a linear representation of G called the induced representation
Indg(V) (see [FH91, Chapter 3]). We mimic this construction in the smooth case for equivariant vector bundles.

Definition 1.5 (Induced equivariance). Let V' — X be an H-equivariant vector bundle and suppose that X is a
G-space. Denote by R a set of representatives of the right cosets H\ G. The induced equivariant vector bundle
1s defined by
Ind% (V) = @ w*V.
wER

Theorem 1.6 (Induced equivariance). Using the previous notations, Indg(V) is a G-equivariant vector bundle
over X. Moreover, this construction is independent of the choice of R up to canonical isomorphism, and therefore

defines a functor
d$ : VB (X) — VBa(X).

Proof. Since R is a set of representatives of right cosets H \ G, the map w € R — Hw € H \ G is a bijection. The
group G acts (on the left) on H \ G by
v-(Hg)=Hgv™",

and transporting this action through the above bijection yields an action G ~ R. Equivalently, for any w € R and
g € G, there exist unique elements » € H and w’ € R such that

wg = ho'.

We now define a G-action on Ind% (V), which we denote by W for simplicity. An element of W has the form
(:c, (vw)weR), where v,, is an element of (w*V), = V(). For g € G, we set

9- (x’ (UW)WER) = (g'r’ (UCIU')UJ/ER)a Where UL//J’ = h_l c UV,

and where h € H and w’ € R are uniquely determined by the relation wg™' = hw’. Note that this action is
smooth because G is finite (hence discrete) and it only involves linear transformations by sending an element from
a summand to another one.

We now verify that this defines a G-equivariant vector bundle structure. Let g1, 92 € G. Write

g2 - (a:, (Uw)we’R) = <92 -, (vffz))weR), where ’ULQQ) = h2_1 ‘v, and ng_1 = howa,
and then
g (9200 waer) = (91 (02-2), 0D )orer ), where o) =" o and wagr! = .
We have
’U&ll) = h;l . ULE?Q) = h;l . h;l cU, = (h2h1)71 Uy
and

w(grg2) ' =wgy 97" = howagy " = haohywy.

Therefore, since the decomposition G — H x R is unique, it follows that

(9192) - (w (Uw)weﬁ) = ((9192) -z, (v;/)w'en) where v, = (hah1) ™" v, = 0.
Thus the action is associative. The identity element acts trivially, since for every w € R one has
w=Id-w

which is already the required decomposition. Finally, the projection W — X is G-equivariant by construction,
and the action is fibrewise linear because the H-action on each summand w*V is fibrewise linear. Hence W is a
G-equivariant vector bundle.
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It remains to show that the construction is independent, up to canonical isomorphism, of the choice of repre-
sentatives. Let R and R’ be two systems of representatives of H \ G. For every w’ € R’ there exist unique h € H
and w € R such that w’ = hw. The H-equivariant structure of V then induces canonical bundle isomorphisms

W)V 2 (hw)*V 2wV

By assembling these isomorphisms over all representatives, one obtains a canonical isomorphism between the corre-
sponding direct sums. Therefore the bundle Indg (V) is well defined up to canonical isomorphism, and the functor
Ind$ : VB (X) — VBg(X) is well defined. 0

In linear representation theory, the induced representation functor is left-adjoint to the restriction functor. This
result, also known as Frobenius reciprocity, admits the following bundle-theoretic analogue.

Definition 1.7 (Restricted equivariance). Let W — X be a G-equivariant vector bundle. The restricted H -
equivariant bundle is the same underlying vector bundle W — X, endowed with the action obtained by restricting
the G-action to H. We denote it by Res$ (W). This defines a functor

Res% : VBa(X) — VBy(X).

The following statement means concretely that a G-equivariant map out of Indg(V) is equivalent to an H-
equivariant map out of V.

Corollary 1.8 (Frobenius reciprocity). The functor Indg is left adjoint to Resg. In other words, there is a bijection

Morg (Indg(V), W) ~ Moty (V, Resg(W)) .
Proof. Define a map ® : Morg (Indg(V), W) — Mory (V, Res%(W)) by
Vf € Morg (Ind%',(V), W), B(f) = foje Mory (V, Resg(W))

where j : V — Indg(V) is the inclusion of the summand corresponding to the identity representative. Since
j is H-equivariant and every G-equivariant map is in particular H-equivariant, the composite ®(f) = f o j is
H-equivariant. _
Conversely, let ¢ : V. — W be an H-equivariant bundle map. For each w € R, define a bundle map v, :
w*V — W fibrewise by B
(ww)I 0 € (WV)p = Vo — w4, (v) € W,

These maps assemble into a bundle map ’(Z = @ Jw : Indfl(V) — W. Since R is finite, this direct sum is finite, so
weER
1 is well defined, smooth, and fibrewise linear. It remains to check that ¢ is G-equivariant. Recall that

g- (x, (Uw)wE'R> = (g -z, (U{U/)wlen) where v, =h""tv, and wg'=ho'.

We have B
Gar(9- (@ (0)uer)) = D0 @7 turgalel)

w'ER

= Z (w/)71 "¢w’gw(h71 "Uw)
w'ER

= D W) TR tuga(vw)
w'€R

= Z (hw/)_l 'wwgw(vw)
w'ER

= Z (gwil) : %z(%)
w=hw'g

= g- 1Zx((UW)weR)

where we have used the H-equivariance of ¥. Hence, ¢ is G-equivariant. This defines a map
U ;4 € Mory (V, Resf,(W)) s ¢ € Morg (Indg(V), W).

It is immediate from the constructions that the maps ® and ¥ are inverses of each other. O
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The previous construction admits a geometric description analogous to the classical associated-bundle model for
induced representations in linear representation theory.

Proposition 1.9. There is a canonical isomorphism of G-equivariant vector bundles
md$ (V)= (G x V)/H

where the right action of H on G XV is given by
(g,v)-h= (gh, ht -v).

Proof. The group G acts on (G x V)/H by

v [(g,0)] = [(vg,v)].

This is well defined, since
v (gh,h™" - v) = (vgh,h™" - v) = (yg,v) - h.

The projection
7:(GxV)/H — X, 7([g,v]) = g 7(v),

where 7 : V' — X, is G-equivariant. Thus E := (G x V)/H — X is a G-equivariant vector bundle. For a given
x € X, the fibre over z is

B, ={[(g.v)], g-7(v) =} = {[(g,0)], v € Vymr} .

Now let [(g,v)] € E,. Let R’ be a set of representatives of the left cosets G/H; note that inversion induces a
bijection R’ — R. We may write

g=uwh with W' €R' and he H.

Since V' is H-equivariant, the map
h: Vh—l.(w/)—l,w — Vv(w/)—lm

is an isomorphism. Define v = h-v € V()-1.,. Then v = h™1 .7, and therefore
[(g,v)] = [(Wh, k™" D)] = [(w,D)].

Hence every class in E, admits a representative of the form [(w’,?)] with w’' € R’ and ¥ € V(,)-1.,. This
representative is unique. Indeed, suppose [(w',v)] = [(w”,?")]. Then there exists h € H such that

(w/l75/) = (w/aa) “h.
Thus w” = w'h. Since w’ and w” are both representatives of G/H, this forces h = Id, and hence

(W0 = (W, 0).

Er= P Vw12 = P Ve = P V).

w'€R’ wER wER

It follows that

Since these identifications are natural in x, they assemble into an isomorphism of G-equivariant vector bundles

(G x V)/H =Ind$ (V).

The induction functor is also compatible with the tensor product in an oplax sense.

Proposition 1.10. The functor Indg 1s an oplax monoidal functor between (VBH (X)), ®) and (VB(;(X), ®). More
precisely, for all A, B € VBy(X), there is a canonical map

md% (A ® B) — Ind%(A) ® Ind% (B).

Moreover, this map is injective.
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Proof. The restriction functor Res$ is strongly monoidal, that is Res$ (A @ B) = Res%(A) ® Res$ (B). Therefore,
there is an H-equivariant map

A® B — Res§ (Indﬁ(A) ® Indg(B)).
By adjunction, this corresponds to a unique G-equivariant map

md$ (A ® B) — Ind$(A) @ Ind$(B).
To see that this map is injective, note that it is given by the diagonal inclusion:

mdf(A® B) = P w'A®w B — Indj(A) @ nd5(B) = P wiA®w;B.
wER w1,w2ER

Hence it is injective. O

Proposition 1.11. Let K C H C G be subgroups. Then there is a canonical natural isomorphism of functors
md$ = Ind$ o nd¥ : VBg (X) — VB (X) — VBa(X).

Proof. For every V € VB (X) and every W € VBg(X), one has
Morg (Indg o Ind2(V), W) ~ Mory (Indg(V), Resg(W))

and
Morg (Indg(V), Resg(W)) =~ Morg (V, Resl o Resf,(W)) — Morg (V, Res%;(W)).

Therefore, the functor Indg o Indg is left-adjoint to Resg. Since Ind[G( is also left adjoint to Resg, the uniqueness
of the left adjoints up to canonical natural isomorphism yields

Ind$ o Ind® 2~ md§.

O

2 The 2-Monoidal Category of Equivariant Vector Bundles over Con-
figuration Spaces

In this section, we introduce the category of G4-equivariant vector bundles over the family of spaces M*® = (M"),¢n,
together with the two tensor products that will be used throughout the paper. We first define the ambient category
VBg,(M?®) and the Hadamard tensor product, then construct the Cauchy tensor product by induced equivariance,
and finally prove that these two monoidal structures form a symmetric 2-monoidal category.

2.1 Equivariant Vector Bundles over Configuration Spaces

Let M be a manifold. For each n € N, the permutation group &,, acts smoothly on M™ on the left by
Vo € G, V(J:l,...,xn)EM”, U'(.’El,...,xn):(.%‘071(1),...,.’1}071(”)).

As a convention, &y denotes the trivial group and M° = {(}} is the one-point manifold whose single element is
called the vacuum state. We denote M* the family of spaces (M™),en.

We now introduce a geometric analogue of species, in the sense of Joyal [Joy81], or equivalently of S-modules
appearing in the operadic litterature [LV12]. Recall that an S-module is a collection (V,)nen in which each V;, is
a representation of the symmetric group &,,. In the geometric setting, we replace each representation V,, by an
&,-equivariant vector bundle over M"™. We do not pursue this analogy further in the present paper.

Definition 2.1. An &,-equivariant vector bundle on M* is a collection V. = (V, — M™) _ such that for
eachn € N, V,, = M" is an &,,-equivariant vector bundle over M"™. We denote by VBs,(M?®) the category whose
objects are G 4-equivariant vector bundles on M, and whose morphisms f : V. — W are collections of &, -equivariant
bundle maps fn, : Vi, = Wy, covering the identity on M™, for every n € N.

10
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The inclusion of M as the 1-component of M* gives rise to two natural functors.
Ve VB@.(M.) — Vi € VB(M)

called the pullback functor and
te 2 VB(M) — VBs,(M*®)

called the pushforward functor which sends a vector bundle V' — M to the G-equivariant vector bundle concen-
trated in degree 1, equal to V' in degree 1 and to the zero vector bundle over M™ in every degree # 1. Note that
the pullback is a left inverse of the pushforward, i.e. t*¢,V =V for any V € VB(M). However, ¢,.* # 1d.

Thus VB(M) identifies with a full subcategory of VBgs, (M*®). As opposed to general &,-equivariant vector bundles,
the ones coming from VB(M) will be called local vector bundles.

Definition 2.2. For V,W € VBg, (M*), their Hadamard tensor product V@ W s defined degrecwise by

(VW)  =V,aW,.

neN

Its unit is given by the trivial equivariant line bundle Iy = (M” x K — M") with trivial &, -action on the fibre

neN
K. For each n € N, we denote by 1 the constant section equal to 1 of the trivial line bundle (Ig).,.

The usual tensor product of vector bundles immediately yields the following.

Proposition 2.3. The Hadamard tensor product ® gives VBg,(M?®) a structure of a symmetric monoidal category,
with braiding ,83“, VW — WYV given degreewise by the canonical symmetry V,, @ W,, 2 W, @ V,,.

2.2 Cauchy Tensor Product of Equivariant Vector Bundles over Configuration Spaces

A natural first attempt to combine vector bundles living over different powers M? and M? is to use the external
tensor product X°**. In the category of vector bundles over varying bases, this construction is symmetric monoidal:
its braiding is induced by the block-swap diffeomorphism of the base

Tpg (@1, Tpy Y1, Yg) €E MP X MY v— (y1,...,Yg, &1, ..., Tp) € MT x MP,

together with the canonical symmetry of tensor products. In the present setting, however, this procedure does not
define a braiding in VBe, (M*), because morphisms in VBg, (M*®) are required to cover the identity on the base
MPT1 whereas the map induced by 7, , covers the block permutation of MP*? rather than the identity. For this
reason, we introduce the Cauchy tensor product X as a symmetrized version of the external tensor product, yielding
a symmetric monoidal structure on VBg, (M*).

Definition 2.4. For V,W € VBg, (M?*), their Cauchy tensor product VW is defined degreewise by
VneN, (VERW),= P mdg s, (V, R W,).
p+q=n
Its unit object, denoted by I, is the trivial line bundle concentrated in degree 0, that is,
(Ix)o = {0} x K and (Ix)n = M™ x {0} for alln > 1.
We denote by ]1? the canonical generator of the one-dimensional vector space (Ig)g.
Theorem 2.5. The Cauchy tensor product K gives VBg,(M?®) the structure of a symmetric monoidal category.

Proof. The definition of X is functorial, since it is obtained degreewise from the external tensor product, direct
sums, and the induction functors.

We first identify the unit object. By definition, (Ix), = 0 for every p > 1, while (Ig), is the trivial line bundle.
Hence, for any V € VBg, (M*®) and any n € N, only the summand with p = 0 and ¢ = n contributes to (I@ X V)
and therefore

n’

(w®V), = @ M, (Mm)y B V,) = (T)o K™V, 2V,
p+g=n

These isomorphisms are natural in V and define a left unit isomorphism IxX'V =4 V. The same argument applied
to VX Ig gives a right unit isomorphism V X Ig — V. Since both are induced degreewise from the ordinary unit

11
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isomorphisms for the external tensor product, their compatibility is inherited from the corresponding compatibility
for Xt
We next construct the associator. Let U, V, W € VBg, (M*). Expanding the definition twice, one finds

(UmV)x W)n = P M, (URV), B W) = P e, e, ((Up B V) B W),
r4+s=n pt+q+s=n

Similarly,

(U (Vi W))n - p+§:n AS! e, xe, (Up B (V, MWL) ).

The associator of the external tensor product therefore induces, for each triple (p,q,s), a natural isomorphism
between the corresponding summands, and these assemble into a natural isomorphism

Byw: (URV)ERW S UK (VRW).

The only point to check is that the repeated induction functors occurring in these identifications are compatible.
This follows from Proposition 1.11, which identifies iterated induction with induction from the product subgroup
S, X G4 X G, to &,,. Once this is done, the compatibility of the associators is reduced componentwise to the usual
associativity of the external tensor product.

Finally, we construct the braiding. For p,q € N, let 7, , denote the permutation exchanging the first block of
length p with the second block of length ¢

Tpg (@1, o Tpy Y1, Yg) € MP X MY v— (Y1, .., Yg, &1, ..., Tp) € M x MP.
The corresponding block permutation of the base induces an isomorphism
xt ~ X X
VW, =7, (Wq D VP)

covering the identity of MP*%. Moreover, conjugation by 7, , identifies the subgroup &, x &, with &, x &, inside
Sp+q- By functoriality of induction, we obtain a natural isomorphism

IS e, (Vp B W) 2 Ind i (W, B9 1),
Summing over all decompositions n = p + g gives a natural isomorphism
B w VEW S WRV

Its compatibility with the associator is again reduced degreewise to the corresponding compatibility for the external
tensor product, and the relation
X X
5W,V © BV7W =1d
follows from the equality 7, 4 0 74, = Id prp+a.

We have therefore constructed a unit object, unit isomorphisms, an associator, and a symmetry satisfying the
required compatibility conditions. Hence (VBG. (M*), K, Ig) is a symmetric monoidal category. O

Remark 2.6. The braiding described above corresponds to the case where the fibres are not graded. If they are,
then the same construction must be modified by the usual Koszul sign rule: exchanging two homogeneous elements
a and b contributes a factor (—1)/1”l in addition to the block permutation of the base.

Remark 2.7 (Explicit formula for the Cauchy tensor product). A convenient choice of representatives for the
quotient (&, x &,) \ 6,4, is given by unshuffle permutations:

Ush(p,q) = {0 €Spiq, 0 ' (1) <...<o ' (p)ando ' (p+1)<...<o ' (p+q)}.

Hence,
(VRW), = P w(V,8W,).

ptg=n
w€Ush(p,q)

For fixed p and ¢, the number of such summands is Camd(Ush(p7 q)) = (p * q>7 and summing over all decomposi-
p

tions p + ¢ = n yields a total of 2" summands.

12
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For small values of n, this gives the following fibrewise decompositions:
(V X W)(w1,w2) = (V(rD ® W(am,wz)) © (‘/(w17$2) ® W@) ©® (Vﬂﬁl ® WIQ) @ (V$2 ® W$1)7

(VX W)(z17m27m3) = (VV) ® W(m,m»ms)) & (‘/(11712@3) ® W@)
GB(VW ® W(x2,x3)) @ (Vm ® W(thﬂcs)) @ (Vx3 ® W(th))
EB(V(CEMW) ® Wxs) @ (V(M#US) ® sz) @ (V(fvmm) ® le)'

The &,-action may be described explicitly on this unshuffle decomposition as follows. Fix a summand indexed by
w € Ush(p, q) and let 0 € &,,. Write
wo™t = (aU B’

where a L 8 € 6, x &, and w’ € Ush(p,q). Then o sends the w-summand to the w’-summand, and the induced
map is obtained by applying (o U 8)~! through the (&, x 6,)-equivariance of V,, X*** W,. Thus the &,-action
permutes the summands indexed by unshuffles, together with the corresponding equivariance correction inside each
summand.

For example, in degree 3 and for the decomposition 1 + 2, this mechanism can be visualized schematically as
follows (where we omit the z;’s).

Indgi’ we, (V1 X Wa)12s = Vi ® Was S Vo ® Wis D Vs ® Wiz
o=[2 3 1]

Ind‘éi xe, (V1 X Wa)asy = Vo ® Wiy & Vs @ Way ) Vi ® Was

2.3 The 2-Monoidal Structure on Equivariant Vector Bundles over Configuration
Spaces

The Hadamard and Cauchy tensor products ® and X are compatible in the sense that they endow VBg, (M*®) with
the structure of a symmetric 2-monoidal category, also known as a symmetric duoidal category. The terminology
’duoidal’ for this structure was introduced in [BM12]; we follow the terminology and conventions of [AM10], in
order to avoid confusion with monoidal 2-categories, which are different in nature.

We briefly recall the definition in order to fix notation. A 2-monoidal category is a tuple (C,X, Ig, ®,Iy), where

e (C,X,Iyg) and (C,®,Ig) are monoidal categories,
e There is a natural interchange morphism
Capep: (A®B)R(C®D)— (ARC)® (BK D)
satisfying the usual associativity compatibility conditions,
e There are three morphisms
A:lyg — IgRIx, w:lgRlg — Ig and v:Ig — Ig,
such that (Ig, A,v) is a comonoid in (C,®,Ig) and (Ig, i, v) is a monoid in (C, X, Iy).

Our goal is now to construct these data for VBg, (M*) with the Hadamard and Cauchy tensor products. The
construction is induced by the compatibility between the Hadamard tensor product and the external tensor product:

(A® B) K™ (C ® D) = (AK™ C) ® (B K™ D),

together with the oplax monoidality of the induction functors.

13
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Theorem 2.8. The category (VBG_(M’), X, Ix, ®, I®> is a symmetric 2-monoidal category.

Proof. We first construct the structural morphisms of the 2-monoidal structure. For A, B, C,D € VBg, (M?*), the
interchange map
CA,B,C,D : (A@B)X(C@D) — (AXC)@(BXD)

is defined degreewise. In degree n, one has, using the canonical compatibility for the external tensor product

(ASB)R(CD)| = P mdF,q, ((48B), 8 (CoD), )= @ W, ((4E™C,)o (B,8D,)).

pt+qg=n ptg=n

then by the oplax monoidality of the induction functors, one obtains a natural map for each summand
S, ex ex S, ex S, ex
Indgrye, ((Ap K= Cy) @ (B R Dq)) — Indg e, (4p B Cy) @ Indg’ e, (B, X" D).

Summing over all decompositions p 4+ ¢ = n gives the desired morphism (a B,c,D-
The morphism A : Iy — Ig ® Ig is the obvious degreewise map: in degree 0, it sends ]lgZ to ]lgE ® ]l?, and in
positive degree it is zero. Similarly,
v Ix — I®

is the canonical degreewise inclusion, so that in degree 0 one has y(]l?) = 1. Finally,
[ I® X I® — I®

is defined degreewise from the maps
(G] ex
Hp.q - IndGquGq ((I®)p Bgext (I®)q> > (Ie)ptq

sending the canonical unit (]l?, ]l?) to ]lfiq.
It remains to verify the axioms. The key point is that all structural morphisms introduced above are defined
degreewise from the corresponding morphisms for the ordinary tensor product and the external tensor product,
together with iterated induction. Thus every required diagram may be checked for each degree n.
For the interchange morphism, the associativity compatibility reduces degreewise to the following two facts.
First, the canonical isomorphism

(AP ® BP) ‘XeXt (Cq ® DQ) = (AP |X|eXt CQ) & (BP xEXt Dq)

is natural and compatible with the associativity of both ® and X®*. Second, the oplax monoidality of the induction
functor is itself natural and associative. Since ( is obtained by composing these morphisms and then summing over
all decompositions p + ¢ = n, the associativity diagram for ¢ commutes in each degree.

The unit compatibilities are equally straightforward. Because I is concentrated in degree 0, every Cauchy
product involving Iy has a unique nonzero summand, namely the one corresponding to the decomposition 0+n =n
or n 4+ 0 = n. Under the resulting identifications, the maps involving A reduce in degree 0 to the identity

12— 18 @ 1Y

and they vanish in every positive degree. This is exactly what is needed for the unit diagrams involving Ig to
commute. Similarly, the diagrams involving u reduce degreewise to the fact that the multiplication on Iy identifies
the canonical section
12 R19  with 18,
Finally, the compatibility of the unit data is checked directly. The object Iy is a monoid for X because the
multiplication p is associative: for all p,q,r € N, one has

Hp,q+r (ﬂ?v Hg,r (]l?’ 1§)> = ]1;?+q+r = Up+q,r (:“p’q (]lf?’ ]l?)v]l?)

Its left and right unit laws follow from the fact that 1/(]1?) = 1§ and that v vanishes in every positive degree.
Dually, Iy is a comonoid for ® because A is coassociative and counital degreewise: in degree 0, everything reduces
to the identity 15 — 12 ® 1¥ @ 12, and in positive degree all maps vanish.

Thus the data (¢, A, u,v) satisfy the axioms of a symmetric 2-monoidal category, and therefore the category
(VBg_ (M*), X, Ig, ®, I®) is symmetric 2-monoidal. O

14



2 THE 2-MONOIDAL CATEGORY OF EQUIVARIANT VECTOR BUNDLES OVER
CONFIGURATION SPACES
2.8 The 2-Monoidal Structure on Equivariant Vector Bundles over Configuration Spaces

Remark 2.9. e The object Ig is in fact a commutative monoid in (K, Ig). Indeed, for every p,q € N, one has
R 1) — 1® _ Q@ 1®
Hp,q (]lp ’]lq ) - ]lerq - /iqyp(]lq 7]117 )
Thus the multiplication is invariant under exchanging the two factors, and therefore commutative.

e Similarly, Ig is a cocommutative comonoid in (®,Ig). Indeed, the comultiplication A : Iy — Ix ® Iy is
symmetric with respect to the ®-braiding: in degree 0, one has

A1) =12 9 1%

which is fixed by the symmetry of the tensor product, while in positive degree all components vanish. Hence
A is cocommutative.

o

e In degree 0, the unit morphism v : Iy — Ig is an isomorphism. More precisely, vy : (Ig)o — (Ig)o identifies
the generator ]IBE and 1§. In particular, when no confusion is possible, we may regard these two elements as
canonically identified.

Remark 2.10 (Alternative choice of interchange map). One may also define another interchange map
éapcp:(AXB)® (CXD) — (A® C)X (B®D)

obtained by projecting onto the diagonal summands. More precisely, in degree n one has

(amBje(cED) = @ P |« (AEB) 2T (Cr™ D)
wégéh:(?,j) Geka_séh:(;l,l)
—» i@ [w* (Az gext B]) & w* (Cz &ext Dj)i|
weUth(i )
D v ((AiwC)m™ (B; © D))
wé$‘87h:(:,l,j)
- ((Aec)m(BeD)) .

n

1

Here we have used the canonical compatibility between pullback and tensor product, together with the usual
interchange between tensor product and external tensor product. Equivalently, £ is obtained by sending all off-
diagonal summands, namely those for which (i, j,w) # (k, £,©) to zero.

This yields a second 2-monoidal structure (VB@. (M*),®,1g, X, Ig) , where the order of the two tensor products

indicates which interchange map is being used. In this alternative setting:
1. The morphism A Iy — Ig X Iy is the diagonal map. Indeed,

(I®®I®)n§ D (),

i+j=n
w€Ush(4,5)

SO ﬁn (Ig)n — (I® X I®)n is naturally defined by the diagonal embedding. Under the above decomposition,

A, (1%) is the diagonal element whose entries are all equal to 1%.

2. The morphism i : Ig ® Iy — Ig is simply the inverse of the comultiplication A constructed for the previous
interchange morphism. In degree 0, it is therefore characterized by

(1§ 0 1§) =1,
and it vanishes in every positive degree.

3. The unit morphism v : Iy — I is the projection onto the degree 0 component. Equivalently

T(1§) = 1§, U, (12) =0 for all n > 1.
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3 EQUIVARIANT ALGEBRA BUNDLES OVER CONFIGURATION SPACES

In this alternative setting, Iy is a cocommutative comonoid in (X, Iy) and Iy is a commutative monoid in (®,Ig).
These two interchange maps are related by

éa.cBD °¢aB.cD = ldagB)R(CoD)-

The two 2-monoidal structures give rise to different notions of monoid and comonoid objects, and in this sense they
are dual to one another. In the present paper, we work with the interchange map (, since it yields the largest class
of monoid objects.

3 Equivariant Algebra Bundles over Configuration Spaces

Let (C,®,I) be a symmetric monoidal category, recall that a monoid object in C is an object M € C with a
multiplication map M ® M — M and a unit map I — M satisfying the usual associative and unit axioms. Classical
examples include monoids in (Set, x) and unital associative algebras in (Vect, ®).

The purpose of this section is to study monoid objects associated with the two monoidal structures introduced
above, namely the Hadamard tensor product and the Cauchy tensor product, in the setting of equivariant vector
bundles over configuration spaces. We describe the corresponding algebra objects and construct their associated
free algebras.

We begin with the Hadamard tensor product, whose behavior is close to the standard tensor product of vector
bundles and serves as a guiding example. We then turn to the Cauchy tensor product, where the presence of induced
equivariance and underlying combinatorics gives rise to a richer class of algebra objects.

Finally, we introduce the notion of a 2-algebra, namely an object endowed with both a Hadamard and a Cauchy
algebra structure, together with compatibility conditions encoded by an interchange law between the two tensor
products.

3.1 Equivariant Hadamard Algebra Bundles over Configuration Spaces

Definition 3.1. An equivariant Hadamard algebra (or equivariant ®-algebra) is a monoid object in the
monoidal category (VBes,(M*),®,1g).

Equivalently, an equivariant ®-algebra is an G-equivariant vector bundle A together with two maps
m®:A®A — A and u® Iy — A

such that m® and u® satisfy the usual associativity and unit axioms. Equivalently, each A,, is an &,-equivariant
algebra bundle in the sense that

Va,b e A,, Yoe&,, m(o-a,0-b) =0 -mZ(a,b)

n

and the unit 1 of A,, is fixed by the action, i.e.

Vo € &, o129 =1%.

n

We will say that A is commutative if m® o 32 = m®, where 3% is the ®-braiding of VB, (M*); equivalently, for
all n € N and all a,b € A, one has m¥(a,b) = m?(b,a). One may also consider graded-commutative ®@-algebras
where the braiding is twisted by the Koszul sign rule, i.e. 88 (a®b) = (—1)1*!""lb® a. Thus the condition becomes

sgn
m®(a,b) = (—1)“1Hb‘m§(b, a).

A ®-morphism of equivariant ®-algebras is an equivariant bundle map f : A — B that is compatible with the
®-multiplication and the ®-unit in the usual sense; equivalently, it is given degreewise by maps f, : A, — B,
satisfying

fn(a'a):U'fn(a) and fn(mg(aab)) :mg(fn(a)vfn(b))
We will denote by:

o Alg® (VBG. (M ')) the category of equivariant ®-algebras.

e CAlg®(VBg,(M*)) the full subcategory of commutative ones.
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. CAlgng)n (VBs,(M?*)) the full subcategory of graded-commutative ones.

Since the Hadamard tensor product is defined degreewise, a ®-algebra structure on A is equivalently given by
independent &,-equivariant algebra bundle structures on each A,,, with no interaction between different degrees.

Example 3.2. If (A1, m{,uy) and (Ag,m3, ul) are commutative ®-algebras, then A; ® A, is naturally a com-
mutative ®-algebra with multiplication m : (A1 ® As) ® (A] ® As) — A ® A, given by

Val, as € (Al)n; Vbh bg S (Ag)n, mn((al ® ag) (39 (bl & bQ)) = m%n(al, bl) & m%n(ag, bg)
and unit v : Iy — A ® As given by
In fact, by using the componentwise description, one easily obtains that ® is the coproduct of the category
CAlg(VBG. (M'))
3.1.1 Equivariant Hadamard Tensor Algebra Bundles

Definition 3.3. The equivariant Hadamard tensor algebra bundle generated by V € VBg,(M?®) is defined
by
(V)= Ve  with V=1,
neN

There is an obvious injection map V «— T®(V), and one has

[T2(V)], =P Ve =T (Vi).
neN

Thus the Hadamard tensor algebra is constructed degreewise: each bundle Vj, — MP* generates the usual tensor
algebra bundle T®(V}) over M*.
Its multiplication T®(V) @ T®(V) — T®(V) is given by elementary maps

p,q

m& :((vl®...®vp),(w1®...®wq)) EVEP XV 4y ®..0u,0w Q...0w, € VOPHD,

As usual, we will write m®(a,b) simply as a ® b.
Proposition 3.4. The equivariant Hadamard tensor algebra T® (V) is the free equivariant ®-algebra bundle gen-
erated by V. € VBg,(M?®). More precisely, for every equivariant ®-algebra A € Alg® (VBg_(M.)) and every

equivariant linear bundle map f : 'V — A, there exists a unique ®-algebra bundle morphism f: T®(V) — A
such that the following diagram commutes

V—— 5 TOV)
; vﬂ!f
A

Equivalently, the functor T® : VBe,(M*) — Alg®(VBe,(M*®)) is left adjoint to the forgetful functor
Alg®(VBs,(M*)) = VBs,(M?*).

3.1.2 Equivariant Hadamard Symmetric Algebra Bundles

In the context of linear algebra, the symmetric algebra generated by a vector space V is constructed as follows: for
each n € N, the space V®" carries a natural &,-action by permutation of the factors. The space S®™(V) is then
the space of coinvariants for this action, namely, the quotient of V™ by the subspace spanned by vectors of the
form v — o - v for v € V™ and ¢ € &,,. The symmetric algebra is then given by the direct sum

SP(V) = s (V).

neN
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3 EQUIVARIANT ALGEBRA BUNDLES OVER CONFIGURATION SPACES
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We follow this standard construction in the setting of equivariant vector bundles.
Fix V € VBg,(M*®). Since Vi is a Gy-equivariant vector bundle over M k the tensor power Vk®” is also a
S-equivariant vector bundle over M*. Note that &,, acts on Vk®” by permuting the factors

T (1®...QuU,) = Vr-1(1) @+ .. @ Vr—1(p)
and that this action commutes with the Gy-equivariant action. In particular, the subbundle
W,?n = Span {7’ v —v, VE Vk®", TE Gn} C Vk®"

is Gg-equivariant and hence the quotient
S®n(Vk) _ Vk®n/Wl§n

is a well-defined Gy-equivariant vector bundle. Thus the Hadamard symmetric algebra is obtained degreewise: each
bundle Vj, — M* generates the usual symmetric algebra bundle S®(V},) over M*.

Definition 3.5. The equivariant Hadamard symmetric algebra bundle generated by V € VBg,(M?*) is
defined by
S®(V)=€PS¥(V)  where  [S¥"(V)], =S¥ (V).
neN

The concatenation of tensors V&P x V&1 — v@@+a) jg (6, x &,)-equivariant, where the action is given by
permutation of the factors. Hence it induces a map

SEP(V) x 8®(V) — S®P+a (V)

which is the multiplication map of S®(V). If [v] € S®P(V) and [w] € S®¢(V), then we will denote by [v] ® [w] the
equivalence class of v ® w. Whenever no confusion can arise, we will omit the bracket notation and simply write
products like v ®w. Moreover, the tensors v®w and w®v differ by a permutation exchanging the two blocks of sizes
p and ¢, which belongs to &,,. Therefore they induce the same element in S®(V) and hence the multiplication
on S?(V) is commutative.

Since the Hadamard symmetric algebra is constructed degreewise, the following holds

Proposition 3.6. The equivariant Hadamard symmetric algebra S® (V) is the free equivariant commutative ®-
algebra generated by V. More precisely, for every equivariant commutative ®-algebra bundle A € CAlg® (VB@;,. (M'))

and every equivariant bundle map f :' V — A, there exists a unique ®-algebra bundle morphism f: S®(V) — A
such that the following diagram commutes

V———8%9(V)
P vﬂ!f
A

Equivalently, the functor S® : VBgs,(M®*) — CAlg®(VBs,(M*)) is left adjoint to the forgetful functor
CAlg® (VBs,(M*)) — VBs, (M*).

Remark 3.7 (Hadamard exterior algebra). Similarly, one may construct the equivariant Hadamard exterior
algebra bundle degreewise: each bundle V;, — M¥* generates the usual exterior algebra bundle A®(V},) over M k.
It is defined by

A?(V) =P A®"(V)  where  [A®"(V)], = A®"(V})
neN

and it is the free equivariant graded-commutative ®-algebra generated by V.

3.2 Equivariant Cauchy Algebra Bundles over Configuration Spaces

Definition 3.8. An equivariant Cauchy algebra (or equivariant W-algebra) is a monoid object in the
monoidal category (VBg,(M*®),X,Ix).

18
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Equivalently, an equivariant X-algebra bundle is an G-equivariant vector bundle A together with two maps
mP ARA —A and W®:iIyg— A
such that m™ and u* are associative and satisfy the unit axioms in the usual categorical sense. Since

[ARA] = P Indgr, e (4, B> A,),

S, x6,
pt+q=n
a multiplication map m® : AKX A — A is determined by maps Indg:X&I (A, X™* A;) — A,y and, by the
adjunction property of the induced equivariance functor, equivalently by (&, x &,)-equivariant bundle maps

X . ext
mB, Ay R Ay — Ay,

These may be seen as ordinary two-slot multiplication maps: an element v above a configuration (z1,...,z,) and
an element w above a configuration (y1,...,y,) are multiplied and placed above the concatenated configuration
(1,3 Zp,Y1,---,Yq). The unit is then ]1? which lies only over the vacuum state . Thus, the X-multiplication
combines not only the algebra elements but also the underlying configurations of points. Its associativity is expressed
by
X X t X t, X
Myptq,r © (mp,q ba®* IdAr) = Mpg+r © (IdAp ba* mq,r)
as an (6, x 6, x &, )-equivariant map covering the concatenation map M? x M? x M" — MPrarT,

We say that A is commutative if m™ o % = m™, where 8% is the K-braiding of VBg,(M?*). Equivalently, if a
lies above the configuration (z1,...,z,) and b lies above the configuration (y1,...,y,), we have

X X
mp7q(a, b) =Tpgq - mq7p(b, a)

where 7, 4 is the block permutation [q +1 ... g+p | 1 ... q] sending the configuration (y1,...,Yq, 1,...,Zp)
to (z1,...,2Zp, Y1, .., Yq). One may likewise consider graded-commutative K-algebras, for which the braiding is re-

placed by Bg so that

sign»

mEq(av b) = (_l)laHbITPaq : mEp(bv a)'

A X-morphism of equivariant X-algebras is an equivariant bundle map f : A — B that is compatible with the
K-multiplication and the X-unit in the usual sense. Equivalently, it is given degreewise by equivariant X-algebra
bundle maps f, : A, — B,, such that

fal0-a)=0 fala) and  fprg(mpy(a,b) = my, (fp(a), f4(0)).
We will denote by:
. AlgIx (VBG. (M ')) the category of equivariant X-algebras.
e CAIlg® (VBs,(M?*)) the full subcategory of commutative ones.

. CAlg?;n (VBs,(M*®)) the full subcategory of graded-commutative ones.

In contrast with the Hadamard product, the Cauchy product combines both the algebra elements and the underlying
configurations of points in M.

Example 3.9. Let (A, m%, u%) and (As, m5, u%) be commutative K-algebras.

e The object A; X Ay =: B is naturally a commutative K-algebra with multiplication m : (A; K Ag) X (A; X
As) — A K A, obtained as follows:

X . ext
mZ, B, K™ B, — By.,.

These maps themselves are obtained by the maps

My s+ (A)p B (Aa)p, ) B ((Ad)g B (An)ys ) — (Ab)ps v B (Ao)pias
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with p = p1 + p2 and ¢ = q1 + g2, defined by

My paar g (01 B ag) R (b1 Rby)) = mi, o (ar,b1) Bmbl,, o (as,bo)

and unit v : Iy — A1 X A5 given by
Up (]l?) = u%o (]l?) X u?éo (]l?)

In fact, X is the coproduct of the category CAlgg (VBe. (M ')), since in any symmetric monoidal category,
the tensor product is the coproduct in the category of commutative monoid objects (see [Joh02], C1.1).

e The object A1 ® A, has a natural X-algebra structure, whose X-multiplication is defined using the interchange
map ¢ by
M (A ® As) B (A1 ® As) -5 (A1 KAL) ® (As K As) "85 AL @ Ay,

Concretely, for each p,q € N, the elementary multiplication maps

My (A1) ® (A2),) B ((A1)g @ (A2)g) — (A1)piq ® (A2)pig
defined by
Mp.q((a1 ® az) K (b1 @ b)) = m?ép,q(ah b1) @ mgp,q(@Q, ba)

u?@u

and unit u : Ig A, Iy ® Iy A1 ® Ay given by

u(1¥) = w2 (1%) @ w3 (1%).
In fact, the bifunctor ® lifts from VBe, (M*) to Alg® (VBs,(M?®)) endowing the latter with a symmetric
monoidal structure.
3.2.1 Equivariant Cauchy Tensor Algebra Bundles
Definition 3.10. The equivariant Cauchy tensor algebra bundle generated by V € VBg,(M?*) is defined by

™V) = V"  with V=Iy
neN

There is an obvious injection map V — T'z(V), and one has

[T‘X(V)] kT @(Vxn)k where (Vgn)k = @ Indgzl X XGp (‘/;)1 et R ‘/;)n) :
neN p1+...+pn=~Fk

For instance, over a point (z,y) € M?, the fibre of V3 g

(V) = (HeVeaV)e(VeV,@V,) e (Vp@ Ve @ V) e (V@ Vy® Vay)
(Ve VpeV,)e (V,VpV,)d (V®Vy®V@)@(Vy®Vw®V@)
S(Vay @ Vp @ Vp).

In general, (V®"), contains n* terms.

The multiplication on T¥(V) is described as follows. Fix base configurations (z1,...,x,) € MP and (yy,...,y,) €
M. An element of T‘X(V)(th%) has the form v = v; ® ... ® v, where each v; lives over some subtuple of
(21,...,2p) of length n;. Similarly, an element of T'X(V)(yh_“,yq) has the form w = w; ® ... ® w,, where each w;
lives over some subtuple of (y1,...,y,) of length m,. Then,

mEq(v,w):U1®...®UT.®w1®...®ws

lying above the concatenated configuration (x1,...,Zp,¥y1,...,¥q) in the block pattern (nq]...|n,|m4|...|ms).
Thus, the X-multiplication of T® (V) concatenates both vectors and base points. As before, we denote mx(v,w)
simply by v K w.
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Theorem 3.11. The equivariant Cauchy tensor algebra T (V) is the free equivariant X-algebra generated by V.
More precisely, for every equivariant X-algebra bundle A € Algg (VBg.(M')) and every equivariant bundle map

f:V = A there exists a unique equivariant X-algebra bundle morphism ]”v: T&(V) — A such that the following
diagram commutes

V—— = THWV)
; Va!f
A

Proof. This is the standard construction of free monoids in a symmetric monoidal category described in [Mac98]. O

The functor T® is canonically oplax monoidal with respect to ®. More precisely, it is an oplax monoidal functor
T (VBe, (M*),8,15) — (Alg® (VBes, (M*)), 2,15 ).
This means that there are natural morphisms
T™VeW) - THV)eT¥(W) and T¥(Iy) — Ig.

Indeed, the object TH(V) @ T®(W) is an equivariant K-algebra, and there is a canonical bundle map given by the
inclusions
VoW — THV)o TH(W).
Since T¥ (V®W) is the free equivariant X-algebra generated by V @ W, this map extends uniquely to a X-algebra
morphism
™V o W) — T(V) @ T¥(W).

This morphism is generally not an isomorphism, even for local vector bundles.

When V is local, the description simplifies considerably. If V is a local vector bundle, so that V; = 0 unless
k =1, and we write V := Vi, thereby identifying V with V', we therefore use the non-bold notation V for local
vector bundles. Then T®(V');, is non-zero only for the n = k-summand. That is,

[T*(V)], = (V) = Indgh, e, (VE™..R™V) = P o (Vxextk)_

lASIGTR

In particular, the fibre over a point (x1,...,x%) € MF is

[T'X’(V)} o = @ Vo) Ok - Qk Va, i, -

Ty ceS
k

3.2.2 Equivariant Cauchy Symmetric Algebra Bundles

Similarly to the construction of the Hadamard symmetric algebra through coinvariants in Section 3.1.2, we carry
out the same type of construction for the Cauchy symmetric algebra bundle. For a given V € VBg, (M?*), recall
that [T'X (V)] . 18 a graded G&j-equivariant bundle. As in the Hadamard case, we want to define a &,-action on

(V‘X") r that permutes the factors. This is achieved via the following combinatorial construction.
To this end, let us divide [1, k] into n packs of lengths 1, ...,%,. One may think of this as partitioning a deck
of k cards into n ordered piles of cards.

1 0 R A A ’ ‘i1+i2+...+in_1+1

For a given permutation o € &,,, we would like to consider a permutation of the piles without changing the order
within each pile. This leads to the permutation

(i1, in) =
To "
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These block permutations also appear in the standard description of the symmetric group action on tensor prod-
ucts in colored operad theory; see [Yaul6, Chapter 11] for details. Some examples, where we denote o =
[0(1) ... o(n)] in matrix notation, are as follows:

c=[3 2 4 1] €6y, 2D =3 4|25 6|1 ] €6
c=1[2 3 1]€6s, 2 =2 3|4 5 6|1]¢€6g
c=1[2 3 1] €6, &3 = [3 4 5[6]1 2]¢€ &
o=1[2 1] €6y, 8D =[5 6|1 2 3 4]¢€6s.

In the extreme case where the k cards are divided into 2 decks (p, g), we recover the earlier permutation 7, , used
for the X-braiding. At the opposite extreme, when the k cards are divided into exactly k decks, so that necessarily
(i1,...,ix) = (1,...,1), one has 7Y = 5 for all o € &y.

Given indices i1, . .., 1, such that i1 +. ..+, = k, we denote by Sh(iy,...,i,) the set of (i1,...,4,)-shuffles, that

is, permutations & € &, that preserve the relative order within each consecutive block {iy + ... +d,—1 +1,...,i1 + ...

The set of (i1,...,4,)-shuffles is a set of full representatives of the left quotient GK/((‘BZ-1 X ... X Gin).

Proposition 3.12. Given indices i1,...,4, such that i1 + ...+ 1, =k and a permutation o € S,,, the map
(NS Sh(il, . ,in) —> o Tyl"”’i") S Sh(ig(l), . >ia(n))
is a bijection of sets. Moreover, we have the relation

(i1yernsin) ~ (o)riom) _ _(i1,00in)
Ta’ ’"OTO_, 77—0’00" .

In particular, we have
(i1, in)\ =L __(ig@)reiom))
(TU ! " ) =T5-1 .

Proof. Let us partition [1, k] into consecutive blocks
By ={1,...,i1}, By ={i1 +1,...,i1 +i2}, ce B,={i1+...+ip-1+1,...,k}.

Each block B, has length i, and an element of Sh(iy,...,4,) is precisely a permutation of &, that is increasing on
each block B,.. Let a € Sh(iy,...,i,) and 0 € &,,. By construction, Té“""’z”) reorders the blocks according to o
while preserving the order inside each block: it moves the block B, to position o(r) while preserving the order inside

the block. It follows that « o Téil""’i") is increasing on the reordered blocks, hence belongs to Sh(ig(l), e ,io(n)).
Now let 0, 0" € &,,. The permutation 7_0(/%(1)7...,2000) first reorders the blocks according to o, and then 7{i:i)

reorders them according to o. Therefore the overall effect is to reorder the blocks according to coo’. Since the order

inside each block is preserved at every step, the resulting permutation is exactly the deck permutation 7 i),

O'OO'
Taking 0’ = 0! yields the inverse formula, and bijectivity is immediate. D
Since permuting the n factors sends the decomposition indexed by (i1,...,i,) to the decomposition indexed
by (ig(l)7 . ,ig(n)), the permutation must be accompanied by a permutation of the underlying k points. This

is precisely achieved by the deck permutation T(il’“"i"). Accordingly, we define an action of &,, on (Vgn);C =

@ Indgfl X... XS, (Vil et ) ) by sending each summand indexed by (i1, ...,%,) to the summand
i1+ +in=Fk ’
indexed by (ig(l), . ,ig(n)) through the map

Ixext &ext V

’Lo'(n))

riein)  Indge (v &V, ) —mdg: e, (Vi

X6, U(l) 1o(1)
These maps glue together to a morphism
o (VI — (VEm),,

and the previous proposition shows that this indeed defines a &,,-action on (V&") k. Since &y permutes the points
of the configuration through the induced equivariant structure, whereas &,, permutes the labels of the factors, we
obtain the following.

Lemma 3.13. The &,, and S, actions on (Vg”)k commute.
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Using this lemma, the subbundle WE,L is ©p-equivariant and therefore the quotient
(S5 (V)] = (V") /Wi,
is well-defined and &y-equivariant.

Definition 3.14. The equivariant Cauchy symmetric algebra bundle generated by V € VBg, (M?*) is defined
by
SY(V)=@s¥ (V) where  [S¥(V)], = (V") /W,
neN

As in the Hadamard case, the concatenation of tensors VE x V¥ — v¥(r+a) jnduces a map
S¥P(V) x S¥(V) — SHP+a (V)

which is the multiplication map on S®(V). If [v] € S¥P(V) and [w] € S¥(V), then we denote by [v] @ [w] the
equivalence class of [v X w]. This multiplication [ is commutative.

Theorem 3.15. The equivariant Cauchy symmetric algebra bundle Sg(V) is the free equivariant commutative
K-algebra generated by V € VBg,(M®). More precisely, for every equivariant commutative X-algebra bundle
A e CAlgE (VBg.(M.)) and every equivariant bundle map f : V. — A, there exists a unique X-algebra bundle

morphism f: Sg(V) — A such that the following diagram commutes

v—— Sg(V)
P valf
A

Proof. Let A be an equivariant commutative K-algebra with multiplication X and let f : V — A be an equivariant
bundle morphism. Since T (V) is the free K-algebra, f extends to a unique X-algebra map

F:T®(V) — A.

For each n € N, denote by F,, the restriction F|yx=.. We claim that each map F,, is &,-invariant with respect to
the permutation of factors. Indeed, on a pure tensor v; X ... K v, € V¥ one has

Fo,(X...Ku,) = f(v1) Ka ... Xa f(vg).

If o € G, then - (v;X...Xwv,) is obtained by permuting the n tensor blocks and simultaneously transporting the
underlying configuration by the associated deck permutation T(S“"”’Z"). Since F' is equivariant and multiplicative,
we obtain

Fn(o . (v1 X... &vn)) = f(’l)g(l)) @A . &A f(vg(n)).

Since A is commutative, the product is invariant under permutations of the factors, and therefore
F, (a (0 H... X vn)) = f(v1)Ha ... B4 f(vp) = Fp(v; B...Kuy).

It follows that F;, vanishes on the subbundle W,? defined above (for each k, the degree-k component of F,, vanishes
on WEn), and hence induces a well-defined equivariant bundle morphism

fr: SE(V) — A.
Taking the direct sum over all n € N yields the equivariant bundle morphism
f:s¥V) — A,

We now show that f is a K-algebra morphism. Let [u] € S¥P(V) and [v] € S¥9(V). Since [u] @ [v] = [u K v], one
has

F(l o)) = F(lw®e]) = FuBv) = F(u) Ba F(v) = F([u]) Ba F([0]).
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Therefore f : S¥(V) — A is multiplicative. Moreover, since F : T®(V) — A is a K-algebra map, it sends the unit

Ix to the unit of A. Since the group action on Iy is trivial, the unit of Sg(V) is also Iy, and f sends it to the unit
of A.
Finally, let g : S&(V) — A be a K-algebra morphism extending f. Then the composition

T™(WV) —s¥v) L A

is a K-algebra map extending f : V — A. By the universal property of Tg(V), this composition must be F'. Since
the projection Tg(V) — Sg(V) is surjective, it follows that g = f. O

Similarly to T'X, the functor S® is canonically oplax monoidal with respect to ®, so that there are natural
morphisms

STVeaW) —s¥V)eS¥(W) and  S¥(Iy) — Ig.

In general, these morphisms are not isomorphisms. However, they become isomorphisms in the special case of local
vector bundles. If V' is a local vector bundle, the combinatorics simplifies drastically, and one has, as vector bundles,

[S®E(V)], 2 VIR =y et et

Proposition 3.16. The functor S¥ s strongly monoidal with respect to @ on the subcategory of local vector bundles,
that is, there are isomorphisms of commutative X-algebras

SPVvew)=s¥V)eS¥W)  and  S¥(Iy) Iy
when V and W are both local vector bundles.

Proof. We have the isomorphism S¥(V),, = VE' as vector bundles and we use the interchange law between X
and ®:
(A® B)R™" (C ® D) = (AR C) ®@ (BX*™' D).
Therefore,
S¥(V @ W), = (Ve W2 o yR™n g ™ o g¥(y) o ¥(11),,.

Moreover, since I is already a commutative K-algebra, we have S¥(Ig) = I. O

The Cauchy tensor product recovers the Hadamard tensor product along the diagonals in the sense that:

Proposition 3.17. Denote by Ap :x € M — (x,...,z) € MP* the diagonal inclusion. If V. — M is a local vector
bundle, then there is a canonical isomorphism

AL(sB(V)i) = vt
as vector bundles over M.
Proof. Since V is local, we have an isomorphism

SE(V), = VE
as vector bundles over M*. Pulling back along Ay, one gets
AL (SB(V)i) = AL (VEE).

But restriction of an external tensor product to the full diagonal is canonically the internal tensor product, hence

AL (SEV)e) = vk,

O

Remark 3.18. Similarly, by introducing a sign twist in the action, one constructs the Cauchy exterior algebra
bundle A&(V). As expected, A&(V) is the free equivariant graded-commutative X-algebra generated by V.
Likewise, there are natural morphisms

AB(VoW) — ARV)o A¥W)  and  AF(Iy) — Iy

and these are isomorphisms when V and W are both local vector bundles.
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3.3 Equivariant Cauchy-Hadamard 2-Algebra Bundles over Configuration Spaces

Definition 3.19. An equivariant 2-algebra bundle is a double monoid object in the symmetric 2-monoidal
category (VBQ;.(M'),X,I@,@),I@).

Equivalently, an equivariant 2-algebra bundle is a G,-equivariant vector bundle A together with four maps

mP:ARA — A mBARA — A
u® Iy — A W Iy — A

such that the following conditions hold:
1. A is an equivariant ®-algebra, i.e. (A7m®,u®) is a monoid object in (VZS’@,.(M')7 ®).
2. A is an equivariant K-algebra, i.e. (A,mg,ug) is a monoid object in (VB@.(M'), X).
3. The interchange law for m® and m™ holds, i.e. the following diagram commutes

Ca,a,A,A

A2 A)R(A®A)— 222 (AKA)® (AKA)

m® le®l J{m‘z ®'m‘Z

AXA A®A
R) %
A

where ( is the interchange map of the symmetric 2-monoidal category (VBs, (M*®), X, ®).

4. The units «® and u™ are compatible, i.e. the three diagrams commute:

I, KT, —“%° JARA I _ e v

o Wlg x®Ix A®A Iy Ig
P«l lmg AT lm@’ \ /
I® u® A I@ ug A

where i, A and v are the three structure morphisms of the symmetric 2-monoidal category (VB@. (M*),X, ®).

We say that A is commutative if both equivariant algebras (A, m®, u®) and (A, m®, ug) are commutative, i.e.
®oB% =m® and m¥ o Bg = m®7 where 5® and Bg are the respective braidings of the monoidal structures ®
and X. The graded-commutativity is defined in a similar way using the graded braidings.
A morphism between equivariant 2-algebra bundles is an equivariant bundle map that is both a ®-algebra
morphism and a X-algebra morphism.
We will denote by

° Algg’® (VBG. (M ')) the category of equivariant 2-algebra bundles.

e CAIg®?® (VBs,(M?*)) the full subcategory of commutative ones.

Remark 3.20 (Reformulation due to Aguiar & Mahajan). As described in the previous section, if A is an equiv-
ariant X-algebra, then A ® A is naturally a K-algebra with X-multiplication

(Ao A)HASA) - (ARA) 2 (AKA) "220A A g AL
Hence conditions 3. and 4. can be reformulated by saying that

m® AQA — A and u® Iy — A are X -algebra morphisms.
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In other words, an equivariant 2-algebra bundle is a ®-monoid in the monoidal category (Algg (VBG. (M ')),®).

More concretely, over MP x MY, this means that the diagram

R nrgext, &
my K my

(Ap &CXt AQ) ® (AP ®CXt AQ)

X X X
mpwq®mT’:‘1J/ J{mpvq
Ap+q ® Ap+q ® Ap+q
Mptq
commutes. Elementwise, if a1, a9 lie over (z1,...,x,) € M? and bq,by lie over (y1,...,y4) € MY, then over the
configuration (z1,...,%p,Y1,...,Yq), we have

m?+q (mEq(al, b1), mEq(ag, bg)) = mEq (m?(al, as), m;@)(bl7 b2)).

Equivalently,
X
My (Ap,ms) X (Ag,m) — (Apyqg,m )

is a ®-algebra morphism. For the units, this amounts to the following two concrete conditions:
e the units coincide in degree 0, i.e. ]1669 = ]l%I in Agp.

e the units multiply along X, i.e.
Vp,q €N, mgq (]1?7 ]1;@) = ]lf?ﬂl'

For a local vector bundle V € VB(M), the equivariant Cauchy-Hadamard bundle of V is 8% (5%V) € VBgs, (M?*).

Theorem 3.21. The equivariant Cauchy-Hadamard bundle s¥ (S®(V)) is the free equivariant commutative 2-
algebra bundle generated by V.

Proof. We first construct the 2-algebra structure on S¥ (S®(V)). The X-multiplication is the free commutative
multiplication of S&7 and we denote it by

(a,b) € SH(S®(V)) x S¥(S®V) — amb e S¥(S¥V).

The ®-multiplication is induced by the ®-multiplication S® (V) @ S®(V) — S®(V) and the strong monoidality of
S¥ with respect to ® on local vector bundles:

S®(s9V) ® S¥(SPV) = s¥ (s®(V) ® s®(V)) — SB(s2V).

More concretely, over a configuration (z1,...,z,) € M",ifa=a1E...0a, and b =by [... @b, are pure tensors
of S® (S®V), where a;,b; € S®(V),,, then

a®b=(a;0b)D...0 (a, ®by) es®(s®v).

The X-unit is the unit of the free commutative X-algebra s¥ (S®V). The ®-unit is induced by the ®-unit I —
S®(V) and the strong monoidality of S¥ with respect to @ on local vector bundles :

u® Iy 2 S¥(1g) — S¥(S®V).

By a slight abuse of notation, we denote by the same symbol the ®@-units of the ®-algebras S® (V') and S¥ (8®2(V)).
More concretely, over a configuration (x1,...,2,) € M", the unit is
12 =1, 8...01,,.

L1, Ty

To verify the interchange law, take a1,as € s (S®V) above a configuration (z1,...,z,) and by,by € s¥ (S®V)
above a configuration (y1,...,y,). Write

a=d"m...mad” and b =b"m.. @b
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Then

(@ Ebh)oabk) = @e. . 2d”oe.. . 56?6 @ e.. 2 a... 2b)
= @od)e...o@od) s’ o) o, 1@ o)
= (a1 ® ag) [] (bl ® b2)

The compatibility of units is immediate from the construction above. Since both multiplications are commutative,
s¥ (S®V) is therefore a commutative 2-algebra.

We now prove the universal property. Let A be a commutative 2-algebra and f : V — A be an equivariant
bundle morphism. Since A is in particular a ®-algebra, f extends to a ®-algebra morphism:

SP(f):S®(V) — A.
Since A is also a K-algebra, this further extends to a X-algebra morphism
SE(S®(f)) = f: S¥(S®(V)) — A.
It remains to show that fis still a ®-algebra morphism. Consider the two morphisms
SE(S®V) © S¥(S®V) = S¥(S®V © S®V) — A

induced by

a(v,w) = fleow)  and  Bv,w) =my (fv), f(w)).
®

Since mj is a X-algebra morphism, so is 3, and by construction, « is also a X-algebra morphism. Since both
are defined on the free X-algebra s¥ (S®V ® S®V), it suffices to check that = S on generators, namely on
S®(V)®8%(V). On S?(V) ® S®(V), one has

alsenesev) =SP(f)omIsy,  and  Blseness) =m& o (SP(f) ® SP(f)).

Since S¥(f) is a ®-algebra morphism, these two restrictions coincide, hence a = 3. Therefore f is a ®-algebra
morphism.
Finally, let ¢ : S¥ (S®(V)) — A be a 2-algebra morphism extending f. Restricting g along the inclusion

S¥(V) — s¥ (S®V) gives a ®-algebra morphism S®V — A extending f. By the universal property of S®, one has
glsevy =S%(f).

Since g is also a X-algebra extending S®(f), the universal property of S¥ implies that g = f This proves the
uniqueness, and hence the theorem. O

Remark 3.22. If V is not local, then the functor S¥ is no longer strongly monoidal. This property is crucial in the
previous theorem, both for defining the ®-multiplication and for proving the universal property: the isomorphism
allows one to check that the extended map f is a ®-algebra morphism by restricting to generators.

In the general case, the oplax monoidality of S¥ only provides a morphism

S (s®(v> ® s®(V)) — S¥(82(V)) @ SB(S®(V))

which goes in the opposite direction to what is required to define a ®-multiplication on s¥ (S®(V)).

4 Equivariant Poisson 2-Algebra Structures

Now that a 2-algebra structure has been introduced, we consider a Poisson structure compatible with the two
types of multiplications. We begin by describing the standard notion of a Poisson structure with respect to the
K-structure, which will serve as the model for the later compatibility with the ®-structure.
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4.1 Equivariant Poisson-Cauchy Algebra Bundles over Configuration Spaces

Definition 4.1. An equivariant Poisson X-algebra is an equivariant commutative X-algebra bundle (P, mg, u'z)
with a Poisson bracket

B:PXP—P
such that the following conditions hold:
1. B is skew-symmetric, i.e. B o 5‘3 = —B where 5& is the X-braiding.
2. B satisfies the Jacobi identity, where the circular braiding is defined by
o™ = (Idp ¥ %) 0 (¥ N 1dp) : PXPXP — PRPXP

and the identity reads
Bo(BRIdp)o (Id+ o™ +o¥oc™) =0
3. B satisfies the X-Leibniz rule, i.e.

Bo (Idp ®m™) =m™ o (BRIdp) +m™ o (Idp ¥ B) o (8¥ K 1dp).

Equivalently, a Poisson bracket B : P X P — P is induced by "elementary Poisson brackets", namely &, x &,4-
equivariant bilinear maps :
{5 dpg i Box Py — Ppyg
which send a vector over (x1,...,2,) and a vector over (y1,...,Yq) to a vector over (z1,...,%p,Y1,--.,Yq). In terms
of these elementary brackets, the Poisson bracket axioms become the following:

1. Skew-symmetry is given by
{a,0}, 4 = =Tpa - {ba}y,

where 7, 4 is the block permutation [q +1 ... g+p | 1 ... q] sending the configuration (y1,...,yq, 21, ...

to (1, Tp, Y1se -5 Yq)-

2. Jacobi identity. Consider the block permutation

op,q,T:[pqu p+q‘p+q+l p+q+7”‘1 p]66p+q+T
and
o) . =[p+a+1l ... p+a+r|l ... p|lp+1 ... p+q]EGugr

These permutations cyclically permute the three blocks of sizes p, g, r, namely

— P
O'p~q’r(X7 Y, Z) _ (Y, Z, X) X = (.131, - ,l'p) S Mq
o), (xv.2) = (zxy) M) L2 e e M
P,q,r\ro L bt Z = (21,...,2) EM"
Note that 01(3(% # Op.q.r O Op.qr, since the naive square composition does not account for the change of block
sizes. However, one has al(f(g’r = 0g,r,p © Op,q,r- Thus the Jacobi identity reads
a,b ,c} +o T—{b,c ,a} —&-J(Q)T-{qa ,b} =0.
{{ Yra prar 0 el gtrp PO te.abr, T+p.q

3. K-Leibniz rule is given by
{a,m?r(b, C)}

where 7, 4, is the block permutation [7,, | p+¢+1 ... p+q+r| permuting only the first two blocks
and fixing the last one, so that

X X
patr Mptq,r ( {a,0}, 4 C) T Togr - Mg pir (b’ {a, C}PJ')

(x1,...,2p) € MP

= (y1,...,Yq) € M1
= (21,...,2,) €EM"

T (X, Y, 2) = (Y, X, Z) where

N
|
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A morphism between equivariant Poisson X-algebras is a K-algebra bundle morphism f : (P, By) — (Pg, Bs)
such that the following diagram commutes

X
p,xP,— ' .p.xP,

B{ lgz

P1 P2

that is,

Ya.b) € (P x (P forg({ab}0)) = {£ol0), £2(0)} 7).

Therefore, equivariant Poisson K-algebras form a category denoted Pois® (VBs,(M?*)).

Proposition 4.2. Let (P, m%, 4%, By) and (P, m%,u, BY) be equivariant Poisson R-algebra bundles. Then,
P, X Py has a natural Poisson structure given by:

B1X¥ma+m1XB
1Xma+my 2P1

B:(P,RPy) X (P, RPy) =~ (P, XP,) X (P, X Py) X P,.

Proof. The bracket B on P; X Ps is given by the elementary Poisson bracket

{a1 X ag,bl X bQ}I’%q = {al, bl}(l) X mgp%% (CLQ, b2) + miz;’pl’ql (al, bl) X {G,Q, bg}(z)

P1,91 P2,92

where p1 +p2 =p and ¢1 + g2 = ¢ and a1 € (P1)p,, az € (Pa)y,, b1 € (P1)g, and by € (P2)y,. Skew-symmetry
comes directly from the skew-symmetry of B; and By and the commutativity of mig and m?. We now check
the X-Leibniz rule: for a1 € (P1)p,, a2 € (P2)p,, b1 € (P1)g, b2 € (P2)g, and ¢1 € (P1)y,, c2 € (P2),, where

p1+p2=p, g1 +q2 =qand r; + 17, = r, one has

{a1 X ag, mET (b1 Kby, X 02)} {a1 M az, myq, v (b1, c1) Mmag, r, (b2, c2)}

(1)
= {a17m§q1,n (bhcl)}

P1,q1+71
X X X
TNt (al’ Mgy, (01, Cl)) X {aZ’ M3iq5,r2 (b2, 02)}

p,q+r P,q+r

X X
DY M2:ps,q2+ra (aQ’ M2:gy,ra (bz’ 02))

P2,q92+12

We now use the K-Leibniz rule for By, By and the associativity of m&, m%

1
{al X az, mET'(bl 2 b2’ 2 X CQ)}p gtr = m%?l"ﬂ]hﬁ ( {al’ bl }1(71),111 ’ Cl) X m§p2+qz,rz (mgpz,qz (CLQ’ bQ)’ 62)
’ 1)

X X
+Tpr,q1,m " MLigr,pytr (b17 {a1> €1 }pl,rl ) X M2:ipotqa,ra (m2;p2,q2 (a27 b2)7 02)
X X X 2
M1y 4g1,m (ml;pl,th (a1, bl)’ cl) X M 2ips+qa,72 ( {a2’ b2}1(72),tI2 ’ 62)
X X X 2
+m1;:01 +q1,m1 (ml;Pl 1 (0’1’ bl)’ Cl) & Tp2,q2,72 " 2302 ,pa+12 (b27 {ag, C2 }1(72)7T2 )
Consider a block decomposition (X,Y, Z) where |X| = p, |Y| = ¢ and |Z| = r, then each block X (resp. Y and
Z) decomposes into X = (X1, X3) with |X;| = p; and | Xa| = pa (resp. Y = (Y1, Ys) with |Y1| = q1, |Ya| = ¢2 and

7 = (Zy,Z5) with |Z1| = 71, |Z2| = r2). Then the global block permutation acts by permuting the blocks X,Y, Z
without changing their internal order, i.e.

Tpar (XY, Z) = (Y, X, Z) = (V1,Y2, X1, X2, 21, Z3).

Hence it acts by 7, ¢,,~, on the Pi-part and by 7, 4,,r, o0 the Pa-part. Therefore, by using commutativity of the
two multiplications, this yields

X X 1 X X
{al X a2, mq,T (bl X b2’ €1 X C2)}p g+r = m1§P1+Q177‘1 ( {al’ bl }1(71)411 ’ Cl) X m2;P2+Q2;T2 <m2§P2,Q2 (a2’ b2)’ 62)

1 X X
o [ml;ql’pﬁ“ (bl’ {a1, 1 }1(71),7“1 ) & M3ipotqa,ro (m2;p27q2 (az,b2), 02)}
X X X 2
+m1;P1+Q17T1 (ml;Phth (al’ bl)’ cl) X M2:potas,ra ( {a2’ b2}1(72),q2 ’ 62)

X X X 2
TToar | Mpitarm (ml;Pl,lh (a1,01), Cl) IX M2:q2,p2 472 (b2’ {az, 62}1(72)77‘2 )} ’
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By combining the first and third term, and the second and the last term, yielding

{al X az, m2 . (by Kby, c1 K 02)} my, r({al X az, by Wb}, q7clgc2)+7p,q,7"mq P (blgb% {a1 Mag, c1 Ko}, )

p7q+r

which is the K-Leibniz rule. We now check the Jacobi identity. Consider the jacobiator J : (P @Pg)gg — P XPy
defined by the elementary jacobiators

Jp’q,r(alﬁag,blﬁbg,cl @Cz) = {{algag,blgbg}pyq,61&02}

pt+aq,r

+‘7pqr : {{bl Xby,c1 Meat, a1 &ag}

q+7p
{{Cl X Co, Q1 X ag}rp ,bl X bg}

402
P q " T+p,q
By using the X-Leibniz rule using associativity, this yields six "pure" terms and twelve "mixed" terms. More

precisely,

_ pure mixed
JPaq r ‘]p q,r Jp q,r
with 5
ure
ng T(al X as, b1 X b27 C1 X 02) = Jl;;l?l,lhﬂ“l (al, bl, Cl) X m2;p2’q2m2 (ag, bg, 02)

X
FMiipy g1, (a1, by, cl) X J2:ps,q0,rs (az,ba,c2)

where Jj, is the jacobiator associated to the Poisson bracket By. Therefore,

Tgi =0
and,
J;“(}de(al &U,Q,bl ng,cl &CQ) = m%p1+q1,r1({a1’b1}él)q1 Cl) &mQ p2 qat+r2 (a2,{b2702}q2 7"2 ) 1

+m|1XP1+Q1 1 ( {al’ by }I(M)m Cl) & m2 392, p2+T2 (bz’ {a2’ f;)}m T2 )
+mgp1,q1+rl (alv {blv Cl}?l 1 X m2,P2+q2,T2 ( {a% b2}p2 g2 € )
+m1,<117p1+71 (bl’ {a17 cl}pl T1 ) X m2 ip2+q2,r2 ( {ag, b2 p2 )

X
+ my 111 +71,p1 ( {bl’ Cl}ql)rl a’l) X m2,q2 ro+po (an {CQa a2}

(
(
(
(
2‘3 )
+m1 q1+r1 pl({bl,cl}q1 " ,al) X m2 . (027 {bg,ag}f)m ) (
—l—ml’thlﬂ,l (bl7 {017a1}h o ) X mngJﬂ‘z,Pz ( {b2,c2} 2?7”2 ,ag) (7
+m‘1x7“17<h+p1 (cl’ {bl’ al}(h P1 ) 2 ml22§’QQ+T2,P2 ( {b2, cQ}qz)rz ’a2) (
+ mllzlrl +p1,91 ( {Cl’ al}n 1 ’ bl) X m§T27p2+Q2 (62’ {a2’ bZ}p22)7Q2 ) (
+m] Lrpa ({cr.ar}yy), b)) ® m2 pratas (a2, {02, 0} )
—|—m1 n,p1+q1 (Cl’ {a1,b1} ;(Dl)ql ) X m2 ira+p2,q2 ( {ca, a2}T2)P2 b2> (
+m1,p1,r1+q1 (al’ {ei, by }r1 ,q1 ) mgm-‘r}?z,l& ( {ca, a2}7’2),p2 ’bQ)' (
The following pairs of terms cancel out due to skew-symmetry of the bracket and commutativity of the multiplica-
tions: (1)-(8), (2)-(11), (6)-(3), (9)-(4), (12)-(5), (10)-(7). Therefore, it only remains

prqyr(al |Z as, b1 & bg, C1 & 02) = 0
Hence the bracket B satisfies the Jacobi identity. O
In fact, X is the coproduct in the category Pois® (VBs, (M?*)).

Proposition 4.3. Let (Py,By) and (P2, By) be equivariant Poisson XK-algebra bundles, then P1 @ Py carries a
canonical Poisson K-algebra structure defined by

B=(Bioamf+mf®By)o(

that is
{a1 ® ag, b1 ® b2}pq = {a17b1}( ) ® m g(az,b2) + mEq(alvbl) Y {a27b2};(;2,¢)1
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Proof. We denote m® the multiplication on Py ® Ps, recall that
mEq(Gq & ag, b1 ® b2) = mgp,q(al, bl) ® mgp,q(ag, bz)

for a1 € (P1)p, az € (P2)p, b1 € (P1)q and by € (P2),. We check skew-symmetry

Tgp - {101 Q@b2,01 ® a2}q)p =Tqp" ({b1,a1}fl}; ® m?éq,p(b2,a2) + m?éq,p(bh%) ® {ba, @2},(3,)-

The permutation 7,4, acts identically on both tensor factors. Using skew-symmetry of B;, Bo and commutativity
for m?, m?, we get
Tgp - {01 @ b2, a1 ® ag}q’p =—{a1 ®ag, b1 ® bg}p’q .
Hence B is skew-symmetric. We now check the X-Leibniz rule: for a; ® as € (P1 ® P3)p, b1 @ be € (P @ P2), and
1 ® ey € (P ® Pay),, a direct computation gives
1)

{a1 ® as, m?r (b1 ® ba,c1 ® c2) }p = {ah m‘ﬁq,r(bl, cl)}p ar ® mEP,QH (az, mgqﬂ,(bz, c2))
’ ’ (2)

+m|12;|p7q+T (al, m§q7r(b1, 61)) X {GQ, m?éqm(bg, Cg)}p air .

Applying the X-Leibniz rule for B; and By and the associativity of mig, m?, one obtains four terms

{a1 ® ag, meyy (b1 @ by, 1 & 02)} = Mg ({ar b1} er) @mB, o (magp g (a2, b2), c2)
pyatr
X 1 X X
+Tpg,r [m1;q,p+r (bla {a1, 01};73) & Mg ptr (b27 mz;p,r(a% 02))}
X X X 2
M iptqr (ml;pﬂ (a1,b1), Cl) @ Maiptq,r ( {as, b2}1(0,t)1 ’02)

X X X 2
g Mg prr (01, (M), (a1, 1)) @ My (b2, {az, 02}1(1,3 )} :

By combining the first and third term, and the second and last terms, one gets

{al ® az, my, (b @ by, c1 ® 02)} = mY,. ( {a1 ® az, b1 @ ba}, a1 @ 02)

+Tp,q,r : mg,lp—l-r (bl & b23 {al ®az,c1 & CQ}pﬂ« )

p.q+r

which is the X-Leibniz rule. Now define the jacobiator J : (P; ® P2>®3 — P ® Py by

Jp,q’r(a1®a2,b1®b2,c1 ®C2) = {{a1®a2,b1®b2}p’q,cl®02}

p+aq,r

+Op.gr- {{bl ® b2, 01 ® C2}q rr 01 & a2
’ q+r,p

+0-1(7?3,T ’ {{Cl ® 2,01 ® GQ}T’p ,b1 ® bg}

T+p,q

Expanding all the terms using the X-Leibniz rule, this yields again six "pure" terms and twelve "mixed" terms and
similarly to the previous proof, all these terms vanish either by the fact that B; and Bs satisfy the Jacobi identity
or by skew-symmetry. 0

In fact, (Poisg (VBg.(M')),@)) is a symmetric monoidal category.

Example 4.4. In particular, if P is a Poisson K-algebra and A is simply a X-algebra, then P ® A carries a natural
Poisson structure induced by P, with zero bracket on A.

For the usual Poisson bracket, the Leibniz rule is interpreted as a biderivation property in each variable. We
now introduce the analogous notion in the X-setting. Let us fix an equivariant commutative X-algebra (A, mg, u&).

Definition 4.5. A left (A,X)-module is an equivariant vector bundle N € VBg,(M?®) together with an action
map u® : AXN — N satisfying the usual associativity and unit axioms, namely

2o (mP R IdN) = ¥ o (Ida X u¥)

and
12 o (WP ¥ Idy) = A

o

where /\1% :Ix XN — N s the left unitor map.
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Concretely, this amounts to equivariant maps p, 4 @ A, X" N, — N4, such that for all a € A,, b € A4, and
x € N,., one has the associativity relation

X X X X
Hptq,r (mp,q (a,b), x) = Hpq+r (a, Nq,r(ba 39))
together with the unit relation
Vx € Ng, ugq(]l?,x) =z

Since A is commutative, a left (A, X)-module structure induces a right action on N, namely the equivariant
map ﬁg :NX A — N defined by ﬁ'x = ,ug ) Bl%’pﬁ where B‘z is the X-braiding. Componentwise, this reads

Vo € Ny, Vae€ Ay, ﬁgq(:r,a) =Tpq -ugp(a,x)

where 7, 4 is the block permutation exchanging the two blocks of sizes p and ¢. In other words, N has a structure
of a X-bimodule over A.

Definition 4.6. Let N be a left (A, X)-module. A K-derivation of A with values in N is an equivariant bundle
map D : A — N such that
Dom® = Mo (Ida X D) + ¥ o (DK Ida).

Denote by Derg (A, N) the vector space of all K-derivations of A with values in the (A, X)-module N.

Concretely, this means that there is a collection of equivariant maps D,, : A,, — N,, such that
Vae A, VbeA Dypig(m% (a,0)) = 42 (a, Dy(0)) + 12 (Dy(a),b) = p2 (a, Dg(0)) +7p.q- 12, (b, Dp(a)).
D q» p+q D,q\*" :up,q sy g l"’p,q P ) lup,q y g »,q N’q,p y ~“p

When there is no ambiguity, the action map p® (a,z) will be denoted a - . The K-algebra A carries a natural X-
module structure given by its X-multiplication. Thus, when N = A this recovers the usual notion of a K-derivation
on A.

Asin the ordinary case, any X-derivation annihilates the X-unit. Indeed, applying the Leibniz rule to m?o (]l?, ]l?) =
]l(? gives
Do (1) = 2Dy (15).
Hence, D()(]lE%) =0.
Finally, a X-biderivation is a map B : AKX A — N which is a K-derivation in each variable. We denote by

Biderg (A, N) the vector space of all X-biderivations. In particular, a X-Poisson bracket is a X-biderivation.
When A is a free K-algebra, there is an easy description of Derg(A, N).

Proposition 4.7. Let W € VBg,(M*®) and N is a (Sx(W),&)—module, then restricting along the inclusion
W — S¥(W) induces a natural bijection

Derg (Sg(W), N) ~ Mors, (W, N).

In particular,
Biderg (S¥(W), N) = Morg, (W X W,N).

Proof. Let D € Derg (Sg(W), N), then on a monomial wy @ ... E v,, one has

n
DwB.. Bw,) =) (wiE...8%3...Bw,) - D(w,).
=1

Therefore, D is entirely determined by its values on W, and the map Derg (Sg(W),N) — Morg, (W,N) is
injective. Conversely, let f € Morg, (W, N). Define Dy € Derg (Sg(W), N) by Dy (]IBE) =0 and by

Df(w1B...mwn):Z(wlm...m@m...mwn)-f(wi)
=1
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and extend by linearity. Now if v =v; @ ... 8 v, and w = w; @ ... @ wg, then

Diy(viw) = Dpf(vlm...mvpmwlm...qu) ,
= Z(vlm..ﬂ@m...mw)~f(vi)+2(vmwlm...m{u}m...qu)-f(wj)
i=1 j=1
P a
= (Z(vlm...m@m...mvp)~f(vi))~w+v~( (wlm...m@m...qu)~f(wj)>
i=1 j=1

— Dy(v)-w+v-Dy(w)
where we have used also the associativity of the X-action. Therefore, Dy is a M-derivation extending f. So the map

Derg (S¥(W),N) — Mors, (W, N). O

Similarly, one can define the notion of ®-module over a commutative ®-algebra and derivations with values in
®-modules. More precisely, if A is a commutative ®-algebra bundle, then N is a (A, ®)-module if we have an action
map 1% : A® N — N satisfying the usual associativity and unit axioms. An ®-derivation on A with values in N
is an equivariant bundle map D : A — N such that

Dom® =p®o (Ida ® D) 4+ % o (D ®1da).

We will denote by Derg (A, N) the vector space of all ®-derivations of A with values in the (A, ®)-module N.
When A is a free ®-algebra, there is an easy description of Derg (A, N), analogous to the previous result.

Lemma 4.8. Let V € VBg,(M*®) and let N be a (S®(V),®)-module, then restriction along the inclusion V <
S®(V) induces a natural bijection

Derg (S®(V),N) = Morg, (V,N).
4.2 Equivariant Poisson 2-Algebra Bundles over Configuration Spaces

A Poisson structure on a 2-algebra bundle P should satisfy an additional compatibility condition with the second
monoidal structure ®, analogous in spirit to the X-Leibniz rule stated above which we have interpreted as a X-
derivation property. In order to formulate this ®-compatibility, we first describe the natural ®-module structures
carried by the components Pp,_,.
Consider the left extension map
l:a€eP »—>m®(a,]1®) e P.

That is, for p,q € N, we have an induced map ¢, , given by
X
bpgia€Py— mp’q(a, ]l?) eP,yy.

The map ¢, 4 inserts ¢ dummy points, thus extending an element defined on a p-configuration to an element defined
on a (p + g)-configuration.

Lemma 4.9. The map £, 4 is a ®@-algebra morphism between (Pp,mf’,]l?) and (Pp+q,m§+q, ]lf?ﬂ).
Proof. This follows directly from the interchange relations in a double monoid. O

Therefore, P, is canonically a (left) (P,, ®)-module with the action
Ya e P,, YveP,,, a-v= m§+q (Epyq(a),v).

Similarly, there is a right extension map r : b € P m% (]1®,b) € P, or equivalently, a collection of maps

(Tp,q)p,qen given by .
Tpg:bEP;— mpﬁq(llg),b) eP,iq

which turns P, canonically into a (right) (P4, ®)-module with the action
VoeP,, YveP,i, v-b=mf (v,7pq(b)).

®

Since, m*® is commutative, these left and right actions commute and hence, P, is naturally a P,-P,-bimodule.
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Definition 4.10. An equivariant Poisson 2-algebra bundle is an equivariant 2-algebra (P,m®7m®) with a
Poisson bracket
B:PXP —P

such that
1. P is an equivariant Poisson XK-algebra,
2. B satisfies the ®-Leibniz rule induced by the ®-module structures defined above, namely for each p,q € N,

e {, -}, , 18 a derivation in the first variable with values in the left Pp-module Ppyq,

e {-, -}, , is a derivation in the second variable with values in the right Pq-module Py .

Equivalently, the second condition can be written explicitly as follows: for all a,b € P, and c € P,
(mgab)ch,, = mig({aich,, ba®) +mEey (Gal@) (b}, )

= ?—‘rq {a C}p q>Mp, q(b ]l®)) + mp+q< p,q(a’ ]l?)’ {b’ C}p,q )
Similarly, for all @ € P, and b,c € Py,

— 0 ® X ® X

{a,mg (b, C)}p,q = Mpiq ( {a, b}y 4 g (L, C)) My ( {a,¢hp g My, (15, b))
Lemma 4.11. A Poisson bracket automatically vanishes on ®-units, that is for all p,q € N, we have
®
Va € P,, VYbeP,, {a, 1% }p = {12 b}pq

Proof. We compute

{170} = {my(17.17), b}pq
= mi ({150}, 00 19) ) + mi, (mi, (19,19), {150} )
&,_/ ~—_————
o =19, =17,
= 2{19.0}
Thus, {]lff’, b}p .= 0. O

The following lemmas will be used in the proof of our main theorem. Although they are analogous to standard
results, the presence of two distinct monoidal structures requires a precise formulation. We fix a local vector bundle
V — M and set A = S®(V).

Theorem 4.12. Let V' be a local vector bundle and k : VRV — Iy a skew-symmetric bundle map. Then, k

imduces a unique Poisson bracket B on P := S¥ (S®V) such that B extends k, i.e. the following diagram commutes

VRV —EF 1

J J-

PxP—2% . p

where 1 : V — P is the inclusion and u® : Iy — P is the ®@-unit.

Proof. Set A = S®(V), so that P = S®¥(A). Since V is local, so is A = S®(V). Therefore, P, = A Xt A. Now
P, carries two (A, ®)-module structures, one in each variable

Va € A, VYu,v e Py, a-(vew)=(a®u)®w

and
Vbe A, VYu,ve Py, (ve@w) - b=u® (wob).

We compose k with the @-unit u® ok : VRV — Py sending v K w to k(v,w) - (]l® ® ]l®). We now extend in
each variable separately. Fix w € V, the map v € V +— k(v,w) - (]l® ® ]l®) is linear. Since, A = S®(V) is the free
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commutative algebra generated by V, Lemma 4.8 gives a unique ®-derivation A — P5. Similarly in the second
variable, Lemma 4.8 extends u® ok : VRV — P, into a ®-biderivation

b:ANA — Py CP.

Explicitly, on monomials of A, one has

b1 O...Ovw ©...Ow) = > kw,w) (11O..06H0...00)0 w0...000...0w,).
1<i,7<p9q

Since P = Sg(A) is the free commutative X-algebra generated by A, Proposition 4.7 extends b: AKX A — P to
a X-biderivation
B:PXP—P.

It remains to verify that B is skew-symmetric and satisfies the ®-Leibniz rule and the Jacobi identity. For skew-
symmetry, define B’ = —Bo B'X. Then B’ is also a X-derivation P X P —; P since B'X is a K-algebra isomorphism
and B is a K-derivation. By uniqueness in Proposition 4.7, it suffices to check that B’ coincides with b on A X A.
This is immediately verified using the explicit expression of b and skew-symmetry of k.

For the ®-Leibniz rule, fix p,q € N, a € P, and b,c € P, and consider the defect in the second variable:

Alhq(av b’ C) - {a7 b © C}p7q - {CL, b}p7q © Tp»q(c) - {a7 C}p,q © TP?‘](b)
= {a,boc},, —{ab},, © (1P Ec)— {a,ct, , © (17 @ b).

Since the brackets satisfy the X-Leibniz rule, it is immediate that A is a X-derivation in the first argument. Hence,
by Proposition 4.7, for fixed b, ¢ € P, it suffices to show that the map a — A(a, b, ¢) vanishes on A = S®(V). To
encode the condition that both b and ¢ must lie in the same configuration, consider the diagonal X-algebra:

Q=PeP=FHP,aP,
q€eN

equipped with the diagonal X-product
(bl, Cl) [ (bg, 02) = (bl o} b2, C1 = CQ).

The map p : (b,c) € Q — b® ¢ € P is a K-algebra morphism by the interchange law. Thus P becomes a
(Q, X)-module via
xz-(bye)=ax@ulb,c)=2m(boc).

Now define, for fixed a, the map A, = A(a,-,-) : Q — P. We claim that this map is a K-derivation. A direct
computation gives
Aa((b1,61) | (bg,Cz)) = Aa(bl Ebg,cl ElCQ)
= {a, (bl B bg) © (Cl & 02)}
—{a,b1 @b} © (193 (c1 B ¢2))
—{a,c1 @ e} © (1, & (b1 @ b2)).

Using successively the interchange law and the K-Leibniz rule, the first term becomes

{(L, (bl = bg) ® (Cl [ 62)} = {a7 (bl O] Cl) B} (bz ® CQ)}
{a, IRO) 61} ] (bg © 02) + (b1 O] Cl) [ {a, be ® CQ} .

Likewise, the second term becomes

{a,bl o bg} © (ﬂ® B (Cl B Cg)) = {a,bl} - b2) O] ((Il® B Cl) B 02) + (b1 ] {a,bg}) ) ((1® Bep)E Cz)
= ({ah}o (e cl)) B(ba®c)+ (b1 ®c)E ({a,bg} 618 cz)).

Similarly, the third term becomes

{e,a80lo (M0 0i10bh) = ({eale(1®8b))E(co0b)+(cEb)E({ece}o (1% Eb)
= {a,cl} ® (]1® o b1) - (b2 O] 02) + (b1 O) Cl) o] {CL,CQ} O] (]l® o] bg) .
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Therefore,

Ao((br,e1) B (b2,c2)) = (b2 @) ({a,b1 Oat—{ab}to(1®°8a)—{a,a}lo (1°E bl))
+(b1 O] Cl) [] ({a,bg ® 62} — {a,bz} ® (]l® = CQ) — {a702} ® (]l® [ bg))
= Aa(blacl) ¢ (b2602)+(b1®cl) EIAa(bQ,CQ).

Hence, A, is indeed a X-derivation on Q. Since V is local, sois A = S®(V), and therefore Q is the free commutative
X-algebra generated by A ® A. It follows that it suffices to prove

Va,b,c € A, Ay 1(a,b,c) =0.

But this holds by construction of b = {-, -}, ;, which satisfies the ®-Leibniz rule.
We now verify the Jacobi identity. Consider the jacobiator

Jp’q’r(a’ be) = {a’ {, C}q’r}p,zﬁr + {b7 {e, a}r’p}q,r+p * {67 {a, b}p’q} +q € Potarr

P

where ¢ € P,, b € P, and ¢ € P,. Note that J is a K-triderivation (i.e., a X-derivation in each of its three
variables), hence it is determined by its values on A X A X A. Thus it suffices to prove

Ya,b,c € A, Ji,1.1(a,b,c) = 0.

By construction, Jy 1.1 is a ®-triderivation (i.e., a ®-derivation in each of its three variables), so it suffices to show
that Jy,1,1 vanishes on VXV W V. Recall that if a,b,c € V, then

{b.cty 1 =k(bc) (1P B 1) = k(b c)15.

Therefore,
{a7 {b7 C}l,l}l 9 = k(b7 C) {CL, 158}1,2 =0

since the brackets vanish on units. Therefore, J = 0 on P, and the Jacobi identity holds. O

Remark 4.13 (Computation rules). On P = S¥ (S®(V)), there is a well-defined bracket B : PR P — P
characterized by the following properties:

1. The bracket vanishes on units, that is

VacP, VheP, {a1} ={12.0} =0,

2. The bracket extends k, that is
Va,b € Py, {a,b}, = k(a,b)(1¥ @ 1T) = k(a,b)15,
3. The bracket satisfies the ®-Leibniz rule. More precisely, for all a,b € P, and c € Py,
{faobc},, ={ach, ,0(0D1Y)+ (am1y) o {b,c}, -
Likewise, for all @ € P, and b, c € Py,

{a,b0 ¢}, , ={a,b}, ,© (18 3c)+ (17 3b) ©{a,c}

p,q°
4. The bracket satisfies the X-Leibniz rule. That is, for all a € P,, b € P, and c € P,

{a@b,c} ={a,c},,Bb+al{b,c}

pt+aq,r q,r?

{a,bmrc}, o ={a,b}, ,Bc+bE{a,c},, .
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4.3 Examples
4.3.1 Trivial bundles over R

We now illustrate the constructions of the previous sections in the simplest concrete setting. Recall from the
introduction that a classical field on a spacetime manifold M is a section ¢ € I'(E) of a vector bundle £ — M. A
polynomial local observable of degree m at a point € M is described by a kernel f,,(x) € S®™(E*),, which pairs
with the field configuration via ( fim (), ¢(2)®™) € R. More generally, a multilocal observable of degree (m, . .., my,)
at a configuration (z1,...,2,) € M™ is described by a kernel fr,, (#1)®...® fim, (,) where each f,,,, € S®™ (E*),,

n
which pairs to H (fm,(x;),0(x;)®¥™ ). The full space of such kernels over all configurations is precisely the Poisson
j=1
2-algebra bundle P = s¥ (S®(V)) constructed in the previous sections, where V = E*. The Hadamard product
® encodes pointwise polynomial multiplication of kernels at a given point, and the Cauchy product [ encodes
the concatenation of independent observations at separate points. The passage from kernels to actual observables
requires a further step of integration against densities and, along the diagonals, the renormalization of singular
products of distributions, which is future work.

In what follows, we take M = R and E = M x F where F is a finite-dimensional vector space of dimension r.
The dual bundle is V = E* = M x F*. Fix a basis (e, ...,e,) of F, then write (¢!,...,&") for the dual basis in F*,
viewed as coordinate functions on F. For a field ¢ : R — F', its components are ¢® = £? o p. Note also that since
M = R is orientable, the integration measure may be chosen canonically (up to a positive scalar) as the standard
Lebesgue measure dt. The treatment of densities mentioned in the introduction therefore does not intervene in this
example.

The Hadamard symmetric algebra at a point t € M is

S®(V)e = S(F*) =R[¢", ..., ¢

the algebra of polynomial functions on the fibre F. A monomial (f‘“ @...0 f“"”) , is the kernel representing the
local observable ¢ (t) ... %" (t). Since V is local, there is a canonical identification

P, = S®(V)R"n
as G, -equivariant vector bundles over R". Its fibre at a point (¢1,...,t,) € R" is

P(t1 ..... tn) — R[gtlyagzl] QR --- ®RR[§t1n7'--a£{"]

with the &,-action permuting the factors together with the base points.
The rank drop phenomenon is most naturally seen at the level of equivariant smooth sections. An equivariant
smooth section is a smooth map f : R" — S(F*)®" such that

Vo € G,, f(to-—l(l),...,to-—l(n)) =0 f(tl,...,tn).

Hence if z € R" has isotropy subgroup G, C &,, then the value of an equivariant section at x must lie in
the fixed subspace (S(F*)‘X’")GI. For instance, in degree 2, the fibre at a generic point (t1,t2) with ¢; # to is
R[«ftll, R S R[ﬁz,...,fg], a polynomial algebra in 2r variables. Above a diagonal point (£,¢) € R?, the
transposition o = (1 2) € G5 exchanges the two tensor factors, therefore equivariant sections must satisfy

a-(feg)tt) = (g f)t1)

so their values lie in the invariant subspace (S(F*) ®g S(F *))62. In total polynomial degree 1, the generic fibre is
2r-dimensional with basis (ffl ®1,1® fg) 1<a<r While the allowed values of equivariant sections along the diagonal
form only the r-dimensional subspace spanned by (f?l R1+1® 52‘2)

discussed in the introduction.
Over a fixed configuration (t1,...,t,), the Hadamard product multiplies polynomials fibrewise at each site:

1<a<r This is the rank drop phenomenon

(fi®.. . 0M)O0(n®..000m)=(100)0...0 (fn®gn)

where f; ® g; denotes the polynomial product in the fibre algebra S®(V);,. The Cauchy product concatenates
configurations: if f lies over (¢1,...,t,) and g lies over (t,11,...,tp4q), then f [ g lies over the concatenated
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configuration (t1,...,t,+4). The Hadamard product corresponds to multiplying local polynomial kernels at the
same spacetime point - for instance, (€% ® £%); is the kernel of the degree-2 observable ¢ (t)¢"(t) - while the Cauchy
product concatenates kernels at different points into a multilocal kernel - for instance, (£%);, & (£%)s, is the kernel
of the bilocal observable ¢®(t1 )¢’ (ts).
A bundle map k : VRV — Iy is determined by smooth functions k% : R? — R for 1 < a,b < r. The
skew-symmetry of k imposes
kb (ty,ty) = —k @ (tg, t1).

In particular, notice that the matrix (k“b(t, t))1 cabey 18 a skew-symmetric bilinear form on F*. By Theorem 4.12,
this kernel induces a Poisson bracket B : P X P — P determined on generators by

{51?1757?2}1,1 = kab(tl’tz) ' ﬂ%mm) = P(tlvt2)'
Iterating the ®-Leibniz rule yields the following formula.
Corollary 4.14. For f(t1) € S®(V);, and g(t2) € S®(V)y,, the elementary Poisson bracket is

U glta)hy = 3 (0ta) s () 55 (02
1<a,b<r

where the partial derivatives are the usual polynomial derivatives in the fibre coordinates.

The X-Leibniz rule extends the bracket to multilocal observables. If f(t1,...,t,) = fi(t1) @ ... & fp(ty) is a
pure K-tensor with f;(t;) € S®(V);, and g(s) € S®(V)s. Then

i

{itt) B...0 fp(tp) Zh (t) B... 0 fimr(tie1) B{Sfi(ts), 9()}1 1 B fira(tis) B ... B fi(tp)

where each summand lies over the (p 4+ 1)-point configuration obtained by reindexing the point ¢; with the pair
(ti,s), and {fi(ti),9(s)}; 1 € P, s is computed by Corollary 4.14. Thus the bracket acts as a derivation of the
X-product, introducing one additional base point at each step.

Example 4.15. For r = 1 and f(t1,t2) = &, D&, and g(s) = &s,
{f(tht?),g(s)}ll = k(tlv 8) : ]lgl,s) [l ftz + Etl l k(t27 S) : 1%2’5)'

The first term lies in P, .,y and the second in P, ;, 5. These are distinct summands in the unshuffle decompo-
sition of P3, reflecting positions at which the new base point s is inserted into the configuration.

4.3.2 Classical mechanics

We now specialize to the case of classical mechanics. Let @Q be a real vector space of dimension d and set F = Q®Q*
so that 7 = 2d. The field bundle is £ = M x F' and its dual is V' = E* = M x I*. Fix a basis (ey,...,eq) of Q with

dual basis (e!,...,e?) of Q*, and write the corresponding fibre coordinates of F* as (¢',...,q% p1,...,pq) where ¢’

is the coordinate function dual to e; and p; is dual to e;. A field ¢ : R — Q @ Q™ has components

e(t) = (q"(t),....q*(t),p1(t), ..., pa(t)).

The vector space F' = @ @ Q" carries a canonical symplectic form
Va,B € QF, Yv,w € Q, w((ua), (w,B)) = B(v) — a(w).

In the ordered basis ((61, 0),...,(eq,0),(0,e"),...,(0, ed)) of F, the matrix of w is

a 0 1
(w b)1<a,b<2d = (—Id (?) ’

Since w is a constant skew-symmetric form on F', we may define a skew-kernel by

kab(tl,tQ) = G(tl,tQ) . w“b
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where G : R? — R is any smooth symmetric function, for instance G = 1. The elementary Poisson bracket are
{qi(tl),pj(t2>}1’1 = G(t17t2)5§ . 121,,52) {qi(tl),qj(h)}L1 =0, {pi(t1),p;(t2)}, , = 0.

For general polynomials f € R[qtll, ce qtd1 JPlityy - - - ,pd;tl] and g € R[qtlz, - ,qé,pl;t27 e ,pd;tz], one has

d

{£(t2). g(t2)}, = Gltn, )Y (

=1

of
oqt

dg of dg
(t1) ® 87%052) - aT)i(tl) ® ¢ (t2)>.

Example 4.16. Take d = 1 and G = 1. For a single degree of freedom F = R? with coordinates (¢,p). Some
elementary brackets are

{qz(tl)»p(tz)}m =2¢(t1) ® 17, {a(t)p(t1), q(t2)p(t2)}, ; = p(t1) @ q(t2) — q(t1) ® p(t2)

and

{a(t1)’p(tr), a(t2)p(t2)* }, | = 2a(t1)p(t:) @ 2q(t2)p(t2) — a(t1)* @ p(t2)* = dq(t1)p(t1) @ q(t2)p(t2) — q(t1)? @ p(t2)*.

Remark 4.17. The bracket B : P; X P; — P> maps local observables to bilocal observables. To recover
the usual Poisson bracket of classical mechanics, one must pull back along the diagonal and then compose with
the Hadamard multiplication. More precisely, one composes the elementary bracket with the diagonal pullback
APy — AP, =2 S®(V) ® S®(V) and applies the ®-multiplication within a single fibre. This gives

d
of 9g  Of dg
“o8i((19) = X (G ~ o)
m= oAy {f7 g} ; 8q7 8]92 apl 8q1
which is the standard canonical Poisson bracket on R[ql, g, pd]. More generally, for a modified kernel

k% (t1,ta) = G(t1,t2)w, the diagonal restriction gives the classical bracket scaled by G(t,t). If G vanishes on the
diagonal, then the diagonal bracket vanishes.

The rank drop phenomenon takes a concrete form in the canonical setting. At a diagonal point (¢,t) € R?,
the fibre of Py is Rlgi,p1] ® Rlge, p2] where the subscripts distinguish the two copies of the fibre at ¢. The
transposition acts by simultaneous exchange (q1,p1) <> (g2,p2). In total polynomial degree 1, the generic fibre
has dimension 4 with basis (¢1 ® 1,p1 ® 1,1 ® ¢2,1 ® p2). However, the value at (¢,¢) of an equivariant smooth
section must lie in the 2-dimensional invariant subspace spanned by (g1 ® 1 + 1 ® g2,p1 ® 1 + 1 ® pa). Observe
that the bracket output {q(t1),p(t2)}; ; = 1 ® 1 is symmetric and therefore survives on the diagonal. In contrast
{a(t)p(t1),q(t2)p(t2)} 1, =P ® g —gq ® p is antisymmetric and therefore cannot occur as the value at a diagonal
point of an equivariant ‘smooth section.

5 Conclusion

The main outcome of this work is that the algebraic formalism developed previously away from the diagonals
extends naturally to the setting where repeated points are allowed. More precisely, by working equivariantly on
the spaces M™, or equivalently on the quotient orbifolds M"/&,,, we obtained a symmetric 2-monoidal category
of equivariant vector bundles carrying both the Hadamard and Cauchy tensor products. This gives a natural
framework for defining tensor, symmetric, and Poisson algebra bundles on multiconfiguration spaces, that is, on
unordered configuration spaces with diagonals retained by considering the space of orbits under the action of &,,.

In this way, the passage from smooth configuration spaces to the singular quotient spaces M"/&,, does not
destroy the algebraic structures underlying multilocal observables, but instead allow them to be formulated in a
larger setting. The equivariant point of view is especially well suited to this extension, since it allows one to work on
smooth manifolds while keeping track of the orbifold geometry of the quotient. A distinctive feature of this enlarged
setting is the rank drop phenomenon: over configurations with coinciding points, the equivariance constraints reduce
the effective dimension of the fibres, so that fewer independent sections - and hence fewer independent observables
- can be detected. This phenomenon is a direct consequence of the orbifold structure and has no counterpart in the
smooth setting of [FKR24].

A natural next step is to study sections of the bundles constructed here. From the equivariant perspective,
one is first led to consider the spaces of sections of the corresponding equivariant bundles over M™; passing to the
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quotient should then amount to restricting to the &,,-invariant sections, which are precisely the orbifold sections over
the multiconfiguration spaces. In this way, the algebraic structures obtained in the present article should induce
corresponding algebraic structures at the level of sections, and ultimately at the level of distributional sections
relevant for field-theoretic applications.

The analytic theory of sections and distributional sections on these multiconfiguration spaces remains to be
developed. In particular, the intrinsic treatment of densities required for integration, the study of singularities
along the diagonals and the corresponding renormalization procedures are left for future work. The present article
provides the algebraic and categorical foundation for such an extension.
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