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Abstract. This article introduces a novel strategy for assembling the finite element matrices of boundary

value problems posed in arbitrary 2d and 3d fractured domains with existing third-party solvers, used in a

non intrusive manner. For numerical accuracy, the fractured geometry is represented by a conforming mesh;
the discontinuous nature of the solution raises the need to create copies of the degrees of freedom of the finite

element space according to the topology of the fracture: duplication across regular regions, triplication at Y
junctions. . . This task is difficult to carry out in a general way which is compatible with the non intrusive

use of an external finite element solver, as “degenerate” configurations associated to physically coincident,

yet topologically disjoint nodes are often incompatible with standard softwares. To overcome this issue, our
method leverages a constrained graph partitioning algorithm that constructs a minimal partition of the fractured

geometry, into a set of non overlapping “regular” subdomains. Standard finite element kernels can operate

independently on each region, and the resulting local contributions are glued into a global stiffness matrix
thanks to a suitable label mapping attached to the partition. We demonstrate the robustness of the method

through several 2d and 3d numerical examples featuring intricate crack patterns and multi-screen geometries.

The proposed framework is implemented in the open-source library PyMedit.

Keywords. Fractured media, Finite Element Method, conforming meshes, domain partitioning, graph parti-
tioning, cannot-link constraints.
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1. Introduction

The numerical simulation of physical phenomena accounted for by Partial Differential Equations (PDE) is a
central operation in engineering, and in science in general. The Finite Element Method (FEM) [31, 48] is by
now a method of choice to realize this task; although it is well-established to treat situations with regular
geometries, a significant number of applications take place on domains presenting internal interfaces, cracks, or
multi-screens, as exemplified in Figure 1. The simulation of such scenarios often turns out to be challenging
because the physical solution field typically exhibits discontinuities across these singular features. For instance,
such situations occur in the modelling of fluid flows in fractured porous media [2, 15, 64, 78], in fracture mechanics
[20, 55, 80, 83], or when considering wave propagation and scattering by thin obstacles [23, 24, 28, 32, 33, 62].

(a) A 2d domain containing a e-shaped fracture, pre-
senting multiple branches and intersecting the compu-
tational domain boundary. (b) A 3d domain enclosing a multi-screen fracture

Figure 1. Examples of 2d and 3d fractured domains.

Spurred by its ubiquity in applied sciences and industry, the present work is focused on the deployment of
the Finite Element paradigm to treat such fractured scenarios. Let us nevertheless mention that alternative
numerical methods have been developed in this context, see [1] about the use of Discrete Elements to model the
physics near the crack as a granular medium, or [19, 77, 84, 92, 101, 103] about the use of integral equations
and the Boundary Element Method.

Multiple variants of the “classical” Finite Element Method have been developed to handle cracks or discontin-
uous interfaces, that can be classified into two categories. On the one hand, non-conforming methods alleviate
the need to mesh explicitly the (often complex) fracture set and rely on a fixed mesh of the computational
domain. Among them, the eXtended Finite Element Method (XFEM) [83] is particularly popular. According
to the latter, the fracture set is represented implicitly, with the help of “level set” functions; drawing inspiration
from the concept of partition of unity [59, 80], the finite element space is enriched with additional functions
that capture the discontinuous behavior of the solution along the fracture. Despite its appealing nature, the
robust implementation of XFEM for complex 3d topologies, featuring branching or coalescence, is a challenging
task: while arbitrary fracture geometries have been addressed in 2d [41, 94, 105], recent 3d efforts are aimed
at additional modeling issues, related to so-called cohesive zones [66]. Alternative non-conforming approaches
for the numerical simulation of physical PDE featuring cracked geometries use Discontinuous-Galerkin finite
elements, where fractures are allowed to exist at quadrature points [53, 93], and phase field methods, which
model the effect of the fracture by a diffuse, artificial source term [29, 81, 85, 99].

On the other hand, conforming methods handle fractures by using a computational mesh that contains an
explicit discretization of their geometry. This allows to directly impose attached physical boundary conditions,
among other advantages. Unfortunately, in general, the construction of such a conforming mesh is difficult,
especially when the fracture set shows intricate non-manifold patterns (multiple branches, etc.). In spite of
the recent development of remeshing tools for the creation of high-quality meshes conforming to an input,
implicitly-defined geometry [10, 39, 82, 100], a systematic algorithm for handling arbitrary 3d crack patterns
is still missing. Moreover, in this setting, standard numerical solution techniques require separating physically
the mesh entities along the crack, that is, to replicate the physical nodes situated on the fracture into different
copies depending on the expected discontinuous nature of the solution in there [47, 67, 71, 73, 91, 96]. To the
best of our knowledge, the device of a systematic method to determine the necessary degree of node replication
(e.g. duplication at regular regions of the fracture, triplication at a Y-junction) has not yet been investigated.
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Alternative methods include the simple element deletion method [90], and the use of zero-thickness interface
elements (often coupled with cohesive zone models) [75, 88, 89, 108, 109]. We refer to [51, 52] for a comprehensive
comparison of the aforementioned conforming and nonconforming techniques in the physical context of fractured
porous media.

The present article is devoted to the numerical simulation of PDE in media containing fractures. We introduce
a general, robust and efficient framework based on a conforming mesh of the fractured geometry at play, which
conveniently allows for the non-intrusive use of a third-party finite element software to assemble and solve finite
element systems: such software can be called in a black-box fashion, without any knowledge of its algorithmic
and implementation details. Our strategy hinges on the recent concept of fractured mesh [7]: degrees of freedom
that are physically coincident but topologically distinct are identified as generalized vertices, and this information
underpins a partitioning algorithm that splits the computational domain into several “simple” pieces where the
assembly of the finite element matrix of the problem under scrutiny can be executed by completely standard
techniques.

At first glance, such a strategy could be implemented by mere “mesh-cutting”, i.e. by replicating the nodes
along the fracture into several copies and re-indexing the relations between nodes and elements according to
the information contained in the generalized vertex structure. Unfortunately, this approach does not easily
lend itself to interfacing with standard third-party libraries. Indeed, most assembly kernels, such as that
of the finite element software FreeFem used in this work [60, 61], rely on geometric predicates and spatial
data structures, like quadtrees or octrees, which inherently assume a one-to-one mapping between physical
coordinates and topological entities: duplicating vertices at identical locations without a proper, intrusive
treatment of these entities introduces topological degeneracies—such as zero-measure elements or ambiguous
adjacency tables—that trigger fatal errors in geometric search routines and interpolation operators.

To alleviate this difficulty, we introduce a novel assembly algorithm of the finite element matrices attached
to arbitrary fractured domains, using any standard software designed for “classical” non-fractured domains, in
a non-intrusive manner. The cornerstone of our method is the computation of a minimal partitioning of the
fractured domain, as the reunion of non-overlapping, open and Lipschitz subdomains adjacent to complementary
neighborhoods of the fracture. Duplicated nodes are not handled directly, and standard assembly kernels can
be used on each subdomain. Our algorithm provides the necessary mapping to correctly assemble these local
contributions into the global finite element matrix of the problem at play, ensuring proper handling of the
multiple degrees of freedom attached to each generalized vertex. This partitioning strategy is very general, and
it allows to treat a wide range of physical problems (electrostatics, acoustics. . . in complex fractured domains,
in two and three space dimensions.

Related ideas to those presented in this work have emerged with the development of Physics-Informed Neural
Networks (PINNs) for fractured domains: in [44, 68, 74], different networks are used to approximate the solution
in subdomains adjacent to a crack, with a possible enrichment of their approximation capabilities with near-
tip asymptotic solutions [58]. In a different spirit, [110] avoids domain partitioning thanks to a discontinuous
embedding of the input space of the network. Although they are built similarly on the fundamental idea that
partitioning the domain enables to address duplicated degrees of freedom with standard methods working on
non-fractured subdomains, these works, still limited to 2d applications, assume that the domain partitioning
is given beforehand. In contrast, our method automatically computes such domain partitioning for arbitrary
d-dimensional geometries.

The remainder of this article is organized as follows. Section 2 summarizes the necessary definitions and
background on “classical” and “fractured” meshes, and generalized degrees of freedom. In Section 3, we show
that if a suitable partition of the mesh is given, the finite element matrix of a variational problem posed on
the fractured mesh can be obtained from the local matrices associated to the same problems on non-cracked
subdomains—which can be assembled with any third-party software—and domain decomposition restriction
operators. This motivates the introduction, in Section 4, of an algorithm that constructs such suitable partition
from any simplicial mesh with internal faces marked as those belonging to the crack. We reformulate this
domain decomposition task as a minimum graph partitioning problem with cannot-link constraints, and we
describe a greedy algorithm dedicated to its solution. In Section 5, we present a method that generates a
fractured mesh of a domain from the input of a “level” set description of the fracture, implemented in the
open-source remeshing library Mmg [10, 13, 39, 82]. Section 6 summarizes the overall Finite Element assembly
and solution procedure and provides details about the chosen implementation. Finally, Section 7 presents some
illustrations of numerical solutions and numerical validations of the effectiveness of our method to solve finite
element problems on singular 2d and 3d geometries.

Reproducibility. The partition strategy presented in this article is implemented in the open-source library
PyMedit [49]. The source code associated to the examples of Section 7 is available at the following address:

https://gitlab.com/florian.feppon/pymedit/-/tree/master/pymedit/examples/fractured_meshes.
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2. Fractured mesh connectivity: generalized simplices

This section briefly recalls basic facts about meshes and it introduces the notion of “fractured” mesh used
throughout the article, as an adaptation of the concept of “generalized mesh” formalized in [7]. Intuitively,
a fractured mesh is a “classical” simplicial and conforming mesh M of a domain Ω, in which a special set of
facets, accounting for the fracture Γ are identified with a special label. The concept of generalized sub-simplices
is used to identify the identities (vertices, faces, etc.) that must be replicated according to the topology of the
fracture.

2.1. “Classical” meshes and their properties

Let us first recall the definitions of simplices, sub-simplices, triangulations and meshes in the Euclidean space
Rd (d = 2, 3) and a few well-known properties, in the form which is useful for our purpose; we closely follow the
exposition of [7].

Definition 2.1 (Simplex and sub-simplices of a simplex).

• An n-simplex S is a subset {V1, . . . , Vn+1} ⊂ Rd of (n+1) elements of Rd, called the vertices of S. For
n = 0, 1, 2 and 3, an n-simplex is called a vertex, an edge, a triangle and a tetrahedron, respectively.

• The subsets of an n-simplex S with cardinal (m+ 1), 0 ≤ m ≤ n are called the m-sub-simplices of S.
• The closed convex hull of a simplex S = {V1, . . . , Vn+1} is denoted by |S|:

|S|=
{

n+1∑
i=1

λiVi

∣∣∣∣∣ 0 ≤ λi ≤ 1 for 1 ≤ i ≤ n+ 1 and

n+1∑
i=1

λi = 1

}
.

• An n-simplex S is non-degenerate if |S| contains an open ball of dimension n with positive radius.

In the sequel, with a small abuse of notation, we indifferently use the names vertex, edge, triangle, tetrahedron,
element and simplex for the defining set of vertices S and the induced closed convex hull |S|.
Definition 2.2 (Triangulation).

• A d-dimensional triangulation M in Rd is a finite set of d-simplices K, called the elements of M. By
definition, the notation K ∈ M indicates that K is an element of M.

• A sub-simplex S of M is a sub-simplex of an element K ∈ M. The (d− 1) sub-simplices of an element
K ∈ M (resp. of M) are called the faces of K (resp. of M).

• For 0 ≤ m ≤ d, the collection of all m-sub-simplices of M is denoted by σm(M): σ0(M) is the set
of vertices of M, σ1(M) is the set of edges, . . . , σd(M) is the set of elements. The set of all the
sub-simplices of M is:

σ(M) :=
⋃

0≤m≤d

σm(M).

We now arrive at the definition of mesh, which is illustrated on Figure 2a.

Definition 2.3 (Simplicial mesh). A simplicial (or conforming) mesh M is a d-dimensional triangulation made
of non-degenerate elements such that:

∀K,K ′ ∈ M, |K|∩|K ′|= |K ∩K ′|;
in particular, two different elements in M have disjoint interiors and their intersection is a sub-simplex of M.
The closed “volumic” set spanned by M is denoted by |M|:

|M| :=
⋃

K∈M
|K|.

Unless stated otherwise, all meshes considered in this article are assumed to be conforming. For convenience,
we recall the proof of the following well-known facts about simplicial meshes, see also [95, p. 22], [16, Lemma
11.1.2].

Proposition 2.1 (Boundary of a mesh). Let M be a simplicial mesh in Rd; then:

(i) Each (d − 1) sub-simplex of M is included in one or two elements of M. The subset of those (d − 1)
sub-simplices of M that are included in exactly one element is called the boundary mesh of M.

(ii) The closed set |M| coincides with the closure of its interior: |M|= int(|M|).
(iii) The set formed by the faces of the boundary mesh of M coincides with the topological boundary of |M|.

Proof. (i). We argue by contradiction. Assume that there exists a (d − 1) sub-simplex S = {V1, . . . , Vd}
of M which is included in at least three different elements Ki = {V1, . . . , Vd,Wi}, i = 1, 2, 3. Since K1 is
non degenerate, the vertex W1 lies in one of the two strict half-spaces delimited by the affine hyperplane
H := span {V1, . . . , Vd}. Since M is conforming, K1 and K2 have disjoint interiors, and so W2 belongs to the
other strict half-space delimited by H. Eventually, since the interior of K3 is disjoint from those of K1 and K2,
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stM(V7)

K1

K2

K3

K4

K5

K6
K7

V1
V2

V3

V4
V5

V6
V7

V8

M

(a) A 2d simplicial mesh M with vertices {Vi}1≤i≤8

and elements {Ki}1≤i≤7. The star stM(V7) of the ver-
tex V7 is made of the pink elements.
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(b) A 2d mesh M whose boundary mesh S is the bold
line: M is non regular, since the region of the red
boundary vertex is not homeomorphic to a half-plane.

Figure 2. Illustrations of the main notions about “classical” meshes.

the vertex W3 cannot belong to any of these half spaces, and since K3 is non degenerate, it cannot belong to
H either. This is absurd, and we have thus proved (i).

(ii). Since |M| is closed, the inclusion int(|M|) ⊂ |M| is immediate. On the other hand, let x ∈ |M|. Then x
belongs to one simplex K ∈ M, and since K is non degenerate, there exists a sequence xn ∈ int(K) such that

xn → x. Since the sequence xn obviously belongs to int(|M|), the inclusion |M|⊂ int(|M|) follows.
(iii). Let S denote the boundary mesh of M; we first show that S ⊂ ∂|M|. Let S be a face in S; since ∂|M| is
closed, it is enough to show that it contains the relative interior of S, i.e. its interior within the affine hyperplane
spanned by S. To achieve this, let x be a point in S which does not belong to any (d − 2)-sub-simplex of S,
and let us assume for a contradiction that x lies in the interior of |M|. Then, there exists r > 0 such that the
open ball B(x, r) with center x and radius r in Rd is included in |M|. Introducing a unit normal vector n to
S, x± tn then belong to |M| for t > 0 small enough, and since x is in the relative interior of S, S is shared by
two disjoint elements of M. This contradicts the definition of S: x ∈ |M| cannot belong to the interior of |M|.
Hence, x ∈ ∂|M|, and we have proved the inclusion S ⊂ ∂|M|.

Conversely, we show that ∂|M|⊂ S. Let x ∈ ∂|M|. Since S is a closed set, it is enough to prove that there
exists a sequence xn ∈ S that converges to x. To achieve this, by definition of the topological boundary and
because of (ii), there exist sequences tn → 0, yn ∈ int(|M|) and zn ∈ Rd\|M|, such that

|x− yn|= tn and |x− zn|= tn.

Let now γn(s), s ∈ [0, 1] be a circular arc with center x and endpoints γn(0) = yn, γn(1) = zn. We define:

sn = inf
{
s ∈ (0, 1) γn(s) ∈ Rd\|M|

}
∈ (0, 1), and xn = γn(sn).

The point xn necessarily belongs to a face S of M, and up to making a small perturbation of the sequences yn

and zn (which belong to the open sets int(|M|) and Rd\|M|), we may assume that it actually belongs to the
relative interior of S. Hence, S belongs to only one simplex of M and xn ∈ S. We have thus constructed the
desired sequence xn ∈ S, which converges to x since |x− xn|= tn. □

Definition 2.4. The mesh M is regular if the set |M| is a manifold with boundary, i.e., each point x ∈ |M|
has a neighborhood in |M| which is homeomorphic to either Rd or Rd−1 × R+.

Remark 2.1. A mesh M typically fails to be regular when one of the sub-simplices of the boundary mesh S is
shared by elements from “distant” regions of S, as exemplified in Figure 2 (b).

Definition 2.5 (Star of a sub-simplex). The star of a sub-simplex S ∈ σ(M) in the mesh M is the collection
of all d-simplices of M containing S:

stM(S) := {K ∈ M|S ⊂ K}.
The next result shows that the stars of all the sub-simplices of a mesh can be inferred from the stars of its

vertices.

Lemma 2.1. Let S1, S2 ∈ σ(M) be two sub-simplices of a conforming mesh M. Then,
5



(i) Either stM(S1) ∩ stM(S2) = ∅ or S1 ∪ S2 ∈ σ(M), and in this case, it holds:

stM(S1 ∪ S2) = stM(S1) ∩ stM(S2). (2.1)

(ii) The following inclusion holds true:

stM(S1) ∪ stM(S2) ⊂ stM(S1 ∩ S2). (2.2)

Proof. (i). Assuming that stM(S1) ∩ stM(S2) ̸= ∅, there exists an element K ∈ M such that S1 ⊂ K and
S2 ⊂ K. In particular, all the vertices of S1 and S2 belong to K, and so S1 ∪S2 ∈ σ(M). Now, for any element
K of M, we have:

K ∈ stM(S1 ∪ S2) ⇔ S1 ∪ S2 ⊂ K

⇔ S1 ⊂ K and S2 ⊂ K

⇔ K ∈ stM(S1) ∩ stM(S2),

,

which proves (i).

(ii). Any element K ∈ M that belongs to stM(S1) ∪ stM(S2) contains either S1 or S2, and in any case, it
contains the intersection S1 ∩ S2 ⊂ K. This proves that K ∈ stM(S1 ∩ S2), as desired. □

We extend the above definition of star to any point x ∈ |M|, that may not be a vertex of the mesh M:

∀ x ∈ |M|, stM(x) := {K ∈ M|x ∈ |K|}.
The next lemma shows that stM(x) is the star of the smallest sub-simplex containing x.

Lemma 2.2. For any x ∈ |M|, it holds that stM(x) = stM(S) where S is the sub-simplex

S :=
⋂

S′∈σ(M)
x∈|S′|

S′.

Proof. Let S be as in the above statement, and let K be an arbitrary element in stM(S). By definition, K
contains the sub-simplex S, and so x ∈ |K|. This implies that K ∈ stM(x), whence the inclusion stM(S) ⊂
stM(x).

Conversely, let K be an element in the star stM(x), i.e. x ∈ |K|. Then, (2.2) implies that

K ∈
⋃

S′∈σ(M)
x∈|S′|

stM(S′) ⊂ stM(S),

which proves that stM(x) ⊂ stM(S). □

2.2. Fractured meshes

We now arrive at the notion of fractured mesh. Let M be a regular simplicial mesh and let Γ ⊂ σd−1(M)
be a “fracture”, i.e. a subset of the faces of M. The need to consider entities of Γ differently, depending on
which neighboring region they are observed from, motivates the notion of generalized sub-simplices, which is
illustrated in 2d on Figs. 2a and 3 and in 3d on Figure 4.

Definition 2.6 (Generalized sub-simplices, [7, Def. 2.11]). Let S ∈ σ(M) and let G(S) be the graph formed
by the elements of stM(S), in which K,K ′ ∈ stM(S) are connected by an edge if they share a face that does
not belong to Γ, i.e. #(K ∩K ′) = d− 1 and K ∩K ′ /∈ Γ. The nS connected components of G(S) are called the
generalized sub-simplices of S and they are denoted by

stM(S; 1), . . . , stM(S;nS).

This gives rise to the following disjoint partition:

stM(S) =
⋃

1≤α≤nS

stM(S;α).

Having extended the notion of star to any point x ∈ |M|, we likewise define the generalized points associated
to x, denoted by:

stM(x; 1), . . . , stM(x;nx).

Intuitively, these generalized points represent the various replications of x attached to the different regions
delimited by the fracture Γ.

Notation. Throughout the rest of the article, M stands for a regular simplicial mesh in Rd, and we denote by
Ω the bounded Lipschitz domain which is the interior of |M|. We consider a fracture Γ ⊂ σd−1(M) inside Ω,
and with a slight abuse of notation, we indifferently denote by Γ ≡ |Γ| the fracture and its discretization as a
collection of (d− 1)-subsimplices of M.
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<latexit sha1_base64="0TM+6tPJxMuA7Ew5idah6B4h0ZM=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAhWYVcksQzYWEY0D0hCmJ3cJENmZ5eZu2JcUtv4KzYWitj6BXb+jZNHoYkHBg7n3MOde4JYCoOe9+0sLa+srq1nNrKbW9s7u+7eftVEieZQ4ZGMdD1gBqRQUEGBEuqxBhYGEmrB4HLs1+5AGxGpWxzG0ApZT4mu4Ayt1HaPmgj3mN4I1ZNAe6BAMykeoENtyloj2nZzXt6bgC4Sf0ZyZIZy2/1qdiKehKCQS2ZMw/dibKVMo+ASRtlmYiBmfMB60LBUsRBMK52cMqInVunQbqTtU0gn6u9EykJjhmFgJ0OGfTPvjcX/vEaC3YtWKlScICg+XdRNJMWIjnuhHaGBoxxawrgW9q+U95lmHG17WVuCP3/yIqme5f1CvnB9nisVZ3VkyCE5JqfEJ0VSIlekTCqEk0fyTF7Jm/PkvDjvzsd0dMmZZQ7IHzifP9iJmvg=</latexit>

Single generalized vertex
<latexit sha1_base64="eU/JBXtyUFRMr2C+dRqRUdVb9vU=">AAACCXicbVDLSgNBEJyNrxhfqx69DAbBU9gVSTwGBPEYwTwgCWF20kmGzM4uM71iXHL14q948aCIV//Am3/j5HHQxIaBoqqre7qCWAqDnvftZFZW19Y3spu5re2d3T13/6BmokRzqPJIRroRMANSKKiiQAmNWAMLAwn1YHg50et3oI2I1C2OYmiHrK9ET3CGluq4tIVwj+mVnUf7oEAzKR6gS60HBQcz7rh5r+BNiy4Dfw7yZF6VjvvV6kY8CUEhl8yYpu/F2E7ZZJ6Eca6VGIgZH7I+NC1ULATTTqeXjOmJZbq0F2n7FNIp+9uRstCYURjYzpDhwCxqE/I/rZlg76KdChUnCIrPFvUSSTGik1hoV2jgKEcWMK6F/SvlA6YZRxtezobgL568DGpnBb9YKN6c58uleRxZckSOySnxSYmUyTWpkCrh5JE8k1fy5jw5L8678zFrzThzzyH5U87nD3dlms8=</latexit>

Four generalized vertices

<latexit sha1_base64="+WbfxDn6hIXFsMuxwSxhCBKTdlQ=">AAACCXicbVDLSgMxFM34rPU16tJNsAiuyoxI67LgxmWFvqAtJZPetqGZzJDcUevQrRt/xY0LRdz6B+78G9PHQlsPBA7n3JPkniCWwqDnfTsrq2vrG5uZrez2zu7evntwWDNRojlUeSQj3QiYASkUVFGghEasgYWBhHowvJr49VvQRkSqgqMY2iHrK9ETnKGVOi5tIdxjWrmLaB8UaCbFA3SpjaDgYMa04+a8vDcFXSb+nOTIHOWO+9XqRjwJQSGXzJim78XYTtnkQgnjbCsxEDM+ZH1oWqpYCKadTjcZ01OrdGkv0vYopFP1dyJloTGjMLCTIcOBWfQm4n9eM8HeZTsVKk4QFJ891EskxYhOaqFdoYGjHFnCuBb2r5QPmGYcbXlZW4K/uPIyqZ3n/UK+cHORKxXndWTIMTkhZ8QnRVIi16RMqoSTR/JMXsmb8+S8OO/Ox2x0xZlnjsgfOJ8/E9GajQ==</latexit>

Two generalized vertices <latexit sha1_base64="mrUEmR8SijXd4xFxJyzaC1k96jA=">AAACCHicbVDLTgIxFO3gC/GFunRhIzFxRWaMAZckblxiwisBQjrlAg2dzqS9o+KEpRt/xY0LjXHrJ7jzbyyPhYInaXJyzj1t7/EjKQy67reTWlldW99Ib2a2tnd297L7BzUTxppDlYcy1A2fGZBCQRUFSmhEGljgS6j7w6uJX78FbUSoKjiKoB2wvhI9wRlaqZM9biHcY1K5C2kfFGgmxQN0qY2g4GDGnWzOzbtT0GXizUmOzFHuZL9a3ZDHASjkkhnT9NwI2wmb3CdhnGnFBiLGh6wPTUsVC8C0k+kiY3pqlS7thdoehXSq/k4kLDBmFPh2MmA4MIveRPzPa8bYu2wnQkUxguKzh3qxpBjSSSu0KzRwlCNLGNfC/pXyAdOMo+0uY0vwFldeJrXzvFfIF24ucqXivI40OSIn5Ix4pEhK5JqUSZVw8kieySt5c56cF+fd+ZiNppx55pD8gfP5A7GBmmM=</latexit>

Two generalized vertices<latexit sha1_base64="aN2ejj4+uWtcowc1LtcxhYv5r7I=">AAACAHicbVC7SgNBFJ31GeMramFhMxgEq7ArklgG0lhGMA9IljA7ezcZMvtg5q4YljT+io2FIrZ+hp1/4yTZQhMPDBzOuXdmzvESKTTa9re1tr6xubVd2Cnu7u0fHJaOjts6ThWHFo9lrLoe0yBFBC0UKKGbKGChJ6HjjRszv/MASos4usdJAm7IhpEIBGdopEHptI/wiBnTOuaCIfgUYzqljUGpbFfsOegqcXJSJjmag9JX3495GkKEXJrreo6doJsxhYJLmBb7qYaE8TEbQs/QiIWg3WweYEovjOLTIFbmREjn6u+NjIVaT0LPTIYMR3rZm4n/eb0Ugxs3E1GSIkR88VCQylnIWRvUFwo4yokhjCth/kr5iCnG0XRWNCU4y5FXSfuq4lQr1bvrcr2W11EgZ+ScXBKH1Eid3JImaRFOpuSZvJI368l6sd6tj8XompXvnJA/sD5/AIGSllA=</latexit>

associated to C

<latexit sha1_base64="gPe8b9893J5uqL+u4YvGIOioeSg=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBsAq7Ioll0MYygomBZAmzk5tkyOyDmbtiWNL4KzYWitj6GXb+jbPJFpp4YOBwzr0zc44fS6HRcb6twsrq2vpGcbO0tb2zu2fvH7R0lCgOTR7JSLV9pkGKEJooUEI7VsACX8K9P77O/PsHUFpE4R1OYvACNgzFQHCGRurZR12ER0yZ1hEXDKFPMaJTetWzy07FmYEuEzcnZZKj0bO/uv2IJwGEyKW5ruM6MXopUyi4hGmpm2iIGR+zIXQMDVkA2ktnAab01Ch9OoiUOSHSmfp7I2WB1pPAN5MBw5Fe9DLxP6+T4ODSS0UYJwghnz80SGQWMmuD9oUCjnJiCONKmL9SPmKKcTSdlUwJ7mLkZdI6r7jVSvX2olyv5XUUyTE5IWfEJTVSJzekQZqEkyl5Jq/kzXqyXqx362M+WrDynUPyB9bnD4AOlk8=</latexit>

associated to B

<latexit sha1_base64="Copql+iGXw+8IFYICA0TkKFOeR8=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBsAq7IollQAvLCCYGkiXMTm6SIbMPZu6KYUnjr9hYKGLrZ9j5N84mW2jigYHDOffOzDl+LIVGx/m2Ciura+sbxc3S1vbO7p69f9DSUaI4NHkkI9X2mQYpQmiiQAntWAELfAn3/vgq8+8fQGkRhXc4icEL2DAUA8EZGqlnH3URHjFlWkdcMIQ+xYhO6XXPLjsVZwa6TNyclEmORs/+6vYjngQQIpfmuo7rxOilTKHgEqalbqIhZnzMhtAxNGQBaC+dBZjSU6P06SBS5oRIZ+rvjZQFWk8C30wGDEd60cvE/7xOgoNLLxVhnCCEfP7QIJFZyKwN2hcKOMqJIYwrYf5K+YgpxtF0VjIluIuRl0nrvOJWK9Xbi3K9ltdRJMfkhJwRl9RIndyQBmkSTqbkmbySN+vJerHerY/5aMHKdw7JH1ifP4MWllE=</latexit>

associated to D

<latexit sha1_base64="8BwoCihF2GJ0bVgkrEDa7M8QVqk=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBsAq7IollxMYygomBZAmzk5tkyOyDmbtiWNL4KzYWitj6GXb+jbPJFpp4YOBwzr0zc44fS6HRcb6twsrq2vpGcbO0tb2zu2fvH7R0lCgOTR7JSLV9pkGKEJooUEI7VsACX8K9P77O/PsHUFpE4R1OYvACNgzFQHCGRurZR12ER0yZ1hEXDKFPMaJTetWzy07FmYEuEzcnZZKj0bO/uv2IJwGEyKW5ruM6MXopUyi4hGmpm2iIGR+zIXQMDVkA2ktnAab01Ch9OoiUOSHSmfp7I2WB1pPAN5MBw5Fe9DLxP6+T4ODSS0UYJwghnz80SGQWMmuD9oUCjnJiCONKmL9SPmKKcTSdlUwJ7mLkZdI6r7jVSvX2olyv5XUUyTE5IWfEJTVSJzekQZqEkyl5Jq/kzXqyXqx362M+WrDynUPyB9bnD36Klk4=</latexit>

associated to A

Figure 3. Mesh of the fractured e-shaped 2d domain with four particular vertices A, B, C,
D at different locations on the fracture.

<latexit sha1_base64="/dd8vuLbBmmWUbb26LDsYwFWa7Q=">AAACCnicbVC7TsMwFHV4lvIqMLIYKiSmKkGoZSxigLFI9CG1UeU4N2DhOJF9gyhRZxZ+hYUBhFj5Ajb+Bvcx8DqSpaNzzrV9T5BKYdB1P52Z2bn5hcXCUnF5ZXVtvbSx2TJJpjk0eSIT3QmYASkUNFGghE6qgcWBhHZwfTLy2zegjUjUBQ5S8GN2qUQkOEMr9Us7PYRbzE9BgWZS3EFIbRwFB0OTiA7pcb9UdivuGPQv8aakTKZo9EsfvTDhWQwKuWTGdD03RT9no1slDIu9zEDK+DW7hK6lisVg/Hy8ypDuWSWkUaLtUUjH6veJnMXGDOLAJmOGV+a3NxL/87oZRkd+LlSaISg+eSjKJMWEjnqhodDAUQ4sYVwL+1fKr5hmHG17RVuC93vlv6R1UPGqler5Yblem9ZRINtkl+wTj9RInZyRBmkSTu7JI3kmL86D8+S8Om+T6IwzndkiP+C8fwEPlJpz</latexit>

Generalized vertices of A

<latexit sha1_base64="HC3FJ4tCoYfuho7soCjjTV4x51Q=">AAACCnicbVA9T8MwFHT4LOUrwMhiqJCYqgQhYERigLFIlFZqq8pxX1oLx4nsF0SJOrPwV1gYQIiVX8DGv8EpGaDlJEunu3u23wWJFAY978uZmZ2bX1gsLZWXV1bX1t2NzWsTp5pDnccy1s2AGZBCQR0FSmgmGlgUSGgEN2e537gFbUSsrnCYQCdifSVCwRlaqevutBHuMDsHBZpJcQ89auMoOBgah3REz7puxat6Y9Bp4hekQgrUuu5nuxfzNAKFXDJjWr6XYCdj+a0SRuV2aiBh/Ib1oWWpYhGYTjZeZUT3rNKjYaztUUjH6u+JjEXGDKPAJiOGAzPp5eJ/XivF8KSTCZWkCIr/PBSmkmJM815oT2jgKIeWMK6F/SvlA6YZR9te2ZbgT648Ta4Pqv5R9ejysHJ6XNRRIttkl+wTnxyTU3JBaqROOHkgT+SFvDqPzrPz5rz/RGecYmaL/IHz8Q0SnJp1</latexit>

Generalized vertices of C
<latexit sha1_base64="cVYwZNm/dcS45jVw0aj/jZ3gE98=">AAACAnicbVBNSwMxFMz6WetX1ZN4CRahXsquiHosePFYwdZCu5Rs+lqD2WRJ3oplKV78K148KOLVX+HNf2Na96CtA4Fh5g0vb6JECou+/+XNzS8sLi0XVoqra+sbm6Wt7abVqeHQ4Fpq04qYBSkUNFCghFZigMWRhOvo9nzsX9+BsUKrKxwmEMZsoERfcIZO6pZ2Owj3mFWsUAMJlOs40QoUHo66pbJf9SegsyTISZnkqHdLn52e5mns0lwya9uBn2CYMYOCSxgVO6mFhPFbNoC2o4rFYMNscsKIHjilR/vauKeQTtTfiYzF1g7jyE3GDG/stDcW//PaKfbPwkyoJEVQ/GdRP5UUNR33QXvCAEc5dIRxI9xfKb9hhnF0rRVdCcH0ybOkeVQNTqonl8fl2mleR4HskX1SIQE5JTVyQeqkQTh5IE/khbx6j96z9+a9/4zOeXlmh/yB9/ENj4aXhA==</latexit>

(single component)

<latexit sha1_base64="zhS/y1OfvlJ/7BcX2EJloV1hWwQ=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBItQN2WmSOuy4MZlBfuAdiiZNG1DM8mQ3BHLUPBX3LhQxK3f4c6/MW1noa0HAodz7uHenDAW3IDnfTtr6xubW9u5nfzu3v7BoXt03DQq0ZQ1qBJKt0NimOCSNYCDYO1YMxKFgrXC8c3Mbz0wbbiS9zCJWRCRoeQDTglYqeeedoE9QlosY6qiWEkmwVxOe27BK3lz4FXiZ6SAMtR77le3r2gS2TgVxJiO78UQpEQDp4JN893EsJjQMRmyjqWSRMwE6fz8Kb6wSh8PlLZPAp6rvxMpiYyZRKGdjAiMzLI3E//zOgkMroOUyzgBJuli0SARGBSedYH7XDMKYmIJoZrbWzEdEU0o2MbytgR/+curpFku+ZVS5e6qUKtmdeTQGTpHReSjKqqhW1RHDURRip7RK3pznpwX5935WIyuOVnmBP2B8/kD/3KVfw==</latexit>

(2 components)

<latexit sha1_base64="XP6aurDr60EfjNpSIsSIYCLlHjM=">AAACCnicbVC7TsMwFHV4lvIqMLIYKiSmKkGoZaxggLFI9CG1UeU4N2DhOJF9gyhRZxZ+hYUBhFj5Ajb+Bvcx8DqSpaNzzrV9T5BKYdB1P52Z2bn5hcXCUnF5ZXVtvbSx2TJJpjk0eSIT3QmYASkUNFGghE6qgcWBhHZwfTLy2zegjUjUBQ5S8GN2qUQkOEMr9Us7PYRbzE9BgWZS3EFIbRwFB0OTiA7pcb9UdivuGPQv8aakTKZo9EsfvTDhWQwKuWTGdD03RT9no1slDIu9zEDK+DW7hK6lisVg/Hy8ypDuWSWkUaLtUUjH6veJnMXGDOLAJmOGV+a3NxL/87oZRkd+LlSaISg+eSjKJMWEjnqhodDAUQ4sYVwL+1fKr5hmHG17RVuC93vlv6R1UPGqler5Yblem9ZRINtkl+wTj9RInZyRBmkSTu7JI3kmL86D8+S8Om+T6IwzndkiP+C8fwERGJp0</latexit>

Generalized vertices of B
<latexit sha1_base64="DY8a8O4jfss1eqMUE0VF2MH6XuQ=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBItQN2VGSuuy4MZlBfuAdiiZNG1DM8mQ3BHLUPBX3LhQxK3f4c6/MW1noa0HAodz7uHenDAW3IDnfTtr6xubW9u5nfzu3v7BoXt03DQq0ZQ1qBJKt0NimOCSNYCDYO1YMxKFgrXC8c3Mbz0wbbiS9zCJWRCRoeQDTglYqeeedoE9QlosY6qiWEkmwVxOe27BK3lz4FXiZ6SAMtR77le3r2gS2TgVxJiO78UQpEQDp4JN893EsJjQMRmyjqWSRMwE6fz8Kb6wSh8PlLZPAp6rvxMpiYyZRKGdjAiMzLI3E//zOgkMroOUyzgBJuli0SARGBSedYH7XDMKYmIJoZrbWzEdEU0o2MbytgR/+curpHlV8iulyl25UKtmdeTQGTpHReSjKqqhW1RHDURRip7RK3pznpwX5935WIyuOVnmBP2B8/kDAqOVgQ==</latexit>

(4 components)

<latexit sha1_base64="fKStJxwAIYTxkvuqC1dhYXhNpLg=">AAACCnicbVDLSgMxFM3Ud32NunQTLYKrMiO+loKCLhWsLbRDyaR32tBMZkjuiHXo2o2/4saFIm79Anf+jZnaha8DgcM55ya5J0ylMOh5H05pYnJqemZ2rjy/sLi07K6sXpkk0xxqPJGJboTMgBQKaihQQiPVwOJQQj3sHxd+/Rq0EYm6xEEKQcy6SkSCM7RS291oIdxgfgoKNJPiFjrUxlFwMDSJ6JCetN2KV/VGoH+JPyYVMsZ5231vdRKexaCQS2ZM0/dSDHJW3CphWG5lBlLG+6wLTUsVi8EE+WiVId2ySodGibZHIR2p3ydyFhsziEObjBn2zG+vEP/zmhlGh0EuVJohKP71UJRJigkteqEdoYGjHFjCuBb2r5T3mGYcbXtlW4L/e+W/5Gqn6u9X9y92K0d74zpmyTrZJNvEJwfkiJyRc1IjnNyRB/JEnp1759F5cV6/oiVnPLNGfsB5+wQThpp0</latexit>

Generalized vertices of D
<latexit sha1_base64="zhS/y1OfvlJ/7BcX2EJloV1hWwQ=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBItQN2WmSOuy4MZlBfuAdiiZNG1DM8mQ3BHLUPBX3LhQxK3f4c6/MW1noa0HAodz7uHenDAW3IDnfTtr6xubW9u5nfzu3v7BoXt03DQq0ZQ1qBJKt0NimOCSNYCDYO1YMxKFgrXC8c3Mbz0wbbiS9zCJWRCRoeQDTglYqeeedoE9QlosY6qiWEkmwVxOe27BK3lz4FXiZ6SAMtR77le3r2gS2TgVxJiO78UQpEQDp4JN893EsJjQMRmyjqWSRMwE6fz8Kb6wSh8PlLZPAp6rvxMpiYyZRKGdjAiMzLI3E//zOgkMroOUyzgBJuli0SARGBSedYH7XDMKYmIJoZrbWzEdEU0o2MbytgR/+curpFku+ZVS5e6qUKtmdeTQGTpHReSjKqqhW1RHDURRip7RK3pznpwX5935WIyuOVnmBP2B8/kD/3KVfw==</latexit>

(2 components)

Figure 4. Fractured mesh of a multi-screen 3d domain with four particular generalized vertices
A, B, C, D. The blue line represents the boundary of the fracture. The green line represents
the intersection between the two screens. The vertices on the fracture have two generalized
vertices (as in A or D), except those at the boundary of the fracture, that have only one (as in
C), and those at the intersection between the two screens, that have four (as in B).
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3. Finite element matrix assembly using a domain decomposition method

This section details the construction of the finite element matrix of a boundary value problem involving a fracture
from the local finite element matrices associated to suitable restrictions of the latter on regular, non-cracked
subdomains.

3.1. The Finite Element method on a cracked domain

Let us consider an elliptic boundary value problem posed on Ω, given by its variational form:

Find u ∈ V such that a(u, v) = b(v), ∀v ∈ V, (3.1)

where

• The functional space V := H1(Ω\Γ) is the closure of C∞(Ω\Γ) for the norm

u 7→
(∫

Ω

u2 dx+

∫
Ω\Γ

|∇u|2 dx
)1/2

;

it contains functions with possibly different traces from different sides of Γ, see Chap. 3 in [79];
• a : V × V → R is a coercive, continuous bilinear form on V ;
• b : V → R is a continuous linear form on V .

We further assume that a and b are additive, i.e. for any decomposition Ω = ∪0≤p≤nΩp featuring pairwise
disjoint open subsets Ωp of Ω, there exist continuous bilinear forms aΩp and continuous linear forms bΩp on V
such that

∀u, v ∈ V, a(u, v) = aΩ1(u|Ω1
, v|Ω1

) + . . .+ aΩp
(u|Ωp

, v|Ωp
), (3.2)

∀v ∈ V, b(v) = bΩ1
(v|Ω1

) + . . .+ bΩp
(v|Ωp

). (3.3)

For instance, this property is satisfied as soon as a(u, v) and b(v) are made of domain and surface integrals
involving local differential operators applied to u and v.

Let us now introduce the “classical” Lagrange finite element space V k(M) of order k ≥ 0 on the mesh M:

V k(M) :=
{
u ∈ H1(Ω) | u|K ∈ Pk ∀K ∈ M

}
, (3.4)

where Pk is the set of polynomials of degree k. We define the “fractured” finite element space V k(M; Γ) by:

V k(M; Γ) := {u ∈ H1(Ω\Γ) | u|K ∈ Pk ∀K ∈ M}.
For the classical approximation properties of V k(M) in Sobolev spaces, see e.g. [22]. Similar approximation
properties hold for V k(M; Γ) in H1(Ω\Γ), see [6, Theorem 1.2].

The finite element approximation of the variational problem (3.1) with Pk Lagrange finite elements V k(M; Γ)
reads:

Find uh ∈ V k(M; Γ) such that a(uh, vh) = b(vh) for all vh ∈ V k(M; Γ). (3.5)

Let us now discuss the construction of a finite element basis for the space V k(M; Γ) and the algebraic system
thus resulting from the discrete variational formulation (3.5). Let {x1, . . . , xN} be the usual set of Pk Lagrange
degrees of freedom – hereafter called nodes – associated to V k(M), and let {ϕ1, . . . , ϕN} be the corresponding
basis of functions; in particular the functions ϕi are continuous across Γ. Every node xi has nxi ≥ 1 associated
generalized nodes stM(xi; 1), . . . , stM(xi;nxi

), see Section 2.2. Let us denote by I the index set of generalized
degrees of freedom:

I := {(i, α) | 1 ≤ i ≤ N , 1 ≤ α ≤ nxi
} ,

and let Q := #(I) be its cardinal. For (i, α) ∈ I, let ϕi,α be the function which coincides with ϕi on the
elements of the generalized component α of xi, and which equals 0 on the other elements:

∀K ∈ M, ∀x ∈ K , ϕi,α(x) :=

{
ϕi(x) if K ∈ stM(xi;α),

0 otherwise.
(3.6)

According to [6, Lemma 6.2], the collection {ϕi,α}(i,α)∈I is a basis of V k(M; Γ). We finally introduce the

operator τ : RQ → V k(M; Γ) mapping coordinate vectors to finite element functions:

τ [(Ui,α)(i,α)∈I ] :=
∑

(i,α)∈I

Ui,αϕi,α.

The stiffness matrix A ∈ RQ×Q and the right-hand side b ∈ RQ of the problem (3.5) in the basis {ϕi,α}(i,α)∈I
of V k(M; Γ) are then defined by their entries:

A(i,α),(j,β) = a(ϕi,α, ϕj,β), bi,α = b(ϕi,α), ∀(i, α), (j, β) ∈ I.
Equivalently, these objects are characterized by the following relations:

VTAU = a(τ [U], τ [V]), VTb = b(τ [V]), ∀U,V ∈ RQ. (3.7)
8



3.2. Construction of the finite element matrix from a partition of the mesh

The assembly of the global stiffness matrix A is tedious in numerical practice. It indeed raises the need to
identify the generalized degrees of freedom of the space V k(M; Γ), that is, to determine how many copies of
each degree of freedom of the “classical” space V k(M) appear in V k(M; Γ), and to endow them with a suitable
label. This task is not only cumbersome, but it is also highly intrusive in the considered finite element solver.
This is undesirable as one ideally wishes to use a third-party library without any information of its internal
operation (which is usually not accessible to the user). The purpose of this section is to describe a calculation
procedure of A from local finite element matrices obtained by a black-box application of an existing software on
complementary regular subdomains of Ω which individually do not present cracks. The systematic construction
of such a partition is the subject of Section 4.

Let us assume that the mesh M is partitioned as:

M =

n⋃
p=0

Mp, (3.8)

where M0, . . . ,Mn are (n + 1) disjoint sub-meshes on which the local assemblies will take place. We assume
that whenever two elements K, K ′ are incident “across the fracture”, they belong to distinct components of
the partition. More precisely, we assume that the following property holds:

∀S ∈ σ(M), ∀1 ≤ α ̸= β ≤ nS , ∀(K,K ′) ∈ stM(S;α)× stM(S;β),

∀0 ≤ p, q ≤ n, K ∈ Mp and K ′ ∈ Mq ⇒ p ̸= q. (P)

Such a partition always exists; for instance, the trivial partition M =
⋃

K∈M{K}, obtained by singling out
all the elements of M, obviously satisfies (P): then, n = #(σd(M))−1 and for any p = 0, . . . , n, Mp = {Kp+1}.
Note however that, in practice, in order to limit the number of calls to a third-party software for assembling
the stiffness matrix A, it is desirable that the number n of components of the partition be as small as possible,
see Figure 5 for an illustration.

(a) Partitioning obtained with the graph parti-
tioning algorithm of Section 4 for the 2d exam-
ple.

(b) Partition obtained with the algorithm of Section 4 for the 3d multi-
screen. The right panel shows the four components adjacent to the frac-
ture.

Figure 5. Partitions of the 2d and 3d meshes associated to the self intersecting crack and
multi-screen geometries of Figure 1, satisfying the property (P).

For 0 ≤ p ≤ n, we denote by Ωp the interior of the subdomain |Mp| spanned by the triangulation Mp. The
property (P) guarantees that the Ωp are “regular” domains, that are situated locally on one side of the fracture
Γ, as formalized by the following proposition.

Proposition 3.1. Any mesh decomposition (3.8) satisfying (P) also complies with the following properties:

(i) The fracture Γ is contained in the boundaries of the subdomains: Γ ⊂ ⋃0≤p≤n ∂Ωp;

(ii) For each 0 ≤ p ≤ n, the star of any sub-simplex S in Mp is included in exactly one of the generalized
sub-simplices of S in M:

∀0 ≤ p ≤ n, ∀S ∈ σ(Mp), ∃!1 ≤ α ≤ nS , s.t. stMp
(S) ⊂ stM(S;α);

(iii) The previous property also holds true for the star of any point x ∈ Ωp:

∀0 ≤ p ≤ n, ∀x ∈ Ωp, ∃!1 ≤ α ≤ nx, s.t. stMp
(x) ⊂ stM(x;α).
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Proof. (i). We show that:

For all 0 ≤ p ≤ n, S ∈ σd−1(Mp) ∩ Γ ⇒ S ∈ ∂Ωp. (3.9)

In fact, let S ∈ σd−1(Mp) ∩ Γ, and suppose, for a contradiction, that S /∈ ∂Ωp. Then Proposition 2.1 implies
that there exist K,K ′ ∈ Mp with K ̸= K ′ such that S ⊂ K and S ⊂ K ′. However, because M is a simplicial
mesh, S has exactly two associated generalized (d− 1)-sub-simplices, K and K ′, that are separated by S ⊂ Γ.
Therefore, K and K ′ cannot both belong to Mp due to (P), which is the desired contraction, proving (3.9).

(ii). Let S ∈ σ(Mp), and assume that, for any 1 ≤ j ≤ nS , stMp(S) ̸⊂ stM(S; j). Then, there exist two
elements K,K ′ ∈ stMp(S) and 1 ≤ j ̸= k ≤ nS such that K ∈ stM(S; j) and K ′ ∈ stM(S; k). This contradicts
(P).

(iii). This is an immediate consequence of Lemma 2.2 and the previous point. □

3.3. Finite Element assembly of the cracked problem from local matrices

Let us denote by ap := aΩp and bp := bΩp the bilinear and linear forms induced by a and b on the sub-domains
Ωp, p = 0, . . . , n, see Assumptions (3.2) and (3.3). These satisfy:

∀u, v ∈ H1(Ω\Γ), a(u, v) =

n∑
p=0

ap(u|Ωp
, v|Ωp

), b(v) =

n∑
p=0

bp(v|Ωp
). (3.10)

For 0 ≤ p ≤ n, we denote by Ap and bp the finite element matrices and vectors of the sub-problem

Find uh, vh ∈ V k(Mp) such that ap(uh, vh) = bp(vh) for all vh ∈ V k(Mp). (3.11)

Since the latter involves the “classical” Lagrange finite element space V k(Mp) defined by (3.4), Ap and bp can
be computed using any available third-party software.

For 0 ≤ p ≤ n, let Ip be the set of degrees of freedom of V k(Mp), or equivalently, the subset of indices of

the Lagrange degrees of freedom of M that belong to Ωp:

Ip := {1 ≤ i ≤ N |xi ∈ |Mp|}, and N̂p := #(Ip).
A basis of V k(Mp) is made of the restrictions (ϕi|Ωp

)i∈Ip
of the basis functions of the complete finite element

space V k(M). Introducing the mappings τp : RN̂p → H1(Ωp) between coordinate vectors and finite element
functions in V k(Mp), i.e.

∀U = (Ui)i∈Ip
∈ RN̂p , τp[U] :=

∑
i∈Ip

Uiϕi|Ωp
,

the matrices and vectors Ap ∈ RN̂p×N̂p and bp ∈ RN̂p satisfy:

∀U,V ∈ RN̂p , VTApU = ap(τp[U], τp[V]), VTbp = bp(τp[V]).

Explicitly, their entries read:

(Ap)ij = ap(ϕi|Ωp
, ϕj |Ωp

), (bp)j = bp(ϕi|Ωp
), i, j ∈ Ip.

Let us now explain how the total finite element matrix A and right-hand side b of the fractured problem
(3.5) can be constructed from their local counterparts Ap, bp. We define the mappings αp : Ip → N indicating
the number of the generalized node in M associated to an input node in Mp:

∀ 0 ≤ p ≤ n, ∀i ∈ Ip, αp(i) ∈ {1, . . . , nxi
} is the unique integer s.t. stMp

(xi) ⊂ stM(xi;αp(i)); (3.12)

see Proposition 3.1. These mappings induce the following decomposition of the index set I of generalized nodes:

I =

n⋃
p=0

{(i, αp(i)) | i ∈ Ip}. (3.13)

Note that this reunion may feature redundant elements. For instance, a node xi lying “far” from the fracture
set Γ – and thus having one single generalized vertex stM(xi; 1) – may belong to two elements K,K ′ affected
to different submeshes Mp and Mq; in this case, αp(i) = αq(i) = 1. Drawing inspiration from domain

decomposition methods [46], we now define, for p = 0, . . . , n, the restriction operator Rp : RQ → RN̂p by

Rp[(Ui,α)(i,α)∈I ] := (Ui,αp(i))i∈Ip
. (3.14)

A straightforward verification shows that the transpose operator RT
p : RN̂p → RQ realizes the extension by

zero of a vector (Ui)i∈Ip
to the indices I\{(i, αp(i)) | i ∈ Ip}. In practice, the operator Rp is implemented as a

boolean matrix with size N̂p ×Q, which is also denoted by Rp with a small abuse of notation.
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The main ingredient in the assembly of A and b on the basis of their contributions from the sub-meshes Mp

is the next Proposition 3.2. It crucially relies on the fact that the basis functions ϕi,α of the cracked problem
(3.5) are the restrictions of the “classical” Lagrange basis functions ϕi of M to the submeshes (Mp)0≤p≤n. We
start with a lemma.

Lemma 3.1. Let M =
⋃n

p=0 Mp be a partition satisfying the property (P). The restriction of a finite element

function u ∈ V k(M; Γ) to Ωp is given by the restricted component vector:

For any U = (Ui,α)(i,α)∈I ∈ RQ, τ [U]|Ωp
= τp[RpU].

Proof. This follows from an elementary calculation:

τ [U]|Ωp =
∑

(i,α)∈I

Ui,αϕi,α|Ωp

=
∑
i∈Ip

Ui,αp(i)ϕi|Ωp

= τp[RpU],

(3.15)

where the second line follows from the definition (3.6) of the basis functions {ϕi,α}(i,α)∈Ip
. □

Proposition 3.2. Let M =
⋃n

p=0 Mp be a mesh partition satisfying the property (P). The finite element matrix

A and right-hand side b of the “fractured” problem (3.5) are related to the finite element matrices (Ap)0≤p≤n

and vectors (bp)0≤p≤n of the local problems (3.11) through the following “domain decomposition”-like formulas:

A =

n∑
p=0

RT
p ApRp, b =

n∑
p=0

RT
p bp. (3.16)

Proof. Let U,V be arbitrary vectors in RQ. From (3.10) and (3.15), we have:

VTAU = a(τ [U], τ [V]) =

n∑
p=0

ap(τ [U]|Ωp
, τ [V]|Ωp

) =

n∑
p=0

ap(τp[RpU], τp[RpV])

=

n∑
p=0

VTRT
p ApRpU.

Likewise, for any vector V ∈ RQ, we have:

VTb = b(τ [V]) =

n∑
p=0

bp(τ [V]|Ωp
) =

n∑
p=0

bp(τp[RpV])

=

n∑
p=0

VTRT
p bp.

These result in the desired formulas. □

4. Mesh decomposition using a greedy algorithm for graph partitioning with cannot-link
constraints

This section describes an efficient numerical algorithm for computing a suitable partition of the total mesh M
into several components satisfying the property (P).

The proposed method relies on graph theory, and it operates on the undirected graph G(M) defined from
M as follows:

• The nodes of G(M) are the elements K of M,
• Two elements K,K ′ ∈ M are connected by an edge {K,K ′} if they are adjacent through a face.

We additionally introduce a subset CL of “cannot-link” edges within G(M). The latter gather the pairs {K,K ′}
made of two elements separated by the fracture Γ; i.e.,

CL :=
{
{K,K ′} | ∃S ∈ σ(M), nS ≥ 1, 1 ≤ α ̸= β ≤ nS , K ∈ stM(S;α) and K ′ ∈ stM(S;β)

}
. (4.1)

In words, the cannot-link edges {K,K ′} ∈ CL are those made of elements K and K ′ that belong to two
different generalized sub-simplices of a single sub-simplex S ∈ σ(M). Note that CL contains not only the pairs
of elements that are adjacent through a face of the fracture set Γ, but all the pairs that share entities from the
fracture Γ and must be “seen” from different sides of the latter. An algorithm to generate the set of constraints
CL starting from the mesh M and the fracture Γ is presented in Section 6.1.

From this perspective, the search for a partition M =
⋃n

p=0 Mp of M satisfying the property (P) boils

down to finding a partition of the graph G(M) into (n+1) disjoint connected components G0, . . .Gn subject to
11



the “cannot-link” constraint that any two nodes K, K ′ that are connected by an edge {K,K ′} ∈ CL must be
affected to different components.

The setting and notations from graph theory needed to address this general problem are introduced in
Section 4.1 and our algorithm is described in Section 4.2.

4.1. Definitions and notations about graphs and partitions

Let us start by recalling a few classical definitions about the objects at stake in this section, see e.g. [17, 106]
for more exhaustive introductions to graph theory.

Definition 4.1. A graph G is given by a non empty and finite set V of elements called vertices, and a collection
E ⊂ V × V of unoriented pairs {v, w} of vertices v, w ∈ V called edges. Moreover,

• The degree deg(v) of a vertex v ∈ V is the number of distinct edges e ∈ E having v as one of their
endpoints.

• The graph G is connected if for any two vertices v, w ∈ V, there exist edges (v0, v1), . . . (vk−1, vk) ∈ E
with v0 = v and vk = w.

The graphs considered in this article are assumed to be undirected, that is {v, w} ∈ E if and only if {w, v} ∈ E .
However, all that follows would also hold true in the case of oriented graphs.

For a given collection of vertices S ⊂ V, we denote by G[S] the sub-graph induced by S:

G[S] := (S, ES) with ES := {(v, w) ∈ S × S | (v, w) ∈ E}.

Definition 4.2 (Partition of a graph). A partition of the graph G = (V, E) is a decomposition of the set V of
vertices into (n+ 1) components:

V =
⋃

0≤p≤n

Vp with Vp ∩ Vq = ∅ ∀0 ≤ p ̸= q ≤ n,

and such that for any 0 ≤ p ≤ n, G[Vp] is connected.

Definition 4.3 (Cannot-link constraints). Let CL be a subset of V × V, gathering the “cannot-link” pairs of
vertices. A partition (G[Vp])0≤p≤n of G complies with the cannot-link constraints CL if any two vertices forming
a pair in CL are affected to distinct components of the partition:

∀ {v, w} ∈ CL, ∀ 0 ≤ p, q ≤ n, v ∈ Vp and w ∈ Vq ⇒ p ̸= q.

Obviously, for any graph G and cannot-link set CL, the trivial partition of G induced by the decomposition
of V into singletons, i.e.

V =
⋃
v∈V

{v} (4.2)

obviously satisfies the cannot-link constraints CL. However, in applications, it is often desirable for a partition
of G to have a moderate number n of components.

More generally, constrained graph partitioning—with cardinality, membership, cannot-link, or must-link
conditions—is classical in applications such as mesh partitioning [70], network design [86] and data clustering
[9]; see [25] for a review. In the cannot-link setting considered here, the problem is often formulated as the
search for the minimum number of edges to remove to satisfy the constraints [4, 87, 12]:

minn s.t. (G[Vp])0≤p≤n is a partition of G satisfying the constraints CL (4.3)

Unfortunately, this combinatorial problem is notoriously difficult, probably NP-hard. In this work, we rather
aim to find a partition which is optimal in some Pareto sense with a complexity which is nearly linear in the
number of vertices in V and the number of cannot-link constraints.

Definition 4.4 (Minimal partitioning). A graph partitioning (G[Vp])0≤p≤n is called minimal for the problem
(4.3) if it is not possible to merge two of its components without violating the cannot-link constraints CL defined
by (4.1):

∀0 ≤ p ̸= q ≤ n, G[Vp ∪ Vq] is connected ⇒ ∃(v, w) ∈ CL with v ∈ Vp and w ∈ Vq.

The resulting partition may not be “optimal”, strictly speaking. However, it usually has a moderate number
of components, which is sufficient for our purpose; it is moreover minimal in the sense that no two of these can
be merged without violating the constraints.
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4.2. A greedy algorithm for graph partitioning with cannot-link constraints

This section describes a greedy algorithm that computes a minimal partition of a graph G that complies with
a given set CL of cannot-link constraints, in the sense of Definition 4.4. Algorithm 1 operates as follows. It
starts from the trivial partition (4.2) of G, featuring as many components as vertices in this graph, and then
travels the edges {v, w} ∈ E of G to try and merge the components containing v and w. In order to manage
the connected components efficiently while ensuring that cannot-link constraints are not violated, the algorithm
relies on a Union-Find data structure [63] alongside an auxiliary graph Forbidden=(U ,F), that are both
updated dynamically:

• The Union-Find structure handles the maintenance of the partition. It consists of:
– A function Find : V → V that maps each vertex v to a representative Find(v) of its component in

the current partition. This mapping completely characterizes the partition as:

V =
⋃

i∈Find(V )

{v ∈ V | Find(v) = i}. (4.4)

At the initial stage of the algorithm, one sets: Find(v) = v for all v ∈ V.
– The Union procedure allows to merge two components: subsequent calls to Find return a single

shared representative for vertices in both sets. An efficient tree-based implementation of this
operation with path compression results in a complexity of O(α∗(#(V))) per operation, where α∗

denotes the inverse Ackermann function [36, 104].
• The graph Forbidden (U ,F) encodes and dynamically updates the constraints between the evolving
components of V. It enables to identify the components that cannot be merged without violating the
cannot-link constraints CL. This graph is made of the following objects:
(i) Its set of vertices U = {Find(v) | v ∈ V } consists of the representatives of the current partition.
(ii) Its set of edges F = {(Find(v),Find(w)) ∈ U × U | {v, w} ∈ CL} accounts for the pairs of

components that should not be merged.

Algorithm 1 Greedy graph partitioning algorithm with cannot-link constraints.

Require: Graph G with vertices V and edges E .
Require: Cannot-link pairs CL ⊂ V × V.
1: Initialize Union-Find data structure with #(V) elements.
2: Initialize graph structure Forbidden= (U ,F) with U = V and F = CL.
3: for all edge {v, w} ∈ E do
4: if {Find(v),Find(w)} /∈ F then
5: Union(v, w)
6: Merge(Find(v),Find(w)) into Find(v).
7: end if
8: end for
9: return Find.

At any stage of the algorithm, the two components under scrutiny, represented by Find(v) and Find(w), are
merged provided they are not connected by an edge in the graph Forbidden. After this happens, the Merge
procedure is used to update the Union-Find structure and the graph Forbidden, see line 6: the nodes Find(v)
and Find(w) in Forbidden are merged, and all edges incident to either of the two original representatives are
redirected to the new common representative. By merging the node with smallest degree into that with larger
degree, the cost of the merger of two nodes A, B ∈ U is of the order of the minimum of the degrees of A and
B in the graph Forbidden.

Proposition 4.1. Algorithm 1 computes a minimal (in the sense of Definition 4.4) partition of G in at most

O
(
#(E)α∗(#(V )) + #(CL) log(#(V ))

)
operations, where α∗ is the inverse Ackerman function.

Proof. The complexity of Algorithm 1 is mainly determined by two factors: the management of the vertex
partition using the Union-Find structure and the upkeep of the Forbidden graph accounting for the cannot-
link constraints. The algorithm considers each edge {v, w} ∈ E exactly once. For each edge, it performs a
constant number of Find operations, and if a merger is possible, a Union operation. As previously mentioned,
using a Union-Find data structure with path compression, the total time spent on these operations is at most
O(#(E)α∗(#(V))) [36, 104].

The most significant overhead stems from the update of the graph Forbidden associated to the merging
operations, which can be estimated thanks to a classical doubling argument. Let e be an arbitrary cannot-link
pair of vertices in the set CL, that will be updated as the algorithm proceeds. The merging operations induce a
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cost of one operation for e every time one of its nodes is merged with another node with higher degree. Let us
denote by (uk) and (vk′) the sequences of nodes of e, where the indices k and k′ refer to the number of merging
operations that have led to uk and vk′ . By construction, each merging operation related to either vertex causes
its degree to double (at least), up to the deletion of one edge. Hence, the degree sequences satisfy

deg(uk+1) ≥ 2deg(uk)− 1 and deg(vk′+1) ≥ 2deg(vk′)− 1.

Since the degree of both nodes must remain inferior to |CL|, the total cost of the merging operations affecting a
single edge e in CL is of the order O(log(|CL|)). Consequently, the total cost of merging nodes in the Forbidden
graph is bounded by O(|CL| log(|CL|)), which is O(|CL| log |V|) since |CL| ≤ |V|2.

Finally, the output partitioning is necessarily minimal, because Algorithm 1 has considered uniting all possible
edges of E . □

Remark 4.1. The complexity of Algorithm 1 can be further reduced by partitioning only the subgraph of G
made of the nodes that pertain to at least one edge in the cannot-link constraint set CL. Indeed, let

V0 := {u ∈ V | ∀(v, w) ∈ CL, u /∈ (v, w)}
be the set of nodes in V that do not appear in the cannot-link set CL. It is sufficient to compute a partition
V\V0 =

⋃
1≤p≤n Vi of G[V\V0] into n components by application of Algorithm 1 and return the partition V =⋃n

p=0 Vp. In the motivating application of this article to constrained mesh partitioning, the set V0 corresponds
to the submesh M0 of M given by:

M0 := M\Mc, where the envelope of Γ is Mc :=
⋃

S∈σ(M),
nS>1

stM(S),

i.e. Mc is the mesh whose elements are those that belong to the stars of simplices S ∈ σ(M) having more
than one single generalized component, see Figure 5b for a 3d illustration. Partitioning Mc instead of M is
computationally advantageous since it only contains the elements adjacent to Γ, and so Mc is a significantly
smaller mesh than M. The partitionings displayed on Figure 5 rely on this trick. A partitioning of the same
2d and 3d cracked geometries obtained by direct applications of Algorithm 1 to the full mesh M are shown
on Figure 6 and Figure 7, respectively. Partitioning the complete mesh M instead of Mc yields slightly fewer
components in the 2d situation (5 instead of 6), but it results in a larger number of components in 3d (10
instead of 5), where the larger space dimension leaves more opportunities for this number to increase with the
number of mesh elements.

Figure 6. Partition of the self-intersecting crack mesh obtained by direct application of Al-
gorithm 1 to M and not to its envelope Mc = M\M0.

5. Construction of fractured meshes and remeshing

This section deals with the construction of a conforming mesh of the domain Ω containing a discretization of
the fracture Γ as a collection of sub-simplices, see Figure 1. This operation is useful in itself: for instance, it
is used in geophysics to insert fault lines in a mesh of the underground [13, 72]. It is also one of the basic
ingredients of the body-fitted method developed in [37, 38] to track the evolution of an open curve in 2d, and
an open surface in 3d. Since the aforementioned articles are specifically devoted to the construction method
of a conforming mesh of a fractured geometry used in this article, we limit ourselves with a brief presentation
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Figure 7. Partition of the cubic mesh containing the multi-screen geometry by partitioning
directly M with Algorithm 1, rather than its envelope Mc.

of the main ideas. The open surface discretization and remeshing functionalities used to generate all meshes
considered in this article are implemented in the -lsopen command-line option of the open-source software mmg
[82].

In this section again, let Ω be a Lipschitz polygonal domain in Rd, equipped with a conforming simplicial
mesh M, and let Γ ⋐ Ω be a codimension 1 submanifold of Rd with non-empty boundary accounting for the

fracture. We aim to create a new mesh M̃ of Ω featuring an explicit discretization of Γ, as a collection S of (d−1)
sub-simplices of M. Although this basic operation only applies to the case where Γ is a manifold (possibly with
boundary), repeated applications of this basic operation allow to handle general, non-manifold fractures Γ (e.g.,
with multiple junctions), as illustrated in Figure 10. Note that, for simplicity but without loss of generality, we
solely consider the situation where Γ is a manifold (with non empty boundary), as successive applications of
this basic operation allow to deal with complex, non-manifold shapes of Γ (e.g. presenting multiple junctions),
see Figure 10.

Under this assumption, as suggested in e.g. [11, 26, 57, 98], Γ can be accounted for by two “level set”
functions ϕ, ψ : Ω → Rd, in the sense that:

Γ =
{
x ∈ Ω, ϕ(x) = 0 and ψ(x) < 0

}
. (5.1)

Intuitively, Γ is the intersection of the extending (closed) hypersurface Γ̃ := {x ∈ Ω, ϕ(x) = 0} with the negative
subregion {x ∈ Ω, ψ(x) < 0} of ψ in Ω, see Figure 8. In practice, ϕ and ψ are defined at the vertices of the
mesh M, and their values at other points of Ω are obtained by linear interpolation. Such a representation of the
fracture Γ is easily constructed when it has a “simple” shape, e.g. when it is a surface disk in 3d. In the general
situation, for instance when Γ is supplied as a mesh, it can be generated by a variant of the Fast Marching
Method [97] which is detailed in the forthcoming work [38].

From this two level set representation of Γ, our method operates in two stages, illustrated in Figure 9 and
described in more details in the next subsections:

(i) We discretize Γ explicitly into the mesh M. This task is purely logical, and it results in an intermediate
conforming but low-quality mesh Mtemp of Ω, bearing a discretization of Γ via a collection of sub-
simplices Stemp.

(ii) Remeshing is applied to improve the quality of Mtemp.

5.1. Rough insertion of the fracture into the mesh

This stage is a variation of the marching tetrahedra algorithm [27, 45] for isosurface extraction, which is itself a
simplicial counterpart of the celebrated marching cubes algorithm [76]. It starts from an initial mesh M of the
computational domain Ω, in which the fracture Γ, supplied by the two level set representation in (5.1), is not
yet discretized. There, we identify the set K of the elements K ∈ M that satisfy the following two conditions:

• ϕ takes a positive value in at least one of the vertices of K and a negative value in at lease another
vertex of K, i.e. K intersects the 0 level set of ϕ;

• ψ takes a negative value in at least one of the vertices of K, i.e. K lies inside or on the boundary of the
negative subdomain of ψ.

We then travel the set K and for each K ∈ K, we detect the intersection of the isosurface {ϕ = 0} with
the edges of K from linear interpolation of the values of ϕ at its vertices. We then use a pattern to split the
simplices sharing at least one of the identified edges by this process in such a way that Γ appears explicitly in
the resulting mesh. Note that this operation concerns not only the simplices of K, but also those elements in
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Figure 8. Description of a 2d fracture Γ ⊂ Ω by means of two level set functions ϕ, ψ : Ω → R
in the sense of (5.1).
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Figure 9. Illustration of the body-fitted fracture meshing based on a two level set function
representation described in Section 5; (left) Two level set representation of a fracture Γ ⊂ Ω;
(middle) Poor-quality mesh Mtemp resulting from the rough discretization stage described in
Section 5.1; (right) High-quality mesh M resulting from the remeshing procedure described in
Section 5.2.

M that are adjacent to those in K, whose splitting is needed to ensure conformity of the resulting mesh in spite
of the fact that they do not intersect the fracture Γ.

This stage results in a mesh Mtemp of Ω, which is valid, conforming, and contains an explicit discretization
of Γ as a collection Stemp of sub-simplices. Unfortunately, Mtemp will likely be of poor quality – i.e., contain
very flat, nearly degenerate elements – since the relative positions of Γ and the vertices of the elements of K are
arbitrary, see Figure 9 (b).

5.2. Remeshing of the resulting situation

In this second stage, we repeatedly apply four local mesh modification operators, in order to gradually improve
the quality of Mtemp.
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• Edge split: A “long” edge in the mesh is split into two, after addition of a new vertex in the mesh. All
the simplices sharing this edge are split accordingly.

• Edge collapse: One of the two endpoints of a “short” edge is merged onto the other, and the attached
simplices are updated accordingly.

• Edge swap: An edge is suppressed from the mesh and the whole “shell” of elements sharing this edge
(that is, two triangles in 2d, and a more complex collection of tetrahedra in 3d) is retriangulated.

• Vertex relocation: One vertex is moved, while all the connectivities in the mesh remain untouched.

We refer to classical textbook about meshing such as [18, 54] for a more detailed presentation of these operations.
The output of this stage is the desired high-quality mesh T of Ω, in which the fracture Γ is explicitly discretized,
as a collection S of sub-simplices, see Figure 9 (c).

Figure 10. (Upper row) Repeated insertion of manifold curves into an ambient mesh of Ω,
resulting in a non-manifold fractured configuration; (lower row) Successive insertion of three
open surfaces into an ambient mesh of a three-dimensional domain Ω (for vizualization purpose,
only the sub-simplices of the fracture set are displayed).

6. Details about the numerical implementation

This section discusses a few implementation details of the previously introduced methods dedicated to the
resolution of the variational problem (3.1). In Section 6.1, we describe the practical construction of the cannot-
link constraints attached to a fractured geometry defined in (4.1). Then, in Section 6.2, we illustrate the
execution of our strategy with the third-party finite element solver FreeFem.

6.1. Numerical computation of the cannot-link constraints for the mesh partitioning

6.1.1. Two-dimensional case

By definition, the cannot-link pairs {K,K ′} ∈ CL of a 2d mesh M enclosing a fracture Γ are made of elements
K,K ′ that belong to different generalized sub-simplices of a common sub-simplex S ∈ σ(M). These pairs are
thus of two types:

• S is an edge of Γ, and K and K ′ are the two elements that contain this edge.
• S is a vertex of Γ, and K and K ′ belong to two different components of the star stM(S).

With a small abuse of notation, let ∂Γ denote the set of vertices on the boundary of the fracture Γ, i.e.
those vertices that only belong to one edge of Γ. For any edge e ∈ Γ, the generalized components of stM(e) are
included in those of stM(V ) for either of its vertices V that is not on ∂Γ. Thus, the edges e of Γ generating
cannot-link pairs that are not already accounted for by generalized vertices are exactly the “isolated edges”,
i.e., edges with both ends in ∂Γ, see Figure 11.
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Figure 11. (Left) Mesh M with a fracture Γ consisting of a single internal edge; (right)
Partition of this mesh fulfilling the property (P).

As a result, in two space dimensions, the identification of the cannot-link pairs of elements of a fractured
mesh M is straightforward: CL is the set of all pairs {K,K ′} of elements belonging to different generalized
components of the vertices V on Γ, augmented with the pairs of triangles adjacent to the isolated edges of Γ.

6.1.2. Three-dimensional case

Let M be a three-dimensional mesh and, like in the previous Section 6.1.1, let ∂Γ be the set of edges that lie
in only one triangle of the fracture Γ. The cannot-link pairs of tetrahedra {K,K ′}, induced by sub-simplices
S ∈ σ(M), are of three different types:

• S is a triangle in the fracture Γ, and K and K ′ are the two elements of M sharing this face;
• S is an edge of Γ and K and K ′ belong to two different components of the star stM(S);
• S is a vertex of Γ and K and K ′ belong to two different components of the star stM(S).

The computation of the cannot-link pairs associated to generalized vertices or triangles is straightforward. To
reduce the computational complexity, one may try to reduce to a minimum the number of edges considered for
generating cannot-link constraints. Although not strictly needed in the following, the result of this proposition
conveniently allows to eliminate the contributions from generalized edges which do not induce cannot-link
constraints other than those already induced by the generalized vertices.

Proposition 6.1. Let M be a regular mesh and let e = {V,W} ∈ σ1(M) ⊂ Γ be an edge of M that belongs to
the fracture. Then,

(i) The star stM(e) admits at least two generalized components, that are included in those of stM(V )
provided one of the following conditions is satisfied:
(1) V is not part of the boundary of the mesh or that of the fracture: V ̸∈ ∂M and V /∈ ∂Γ.
(2) V ∈ ∂M but all the edges e of M emanating from V that belong to ∂Γ also belong to ∂M, i.e., for

any edge e′ ∈ σ1(M) with endpoints V and W ′, e′ ⊂ ∂Γ ⇒W ′ ∈ ∂M.
(ii) The star stM(e) has only one component if e ⊂ ∂Γ with V /∈ ∂M but V ∈ ∂Γ, or if V ∈ ∂M but

W /∈ ∂M.

Proof. We present an argument based on graph theory, which is illustrated in Figure 12.

(i). Since the mesh M is regular, the star stM(V ) is topologically equivalent to a ball if V /∈ ∂M and to a
half-ball if V ∈ ∂M [95, p. 24]. Consider a small sphere centered around v intersecting the faces adjacent to v.

Let us assume that (1) holds true. We consider the “shell” of V obtained as the intersection of the tetrahedra
having V as vertex with a sufficiently small sphere centered at V . Since V /∈ ∂M, this intersection generates a
planar graph with the topology of the sphere, whose edges and nodes are respectively the faces and the edges
of these tetrahedra that contain V . Moreover, the graph of the tetrahedra containing V is precisely the dual of
this graph. The edge e is represented on this graph as a single vertex on the sphere, and the fracture is a set of
edges. Since V does not belong to ∂Γ, then the set of edges associated to Γ on the sphere has no boundary, see
Figure 12 (top). Consequently, the connected components of the sub-dual graph generated by stM(e), which
are in correspondance with the edges emanating from e in this sphere, must be included in those of stM(V ). If
instead, V ∈ ∂Γ and e ⊂ ∂Γ, it is clear that the star of e has only one component because e is then incident to
only one “edge” of Γ on the shell.

Let us now assume that (2) holds true. If V ∈ ∂M and M is regular, then the “shell” of V defined as above
has the topology of a half sphere. Since the condition (2) is satisfied, the boundary of Γ intersects only the flat
part of the boundary of the half-sphere. Then, it is clear that stM(e) admit at least two components that are
subsets of the components of stM(V ) because there is no path between tetrahedra containing e and pertaining
to different components of stM(e) that do not intersect Γ.
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(ii). The star of e has only one component if e ⊂ ∂Γ with W /∈ ∂M. □
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Figure 12. Graph interpretation of the generalized components of edges and vertices used
in the proof of Proposition 6.1: the components of stM(V ) are accounted for by the disjoint
regions delimited by the paths on the sphere, and those of stM(e) correspond to the edges
connected to e. (Upper situation) V /∈ ∂Γ: the components of stM(e) are accounted for by
stM(V ); (Lower situation) V ∈ ∂Γ and e ̸⊂ ∂Γ: stM(V ) has only one component, while stM(e)
has three.

This proposition implies that the edges e of M, with endpoints V , W , that generate cannot-link constraints
not already accounted for by generalized vertices, are the following

(i) The edges with both endpoints in ∂Γ, but not lying in ∂Γ: V ∈ ∂Γ and W ∈ ∂Γ are both internal
vertices of M (i.e. V,W /∈ ∂M) and e ̸⊂ ∂Γ, see Figure 13.

(ii) The edges e ̸⊂ ∂Γ with vertices V ∈ ∂M, W /∈ ∂M but W ∈ ∂Γ (or, symmetrically W ∈ ∂M, V /∈ ∂M
and V ∈ ∂Γ);

(iii) The edges with vertices V ∈ ∂M, W ∈ ∂M where both V and W do not satisfy the condition (2) in
Proposition 6.1.

All three situations are exceptional. They only occur when the fracture has thin parts wide of only one edge
that may or may not touch the boundary ∂M of M: case (i), (ii) and (iii) correspond respectively to the cases
where V,W /∈ ∂M, V ∈ ∂M but W /∈ ∂M (or symmetrically W ∈ ∂M but V /∈ ∂M) , and v, w ∈ ∂M. The
situation (i) is represented on Figure 13. In our implementation, we compute the stars of all edges having one
vertex on either the boundary of the fracture or of the mesh ∂M, which is slightly suboptimal, but robust to
cases where the mesh would not be regular while still involving only a moderate number of edges (proportional
to the number of vertices on the boundary of Γ). We note, however, that the computation of all generalized
edges is still required when constructing the mapping αp and associated restriction operators in (3.13) and (3.14)
required for the assembly step of the Finite Element matrix as described in the next subsection. Indeed, these
are needed to properly assign duplicated degrees of freedom on edges to their relevant components on the
partition M = ∪n

p=0Mp.
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Figure 13. “Degenerate” fracture featuring an internal edge (in green on the left plot) e that
is not part of the boundary ∂Γ although connecting two vertices V,W ∈ ∂Γ. The middle plot
shows the partitioning obtained with our method and the third plot displays an “exploded”
view of the situation.

6.2. Assembly of restriction operators and practical implementation using FreeFem as third party
software

The procedure for assembling the finite element matrix and right-hand side of our variational problem (3.1) is
summarized in Algorithm 2. Our numerical implementation relies on the software FreeFem for assembling the
finite element matrices of the local subproblems (3.11). In this environment:

• The positions of the Pk Lagrange nodes {x1, . . . , xN} of the finite element space V k(M) required in
step 3 are identified by computing the decomposition of the identity mapping on the basis {ϕ1, . . . , ϕN}
of this space; indeed for i = 1, . . . , d, this decomposition reads:

∀x ∈ |M|, x =

N∑
k=1

αkϕk(x), for some coefficients α1, . . . , αN ∈ Rd.

Hence, because ϕk(xi) = 1 if i = k and 0 otherwise, it holds that xi = αi.
• The computation of the mappings αp at step 5, associating to a Lagrange node xi in the local mesh Mp

the unique component number αp(i) such that stMp
(xi) ⊂ stM(xi;αp(i)), requires restriction operators

for passing from the numbering of the total finite element space V k(M) to the local ones V k(Mp),
p = 0, . . . , n. These restriction operators are obtained with the command restrict in FreeFem.

• The local matrices Ap and bp are easily assembled with FreeFem, by implementing their associated
variational formulation as for a problem without fracture. The knowledge of the partition enables to
impose easily different boundary conditions on opposite sides of the fracture, for instance a Dirichlet
boundary condition on one side and a Neumann one on the other side, see Section 7.1 below for an
example.

• The global linear system Ax = b is solved with the sparse solver umfpack [42] for the 2d examples and
mumps [3] for the 3d cases.

Algorithm 2 Construction of the global finite element matrix on a mesh M with fracture Γ.

Require: Mesh M with a fracture Γ ⊂ σd−1(M) given as a set of faces.
1: Compute generalized vertices and generalized edges (in 3d)
2: Partition the mesh using Algorithm 1.
3: Identify the degrees of freedom xi of the space V k(M) of order k conforming Lagrange finite elements.

Identify those nodes that are located at vertices, edges or faces (in 3d) of the fracture.
4: Create an index numbering (i1, α1), . . . (iQ, αQ) for the generalized degrees of freedom (i, α) ∈ I.
5: Compute the mappings αp in (3.12), and the restriction matrices Rp in (3.12), 0 ≤ p ≤ n.
6: Use a third-party software for assembling the local matrices Ap and right-hand side bp.
7: Assemble the global finite element matrix A and right-hand side b using (3.16).

Let us eventually comment about the vizualization of the final fractured solution. To achieve this, we
construct the mesh Mcut where all the faces along the fracture are “cut”, by replicating each vertex on Γ
according to the number of components of the associated generalized vertex. More precisely, the set of vertices
of Mcut is:

σ0(Mcut) = {(V, α) |V ∈ σ0(M), 1 ≤ α ≤ nVi
},
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where for a given V , the vertices (V, α) are physically located at V although topologically distinct. The set of
elements of Mcut is:

σd(Mcut) =

{{
(V1, α1), . . . , (Vd+1, αd+1)

} ∣∣∣K = {V1, . . . , Vd+1} ∈ σd(M),

αi ∈ {1, . . . , nVi
} is the unique index s.t. K ∈ stM(Vi;αi) for i = 1, . . . , d+ 1

}
,

i.e., elements are disconnected along the fracture. We then assign the values of the solution at the vertices of
Mcut, which enables to plot it as a P1 function.

Remark 6.1. As mentioned in the introduction, one simple idea to construct A and b would consist in calling
the third-party software to assemble them on the mesh Mcut. However, common third-party softwares often
assume that the mesh should be regular. This is not a requirement, however, from visualization libraries such
as matplotlib [65] in 2d, and pyvista [102] in 3d, which allow to plot discontinuous P1 fields.

7. Numerical examples

This section presents a few 2d and 3d numerical experiments, illustrating the main features and the versatility
of the proposed method for solving boundary value problems in fractured geometries. In Section 7.1, a two-
dimensional Laplace equation is solved on a domain with a complex fracture to assess the accuracy of high-
order finite elements. The second example, proposed in Section 7.2, considers a steady-state advection equation
involving discontinuities across the skeleton of an ellipse to illustrate the ability of the method to handle non-
standard variational problems. Finally, Section 7.3 deals with relatively large-scale 2d and 3d acoustic scattering
problems featuring multi-screen geometries.

7.1. Two-dimensional Laplace equation

This first example features the Laplace equation:
−∆u = 1 in Ω\Γ,

u = 0 on ∂Ω,

∂u

∂n
= 0 on Γ,

(7.1)

where Ω is the unit square (0, 1)2 in R2 and the fracture Γ is the e-shaped collection of curves depicted in
Figure 1a. The variational form of this problem reads:

Find u ∈ H1
0 (Ω\Γ) such that

∫
Ω\Γ

∇u · ∇v dx =

∫
Ω\Γ

fv dx ∀v ∈ H1
0 (Ω\Γ), (7.2)

where H1
0 (Ω\Γ) := {v ∈ H1(Ω\Γ) | v = 0 on ∂Ω}.

In order to solve (7.1) or (7.2), we use the meshM of Figure 5, conforming to this fractured geometry, together
with the partitioning algorithm of Section 3 to assemble the finite element matrices A and b associated with
the Pk Lagrange finite element method, for k ∈ {1, 2, 3, 4}. The projections of the solutions onto the space
of P1 functions on the cut mesh Mcut are displayed in Figure 14; a 3d surface plot of the solution obtained
with P4 elements is represented in Figure 15, see Section 6.2 and Remark 6.1 for details about the vizualization
of functions on fractured geometries. The impact of the finite element order is illustrated in Figure 16: the
numerical error between these different functions and a reference P4 solution computed on a very fine mesh
decreases significantly as the finite element order k increases.

(a) P1 (b) P2 (c) P3 (d) P4

Figure 14. Solutions to the Laplace problem (7.1) on the e-shaped fractured geometry of
Figure 5, obtained with Lagrange finite element methods of various orders.

Finally, we solve the variant of (7.1) where the inner sides of the two central bars of the e symbol (pertaining
to the component labeled 6 on Figure 5a) bear homogeneous Dirichlet conditions while the other sides of these
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Figure 15. Graph of the P4 solution of the Laplace problem (7.1) on the e-shaped fractured
geometry of Figure 5.

(a) P1 (b) P2

(c) P3 (d) P4

Figure 16. Plots of the error between the Pk solution and a reference solution computed on
a finer mesh for the Laplace problem (7.1) on the e-shaped fractured 2d domain of Figure 5.

bars and the other regions of Γ bear homogeneous Neumann conditions; the solution is displayed on Figure 17.
Our domain decomposition strategy makes it easy to implement this change in boundary conditions, by simply
modifying the assembly of the local matrix of the component labeled 6 with the chosen third-party software.

7.2. Steady-state advection along the normal rays to an ellipse

The example of the previous Section 7.1 features a “standard” Laplace equation, where the coefficients of the
local finite element matrices could relatively easily be implemented “by hand”. In order to illustrate how our
approach adapts to the assembly of more complex variational problems, we consider a steady-state advection
equation which was originally motivated by the topic of shape optimization in our previous work [50].

Let D be the 2d square D = (−1/2, 1/2)2 enclosing the ellipse

Ω =

{
(x1, x2) ∈ R2 | x

2
1

a2
+
x22
b2

< 1

}
, where a = 0.4 and b = 0.2. (7.3)
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Figure 17. Numerical solution of problem (7.1), subject to a homogeneous Dirichlet boundary
condition imposed on the portion of Γ lying in the component 6 in Figure 5a.

In this example, the fracture Γ is the “skeleton”, or medial axis of Ω, i.e., the closure of the set of points x ∈ D
that are equidistant to at least two distinct points on ∂Ω (see e.g.[43]). Here, Γ reads explicitly:

Γ = {(x1, 0) | |x1| ≤ a− b2/a}.
The domain D is equipped with a mesh M enclosing a discretization of the boundary ∂Ω of the ellipse and its
skeleton Γ as edges (see Figure 18).

Figure 18. (Left) Mesh M of the domain D enclosing the boundary of the ellipse Ω in (7.3)
(labeled “10”) and its skeleton Γ (labeled “7”) as subsets of edges; (Right) Partition of M
obtained by Algorithm 1 considering Γ as the fracture.

Let us recall a few useful definitions and facts for this section, referring to [43] for further details:

• The signed distance function dΩ : D → R to the domain Ω is defined by:

dΩ(x) =

{
−d(x, ∂Ω) if x ∈ Ω,

d(x, ∂Ω) if x ∈ D\Ω, where d(x, ∂Ω) := inf
y∈∂Ω

|x− y| is the distance from x to ∂Ω.

• For any point x ∈ D outside the skeleton Γ, there exists a unique point y = p∂Ω(x) ∈ ∂Ω realizing the
minimum in the above definition of d(x, ∂Ω), which is called the projection of x onto ∂Ω.

• The signed distance function dΩ is differentiable on D\Γ and its gradient ∇dΩ is the extension of the
unit normal vector n to ∂Ω (pointing outward) along the normal rays to ∂Ω:

∀x ∈ D\Γ, ∇dΩ(x) = n(p∂Ω(x)),

see Figure 19.

Let us now consider the following boundary-value problem ∇dΩ · ∇u = 0 in D\Γ,
u = u0 on ∂Ω,

(7.4)
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(a) dΩ (b) ∇dΩ

Figure 19. (Left) Values of the signed distance function dΩ to the ellipse Ω ⊂ D in Figure 18;
(right) Representation of its gradient vector field.

for the boundary datum u0(x1, x2) = x2. This problem is a steady-state advection equation whose solution is
explicitly given by the formula:

u(x) = u0(p∂Ω(x)),

i.e. u is obtained by extending the values of u0 constantly along the normal rays to ∂Ω. It is discontinuous
across the skeleton Γ, where the projection p∂Ω is not defined. In other words, different characteristic curves of
the vector field ∇dΩ intersect at Γ, which causes the solution u to be discontinuous.

The problem (7.4) has the following weak formulation:

Find u ∈ V such that

∫
∂Ω

uv ds+

∫
D\Γ

(∇dΩ · ∇u)(∇dΩ · ∇v) dx =

∫
∂Ω

u0v ds, for all v ∈ V, (7.5)

with the functional space V := {v ∈ L2(D\Γ) | ∇dΩ · ∇v ∈ L2(D\Γ)}, see [50]. A “naive” finite element
resolution of (7.5) by discretization with P1 finite elements on the mesh M, without duplication of the degrees
of freedom lying on Γ, is plotted in Figure 20a. This solution fails to capture the discontinuity of u on Γ,
resulting in large errors throughout the computational domain D. In our previous work [50], this issue was
alleviated either by extruding a thin rectangular hole enclosing Γ from D or by adding a weight to the vector
field ∇dΩ that vanishes near Γ in the variational formulation (7.5).

The solution obtained by assembling the finite element matrix on the fractured mesh with Algorithm 2 is
shown in Figure 20b; the partition of the mesh produced by Algorithm 1 is plotted in Figure 18. Our approach
enables the solution to exhibit the expected discontinuous behavior at Γ and to be accurate in the whole
computational domain D, even in the immediate neighborhood of Γ.

(a) “Naive” solution. (b) “Fractured” solution.

Figure 20. Numerical solutions to (7.4) obtained with the finite element method. (Left)
“Naive” solution to (7.5) obtained by using regular P1 finite elements functions (that are con-
tinuous on Γ) on the mesh M in Figure 18; (right) “Fractured” solution obtained by duplicating
the degrees of freedom along Γ.
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The assembly of problem (7.5) is relatively straightforward with our partition strategy: we first compute the
signed distance function dΩ as a P1 function on the mesh M thanks to the open-source library mshdist [40].
Then, the values of dΩ are projected onto each submesh Mp, 0 ≤ p ≤ n and the gradient ∇dΩ is evaluated on
every mesh component to assemble (7.5).

7.3. 2d and 3d acoustic scattering by a multi-screen

Our third application deals with acoustic scattering in the presence of a singular geometry. An incident plane
wave uin(x) is scattered by a “multi-screen” structure Γ ⊂ Rd, which is the reunion of two (d− 1)-dimensional
panels. We consider one two-dimensional and one three-dimensional situation:

• for d = 2, Γ = Γ1 ∪ Γ2 with Γ1 := {0.5} × (0.25, 0.75) and Γ2 := (0.25, 0.75)× {0.5};
• for d = 3, Γ = Γ1 ∪ Γ2 with Γ1 := {0.5} × (0.3, 0.9)× (0.1, 0.9) and Γ2 := (0.1, 0.9)× (0.1, 0.7)× {0.5}.

These multi-screens are embedded in square and cubic computational domains, respectively D = (0, 1)2 in 2d
and D = (0, 1.4)3 in 3d, see Figure 21.

(a) 2d computational domain. <latexit sha1_base64="gFayMioJ3r6HygyiQQBLZ7exd8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF71VtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSA/a9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2Lqler1u4vK/W7PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gD0XI2f</latexit>e1
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<latexit sha1_base64="3CPUIPC7O06p8tIpSWAMGcwLjqQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseCF71VtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx9cxvP6LSPJYPZpKgH9Gh5CFn1FjpHvvn/XLFrbpzkL/Ey0kFcjT65c/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TEKgMSxsqWNGSu/pzIaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW375L2mdVb1atXZ3Uanf5nEU4QiO4RQ8uIQ63EADmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xv3ZI2h</latexit>e3

(b) 3d computational domain.

Figure 21. Computational domains enclosing two- and three-dimensional multi-screens for the
scattering problem of Section 7.3. The boundary of the absorbing PML region is represented
by a gray dotted line in the 2d case and a transparent gray sphere in the 3d case.

We denote by Σ = Γ1∩Γ2 the intersection between both panels: Σ is a point when d = 2, and a segment when
d = 3. Each panel Γi (i = 1, 2) is an open Lipschitz surface equipped with a unit normal vector ni : Γi → Rd

defining its orientation. In the cases under scrutiny, denoting by {ei}i=1,...,d the canonical basis of Rd, we set:

• n1 = e1 and n2 = e2 if d = 2,
• n1 = e1 and n2 = e3 if d = 3.

For a function v : Rd\Γ → R which is sufficiently smooth from each side of Γ1 and Γ2, we define the two-sided
traces on each panel Γi\Σ by:

v±(x) = lim
t→0+

v(x± tni), x ∈ Γi\Σ,

and likewise, we define the two-sided normal derivatives on Γi\Σ by:

∂v

∂ni

∣∣∣∣
±
(x) := lim

t→0+
ni(x) · ∇v(x± tni), x ∈ Γi\Σ. (7.6)

The multi-screen Γ receives an incident wave uin which solves the Helmholtz equation in Rd:

∆uin + k2uin = 0 in Rd,

where k = 2π
λ > 0 is the wave number, depending on the wave length λ. Specifically, uin(x) := ei

2π
λ θ·x where θ

is the direction of the wave; in our applications, θ and λ are set to:

• θ =
(

1√
2
, 1√

2

)
and λ = 0.05 in 2d;

• θ =
(

1
2 ,

1
2 ,

1√
2

)
and λ = 0.07 in 3d.
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The acoustic field us scattered by Γ is the solution to the following equation:

∆us + k2us = 0 in Rd\Γ,
∂us
∂ni

∣∣∣∣
+

=
∂us
∂ni

∣∣∣∣
−
= −∂uin

∂ni
on Γi\Σ, i = 1, 2,

∂

∂|x|us(x)− ikus(x) = o(|x|−(d−1)/2) as |x| → +∞.

(7.7)

Here, the Neumann boundary condition on Γi\Σ accounts for the hard reflection of the scattered wave: both
one-sided normal derivatives are prescribed on each screen Γi, or equivalently, the total field u = us + uin

satisfies the hard-wall condition ∂u
∂ni

∣∣∣
±
= 0 on Γi\Σ for i = 1, 2. The third equation in (7.7) is the Sommerfeld

radiation condition, which imposes the outgoing behavior of the field far from the multi-screen. In this setting,
the solution us to (7.7) has different values on different sides of the multi-screen Γ [33], which motivates the use
of our decomposition method.

The numerical resolution of (7.7) is a priori intricate as it is posed in the infinite domain Rd. To alleviate this
issue, we reduce it to a bounded domainD (typically, a large enough cube) thanks to the Perfectly Matched Layer
(PML) method, introduced in [14], following the implementation in spherical coordinates as in e.g. [34]. This
method yields a cheap and accurate approximation of the outgoing solution to (7.7) [21]. For the convenience
of the reader, a short derivation of the latter is recalled in Appendix A.

Let σ : R+ → R be a smooth increasing function such that σ(r) = 0 for 0 ≤ r ≤ rPML, where rPML is large
enough so that Γ is included in the open ball B(0, rPML) with center 0 and radius rPML; we set rPML := 0.4
in 2d and rPML = 0.65 in 3d. The scattered field us in (7.7) is approximated by the complex-valued solution
uPML
s to: 

div(A(x)∇uPML
s ) + α2(|x|)β(|x|)k2uPML

s = 0 in D\Γ,
∂uPML

s

∂ni

∣∣∣
+
=

∂uPML
s

∂ni

∣∣∣
−
= −∂uin

∂ni
on Γi\Σ, i = 1, 2,

uPML
s = 0 on ∂D,

(7.8)

where the functions α and β are defined by:

α(r) = 1 + iσ(r), and β(r) := 1 + i(σ(r) + rσ′(r)),

and the PML tensor A(x) is given by:

A(x) = α(|x|)d−3β(|x|)I +
(
α(|x|)d−1

β(|x|) − α(|x|)d−3β(|x|)
)
xxT

|x|2 . (7.9)

We use a polynomial profile for σ:

σ(r) =
σ0
p

(
r − rPML

Rd − rPML

)p

1r>rPML , (7.10)

where σ0 := 10, p = 3, and Rd = 1
2diam(D). By construction, (7.8) reduces to the original Helmholtz operator

in the inner region B(0, rPML).

Introducing the functional space V = {v ∈ H1(D\Γ;C) | v = 0 on ∂D}, the weak formulation of (7.8) consists
in finding uPML

s ∈ V such that for all v ∈ V :∫
D

(
A(x)∇uPML

s · ∇v − k2α2(|x|)β(|x|)uPML
s v

)
dx =

∑
i=1,2

∫
Γi

∂uin
∂ni

(v+ − v−) ds, (7.11)

where the notation v stands for the conjugate of a complex-valued function v.
This problem is solved using “fractured” Pk elements according to our partitioning strategy. The assembly of

the right-hand side is straightforward: for each subdomain Mp, a unit normal n to Γ ∩ ∂Mp pointing outward
is computed. This normal has the opposite sign for the adjacent subdomain Mq. The local contribution for

Mp is thus the antilinear form v 7→ −
∫
Γ∩∂Mp

∂uin

∂n v ds.

Let us first consider the treatment of the 2d situation described above with this strategy. The computational
domain is discretized using Mmg [10, 39] with the values hmin = 0.005 and hmax = 0.007 for the minimum
and maximum lengths of an edge in the mesh. The corresponding numerical solutions are plotted in Figs. 22
and 23, representing respectively the modulus and the real part of the total field uin+u

PML
s . Since uin is a plane

wave coming from the bottom left, the wave is almost entirely reflected by the bottom left region adjacent to
the screen. This generates a “shadow” region in the upper right part of the computational domain, where the
total field is very small. As is visible in the figures, the use of P2 or P3 finite elements significantly enhances
the resolution of this shadow region with respect to the cheaper P1 finite element method. This observation is
related to the ‘pollution effect’, which can explain relatively large numerical errors on the P1 solution despite
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the use of a fine mesh discretization. This effect is reduced by using higher order polynomial approximation [8].
The absorption of the outgoing field by the PML layer in the outer disk region D\B(0, RPML) is evidenced in
Figure 22, where the magnitude of the total field is constant and equal to one.

(a) P1 (b) P2 (c) P3

Figure 22. Magnitude of the total field uin + uPML
s made from the numerical solution uPML

s

to the Helmholtz problem (7.8) for the 2d multi-screen geometry of Figure 21a, respectively
using P1 to P3 elements.

(a) P1 (b) P2 (c) P3

Figure 23. Real part of the total field uin + uPML
s made from the numerical solution uPML

s to
the Helmholtz problem (7.8) for the 2d multi-screen geometry of Figure 21a, respectively using
P1 to P3 elements.

Let us eventually turn to the 3d test-case. We solve the Helmholtz problem (7.8) for the multi-screen geometry
of Figure 21b using P1 and P2 finite elements. The computational mesh contains 9,856,862 tetrahedra. The
finite element linear systems are solved with the direct solver mumps on an Intel Xeon Platinum 8360Y CPU
@ 2.4 GHz (Ice Lake) with 36 physical cores, leveraging OpenMp parallelism. The P1 and P2 finite element
problems feature 1,696,294 and 13,344,279 degrees of freedom, requiring approximately 30 GB and 600 GB of
Random Access Memory (RAM) respectively. The real part and the modulus of the total field are plotted in
Figure 24 to Figure 26 using two different 3d visualisations. Again, we observe substantial differences between
the P1 and P2 solutions, the latter capturing better the shadow behind the obstacle in the positive coordinate
regions.

Acknowledgements. The work of C.D is partially supported by the projects ANR-24-CE40-2216 STOIQUES
and ANR-22-CE46-0006 StableProxies. The resources and services used in this work involving three-dimensional
computations were provided by the VSC (Flemish Supercomputer Center), funded by the Research Foundation
Flanders (FWO) and the Flemish Government.

Appendix A. Derivation of the spherical PML tensor in arbitrary dimension

This appendix provides a brief justification of the expression (7.9) of the PML tensor A(x) (see also, e.g.,
[34, 21, 56].)

Let d ≥ 2 and let Ω be a bounded domain of Rd; we set Ω− := Ω and Ω+ := Rd\Ω. The Helmholtz equation
reads: 

∆u+ k2u = 0 in Ω+

u = g on Ω−,

∂u

∂|x| − iku = o(|x|− d−1
2 ) as |x| → +∞.

(A.1)
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Figure 24. Clipped representation of the real part of the total field uin + uPML
s made from

the numerical solution uPML
s to the Helmholtz problem (7.8) for the 3d multi-screen geometry

of Figure 21b, using P1 and P2 elements.

Figure 25. Clipped representation of the magnitude of the total field uin + uPML
s made from

the numerical solution uPML
s to the Helmholtz problem (7.8) for the 3d multi-screen geometry

of Figure 21b, using P1 and P2 elements.

in this appendix, we indifferently indicate by u(x) and u(r, θ) the dependence of a function u on the Cartesian
coordinates, and on the spherical coordinates (r, θ), where r ∈ R+ and θ belongs to the unit sphere Sd−1 ⊂ Rd.
Let R > 0 be large enough so that Ω ⊂ B(0, R).

According to [30], the Perfectly Matched Layer method can be understood as a complex stretching of the
radial coordinate. For a given direction θ ∈ Sd−1, the function r 7→ u(r, θ) has an analytic continuation (still
denoted by u) as a holomorphic function on some complex neighborhood U of the set {x ∈ R : |x| > R}; for
instance, ony may take U = B(0, R)c\R− if d = 2 and U = B(0, R)c if d = 3 (this follows, for instance, from
the Atkinson-Wilcox expansion of outgoing waves in dimension 3 [5, 107], [35, Theorem 3.6], and from the Karp
expansion of outgoing waves in dimension 2, see [69]). Besides, for a given argument φ0 ∈ (0, π/2), the function
r 7→ u(reiφ0 , θ) has exponential decay as r → ∞, which follows from the properties of the outgoing fundamental

solution r 7→ eikr

r . Let us then introduce the function r 7→ ũ(r, θ) accounting for a smooth transition from the

oscillatory behavior of r 7→ u(r, θ) to the evanescent behaviour of r 7→ u(eiφ0r, θ), by setting

ũ(r, θ) := u(r̃(r), θ) , r̃(r) := r(1 + iσ(r)) =: rα(r) ,

in which the imaginary part σ(r) satisfies σ(r) ≡ 0 on {r ≤ rPML}, smoothly increases from 0 to some fixed value
σ0 > 0 in a transition layer {rPML,1 < r ≤ rPML,2}, and then remains constant equal to σ0 in {r > rPML,2}.
The function ũ then coincides with u in the region {|x| ≤ rPML,1}, and it has exponential decay when r → ∞
by construction. Moreover, using the relation

dr̃

dr
= rβ(r) , β(r) := 1 + i(σ + rσ′(r)).

it can be verified that ũ satisfies the following boundary value problem:
∆̃ũ+ k2ũ = 0 in Ω+

ũ = g on Ω−,

ũ(x) = O(1) as |x| → ∞
(A.2)
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(a) P1

(b) P2

Figure 26. Plot of the real part of the total field ℜ(uin+uPML
s ) with uPML

s being the numerical
solution to the Helmholtz problem (7.8) for the 3d multi-screen geometry of Figure 21b, using
P1 and P2 elements. The trace of the solution on a portion of the boundary of the PML region
is represented to better visualise the orientation of the incoming wave.

(a) P1

(b) P2

Figure 27. Plot of the amplitude of the total field uin + uPML
s induced by the numerical

solution uPML
s to the Helmholtz problem (7.8) for the 3d multi-screen geometry of Figure 21b,

using P1 and P2 elements. The trace of the solution on a portion of the boundary of the PML
region is represented for comparison with Figure 26.
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where the operator ∆̃ has the following expression in spherical coordinates:

∆̃v :=
1

α(r)d−1rd−1β(r)

∂

∂r

(
rd−1α(r)d−1

β(r)

∂v

∂r

)
+

1

α(r)2r2
∆Sd−1v, (A.3)

involving the Laplace-Beltrami operator ∆θ acting on the partial mapping θ 7→ u(r, θ) defined on the unit
sphere. It can be shown that (A.2) admits a unique solution, which coincides with u on Ω+ ∩ B(0, R). The
PML method consists in solving (A.2) numerically, instead of the original scattering problem (A.1). The point
is that a simple Dirichlet truncation applied to (A.2) will result in a very small error, provided this operation

is carried out on a region of space which is contained in the zone Rd\B(0, rPML,2) where the unique solution of
(A.2) decays exponentially [21, 56].

We end up this appendix by deriving a convenient expression of α(r)d−1β(r)∆̃ in divergence form.

Proposition A.1. The operator ∆̃ defined in spherical coordinates by (A.3), has the following alternative
expression:

α(|x|)d−1β(|x|)∆̃v(x) = div(A(x)∇v(x))
where

A(x) =
α(|x|)d−1

β(|x|)
xxT

|x|2 + α(|x|)d−3β(|x|)
(
I− xxT

|x|2
)

= α(|x|)d−3β(|x|)I +
(
α(|x|)d−1

β(|x|) − α(|x|)d−3β(|x|)
)
xxT

|x|2 .
(A.4)

Proof. Let w be a smooth function with compact support in Rd, whose expression in spherical coordinates is

denoted by w(r, θ). Multiplying ∆̃v by w(r, θ)rd−1α(r)d−1β(r) and integrating by parts on Rd in spherical
coordinates, we find

−
∫
Rd

α(|x|)d−1β(|x|)∆̃vw dx =

∫
R+

∫
Sd−1

(
α(r)d−1

β(r)
∂rv∂rw + α(r)d−3r−2β(r)∇T v · ∇Tw

)
rd−1 dθ dr, (A.5)

where ∇Tw is the tangential gradient of the partial mapping θ 7→ w(r, θ) defined on the unit sphere Sd−1.
Recalling now the following identities relating the spherical and Cartesian components of the gradient,

∂v

∂r
=

x

|x| · ∇v, ∇T v = |x|
(
I− xxT

|x|2
)
∇v,

substituting into (A.5) and performing the change of variables from spherical to Cartesian coordinates, we
obtain

−
∫
Rd

α(|x|)d−1β(|x|)∆̃vw dx =

∫
Rd

[
α(|x|)d−1

β(|x|)
xxT

|x|2 ∇v · ∇w + α(|x|)d−3β(|x|)
(
I− xxT

|x|2
)
∇v · ∇w

]
dx

=

∫
Rd

A(x)∇v · ∇w dx = −
∫
Rd

div(A(x)∇v)w dx.

(A.6)

This proves the result. □
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