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DATA-DRIVEN MATERIAL IDENTIFICATION IN

HETEROGENEOUS VISCOELASTIC MEDIA

HOSSEIN SALAHSHOOR1,2, MICHAEL ORTIZ3,4, LAURENT STAINIER5

Abstract. Full-field material characterization techniques are increas-
ingly improving and new techniques are emerging, providing us alto-
gether with unprecedented access to kinematic measurements. Extract-
ing material properties from data has been a long quest, with the chal-
lenge lying at extricating homogeneity in inference and enabling ex-
traction of spatially-varying mechanical properties. We propose a data-
driven approach here that enables identifying heterogeneous properties
of linear media, either elastic or viscoelastic. We reformulate the identi-
fication problem to that of identifying a set in a phase space of possible
stresses and strains and employ a hyper-plane data clustering approach
algorithm to infer the pointwise material set.

1. Introduction

Material identification from empirical data may be understood as an in-
verse problem (see, e. g., the pioneering work of Bui [1]). Recent advances
in experimental techniques, including the ability to perform spatially and
time-resolved measurements [2, 3], high-throughput experiments [4, 5] and
elastography techniques for the characterization of biological tissue [6, 7],
have provided renewed impetus to the subject. In addition, neural networks
and machine learning have supplied a new and efficient means of representing
material laws and fitting them by regression to big data sets, prompting an
extensive reevaluation of the field. These advances notwithstanding, many
questions remain open regarding identifiability, convergence with respect to
data and others (see, e. g., [8] for a discussion of mathematical issues).

For the most part, the classical work is concerned mainly with the iden-
tification of parameters in a given class of models, in contrast to the more
challenging problem of identifying the functional form of the model itself
(see, e. g., [9] and references therein). In this setting, material characteri-
zation is often viewed as the problem of finding underlying manifolds that
represent data [10], and has been addressed through a number of approaches
from regression [11], to PDE-constrained optimization and adjoint methods
[12, 13, 14], to deep learning [15, 16] and data-driven-identification (DDI)
[17]. A review on model updating methods is proposed in [18]. A model-
discovery approach based on sparse regression has recently been proposed
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by [19], for hyperelasticity. The (model-free) data-driven identification ap-
proach has been applied to hyperelasticity [20, 21], elastoplasticity [22, 23],
or viscoelasticity [24].

Identifying heterogeneous material response from experimental measure-
ments constitutes a further long-standing challenge in mechanics. Recent
developments in microscopy that grant access to full-field measurements of
the mechanical response of materials [25, 26, 27] have rekindled the need
for robust identification approaches and high-resolution inference methods
capable of extracting spatially-resolved material properties.

In this work, we develop a data-driven procedure that supplies spatially-
resolved elastic and viscoelastic properties of a heterogeneous solid. In the
latter case, we work in the frequency domain at fixed frequency, which re-
duces the identification problem to resolving the spatial distribution of com-
plex moduli over the solid. We combine of a model-free approach (DDI),
which identifies a balanced stress field correlated to the measured strains,
to a model-based parameter identification approach which identifies mod-
uli and their distribution. This latter approach relies on previous work by
Cherkaev and Gibiansky [28], who introduced mixed energy functions that
recast the viscoelastic constitutive relations in variational form. In addition,
the mixed energy functions are convex and therefore set forth a minimum
principle for the solutions. Exploiting this convexity, an inverse procedure
can then be built using the duality gap [29, 30, 31, 32, 33], which satisfies
Fenchel’s inequality [34], as a natural cost function for purposes of iden-
tification. We perform the minimization of the cost with respect to the
parameters by means of k-planes clustering [35]. This algorithm alternates
between assigning clusters and using principal component analysis to find
normal vectors to each cluster and is robust in the presence of noise [36].
DDI results provide data for initializing this alternate minimization.

2. Heterogeneous Material identification

2.1. Boundary-value problems in mechanics. The solutions to boundary-
value problems of mechanics consist of displacement, strain and stress fields,
respectively denoted by u, ε and σ in the following. We restrict ourselves to
linearized kinematics and quasi-static loading. These fields must verify the
field equations of compatibility, equilibrium and the constitutive relations.

For the sake of conciseness, we directly place ourselves in a discrete con-
text, where compatibility can be simply written as

εe = Beu e ∈ {1, 2, · · · ,M}. (1)

with the discrete gradient operator Be allowing to compute strains at ma-
terial point e from the array of displacement degrees of freedom (e.g. nodal
values in finite elements). Quasistatic balance equations can then be written
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as
M∑
e=1

weB
T
e σe = f , (2)

where we denotes the weight associated to material point e and f is an array
of applied forces, conjugate to u.

In order to close the problem, additional equations should be provided,
linking strain and stress tensors. The traditional approach consists in writing
constitutive relations of the form σ = σ̂(ε; p) where σ̂(•; p) is a postulated
function parameterized by p. Introducing these relations in the equilibrium
equation yields

M∑
e=1

weB
T
e σ̂(Beu) = f , (3)

which provides a set of (potentially nonlinear) equations for u. Note that
kinematic (Dirichlet) boundary conditions typically constrain some compo-
nents of u to take prescribed values.

2.2. Constitutive gap approach. As discussed in more detail below (sec-
tion 3), an alternative way to represent the constitutive response is through
the so-called constitutive gap, or Fenchel, function G(ε,σ; p), with p repre-
senting the set of parameters. This function is required to be convex and
satisfy

G(ε, σ̂(ε); p) = 0, (4a)

G(ε,σ; p) > 0, if σ ̸= σ̂(ε), (4b)

or

σ̂(ε; p) = argmin
σ

G(ε,σ; p), (5)

providing an implicit constitutive relation. A classical example concerns
a convex strain-energy density W (ε; p), with dual complementary energy
W ∗(σ; p). Then, the corresponding Fenchel function

G(ε,σ; p) = W (ε; p) +W ∗(σ; p)− σ · ε, (6)

is convex and defines a constitutive gap function in the sense of (4) (see [34,
Thm. 31.1]). The problem of elasticity can then be reformulated as

min
u,{σe} adm.

M∑
e=1

weG(Beu,σe; p), (7)

where admissible displacements and stresses are those verifying kinematic
boundary conditions and equilibrium (2).
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2.3. Material identification. Consider the case where measured displace-
ment fields uexp are available, together with the loading f . The following
inverse problem can then be formulated

({σe}, p) = arg min
{σe} adm.,p

M∑
e=1

weG(Beuexp,σe; p), (8)

seeking to find a balanced stress field and a set of constitutive parameters
which minimize the constitutive gap. Note that heterogeneous materials
can be considered, for example by considering that p groups different pa-
rameters subsets: p = {pi, i = 1, . . . , N}. The minimization then becomes
combinatorial

({σe}, p) = arg min
{σe} adm.,p,{ie}

M∑
e=1

weG(Beuexp,σe; pie), (9)

where we assume that the gap function G can represent the different ma-
terials. Alternatively, it is possible to consider a number of separate gap
functions Gi.

Depending on the exact expression of the chosen constitutive gap func-
tion, this minimization problem may be more or less difficult to solve numer-
ically. Alternated minimization approaches can typically be used, but we
postpone that discussion and first illustrate different types of constitutive
gap functions.

3. Model based constitutive gap

3.1. Linear elasticity. Linear elastic materials are characterized by a stiff-
ness tensor C:

σ = C : ε, (10)

where ε and σ are the strain and stress second-order tensors, respectively.
Constitutive relation (10) can alternatively be represented by the stored

energy potential W (ε):

W (ε) =
1

2
ε : C : ε, (11)

such that

σ =
∂W

∂ε
(ε) . (12)

The constitutive relation can also be represented through the dual potential
W ∗(σ):

W ∗(σ) =
1

2
σ : C−1 : σ, (13)

such that

ε =
∂W ∗

∂σ
(σ) . (14)

One can then define the function

G(ε,σ) = W (ε) +W ∗(σ)− σ : ε, (15)
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which, when C is positive-definite, has the following properties:

G(ε,σ) ≥ 0 and G(ε,σ) = 0 ⇐⇒ σ = C : ε . (16)

The function G(ε,σ) then defines a constitutive gap measuring the discrep-
ancy of an arbitrary pair (ε,σ) with respect to the constitutive relation
(10). The parameters are then the elastic moduli composing C at all mate-
rial points.

3.2. Linear viscoelasticity. Consider now a linear viscoelastic material
[37] under harmonic loading. For this type of loading, it is convenient to
work in the frequency domain and adopt the representation

ε(t) = ε′ cos(ωt)− ε′′ sin(ωt) = Re[(ε′ + iε′′)eiωt], (17)

where ε′ and ε′′ are the real and imaginary parts of the complex represen-
tation of the harmonic strain and, similarly,

σ(t) = σ′ cos(ωt)− σ′′ sin(ωt) = Re[(σ′ + iσ′′)eiωt]. (18)

In this representation, a general viscoelastic material response can be ex-
pressed as [38, 39, 40]

σ′ + iσ′′ = (C′ + iC′′) : (ε′ + iε′′), (19)

where C′ = Ce and C′′ = ωCv are frequency-dependent storage and loss
moduli, respectively.

We define the average dissipated energy as:

ϕ(ε′, ε′′) =
1

2π
Im

∮
σ : dε =

1

2

(
ε′ : C′′ : ε′ + ε′′ : C′′ : ε′′

)
, (20)

and the average stored energy

W (ε′, ε′′) =
1

T
Re

∮
σ : dε =

1

2

(
ε′ : C′ : ε′ + ε′′ : C′ : ε′′

)
. (21)

Note that these energies cannot be used as potentials for the complex stress.
Indeed, writing (19) in matrix form, we obtain[

σ′

σ′′

]
=

[
C′ −C′′

C′′ C′

] [
ε′

ε′′

]
(22)

and the antisymmetry of the constitutive matrix indicates the lack of a
potential. The matrix can be made symmetric by reversing the sign of the
second equation, but it then becomes negative-definite.

An alternative formulation can be obtained using complex, or Wirtinger
[41], derivatives defined as

∂F

∂ε
=

∂F

∂ε′
− i

∂F

∂ε′′
, (23)

on functions F (ε′, ε′′) of complex strain. Defining F (ε′, ε′′) as

F (ε′, ε′′) =
1

2
ε′ : C′ : ε′−ε′ : C′′ : ε′′−1

2
ε′′ : C′ : ε′′ =

1

2

[
ε′ ε′′

] [ C′ −C′′

−C′′ −C′

] [
ε′

σ′′

]
.

(24)



6 H. SALAHSHOOR, M. ORTIZ, L. STAINIER

We can formally write

σ = σ′ + iσ′′ =
∂F

∂ε
(ε), (25)

where ε = ε′+iε′′. Similarly, we can define a conjugate function F ∗(σ′,σ′′):

F ∗(σ′,σ′′) =
1

2

[
σ′ σ′′] [(C′ + C′′ : C′−1 : C′′)−1 (C′′ + C′ : C′′−1 : C′)−1

(C′′ + C′ : C′′−1 : C′)−1 −(C′ + C′′ : C′−1 : C′′)−1

] [
σ′

σ′′

]
,

(26)
using which we can write

ε = ε′ + iε′′ =
∂F ∗

∂σ
(σ), (27)

where σ = σ′+ iσ′′ and the derivative is a Wirtinger derivative. However, it
can be readily verified that these functions are not convex in the imaginary
parts of strain and stress, and a constitutive gap function cannot be directly
constructed from them.

Cherkaev and Gibiansky [28] introduced “mixed” functions, which can
lead to minimization principles. The first mixed potential is defined as

Wϵσ(ε
′,σ′′) =

1

2

[
ε′ σ′′] [C′ + C′′ : C′−1 : C′′ −C′′ : C′−1

−C′−1 : C′′ C′−1

] [
ε′

σ′′

]
. (28)

This, in turn, renders

σ′ = ∂ε′Wϵσ(ε
′,σ′′), (29)

and

ε′′ = ∂σ′′Wϵσ(ε
′,σ′′). (30)

The dual potential can be written then:

Wσϵ(σ
′, ε′′) =

1

2

[
σ′ ε′′

] [ C′−1 C′−1 : C′′

C′′ : C′−1 C′ + C′′ : C′−1 : C′′

] [
σ′

ε′′

]
(31)

such that

ε′ = ∂σ′Wσϵ(σ
′, ε′′), (32)

and

σ′′ = ∂ε′′Wσϵ(σ
′, ε′′). (33)

It is then possible to define a constitutive gap function as

G(ε′, ε′′,σ′,σ′′) = Wϵσ(ε
′,σ′′) +Wσϵ(σ

′, ε′′)− (σ′ : ε′ + σ′′ : ε′′) (34)

which is convex and has the sought properties

G(ε′, ε′′,σ′,σ′′) ≥ 0 and G(ε′, ε′′,σ′,σ′′) = 0 ⇐⇒ (19) . (35)

Note that Cherkaev and Gibiansky [28] also identified that functions (24)
and (26) lead to saddle-point (min-max) formulations. In this case, the
parameters are the storage and loss moduli.
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3.3. Material identification algorithm. Let us revisit the identification
problem (9) with the distance function (34) then, where parameters p are
complex moduli. In the following, we will consider the case where we pos-
tulate the existence of N phases, each characterized by a complex modulus
Ci, i ∈ {1, 2, · · · , N}. If we apply the equilibrium constraint by way of a
complex Lagrange multiplier field η, stationnarity conditions on stress fields
σ′ and σ′′ yield (for e ∈ {1, 2, · · · ,M})

σ′
e = C′

ie : ε
′
e − C′′

ie : ε
′′
e + C′

ie : (Beη
′), (36a)

σ′′
e = C′′

ie : ε
′
e + C′

ie : ε
′′
e + C′

ie : (Beη
′′), (36b)

where ie denotes the current mapping of material point e to phase i. Intro-
ducing these relations in the balance equation yields in turn(

M∑
e=1

weB
T
e C′

ieBe

)
η = f −

M∑
e=1

weB
T
e Cie : (Beuexp), (37)

which can be solved for η.
The minimization problem can be written as the following

inf
Ci,ie

M∑
e=1

weG(Beuexp,σe;Cie). (38)

We solve this optimization problem with recourse to k-planes clustering
[35], where in an alternating sequence of assigning clusters and principal
component analysis’ steps, one can partition data points and assign a plane
to each partition. This framework is among the most efficient existing plane
clustering techniques that is also robust to presence of noise [36]. We have
delineated the procedure used here in algorithm 1.

Algorithm 1 k-planes clustering algorithm

1: Require: set of mechanical data {ze = (εe,σe)}Me=1, weights {we}Me=1.
Choose a number of planes N .

2: Initialization: initialize hyperplanes’ tensors C0
i , i ∈ {1, · · · , N} (from

arbitrary first guess or from a previous run)
3: Clustering: set r = 0

(a) find optimal mapping

Ir(e) = argmin
i

G(εe,σe;Cr
i ) e = 1, . . . ,M

(b) update hyperplanes’ tensors

Cr+1
i = argmin

C

∑
e:Ir(e)=i

weG(εe,σe;C) i = 1, . . . , N

(c) if Cr+1
i = Cr

i , i = 1, . . . , N and Ir = Ir−1 (for r > 0) : exit
(d) r ← r + 1 ; goto (a)
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The material identification problem can then be solved by alternating
between k-planes clustering and solving equilibrium equations (37). This

process is outlined in algorithm 2, where d̂r denotes the total constitutive
gap:

d̂r =

M∑
e=1

weG(Beuexp,σ
r
e;Cr

Ir(e))

where G corresponds to (34), or alternatively (15) if the material is known
to be elastic.

Algorithm 2 Material identification for a heterogeneous medium

1: Require: strain data set {εe}Me=1 where M is the number of mate-
rial points, discrete gradient matrix B, material point weights W =
diag(we, e ∈ {1, · · · ,M}), applied force vector f . Pick an initial guess
for the number of phases N . Choose tolerance tol.

2: Initialization: Set r = 0. Choose N random hyperplanes {Cr
i , i ∈

{1, · · · , N}}. Initialize hyperplane assignment Ir(e), e = 1, . . . ,M .
3: Alternated minimization:

(a) stress update (37) and (36) −→ {σr+1
e , e = 1, . . . ,M}

(b) k-planes clustering (38) −→ Ir+1, Cr+1
i (i = 1, . . . , N), d̂r+1

(c) convergence: if |d̂r+1 − d̂r| < tol and Ir+1 = Ir : break
(d) r ← r + 1; goto (a)

Note that algorithm 2 requires to pick a number of phases N . It can either
be guessed, e.g. from a first identification stage as in the examples below, or
otherwise iteratively determined by an elbow method (i.e. increasing N until
observing no significant improvement in the minimum distance reached).

4. Model-free constitutive gap

The above constitutive gap functions rely on the postulate of a specific
linear model in elasticity or viscoelasticity. But the choice of a specific model
introduces a bias in the identification process. Model-free representation of
the constitutive response in linear elastic and viscoelastic media [42, 43] has
been emerging as a data-driven approach that is based on a given set of N
stress-strain pairs

D = {ẑα = (ε̂α, σ̂α), α = 1, . . . , N} (39)

coming from experimental tests or other source. Introducing the constitutive
distance d(z, ẑ) as

d(z, ẑ;C) =
1

2
∥z − ẑ∥2C

=
1

2

(
(ε− ε̂) : C : (ε− ε̂) + (σ − σ̂) : C−1 : (σ − σ̂)

) (40)
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where C is a (real-valued) fourth-order tensor acting as a metric, where
C practically serves as a normalization parameter, and while it can take
arbitrary values, it can be judiciously chosen based on a preliminary analysis
of the constitutive data, e.g. through a principal component analysis [44].
One can then define the distance between a material state z = (ε,σ) and
the data set D:

dD(z;C) = min
α=1,...,N

d(z, ẑα;C). (41)

Note that, if strains and stress tensors are complex, as in the harmonic
viscoelastic case, the inner product in the distance should be understood
as the Hermitian scalar product. As demonstrated in [45, 31], when the
data set converges towards a constitutive model, the above distance actually
converges towards the associated constitutive gap. We can thus use distance
(41) as a model-free constitutive gap function, parameterized by N stress-
strain pairs and a metric: p = {C, ẑα, α = 1, . . . , N} and

G(ε,σ; p) = dD(z = (ε,σ);C). (42)

Note that we keep the notation G for the constitutive gap, but that it
corresponds, in the model-free case, to a different expression than in the
model-based case of the previous section.

4.1. Model-free material identification algorithm. Considering the
distance (41), the identification problem (9) takes a specific form, where pa-
rameters p are the set of data points p = {ẑα, α = 1, . . . , N} if we consider
the metric as a given hyper-parameter. Applying the equilibrium constraint
by way of a Lagrange multiplier field η, stationnarity conditions on stress
field σ and η yield [17]:

M∑
e=1

weB
T
e CBeη = f −

M∑
e=1

weB
T
e σ̂αe (43a)

σe = σ̂αe + CBeη e = 1, . . . ,M (43b)

where the first equation is a linear system in η, while the second provides
an update rule for the stresses. The minimization with respect to ẑα (α =
1, . . . , N) and αe (e = 1, . . . ,M)

min
{ẑα,α∈[1,N ]},{αe,e∈[1,M ]}

M∑
e=1

weG(Beuexp,σe; ẑαe) (44)

can be solved by way of a k-means algorithm, for example. The overall
problem can then be solved by an alternated minimization scheme, repeating
(43) and (44) until convergence (algorithm 3). The unicity of solutions
provided by this data-driven identification (DDI) algorithm mostly depend
on the ratio N/M , as shown in recent studies [46, 47].

As noted above, in the harmonic viscoelastic case, the above model-free
constitutive gap (42) can be used with a real metric C. The use of mixed
quadratic forms Wεσ and Wσε, which would imply to introduce additional
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algorithmic hyper-parameters, is not necessary. In the time-domain, not
considered here, previous strains and stresses should be included in the data
space, as shown in [48].

Algorithm 3 Data-driven identification for a heterogeneous medium

1: Require: Strain data set {εe}Me=1 where M is the number of mate-
rial points, discrete gradient matrix B, material point weights W =
diag(we, e = 1, . . . ,M), applied force vector f . Choose tolerance tol.

2: Initialization: Initialize stresses {σe}Me=1 (e.g. to zero values). Set
r = 0. Initialize clustering (44) −→ Ir, {ẑr

α, α ∈ [1, N ]}, dr
3: Alternated minimization:

(a) stress update (43) −→ {σr+1
e , e ∈ [1,M ]}

(b) k-means clustering (44) −→ Ir+1, {ẑr+1
α , α ∈ [1, N ]}, dr+1

(c) convergence: if |dr+1 − dr| < tol and Ir+1 = Ir : break
(d) r ← r + 1; goto (a)

5. Numerical applications

In this section, we will validate our proposed numerical algorithms by in-
vestigating composite domains comprised of matrix and inclusions. We will
proceed with the method of manufactured solutions where we solve forward
problems for prescribed domains and boundary conditions. The resultant
displacement fields are then used as data input for our identification schemes.
Motivated by biomedical applications, in particular elastography [6, 49, 50]
techniques, we will only focus on identifying heterogeneous shear moduli in
our numerical examples. Inspired by examples considered in [50], we will
consider examples involving pure transverse shear, as detailed below.

5.1. Numerical setting. We will illustrate the methodology on two di-
mensional problems, considering transverse shear only. Our computational
experiments are inspired by tumor detection application in biomedical fields,
where boundary measurements are used to detect and identify a stiff region
that reflects tumor inside a soft healthy tissue [51, 52].The governing equa-
tions in the frequency domain are:

∇ · σ − ρ(x)ω2u(x) = 0, (45)

where we assume absence of body forces. The displacement field is then
assumed to be of the form u(x, y, t) = w(x, y, t)ez, resulting in pure shear
strain states. By further assuming an isotropic response in the x− y plane,
this yields pure shear stress states, with

σ′
xz + iσ′′

xz = (µ′ + iµ′′)(w′
x + iw′′

x), (46a)

σ′
yz + iσ′′

yz = (µ′ + iµ′′)(w′
y + iw′′

y), (46b)
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where µ′ and µ′′ are the storage and loss shear moduli, respectively. The
momentum balance equation then writes under the form of:

(µ′ + iµ′′)(∆w′ + i∆w′′) = ρω2(w′ + iw′′). (47)

We will consider heterogeneous samples, where the complex shear modulus
varies from one phase to another.

5.1.1. Methodology. In the examples below, we validate the identification al-
gorithm on synthetic data. Virtual two-phase specimens, composed of inclu-
sions embedded in a matrix, are subject to harmonic loads applied on their
boundaries. Time-harmonic complex displacement fields are then generated
by solving the forward elastodynamic problem using assigned complex shear
moduli for each phase. We then discard the moduli and provide only these
displacement fields to the identification procedure, which estimates (i) the
phase morphology (spatial distribution) and (ii) the local complex moduli
of each phase. Because the data are manufactured with known parameters,
the recovered morphology and properties can be compared directly against
ground truth to quantify accuracy.

5.1.2. Implementation. The algorithms described above were implemented
in python, using SciPy sparse linear algebra solvers [53], and Scikit-learn
[54] for clustering. The DDI step involves a unique factorization, associated
to the pseudo-elasticity problem (43). The associated computational cost
is thus marginal. The main computational cost is thus associated to the
repeated clustering step, itself linked to the number of material (i.e. inte-
gration) points and the number of clusters, typically one or two orders of
magnitude lower. The k-planes clustering phase involves solving repeated
linear elasticity problems (in real or complex numbers). The stiffness matrix
can nonetheless be pre-factored, since its sparsity pattern will not change.
The computational cost of this phase is thus linked to the number of degrees
of freedom (i.e. number of nodes of the spatial discretization used).

5.2. Case I: Elastic inclusions and elastic matrix. The sample cross-
section in this case is a square with length of 0.1 meter, subjected to har-
monic traction boundary conditions applied at 1000 Hz (see Fig. 1). There
are three cylindrical inclusions, which can relatively easily be spotted from
displacement amplitude maps (see figures 2 and 6). These inclusions are
elastic, with a shear modulus µi = 10 kPa, for both subcases considered
below. A density ρ = 1000 kg/m3 has been used for both phases.

This case is a fully elastic material, i.e. the matrix exhibits an elastic
response as well, with a shear modulus µm = 1 kPa. We are thus in the
configuration of hard inclusions in a soft matrix. The specific boundary
conditions are illustrated in figure 1: the bottom side is completely blocked,
the top side is loaded uniformly (shear amplitude of 1 kPa), while the lateral
sides are left free. Note that, if we are using a precise description of this
loading in the DDI identification below, this could alternatively be bypassed
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by eliminating the boundary degrees of freedom in cases where the loading
is unknown or not precisely known. Indeed, in the harmonic context, inertia
forces are computed directly from the complex displacement amplitude field,
which is thus sufficient to write equilibrium equations inside the domain.
Equilibrium at the boundaries can also be treated globally, as shown in [20].

x

y

z

Figure 1. Schematics representing boundary conditions for
case I.

The map of harmonic displacement amplitude resulting from this loading
is shown in figure 2. It has been computed on a fine mesh (79 360 triangu-
lar elements) providing enough resolution compared to wavelengths in the
matrix.

The DDI identification algorithm 3 has been applied to this displacement
field, considering the loading as known, yielding a cloud of shear strain-
stress pairs, shown on figure 3. Each point corresponds to one of the shear
components at a material point (in this case, centroids of elements). The
metric used in the constitutive distance (40) corresponds to a shear modulus
µ = 2 kPa. Qualitatively, it is quite clear to recognize that there are (at
least) two distinct material responses, despite the presence of noise and
outliers. The number of outliers could be reduced by tuning the metric
and the number of clusters (chosen here as N = M/50 = 1587), but such
optimization will not be pursued here, since we will apply further k-planes
clustering.

In order to classify the data points in two groups, we can then apply
algorithm 1, yielding the two planes represented by purple dashed lines
on figure 3. Planes corresponding to the reference material are shown as
red dotted line for comparison. Numerically, the values obtained are the
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Figure 2. Harmonic displacement amplitude map for case
I (purely elastic) used as input data for the identification
algorithm.

following:

µ̃m = 1.007 kPa , µ̃i = 9.058 kPa

showing a good agreement with reference values (shown in red on figure 3).
Through the k-plane clustering, each material point is associated to one

of the planes, and thus to a shear modulus value. Once represented spatially,
this mapping provides a view of the sample morphology (i.e. distribution of
phases), shown in figure 4 (each element of the background mesh has been
coloured by its associated modulus amplitude).

We see that the cylindrical inclusions are well captured. A few elements
have been misclassified, with respect to the reference solution, but the agree-
ment is very satisfactory.

5.3. Case II: Elastic inclusions and viscoelastic matrix. Next, we
consider the case of the same elastic inclusions, but embedded in a vis-
coelastic matrix, characterized by a complex shear modulus µm = (1+0.1i)
kPa. In order to obtain a better signal in the displacement amplitude map,
the loading has been modified: lateral sides are now loaded as well, with
a linear distribution of harmonic shear, spatially ramped between 0 and 1
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Figure 3. Shear stress–strain data from identification for
the purely elastic case I: Points are DDI outputs (cluster
colors); purple dashed lines show k-planes; red dotted line
shows the reference constitutive response.

kPa, and at a phase difference of π/2 with respect to the top loading (see
Fig. 5). This loading was chosen to ensure a sufficient signal (i.e. displace-
ment amplitude) in the lower part of the sample, despite the damping in the
viscoelastic matrix.

Given the viscoelastic nature of the matrix, the harmonic displacement
field used as input is now complex: figure 6 shows its real and imaginary
parts. It has been computed on the same mesh as in the previous example
(79 360 triangular elements).

The DDI identification algorithm 3 can be applied to these data, using
complex numbers. It yields a cloud of complex strain-stress pairs: figure
7 shows this cloud, projected in the space of strain and stress amplitudes.
The dispersion is more marked than previously. As indicated before, this
dispersion depends (among other parameters) on the choice of the distance
metric, which was taken here at µ = 5 kPa. The number of outliers also
depends on the number of clusters (chosen here as N = M/60 = 1322).

In order to classify the data points in two groups, we can then apply
algorithm 1, yielding the two (hyper-)planes represented by purple dashed
lines on figure 7. These planes actually lie in a four-dimensional space, and
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Figure 4. Identified shear moduli for the purely elastic case
I.

relate complex strain and stress amplitudes. The associated complex moduli
are the following:

µ̃m = 1.017 + 0.1i kPa , µ̃i = 9.487 kPa

showing a good agreement with reference values (shown in red on figure 7).
Through the k-plane clustering, each material point is associated to one

of the planes, and thus to a (complex) shear modulus value. As in the
previous example, we can thus build a view of the sample morphology (i.e.
distribution of phases), shown in figure 8 (each element of the background
mesh has been colored by its associated modulus amplitude).

We see that the cylindrical inclusions are again well captured. A few
elements have been misclassified, with respect to the reference solution, but
the agreement is still very satisfactory.

5.4. Case III: Viscoelastic inclusions and viscoelastic matrix. In our
third numerical experiment, we consider a sample with a different geometry,
loading, and material properties. The sample cross-section in this second
case is a square with length of 0.04 meter, subjected to harmonic traction
boundary conditions applied at 500 Hz. The distribution of these boundary
conditions corresponds to the second case (see Fig. 5). In this example,
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x

y

z

Figure 5. Schematics representing boundary conditions for
case II and III.

Figure 6. Complex displacement amplitude map for case
II (elastic inclusion with viscoelastic matrix) used as input
data for the identification algorithm.

there is a single inclusion of elliptic shape in the matrix, and both phases are
considered as viscoelastic. Complex moduli used to generate the harmonic
displacement fields are chosen as follows:

µm = 5.0 + 2.5i kPa , µi = 20.0 + 10.0i kPa
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Figure 7. Shear stress–strain data from identification for
case II with elastic inclusions and viscoelastic matrix: Points
are DDI outputs (cluster colors); purple dashed lines show
k-planes; red dotted line shows the reference constitutive re-
sponse.

yielding the maps shown in figure 9 (results obtained with a mesh of 15473
nodes and 30488 triangular elements). Note that, it is more difficult to
guess, from these maps, the sample morphology than it was for the first
sample. We can also note that the mesh used in this case is a bit coarser
than in the previous ones, reflecting the difference in spatial characteristic
length between them.

Application of the standard DDI method (algorithm 3, with a metric µ =
20 kPa and N = M/60 = 508 clusters) yields the cloud of (complex) strain-
stress points shown in figure 10 (actually showing amplitude of complex
strain and stress values). The data obtained is much more noisy than in
previous examples (again, the result depends on the choice of metric and
number of clusters). It is nonetheless possible to identify two subgroups by
using the k-planes algorithm 1, represented by the two purple dashed lines
in figure 10. These planes correspond to the following estimation of complex
shear moduli:

µ̃m = 5.199 + 2.555i kPa , µ̃i = 14.705 + 6.763i kPa
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Figure 8. Identified storage and loss shear moduli for case
II with elastic inclusions and viscoelastic matrix.

Figure 9. Complex displacement amplitude map for case
III (viscoelastic inclusion with viscoelastic matrix) used as
input data for the identification algorithm.

and we can see that the method fails to accurately approach the reference
values (shown as red dashed lines in figure 10). If the agreement is reasonable
for the softer (matrix) phase, the estimation is significantly off for the stiffer
(inclusion) phase.

The k-plane clustering illustrated above can nonetheless be used as a first
iteration of the material identification algorithm discussed in section 3.3
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Figure 10. Shear stress–strain data from identification for
case III with viscoelastic inclusions and viscoelastic matrix:
Points are DDI outputs (cluster colors); purple dashed lines
show k-planes; red dotted line shows the reference constitu-
tive response.

(algorithm 2). Further application of this algorithm yields a much better
estimation of the complex moduli of both phases, as illustrated in Figure
11. Actual values of estimated shear moduli are as follows:

µ̃m = 5.001 + 2.501i kPa , µ̃i = 19.371 + 9.463i kPa

which is much closer to reference values than after the first iteration. Note
that application of algorithm 2 with a random initialization does not yield
satisfactory results, confirming observations in the literature that k-planes
clustering is very sensitive to initialization.

Finally, by looking at which phase each material point is associated, the
morphology of the sample can be reconstructed, as shown in Figure 12. The
elliptical inclusion is well caught, with only a few elements in the matrix
being mistakenly be associated with the inclusion.

5.5. Discussion. Table 1 summarizes the values of reference and identified
shear moduli, with the associated relative errors. We observe that these
errors remain below 10%. We can also note that errors are systematically
higher in inclusions than in the matrix. This can probably be interpreted as
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Figure 11. Shear stress-strain (amplitudes) data for case
III obtained by k-planes identification (algorithm 2: data
points (colours correspond to clusters), final k-planes (purple
dashed lines), reference material (red dotted lines)

follows: input fields are typically smoother in the inclusions, providing less
diverse information for the identification process which is based on cluster-
ing.

Regarding the prediction of phase morphology, we have listed in Table
2 the number of misclassified elements, i.e. for which the wrong phase was
assigned. These numbers show that the assignment error is of the order of
0.5% to 1% in the first two cases, and less than 0.5% in the last case. From
Figures 4, 8 and 12, we also see that these errors tend to appear around
boundaries and interfaces, which is not so surprising.
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Figure 12. Identified storage and loss shear moduli for case
III with viscoelastic inclusions and viscoelastic matrix.

Table 1. Summary of reference and identified moduli, for
the different cases considered, with associated relative errors.

Moduli Case I Case II Case III
Re[µm] [kPa] 1.000 1.000 5.000
Im[µm] [kPa] - 0.100 2.500
Re[µi] [kPa] 10.000 10.000 20.000
Im[µi] [kPa] - - 10.000
Re[µ̃m] [kPa] 1.007 1.017 5.001
Im[µ̃m] [kPa] - 0.100 2.501
Re[µ̃i] [kPa] 9.058 9.487 19.371
Im[µ̃i] [kPa] - - 9.463
err(Re[µ̃m]) 0.7% 1.7% 0.02%
err(Im[µ̃m]) - 0.0% 0.04%
err(Re[µ̃i]) 9.4% 5.1% 3.1%
err(Im[µ̃i]) - - 5.4%

Table 2. Count of misclassified elements.

case I case II case III
# of misclassified elements 344 549 68
total # of elements 79360 79360 30488

6. Concluding remarks

In this work, we have developed a data-driven framework for the iden-
tification of spatially-resolved elastic and viscoelastic properties in hetero-
geneous solids. By leveraging the mixed energy functions of Cherkaev and
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Gibiansky [28], we have recast viscoelastic constitutive laws in convex varia-
tional form, enabling the use of the duality gap as a natural cost functional
for inverse identification. The resulting procedure, combined with DDI ini-
tialization, k-planes clustering and principal component analysis, provides
a robust methodology that remains effective on several examples of growing
complexity.

Beyond offering an alternative to classical parameter-fitting approaches,
we demonstrate the utility of data-driven methods for uncovering spatially
heterogeneous material properties from full-field experimental measurements.
Taken together, these results suggest a pathway toward more comprehen-
sive frameworks for material characterization, where empirical data, convex
variational principles, and data-driven inference jointly enable robust iden-
tification of heterogeneous materials at high resolution.

Nevertheless, several open challenges remain. The identifiability of com-
plex moduli in general settings, convergence with respect to measurement
resolution, and the extension to nonlinear and rate-dependent constitutive
behaviors all require further study. In particular, an important open direc-
tion is the identification of heterogeneous material parameters in nonlinear
(visco)elasticity, a problem that remains highly challenging even under as-
sumptions ensuring well-posedness of the forward problem [8]. In parallel,
integrating our framework with emerging high-throughput material charac-
terization approaches offers a promising avenue for enhancing both accuracy
and scalability.

Several enhancements and extensions can already be envisioned, such as
including multiaxial material response, combining images obtained from dif-
ferent loading cases (boundary conditions, frequency). Adapting the clus-
tering strategy to consider different frequencies, with varying moduli but
constant morphology, should for example reinforce identifiability.

As discussed in the introduction, the final objective is of course to work
from real field measures, obtained by ultrasound echography or magnetic
resonance imaging for example. The challenges will then be linked to the
available resolution of images, which may be compensated by combining
several images in the identification process.
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