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Abstract

Integrating classical propositional logic with qualitative spatial and
temporal calculi yields an interesting framework for representing
and reasoning about complex systems. Automated verification in
this enriched setting requires proof systems that extend traditional
propositional techniques with specialized spatial and temporal in-
ference mechanisms. Here we first present a resolution proof system
for establishing the unsatisfiability of formulas expressed in a nor-
mal form analogous to conjunctive normal form (CNF). This system
augments the classical resolution rule with additional inference
rules tailored to qualitative reasoning. We then introduce a tableau
proof system similarly extended to qualitative contexts. Finally, we
generalize our framework to support reasoning across multiple
qualitative calculi.
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1 Introduction

Qualitative spatial and temporal reasoning provides symbolic cal-
culi for modeling relational aspects of time and space [7]. Well-
known examples include Allen’s Interval Algebra [1] and the Re-
gion Connection Calculus, in particular RCC5 and RCC8 [10].

Propositional logic remains a simple but powerful formalism,
supported by highly optimized SAT solvers [3]. Extending proposi-
tional logic while preserving access to SAT-style reasoning is one
of the motivations behind Satisfiability Modulo Theories (SMT) [2].
In a similar spirit, we investigate propositional logics enriched with
qualitative spatial/temporal constraints.

Our aim is to provide proof systems for automated verification
tasks such as satisfiability and validity checking and counter-model
generation in a propositional language enriched with qualitative
constraints. The main contributions are: (1) a resolution proof sys-
tem RSy extending classical resolution [11] with qualitative rules
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and complete for calculi satisfying a standard path-consistency
property; (2) a tableau proof system 7°S that extends classical
propositional tableaux [13] with qualitative rules; (3) an extension
of both proof systems to combinations of qualitative calculi.

The closest related work is a tableau system for a logic combining
linear temporal logic with RCC8 [5, 12].

2 Motivation

Integrating classical propositional logic with qualitative spatio-
temporal calculi yields a versatile specification language. Propo-
sitional variables describe high-level modes, events or resources,
while qualitative constraints (x ry) describe spatial or temporal
relations between entities.

This combination supports, in particular:

o Conditional qualitative constraints: formulas of the form ¢ —
(xry), where ¢ is propositional, express that only in certain
contexts must a qualitative relation hold.

o Interdependencies between qualitative relations: implications
between constraints, such as ((xry) — (x' ' y’)) —
(x""r"" y""), capture higher-level rules.

e Mixed discrete/qualitative requirements: real systems often
combine discrete decisions (modes, on/off choices) with re-
lational spatial or temporal conditions (containment, adja-
cency, precedence).

For verification, we need to detect unsatisfiability and, ideally,
produce either machine-checkable proofs or explicit counterexam-
ples. Our resolution proof system extends propositional resolution
with qualitative inference to obtain refutations, while the tableau
system incrementally constructs and prunes candidate scenarios,
yielding either models or structured explanations of inconsistency.

3 Background

We recall basic notions of qualitative spatial and temporal reasoning
(QSTR) [7].

A qualitative calculus ¥ is defined over an infinite domain
D and a finite set B of jointly exhaustive and pairwise disjoint
base relations. In the case of RCC5, the set of base relations is
{DR, PP, PPi, PO, EQ} [10]. The identity relation Id (e.g. EQ) belongs
to B, and B is closed under converse (-)~ 1.

Indefinite information is represented by subsets » C B. We write
(xry) for a constraint over qualitative variables x, y and a relation
r. A constraint is atomic if |r| = 1.

Besides union and intersection, we use the converse r~
U{b™' | b € r} and weak composition r o r’ [7], defined from
true composition (o) of base relations: ror’ = [J{bob’ | b€
r, b er' },wherebob’ = {b” €B | b N (bold') +0}.

Let S be a finite set of qualitative constraints over a finite set V of
variables. For each ordered pair (x,y) € V XV, we write S(x, y) for
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the relation associated with (x, y) (defaulting to B when no explicit
constraint on (x,y) is present, and to {Id} when x = y). If several
constraints on the same pair appear, we replace them by a single
constraint whose relation is the intersection of the originals, so we
may assume that there is at most one constraint per pair.

Definition 3.1. A set S of qualitative constraints is path consistent
if for all x,y,z € V we have S(x,y) € S(x,z) ¢ S(z,y).

The path-consistency closure PC(S) of S is obtained by iteratively
tightening constraints so that the above inclusion holds for all
triples x, y, z. This closure can be computed in O(|V|?) time [9, 15].
If for some x,y we obtain S(x,y) = 0, we say that S is trivially
inconsistent.

We work with calculi satisfying the following property [8]:

Property RPC. For every set S of atomic constraints, S is incon-
sistent if and only if PC(S) is trivially inconsistent, i.e., there exist
variables x, y with PC(S)(x,y) = 0.

4 Combining Propositional Logic and QSTR

We extend propositional logic by allowing qualitative constraints
as atomic formulas.

Let Prop be a finite set of propositional variables and QVar a
finite set of qualitative variables. Formulas of PL# are given by:

Du=p | (xry) | ©AD | DV | -,

where p € Prop, x,y € QVarand r C B.

An interpretation is a pair (I, o), where I maps each p € Prop to
0 or 1, and o : QVar — D assigns domain elements to qualitative
variables. Satisfaction is defined in the obvious way for proposi-
tional connectives and by

(Loy E(xry) iff Fber:(o(x),o(y)) €b.

Normal form. For our resolution method we use a CNF-like nor-
mal form, QCNF, consisting of finite conjunctions (sets) of q-clauses,
which are finite disjunctions (sets) of q-literals. A g-literal is (1) a
propositional variable p, (2) a qualitative constraint (x r y), or (3) the
negation of 1 or 2.

Two PL# formulas are equi-satisfiable if either both admit a
model or both do not. Every formula can be converted into an
equi-satisfiable QCNF formula of linear size by a Tseitin-style trans-
formation [14], introducing fresh variables gy, for subformulas ¥
and clauses enforcing qy < ¥.

5 A Resolution Method for PL#

We now present a resolution proof system RSy for showing the
unsatisfiability of QCNF formulas. It extends classical propositional
resolution [11] with inference rules for qualitative constraints.

The rules of RS are given in Figure 1. Rule [E] removes triv-
ially false literals (x 0 y). Rule [N] replaces a negated constraint
= (x ry) with the positive constraint (x (B \ r) y). Rule [D] decom-
poses non-atomic q-literals, [I] exploits converses, []] tightens
constraints via intersection, and [WC] propagates information via
weak composition. Rule [R] is standard propositional resolution on
a pair of complementary g-literals.

D. Crowley and Y. Salhi

aU{(x0y)) aU {=(xry)}

———— [E —  —  [N]
a aU{(x(B\r) y)}

aU{(x(rur)y)} aU{(xry)}

1]

aU{(xry}u{(xry} aU{(yr-lx)}

au{l} BU{l}

[R]
aUp
aU{(xry)} BU{l(xr y)} Ul
aUpu{(x(rnr)y)}
aU{(xry)} BU{(yr' 2)}
wCl

aUBU{(x(ror')z)}

Figure 1: Resolution Proof System RS.

A refutation of a QCNF formula ® in RSy is a derivation of the
empty g-clause @ from

ou | J{aBy}u [J{xndn}

x,yev xeV
X#Y

where V is the set of qualitative variables in ®.
For instance, a refutation of (=p V (x {PP} y)) Ap A (y {PP} z) A
(x {PP} y) in PLRccs can be obtained as follows:
—pV (x{PP}y) p
(x {PP} y) (y {PP} z)
(x {PP} z)

(x {EQ} z)

=07) 1

LE]

THEOREM 5.1 (SOUNDNESS). If® admits a refutation in RS, then
O is unsatisfiable.

THEOREM 5.2 (COMPLETENESS). Let ® be a QCNF formula and ¥
a calculus satisfying Property RPC. If @ is unsatisfiable, then there is
a refutation of ® in RS.

The completeness proof has two main steps. First, we treat the
base case where all qualitative literals are atomic and unnegated.
In this situation, the qualitative rules of RS simulate path con-
sistency on the underlying set of atomic constraints, and Property
RPC ensures that any inconsistency eventually shows up as a trivial
constraint (x 0 y), from which a refutation is obtained using rule
[E]. Second, for general QCNF formulas we argue by induction
on a simple notion of complexity of qualitative literals: literals
are more complex when they mention several base relations or
appear under negation. Rules [N] and [D] are designed so that
they systematically replace more complex literals by simpler ones,
until only atomic (and non-negated) constraints remain. Applying
the first step to this atomic situation yields a refutation, so every
unsatisfiable QCNF admits a derivation of the empty clause in RSg.

Extended resolution (ER) [4, 14] can be integrated into RS,.
Fresh propositional variables can abbreviate qualitative literals, e.g.
gxy < (xry),orderived constraints, e.g. gxz <> (x (ror’) z). Inthe
latter case we may also add (qxy A qyz) — qxz to record qualitative
dependencies. This avoids recomputing the same compositions in
many places and can yield shorter refutations.
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6 A Tableau Method for PL#

We now introduce a tableau proof system 7°S for PL#, extending
classical propositional tableaux [13] with qualitative rules.

A signed formula is an expression S : ® where S € {T, F} and ®
is a PL# formula. We interpret T : ® as “® is true” and F : ® as “®
is false”. An interpretation (I, o) satisfies T : ® iff it satisfies @, and
satisfies F : @ iff it does not satisfy ®.

The rules of 7S are shown in Figure 2. In addition to the usual
rules for A, V, and —, we have rules for qualitative literals: [D]
splits relation sets using union, [Ct] handles complements, [Ir]
uses converses, [ J7] intersects compatible constraints, and [WCr]
propagates constraints via weak composition.

T:dANY F:dAY
BT [Ar] e [AF]
e F:® | F:¥
F:oVvVY vrl T:dVvVY [vr]
- F - . T
£ T:® | T:¥
T:-d (=71 F:-® [=r]
F:® T T:9 oF
T:(x(rur)y) F:(x(B\r)y)
[Dr —— [Cr]
T:(xry) | T:(xr'"y) T:(xry)
T:(xry) T:(xry) T:(xr"y)
— Il [Jr]
T:(yr'x) T:(x(rnr')z)
T:(xry) T:(yr' z)

[(wWer]
T:(x(ror’)z)

Figure 2: Tableau Proof System 7 S, for PL.

A branch is closed if it contains a pair of conjugate signed formu-
las (T : ® and F : ®) or aliteral T : (x @ y). Otherwise it is open. We
say that a tableau derivation is completed if, for every open branch,
no additional signed formula can be added; that is, no further rule
instance is applicable to any open branch.

THEOREM 6.1 (SOUNDNESS). If there is a closed tableau for F : @
in TSq, then @ is valid.

THEOREM 6.2 (COMPLETENESS). If a signed formula X : ® is in-
consistent, then every completed tableau derivation for {S : ®} U {T :
(x{ld} x) : x e V}U{T : (x By) :x,y € V,x # y} must be
closed, where V is the set of qualitative variables occurring in ®.

The completeness proof uses a standard Hintikka-style argument:
each open completed branch forms a Hintikka set, from which we
construct a satisfying model using Property RPC for the qualitative
part.

7 Combinations of QSTR Calculi

We finally consider combinations of several calculi.

Disjoint variable sets. Let ¥ = {F7, ..., i} be calculi with dis-
joint variable sets. The language PLy, allows atoms from any %;, and
interpretations are tuples (I, 01, . . ., 0% ). Because constraints from
different calculi never share variables, our resolution and tableau
systems lift directly: qualitative rules apply componentwise to each
calculus.
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Shared variable sets and compatibility. More interesting is the
case where all calculi share the same qualitative variables, repre-
senting orthogonal aspects (e.g., topological relations with relative
size [6]). For each pair (i, j) we assume a compatibility function
fij : Bi — 2B/ mapping each base relation of 7 to the set of ;-
relations it permits. These functions must preserve satisfiability: any
model of a set of Fj-constraints induces compatible 7;-constraints
via fi;.

We work with quasi-models, consisting of: (1) a propositional
assignment I, (2) one complete atomic scenario S; per calculus F;,
(3) a compatibility condition correlating S; and S; via f;;.

A formula is satisfiable iff it is satisfied in a quasi-model, a con-
dition met for example by the combination of RCC8 and Point
Algebra [6].

To integrate compatibility into proof search we add simple rules,
for each (i, j):

aU(xry) T:(xry)

CRR e
T:(x(U fij(®) y)
ber

—— [cRR [CRE] -
U (U fiy () w)
€r

Soundness follows from the soundness of the base systems together

with the preservation property of the compatibility functions f;;,
and completeness holds because the additional cross-calculus rules
ensure that every inconsistency arising from the interaction be-
tween calculi is made visible during proof search.
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