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Abstract

We consider the problem of computing sample points in each connected com-
ponent of a semi-algebraic set defined by the non-vanishing or the positivity of an
n-variate polynomial of degree d, with rational coefficients of bit size bounded by 7.

Such a problem is a basic routine in effective real algebraic geometry, used in
higher-level algorithms for solving polynomial systems over the reals and finds many
applications in sciences.

We design a probabilistic algorithm for solving this problem, which is based on
reductions to different routines for solving zero-dimensional polynomial systems. It
assumes that the input polynomial satisfies sufficiently generic properties (namely,
smoothness of its defining hypersurface). This is done through the computations
of critical points of well-chosen maps to capture the connected components of the
semi-algebraic set under study.

We derive a bit complexity estimate for the cost of this algorithm, which is, in
terms of the Bézout bound d(d — 1)" ™!, essentially cubic for obtaining parametrisa-
tions of the sought-for real points. Moreover, we also consider the case of obtaining
rational approximations of those points, which are precise enough to lie in the same
connected components as their exact counterparts, which yields a cost that is es-
sentially quartic in the Bézout bound. In these complexity estimates, we take into
account the degree structure of the input polynomial and its partial derivatives,
allowing for a more refined bit complexity when the partial derivative of the input
polynomial have degree lower than expected. We also analyse the probability of
success of those algorithms.

We report on practical experiments, benchmarking with random dense input
polynomials as well as polynomials coming from applications, which were out of reach
of the state-of-the-art implementations, and hence illustrate the practical efficiency
of these new algorithms.

1 Introduction

1.1 Background

Computing sample points of connected components of real solutions to real polynomial
systems with constraints is a basic subroutine of real algebraic geometry. It allows in
particular to decide the emptiness of the solution set of such a system, a problem that



is known to be NP-hard |24, Appendix A.7|. The computation of these sample points
also finds applications in fields such as robotics |12, biology [22|, optimisation |23,
program verification [31], or combinatorics [36|. There is therefore a need for efficient
algorithms, both in theory and in practice, for computing these sample points. More-
over, as examples arising from applications are typically structured, having for instance
symmetries, invariance, multi- or weighted-homogeneity, these algorithms should make
use of these structures to improve computations. In this paper, we focus on the partic-
ular case of semi-algebraic sets defined by a single polynomial inequation: sets of the
form S = {x € R" | f(x) # 0}, where f is a polynomial with rational coefficients in n
variables.

Given such a polynomial f of degree d, the number of connected components of S
is known to be at most O(d)", by the Oleinik—Petrovski—Thom—Milnor bound (original
works in [47, 49, 63|, see |5| for a modern statement). In particular, any algorithm
computing at least one point per connected component of S will have complexity at least
exponential in n.

This problem can be seen as an instance of real quantifier elimination, and as such
is known to be solvable algorithmically since Tarski |62|. The first algorithm whose
complexity is elementary recursive to solve this problem is the cylindrical algebraic de-
composition (CAD) given by Collins [13], and performs a2’ arithmetic operations.
Moreover, if the bitsize of the coefficients of f is at most 7, the CAD performs 72"
bit operations |5, 7|. The CAD is a classical algorithm for solving quantifier elimination
problems, and is available in various computer algebra systems, such as Maple |45| and
Mathematica [37|. However, its doubly exponential complexity in n makes it impractical
to use when n is large; for instance, on examples of fixed degree 4 and small bitsize, its
runtime becomes prohibitive whenever n exceeds 4.

This doubly exponential complexity in the number of variables contrasts with the
Oleinik—Petrovski-Thom—Milnor bound, which is singly exponential in n. To bridge this
gap, the critical point method was developed |32, 33, 35|, and eventually resulted in
Basu, Pollack and Roy’s algorithm |5, Theorem 13.22|, which performs d°™) arithmetic
operations, and 7d°(™ bit operations, and is thus polynomial in the Oleinik—Petrovski—
Thom-Milnor bound. However, the constant hidden by the big-Oh notation is actually
too large for practical implementation |2/, due to the manipulation of infinitesimals, and
it does not make use of any structure inherent to the input system.

To resolve this, new, probabilistic, algorithms have been developed |3, 4, 42, 43, 53,
55|, where a random change of variables is performed to ensure certain properties with
high probability. On one hand, one could reduce the problem of computing sample points
in a semi-algebraic set to one in an algebraic set, by introducing a new variable z,41 and
taking xp41f — 1 as input. In this case, using O to denote the omission of logarithmic
factors, the state-of-the-art complexity result is in O(log(1/€)( + log(1/€))d***°) bit
operations |18, 19, 55|, where 0 < € < 1 is an input parameter controlling the probability
of success. Note that this result is only applicable on inputs satisfying some regularity



assumption. On the other hand, algorithms specific to the semi-algebraic case have
also been developed, yielding a state-of-the-art complexity result of O((";d) 8”d2”+1)
arithmetic operations |43|, without analysis of the bit complexity. Both these approaches
enjoy better practical results than the CAD.

In the following paragraphs, we recall the notion of height (a measure for the bit size
of polynomials), as well as certain data structures used to represent polynomials with
rational coefficients and finite sets of algebraic points, which are needed to express our
main result.

1.2 Bit size and data structures

Throughout this paper, we use log to denote logarithms in base 2.

Height. We define the (logarithmic) height of a non-zero rational number ¢ = u/v
as ht(q) := max(log|ul,log(v)), where v € Z, v € N\ {0}, and ged(u,v) = 1, and
formally define ht(0) := 0. For a non-zero polynomial g € Q[z1,...,xy], if v € N\ {0}
is the minimal common denominator of all non-zero coefficients of g, then the height of
the polynomial g is defined as ht(g) := max(log(v),log||vg||~), where ||| denotes the
maximum of the absolute values of the coefficients of the polynomial. Knowing the height
of a polynomial with rational coefficients, along with its degree, allows us to obtain an
upper bound on the size of its bit representation.

Straight-line programs. Given polynomials gi,...,g, € Q[x1,...,z,], we say that
a sequence I' of elementary operations +,—,X is a straight-line program evaluating the
polynomials gi,...,g, if I' evaluates g1,..., g, from the input variables z1,...,x,. The

length, or size, of a straight-line program is the number of elementary operations it
performs. This representation of polynomials is commonly used in polynomial system
solving |3, 27-30, 38, 54, 55].

Zero-dimensional rational parametrisations. Suppose that we are given a zero-
dimensional algebraic set @) C Q" defined over Q (that is, a finite set of algebraic num-
bers). A zero-dimensional rational parametrisation Q@ = (w,v1,..., vy, V) of @ consists
of univariate polynomials w, v1, ..., v, € Q[t] for a new variable ¢, and a Q-linear form v
in n variables, such that:

e w is monic, squarefree, and deg(w) > deg(v;) for all 1,

o v(vy,...,v,) =tw’ mod w,

o and Q = {(282}78) e w(t)zo}.

The constraint on v says that the roots of w are precisely the values taken by v on the
points of ), and implies that v takes distinct values at distinct points of Q); it is therefore
referred to as a separating linear form associated to Q. This data structure is a staple of




effective algebra, being first introduced by Kronecker and Macaulay |41, 44| and having
been used in many algorithms since |1, 26, 28 30, 51, 52, 54, 55].

Note that, although the denominators w’ are not strictly necessary to represent the
sets in this way, they allow for precise control of the heights of the polynomials of the
parametrisation |1, 30, 52|, which we exploit in this work. By convention, we denote by
Q = (w = 1) the parametrisation that represents the empty set. Moreover, we define the
degree of a parametrisation as the degree of its defining polynomial w.

1.3 Main result

Our first contribution to the problem is a new Monte-Carlo algorithm for computing
points per connected components of semi-algebraic sets defined by a single polynomial
inequation, in the case where the hypersurface defined by the vanishing of this polynomial
is smooth.

Our algorithm relies on the use of efficient multi-homogeneous polynomial system
solving techniques |54 for solving zero-dimensional polynomial systems, and thus inherits
their probabilistic aspects. As such, our algorithm implicitly relies on an oracle ©, which
takes as input a positive integer b, and returns a prime number in the set {b+1,...,2b}
uniformly at random among the primes in this interval. Such an oracle exists, see for
example |25, Section 18.4].

We adapt the algorithm from [55| to compute points on the boundaries of each
connected component of the semi-algebraic set S under study, and obtain from them
parametrisations of finite sets of points meeting all connected components of .S, by com-
puting well-chosen translations of these critical points. Once the parametrisations of
the sample points are obtained, it suffices to compute rational approximations of those
points of low bit length, but sufficiently precise to lie in the same connected component
as their exact counterpart. This idea is not new (see e.g. |5, Theorem 13.16]), but we
apply recent results concerning rational parametrisations (chiefly due to [46]) in order to
make explicit the exponent of d.

Concerning the computation of these rational approximations, our first result con-
cerns the case where the input polynomial f has a general multi-homogeneous structure:

Theorem 1. Suppose that f € Q[x, ..., xy] is squarefree, where x; = <m1+zi_1 gt
j=1

.’En__'_zi—lnj), n=mni+ -+ ny, and deg, (f) < d;. Suppose that d; < --- < d,,, and
7 j=1 g

that f has height 7. Assume that the hypersurface V(f) C C" is smooth, and that T' is
a straight-line program of length L evaluating f. Let S := {x € R™ | f(x) # 0} and let
0 < € < 1. Then there exists an algorithm which takes I' and € as inputs, and returns
one of the following outputs:

o cither a set of at most 2nA + 1 points of Q™,

e or fail.



With probability at least 1 — €, the first outcome occurs, and the computed set of points
intersects every connected component of S. In any case, the algorithm performs at most

O(log(1/e)n* AH (L +nd + n®) + nd® A*(H +nA))

bit operations, where:

o d:=deg(f),
o for1 <c<m,1<k<n, >k, and constants a; j and b; ;,

k n—k
of of
Oco = deg,. (390( + Z <Z ai,(j+k)bj,€—k,k> 8xi>’
i=1 N j=1

o v €O (nlog(1/e) +n®+7+d),
o A is the sum of the coefficients of the polynomial

n

(d161 + -+ + dimbm) H (61,0161 + -+ + Omi1bm) mod <(97111+17 L G?nm+l> 7
i=2

which is bounded from above by dy* - - - dﬁlmm!f‘i.!nm!,

e H is the sum of the coefficients of the polynomial

(V¢ + diby + - + ) [ (€ + 61,6001 + -+ + i 10m)
=2

)

mod <¢2,0?1+1,...,02nm+1>.

The oracle 0 is called n times. Upon success, every rational coordinate in the output has
height in B
O(d°A*(H +nA)).

Note that the squarefreeness of f is a mild assumption, as the non-vanishing of a
polynomial defines the same semi-algebraic set as the non-vanishing of its squarefree part.
As A <df'---dpr 2L the complexity result stated above can be subexponential in

o]
n in some cases, for instance when some of the d;’s are equal to 1.

Our second result is a consequence of the first one, when the input polynomial f does
not have any particular associated multi-degree structure.

Theorem 2. Suppose that f € Q[z1,...,xy,] is squarefree, of degree d and height T, and
that deg <§T£) <--- < deg <%) Suppose that the hypersurface V(f) C C" is smooth.



Let S == {x e R" | f(x) # 0}. Suppose that T" is a straight-line program of length L
evaluating f. Let 0 < € < 1, and define

D::dxdeg<§f> x---xdeg(aaf>.
€T9 In

Then there exists an algorithm which takes I' and € as inputs, and returns one of the
following outputs:

e cither a set of at most 2nD + 1 points of Q",
e or fail.

With probability at least 1 — €, the first outcome occurs, and the computed set of points
intersects every connected component of S. In any case, the algorithm performs at most

O(n?D?(nlog(1/e€) +n* + 7 + d)(log(1/e)n?(L + nd + n?®) + d° D?))

bit operations. The oracle © is called n times. Upon success, every rational coordinate in
the output has height in

6(nd5D3(n log(1/€) +n% + 71 + d)).
The assumption on the degrees of the partial derivatives of f is also mild, since it

can always be satisfied by re-labelling the variables.

Our third main result concerns the complexity of computing only the rational parame-
trisations of the points per connected components of S, without computing the rational
approximations, which yields the following result:

Theorem 3. Under the notations of Theorem 1 and Theorem 2, there exists an algo-
rithm which takes I' and € as inputs, and returns one of the following outputs:

e cither a point of Q" and 2n zero-dimensional rational parametrisations,
e or fail.

With probability at least 1 — ¢, the first outcome occurs, and the union of the point and
the zeroes of the parametrisations contains at least one point per connected component of
S. In any case, the algorithm performs at most

6( log(1/e)n> AH (L + nd + n®) + nd®> A% (H + nA))
bit operations in the multi-homogeneous setting, or
6(n2D2(n log(1/€) +n* + 7 + d)(log(1/e)n*(L + nd + n*) + d*D))

bit operations in the setting of Theorem 2. The oracle © is called n times. Upon success,
every polynomial in each parametrisation_has degree at most A, respectively D, and

height in O(d*A(H + nA)), respectively 5(nd3D2(nlog(1/e) +n?+71+d)).



Moreover, the quantities A and D are (multi-homogeneous) Bézout bounds on the
number of complex solutions to a polynomial system involving f and its partial deriva-
tives. As such, these quantities are bounded above by d(d — 1)"!
to 3 imply that the bit complexity of computing rational parametrisations of points per
connected components of S is essentially cubic in d(d—1)""!, whereas the bit complexity
of computing the actual rational sample points is essentially quartic in d(d — 1)1,

, and Theorems 1

We have implemented this algorithm and observed practical improvements over the
state-of-the-art algorithms on several examples. Notably, on examples where the struc-
ture can be leveraged, e.g. where D is much lower than d(d — 1)"~!, we observe compet-
itive timings even compared to state-of-the-art numerical solvers. See Section 7 for more
details.

The results used to show the correctness of our algorithm are, due to its nature,
inherently geometric, and are interesting on their own. For this reason, we have grouped
all such results in Section 4.

1.4 Organisation of the paper

We start by fixing notation and recalling basic notions in Section 2. We then describe
the algorithm and its subroutines in Section 3. Section 4 provides proofs of correct-
ness of these subroutines and of the main algorithm, GENERICPOINTPERCONNECTED-
CoMPONENT. We analyse the probability of success of the algorithm in Section 5, and
then analyse its bit cost in Section 6. Finally, Section 7 is devoted to practical imple-
mentations.

2 Notation and preliminaries

2.1 Basic notions

We begin by recalling some basic algebraic and geometric notions which we use in this
paper. Those are standard, and we refer interested readers to |14, 17, 48, 59| for more
details.

Algebraic sets. Let K be a field and K denote its algebraic closure. A K-algebraic
set W c K" is the set of common solutions, in Kn, to n-variate polynomial equa-
tions, where those polynomials have coefficients in K. When the base field is clear
from context, we simply refer to those sets as algebraic sets. If explicit polynomials
gi,---,9s € K[z1,...,2,] are given, we denote by V(gi,...,gs) C K the algebraic set
defined by g1 = --- = gs = 0. Conversely, the ideal, in K[z1,...,z,], associated to a
set W c K" is the set of n-variate polynomials that vanish on all points of W, and is
denoted I(WW).

An algebraic set W C K" is said to be irreducible when W = W, U Wy, with Wy, W
algebraic sets, implies W = Wy or W = W,. Any algebraic set W can be decomposed



into a finite union of irreducible algebraic sets, called the irreducible components of W,
which are uniquely defined up to order. An algebraic set is said to be a hypersurface
when it is defined by a single polynomial.

For an algebraic set W, its dimension, denoted dim(W), is the Krull dimension of the
coordinate ring of W. By convention, we set dim(()) := —1; zero-dimensional algebraic
sets are precisely non-empty finite algebraic sets. An algebraic set W = V(g,...,gs) is
said to be d-equidimensional when all its irreducible components have the same dimension

d.

Zariski topology and genericity. The Zariski topology on K" is a topology where
the closed sets are of the form V(F) N K", where F' is any set of n-variate polynomials
with coefficients in K”. The Zariski closure of some set X C K", denoted YZ, is the
smallest Zariski closed set containing X. Note that this is typically different from the
Euclidean closure X.

A property P depending on parameters p € K" is said to be generic if there exists a
non-empty Zariski open set U C K" such that P(p) is true for all p € U.

Quantitative aspects. The degree of a zero-dimensional algebraic set is its cardinal-
ity. For an irreducible algebraic set W, its degree (in the sense of [34]), denoted deg(W),
is the finite number of points contained in the intersection of W with dim(WV) generic
hyperplanes. For an arbitrary algebraic set, its degree is the sum of the degrees of its
irreducible components of highest dimension dim(W). If the algebraic set is a hypersur-
face, its degree is simply the degree of its defining polynomial, and we formally define

deg(0) = 1.

For a d-equidimensional algebraic set W C C" defined over Q, its height (in the sense
of |15, 16, 40, 50]) is a measure of the bit complexity of its representation. Formally, it
is defined as

n(W) == > 6(Cw) +m(Cw.d+ 1,n+1) + (d+ 1) deg(W) an

p prime i=1

1
27

where Cy denotes any Chow form of W defined over Q |40, Section 1|, m(f,r,n) denotes
the (r, n)-Mahler measure of f over the complex sphere of dimension n |40, Section 1, and
¢,, denotes the p-adic height [10, Section 1|. As a formal definition of all these quantities
would be rather technical, and not the chief topic of this paper, we refer interested readers
to e.g. |15, Section 3| for a comprehensive definition.

Smoothness, projections and critical points. Assume that W is a d-equidimen-
sional algebraic set. The Zariski tangent space to W at & € W, denoted T,W C K", is
the vector space defined by

v e T, W < grad(g)(x)-v =0 for all g € [(W).



If, as a vector space, dim(TzW) = d, then x is said to be a regular or smooth point of
W. Otherwise, x is said to be a singular point of W. The algebraic set W is said to be
smooth if it does not have any singular point. Furthermore, if G = {g1, ..., gs} generates
I[(W), then at any regular point @ € W, Jacg(G) has rank n — d and its right kernel is
TxW, where Jacg(G) is the Jacobian matrix of G evaluated at x.

Let W C C" be a d-equidimensional algebraic set, and let ¢ : C* — C™ be a
polynomial map. A point x of W is said to be a critical point of the restriction of ¢
to W if it is a regular point of W such that d¢ (Ty W) # C™, where d¢ denotes the
differential map of the restriction of ¢ to W, defined as d¢ : T W — C™, u — Jacg(¢)-u.

We denote by crit(¢, W) the set of critical points of ¢ on W. A critical value of ¢ on
W is a value y € C™ such that 3z € crit(¢, W) with ¢(x) = y. As the above definition
of critical points does not allow us to directly compute them, we recall the following
lemma:

[56, Lemma A.2| Let W be a d-equidimensional algebraic set, and suppose that G =
{91,...,9s} generates I{(W). Let ¢ : C"* — C™ be a polynomial map. Then

crit(¢, W) = {ZB eW

rank (Jacy(G)) =n —d, rank Bzzi((i;] <n—d+ m} .

Throughout this paper, we chiefly focus on critical points of projection maps onto
some coordinates, which we denote as follows, for 1 < i < n:

T C" = C omi(xy, .., x) = (21, .., 1)
Change of variables. For a matrix A € K"*" and a polynomial g € Klz1,...,x,],
we define
gh = g(AX) € Klzy,...,x,),
where X denotes the column vector (z1,...,7,)T, where the T superscript denotes

transpose. Similarly, if G = {g1,...,gs}, we define GA = (g{*, - ,g?). Finally, for an
algebraic set W C K" and A invertible, we define

Wh = {A_lw ‘ T € W}
Note that this notation is consistent, in the sense that V(G2) = V(G)A.

Part of the randomness of the algorithm comes from choosing a “suitable” A to change
variables before performing computations. We show that part of this “suitability” arises
from the very structure of A, and as such, we introduce notation to denote the parts of
A of interest. We denote by a; ; the entries of A. For 0 < k < n, we define the matrices
C, and By, as the right blocks of A of sizes k x (n — k) and (n— k) x (n — k) respectively:

I Eae?



Finally, we denote by b; j ;. the (7,7)-th entry of Bk_l, when it exists. In particular, b; jo
denotes the (7,7)-th entry of A=, when it exists.

We also sometimes need to consider the entries of the change-of-variables matrix as
indeterminates. When this is the case, we refer to those variables as 2, and a polynomial
in those variables with coefficients in K as an element of K[].

2.2 Notation and assumptions

Throughout this paper, we denote by f € Q[z1,...,x,] the input polynomial defining
the semi-algebraic set S == {& € R" | f(x) # 0}. We denote by V = V(f) C C" the
hypersurface defined by the vanishing of f.

The algorithm requires the use of an arbitrary point of Q® !, which is denoted o
in the remainder of this paper. We sometimes need to consider the coordinates of o as
indeterminates. When this is the case, we denote them G.

There are four key assumptions that frequently appear in our statements. To simplify
notation, we define and name them here as follows:

e (S): The hypersurface V is smooth, and f is squarefree.

e (A1): We have A € GL,(C) \ Z, where Z is the proper Zariski closed set of |55,
Theorem 1]. This assumption is here to guarantee that the computed critical points
are in finite number.

e (A2): The matrices By are invertible for all 1 < k < n. This assumption is here
to guarantee that the polynomials determining the critical points we compute are
well-defined.

e (B): We have o € C" 1\ V, where V is the proper Zariski closed set of [19. Theorem
2.2|. This assumption is here to guarantee that the smoothness of the boundary
of the semi-algebraic set S is preserved under instantiation of variables to these
values.

Assumption (S) is the central assumption of this paper. We require f to be squarefree
for the ideal generated by f to be radical, in order to apply |56, Lemma A 2| for critical
points computations. As stated before, this is a mild assumption, as both f and its
squarefree part define the same semi-algebraic set S.

Assumptions (A1), (A2) and (B), on the other hand, explicitly state the sufficiently
generic conditions that A and o need to satisfy in order to be considered “suitable” for
our algorithm. We show that these conditions suffice for the smooth-case algorithm in
Section 4, as well as analyse the probability that randomly chosen o and A with bounded
entries satisfy those conditions, in Section 5.

10



3 Algorithm

We start with a brief overview of the main algorithm. It takes as inputs a straight-line
program I' evaluating f € Qlx1,...,z,] satisfying (S), and a real number e between 0
and 1, which allows to control the probability of success of the algorithm. The parameter
€ comes into play when choosing random integers for the change of coordinates and the
specialisation values: they are chosen uniformly at random within a set whose size is
a multiple of e~!. Therefore, the smaller € is, the larger the bitsize of the quantities

involved, but the lower the chance of failure. The algorithm is based on four key steps:

1. Project V N R™ on a randomly chosen line, such that the critical points of this
projection are finite, and such that the image of V' N R™ under this projection is
closed.

Figure 1: Illustration of the first step of algorithm applied to f = 4xq (x5 — x2) — 1

2. Compute a rational parametrisation of these critical points, and obtain “sufficiently
precise” isolation intervals for these points, in a transverse direction to V N R™.

11



Figure 2: Illustration of the second step of algorithm applied to f = 4z (23 — x3) — 1

3. For each endpoint of these intervals, compute a sufficiently small n-dimensional
box around them, such that f never vanishes at any point in the box. Pick one
rational point in each such box.

Figure 3: Illustration of the third step of algorithm applied to f = 4xq (23 — x2) — 1
(Exaggerated box size for visual clarity)

4. Instantiate x1 to a randomly chosen value, say o1, in f and perform the above steps
with the newly obtained polynomial as input.

We now introduce the subroutines we use in the main algorithm.

e Polar takes as inputs the straight-line program I' evaluating f, a matrix A € GL,(Q)
satisfying (A2), an integer 1 < k < n and the specialisation point o € Q" 1. It outputs

12



a straight-line program evaluating the polynomials Py, defined as

= (Zbl,i,oxi — 01, .. 7Zbk—1,i,0$i - ok—1, [,
- B a F o
a-rk—i-l Z (Z (J+k) ]717/€> 8f ) f + Z <Z @i, (j+k) bjn—k k>

=1 7j=1

)

e ZeroDimParam takes as inputs a straight-line program evaluating a zero-dimensional
polynomial system and k£ € N\ {0}. When k& = 1, it outputs a zero-dimensional rational
parametrisation of its regular solutions with probability of success greater than or equal
to 1 — (11/32). Otherwise, it either outputs a parametrisation of a proper subset of the
solutions, or fail. When k£ > 1, it repeats the procedure k times, and hence has a
probability of success greater than or equal to 1 — (11/32)*, since bad outputs can be
ruled out by their degree. Such a subroutine can be found in [54, Algorithm 2.

where a; ; denotes the entries of A and b; jx of B 1

Subroutine 1 CRITICALPOINTS(T', A, k, o, 1)
Input: I, A, k, o, r, where I is a straight-line program evaluating f € Q[x1,...,z,],
AcQvn 1<k<n,ogcQ"!andrecN)\/{0}.
Requirement: f, A and o satisfy (S), (A1), (A2) and (B).
Output: A zero-dimensional rational parametrisation Q = (w,v,v).
1. A<« Polar(I', A k,0);
2: @ <— ZeroDimParam(A,r);
3: return Q

e ExtensionIsolation takes as inputs a univariate polynomial p € Q[t] and a bivariate
polynomial ¢ € Q[t,u]. Denoting by t; < --- < t; the real algebraic roots of p and
by u;1 < -+ < u;yg, the real roots of ¢(t;,u), and assuming ¢(t;,u) is squarefree for all
i, it outputs j lists consisting, for any 1 < ¢ < j, of ¢; disjoint intervals with rational
endpoints [q;k,q:k] such that u; € [ql_k,q:rk]
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Subroutine 2 IsoLATION(I', a,Q)

Input: T, a, Q, where I' is a straight-line program evaluating f € Q[z1,...,z,], a €
Q", and @ = (w,v,v) is a zero-dimensional rational parametrisation, where v =
(Ul, ey Un).

Requirement: f satisfies (S), w # 1, and for any & parametrised by @, £ € V' and the
line parametrised by & + au does not intersect V' tangentially at &.

Output: Two zero-dimensional rational parametrisations 2~ and PT.

d < deg(f);

J EXtensionIsolation(w(t), (w’(t))df (w,l(t)’v(t) + ua));

A < min {1, min{|e| : e € {endpoints of each interval in F} Ae # 0}} /2;
P~ (w,v — \'a,v);

Pt (w,v + \'a,v);

return P, PT

e LowerBoundValue & UpperBoundValue both take as inputs a zero-dimensional rational
parametrisation @ and a polynomial f with rational coefficients. They respectively out-
put a positive lower and upper bound on the non-zero absolute values the polynomial f
takes at any real solution to the parametrisation Q.

e ParamApproximation takes as inputs a zero-dimensional rational parametrisation @
and an integer r, and outputs rational approximations of all real solutions to @, whose
coordinates are accurate to precision 27".

Subroutine 3 APPROXIMATION(T', @)

Input: T', Q, where I is a straight-line program evaluating f € Q[z1,...,x,], and @ =
(w,v,v) is a zero-dimensional rational parametrisation, where v = (v1,...,v,).
Requirement: f is non-zero on every point parametrised by Q.
Output: A finite subset o of Q™.
: d < deg(f);
0 ||l
m < LowerBoundValue(Q, f);
M <+ maxi<i<n UpperBoundValue(@, xl) +1;

-1
5 d min{l,m ((”;d)Q/%dc) };
d < ParamApproximation(Q, [—log(d)]);
return 4

We can now describe the main algorithm, Algorithm 1. The algorithm essentially re-
duces to three subroutines; CRITICALPOINTS, which computes a parametrisation of the
critical points; ISOLATION, which computes the endpoints of the isolation intervals, and
APPROXIMATION, which computes sufficiently precise rational approximations.
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Algorithm 1 GENERICPOINTPERCONNECTEDCOMPONENT(I', €)

Input: T',e where I is a straight-line program evaluating f € Q[z1,..., 2], and 0 < € <
1.

Requirement: f satisfies (S).

Output: A finite subset of Q™.

1 d <« deg(f);

2: Build X = {1, Cey ’736_1 (5n3(2d)2" + ”QT_”)—‘ } and draw A € X"™*" at random;
3: BuildY = {1, ey [36*1nd2ﬂ } and draw o € Y™ ! at random;

4: for k€ {1,...,n} do

5: Q) = (wk, Vg, Vi) < CRITICALPOINTS(T, A, k, o, [log(3ne1)]);
6: if wy, §é 1 then

7 P, P+ ISOLATION(T, (a1 ks - - -, ank), Qp);

8: d, + APPROXIMATION(I', 2");

9: df < ApPROXIMATION(L, ;F);

10: Ay d Ud;;

11: else

12: &qk < Q);

13: return |J}_; dx U{A(01,...,0,-1,0)T}

In the illustrated example, the first three steps correspond to Algorithm 1, and the
last step corresponds to the for loop of Algorithm 1.

4 Correctness

4.1 Correctness of CRITICALPOINTS

In this subsection, we show that, under assumptions (S), (A1), (A2) and (B), CRrIT-
ICALPOINTS correctly outputs a zero-dimensional rational parametrisation @ which en-
codes the sought-for critical points.

We begin by some intuitive geometric results on the boundary of a connected com-
ponent of the semi-algebraic set S.

Lemma 4.1.1. For any non-isolated point y € V NR™, there exists a neighbourhood Ny
of y such that Ny NV NR"™ is connected.

Proof. Let us fix a non-isolated y € V NR™. Then, by the local conic structure theorem
[10, Theorem 9.3.6|, there exists e € R, e > 0, and a semi-algebraic homeomorphism ¢
such that:

e ¢: B,(y,e) = Bn(y,e), where B, (y,e) denotes the closed n-dimensional ball of
radius e centred at y,

o [[(x) -yl = [l — yl| for every = € Bn(y,e¢),
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e ¢ restricted to S"=L(y, e) is the identity map, where S"~1(y, ¢) denotes the bound-
ary of By(y,e),

e and ¢~ (VNR"N B, (y,e)) is the cone with vertex y and basis VN R" N S"(y, e).

In particular, since ¢~ *(V NR” N B,(y,e)) is a cone, it is connected. Moreover, since
homeomorphisms preserve connectivity, it follows that d(d~H(V NR" N By,(y,e))) =
VNR"N B,(y,e) is also connected. Letting N; := B,,(y, e) finishes the proof. O

Lemma 4.1.2. Suppose that f satisfies (S), and let ST = {x € R" | f(x) > 0}. Then,
foranyy = (y1,...,yn) € VNR", there exists a neighbourhood No of y such that NoNS™
is connected.

Proof. Since f satisfies (S), the gradient of f at y is non-zero, and hence there exists
1 <i < n such that its i-th coordinate is non-zero. Without loss of generality, we assume
for simplicity that i = n.

Then, by the semi-algebraic Implicit Function Theorem |10, Corollary 2.9.8|, there
exist open semi-algebraic neighbourhoods U; € R"~! and Us C R of (y1,...,yn_1) and
yn respectively, and a map ¢ : Uy — Us such that ¢(y1,...,yn—1) = yn and f(x) =
0 < =z, =¢(x1,...,2y-1) for every & € Uy x U,. Let us now define

At ={xz e U xUs | x> d(x1,...,Tn-1)}-

Let W be the neighbourhood of Theorem 4.1.1, and let ar, 3 € AT N W be distinct. If o
and 3 can be path connected, then A N A} is connected (since we are working in R"™),
which by the definition of ¢ implies that (U; x Uz) NN N ST is connected, and then
defining Ny := (U x Uz) NN finishes the proof. It therefore suffices to show that a and
B are path connected in AT N M.

By definition of #; and by Theorem 4.1.1, V N R™ N N is connected. Hence, there
exists a path (y1(t),...,(t)), for t € [0,1], from (ai,...,an—1,¢(a1,...,an_1)) to
By Brn—1,0(B1, -, Pn-1)). We then consider the path (y1(t),...,Vn—1(t),vn(t) +
ant + Br(1 —t)). It is a path from « to B3, which lies in AT N Ny, since v, (¢) + ant +
Brn(l —1t) > ¢(11(t),...,Ym-1(t)). Hence, & and B are path connected in AT N Ny, as
required. O

Lemma 4.1.3. Suppose that f satisfies (S) and let C' be a connected component of S.
Then, each connected component of the boundary C \ C of C is a connected component
of the real algebraic set V NR™.

Proof. Without loss of generality, suppose that f is positive on C, that is, C is a connected

component of ST. Let € C, and suppose for a contradiction that f(x) < 0. Then,
there exists an open ball B around x such that f is negative on every point of that ball,
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by continuity of f. In particular, BN C = 0, which contradicts the fact that « belongs
to the Euclidean closure of C. Therefore, x € C implies that f(ax) > 0, and hence

C\CC{zecR"| f(z)>0A f(z) #0} = VAR

Hence, a connected component of C'\ C necessarily lies in VNR™. Let B C VNR" be a
connected component of C'\ C. Then, there exists a connected component A of V N R"
which contains B, since otherwise B itself would not be connected. To prove the claim,
it thus suffices to show that B = A.

Let ® € B C A and y € A. Since A is connected, there exists a continuous path
v :[0,1] — A such that v(0) =  and y(1) = y. For any ¢ € [0, 1], by Theorems 4.1.1
and 4.1.2, there exists a neighbourhood W; := N} NNy ¢ around ~(¢) such that ANV NR™
and N, N ST are connected. We now consider the sets ([0, 1]) N ;. These sets are open
(as MNy’s are), non-empty (as they contain 7(t)), and cover ([0, 1]), which is compact (as
[0,1] is). Hence, there exists a finite covering Use 1) <...<1, 3 M N ([0, 1]) of ([0, 1]) with
to =0 and ¢, = 1. For 1 <i <k, pick z; € M, , NN, N~([0,1]), and formally define
zo as  and zpy1 as y. If we show that z; € B implies z;41 € B for all i, this implies,
since zg = ® € B, that zx11 = y lies in B, which proves the claim. It therefore suffices
to show that z; € B = z;41 € B.

Let us suppose that z; € B for some i. Then, as both N, NV NR™ and M, N ST are
connected, it follows that any point of N, N~y([0, 1]) lies in the same connected component
of the boundary of the same connected component of ST as z;. In particular, as z; € B by
assumption, and as z;+1 € N, by construction, it follows that z;;1 € B, as required. [

We recall here some of the results from [55]: |55, Theorem 1 and Proposition 4|
There exists a proper Zariski closed set Z of GLy(C) such that, for any A € GL,(C)\ Z
and 1 < k < n, VA is in Noether position with respect to m, and, for any connected
component C of VA NR", the boundary of m(C) is contained in my(crit(my, VA) N O).

Lemma 4.1.4. Suppose that f satisfies (S). Let B be a connected component of VNR™,
and let Z C C™"*™ be the proper Zariski closed set of |55, Theorem 1|. Then, for any A €
GL,(C)\ Z and for any 1 < k < n, m,(B™) is closed for the Euclidean topology, where
BA denotes the connected component of VA NR™ corresponding to B after application
of the change of variables A.

Proof. Since changing variables by A preserves connectivity, we deduce that B4 is a
connected component of VANR™, and hence, for any A and k as above, by [55, Theorem
1 and Proposition 4|, we have

T (BA) \ 1 (B®) C mp(crit(my, VA) N BA) C mp(BA)

and hence 7, (BA) C m,(BA), which implies that the image of BA by m, is closed for
the Euclidean topology. d
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Note that, with our notation, the required condition on A for Theorem 4.1.4 is
precisely that A satisfies (A1). For the convenience of the reader, we now recall the
statement of |19, Theorem 2.2/

[19, Theorem 2.2|: Suppose that f satisfies (S), and let Z be as in Theorem 4.1.4.
There exists a non-zero polynomial g € C[&] of degree at most nd*" such that, for any
A € GL,(C)\Z,1<k<n, ando € C" '\ V, where V = V(g), the system of equations

ofA ofA
-T1—01:"'=.%‘k,1—0k,1:fA— f — .. = f —

= = = =0
O0xg11 Oxy,

has finitely many solutions, none of which are singular.

Note again that, with our notation, the required conditions on A and o for |19,
Theorem 2.2| to be applicable are precisely that A satisfies (A1) and that o satisfies
(B). By |56, Lemma A.2|, we have that the solutions to the systems of |19, Theorem
2.2| are precisely the critical points of V4 under projection by m, for which the first
k —1 coordinates have been instantiated to o1, ...,0%_1, which under our notation is the
set crit(mg, VA) N 71'];_11(01, ..., 0k_1). We could therefore use this system as the starting
point of Algorithm 1; however, we instead choose to start with the related following
system:

Lemma 4.1.5. Suppose that A is invertible and satisfies (A2), and let Py denote the
polynomials obtained in the output of Polar. Then, for any 1 < k <n, we have

N ofr
Ozpes | Ozn

£€V(:U1—01,...,:L‘k_1—Jk_l,f ) — ALV (P).

A
Proof. By the (multivariate) chain rule, we have % =3 ai; (%{-) Jforalll <j <

n. Therefore, by definition of the Jacobian matrix, we obtain Jacaz(f)A = Jacg ( fA).
Let us fix 1 <k <n. As A satisfies (A2), B, exists, and hence

56V<afA 8fA>

drpey’ " Orn
= 9= ==
= [fae - gZwo][f =l -~ 0
— (2 - 2ag)] g:] Bl =[0 - 0
= [#ae - fag][%% =0 - o
= |5 (ag) 511<A£>]+[§9{1<A5> g ot =0 - 0]




n—k
of of
— ALeV <8xk+1 +) ( i (k) Ll,k) o

i=1 31

of
A3 (S tin-in) 2 )
Tn
=1 j=1
On the other hand, as A is invertible, B L' — A1 exists, and by substitution we have
EcV(r—01,...,Tp—1 — Ok—1)
n n
— AfeV (Z biioTi —01,..., Zbk—l,i,oxi - Uk—l) :
i=1 i=1

Since we also have £ € V(fA) <= A€ € V(f) by definition, we conclude by combining
those results. ]

In Algorithm 1 of GENERICPOINTPERCONNECTEDCOMPONENT, we use the system
introduced in Theorem 4.1.5 as the starting system to solve rather than the more intuitive
system of [19, Theorem 2.2|. This is because the partial derivatives of f4 are generically
of maximal degree d — 1 regardless of the structure of f for any variable, whereas the
partial derivatives of f could have much lower degree in some variables. This input
system therefore preserves part of the structure associated to f, and comes at the cost
of an extra condition (A2) that A must satisfy. Combining all these results yields:

Lemma 4.1.6. Suppose that [ satisfies (S), that A satisfies (A1) and (A2), and
that o satisfies (B). Let us fix 1 < k < n and r € N\ {0}, and let T be a straight-
line program evaluating f. If the call to ZeroDimParam is successful after r attempts,
then CRITICALPOINTS applied to I', A, k, o and r correctly returns a zero-dimensional
rational parametrisation of the set A (CI’it(ﬂ'k, VAN 7r,;11(01, . ,O’k_l)).

Proof. As f satisfies (S), A satisfies (A1) and o satisfies (B), we can apply |19, Theorem
2.2| to obtain that the set of solutions to the system

ot _ . _ 0"
a$k+1 N N afl?n

T -0y = =apg —Opg = [ = =0

is finite and does not contain singular points. By |56, Lemma A .2, this solution set is
precisely the set crit(my, VA) N w, ! (01,...,06-1). Since A is invertible (as it satisfies
(A1)) and satisfies (A2), we can apply Theorem 4.1.5, to deduce that the set of solutions
to the system

(;bu,oﬂ%— Zbk 16,00 — Of— 1,f> Z <Za (G+k) g,1,k> gf
0 k 0
,an + Z <Z ai,(j-i—k)bj,n—k;,k;)
=1 N =1

%)
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is the set A (crit(wk, VAN 7rk__11(01, e ,ak_l)). In particular, it must also be finite and
not contain singular points.

Since A satisfies (A2), we can apply Polar on Subroutine 1, which, given I', A, k
and o, computes a straight-line program A that evaluates this system. As it has finitely
many solutions, we can apply ZeroDimParam on Subroutine 1 to A and r, which, under
assumption of success, computes a zero-dimensional rational parametrisation @ of the
regular solutions to this system. Since A satisfies (A1) and o satisfies (B), by |19, The-
orem 2.2/, its solutions are all regular, and @ is therefore a parametrisation of the entire
set A (crit(wk, VAN 7%_—11(‘717 ... ,ak,l)). Since the output of CRITICALPOINTS is pre-
cisely Q (see Subroutine 1), we conclude that CRITICALPOINTS correctly returns a zero-
dimensional rational parametrisation of the set A (Cl‘it(ﬂ'k,VA) ﬁﬂlz_ll(al, . .,Jk,l))
when all the aforementioned assumptions are made, as required. O

4.2 Correctness of ISOLATION

Recall that V' = V(f) € C" and that S = {x € R" | f(x) # 0}. In this subsec-
tion, we show that, if f satisfies (S), if the zero-dimensional rational parametrisation
@ parametrises a non-empty finite set @), and if a denotes a direction vector not tangent
to VN R"™ at any point of ), then [SOLATION correctly outputs two zero-dimensional
rational parametrisations, which encode points in each connected component of S whose
boundary contains a point of (). We begin by a small lemma concerning the behaviour
of the boundary of S.

Lemma 4.2.1. Suppose that f satisfies (S). Then, any point in the boundary of S lies
i the boundary of at most two distinct connected components of S.

Proof. Let & € S\ S. Since f satisfies (S), we can apply Theorem 4.1.2 to conclude that
there exists a neighbourhood Nt of € such that /™ N ST is connected. Therefore, there
can only be at most one connected component of S such that £ lies in its boundary and f
is positive on it. By applying the same argument to — f, we also deduce the existence of
a neighbourhood N~ of & such that N/~ N S~ is connected, and hence there can only be
at most one connected component of S such that & lies in its boundary and f is negative
on it. Because f is non-zero and has a fixed sign on any connected component of S, we
conclude that there can only be at most two distinct connected components of S having
£ in their boundary. O

Let us now introduce some notation. Suppose that we have £ € VN R"™ and a € Q"
non-zero. We define, for a new variable u, £¢q = £ + au € Rlu]". This vector of
univariate polynomials defines, as we let v vary in R, the set of points lying on the affine
line passing through & in the direction of a, as illustrated below.
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Z1

Figure 4: Illustration of £¢ o on a two-dimensional example.

Let us now define the univariate polynomial f¢ o(u) == f(§ + au) € Rlu]. By con-
struction, the roots of f¢ o are the relative distances between £ and the intersection points
of VN R"™ and £¢ o. In particular, 0 is a root of f¢ 4, corresponding to & itself. Let us
denote by {(1,...,¢-} the non-zero roots of feq, when any exists. Finally, if £ € V,
let us define T¢ V' as the tangent hyperplane to V' at &, a well-defined object when f
satisfies (S). We use the notation (a, b) to indicate the usual dot product of two vectors
a,beR"

Lemma 4.2.2. Suppose that f satisfies (S). Let C be a connected component of S.
Suppose that € € C \ C, and that Le o does not lie in TeV.  Let us define § =
min{1, mini<;<, |(;|}. Then, for any 0 < z < 6, either £ + za or & — za lies in C.

Proof. Let C and & be as in the statement. Since we suppose that £¢ o ¢ T¢ V, we have
(Jacg(f),a) # 0. Suppose without loss of generality that (Jace(f),a) > 0 (otherwise,
consider fg _q). By Taylor expansion of f¢ o at 0, we have

fea(uw) = fea(0) +ufé7a(0) +o(u?) =04u (Jace(f), a) +o(u?) =u (Jace(f), a) + o(u?).

In particular, there exists a sufficiently small positive 6 € R such that, for any u € | =4, 4],
fe.a(u) and u have the same sign, since (Jacg(f), a) is a positive constant.

Therefore, if we suppose that we have computed such a § € R, then, for any 0 < z < 4,
fe.a(z) > 0and fe o(—2) <0, and in particular £+za and £ —za lie in different connected
components of S that contain &£ in their boundary. Now, because f satisfies (S), we
can apply Theorem 4.2.1 to conclude that there are at most two distinct connected
components of S which have £ in their boundary. Since there are exactly two such
components, and since C' is one of them by definition, we conclude that either £ + za or
& — za lies in C.
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It therefore remains to show that the real number m := min{l, min;<;<, |G|} as
defined in the statement is a suitable choice for §. By definition, m > 0, and 0 is the only
root of f¢ q in the interval | — m,m[. In particular, by continuity, fe¢ o has constant sign
on | —m,0[ and on ]0, m[, which means that m is a suitable choice for §, as required. [

Lemma 4.2.3. Suppose that f satisfies (S). Suppose that @ = (w,v,v) is a zero-
dimensional rational parametrisation of a non-empty subset QQ C V. Let a € Q™ such
that, for each § € Q, £¢ o is not tangent to V at §. Let ' be a straight-line program eval-
uating f. Then ISOLATION applied to I', a and Q correctly returns two zero-dimensional
rational parametrisations P~ and PT of non-empty sets P~ and P, such that P~ UP™
intersects every connected component of S whose boundary contains a point of @, and
such that f does not vanish at any point of P~ U PT.

Proof. Let us denote by d the degree of f. Let t; < --- < t, be the real roots of w(t).

By definition of a rational parametrisation, the set @Q is equal to {(@U(Q))K - }
* <i<r

Let us define &; = w,%t,)’u(ti). Following our previous notation, the set

{& +ua}, <o, C (Qu))"

is therefore the set of parametrisations of the lines £¢, o, and the set of intersection points
of these lines with VN R™ is given by the real roots of the polynomials fg, o(u) € Rlu]
for 1 < ¢ < r. Let ¢;1,...,G,s; be the non-zero real roots of f¢, o, and define 0; =
min{1l, mini<;<, |G j|}. Let us define

faa(t.) = £ (00 + va) € Qo)

so that, for all 1 < i < r, we have fgq(ti,u) = fe, a(u). By definition of a rational
parametrisation, w(t) is squarefree, and hence w'(t;) # 0 for all . In particular, the
polynomial (w'(t))?fq.a € Q[t,u] has, when ¢ is instantiated to t;, the same roots as
fa.a(ti,u). We work with (w/(t))?fq o in ISOLATION instead of fg 4, as it is a polynomial.

Because w € Q[t] and (w'())?fa.a(t,u) € Q[t,u], and because (w'(t;))?fa.a(ti,u)
is squarefree for all i by construction (otherwise, either f would have a square factor,
impossible by (S), or w’, and hence w, would have one, impossible by the definition
of a zero-dimensional rational parametrisation), we can apply ExtensionIsolation on
Subroutine 2, which, given these two polynomials, returns a tuple ¥ of r lists of iso-
lation intervals for each root of fqa(ti,u) = fe¢ a(u), for 1 < i < 7. Let E be the
set of endpoints of all intervals present in ¥, and, as done on Subroutine 2, define
A= (1/2) min{1, min{le| : e € E A e # 0}}. By construction, for any 1 <i < r, we have
0 < A < é;. Note that A does not depend on 1.

Let C' be a connected component of S whose boundary contains an element of Q,
say &; for some 1 < i < r. Because f satisfies (S) and £¢ 4 is not tangent to V' at & by
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assumption, we can apply Theorem 4.2.2 to deduce that either &; + Aa or &; — Aa lies in
C. Therefore, if we define the sets

P~ = {& — Aa} e, and P o= {& + Aa}y e,

then P~ U P* is non-empty, contains at least one point of every connected component
of S whose boundary intersects (), and does not contain any root of f by definition
of X\. Moreover, the parametrisations P~ and P computed on Subroutine 2 respec-
tively encode P~ and P*. Since the output of ISOLATION on Subroutine 2 is precisely
P, PT, we conclude that, provided @Q is not empty, I[SOLATION correctly returns two
zero-dimensional rational parametrisations of non-empty sets P~ and P, such that their
union intersects every connected component of S whose boundary contains a point of @,
and such that f does not vanish at any point, as required. ]

4.3 Correctness of APPROXIMATION

In this subsection, we show that, given a polynomial f and a zero-dimensional rational
parametrisation @ of a set @) that does not contain any root of f, APPROXIMATION
correctly outputs rational approximations r of ¢ € @ that lie in the same connected
component of S as q.

We begin by introducing some notation. Given a polynomial f € R[zq,...,x,], we
define || f]|co as the maximum of the absolute values of its coefficients, and, given € R,
we define |||/ = maxi<i<y, |zi|. Given a point € R™ and r > 0, we also define

B(x,r) :={y eR" : [[& -yl <71},

that is, the n-dimensional box of side-length 27 centred at x.

Lemma 4.3.1. Let f € Q[x1,...,x,] have positive degree and Q C R™ be non-empty
and finite, and assume that f does not vanish at any point of Q. Let:

o d =deg(f),

< = || flloo;
M > maxgeq {[1gllo} + 1,

e 0 <m < mingeq |f(q)|,

2
d:=min{ 1,m ((n;—d) ./ﬂdo>

Then f does not vanish at any point of B(q,d), for any q € Q.

e and
-1
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Proof. First, we note that, for d,c, Ml and m as in the statement, d is well-defined,
since all aforementioned quantities are positive. Suppose that we have shown that, for
any q € @), we have

pomax |f(p) — fl@)| <m. (1)

Then, by definition of m and since f(q) # 0 by assumption, for any p € %B(q,d), we
have 0 < |f(q)] — m < |f(p)] < |f(g)] + m, and in particular f does not vanish on
B(q,d). It therefore suffices to prove (1).

We begin by showing (1) for ¢ = 0 := (0,...,0), and then reduce the general case to
this one. Let f = ZO§|a|§d fax®. In this case, we have

max |f(p) — f(0)] < max Z | fal P

pERB(0,d) pERB(0,d)

1<|a|<d
< o ¥ = a dfd :d/d a
< D Mol max p%= > Il > |fal
1<|al<d 1<|al<d 1<|al<d

n+d
<at(" T )1l @)
Sd(n+d>0, 3)

d

d 71

Sm./%d<n;r ) <m (4)

where (2) follows from the fact that f has ((n;rd) - 1) non-constant terms, (3) from the
definition of ¢ and the fact that 0 < « < 1, and (4) by construction of <« and the fact
that Al > 1. In particular, we obtain

pomax |f(p) — f(O)| <m

as required. Suppose now that g € @ is arbitrary. Then, since translation by g preserves

distances, we have
wx 10) - J(@| = e (7p-a) - 10 < (")) - @l

PEB(q,d) PERB(0,d)

by applying the previously obtained result for 0 up to (2) and the fact that 0 < d < 1.
Now, we also have

I - @)l < ottt (" 5 1).

since Ml > ||q|lcc and f has at most ("gd) terms. Therefore, combining this result with

the definition of d yields
n+d\?
- < deM? =
pomex | |f(p) = fla)] < de < d ) m

which is precisely (1) for an arbitrary q € @, as required. O
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With Theorem 4.3.1 at hand, the correctness of APPROXIMATION readily follows:

Lemma 4.3.2. Suppose that T' is a straight-line program evaluating f € Qlx1,...,zy]
of positive degree, and that @ = (w,v,v) is a zero-dimensional rational parametrisation
which parametrises a non-empty set Q = {qu,...,qs} CR™. For any 1 <i <s, suppose
that f(q;) # 0, and let C; be the connected component of S in which q; lies. Then Ap-
PROXIMATION applied to I and Q correctly returns a finite set of rational approzimations
{ri,...,rs} C Q" of {q1,...,qs}, such that r; € C; for all 1 <i <s.

Proof. Let d = deg(f) and ¢ = || f||c, as computed in Subroutine 3, which are both
positive as f has positive degree. The number m computed in Subroutine 3 satisfies
by construction 0 < m < minj<i<s|f(g;)|, and M computed in Subroutine 3 satisfies
M > maxi<i<s{||gilloc} + 1 > 0. Since f has positive degree, since @ is finite and
non-empty, and since f does not vanish on any point of ), we can apply Theorem 4.3.1
to deduce f does not vanish at any point of %B(q;, d) for any q; € @, where d is the
quantity computed in Subroutine 3.

In particular, if C; is the connected component of S in which g; lies, any rational
approximation r; of g; that lies in %(q;, d) will also lie in Cj, since the boundary of
C; lies in V N R™, which does not intersect %(g;,d). It therefore suffices to compute
a rational approximation r; of gq; that lies in %B(q;, d) for all q; € Q. By definition, to
have r; € B(q;, d), it must satisfy ||r; — gil]|loc < d, and hence have all its coordinates
accurate to precision at least 2!°8(¢)

The set o computed in Subroutine 3 is precisely a set of rational approximations of
points of Q accurate to precision 2'°8(%)and therefore contains rational approximations
{ri,..., s} of {q1,...,qs} such that r; € C;. Since the output of APPROXIMATION is
precisely o on Subroutine 3, we conclude that APPROXIMATION correctly returns a set
{r1,...,7s} C Q" such that r; € C;, as required. O

4.4 Correctness of GENERICPOINTPERCONNECTEDCOMPONENT

We now prove the correctness of GENERICPOINTPERCONNECTEDCOMPONENT, using
the results obtained in the previous subsections.

Theorem 4.4.1. Let 0 < € < 1. Suppose that f satisfies assumption (S), that the
matriz A chosen in Algorithm 1 satisfies (A1) and (A2), that the point o chosen in
Algorithm 1 satisfies (B), and that all calls to ZeroDimParam are successful. Let T" be a
straight-line program evaluating f. Then GENERICPOINTPERCONNECTEDCOMPONENT
applied to I' and € correctly returns a finite subset of Q™ which contains at least one point
per connected component of S.

Proof. 1f S is empty, there is nothing to prove, so let us suppose that S # 0. If VNR"™ = (),
then S contains a single connected component, equal to R". Since GENERICPOINTPER-
CONNECTEDCOMPONENT always returns at least one point by construction, this case is
covered, and we can hence assume without loss of generality that V NR™ # (). Moreover,
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if f is constant, S is also the whole space (since we assume it is not empty), and we
hence also assume without loss of generality that f has positive degree.

As S and V NR"™ are not empty, let C be a connected component of S and B be a
connected component of its boundary, and denote by C the corresponding connected
component of S, and by BA the corresponding connected component of its boundary.
Let us assume for now that 7 (C) # R, which implies 7 (BA) # R. We now show that,
in this case, the first iteration of the for loop, for £ = 1, computes a finite set of; C Q™
that contains at least one point of C.

Because, by assumption, f satisfies (S), A satisfies (A1) and (A2), o satisfies (B),
and because we assume that all calls to ZeroDimParam are successful, we can apply Theo-
rem 4.1.6 to conclude that CRITICALPOINTS applied to ', A, 1, o, ﬂog(Sne_lﬂ ,asin Al-
gorithm 1, correctly returns a zero-dimensional rational parametrisation Q1 = (w1, v1, 1)
of the finite set A (crit(my, V4A)). As f satisfies (S), we can apply Theorem 4.1.3 to de-
duce that B is a connected component of VNR". Because f satisfies (S) and A satisfies
(A1), we can apply Theorem 4.1.4 to deduce that 71(B?) is closed for the Euclidean
topology. Since 71 (B%) # R, we therefore deduce that B2 N crit(m, VA) # 0. In
particular, crit(ry, VA) itself is non-empty, and hence wy # 1.

We are thus in the situation of Algorithm 1 of GENERICPOINTPERCONNECTED-
COMPONENT. As it is non-empty, let & € BA N crit(my, VA), so that A€ is one of the
points parametrised by @;. Because £ is a critical point of 7 restricted to VA, the line
6?61, defined by its parametrisation & + eju for e; = (1,0,...,0)T and a new variable
u, is normal to VA at &. Therefore, by applying the change of variables A and defining
ar = (ai1,... ,aml)T, we deduce that the line f¢ q,, defined by its parametrisation

A(€+ eju) = A§ + aiu, is not in the tangent hyperplane T¢ V.

Therefore, @; is a zero-dimensional rational parametrisation of the non-empty set
A (crit(m, VA)), on which f does not vanish, and the line f¢ 4, is not tangent to V at
&. Because f satisfies (S) and a; does not depend on the choice of €, we can apply
Theorem 4.2.3 to conclude that [SOLATION applied to I', a; and @Q; as in Algorithm 1
correctly returns two zero-dimensional rational parametrisations %, and @f of non-
empty sets P; and Pf , whose union intersects every connected component having a
point of A(crit(ry, VA)) in its boundary. In particular, as €& € BA N crit(m, VA), we
have A¢ € BN Acrit(m, VA), and hence P U P;" contains at least one point of C.
Moreover, Theorem 4.2.3 also implies that f does not vanish at any point of P~ U P*.

Since neither P, and Pfr are empty, and f is non-zero at every point of P;” U Pfr , We
can apply Theorem 4.3.2 to conclude that APPROXIMATION applied to I' and 9~ and 9T,
as in Algorithm 1, correctly returns sets ¢, and sﬂf of rational approximations of points
of P| and Pl+ that lie in the same connected components of S as their exact counterparts.
In particular, since P, U Pfr contains a point of C, so does o1 = o] U sﬂf. Therefore,
the set 1 computed on Algorithm 1 of GENERICPOINTPERCONNECTEDCOMPONENT
is a finite subset of Q" that contains at least one point of C', as required.
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Let us now suppose that m(CA) = R. In this case, C* has non-empty intersec-
tion with every fibre of 71, and, in particular, it therefore suffices to compute a point
of CA N 771_1(01) to obtain a point of C#, and hence of C. If we suppose now that
m (C’A N wfl(al)) # R, then this implies o (BA N Wfl(al)) # R. Because f satisfies
(S), A satisfies (A1) and (A2), o satisfies (B), and because we assume that all calls to
ZeroDimParam are successful, we can apply the same argument as before to deduce that
the for loop in the k = 2 case computes a finite set s C Q™ that contains at least one
point of C. Otherwise, we have m (C* N7y ' (01)) = R, and it hence suffices to consider
CANmy Y(o1,02). We repeat this procedure, incrementing k each time.

By the end of the n-th and last iteration of the for loop, we have therefore obtained
finite sets o1, ..., s, C R™ such that, for any connected component C of S, either |J;-_; o;
contains a point of C, or C satisfies m), (C’A ﬁw;}l(a)) = R. In the latter case, this
implies in particular that CANm (o1, ..,0,_1,0) = C2N (o1, ..., 0n_1,0) is non-empty,
and therefore that (oq,...,0,_1,0) € C* and hence that A(oy,...,0,-1,0)T € C. We
therefore conclude that, for any connected component C of S, the finite set (J;"; o; U
{A(o1,...,0,_1,0)T} C Q" contains at least one point of C. As this set is precisely the
output of GENERICPOINTPERCONNECTEDCOMPONENT on Algorithm 1, we conclude
that GENERICPOINTPERCONNECTEDCOMPONENT correctly returns a finite subset of

Q™ that contains at least one point per connected component of S, as required. O

5 Probability of success

In this section, we compute the probability of success of GENERICPOINTPERCONNECTED-
COMPONENT for a given polynomial f that satisfies (S) and a given 0 < e < 1.

Our probabilistic analysis follows from ideas and results by |18, 19, 40|, where we aim
to find the degree of a polynomial describing a hypersurface which contains the closed
Zariski sets we wish to avoid. Once this degree obtained, we can compute the probability
of a randomly chosen point to not cancel this polynomial, and hence of not being in the
aforementioned closed Zariski sets, using the so-called DeMillo-Lipton-Schwartz-Zippel
Lemma |58, which we recall below for the reader’s convenience.

DeMillo-Lipton-Schwartz-Zippel Lemma [58|: Let R be an integral domain and p €
Rlz1,...,x,] be a non-zero polynomial. Let T C R be finite such that |T| > deg(p),

and let (z1,...,xy,) be a tuple of values selected uniformly at random from T. Then the
probability that p(x1,...,z,) = 0 is bounded above by de|gT(‘P).

By Theorem 4.4.1, as the given f is assumed to satisfy (S), GENERICPOINTPER-
CONNECTEDCOMPONENT succeeds when we have correctly chosen A € Q™*" satisfying
(A1) and (A2), o € Q" ! satisfying (B), and when all calls to ZeroDimParam are
successful. The probabilities of correctly satisfying (A1) and (B) were already studied
in [19], and we recall its key results:

[19, Theorem 2.1|: There exists a non-zero polynomial h € C[] of degree at most
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5n3(2d)?" such that, if h(A) # 0, then A satisfies (A1).

119, Theorem 2.2]: There exists a non-zero polynomial g € C[&] of degree at most nd*"
such that, if g(o) # 0, then o satisfies (B).

Combining these results with the DeMillo-Lipton-Schwartz-Zippel Lemma yields the
following propositions. Note that all these proofs follow a similar structure to |19, Section
5].

Proposition 5.1. Suppose that 0 < € < 1 and that the n X n matriz A is randomly
drawn with coefficients within the set X = {1, el ’73671 <5n3(2d)2" + ”QT_")—‘ } Then,
the probability that A satisfies (A1) and (A2) is at least 1 — €/3.

Proof. Let € and X be as in the statement. For A to satisfy (A2), the determinant of
each bottom right (n — k) x (n — k) submatrix of A must be non-zero, for 1 < k <n. As
each such determinant is a non-zero polynomial of degree at most n—k in the variables 2,
we conclude, by taking the product of all these polynomials, that there exists a non-zero
polynomial p € C[2] of degree at most Y ,_,(n — k) = ”22_ ™ such that A satisfies (A2)
whenever p(A) # 0.

On the other hand, by |19, Theorem 2.1|, there exists a non-zero h € C[2] of degree
at most 5n3(2d)?" such that, whenever h(A) # 0, A satisfies (A1). Therefore, there

n

exists a non-zero polynomial ¢ := ph € C[2l] of degree at most 5n(2d)?" + MT_
that, whenever ¢(A) # 0, A satisfies (A1) and (A2).

such

Thus, if we pick A with arbitrary coefficients in X, by the DeMillo-Lipton-Schwartz-
Zippel Lemma, since 0 < € < 1, the probability that a randomly chosen A cancels ¢

is
3 2 —
degq 5n°(2d)“" 4 5

XE T [aet (snsay + 2252 |

Hence, the probability that a randomly drawn A € X"*" satisfies (A1) and (A2) is at
least 1 — ¢/3, as required. O

Plg(A) =0] < <

wl o

Proposition 5.2. Suppose that 0 < € < 1 and that the point o is randomly drawn with
coefficients within the set Y = {1, ey [36_1nd2”] } Then the probability that o satisfies
(B) is at least 1 — €/3.

Proof. Let € and Y be as in the statement. By [19, Theorem 2.2|, there exists non-zero
polynomial g € C[&] of degree at most nd?" such that, if g(o) # 0, then o satisfies (B).
By the DeMillo-Lipton-Schwartz-Zippel Lemma, since 0 < € < 1, the probability that a
randomly chosen o cancels g is

degyg nd*"
lg(o) ] < Y] [3¢—1nd?"]

€
< -
-3
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Therefore, the probability that a randomly drawn o € Y"~! satisfies (B) is at least
1—¢/3. O

On the other hand, the probability of success of a single call to ZeroDimParam was
studied in |54, Theorem 1], and is at least 21/32. Combining all these results yields:

Theorem 5.3. Suppose that 0 < € < 1, that f € Qx1,...,z,] satisfies (S), and that
I" is a straight-line program evaluating f. Then, the probability of success of GENERIC-
POINTPERCONNECTEDCOMPONENT applied to I' and € is at least 1 — e.

Proof. Because f satisfies (S), by Theorem 4.4.1, GENERICPOINTPERCONNECTED-
COMPONENT is correct when the matrix A chosen in Algorithm 1 satisfies (A1) and
(A2), the point o chosen in Algorithm 1 satisfies (B), and when all calls to ZeroDimParam
are correct.

As, in Algorithm 1, the matrix A is picked with randomly drawn coefficients in the set
X = {17 e, [36—1 (5n3(2d)2" + ”QT’”H }, we can apply Theorem 5.1 to deduce that it

has a probability of at least 1—¢/3 of satisfying (A1) and (A2). Similarly, in Algorithm 1,
the point o is picked with randomly draw coefficients in the set Y := {1, ceey {36_1nd2"] },
we can apply Theorem 5.2 to deduce that it has a probability of at least 1 — ¢/3 of
satisfying (B). Finally, the probability of success of a single call to ZeroDimParam is at
least % > %, by [54, Theorem 1|, and we need to call it on n distinct systems, once
per iteration of the for loop. Hence, if we call ZeroDimParam ﬂog(Bne_l)] times per
iteration, the probability that it returns a correct result in every iteration is therefore at

least e 7\ R e \n
(- ) 1 )5

by Bernoulli’s inequality, since 0 < € < 1.

Therefore, the probability that A satisfies (A1) and (A2), o satisfies (B), and that
all calls to ZeroDimParam are correct, since 0 < € < 1, is at least

(620521

Because f satisfies (S), by applying Theorem 4.4.1, we therefore conclude that GENERIC-
POINTPERCONNECTEDCOMPONENT correctly returns a finite subset of Q" containing
at least one point per connected component of S with probability at least 1 — €, as
required. O

6 Bit complexity: proofs of Theorems 1 to 3

We now analyse the bit complexity of GENERICPOINTPERCONNECTEDCOMPONENT.
We use O and O to indicate the bit cost of an operation with and without logarithmic
factors respectively. For the remainder of this section, we suppose, to simplify the state-
ments of the results, that the degree of the input polynomial is at least 2, since computing
points per connected components in the linear case reduces to elementary computations.

29



6.1 Bit Complexity of CRITICALPOINTS

We begin with the bit complexity of CRITICALPOINTS. As its core is the subroutine
ZeroDimParam, we recall for convenience the main result of [54| regarding its bit com-
plexity:

[54, Theorem 1|: Let (f1,..., fn) be a tuple of polynomials in Q[x1, ..., Tm|, where x; =
(@igs-- o, Tin,), and n = nq + - -+ + Ny, Suppose that V(f1,..., fn) is zero-dimensional.
Suppose that degwj(fi) < c?im that ht(f;) < s;, and that there exists a straight-line
program T of length L evaluating (f1, ..., fn), using constants of heights at most b. Then
there exists an algorithm ZeroDimParam which produces either:

e a zero-dimensional rational parametrisation of the non-singular complex solutions
tofr=-=f=0,

e or a zero-dimensional rational parametrisation of a subset of the solutions,
e or fail.

The first outcome occurs with probability at least 21/32, and in any case, the algorithm
performs N
O (Lb+ 6n(d)#n (0, d) (L +nd + n?) n(log(s) +n))

bit operations, where
® 0= maxi<i<n (CTH +---+ UZm>;
® S = maxlgign(si),

n = (s + 27 log(n + diy)

1<i<n’

Gn(d) is the sum of the coefficients of the polynomial

=1

and Fn(n, d) is the sum of the coefficients of the polynomial

(77¢C + 671,191 + et czmﬁm) mod <C2,9§“+1, ... ,92{”+1> )
1

n
1=
The algorithm calls an oracle O, taking as input a positive integer B and returning a
prime number in {B + 1,...,2B}, with the input 500(n) Moreover, upon success, any
polynomial in the output has degree at most €y (d) and height in O(¥n(n, d) +nBn(d)).

This result gives us the bit complexity ZeroDimParam subroutine, provided that we
know the length of the input straight-line program. This is given to us by the following
result:
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Baur-Strassen Theorem |6, Theorem 1|: Let f € Q[x1,...,2,], and suppose that there
exists a straight-line program I of length L evaluating f. Then, there exists a straight-line

program A of length at most 3L evaluating the polynomials (f, g—gfl,. i).

..,8xn

We now have all the tools to express the bit complexity of CrITICALPOINTS. To
apply |54, Theorem 1] in its full generality, we suppose in this section that the input

polynomial f has a multi-homogeneous structure, that is, f € Q[x1,..., %], where
T; = <$1+Z§;11 g 7x”i+2;;11 nj), n =Ny +--+npy, and deg, (f) < d;. We moreover
assume that d; < --- < d,,, since this can always be ensured by simply re-labelling the

groups of variables. To simplify notation, for given A € Q™" ¢ € Q" !, and f as
above, we also define:

o d:=deg(f),

o oo i= deg,, (% +3k <Z?f az-,(ﬂk)bj,g_k,k) %) forl<c¢<m,1<k<n,
and ¢ > k,

o 7 := ht(f),

® o = maxjg;j<n ht(a;;),

® 0 = maxj<j<n—1 ht(o;),

o v =na+ 1+ dlog(n),

e A as the sum of the coefficients of the polynomial

n

(d191 ++ dmem) H (51,1',191 + -+ 5m,z’,19m) mod <9?1+17 el 9%m+1> ’
1=2

e H as the sum of the coefficients of the polynomial

(V¢ + d161 + - + dnbr) [ [ (7€ + 01,6101 + -+ + Sm.i16m)
=2

)

mod <§2,071“+1, .. ,0;1{"+1> .

Lemma 6.1.1. Suppose that f € Q[x1,...,xy] satisfies (S), A € Q""" satisfies (A1)
and (A2), and that o € Q"' satisfies (B). Let 1 < k < n and r € N\ {0}, and
suppose that o < «. Let I' be a straight-line program of length L evaluating f. Then
CRITICALPOINTS applied to ', A, k, o and r performs at most

O (rn? AH(L + nd + n®))

bit operations. Moreover, upon success, any polynomaial in the output has degree at most

A and height in O (H + nA).
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Proof. Since A satisfies (A2), each b; ;j, is well-defined. Moreover, by Cramer’s rule and
Hadamard’s inequality, we have

ht(b; j ) < log (n”/2 (2“)") € O (nlog(n) + na) = O (na).
We begin by computing the length of the straight-line program A computed in Subrou-
tine 1. Recall that it evaluates the polynomials Py, which consist of:
e k— 1 polynomials, > 1" | b1 0% — 01,..., >y be—1,i0%i — Ok—1,
e 1 polynomial, f,
e and n — k polynomials,

k n—k k
of L \9F of
3$k+1 + Z (Z az,(]-i-k‘)b],l,k‘) a.fi, B e + Z (

=1 7j=1 =1

Z ai7(j+l<:)bj,n—k,k 37331

n—
Jj=1

By Baur-Strassen |6, Theorem 1], there exists a straight-line program of length at most
3L evaluating f and its partial derivatives. We include in this program the n? entries of
A, the n? entries of A~!, the (n — k)? entries of B,;l, and the n — 1 entries of o. Finally,
to obtain the full system of Polar, we perform 2n(k — 1) operations with those entries to
obtain the first k — 1 polynomials, leave f unchanged, and perform (n—k)(k+2k(n—k))
operations to obtain the remaining n — k polynomials. Therefore, the length of A is
bounded by

3L+n?+n 4+ (n—k)P+n—1+2n(k—1)+k(n—k)(1+2(n—k)) € O(L+n?).

We now compute the quantities appearing in the statement of |54, Theorem 1] for
this system:

e len(A) € O(L +n?),

o d= (c?l,...,c?n),where:
edi=--=dp1=(1,...,1),
o dp=(di,... dm),

o dit1 = (01 kt1kr-- s Omktih)s--s@n = (O1nks > Omonk),

s€E 5((na,...,na,T,na+T—l-lOg(d),...,na+7+log(d))), since o < a,

0 =d,
b€ O(na + 7+ log(d)) € O(v),

M€ 5((na,...,na,T—Fdlog(n),fy,...,7)).
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By |54, Theorem 1], the complexity of ZeroDimParam is increasing in the entries of d: s
and m, and in this particular case, all of their entries are the largest when k& = 1, since
we assume that dy < --- < d,,. It therefore suffices to compute the bit complexity of
CRITICALPOINTS when £ = 1 to obtain a bound on its complexity for all k. If £ = 1,
the above quantities yield

o Gp(d) = A,
o #,(n,d) € O(H).

Since f satisfies (S), A satisfies (A1) and (A2), and o satisfies (B), we can apply |19,
Theorem 2.2| to conclude that the set of complex solutions to the system parametrised
by A is zero-dimensional and regular. Therefore, we can apply |54, Theorem 1| to A
to conclude that ZeroDimParam applied to A, A, 1, o and r, as done in Subroutine 1,
performs at most

0] (r (L +n*)y + AH(L 4+ n* 4+ nd + n*)n(log(y) + n)))

co (rnQAH(L + nd + n3))

bit operations, since we repeat the computation r times and since H > - by construction.
The statement on the degree and height of the output polynomials follows immediately
from the last part of |54, Theorem 1]. O

6.2 Bit Complexity of ISsOLATION

We now analyse the bit complexity of [SOLATION. The main tool we use for this analysis
is the following result by [61]:

|61, Theorem 16]: Suppose that p € Q[t] and q € Q[t,u]. Let a = deg(p), b = deg,(q),
7 = ht(p) and o = ht(q). Then, there exists an algorithm ExtensionIsolation which
takes p and q as inputs, and returns isolation intervals for all real roots of q(t;,u), if
squarefree, for all real roots t; of p, which performs at most O (ab3 +a?b? (1 + U)) bit

operations. Moreover, the height of any computed endpoint is in 9] (abQ(T + 0)).
With this theorem at hand, the complexity of [SOLATION readily follows.

Lemma 6.2.1. Suppose that f € Q[x1,...,x,] satisfies (S), has degree d and height
T, and is evaluated by a straight-line program I'. Suppose that Q@ = (w,v,v) is a zero-
dimensional rational parametrisation with polynomials of degree § and height n, such
that w #Z 1, and [ vanishes on every point parametrised by k. Let a € Q" satisfy the
requirements of ISOLATION, and suppose that ht(a) < n. Then ISOLATION applied to T,
a and Q performs at most

O (nd?d>r 4+ nd*dn + né>d®)

bit operations. Moreover, the polynomials in the output parametrisations P~ and PT
have degree at most 6 and height in O(5d27’ + 6d3n + 52d3).
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Proof. The polynomial w(t) has by assumption degree 6 and height . By Mignotte’s
bound [25. Corollary 6.33], the polynomial (w'(t))? has height

d(log(d — 1) +n) + log ((m) 24070 (de/i2j

Therefore, the polynomial (w'(t))? f (w%(t)’v(t) + ua) has degree d in u, and has height

1

)) € O (d(n+9)).

O(log(d(d—1)+1)+dn+0)+ (t+dn+9)) =0 (r+dn+9)).
Therefore, by |61, Theorem 16|, ExtensionIsolation applied to the polynomials w(t) €
Qlt] and (w'(£))* f (w%(t)v(t) + ua) € Q[t,u], as done in Subroutine 2, performs at most

O (8d° + 82d*(n + 7 + d(n + 8))) = O (62d>r + 82d®n + 5°d°)
bit operations. It returns at most 2dé endpoints, of height
O (8d*(n + 7 +d(n+9))) = O (3d>r + 8d°n + 6%d°%) .

Therefore, the rational A of Subroutine 2 is computed in at most 5(d5) bit operations,
and also has height in O (5d27' + 6d3n + 52d3). Hence, the parametrisations ~ and P+
computed in Subroutine 2 have polynomials of degree at most § and height in

O (8d*r + 6dPn + 6%d® 4 1+ log(6 — 1) + 1) = O (8d*r + 6d>n + §%d°) .

Computing them requires O (nd) operations between rationals having at most this height,
and thus costs B

O (nd*d*r + nd*d*n + nd*d®)
bit operations.

Therefore, the most expensive steps of [SOLATION are Subroutine 2, and hence [SO-
LATION performs at most 9] (n52d27' +nd?d3n + n53d3) bit operations, and outputs two
rational parametrisations with polynomials of degree ¢ and height 5(5d27+5d317+52d3),
as required. ]

6.3 Bit Complexity of APPROXIMATION

We now analyse the bit complexity of APPROXIMATION. The main result used for this
section is the following:

|46, Theorem A7]: Let Q be a zero-dimensional rational parametrisation of a set Q with
polynomials of degree at most & and height 1, and let k be a positive integer. Then, there
exists an algorithm ParamApproximation which, given Q and k, computes approzimations
of the real points of Q accurate to precision 27" in O ((53 +nd%n + néﬁ) bit operations.

It therefore remains to determine a suitable value of x to perform the approximation,
which is the purpose of the following results:
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Lemma 6.3.1. Let W C R" be a zero-dimensional variety defined over Q, of degree §
and height . Then any non-zero coordinate b of any point of W satisfies

1
nn/2+1) 5n (1 + 22n+1010g(n+3)5)

< |b| < n/2HDgn (1 4 227]+1Olog(n+3)6> _

Proof. As W contains at most ¢ points by definition, there exists an invertible change of
variables matrix M € Q™™ with entries of height at most log(d) such that each point of
WM™ .— {Mw : w € W} has distinct i-th coordinates, for any 1 < i < n. When this is
the case, the ideal I (WM_I) satisfies |16, Assumption 1|, and we can hence apply |16,
Theorem 1] to conclude that, for any 1 < ¢ < n, there exists a polynomial N; € Q[x;]
such that

deg(N;) <4,  ht(N;) <n+ 5log(n+3)J,
Ni(c) =0 < WM . ¢=c

Moreover, by the Cauchy bounds |5, Lemmata 10.2-10.3], if N = Z?:o nsz with ng # 0,
any non-zero root ¢ of V; satisfies

1

<l¢] <1+ max
0<j<8

n; ’
1+ max0§j<5 ‘77;’ ng

Combining these results for all 1 < i < n implies that any non-zero coordinate ¢ of any
point in WM ™" satisfies

1
1 + 22n+10 log(n+3)0

< |C| <14+ 2217+1010g(n+3)6.

Now, by Cramer’s rule and Hadamard’s inequality, since the entries of M have height
at most log(d), the entries of M ~! have height at most 1nlog(n) + nlog(s). We hence
conclude that any non-zero coordinate b of any point in W satisfies

1
n(n/2+1)5n (1 + 227]+1010g(n+3)5)

< |b] < n/2 D gn (1 i 2277+1010g(n+3)6>

as required. ]

Corollary 6.3.2. Let W C R"” be a zero-dimensional variety defined over Q, of degree 0
and height n. Let f € Q[x1,...,xy,] be a polynomial of degree d and height 7. Then any
non-zero real value b that f takes on W satisfies

1
n(n+3)/25n+1 (1 4 4dn+76+6 log(n+4)5)

< ’b’ < (n_|_ 1)(n+3)/25n+1 (1 + 4dn+75+610g(n+4)6) .

In particular, if Q is a zero-dimensional rational parametrisation of W, LowerBoundValue
and UpperBoundValue, when applied to Q and f, both return rational numbers having
height in O(n + dn + 76).
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Proof. Let t be a new variable. To obtain bounds on the non-zero real values that f
takes on W, it suffices to bound the non-zero real values of the variety W N V(f —t).
Since each point of W corresponds to a single value of ¢ by construction, this variety
is also zero-dimensional, and has the same degree § as W. Moreover, by [10. Corollary
2.10|, we have

ht(W N V(f—1t)) <dn+ (1 +log(n+1))d.

Therefore, by applying Theorem 6.3.1 to W N'V(f — t), we conclude that any non-zero
real value b that f takes on W satisfies

1
n(n+3)/25n+1 (1 + 4dn+76+6 log(n+4)6)

<|b] < (n+ 1)(n+3)/25n+1 (1 4 4dr]+76+6log(n+4)6> _

By taking logarithms, we conclude that these bounds both have heights in
5((71 + 3)log(n + 1) + (n + 1) log(6) + dn + 76 + log(n + 4)J)
= 5(71 +dn + 7'5)

as required. ]

From this corollary, a bound on the bit cost of APPROXIMATION readily follows:

Lemma 6.3.3. Let f € Q[x1,...,xy,] be of degree d and height T, and let T be a straight-
line program evaluating f. Let @ = (w,v,v) be a zero-dimensional rational parametrisa-
tion of a set Q, with polynomials of degree at most § and height n. Suppose that f does
not vanish on any point parametrised by Q, and let v := ht(Q). Then, APPROXIMATION
applied to I' and Q performs at most

9] ((53 + nd%n + n%dé + nd?6y + Tnd(52)
bit operations, and returns a finite set of 0 rationals having height in 5(nd+ A%y + Td5).

Proof. By definition, the rational ¢ of Subroutine 3 has height 7. By Theorem 6.3.2, the
rationals m and Jl of Subroutine 3 have heights in O(nlog(d) + dy + 76 + §log(n)).
Therefore, d as computed in Subroutine 3 has height in

O (7 + (d+1)(n+ dy + 78) + 2(n + d) log(n + d))
= O(nd + d*v + 7d5)

and can be computed in quasi-linear time with respect to its height. Therefore, by |46,
Theorem 47|, the set of of Subroutine 3 is computed in at most

O (6% + nd*n + nd (nd + d*y + 7d5))
= O (6° + ndn + n?dd + nd*y + Tnds?)

bit operations, and contains rationals having height in 5(nd—|—d2fy+7'd5), as required. [
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6.4 Bit Complexity of GENERICPOINTPERCONNECTEDCOMPONENT

We now finally analyse the bit complexity of GENERICPOINTPERCONNECTEDCOMPONENT.
Recall that we assume that d > 1.

Theorem 1. Suppose that f € Qx1,...,x,] satisfies (S), is of degree d and height T,
and that T' is a straight-line program of length L evaluating f. Let 0 < € < 1. Then
GENERICPOINTPERCONNECTEDCOMPONENT performs at most

O(log(1/e€)n* AH (L + nd + n®) + nd® A*(H + nA))

bit operations, with probability of success at least 1 —e. Upon success, it returns a finite
subset of Q™ containing at most 2nA + 1 elements, each of height in

O(d°A%*(H +nA)).

Proof. As the complexity of CRITICALPOINTS computed in Theorem 6.1.1, as well as
the degree and height of polynomials in the output, are independent of k, it suffices to
compute the bit complexity of a single iteration of the for loop, and multiply the result
by n to obtain the complexity of GENERICPOINTPERCONNECTEDCOMPONENT.

By construction, each entry of the matrix A chosen in Algorithm 1 has height

77,2

a = log (36—1 <5n3(2d)2” + = ")) € O (log(1/e) + nlog(d))

and each entry of the vector o chosen in Algorithm 1 has height no higher than «. We
can therefore apply Theorem 6.1.1 to conclude that the bit cost of Algorithm 1 is at most

O (log(1/e)n* AH (L + nd + n?)) .

Upon success, it returns a zero-dimensional rational parametrisation Q) = (wg, Vg, Vk)
of degree at most A and height in O(H + nA). If wy = 1, the loop terminates here,
so suppose that wp Z 1. As a < v < H < H 4+ nA, we can apply Theorem 6.2.1 to
conclude that the bit cost of Algorithm 1 is at most
O(ndA%d®r + nA%d*(H + nA) + nA3d®)
= O(nd*A*(H + nA)),
since 7 < v < H, and that the output parametrisations each have degree bounded
by A and height in O(d*A(H + nA)). By using the arithmetic Bézout theorem [10],
along with |40, Lemma 2.6|, we know that the heights of the algebraic sets P~ and P+
parametrised by P~ and PT satisfy
ht(P*) < nyA + (2n+ 3)Alog(n + 1) + (A*A(H +nA))A + 5Alog(n + 1)
€ O(d*A*(H + nA)).
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Therefore, by applying Theorem 6.3.3, we conclude that the bit cost of Algorithm 1 is
at most

O(A% + nAX(@*AH +nA)) + n2dA + nd® A (@ AX(H + nA)) + rndA?)
= O(nd®A3(H +nA)),
and that the output rationals each have height in
O (nd + d*(d*A%(H +nA)) +7dA)
= O(d’A%(H +nA))

as required. Therefore, the total bit complexity of GENERICPOINTPERCONNECTED-
COMPONENT is at most n times the total complexity of an iteration of the for loop, that
is, at most

6(n( log(1/€)n AH (L + nd + n®)
+ nd* A%(H +nA)
Fnd A3(H + nA))>
= O(log(1/e)n*AH(L + nd 4+ n®) + nd® A3(H +nA))

as required. ]

Using Theorem 1, we obtain the following result, concerning the case where f does
not have any particular multi-homogeneous structure, that is, f € Q[z1]. In this case,
to simplify notation, we define

° ::deg(%) for 1 <i<n,
e D :=ddy---bp,

and further assume that §; < --- < J,, since this can always be ensured by re-labelling
the variables.

Theorem 2. In the setting of Theorem 1, when f € Q[xi], GENERICPOINTPER-
CONNECTEDCOMPONENT performs at most

O(n?D?(nlog(1/€) +n* + 7 + d)(log(1/e)n?(L + nd + n?®) + d° D?))

bit operations, with probability of success at least 1 — €. Upon success, it returns a finite
subset of Q™ containing at most 2nD + 1 elements, each of height in

6(nd5D3(n log(1/€) +n? + 1+ d)).

Proof. In the particular case where @y is the only group of variables, we have:

e o C 6(log(1/e) + nlog(d)),
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O (nlog(1/e) + n® + 7 +d),
o deg (E% + Zle (Z?f ai7(j+k)bj7g_k7k> E%) < §; for ¢ > k, since we assume
that 61 < --- < 4.
Using these quantities in the definitions of A and H yield
e A=D,
e H c O(nyD).
Hence, substituting these values in the bit complexity result of Theorem 1 gives
5( log(1/e)n*yD*(L + nd + n®) + nd’ D*(nyD + nD))
= O(n*yD*(log(1/e)n*(L + nd + n®) 4+ d> D?))
= 6(n2D2(n log(1/€) +n*+ 7+ d)(log(1/e)n*(L + nd + n*) + d° D?))

as a bound for the total number of bit operations of GENERICPOINTPERCONNECTED-
COMPONENT. The statement about the height of the output is obtained similarly. [

Finally, if one only wishes to compute the zero-dimensional rational parametrisations
of the points of S, without their rational approximation, we have the following result:

Theorem 3. If one only wishes to obtain the zero-dimensional rational parametrisations
of the points of S == {x € R" | f(x) # 0} instead of their rational approzimation, this
can be done in at most

O(log(1/e)n* AH (L + nd + n®) + nd* A*(H + nA))
bit operations in the setting of Theorem 1, or
5(n2D2(n log(1/€) +n? + 7 + d)(log(1/€)n*(L + nd + n*) + d* D))

bit operations in the setting of Theorem 2. There are 2n such parametrisations computed,
consisting of polynomials of degree at most A, respectively D, and height in O(d3A(H+
nA)), respectively O(nd>*D?*(nlog(1/e) + n® + 7 + d)).

Proof. Tt suffices to apply GENERICPOINTPERCONNECTEDCOMPONENT without com-
puting the approximations, that is, returning the 93,3: once they have been computed. The
complexity of doing so is thus the same as the one of Theorem 1, without the complexity
of Algorithm 1. By Theorem 1, this therefore gives a bit complexity of

6(71( log(1/€)n* AH (L + nd + n®)
+nd*AX(H +nA)) )
= O(log(1/e)n*AH(L + nd + n®) + nd>*A%(H +nA))
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in the multi-homogeneous setting. In the case where f has no multi-homogeneous struc-
ture, substituting A = D and H € O(nyD), as in Theorem 2, yields a bit complexity
of

O(n?D?(nlog(1/e) +n* + 7 + d)(log(1/e)n*(L + nd + n®) + d° D))

as required. The statements about the heights of the polynomials in the output are
obtained similarly. O

These results are precisely the bit complexity statements appearing in Theorems 2
and 3.

We remark that the complexities obtained in Theorem 1 and Theorem 3 are, in
the worst case scenario, essentially quartic and cubic, respectively, in the Bézout bound
d(d — 1)1, since this quantity is a bound for D.

7 Experiments

All computations were performed on a single thread of an Intel(R) Xeon(R) Gold 6244
CPU @ 3.60GHz with 1500 GB of memory. We have implemented GENERICPOINT-
PERCONNECTEDCOMPONENT in SageMath [57|, using the library msolve 8| for the
computation of zero-dimensional rational parametrisations and real root isolation. The
code has been submitted as a ticket to SageMath to be made publicly available within

the software in a later version!.

We compare these computations with our implementation of the algorithm presented
in |18, 19, 55|, which computes points per connected components of real algebraic
sets. When the input polynomial of GENERICPOINTPERCONNECTEDCOMPONENT is
f € Qlzy,...,xy,)], the algorithm of [55| applied to x,41f — 1 for a new variable z,41
returns the same information about sample points of connected components of S. We
also compare our results to the Cylindrical Algebraic Decomposition |13|, more precisely
to the dedicated function SAMPLEPOINTS, from the RegularChains package present in
the computer algebra system Maple |45].

Finally, we also compare our results to the numerical solver HYPERSURFACEREGIONS
[11], available as a package in the Julia language |9], and to the satisfiability modulo
theory (SMT) solver implemented in the SMTLIB package of Maple. These two solvers
are fundamentally different to the previous ones. The latter simply answers the question
“Is ST == {& € R" | f(x) > 0} empty?”, and returns a sample point if it is not; it
therefore computes less information that the other algorithms. The former computes
sample points as our algorithm does, but also determines whether two sample points lie
in the same connected component or not; it therefore computes more information than
our algorithm. However, it is numerical, and hence does not guarantee that its solutions
are accurate, as shown below:

!A functional prototype of the code can be found at https://gillot.perso.lip6.fr/smooth.sage.
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Figure 5: Illustration of the output of HYPERSURFACEREGIONS applied to f = ((xg —
12 +23—1-1/219)((zo+1)2+ 22 — 1 —1/2%6). Despite the success of the computation,
the central component (in red) is missed (exaggerated size for visual clarity).

We apply these algorithms to three types of examples:

e generic dense polynomials of fixed degree 4 and height 6, with varying number n
of variables,

e generic polynomials of fixed degree 12, with varying number n of variables, such
that n — k of their partial derivatives have degree 1, for some varying 0 < k < n,

e and small deformations of singular examples arising from applications of other
scientific fields, namely Vor1l and Vor2 from computational geometry problems
20|, P3PGen from computer vision |21, K1-K4 and Kaltol-Kalto4 from real algebra
theorem-proving 39|, and Sot1 and Sot2 from problems appearing in enumerative
geometry |60|. These are all polynomials with 4 to 8 variables and having degrees
between 4 and 18, of varying density 2.

The oo symbol indicates that no result has been obtained after 25 days of computation,
the 00M symbol indicates memory requirements exceeding 1500 GB, and the Err symbol
indicates that the program returned an error.

Along with computation time, we also compare the total number of points obtained
using the different algorithms. Note that this number may vary between runs for both
the algorithm of [55] and Algorithm 1, as it depends on the randomly chosen change of
variables matrix A and specialisation point o .

2The examples can be found at https://gillot.perso.1ip6.fr/Examples/list.html.
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REGULAR- _ . GENBRICPOINT- HYPERSURFACE- SMT-
[55, Algorithm 1] | PERCONNECTED-
n CHAINS.MM REGIONS.JL LIB.MM
COMPONENT

Time Points Time Points Time Points Time Points Time
4 11000 | 20607 14 23 3 13 R4 19 1
5 00 — 500 61 10 65 110 33 1
6 00 — 37000 97 120 73 230 53 40
7 00 — 00 — 8800 177 1100 117 1
8 00 — 00 — 1800000 183 7400 113 1
9 00 — 00 — 00 — 38000 269 1
10 00 — 00 — 00 — 170000 349 430

Table 1: Comparisons (in seconds) on generic dense polynomials of fixed degree 4 and
height 6 with varying number n of variables.

In Table 1, we observe that, on random examples, although GENERICPOINTPER-
CONNECTEDCOMPONENT outperforms other symbolic algorithms, it is less effective than
HYPERSURFACEREGIONS.JL in dealing with examples of large dimensions. Of course,
unlike other symbolic algorithms, HYPERSURFACEREGIONS.JL does not guarantee that
all connected components have been sampled. Moreover, as expected, SMTLIB.MM
easily terminates, since finding a point of ST (resp. S7) is not expected to be a difficult
problem when f is randomly generated.

Furthermore, we observe computationally that, in our implementation of GENERIC-
POoINTPERCONNECTEDCOMPONENT, solving the polynomial system to compute the
critical points (that is, Algorithm 1) is the most time-consuming step. This differs from
our complexity analysis, where Algorithm 1, the solution approximation steps, were lim-
iting. This can be explained by the fact that the height bounds on computed quantities,
such as the quantity A of [SOLATION, are worst-case bounds that are seldom reached in
practice.

The last case that terminates for our algorithm, n = 8, requires to solve a polynomial
system of degree 8748, and the case n = 9, which did not terminate, of degree 26244.
This degree is known since msolve is based on multimodular techniques: in the allowed
time frame, the system was solved modulo some prime numbers, but not enough to
perform rational reconstruction, suggesting that speed-ups may be obtained through
multi-threading (as these modular computations are independent).
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REGULAR- . . , JEN ER'I?PQINT_ HYPERSURFACE- SMT-
n CHAINS. MM |55, Algorithm 1] | PERCONNECTED- REGIONS.IL LIB .MM
COMPONENT
Time Points Time Points Time Points Time Points Time
8,2 260 3105 19000 49 24 117 220 41 1
8,3 64 000 21 343 00 — 11000 237 10000 105 1
8,4 00 — 00 — 00 — 480 000 243 00
12,2 | 20000 | 25181 OOM — 31 89 850 37 00
12,3 00 — OOM — 20000 241 19000 95 00
20,2 00 — OOM — 110 205 3300 45 1
20,3 00 — OOM — 56 000 345 140000 Err4 1
50,1 00 — OOM — 210 261 5900 9 1
50, 2 00 — OOM — 960 325 200000 43 2
100,0 1 4 22000 247 1200 257 15000 13 19
150,0 | Err3 — 260 000 387 7300 397 100000 17 10

Table 2: Comparisons (in seconds) on generic polynomials of fixed degree 12 and height
6, with varying number n of variables, such that n — k partial derivatives have degree 1.
When k = 0, the polynomial becomes a generic dense polynomial of degree 2.

In Table 2, we have randomly generated polynomials such that most of their partial
derivatives have much lower degree than expected, which is precisely the case where D
is much lower than d(d — 1)"~!, and hence the case where we expect GENERICPOINT-
PERCONNECTEDCOMPONENT to perform well, according to our complexity analysis.
Indeed, as can be observed in Table 2, GENERICPOINTPERCONNECTEDCOMPONENT is
competitive with HYPERSURFACEREGIONS.JL in many such examples, and even outper-
forms SMTLIB.MM in some examples. REGULARCHAINS.MM remains however the most
efficient algorithm in practice when d = 2.

The one example, (8,4), that we did not manage to compute involved a polynomial
system of degree 29282. The other examples had degree at most 2662.

3SREGULARCHAINS returns an error due to a type list containing too many elements for Maple.
We however still expect the CAD to outperform our algorithm in these degree 2 examples, both in
computation time and number of sample points, were it not for this type error.

4This is an intentional error by HYPERSURFACEREGIONS.JL, occurring when it computes critical
points that are numerically too close to being singular points.
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REGULAR- . . , GENERICPOINT- HYPERSURFACE- SMT-
|55, Algorithm 1| | PERCONNECTED-
n CHAINS.MM ) REGIONS.JL LIB.MM
COMPONENT
Time Points Time Points Time Points Time Points Time
Voril 4 48 230 47 17 53 200 Err? 1
Vor2 00 — 830 000 87 17000 149 220000 23 OOM
P3PGen 00 — 0 — 80000 709 8100 234 1
K1 OOM — 11 000 643 280 381 8400 Err? 1
K2 1 112 9600 693 290 345 3400 Err? 1
K3 00 — 560 355 56 201 1600 Err? 1
K4 2 224 11000 717 340 373 6700 Err? 1
Kaltol 00 — 00 — 00 — 00 — 1100000
Kalto2 00 — 00 — 00 — 00 — 850000
Kalto3 00 — 00 — 00 — 00 — 950 000
Kalto4 00 — 0 — o0 — 00 — 1000000
Sot1 o0 — o0 — 200 000 125 2000000 47 1
Sot2 00 — 00 — 190 000 125 %) — OOM

Table 3: Comparisons (in seconds) on deformed (1/232 subtracted) singular examples
arising from applications.

Finally, in Table 3, we can see that HYPERSURFACEREGIONS.JL fails in most ex-
amples due to internal checks, as expected given that the input polynomials are very
close to defining a singular hypersurface. Depending on the examples, however, either
REGULARCHAINS.MM or GENERICPOINTPERCONNECTEDCOMPONENT outperform the
other. We also do manage to outperform SMTLIB.MM on some examples. The highest

degree of a polynomial system appearing in an example which we managed to solve was
10296.
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