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From PDEs on standard domains to self-similar particle systems on
fractals

Georgi S. Medvedev* Emmanuel Trélat

Abstract

We construct transported PDEs on self-similar fractal domains from reference equations posed on the
unit interval, and derive explicit self-similar interacting particle systems that approximate the resulting
dynamics. The construction combines a measure-preserving isometry between L2-spaces on [0,1] and
on the fractal [20], a nonlocal-to-local approximation of differential operators [24], and a Galerkin dis-
cretization on the canonical self-similar partitions. This yields a two-parameter approximation scheme
whose error separates a nonlocal consistency term from a Galerkin network term. We work out the trans-
port, Burgers, and heat equations, discuss the relation with intrinsic operators on fractals, and outline
extensions to local charts and to pullbacks of nonlocal equations on fractal domains.

Moreover, the reverse mapping transforms a nonlocal evolution equation on a fractal domains into the
evolution equation on the unit interval, where the methods of classical numerical analysis can be applied.
This suggests a promising direction for the development of numerical methods for nonlocal models on
fractals, including fractional heat equation, fractal scattering, and related models.

1 Introduction

Partial differential equations on fractal domains arise naturally in models of transport, diffusion, and wave
propagation in geometrically irregular media. Classical examples include diffusion in porous or ramified
materials, signal propagation on hierarchical structures, and scattering by fractal interfaces. The difficulty
is that a fractal set typically has no smooth atlas in the usual sense, so differential operators cannot be
introduced by direct geometric differentiation.

A large part of the existing theory therefore proceeds intrinsically, either through Dirichlet forms and
diffusion processes, or through renormalized graph approximations of the Laplacian and related operators.
For post-critically finite self-similar sets, this viewpoint leads to Kigami’s Laplacian and to a rich analytic
theory of elliptic, parabolic, and variational problems on fractals; see, for instance, [9, 18, 25, 15, 11, 23, 5].
Our objective here is different. We do not attempt to recover an intrinsic differential calculus on the fractal.
Instead, we construct transported PDEs on a self-similar set K from a reference PDE posed on a simpler
domain @, and we derive from this construction explicit finite-dimensional interacting particle systems (IPS)
adapted to the self-similar structure of K.

The basic mechanism is simple. Recent work of [20] provides an explicit measure-preserving isomorphism
between a self-similar set K endowed with a stationary self-similar measure v and an isomorphic iterated
function system on the unit interval @ = [0, 1], endowed with the corresponding stationary measure A. In
the uniform case relevant for the concrete PDE examples below, X is simply the Lebesgue measure on [0, 1].
This isomorphism induces a linear isometry

T:L*(K,v) — L*(Q,\),
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Figure 1: The Sierpinski gasket, which serves as a prototype throughout the paper.

together with its inverse T~!. Therefore, if A is the generator of a well-posed evolution equation on @, then
the conjugated operator T~ ' AT defines a corresponding evolution on K.

This operator-theoretic lifting, however, is only the first part of the story. In order to connect the
transported PDE to explicit particle systems, we insert an intermediate nonlocal regularization step, following
the nonlocal-to-local approximation framework of [24]. Thus, starting from a PDE on @, we first approximate
its generator by a family of integral operators A., then transport these operators to K, and finally discretize
the lifted nonlocal equation on the canonical level-m partition of the self-similar set. The resulting ODE
system is a self-similar interacting particle system whose nodes are the cells K, of generation m.

The paper has three main objectives. First, we formulate an abstract two-scale framework that combines
the nonlocal-to-local approximation on () with the Galerkin/IPS approximation on K. Second, we turn this
framework into explicit constructions for the transport, Burgers, and heat equations, obtaining concrete self-
similar particle systems and quantitative error estimates. Third, we clarify the scope of the construction: the
operators transported to K are not, in general, intrinsic operators in the sense of fractal analysis, but they
are natural continuum limits of hierarchical networks built directly from the underlying iterated function
system (IF'S).

This distinction between transported and intrinsic operators is conceptually important. If one aims at the
canonical Laplacian attached to the geometry of the fractal, then one must retain the adjacency structure of
prefractal graphs and the renormalized Dirichlet form. The global coding map used here preserves measure
and symbolic cylinders, but not the adjacency relations between cells in Euclidean space. On the other
hand, if the aim is to model dynamics on self-similar networks, or to import a well-understood PDE from
a simple reference domain to a hierarchical one, then the present construction gives an explicit and flexible
alternative. We return to this issue in the final section, where we also discuss two possible continuations of
the present work: local charts on the Sierpinski gasket, and the pullback of nonlocal fractal equations (for
instance fractional powers of an intrinsic Laplacian) to the reference interval.

Let us also emphasize the relation with the intrinsic first-order calculus on fractals. The Dirichlet-form
approach of [6] and the subsequent vector-analysis framework of [15, 13] construct gradients, divergences
and quasilinear PDEs from energy measures and resistance forms. Recent works on Burgers-type equations,
transport/continuity equations, graph approximations and hydrodynamic limits on fractals further show that
first-order and particle-system questions can be developed intrinsically [11, 14, 12, 5]. The present paper is
complementary to that line of work: our operators are transported through a symbolic measure isomorphism
and are designed to yield explicit self-similar Galerkin/IPS approximations, whereas the intrinsic theory is
governed by energy, harmonic coordinates, and the adjacency structure of prefractal graphs.

The paper is organized as follows. Section 2 recalls the self-similar and measure-theoretic background.
Section 3 reviews the canonical measure-preserving isomorphism between the fractal and the unit interval and



the induced isometries on function spaces. Section 4 summarizes the abstract nonlocal evolution problem on
a self-similar set and its deterministic and random Galerkin approximations. Section 5 contains the general
lifting framework from PDEs on @ to nonlocal equations and self-similar IPS on K. Section 6 is devoted to
the transport, Burgers, and heat equations. Finally, Section 7 discusses extensions, limitations, and possible
bridges with intrinsic operators and native nonlocal equations on fractals.

2 Self-similar sets, symbolic coding, and self-similar measures

In this section, we collect the measure-theoretic background on self-similar sets and stationary self-similar
measures that will be used throughout the paper. Standard references are [1, 3, 16].

Iterated function systems and attractors. Let F = {f; : R? — R? | i € [k]} be a finite collection of
similitudes
|f2(x)_f2(y)|:7nz‘x_y| for all m??JGRdu (S [k]a

with 0 < 7; < 1. A unique compact set K satisfying K = Uie[k] fi(K) is called the attractor of the IFS
F = {fitiep (cf. [3, Theorem 2.1.1]). K is also called a self-similar set.

Symbolic space and Bernoulli measures. There is a natural family of self-similar measures associated
with K. These measures are most conveniently described through Bernoulli measures on the symbolic space
¥ = [k]Y which we review first.

For each n > 1, let ¥,, be the set of words of length n, and let ¥* = UZOZO ¥, denote the collection of all
finite words over [k].

We equip ¥ with the metric p(i, j) = k~1"M1, for i = (iy,42,...) and j = (j1, jo,...), where i A j stands
for the common prefix of the two sequences ¢ and j, and |i A j| denotes its length. Thus, |i A j| = sup{l € N :
1y =7} if i Aj # 0 and 0 otherwise. This metric defines a topology on X that is consistent with the product
topology. (X, p) is a compact metric space (cf. [1]).

Let i1,...,4, € [k] and define the cylinders

[ilig...in]ﬁ{j:(jljg...)GZ: J1 =1y, 1§l§n}

The collection of all cylinders generates the Borel o-algebra in 3, B(X).

We say that p = (p1,p2,...,px) is a probability vector, if p; > 0 for all i € [k] and Zle p; = 1. The
Bernoulli measure corresponding to p is first defined on cylinders p,([i192 - . . in]) = Pi, Piy - - - Pir, , and is then
extended uniquely to a Borel probability measure on (3, B(X)).

Natural projection and self-similar measures. The symbolic representation of K is provided by the
natural projection 7 : X — K.
For w = (wy ... wy) € Xy, we set fi, = fuy, 0+ -0 fy, and K, = fy, (K). The natural projection is defined
by
WK(w): m le...wn, w=(w1w2...) e .

n>1

Since {Kuw,..w, fn>1 18 a nested sequence of compact sets with diameters tending to zero, their intersection
consists of a single point. The map 7wk is continuous and surjective (cf. [18, Theorem 1.2.3]). However, it
may not be injective, i.e.,

Ny ={weS: card {ng! (nx(w))} > 1}.

may not be empty. Indeed, this happens for many interesting examples of self-similar sets such as SG.
Throughout this paper, we make the following standing assumption.

Assumption 2.1. There holds (N7, ) = 0.



We are now ready to introduce the stationary self-similar measure v, = (Tx )« fip:
vp(A) = (' (4)), A € B(K).

The pushforward measure v, = (Tx )«pp is the stationary measure of the probabilistic IFS (K, F,v,), which
means that

k
vp(A) =D pivp(f;1(4)),  AeB(K).
j=1

The stationary measure v, is unique [3, Theorem 2.1.1]. It is called a self-similar measure.
Under Assumption 2.1, we have the following explicit formula for the pushforward measure v, on the
cylinders:
Vp(Kw) = PwiPuws - - - P s Yw € ¥, n €N (2.1)

3 Measure-preserving isomorphism with the unit interval

The key tool for transporting PDEs from @ to K is the measure-preserving isomorphism between the function
spaces L?(Q, \,) and L?(K, v,). In this section we recall the construction from [20] and the induced transport
of functions and kernels.

3.1 The model IFS on the unit interval

Given a probabilistic IFS (K, {fi}ic[x],Vp), Wwe construct an isomorphic IFS on the unit interval @ = [0, 1],

denoted (@, {g:}ief), Mp)-
To this end, note that @ is the attractor of the following IFS

k
Q= U 9i(Q),

where g;(x) = % + x;_1 for i € [k], and z; = £. Denote G = {g; }ieu-
We denote the natural projection mg : ¥ — @:

Yow=(wws...)— m Gwrws..w; (Q)-
j=1
Let A, = (mg)«pp be the pushforward of the Bernoulli measure. On cylinders Qu,ws..w, = Jwiws...wn, (@),
we have
)‘p(lewz..-wn) = Up (WQil(lewz--wn)) = PwiPws - - - Pwy, -
In particular, for the uniform p = (k=1 k=1 ... k=1), A\, coincides with the Lebesgue measure.
For (@, G, \p), one can casily verify

Hp (N‘“'Q) =0. (3.1)
Theorem 3.1. Under Assumption 2.1, there exist full-measure subsets Qy C @ and Koy C K and a measure-
preserving bijection ® : Qo — Ko such that ® o g; = fi o ® on Qo N g; *(Qo), for i € [k]. Equivalently, the
probabilistic IFS (K, F,vp) and (Q, G, Ap) are isomorphic.

This is a reformulation of [20, Theorem 5.7].

Remark 3.2. The correspondence f; <+ g; used in Theorem 3.1 is not unique: any permutation o € Sy,
yields an equally valid isomorphism ®, satisfying ®50g; = f,(;)0Ps. Since each choice preserves the measure
structure and the self-similar partition, the transported operators constructed in the sequel depend on this
choice only through the labeling of the cells K,,. For the error estimates in Section 5, all such choices lead
to the same convergence rates, so the particular convention adopted here (the identity permutation) entails
no loss of generality.



3.2 Transport of function spaces

Having constructed an isomorphic IFS (@, G, A\p), we now transport the measure-space isomorphism to the
function spaces L'(K,v,) and L1(Q, \,).
By Assumption 2.1 and (3.1), the image measures v = (7). and A = (7g).p are measure-preserving’.
Define the pullback operators Uk : L'(K,v) — L'(2, 1) and Ug : LY(Q,\) — L'(Z, u) by

Ukf=fork, Ugg=gormgq.

Since i and mg are measure-preserving, both operators are linear isometries onto their respective ranges.
Here, the term isometry may be understood in the L'- or L2-sense, namely as a linear map preserving the
corresponding norm. In the L?-setting, the isometries Ux and Ug preserve the inner product as well.

-

T= U(;UK

Figure 2: The isomorphism between measure spaces (K, v) and (@, \) induces a corresponding isomorphism
between the function spaces L'(K,v) and L'(Q, \).

Moreover, since g is bijective p-a.e., the inverse of Ug is well-defined (up to null sets) on L!(X, i) by
Ug lF=Fo ﬂél. This allows us to define a canonical operator

T:LY(K,v) — L'(Q,\), Tf:=Uy (Uxf), (3.2)
Equivalently, T'f is the unique (up to A-null sets) function satisfying
formg =(Tf)omg p-ae. (3.3)

By construction, T is a surjective linear isometry preserving positivity and integrals, ie., [, fdv =
fQ Tfd\ for every f € L'(K,v).

3.3 DMartingale representation and transport of kernels

The following martingale representation of T'f is useful both conceptually and computationally.
Given f € L'(K,v), we generate a martingale sequence (f,,,n € N) as follows:

Fo=EUIKD) @) = 3 valDlale), vald) = £ 10)dvty)

weX,

where E ( f| KC,,) stands for the conditional expectation with respect to the o-algebra of subsets of K generated
by the partition, K,, = 0 ({K,, w € £,}). By construction, E ( f,, 41| K,) = fn. Thus, (f,) form a martingale
sequence converging to f v-a.e. and in L'(K,v) by [26, Theorem 7.1.3].

1Since p is fixed, we henceforth omit it from the notation of the measures u, v, and \.
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a b

Figure 3: a. The heat map of the function f(z) = e~!*1=22 on SG G C R? (above) and it is representation
as a function on [0, 1] (below). b. Graphon representation of W (x,y) = e~ I*=¥ll (z,4) € G x G C R? x R2.

Next, define fn :Q — R by
Fal2) =Y vu(f)lq, ().

wEX,

It is shown in [20], that the sequence (f,) converges to fe LY(Q,\) Mae. and in L'(Q,\). Moreover,
f=Tf. R

Under the isomorphism constructed above, f and f generate the same projections, i.e., vy, (f) = Au(f)
for every w € X*.

The same construction applies to kernels. Given W € L'(K x K, v x v), define

Wwv ::f Wd(V X V),
Ko XK,

and set ~
Wz, y) = Y Wuulg,xq.(z,9).

W, WEN,

Then (W,,) converges in L'(Q x @, A x \) (and a.e. along a subsequence) to a function W, which is precisely
the image of W under the induced isomorphism between L'(K x K,v x v) and L'(Q x Q,\ x \).

4 Nonlocal dynamics on self-similar sets and Galerkin/IPS ap-
proximations

4.1 A nonlocal evolution problem on K

Let (K, {fi}%_,,v) be a probabilistic IFS and consider the following nonlocal evolution equation on K

dyu(t,x) = F(t,u(t,x)) +/ W(z,y)D (u(t, z),u(t,y)) dv(y), (4.1)
K
u(0,2) = g(x), r e K. (4.2)
We assume W € L?(K x K,v x v) and g € L?(K,v). In addition,

W = max{esssupzeK/ |W (z,y)|dv(y), esssupyeK/ |W(x,y)|d1/(w)} < 0.
K K



Functions F(t,u) and D(u,v) are jointly continuous and

|F(t,u) — F(t,v)| < Lplu—'|, VteR, u,u’ €R, (4.3)
|D(u,v) — D(u/,0")| < Lp (Ju — /| + [v = 2'|), Vu,v,u/,0" €R, (4.4)

where Lr and Lp are positive Lipschitz constants. In addition,

sup |D(u,v)| < 1. (4.5)
KxK

Existence and uniqueness of solutions to (4.1)—(4.2) on finite time intervals, with u € C ([-T, T; L*(K,v)),
follow from a standard contraction mapping argument; see [20, Theorem 4.2].
In many examples one also has an a priori bound of the form

sup |lu(t, )|l (x,0y) < M.
te[0,T]

In that case, the global assumptions (4.4) and (4.5) may be replaced by their local counterparts. More
precisely, it is enough to assume that D is locally Lipschitz on R? and that for every M > 0 there exists
Cp(M) such that |D(u,v)| < Cp(M) whenever |ul,|v] < M. We shall implicitly use this observation in
some of the PDE examples below.

4.2 Galerkin discretization and deterministic self-similar IPS

We begin by discretizing the self-similar domain K. To this end, fix m € N and consider the self-similar
partition (K )wex,, of K, defined by
K = {Kw D Ky = fu}(K)7 |’LU‘ = m}a K = U Kun (46)

[w|=m

where we recall that f,, stands for f,, o fu, o -0 fu,,-
The partition (4.6) defines a finite-dimensional subspace of H = L?(K,v):

H™ :=span{ly: A€ K™}

Throughout, 14 denotes the indicator function of the set A. Although the sets K,, and K, corresponding
to distinct w,v € ¥, may intersect, their intersections have v-measure zero by (2.1). Consequently, the
resulting overlaps in the supports of the basis functions do not affect the convergence properties of the
L?-projections onto H™.

We now construct the Galerkin approximation. The solution of the initial value problem (4.1)-(4.2) is
approximated by a piecewise constant function of the form

u(t,x) = Z Uy (t) 1, (). (4.7)

lw|=m

Inserting (4.7) into (4.1) and projecting the resulting equation onto H™ yields
du™ (t, ) = F(t,u™(t, 2)) +/ W™ (z,y) D(u™ (¢, x), u™ (t,y)) dv(y), (4.8)
K
where the discretized kernel W™ is given by

Wm = Z Wwv 1Kw><Kv7 Wwv - ][ Wd(l/ X V)' (49)
Koy X Ky

[w|,|Jv|=m



The initial condition (4.2) is approximated as follows

g = Z gw 1k, , Jw ::][ gdv. (4.10)
Kuw

lw|=m

It is instructive to rewrite the discrete problem (4.8), (4.10) as an initial value problem for a system of ODEs:

o = F(t ) + Y Wi D(th, un)v(Ky),  |w] =m, (4.11)
|[v|=m
uw(O) = g’wa |’U)| =m, (412)

where

Wi = ][ W(z,y)d(v xv)(z,y), Gu =][ gdv.
Koy x Ky Ku

In this formulation, the Galerkin approximation of (4.1)-(4.2) admits a natural interpretation as an IPS.
D(uy, uy) defines the pairwise interaction between particles labeled by the words w,v € 3,,, while W,
specifies the corresponding interaction weight.

As a system obtained by discretizing a PDE on a self-similar domain, (4.11) inherits the self-similar
structure of the underlying continuum model.

4.3 Random self-similar networks and continuum limit

Along with the deterministic model (4.11), we consider an IPS on a W-random graph:

= F(tu0) + Y &uuD(Uw, up)V(K,), w € Ty, (4.13)

[v]=n

where £,,, are independent Bernoulli random variables such that
PGy = 1) = ][ Wd(y x 1), P(ews = 0) = 1 — P(Eyy = 1). (4.14)
Koy

For the random model, in addition to integrability of W we also assume W > 0 and foK Wd(v x v) = 1.

Both the deterministic model (4.11) and its random counterpart (4.13) converge to the continuum limit
(4.1). The use of the random graph in (4.13) may be viewed as a Monte-Carlo approximation of the nonlocal
term. This viewpoint is particularly useful numerically, and it suggests sparse random approximations of
the lifted kernels as a natural extension; see [17].

In sparse variants one should expect a three-way balance between the regularity of W (or of the lifted
kernel), the sampling density of the random graph, and the Galerkin scale m. This is the self-similar analogue
of the regularity—sparsity tradeoff familiar in graphon-based nonlocal dynamics, and it would be natural to
treat it as a separate refinement of the deterministic theory below.

The convergence of the deterministic and random Galerkin schemes is summarized by the following
theorem, which is a reformulation of the main continuum-limit estimate proved in [20].

Theorem 4.1. Let u(t,x) be the solution of (4.1)~(4.2) with g € L*(K,v). Likewise, suppose
un(t’$) = Z uj(t)lKj (LE), un(tvx) = Z uj(t)lKj (1')7
l7|=n l7|=n
solve the IVPs for (4.11) and (4.13), respectively, and satisfy u™(0,-) = u™(0,-) = ¢g™. Then, forv € {u™,u™},
lu—vllcqo 2wy < Cr (lg— 9" L2,y + W = W™l L2k x Ko x0)) - (4.15)

In the random case v = u™, estimate (4.15) holds almost surely, i.e., for almost every realization of the
W -random graph (4.14).



The rate of convergence of the right-hand side in (4.15) can be quantified by taking into account the
regularity of the kernel W and the initial data g. For Euclidean domains, convergence rates were established
using LP-Lipschitz regularity in [17]. For self-similar domains, analogous estimates were obtained in [20].
In the self-similar setting, the definition of LP-Lipschitz spaces must be suitably adapted to account for the
underlying self-similar structure.

The randomized model (4.13) can be further extended to incorporate sparse graphs. From a com-
putational perspective, sparsity can be used to reduce cost without sacrificing accuracy; see [17] for the
Euclidean/graphon counterpart.

5 Abstract lifting framework and two-scale approximation

In this section we formulate the abstract transport-and-discretization procedure that underlies the rest of
the paper. Starting from a reference PDE on @), we first introduce a nonlocal regularization at scale ¢, then
transport it to the self-similar set K, and finally discretize the lifted equation on the level-m partition of
K. The outcome is a two-parameter approximation scheme and an explicit self-similar interacting particle
system.

5.1 Transporting a reference PDE from @ to K

We fix once and for all a self-similar set K equipped with a stationary self-similar probability measure v,
and, in the framework of Section 3, we assume Assumption 2.1 so that the canonical isomorphism of Section
3 applies. In particular, we use the linear isometry

T: L*(K,v;RP) — L*(Q, \;RP)

introduced in (3.2)—(3.3) (and still denoted by T in the L?-setting), together with its inverse T—!. Recall that
@ = [0,1]. Here X denotes the measure A\, = (7). pp introduced in Section 3.1; in the general probabilistic
IF'S setting it is the stationary measure on @ = [0, 1] associated with the same probability vector p as on K.
In particular, if p = (k~1,..., k™), then \ coincides with the Lebesgue measure on [0, 1]. Since the concrete
PDE examples below use standard Sobolev spaces and convolution kernels on @), we henceforth work in this
uniform case, so that A\ = dx.

By Theorem 3.1, there exist subsets Q¢ C @ and Ky C K of full measure and an invertible measure-
preserving map ® : Qo — Ky such that for every f € L?(K,v;RP) and every g € L?(Q, \; RP),

(Tf)(z) = f(®(x)) for Nae. z€Q, (T7'g)(z) = g(® " (2)) for v-ae. z€K.

We will use @ (or ®~1) only inside functions or kernels, always modulo null sets.

Reference PDE on Q. We start from an evolution equation on @ = [0, 1] of the form
Ou=Au,  u(0,) =u’(), (5.1)

where u(t,-) € L?(Q, \; RP) and A is an (unbounded) linear operator with dense domain D(A) C L?*(Q, \; RP),
as in [24]. We endow D(A) with the graph norm |[¢[|pay := l|2llz2(@) + [[A@llL2(Q)-

For the purpose of constructing a corresponding evolution on K, it is convenient to assume that A is the
generator of a Co-semigroup (S(t));>0 on L(Q, A\; RP), so that (5.1) is well-posed in the mild sense, and the
solution of (5.1) is u(t) = S(t)u°.

One can treat semilinear/quasilinear perturbations d;u = Au + N (u) with A locally Lipschitz by the
usual variation-of-constants approach; we focus on the linear part for the moment to keep the exposition
light.



Transport of the dynamics from @) to K. Define the transported state @ on K by
a(t,-) == T u(t,-) € L*(K,v;RP). (5.2)

Then the operator R R
A=T"'AT, DA):=T""DA))

is the generator of a Cy-semigroup on L?(K,v;RP) given by S(t) := T=1S(t)T, and @ is the (mild) solution
of
o= Au,  a(0,)) =a’ =T, (5.3)

This provides a purely operator-theoretic way of transporting the dynamics from @ to K.

Remark 5.1. The evolution (5.3) should be interpreted as the transport of the Q-dynamics through the
symbolic/IFS identification. In general, A is not the “intrinsic” (local) operator one may define on K wvia
analysis on fractals (e.g., Kigami’s Laplacian, see [9, 18, 25], which is the self-adjoint operator associated
with the canonical renormalized energy/Dirichlet form on a post critically finite self-similar set—equivalently,
the renormalized limit of graph Laplacians on prefractal graphs). It is instead the natural operator associated
with the hierarchical partition induced by the IFS and the measure isomorphism T.

5.2 Nonlocal regularization on @)

To connect (5.1) to interacting particle systems, we insert an intermediate nonlocal integral approximation.

Integral approximation. Following [24], we approximate A by a family of integral operators
Aale) = [ owpu)dy, veQ
Q

where o, is a kernel depending on £ > 0. For simplicity, and because this is the setting directly covered by
Theorem 4.1 after lifting to K, we often keep the sufficient hypothesis 0. € L?(Qx Q). Conceptually, however,
the approximation is better understood at the operator level: it is enough to require that A. € £(L?) and
that the associated semigroups satisfy the uniform stability estimate stated below. In boundary-adapted
constructions one often obtains this boundedness by Schur’s test even when the kernel is not in L?; see [24].

In many PDEs of interest (transport, diffusion, conservation laws), it is often more convenient to use the
“zero-mass” form

A u(z) = /C;’YE(xvy> (u(y) - u(m)) dy

(integral terms plus bounded local terms), as will be illustrated in the examples treated further.
We denote by u. the solution of

Opue = Acu, UE(O) = . (54)

Stability and consistency requirements. In PDE examples, the operator norms ||A.||z(z2) blow up as
e — 0 (typically like e~ for first order terms and =2 for diffusion), because A. is a bounded approximation
of the unbounded operator A. What is needed for well-posedness and error estimates is a uniform stability
of the associated semigroups. Moreover, the consistency estimate usually involves one extra derivative, so
we allow a stronger norm.

Let X be a Banach space such that X < L?(Q, \;RP) densely and continuously, and X C D(A). We
denote its norm by || - || x. The space X is the regularity space in which the consistency error is measured.
Concretely, it encodes the number of derivatives needed to control the Taylor remainder in the nonlocal-to-
local approximation. It also ensures that the reference solution of (5.1) remains regular enough on [0, 7]
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for the Duhamel estimate leading to (5.5). In the examples treated further, X = H?(T) is sufficient for
first-order operators because one remainder derivative is needed, whereas X = H*(T) is convenient for the
heat equation because the second-order approximation leaves a remainder involving fourth derivatives.

In view of obtaining a clean two-step limit, we make the following standing assumption, which will have
to be checked on each application example:

Assumption 5.2. There exist a dense subspace Dy C X which is a core for A and a function r(g) = 0 as
e — 0 such that:

1. Uniform semigroup stability: for anye > 0, A, generates a Cy-semigroup (Sc(t))i>0 on L*(Q, \; RP)
and there exist constants M > 1 and w € R, independent of €, such that

1Sl 2r2(qy < Me®* vt >0.

2. Consistency on the core:
[Acp — AgllL2q) <7(e) llellx Ve € Do.

Under Assumption 5.2, standard Duhamel and Gronwall arguments yield convergence u. — u for u¥ € X
on any finite time interval [0, T'] on which the reference solution remains in X (see [24]), with an estimate of
the form

llue — ulleqo,mrz@) < Crr(e) vl x. (5.5)

We will not reproduce the functional analytic proof here; our focus is on constructing explicit kernels o, for
representative PDEs, and on their discretization on K.

5.3 Lifting the nonlocal equation to A and deriving a self-similar IPS

Lift of the nonlocal equation. Define
G =T ', A, =T 'A.T.
Then . is the unique mild solution of
Oiie = Actie,  1(0) = al. (5.6)

Moreover, by construction, A, admits an integral kernel representation on K:

Aci(e) = [ aey) ay) dvly)
K
where one convenient choice is

55($>y) — {Ua ((I)_l(x)a (I)_l(y))a (m,y) E Ky x Ko, (57)
0, otherwise.
With this choice, 6. € L2(K x K,v x v) and ||5:||r2(kx k) = [|o<]l22(0xQ)-

In the more general Schur-kernel setting mentioned above (where only A. € £(L?)), one should interpret
the lifting primarily at the operator level, by defining A, := T-'A_T first and only then averaging it on
the cells. The explicit L? kernel formula (5.7) is retained here because it is exactly the setting covered by
Theorem 4.1.

11



Galerkin/IPS discretization on the self-similar partition. Let K,, = {K,, : |[w| = m} be the level-
m partition of K and H,, = span{lk, : |[w| = m} C L?*(K,v) as in Section 4.2. Denote by P, the
L?-orthogonal projector onto H,,. Define the step-kernel approximation

Gem(z,y) = Z 59 1. vk, (2, Y), 5l = ]€{ . Ged(v X v).
X

[w|,|v|=m

Then the Galerkin approximation of (5.6) reads
Ot = Pt = [ Gemls) Gem) d0(0). en(0) = P
K
Writing tie,m (t, @) = 32,2 wo (1) 1k, (¥), we obtain the finite-dimensional ODE system

WG (t) = Y eGui(v(K,),  |wl=m. (5.8)

lv|=m

This is an IPS on the level-m self-similar network.
It is worth emphasizing what (5.8) represents. The unknowns are not attached to Euclidean mesh points,

but to the cells K, of the level-m self-similar partition. Thus each degree of freedom wu:, is the average

state carried by one fractal cell, and the coefficients 01(1,3 v(K,) are the effective interaction rates between

two such cells. In this sense, (5.8) is simultaneously a Galerkin semi-discretization of the lifted nonlocal
equation and an IPS on a hierarchical network with N,, = k™ particles. This is one of the main interests of
the construction: the network is not chosen ad hoc, but is generated canonically by the IFS itself. Increasing
m does not merely refine a uniform mesh; it reveals finer generations of the self-similar geometry. From
the PDE viewpoint, this gives an explicit finite-dimensional approximation adapted to the fractal structure.
From the network viewpoint, it provides a concrete family of multiscale dynamical systems whose continuum
limit is a PDE-type evolution on K. This constructive bridge between the two levels seems to be a genuinely
new feature of the present framework.

Generalization to nonlinear /nonlocal operators. More generally, if A, is nonlinear but has a nonlocal
form

= | Weto.9) D(ute). o) . (59)
then its lift to K yields a kernel W, and the Galerkin scheme produces precisely the self-similar IPS

= > W) D(ug, (1), u () v(Ky), (5.10)

lv|=m

which is of the same type as (4.11). Here,

W) = ][ W.d(v x v) = ][ W d(\ % \).
K., xK. QuwXQy

Remark 5.3. The assumptions in Section 4 (in particular, boundedness of D in (4.5)) are tailored to globally
Lipschitz dynamics on a compact state space. For the PDE examples below, one can either work in a regime
where solutions are a priori bounded (e.g., u® € L> and mazimum principles), or insert a bounded saturation
or truncation as in [24] to fit the hypotheses of Theorem 4.1. A complementary (and useful) improvement
would be to extend the estimate (4.15) to interaction functions D of at most linear growth.
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The two-scale limit m — co, ¢ — 0. For fixed € > 0, the convergence of the Galerkin/IPS approximation
Ue,m — Ue @8 m — oo follows from Theorem 4.1 applied to the kernel W, in the nonlinear case. In the linear
case, A, is a bounded operator on L?*(K,v) (since 6. € L?(K x K)), and the Galerkin convergence is a
standard consequence of the approximation of a bounded operator on the nested subspaces H,,; alternatively,
it follows from Theorem 4.1 after truncating the interaction function on bounded sets, as noted in Remark 5.3.
In both cases:

”ﬂe,m - a5||C([07T];L2(K71/)) < OT(H'&O - Pmﬂ«O”LQ(K,y) =+ ||5'8 - &E,m||L2(K><K,u><V)>' (511)

Combining (5.5), (5.2) and (5.11), we obtain the following result.

Theorem 5.4. Let u solve (5.1), let @ = T~ u, and for each &€ > 0 let ., be the Galerkin/IPS approzi-
mation defined above. Under Assumption 5.2, for every T > 0,

l|tie,m — @llcqo,r;L2(x0)) < Cr (T(E) [0 x + [|@° = Pn@®||p2(s,0) + |5 — 5e,m||L2(KxK,qu))- (5.12)

Thus the derivation of the PDE on K may be viewed as a genuine two-step limit: first m — oo at fixed
e (Galerkin/IPS to the lifted nonlocal equation), then £ — 0 (nonlocal equation to the transported PDE),
or any joint limit for which the three terms on the right-hand side of (5.12) vanish.

The last two terms in (5.12) are controlled by the approximation theory on K developed in [20] (in
particular, in terms of generalized Lipschitz regularity relative to the self-similar partition), while the first
term is the “nonlocal-to-local” error on @ coming from [24].

Balancing the two scales. Suppose, in addition, that the Galerkin terms are of order ¢*™, where ¢ € (0, 1)
is the common contraction ratio of the IFS and « > 0 is the generalized Lipschitz exponent from the
approximation theory on K developed in [20]. If the nonlocal consistency is r(¢) = O(e”), then (5.12)
becomes

e, m — @lloqo.ry:L2 () < Cr (e +¢%™).

Since the number of cells at level m is N,,, = k™ and ¢ = Nt/ with s = log k/log(1/q), the network

error is equivalently Nn_la/ *. Hence the similarity dimension s plays the role of an effective dimension in the
cost /error balance. The natural balanced choice is ¢®™ < £7 i.e.

N, =< s’ﬁs/a, or equivalently €= N,;o‘/(ﬁs).
We thus obtain the following corollary.

Corollary 5.5. Assume, in addition to Theorem 5.4, that there exist « > 0 and C > 0, independent of €
and m, such that

0% — Pot®|| p2(x,0) + 15 = Gemll 2 x xwsny < Cq™™,
and that r(e) < Ce? for some B > 0. Then, for every T > 0,
[tie,m — @l o, L2 0y < Cr (€7 +¢*™).
If m = m(e) is chosen so that ¢ < P < g1 then the two contributions are balanced and
[tie ey — Tllc o1z (s, < Cre”.

Equivalently, since N, = k™ and ¢"™ = N;ll/s with s = logk/log(1/q), the balanced choice ¢ < N,;a/(ﬁs)
yields

e m — @l ooy 02 (1)) < CTNR™.

13



Corollary 5.5 is the quantitative statement one can use in practice. It confirms the interpretation above:
once the consistency order r(e) is known, the estimate prescribes how the nonlocalization scale € and the
network depth m should be coupled. For a target accuracy 8, one chooses ¢ =< §Y/# and N,, =< 65/,
for a fixed particle budget N,,, the balanced choice is ¢ =< Nrﬁa/ (Bs), Taking £ much smaller than this is
wasteful, because the network error ¢®™ then dominates. Taking m much larger is equally wasteful, because
the nonlocalization error ¢ then dominates. Thus the rate is not only an asymptotic statement, but also a
practical design rule for the approximation.

At a conceptual level, Theorem 5.4 is the key quantitative output of the construction: it combines,
in a single estimate, the nonlocal-to-local approximation on the reference space ) and the Galerkin/self-
similar network approximation on the fractal side K. In the present framework, this appears to give a new
constructive and quantitative derivation of PDE-type dynamics on fractals from explicit interacting particle
systems. It also makes visible the role of the similarity dimension s: it enters the cost/error balance as an
effective dimension.

For the three model problems below one finds 8 = 1 for transport and Burgers, and 8 = 2 for heat, so
diffusion allows a comparatively larger nonlocal scale ¢ for the same network size and target accuracy.

6 Representative examples

In all three examples below we work with periodic boundary conditions on @ = [0, 1], i.e., we identify @ with
the one-dimensional torus T and periodize the kernels. The periodic setting isolates the basic mechanism
and avoids boundary-layer terms.

The examples should be understood as transported models. In particular, the Burgers and transport
equations below are not meant to coincide with the intrinsic first-order models built from Dirichlet-form
vector fields; compare, for instance, the intrinsic viscous Burgers and transport/continuity theories in [11, 14].
Their purpose is to show how standard one-dimensional PDEs give rise, after nonlocalization, lifting and
Galerkin projection, to explicit self-similar particle systems on K.

6.1 Transport equation
Let b € W1°(T). Consider the transport equation on T

O+ b(x) dpu =0,  u(0) =u’. (6.13)

Nonlocal approximation on Q. Fix an arbitrary odd function n € L'(R) such that [, n(z)dz =0 and
Jrzn(z)dz = —1 and C,, := 3 [; |2*|n(2)| dz < co. Define the (periodized) kernel

ne(2) := e 2n(z/e) (6.14)
and the nonlocal approximate derivative
(Da)(e) = [ nelo =) utw)dy = [ .o =) (uly) — u(o) . (6.15)

Then, for smooth u, D.u — d,u in L?(T) (more precisely, see (6.17) in the proof of Lemma 6.1 below).
One obtains an integral approximation of (6.13) by

Opue + b(x) Deue = 0. (6.16)
Equivalently, (6.16) has the form (5.4) with A.u = —b D.u, i.e., o.(x,y) = —b(z)n.(x — y).
Lemma 6.1. Assumption 5.2 is satisfied with M =1, w = 3 |V/||~ [; |2 [n(2)| dz, and r() = O(e) for the
choice X = H?(T).
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Proof. Here Au = —bd,u on L?(T), with D(A) = H'(T) and a core Dy = C*°(T). We take X = H?(T).

Uniform semigroup stability. Although ||Dellz(r2) = ||nellzr = ¢ Y|nl[zr blows up as € — 0, the L*-flow of
(6.16) is uniformly stable. Since 7. is odd, D, is skew-adjoint on L?(T). Hence, setting [b, D.] := bD.— D, (b-),
for a smooth solution u. we have

<[b7 De]uaaua> = <bD€u5,u5> - <Da(bu£);us> = <bDaus7us> + <buaaDsU5> = 2<bD€’U,5,’U,5>,
and thus
*Hus(t)”%’z(l‘) = —(bD.ue, uc) = _%<[ba D.Jue, ue),

where [b, D.] has the integral kernel representation
(. DJu)(e) = [ Koy ulv) s, Kelop) = (bla) — b)) ez — ).
T

Since b € WH°(T), one has [b(z) — b(y)| < ||| Lo (m)|z — y|r, where |z — y|1 denotes the periodic distance.
Therefore

sup / K. ()| dy < ]|z / & — yhele (@ — )| dy < )| sy / 12| [n(2)) dz,

after the change of variables © —y = 2. The same estimate holds for sup,, [} |Kc(x,y)| dz. Schur’s test then
gives

1/2 1/2
116D leqaocmy < (sup [ Vel dy) (sup [ 1K (o)l da)
T Yy

< ¥l / 12| [n(2)] d.

Consequently,
t
Joe@lzzce) < exp (5 19 [ 121 (el d=) [0l ooy

which is Assumption 5.2(1) with M =1 and w = § [|/||~ [ 2| [n(2)| dz. Note that [ [2||n(z)|dz < +o00
by the assumptions done on 7. Indeed, split the integral in two parts, |z| < 1 and |z| > 1; the first is finite
because 17 € L'(R), and the second is less than C,, because |z| < |z|2.

Consistency. After periodization and the change of variables # —y = ez, one has (Deu)(z) = L [ n(2)u(z —

£z) dz. Hence
D.u(x) — Oyu(z) = 1 /Rn(z) (u(x —ez) —u(x) +ez (%u(gc)) dz.

3

Taylor’s formula gives
1
u(r —ez) —u(x) + ez Oyu(x) = 5222/ (1 —0) Oppu(x — Oez) do.
0

Therefore, for u € H?(T),
[ Deu — aar:u||L2('J1‘) < Cye ||8xxu||L2(T)a (6.17)

by Minkowski’s inequality and translation invariance of the L?(T) norm.
It follows from (6.17) that |[Acu — Au|p2(r)y < Cy bl ||ul|g2(rye. In particular, Assumption 5.2(2)
holds with r(¢) = O(e) for the choice X = H?(T). O
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Lift to K and IPS. Define b:=T"'b € L™(K,v) and the lifted kernel &, by (5.7). The lifted equation is

Ot (t,x) + b(x) /K e (@ (x) — @7 (y)) Gc(t, y) dv(y) = 0.

The Galerkin scheme yields the particle system

W) == Y bunSuit) v(Ky), by ;:][ Edy:]é bdA (6.18)

lv|=m

with weights

W= f n@ @ et ) dex ) = e p)dx).
KX K, QuXQy
Let us note a few structural features of (6.18). First, the unknowns uf, are attached to self-similar cells,
so the transport dynamics is realized on a hierarchical network rather than on a uniform grid. Second,
because fT 1e = 0, one has A_.1 = 0; correspondingly, the averaged coefficients satisfy

Z 771(53 v(Ky) =0,

lv]=m

so constant states are preserved, exactly as for the transport equation. Third, the coefficients may have both
signs, which is the discrete signature of transport rather than diffusion. Finally, the scale € determines how
strongly two cells interact after they are compared through the coordinate ®~! on Q: for localized kernels,
only cells that are close in the Q-parameter interact significantly. Thus (6.18) provides a concrete transport
dynamics on a multiscale self-similar network, and this seems to be one of the most interesting new features
of the present approach.

As ¢ — 0 with m fixed, the averaged weights nff?, concentrate: since 7. approximates a distributional
derivative, the IPS (6.18) formally reduces to the Galerkin projection of the local transport equation d;u +
bd,u = 0 onto the level-m partition of @), transported to K. In the opposite regime m — oo with ¢ fixed,
the nonlocal structure is preserved but the spatial resolution on K refines. The joint limit € — 0, m — oo
is governed by Theorem 5.4 and Corollary 5.5, which prescribe the balanced coupling € ~ k™.

6.2 Burgers equation
Consider the (inviscid) Burgers equation on T
8tU + 8»5 (%U2> =0.

Since solutions may develop shocks, the approximation theory depends on whether one works with smooth
solutions on short times, or with entropy solutions. Here, a robust strategy is to treat the viscous Burgers
regularization and then discuss the inviscid limit.

A nonlocal conservative flux approximation. Let F(s) = %52 and use the same odd kernel 7. as in
(6.15). As in the transport case, we use the derivative scaling (6.14) so that D, approximates 9, (the overall
sign can be adjusted by replacing n with —» if needed). Consider the integral approximation

Orus = A, (U‘E)
where (recall that [, 7. = 0)

(Ac(u))(z) := —=De(F(u)) = /775(96 —y)(F(u(x)) = F(u(y))) dy,

T
which fits (5.9) with W.(z,y) = n.(x —y) and D(a,b) = F(a) — F(b).
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Lemma 6.2. Fiz R > 0. There exists Cr > 0, independent of €, such that for every u € H*(T) N L>(T)
with Hu||H2(’]I‘) —+ HUHLOO(’]I‘) < R,
JA< () + 0, (W)l 2y < Core. (6.19)

Moreover, if ue and ve solve Oyu = A (u) on [0,T] and remain bounded by R in H*(T) on this interval, then
l[ue(t) — ve(t)|| L2 () < €“"Jus(0) — v=(0)]| L2(T)s tel0,7T]. (6.20)

Consequently, in any smooth regime where the local Burgers solution and the nonlocal approximants remain
uniformly bounded in H?(T) N L>(T) on [0,T], the nonlinear analogue of Assumption 5.2 is satisfied with
rate r(e) = O(e).

Proof. For the consistency estimate, apply (6.17) to F'(u):
||A5(u) +31F(U)||L2(11‘) = H(DE - 6:L’)(F(u))||L2(T) < CngllamF(u)”LQ(T)-
Since F(s) = 352, one has 9,,F(u) = udypu + (0,u)?, and therefore
100 P52 < Nl fullze + [10utlZe < C(1+ Jull o) %z < Cr,

using the 1D embeddings H!(T) < L°(T) N L*(T). This proves (6.19).
For stability, let w = u. — v, and b = 3 (us +v.). Since F(u.) — F(v:) = bw, the difference equation reads
dyw + D (bw) = 0. Using again the skew-adjointness of D., we obtain as in the transport case

5 0O s = (Do(bw),w) = 3 (1, DoJw,w)

Since u. and v. are bounded in H?(T), the Sobolev embedding H?(T) < W' >(T) yields [|b'|| () < Cg.
The same Schur estimate as in the proof of Lemma 6.1 therefore gives [|[b, Dc]||z(z2(m)) < Cr, with Cr
independent of €. Hence

d
W ®lZz ) < Crllw®zzer),

and Gronwall’s lemma yields (6.20). O

Lift to K and Galerkin/IPS discretization. The corresponding lifted equation on K is

ric(t.) + [ (07 2) = 7)) (Pl 0)) = Pl dv(s) =0, (6:21)
The particle approximation of (6.21) is
i, (1) = = 3 0 (P, (1) = Flug (1)) v(K,),
lv|=m
()

where 7y, are the same averaged weights as in (6.18).
There is also a natural structural interpretation of this Burgers IPS. Because the averaged weights inherit

the antisymmetry of the odd kernel, namely 77553 = —771(,513, the scheme is conservative: summing the equations
over w shows that the discrete mass Z‘w‘:m us, (t)v(K,,) is preserved. The nonlinearity acts only through

pairwise flux differences F'(us,) — F(u$), so the model is the hierarchical analogue of a conservative finite-
volume discretization. In particular, (6.21) and its IPS discretization show that even a nonlinear conservation
law can be transported to a fractal domain and approximated there by an explicit self-similar particle system.

The same limiting regimes as for the transport equation apply: as ¢ — 0 with m fixed, the nonlocal
flux converges formally to the local one, while m — oo refines the network. The balanced coupling is again
€ ~ k™™, since the smooth-regime consistency rate is r(¢) = O(e).
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Entropy regime: two practical routes. For inviscid Burgers, the central difficulty is not the particle
approximation itself, but the selection of the entropy solution after shocks form. A first route is therefore to
insert a small viscosity and to work with

Ou + 0, F (1) = K Oy, Kk > 0.

For each fixed k, the equation is parabolic, so the smooth-regime estimates above, together with the heat
approximation of Section 6.3, apply on finite time intervals. One may then justify the IPS approximation for
the viscous problem first, and only afterwards let x — 0. By the classical vanishing-viscosity principle, this
limit is the entropy solution of Burgers (see, for instance, [8]). The advantage of this route is that entropy
selection is delegated to a well-understood parabolic regularization.

A second route is to build entropy selection directly into the nonlocal scheme. One replaces the centered
odd kernel by a one-sided nonnegative kernel and a monotone two-point flux. Let p > 0 be supported in
[0,00), with [;% p(2)dz =1 and [;~ zp(z) dz = 1, and set p.(z) := e 2p(z/e). For Burgers, define

g(a,b) := %(a+)2 + %(()_)27 a+ := max{a, 0}, b_ := min{b, 0}.

Then one may consider the one-sided nonlocal operator

W)= [ pe(e) (stuto),uto + 2) - ute — 2),ua))) d

with shifts understood modulo 1 on T. For smooth u, a first-order Taylor expansion shows that AP (u) —
0. F (u). After transport to K and Galerkin projection, this yields an IPS with oriented nonnegative interac-
tion weights, that is, a nonlocal analogue of an upwind finite-volume scheme. This is precisely the structure
in which one expects discrete maximum principles, L'-contraction, and convergence to the entropy solution;
compare with the classical role of monotone schemes in scalar conservation laws [7].

6.3 Heat equation

Let k > 0. Consider the heat equation on T

Ot = K Opgu.

Nonlocal diffusion kernel. Let p > 0 be an even function in L'(R) with [, p(2) dz = 1 and finite fourth
moment my =[5 2*p(2) dz < co. Then my := [, 2%p(2) dz < 0o. Set pe(z2) := e p(z/e) (periodized on T)

and define
2K

2 [ peta = uetton)  ucte)) (6.22)

Equation (6.22) is of the form (5.9) with D(a,b) = b —a and W,(z,y) = mi’zg pe(r —y), and

Orue(t, ) =

2K

m2€2

(Acu)(z) = / pe(@ — ) (uly) — u(2)) dy, (6.23)

For smooth u, the right-hand side of (6.22) converges to k 0z,u as € — 0 (see the last part of the lemma
below).
Lemma 6.3. Assumption 5.2 is satisfied with M =1, w =0 and r(c) = O(?) for the choice X = H*(T).

Proof. Here A = K 9,, on L?(T) with D(A) = H?(T) and core Dy = C*°(T). For the consistency estimate
we choose X = H*(T):
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Uniform semigroup stability. Although ||A.||zz2) ~ 2 because of the prefactor in (6.23), the operator A,
is symmetric and dissipative on L?(T):

K

Ao == [ e =) aty) — @) Pz dy <.

mao g2
Hence A. generates a contraction semigroup on L?(T), uniformly in ¢, i.e., Assumption 5.2(1) holds with
M =1and w=0.

Consistency. After periodization and the change of variables x — y = £z, one has

2K

(Aaw)(@) = =5

/ p(z)(u(z — £2) — u(x)) dz.
R

By Taylor’s formula with integral remainder, one has

2,2 3,3
u(x —ez) —u(z) = —ez dyu(z) + %amu(x) - %&Cmu(m)
ch4 ol
T = (1 = 0)30ppwzu(x — Oe2) db.
0
Since p is even, the odd moments vanish, while the second moment equals ms. Therefore
Kke? !
Acu(z) — K Oppu(z) = — / 24p(2) / (1 = 0)30ppazu(z — Oe2) db dz.
3m2 R 0

Now use Minkowski’s integral inequality together with the translation invariance of the L?(T)-norm, we get

Kke? !
|Acu — K Opguu||L2(my < 3ms / z4p(z)/ (1 = 0)*|Oswaau(- — Ocz)|| p2(r) df d=
mz Jr 0

RMy4 o
= 2ms €% | Ozzaatt L2(T)-
Hence Assumption 5.2(2) holds with r(¢) = O(g?) and X = H*(T). O

Lift to K and IPS. The lifted equation on K is

Optie(t,x) =

/K pe (@71 (@) — @71 (y)) (et y) — e (t, ) dr(y),

mo 82

and its Galerkin/IPS approximation reads

() = Y Pl (uh(t) —ul, () v(KL), (6.24)

lv|=m

where p{5) := oty fcu i, (@7 (@) = @7 (y) d(v x v) = 2y fouxo, Pe(x = y)d(X x ).
The structure of (6.24) is especially transparent. Since p is even and nonnegative, the coefficients satisfy
pq(li), = pq(i), > 0. Hence (6.24) is a weighted graph Laplacian on the level-m self-similar network. In particular,

it preserves the discrete mass -, _,, u5, (t)v(Ky) and dissipates the discrete L?-energy:

=m “w

O WP = 5 Y D) (P KWKL) <0,

lw|=m [w],[v|=m
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Thus the IPS has the qualitative structure one expects from diffusion: symmetric couplings, nonnegative
rates, and relaxation toward local equilibrium. In the present setting the important point is that these
coeflicients are not imposed by hand; they are obtained by transporting a classical nonlocal diffusion kernel
through the IFS coding and then averaging it on the self-similar cells.

As e — 0 with m fixed, the weights pg,fl), diverge (reflecting the e=2 prefactor) but concentrate on pairs
of adjacent cells in Q; the IPS (6.24) then formally approaches the Galerkin discretization of kJ.,u on

the level-m partition. In the joint limit, Theorem 5.4 with r(¢) = O(e?) prescribes the balanced scaling
e~ kT2,

7 Intrinsic operators, local charts, and further directions

7.1 Scope of the construction

Sections 5—6 provide a four-step procedure: start from a PDE on a standard reference domain @, replace
it by a nonlocal approximation at scale ¢, transport that approximation to the fractal domain K through
the IF'S isomorphism, and finally discretize the lifted problem on the level-m partition of K. The output
is an explicit self-similar IPS, namely (5.8) in the linear case and (5.10) in the nonlinear/nonlocal case.
Theorem 5.4 and Corollary 5.5 quantify the full approximation error.

The two-scale estimate is important because the two parameters have different meanings. The parameter
€ measures the consistency error of the nonlocal surrogate on @, whereas the level m (or equivalently the
number of particles N,, = k™) measures the resolution of the self-similar network on K. Once the order
of consistency r(g) is known, the estimate prescribes how the nonlocalization scale and the network depth
should be coupled. For the model problems treated here, one finds 8 = 1 for transport and Burgers in the
smooth regime, and 8 = 2 for heat. In particular, diffusion allows a larger nonlocalization scale ¢ than
first-order dynamics for the same network size and target accuracy.

The operator obtained on K is transported through the symbolic coding, not intrinsic in the sense of
fractal analysis. This is both a limitation and a feature. It is a limitation if the objective is to recover an
operator canonically attached to the geometry of K, such as a Kigami-type Laplacian. It is a feature if the
objective is to model dynamics on hierarchical networks whose natural continuum description is inherited
from a reference PDE posed on a simpler space ). The present construction should therefore be viewed as
complementary to the intrinsic theory of PDEs on fractals, not as a replacement for it.

There is nevertheless a useful interface with the Dirichlet-form framework. If a lifted kernel is symmetric
and nonnegative, then it defines a quadratic nonlocal energy of the form

&) =3 [ (0w) = u) e dola) dviy)

and, under the standard closability and regularity assumptions, a symmetric Dirichlet form. In that case
the calculus of [6, 15] applies at fixed . The intrinsic question is then a limiting one: after a suitable
renormalization, do the forms &, converge, in Mosco or I" sense, to a local resistance form such as the Kigami
energy? Related nonlocal-to-local limits on Sierpiriski-type fractals were studied in [10, 28]. This question
is orthogonal to the two-scale Galerkin estimate proved here, but it provides a natural bridge between
transported nonlocal models and intrinsic fractal diffusion.

7.2 Nonlinear problems and boundary conditions

Several ingredients still deserve a systematic treatment before one can claim a fully general theory. The first
is a genuinely nonlinear version of Theorem 5.4. For semilinear or quasilinear problems, the linear semigroup
estimate should be replaced by a uniform well-posedness and Lipschitz-stability statement for the nonlocal
flows on bounded subsets of a regularity space X, together with a consistency estimate for the nonlinear
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operator on a core. The Burgers example strongly suggests that such an extension is feasible in the smooth

regime, but it should be stated as an abstract theorem rather than left at the level of representative examples.
A second point is the treatment of boundary conditions on [0,1]. The periodic case is the cleanest

one because the kernels are translation invariant and no boundary layer appears. On a bounded interval,

the nonlocal surrogate must encode the boundary condition through its interaction with the exterior of

the domain. A natural guiding principle is to fix an extension operator £g associated with the boundary

condition B, apply the whole-space nonlocal operator to £gu, and then restrict the result back to [0, 1].
For homogeneous Dirichlet diffusion, one may take the zero extension Epu and define

2K
WLQ€2

(Acu)(z) = / pe(@ — y) (Epuly) — u()) dy,

that is,
2K

mee?

1
(Ae)@) = =5 [ pelo = )aly) ~ u(@) dy = —ula) [ pela =)

0 mag R\[0,1]
This preserves dissipativity and is the natural nonlocal counterpart of the Dirichlet heat operator. For
homogeneous Neumann diffusion, one replaces zero extension by an even reflection Exu at the endpoints

and sets
2K

m252

(Ac(@) = =5 [ oo =) (Exuly) = ula) dy.

which preserves constants and is consistent with d,u = 0 at the boundary. For first-order problems, the
appropriate mechanism is typically one-sided: for instance, if b > 0 and one prescribes an inflow datum at
x = 0, one should use a kernel supported in [0, 00) together with an exterior extension carrying the inflow
value on (—o0, 0). This yields a boundary-adapted nonlocal derivative that approximates b0, u while enforcing
the inflow condition. What remains to be proved in all these cases is the analogue of Assumption 5.2: one
must establish uniform semigroup stability (or nonlinear stability) and control the boundary layer created
by the loss of translation invariance near x = 0, 1.

A third point concerns genuinely hyperbolic regimes after shock formation. For inviscid Burgers, the
centered nonlocal approximation is adequate only before shocks or after viscous regularization. To recover
entropy solutions directly, one needs either a vanishing-viscosity limit or a monotone one-sided nonlocal flux.
Thus entropy admissibility is not an automatic consequence of the present framework, but an additional
structural requirement on the approximation.

7.3 Local charts on the Sierpinski gasket

The main geometric gap between the transported framework and intrinsic operators on fractals comes from
adjacency. The global coding of the cylinders @,, by subintervals of [0, 1] imposes a total order, whereas
the cells K, in a fractal such as the Sierpinski gasket have a different adjacency graph in FEuclidean space.
A possible refinement is therefore to use the interval only locally, as a chart on each self-similar cell, rather
than as a single global coordinate.
For every word w € %,,, the conjugacy relation ® o g,, = f,, o ® holds almost everywhere on Q,,. Hence
one may regard
Dy = fuo®og,t:Qu — Ky (7.1)

as a local chart from the interval cell @,, to the fractal cell K,,. In the case of the Sierpinski gasket, the three
first-generation cells K1, Ko, K3 already form a natural atlas, since their overlaps reduce to boundary points
and therefore have v-measure zero. For L?-based constructions, this means that one can work chartwise on
each cell and then impose coupling conditions only on the lower-dimensional interfaces.

More concretely, let T, denote the local isometry between L?(K,,v|k, ) and L?(Qu, A g, ) induced by
(7.1). Given a nonlocal approximation A, on @, one may define on each cell a local transported operator

A, =T, A T,.
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A patchwise diffusion operator can then be assembled from the family (A y)|wj=m together with com-
patibility conditions across the vertices shared by neighboring cells. At least heuristically, this chartwise
construction is closer in spirit to manifold atlases or finite-element assembly than the global coding used in
the main body of the paper, and it may provide a bridge between the present transported viewpoint and
intrinsic operators such as the Kigami Laplacian [18, 25]. Making this idea precise would require a careful
analysis of the rescaling, of the matching conditions at common vertices, and of the limit m — oc.

A more intrinsic version of this idea would replace symbolic charts by harmonic coordinates, which are
adapted to energy rather than to measure. On the Sierpiniski gasket, harmonic coordinates and the associated
Kusuoka-type energy measures provide a coordinate system closer to the resistance geometry [19, 27]. This
is also consistent with recent works [22, 21] on harmonic maps from p.c.f. fractals to the circle and on
the Kuramoto model on graphs approximating the Sierpinski gasket, where homotopy classes, harmonic
extension, Dirichlet energy and I'-convergence play a central role. These works suggest that an intrinsic
variant of the present paper should probably be formulated in terms of energy-adapted local charts and
prefractal adjacency, rather than through a single global symbolic coordinate.

7.4 Pullback of nonlocal equations on the fractal

The same isomorphism can be used in the reverse direction. Suppose that one starts from a nonlocal evolution
equation on the fractal:

Byult, x) = /K T () (ult,y) — u(t, 2)) dv(y), (7.2)

where J € L?(K x K,v x v) (or, more generally, satisfies suitable Schur-type bounds). Define the pullback
kernel

J(®(), (), (&n) € Qo x Qo,

e ::{ (2(). ®(m), (&) € Qo x Qo 3

0, otherwise.

Then the dynamics on K is conjugate to a nonlocal equation on @. The following statement then follows
immediately from the measure-preserving property of ® and the definitions of 7" and J®.

Proposition 7.1. Let Lk be the operator defined by the right-hand side of (7.2), and let Lg be the operator
on L?(Q, \) defined by

(Lov)(€) = /Q T2, m) (u(n) — v(€)) dA(n).

Then T Lk T™' = Lg. Consequently, u solves (7.2) on K if and only if v := Tu solves dv = Lguv on Q.

This simple observation suggests a complementary numerical program. Instead of transporting a classical
PDE from @ to K, one may start from a native nonlocal equation on the fractal and pull it back to the
interval, where one can apply one-dimensional quadrature, sparse approximation, or Monte-Carlo methods.
A particularly attractive case is the fractional heat equation dyu + (—Ak)%u = 0, for 0 < s < 1, on the
Sierpinski gasket, where Ag denotes an intrinsic Laplacian on the fractal and (—Ag)?® is defined through
spectral calculus. Whenever such an operator admits an integral representation (either directly as a singular
kernel or through a fractional Riesz kernel) its pullback through (7.3) produces a singular one-dimensional
nonlocal operator on ). Recent work on fractional Gaussian fields and fractional Riesz kernels on the
Sierpinski gasket indicates that this direction is analytically meaningful [2]. Developing numerical schemes
for these pulled-back operators would naturally complement the transport framework of the present paper.

This reverse use of the isomorphism is close in spirit to recent integral-equation methods for acoustic
scattering by fractals, where the physical model is first written as a nonlocal integral equation on the
fractal scatterer and then discretized by Galerkin and quadrature methods [4]. Our contribution in such a
setting would be different: the symbolic isomorphism gives a systematic way of pulling native fractal integral
equations back to a one-dimensional reference space, where classical quadrature, sparse approximation,
randomized sampling, or the self-similar cell averages developed in this paper can be applied.
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7.5 Additional directions

The previous subsections point to several further questions. One may compare the transported operators
obtained here with intrinsic operators on specific fractals, study sparse or random self-similar networks in the
spirit of [17], or consider higher-dimensional reference spaces ) and anisotropic kernels. From the particle-
system viewpoint, it would also be interesting to understand systematically which qualitative properties of
the reference PDE survive after transport and Galerkin discretization: dissipation for diffusion, conservative
or one-sided structures for transport and scalar conservation laws, maximum principles, entropy inequalities,
or synchronization thresholds in oscillator-type models. Clarifying these correspondences would significantly
strengthen the conceptual content of the framework.

Another promising direction is optimal transport on fractals. The map ® identifies probability measures
on K that are absolutely continuous with respect to v with probability measures on @ that are absolutely
continuous with respect to A. If the cost is defined through the symbolic coordinate, the problem is reduced
to a classical one-dimensional optimal-transport problem; if the cost is intrinsic on K (for example Euclidean
or resistance distance), its pullback becomes a nonlocal cost on . This gives a flexible framework in which
one can separate measure-theoretic transport, intrinsic geometry, and numerical discretization.
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