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CONVEX FUNCTIONALS OF NONLOCAL SINGULAR GRADIENTS AND

REACTION-DIFFUSION PROBLEMS I: COMPARISON PRINCIPLES AND

BOUNDED SOLUTIONS

OMAR ANZA HAFSA, JEAN-PHILIPPE MANDALLENA, AND GÉRARD MICHAILLE

Abstract. We study nonlocal reaction-diffusion evolution equations of gradient flow type
driven by singular nonlocal gradients and whose reaction term is CP-structured, a notion
introduced in [AHMM19]. We characterise the subdifferentials of the associated nonlocal dif-
fusion functionals, establish comparison principles, and prove the existence and uniqueness
of bounded solutions. Applications to nonlocal cable theory and to the nonlocal dynamics
of fake-news belief are given. This is the first part of a series of two papers: the second part
will be devoted to convergence and stochastic homogenization.
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1. Introduction

Nonlocal evolution equations arise naturally in the modelling of phenomena involving finite-
range interactions. Such phenomena appear in various contexts, including physics, mechan-
ics, biology, and sociology. In the modelling of these problems, the classical local diffusion
is replaced by a nonlocal one that accounts for interactions at a distance. This leads to
nonlocal evolution equations.

The mathematical study of nonlocal evolution equations in the spirit of the present paper
was initiated, without reaction term, by Andreu, Mazón, Rossi, and Toledo in [AMRT08,
AMRT09] (see also [AVMRTM10] and the references therein). An important class of nonlocal
evolution equations is that of gradient flows, in which the diffusion term is the subdifferential
of a convex energy functional. This is what is studied in this paper, with the additional
feature that the convex energy functional is built from a singular nonlocal gradient and that
the reaction term is CP-structured, a notion introduced in [AHMM19] (see Definition 3.7).
In the gradient flow framework, we also refer to the works of Braides and Piatnitski [BP22,
BP21], of Piatnitski and Zhizhina [PZ20, PZ17] and to the book [AAB`23] (in particular
[AAB`23, Chapter 9], which is devoted to parabolic problems).

The present paper is the first part of a series of two papers in which we continue our study
of nonlocal evolution equations of gradient flow type developed in [AHMM24, AHMM26b,
AHMM26a, AHMMP]. The main novelty with respect to these earlier works is that we con-
sider nonlocal diffusion based on convex energy integrals whose density depends on singular
nonlocal gradients (see §2.1–2.2). In this first part, we establish comparison principles and
prove the existence of bounded solutions (see Section 3). The existence of bounded solutions
is essential in many applications where the unknown represents a quantity that is intrinsi-
cally bounded: a proportion, a concentration, a voltage. The second part will be devoted to
convergence and stochastic homogenization.

Let O Ă Rd be a bounded open set, representing the medium in which the quantity un-
der consideration evolves, and let J : r0,8r! r0,8r be a Borel measurable function with
supppJq Ă r0, δs for some δ ą 0. The singular nonlocal gradient of u P L2pOq with respect
to J is the function DJu : O ˆ O ! R defined by

DJupx, yq :“ Jp|x ´ y|qpupxq ´ upyqq.

The function J , which models the spatial scale of the nonlocal effects, is allowed to be
unbounded (singular). The natural domain of DJ is the space

dompDJ
q :“

"

u P L2
pOq :

ż

O

ż

O

|DJupx, yq|
2dxdy ă 8

*

,

which, under appropriate conditions on J , is related to fractional Sobolev spaces (see Propo-
sition 2.3). Given an energy density W : Rd ˆ R ! r0,8r that is convex in its second
variable, which models the cost of nonlocal interactions, we consider the nonlocal energy
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functional J : L2pOq ! r0,8s defined by

Jpuq :“

$

&

%

ż

O

ż

O

W px,DJupx, yqqdxdy if u P dompDJq

8 otherwise.

For a nonlocal Dirichlet datum g P L2pBJOq (where BJO :“ pO ` Bδp0qqzO is the nonlocal
boundary of O), the boundary energy functional Dg : L2pOq ! r0,8s is given by

Dg
puq :“

$

&

%

ż

O

ż

BJO

“

W px,DJ
g upx, yqq ` W py,DJ

g upx, yqq
‰

dxdy if u P dompDJ
g q

8 otherwise,

where
DJ

g upx, yq :“ Jp|x ´ y|qpupxq ´ gpyqq

and

dompDJ
g q :“

"

u P L2
pOq :

ż

O

ż

BJO

|DJ
g upx, yq|

2dxdy ă 8

*

.

The sum Jg :“ J ` Dg then serves as the energy for the Dirichlet–Cauchy problem.

In the present paper, we consider evolution problems of the abstract form
#

du
dt

ptq ` BEpuptqq Q F pt, uptqq

up0q “ u0,

where uptq P L2pOq, E P tJ,Jgu and F : r0,8rˆL2pOq ! L2pOq is a reaction term, which
models the creation or annihilation of the quantity upt, xq at each time and spatial posi-
tion. When E “ J, the problem corresponds to homogeneous Neumann-Cauchy boundary
conditions, while when E “ Jg, it corresponds to Dirichlet-Cauchy boundary conditions.

The contributions of this paper are threefold.

First, in Section 2, we develop the functional analytic foundations needed to handle sin-
gular nonlocal gradients. This includes the relationship between dompDJq and fractional
Sobolev spaces (see Proposition 2.3)1, density results (see Propositions 2.5–2.9), the lower
semicontinuity of the energy functionals (see Proposition 2.12), a nonlocal Green-type for-
mula (see Lemma 2.16), and the characterisation of the subdifferentials BJ, BDg and BJg

(see Propositions 2.17–2.18 and Corollary 2.19).

Second, in Section 3, we establish comparison principles for both the Neumann-Cauchy and
Dirichlet-Cauchy nonlocal singular reaction-diffusion problems (see Theorem 3.6), together
with stability estimates in L2pOq. Building on these comparison principles and on the no-
tion of CP-structured reaction functionals (see Definition 3.7), we prove the existence and
uniqueness of bounded solutions (see Theorem 3.10).

Third, in Section 4, we present two applications to problems that are intrinsically nonlocal
and for which the boundedness of the solution is a fundamental requirement: nonlocal cable

1This result will be used in the part II of this paper, which will be devoted to convergence and stochastic
homogenization.
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theory (see §4.1 and Theorems 4.7–4.8) and nonlocal dynamics of fake-news belief (see §4.2
and Theorems 4.11–4.12).

Plan of the paper. In Section 2, we introduce the functional setting: singular nonlocal
gradients, convex functionals of singular nonlocal gradients, and the characterisation of the
subdifferentials of the energy functionals. In Section 3, we establish comparison principles
for nonlocal singular reaction-diffusion problems and prove the existence and uniqueness of
bounded solutions. In Section 4, we present two applications: nonlocal cable theory and
nonlocal dynamics of fake-news belief. Finally, for the convenience of the reader, we state in
Appendix ?? the version of Gronwall’s lemma used in the paper.

Notation. Throughout the paper we will use the following notation.

‚ Given x0 P Rd we denote the open (resp. closed) ball of radius r ą 0 centered at x0

by Brpx0q (resp. Brpx0q).

‚ The closure (resp. interior) of a set A Ă Rd is denoted by A (resp. intpAq).

‚ The Lebesgue measure on Rd with d P N˚ is denoted by Ld and for each Borel set
A Ă Rd, the measure of A with respect to Ld is denoted by LdpAq.

‚ The class of bounded Borel subsets of Rd is denoted by BbpRdq.

‚ The space of continuous functions from r0, T s to L2pOq is denoted by Cpr0, T s;L2pOqq.

‚ The space of absolutely continuous functions from r0, T s to L2pOq is denoted by
ACpr0, T s;L2pOqq.

‚ Given two open sets U, V Ă Rd, the space of measurable functions from U ˆ V to R
is denoted by L0pU ˆ V q.

‚ Given tunun Ă Cpr0, T s;L2pOqq, by un ! u in Cpr0, T s;L2pOqq we mean that
lim
n!8

suptPr0,T s }unptq ´ uptq}L2pOq “ 0.

‚ Given tunun Ă L2pr0, T s;L2pOqq, by un á u in L2pr0, T s;L2pOqq we mean that for

every v P L2pr0, T s;L2pOqq,
şT

0
xunptq, vptqydt !

şT

0
xuptq, vptqydt as n ! 8, where

x¨, ¨y denotes the scalar product in L2pOq.

‚ Given tunun Ă ACpr0, T s;L2pOqq, by dun

dt
á du

dt
in L2pr0, T s;L2pOqq we mean that for

every v P L2pr0, T s;L2pOqq,
şT

0
xdun

dt
ptq, vptqydt !

şT

0
xdu
dt

ptq, vptqydt as n ! 8.

‚ The notation
ş

A

ş

B
fpx, yqdxdy means that we integrate the function f over the prod-

uct set A ˆ B, with the variable x ranging in A and the variable y ranging in B.

2. Functional setting and nonlocal calculus

In what follows, d P N˚ and O Ă Rd is a bounded open set with sufficiently regular boundary.

2.1. Singular nonlocal gradients. Throughout the paper, J : r0,8r! r0,8r is a Borel
measurable function for which there exists δ ą 0 with supppJq Ă r0, δs.

Definition 2.1. For each u P L2pOq, the singular nonlocal gradient of u with respect to J
is the function DJu : O ˆ O ! R defined by

DJupx, yq :“ Jp|x ´ y|qpupxq ´ upyqq.



CONVEX FUNCTIONALS OF NONLOCAL SINGULAR GRADIENTS AND REACTION-DIFFUSION PROBLEMS I 5

This gives rise to an operator DJ : L2pOq ! L0pO ˆ Oq with domain

dompDJ
q :“

"

u P L2
pOq :

ż

O

ż

O

|DJupx, yq|
2dxdy ă 8

*

.

Remark 2.2. The fact that J can be unbounded justifies the term“singular” for the gradient
DJ . If J is bounded then dompDJq “ L2pOq.

Let s Ps0, 1r and define the fractional Sobolev space

W s,2
pOq :“

"

u P L2
pOq :

ż

O

ż

O

|upxq ´ upyq|2

|x ´ y|d`2s
dxdy ă 8

*

.

Consider the following condition:

(S0) there exist α ą 0 such that for every r ą 0,

1

rα
1r0,δsprq ď Jprq.

The choice of the exponent α in (S0) ensures that functions in dompDJq possess the same
regularity as functions in the fractional Sobolev space W s,2pOq, as made precise in the
following proposition.

Proposition 2.3. Under (S0), if α “ d
2

` s with s Ps0, 1r then dompDJq Ă W s,2pOq. More-

over, if s ď d
2
then the embedding dompDJq ã! L2pOq is compact.

Proof of Proposition 2.3. Let u P dompDJq. Since 2α “ d ` 2s and by (S0), we have
ż

O

ż

O

|upxq ´ upyq|2

|x ´ y|d`2s
dxdy “

ż

O

ż

O

1

p|x ´ y|αq2
1r0,δsp|x ´ y|q|upxq ´ upyq|

2dxdy

`

ż

O

ż

O

1

|x ´ y|
d
2

`s
1Rzr0,δsp|x ´ y|q|upxq ´ upyq|

2dxdy

ď

ż

O

ż

O

`

Jp|x ´ y|q|upxq ´ upyq|
˘2
dxdy

`
1

δ
d
2

`s

ż

O

ż

O

|upxq ´ upyq|
2dxdy

ď

ż

O

ż

O

ˇ

ˇDJupx, yq
ˇ

ˇ

2
dxdy `

4LdpOq

δ
d
2

`s
}u}

2
L2pOq.

Since u P dompDJq, both }u}L2pOq and
ş

O

ş

O

ˇ

ˇDJupx, yq
ˇ

ˇ

2
dxdy are finite. Hence

ż

O

ż

O

|upxq ´ upyq|2

|x ´ y|d`2s
dxdy ă 8,

which implies u P W s,2pOq.
Finally, when s ď d

2
, the Sobolev embedding W s,2pOq ã! L2pOq is compact2. Since dompDJq Ă

W s,2pOq, the embedding dompDJq ã! L2pOq is also compact. ■

2For d ą 2s, the embedding W s,2pOq ã! LppOq is compact for all p P

ı

1, 2d
d´2s

”

, and for d “ 2s it is

compact for all p Ps1,8r.
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Remark 2.4. Proposition 2.3 is included here for the completeness of the section. It will be
used in the part II of this paper, which is devoted to convergence and stochastic homoge-
nization, in order to prove that Γ-convergence is in fact Mosco-convergence.

We also consider the following condition:

(S1)

ż

Rd

ˇ

ˇJp|ξ|qξ
ˇ

ˇ

2
dξ ă 8.

This condition allows us to establish the following density result.

Proposition 2.5. Under (S1), dompDJq is dense in L2pOq for the strong convergence in
L2pOq.

Proof of Proposition 2.5. Let C0,1
c pOq denote the space of compactly supported Lipschitz

functions from O to R. As C0,1
c pOq is dense in L2pOq for the strong convergence in L2pOq,

it suffices to show that

C0,1
c pOq Ă dompDJ

q. (2.1)

Let u P C0,1
c pOq. Using the Lipschitz property of u and (S1), we have

ż

O

ż

O

|DJupx, yq|
2dxdy “

ż

O

ż

O

|Jp|x ´ y|qpupxq ´ upyqq|
2 dxdy

ď L2
u

ż

O

ż

O

|Jp|x ´ y|qpx ´ yq|
2 dxdy

ď L2
uL

d
pOq

ż

Rd

ˇ

ˇJp|ξ|qξ
ˇ

ˇ

2
dξ ă 8,

where Lu ě 0 is the Lipschitz constant of u. Hence u P dompDJq, and (2.1) is proved. ■
To handle nonlocal Dirichlet boundary condition, let OJ Ă Rd be the bounded open set
given by

OJ :“ O ` Bδp0q.

The nonlocal boundary of O with respect to J is then defined as the bounded open subset
of Rd

B
JO :“ OJ

zO.

Definition 2.6. For each u P L2pOq and each g P L2pBJOq, the singular nonlocal gradient
of u with respect to J and g is the function DJ

g u : O ˆ BJO ! R defined by

DJ
g upx, yq :“ Jp|x ´ y|qpupxq ´ gpyqq.

This gives rise to an operator DJ
g : L2pOq ! L0pO ˆ BJOq with domain

dompDJ
g q :“

"

u P L2
pOq :

ż

O

ż

BJO

|DJ
g upx, yq|

2dxdy ă 8

*

.

Remark 2.7. It is easy to see that if g P L2pBJOq is such that

(S2)

ż

O

ż

BJO

ˇ

ˇJp|x ´ y|qgpyq
ˇ

ˇ

2
dxdy ă 8,

then dompDJ
g q is a vector space.
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The following result is analogous to Proposition 2.5.

Proposition 2.8. Under (S1)–(S2), dompDJ
g q is dense in L2pOq for the strong convergence

in L2pOq.

Proof of Proposition 2.8. As in Proposition 2.5 it suffices to show that

C0,1
c pOq Ă dompDJ

g q. (2.2)

Let u P C0,1
c pOq and define ru P C0,1

c pOJq by

rupyq :“

#

upyq if y P O

0 if y P OJzO.

Then rupyq “ 0 for all y P BJO. Hence
ż

O

ż

BJO

|DJ
g upx, yq|

2dxdy “

ż

O

ż

BJO

|Jp|x ´ y|qpupxq ´ gpyqq|
2 dxdy

“

ż

O

ż

BJO

|Jp|x ´ y|qprupxq ´ rupyq ´ gpyqq|
2 dxdy

ď 2

ż

O

ż

BJO

|Jp|x ´ y|qprupxq ´ rupyqq|
2 dxdy ` 2K

with K :“
ş

O

ş

BJO
|Jp|x ´ y|qgpyq|

2 dxdy ă 8 by (S2). Using the Lipschitz property of ru and
(S1), it follows that

ż

O

ż

BJO

|DJ
g upx, yq|

2dxdy ď 2L2
ru

ż

O

ż

BJO

|Jp|x ´ y|qpx ´ yq|
2 dxdy ` 2K

ď L2
ruL

d
pOq

ż

Rd

ˇ

ˇJp|ξ|qξ
ˇ

ˇ

2
dξ ` 2K ă 8,

where L
ru ě 0 is the Lipschitz constant of ru. Hence u P dompDJ

g q, and (2.2) is proved. ■

From the proofs of Propositions 2.5 and 2.8 we deduce that C0,1
c pOq Ă dompDJq X dompDJ

g q.

Since C0,1
c pOq is dense in L2pOq, we obtain the following density result.

Proposition 2.9. Under (S1)–(S2), dompDJq X dompDJ
g q is dense in L2pOq for the strong

convergence in L2pOq.

2.2. Convex functionals of singular nonlocal gradients. Let g P L2pBJOq be such that
(S2) holds and let Dg : L2pOq ! r0,8s be defined by

Dg
puq :“

$

&

%

ż

O

ż

BJO

“

W px,DJ
g upx, yqq ` W py,DJ

g upx, yqq
‰

dxdy if u P dompDJ
g q

8 otherwise.
(2.3)

Let J,Jg : L2pOq ! r0,8s be defined by:

Jpuq :“

$

&

%

ż

O

ż

O

W px,DJupx, yqqdxdy if u P dompDJq

8 otherwise;
(2.4)

Jg
puq :“ Jpuq ` Dg

puq, (2.5)
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where W : Rd ˆR! r0,8r satisfies the following conditions:

(I0) W p¨, ξq is pBpRdq,BpRqq-measurable for all ξ P R and W px, ¨q is convex for all
x P Rd;

(I1) there exist α, β ą 0 such for every px, ξq P Rd ˆR,

α|ξ|
2

ď W px, ξq ď βp1 ` |ξ|
2
q;

(I2) for every px, ξq P Rd ˆR, W px, 0q “ 0 and W px, ξq “ W px,´ξq;
(I3) for every x P Rd, W px, ¨q : R! r0,8r is differentiable.

Remark 2.10. Clearly, the assumption W px, 0q “ 0 in (I2) is not restrictive: if it is not

satisfied, one can simply consider the shifted density ĂW px, ξq :“ W px, ξq ´W px, 0q and note

that all the conditions (I0)–(I3) remain fulfilled by ĂW .

Remark 2.11. For each x P Rd, let BW px, ¨q : R ⇒ R denote the subdifferential of W px, ¨q.
From (I0)–(I1) it follows that the following additional conditions are verified:

(A1) there exists L ą 0 such that for every x P Rd and every pξ, ξ1q P RˆR,

|W px, ξq ´ W px, ξ1
q| ď L |ξ ´ ξ1

| p1 ` |ξ| ` |ξ1
|q ;

(A2) there exists C ą 0 such that for every px, ξq P Rd ˆR,

|B2W px, ξq| ď Cp1 ` |ξ|q, i.e. |ζ| ď C p1 ` |ξ|q for all ζ P BW px, ¨qpξq.3

If furthermore (I3) holds, then:

(A3) for every px, ξq P Rd ˆR, BW px, ¨qpξq is single-valued, i.e.

BW px, ¨qpξq “
␣

B2W px, ξq
(

,

where B2W px, ξq is the derivative of W px, ¨q at ξ;
(A4) for every x P Rd, B2W px, ¨q is nondecreasing4.

Under (I0)–(I1), W px, ¨q is convex and proper for all x P Rd. Consequently, the associated
functionals J and Dg are convex and proper. Hence, the sum Jg “ J `Dg is also a convex
and proper functional. Moreover, we have

Proposition 2.12. Assume that (I0)–(I2) hold. Then, the functionals J and Dg are lower
semicontinuous with respect to the strong convergence in L2pOq. In particular, J ` Dg is
also lower semicontinuous.

The proof of Proposition 2.12 requires the following lemmas (see Lemmas 2.13, 2.14 and
2.15). For each M ą 0, set

JM :“ mintJ,Mu.

Lemma 2.13. (a) For every M ą 0, the linear operator DJM : L2pOq ! L2pO ˆ Oq is
continuous, with operator norm satisfying

}DJM } ď 2M
a

LdpOq.

3For simplicity, any element of BW px, ¨qpξq will be denoted by B2W px, ξq.
4This is equivalent to the monotonicity of B2W px, ¨q, i.e. rB2W px, ξ1q ´ B2W px, ξ2qspξ1 ´ ξ2q ě 0 for all

pξ1, ξ2q P RˆR.
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As a consequence, for every M ą 0, every tuεuεą0 Ă L2pOq and every u P L2pOq, if
uε ! u in L2pOq then DJMuε ! DJMu in L2pO ˆ Oq.

(b) For every M ą 0, the operator DJM
g : L2pOq ! L2pO ˆ BJOq is Lipschitz continuous

with Lipschitz constant M
a

LdpBJOq, i.e.
›

›DJM
g u ´ DJM

g v
›

›

L2pOˆBJOq
ď M

a

LdpBJOq}u ´ v}L2pOq

for all u, v P L2pOq. As a consequence, for every M ą 0, every tuεuεą0 Ă L2pOq and
every u P L2pOq, if uε ! u in L2pOq then DJM

g uε ! DJM
g u in L2pO ˆ BJOq.

Proof of Lemma 2.13. (a) Fix M ą 0. Given any u P L2pOq we have
ż

O

ż

O

ˇ

ˇDJMupx, yq
ˇ

ˇ

2
dxdy “

ż

O

ż

O

|JMp|x ´ y|qpupxq ´ upyqq|
2 dxdy

ď M2

ż

O

ż

O

|upxq ´ upyq|
2dxdy

ď 2M2

ż

O

ż

O

p|upxq|
2

` |upyq|
2
qdxdy

“ 4M2Ld
pOq}u}

2
L2pOq,

and the result follows.

(b) Fix M ą 0. Given any u P L2pOq we have

›

›DJM
g u ´ DJM

g v
›

›

2

L2pOˆBJOq
“

ż

O

ż

BJO

ˇ

ˇDJM
g upx, yq ´ DJM

g vpx, yq
ˇ

ˇ

2
dxdy

“

ż

O

ż

BJO

|JMp|x ´ y|qpupxq ´ vpxqq|
2 dxdy

ď M2

ż

O

ż

BJO

|upxq ´ vpxq|
2 dxdy

“ M2Ld
pB

JOq}u ´ v}
2
L2pOq,

and the result follows. ■

Lemma 2.14. (a) Let u P L2pOq and let tuεuεą0 Ă L2pOq be such that:

uε ! u in L2
pOq;

c1 :“ sup
εą0

›

›DJuε

›

›

L2pOˆOq
ă 8. (2.6)

Then tuεuεą0 Ă dompDJq and u P dompDJq.
(b) Let u P L2pOq and let tuεuεą0 Ă L2pOq be such that:

uε ! u in L2
pOq;

c2 :“ sup
εą0

›

›DJ
g uε

›

›

L2pOˆBJOq
ă 8. (2.7)

Then tuεuεą0 Ă dompDJ
g q and u P dompDJ

g q.
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Proof of Lemma 2.14. (a) First, by (2.6), it is clear that tuεuεą0 Ă dompDJq. Given any
M ą 0, since 0 ď JM ď J we have |DJMuε|

2 ď |DJuε|
2 for all ε ą 0, and thus

}DJMuε}L2pOˆOq ď c1 for all ε ą 0,

where 0 ă c1 ă 8 is defined in (2.6). By Lemma 2.13(a) we have limε!0 }DJMuε}L2pOˆOq “

}DJMu}L2pOˆOq. Consequently

}DJMu}L2pOˆOq ď c for all M ą 0. (2.8)

On the other hand, it is easy to see that |DJMu|2 " |DJu|2 as M ! 8 pointwise in O ˆ O.
Therefore, by (2.8) and the monotone convergence theorem, we deduce that

lim
M!8

}DJMu}
2
L2pOˆOq “ }DJu}

2
L2pOˆOq ď c1,

which shows that u P dompDJq.

(b) First, by (2.7), it is clear that tuεuεą0 Ă dompDJ
g q. Given any M ą 0, since 0 ď JM ď J

we have |DJM
g uε|

2 ď |DJ
g uε|

2 for all ε ą 0, and thus

}DJM
g uε}L2pOˆBJOq ď c2 for all ε ą 0,

where 0 ă c2 ă 8 is defined in (2.7). By Lemma 2.13(b) we have limε!0 }DJM
g uε}L2pOˆBJOq “

}DJM
g u}L2pOˆBJOq. Consequently

}DJM
g u}L2pOˆBJOq ď c2 for all M ą 0. (2.9)

On the other hand, it is easy to see that |DJM
g u|2 " |DJ

g u|2 as M ! 8 pointwise in Oˆ BJO.
Therefore, by (2.9) and the monotone convergence theorem, we deduce that

lim
M!8

}DJM
g u}

2
L2pOˆBJOq “ }DJ

g u}
2
L2pOˆBJOq ď c2,

which shows that u P dompDJ
g q. ■

Lemma 2.15. Assume that (I0)–(I2) hold. For every u P L2pOq, one has:

(a) tW p¨, DJMuquMą0 is nondecreasing, i.e. for every M,M 1 ą 0,

if M ă M 1 then W p¨, DJMuq ď W p¨, DJM 1uq;

(b) W p¨, DJMuq " W p¨, DJuq as M ! 8 pointwise in O ˆ O, i.e.

W p¨, DJuq “ sup
Mą0

W p¨, DJMuq.

(c) tW p¨, DJM
g uquMą0 is nondecreasing, i.e. for every M,M 1 ą 0,

if M ă M 1 then W p¨, DJM
g uq ď W p¨, D

JM 1

g uq;

(d) W p¨, DJM
g uq " W p¨, DJ

g uq as M ! 8 pointwise in O ˆ BJO, i.e.

W p¨, DJ
g uq “ sup

Mą0
W p¨, DJM

g uq.
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Proof of Lemma 2.15. Let u P L2pOq.
(a) Let M,M 1 ą 0 be such that M ă M 1. Fix px, yq P O ˆ O. Without loss of generality
we can assume that |x ´ y| ă δ, where by assumption on J , the constant δ ą 0 satisfies

supppJq Ă r0, δs (see §2.1). Then JM p|x´y|q

JM 1 p|x´y|q
Ps0, 1s. By convexity, see (I0), we have

W px, JMp|x ´ y|qpupxq ´ upyqq ď
JMp|x ´ y|q

JM 1p|x ´ y|q
W px, JM 1p|x ´ y|qpupxq ´ upyqq

`

ˆ

1 ´
JMp|x ´ y|q

JM 1p|x ´ y|q

˙

W px, 0q.

But W px, 0q “ 0 by (I2), hence

W
`

x,DJM px, yq
˘

ď
JMp|x ´ y|q

JM 1p|x ´ y|q
W

`

x,DJM 1 px, yq
˘

,

and the conclusion follows because JM p|x´y|q

JM 1 p|x´y|q
ă 1.

(b) Fix px, yq P O ˆ O. From (a) it follows that

lim
M!8

W
`

x,DJM px, yq
˘

“ sup
Mą0

W px,DJMupx, yqq.

As limM!8 JMp|x ´ y|q “ Jp|x ´ y|q we have

lim
M!8

DJMupx, yq “ DJupx, yq.

But W px, ¨q is continuous by (I0), hence

lim
M!8

W
`

x,DJM px, yq
˘

“ W
`

x,DJupx, yq
˘

,

which completes the proof of (b).

(c) Let M,M 1 ą 0 be such that M ă M 1. Fix px, yq P O ˆ BJO. Without loss of generality
we can assume that |x ´ y| ă δ, where by assumption on J , the constant δ ą 0 satisfies

supppJq Ă r0, δs. Then JM p|x´y|q

JM 1 p|x´y|q
Ps0, 1s. Let z P tx, yu. By convexity, see (I0), we have

W pz, JMp|x ´ y|qpupxq ´ gpyqq ď
JMp|x ´ y|q

JM 1p|x ´ y|q
W pz, JM 1p|x ´ y|qpupxq ´ gpyqq

`

ˆ

1 ´
JMp|x ´ y|q

JM 1p|x ´ y|q

˙

W pz, 0q.

But W pz, 0q “ 0 by (I2), hence

W
`

z,DJM
g px, yq

˘

ď
JMp|x ´ y|q

JM 1p|x ´ y|q
W

`

z,DJM 1

g px, yq
˘

,

and desired conclusion follows because JM p|x´y|q

JM 1 p|x´y|q
ă 1.

(d) Fix px, yq P O ˆ BJO and let z P tx, yu. From (c) it follows that

lim
M!8

W
`

z,DJM
g px, yq

˘

“ sup
Mą0

W pz,DJM
g upx, yqq.



12 O. ANZA HAFSA, J.-P. MANDALLENA, AND G. MICHAILLE

As limM!8 JMp|x ´ y|q “ Jp|x ´ y|q we have

lim
M!8

DJM
g upx, yq “ DJ

g upx, yq.

But W pz, ¨q is continuous by (I0), hence

lim
M!8

W
`

z,DJM
g px, yq

˘

“ W
`

z,DJ
g upx, yq

˘

,

which completes the proof of (d). ■

Proof of Proposition 2.12. We begin by proving that J is lower semicontinuous. Let
tuεuεą0 Ă L2pOq and let u P L2pOq be such that

uε ! u in L2
pOq. (2.10)

Without loss of generality we can assume that limε!0 Jpuεq ă 8 and so, up to a subsequence,

sup
εą0

Jpuεq ă 8. (2.11)

Thus tuεuεą0 Ă dompDJq. Hence, for every ε ą 0,

Jpuεq “

ż

O

ż

O

W px,DJuεpx, yqqdxdy

for all ε ą 0. Moreover, taking the left inequality in (I1) into account, from (2.11) we see
that

c1 :“ sup
εą0

›

›DJuε

›

›

L2pOˆOq
ă 8, (2.12)

so that by Lemma 2.14(a), u P dompDJq. Thus

Jpuq “

ż

O

ż

O

W px,DJupx, yqqdxdy.

Consequently, we have to prove that

lim
ε!0

ż

O

ż

O

W px,DJuεpx, yqqdxdy ě

ż

O

ż

O

W px,DJupx, yqqdxdy. (2.13)

Fix any M ą 0. Then, Since JM ď J , it follows from (2.12) that

DJMu P L2
pO ˆ Oq. (2.14)

By Lemma 2.15(b) we have

W p¨, DJMvq " W p¨, DJvq as M ! 8 pointwise in O ˆ O for all v P L2
pOq. (2.15)

Fix any ε ą 0. Then, by using (2.15), W p¨, DJuεq ě W p¨, DJMuεq. Since W satisfies the
Lipschitz condition ((A1)) (see Remark 2.11), it follows that

W
`

¨, DJuε

˘

ě W
`

¨, DJMu
˘

´ L
ˇ

ˇDJM puε ´ uq
ˇ

ˇ

`

1 `
ˇ

ˇDJMuε

ˇ

ˇ `
ˇ

ˇDJMu
ˇ

ˇ

˘

.

Hence, by (2.12) and Lemma 2.13(a),
ż

O

ż

O

W px,DJuεqdxdy ě

ż

O

ż

O

W px,DJMuqdxdy ´ L1}uε ´ u}L2pOq

`

1 ` }DJMu}L2pOˆOq

˘

,
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where L1 :“ 2LM
a

LdpOq maxt1, c1,
a

LdˆdpO ˆ Oqu. Letting ε ! 0, from (2.10) and
(2.14) we deduce that for every M ą 0,

lim
ε!0

ż

O

ż

O

W px,DJuεqdxdy ě

ż

O

ż

O

W px,DJMuqdxdy

Taking (2.15) into account and passing to the limit as M ! 8 in the above inequality, we
obtain (2.13).

We now prove that Dg is lower semicontinuous. Let tuεuεą0 Ă L2pOq and let u P L2pOq be
such that

uε ! u in L2
pOq. (2.16)

Without loss of generality we can assume that limε!0D
gpuεq ă 8 and so, up to a subse-

quence,

sup
εą0

Dg
puεq ă 8. (2.17)

Thus tuεuεą0 Ă dompDJ
g q. Hence, for every ε ą 0,

Dg
puεq “

ż

O

ż

BJO

“

W px,DJ
g uεpx, yqq ` W py,DJ

g uεpx, yqq
‰

dxdy

for all ε ą 0. Moreover, taking the left inequality in (I1) into account, from (2.17) we see
that

c2 :“ sup
εą0

›

›DJ
g uε

›

›

L2pOˆBJOq
ă 8 (2.18)

and so, by Lemma 2.14(b), u P dompDJ
g q. Thus

Dg
puq “

ż

O

ż

BJO

“

W px,DJ
g upx, yqq ` W py,DJ

g upx, yqq
‰

dxdy.

Consequently, we have to prove that

lim
ε!0

ż

O

ż

BJO

“

W px,DJ
g uεpx, yqq ` W py,DJ

g uεpx, yqq
‰

dxdy

ě

ż

O

ż

BJO

“

W px,DJ
g upx, yqq ` W py,DJ

g upx, yqq
‰

dxdy. (2.19)

Fix any M ą 0. Then, Since JM ď J , it follows from (2.18) that

DJM
g u P L2

pO ˆ B
JOq. (2.20)

By Lemma 2.15(d) we have

W p¨, DJM
g vq " W p¨, DJ

g vq as M ! 8 pointwise in O ˆ B
JO for all v P L2

pOq. (2.21)

Fix any ε ą 0. Then, by using (2.21), W p¨, DJ
g uεq ě W p¨, DJM

g uεq. Since W satisfies the
Lipschitz condition ((A1)), it follows that

W
`

¨, DJ
g uε

˘

ě W
`

¨, DJM
g u

˘

´ L
ˇ

ˇDJM
g uε ´ DJM

g uq
ˇ

ˇ

`

1 `
ˇ

ˇDJM
g uε

ˇ

ˇ `
ˇ

ˇDJM
g u

ˇ

ˇ

˘

.
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Hence, by (2.18) and Lemma 2.13(b),
ż

O

ż

BJO

“

W px,DJ
g uεpx, yqq ` W py,DJ

g uεpx, yqq
‰

dxdy

ě

ż

O

ż

BJO

“

W px,DJM
g upx, yqq ` W py,DJM

g upx, yqq
‰

dxdy

´L2}uε ´ u}L2pOq

`

1 ` }DJM
g u}L2pOˆBJOq

˘

,

where L2 :“ 4LM
a

LdpBJOq maxt1, c2,
a

LdˆdpO ˆ BJOqu. Letting ε ! 0, from (2.16) and
(2.20) we deduce that for every M ą 0,

lim
ε!0

ż

O

ż

BJO

“

W px,DJ
g uεpx, yqq ` W py,DJ

g uεpx, yqq
‰

dxdy

ě

ż

O

ż

BJO

“

W px,DJM
g upx, yqq ` W py,DJM

g upx, yqq
‰

dxdy.

Taking (2.21) into account and passing to the limit as M ! 8 in the above inequality, we
obtain (2.19), and the proof is complete. ■

In the sequel, after presenting a nonlocal Green formula in §2.3, we compute the subdiffer-
entials of the functionals J and Jg in §2.4.

2.3. Nonlocal Green-type formula. Here we establish a nonlocal Green formula.

Lemma 2.16. Assume that (I0)–(I3) hold and set

DJ
W :“

!

u P dompDJ
q : wu

1 P L2
pOq and wu

2 P L2
pOq

)

(2.22)

with wu
1 , w

u
2 : O ! R given by:

wu
1 pxq :“

ż

O

Jp|x ´ y|qB2W px,DJupx, yqqdy; (2.23)

wu
2 pxq :“

ż

O

Jp|x ´ y|qB2W py,DJupx, yqqdy. (2.24)

Then, for every u P DJ
W and every φ P dompDJq,

ż

O

ż

O

B2W px,DJupx, yqqDJφpx, yqdxdy “

ż

O

rwu
1 pxq ` wu

2 pxqsφpxqdx

“

ż

O

ż

O

Jp|x ´ y|q
“

B2W px,DJupx, yqq

`B2W py,DJupx, yqq
‰

φpxqdxdy. (2.25)

Proof of Lemma 2.16. Fix u P DJ
W and φ P dompDJq. Note that, by definition of DJ

W ,
the right-hand side of (2.25) is well defined. We denote it by I. It is clear that

I“

ż

O

ż

O

Jp|x ´ y|qB2W px,DJupx, yqqφpxqdxdy `

ż

O

ż

O

Jp|x ´ y|qB2W py,DJupx, yqqφpxqdxdy.
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As DJupx, yq “ ´DJupy, xq we see that
ż

O

ż

O

Jp|x ´ y|qB2W py,DJupx, yqqφpxqdxdy “

ż

O

ż

O

Jp|x ´ y|qB2W py,´DJupy, xqqφpxqdxdy.

Moreover, from (I2) we deduce that B2W py,´DJupy, xqq “ ´B2W py,DJupy, xqq. Hence
ż

O

ż

O

Jp|x ´ y|qB2W py,DJupx, yqqφpxqdxdy “

ż

O

ż

O

Jp|x ´ y|qB2W py,DJupy, xqqr´φpxqsdxdy

“

ż

O

ż

O

Jp|y ´ x|qB2W px,DJupx, yqqr´φpyqsdydx,

and consequently

I“

ż

O

ż

O

Jp|x ´ y|qB2W px,DJupx, yqqφpxqdxdy`

ż

O

ż

O

Jp|x ´ y|qB2W px,DJupx, yqqr´φpyqsdxdy

“

ż

O

ż

O

B2W px,DJupx, yqq
“

Jp|x ´ y|qpφpxq ´ φpyq
‰

dxdy

“

ż

O

ż

O

B2W px,DJupx, yqqDJφpx, yqdxdy,

and the proof is complete. ■

2.4. Subdifferentials of convex functionals of singular nonlocal gradients. Let BJ :
L2pOq ⇒ L2pOq denote the subdifferential of J. The following proposition gives a charac-
terization of BJ.

Proposition 2.17. Assume that (S1) and (I0)–(I3) hold. Set

H J
W :“

"

u P dompDJ
q :Dh P L2

pOq @φ P dompDJ
q

ż

O

ż

O

B2W px,DJuqDJφdxdy “

ż

O

hφdx

*

.

(a) For every u P H J
W , the corresponding function h P L2pOq is unique. We denote it by

hu.
(b) For every pu, vq P dompDJqˆdompDJq, the functional J is directionally differentiable

at u in the direction v and

J1
pu; vq :“ lim

t!0

1

t
pJpu ` tvq ´ Jpuqq “

ż

O

ż

O

B2W px,DJupx, yqqDJvpx, yqdxdy. (2.26)

(c) For every pu, vq P H J
W ˆ dompDJq, one has

J1
pu; vq “

ż

O

hupxqvpxqdx. (2.27)

For this reason, we denote hu by dJJpuq.
(d) The subdifferential BJ is characterized by

#

dompBJq “ H J
W

BJpuq “

!

dJJpuq

)

.
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(e) One has DJ
W Ă H J

W and

dJJpuq “

ż

O

Jp| ¨ ´y|q
“

B2W p¨, DJup¨, yqq ` B2W py,DJup¨, yqq
‰

dy for all u P DJ
W , (2.28)

where DJ
W is defined in (2.22).

Proof of Proposition 2.17. (a) The uniqueness of the function h P L2pOq associated with
u P H J

W follows directly from the density of dompDJq in L2pOq (see Proposition 2.5).

(b) Fix pu, vq P dompDJq ˆ dompDJq. It is easy to see that for every t P R˚,

1

t

`

Jpu ` tvq ´ Jpuq
˘

“

ż

O

ż

O

ftpx, yqdxdy. (2.29)

with ft : O ˆ O ! R defined by

ftpx, yq :“
1

t

“

W
`

x,DJupx, yq ` tDJvpx, yq
˘

´ W px,DJupx, yqq
‰

.

By (I3) we have

lim
t!0

ftpx, yq “ B2W px,DJupx, yqqDJvpx, yq for all px, yq P O ˆ O.

Let f : O ˆ O ! r0,8r be defined by

fpx, yq :“ L|DJvpx, yq|p1 ` 2|DJupx, yq| ` |DJvpx, yq|q

with L ą 0 given by (A1) (see Remark 2.11). As u P dompDJq and v P dompDJq we have

f P L1
pO ˆ Oq.

Moreover, by (A1), we can assert that tftutPs0,1s is dominated by f , i.e. for every t Ps0, 1s,

|ftpx, yq| ď fpx, yq for all px, yq P O ˆ O.

Hence, letting t ! 0 in (2.29) and using the Lebesgue dominated convergence theorem, we
obtain (2.26).

(c) If pu, vq P H J
W ˆ dompDJq then, by definition of H J

W , one has
ż

O

ż

O

B2W px,DJupx, yqqDJvpx, yqdxdy “

ż

O

hupxqvpxqdx,

and (2.27) follows from (2.26).

(d) It suffices to prove the following two assertions:

(d1) for every u P H J
W , dJJpuq P BJpuq;

(d2) for every u P L2pOq, if h P BJpuq then u P H J
W and h “ dJJpuq.

Proof of (d1). Fix u P H J
W and fix any v P dompDJq. By (I3), for every px, yq P O ˆ O, we

have

W px,DJvpx, yqq ě W px,DJupx, yqq ` B2W px,DJupx, yqq
`

DJvpx, yq ´ DJupx, yq
˘

.

Integrating over O ˆ O, we infer that

Jpvq ě Jpuq `

ż

O

ż

O

B2W px,DJupx, yqqDJ
pv ´ uqpx, yqdxdy.



CONVEX FUNCTIONALS OF NONLOCAL SINGULAR GRADIENTS AND REACTION-DIFFUSION PROBLEMS I 17

As u P H J
W we can assert that

ż

O

ż

O

B2W px,DJupx, yqqDJ
pv ´ uqpx, yqdxdy “

ż

O

dJJpuqpxqpvpxq ´ upxqqdx,

so that for every v P dompDJq,

Jpvq ě Jpuq `

ż

O

dJJpuqpxqpvpxq ´ upxqqdx. (2.30)

Since dompJq “ dompDJq, the inequality (2.30) extends to all v P L2pOq, which shows that
dJJpuq P BJpuq.

Proof of (d2). Let u P L2pOq and assume that h P BJpuq. Then, BJpuq ­“ H and so
u P dompDJq because dompJq “ dompDJq. Fix any v P dompDJq. Then, by using the
definition of BJpuq, one has

Jpu ` tvq ě Jpuq ` t

ż

O

hpxqvpxqdx for all t P R˚.

Hence:

1

t
pJpu ` tvq ´ Jpuqq ď

ż

O

hpxqvpxqdx for all t ă 0; (2.31)

1

t
pJpu ` tvq ´ Jpuqq ě

ż

O

hpxqvpxqdx for all t ą 0. (2.32)

Letting t ! 0´ in (2.31) and t ! 0` in (2.32), and using (2.26), we deduce that
ż

O

ż

O

B2W px,DJupx, yqqDJvpx, yqdxdy “

ż

O

hpxqvpxqdx for all v P dompDJ
q.

Consequently u P H J
W and h “ dJJpuq by (a) and (c).

(e) From Lemma 2.16 it is clear that if u P DJ
W then u P H J

W with hu “ wu
1 ` wu

2 , where
wu

1 P L2pOq and wu
2 P L2pOq are given by (2.23) and (2.24) respectively. Thus DJ

W Ă H J
W

and, by (c), (2.28) holds. ■

Let BDg : L2pOq ⇒ L2pOq denote the subdifferential of Dg defined in (2.3). The following
proposition characterizes BDg.

Proposition 2.18. Assume that (S1)–(S2) and (I0)–(I3) hold. Let g P L2pBJOq be such that
(S2) holds and set

H J
g,W :“

"

u P dompDJ
g q : Dh P L2

pOq @φ P dompDJ
g q

ż

O

ż

BJO

Jp|x ´ y|q
“

B2W px,DJ
g uq ` B2W py,DJ

g uq
‰

φpxqdxdy “

ż

O

hφdx

*

.

(a) For every u P H J
g,W , the corresponding function h P L2pOq is unique. We denote it

by hg
u.
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(b) For every pu, vq P dompDJ
g q ˆ dompDJ

g q, the functional Dg is directionally differen-
tiable at u in the direction v and

pDg
q

1
pu; vq :“ lim

t!0

1

t
pDg

pu ` tvq ´ Dg
puqq

“

ż

O

ż

BJO

Jp|x ´ y|q
“

B2W px,DJ
g upx, yqq ` B2W py,DJ

g upx, yqq
‰

vpxqdxdy. (2.33)

(c) For every pu, vq P H J
g,W ˆ dompDJ

g q, one has

pDg
q

1
pu; vq “

ż

O

hg
upxqvpxqdx. (2.34)

For this reason, we denote hg
u by dJDgpuq.

(d) The subdifferential BDg : L2pOq ⇒ L2pOq of Dg is characterized by
#

dompBDgq “ H J
g,W

BDg
puq “

!

dJDg
puq

)

.

(e) Set

DJ
g,W :“

!

u P dompDJ
g q : wu

g,1 P L2
pOq and wu

g,2 P L2
pOq

)

with wu
g,1, w

u
g,2 : O ! R given by:

wu
g,1pxq :“

ż

BJO

Jp|x ´ y|qB2W px,DJ
g upx, yqqdy; (2.35)

wu
g,2pxq :“

ż

BJO

Jp|x ´ y|qB2W py,DJ
g upx, yqqdy. (2.36)

Then, DJ
g,W Ă H J

g,W and

dJDg
puq “

ż

BJO

Jp| ¨ ´y|q
“

B2W p¨, DJ
g up¨, yqq ` B2W py,DJ

g up¨, yqq
‰

dy for all u P DJ
g,W . (2.37)

Proof of Proposition 2.18. (a) The uniqueness of the function h P L2pOq associated with
u P H J

g,W follows directly from the density of dompDJ
g q in L2pOq (see Proposition 2.8).

(b) Fix pu, vq P dompDJ
g q ˆ dompDJ

g q. It is easy to see that for every t P R˚,

1

t

`

Dg
pu ` tvq ´ Dg

puq
˘

“

ż

O

ż

BJO

htpx, yqdxdy. (2.38)

with ht : O ˆ BJO ! R defined by

htpx, yq :“
1

t

“

W
`

x,DJ
g upx, yq ` tJp|x ´ y|qvpxq

˘

´ W px,DJ
g upx, yqq

‰

`
1

t

“

W
`

y,DJ
g upx, yq ` tJp|x ´ y|qvpxq

˘

´ W py,DJ
g upx, yqq

‰

.

By (I3), for every px, yq P O ˆ BJO, we have

lim
t!0

htpx, yq “ B2W px,DJ
g upx, yqqJp|x ´ y|qvpxq ` B2W py,DJ

g upx, yqqJp|x ´ y|qvpxq

“ Jp|x ´ y|q
“

B2W px,DJ
g upx, yqq ` B2W py,DJ

g upx, yqq
‰

vpxq.
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Let h : O ˆ BJO ! r0,8r be defined by

hpx, yq :“ 2L|Jp|x ´ y|qvpxq|p1 ` 2|DJ
g upx, yq| ` |Jp|x ´ y|qvpxq|q

with L ą 0 given by (A1). Moreover, it is easy to see that

hpx, yq ď 2L
ˇ

ˇDJ
g vpx, yq

ˇ

ˇ

`

1 ` 2|DJ
g upx, yq|

˘

`2L |Jp|x ´ y|qgpyq|
`

1 ` 2|DJ
g upx, yq|

˘

`4L
`

|DJ
g vpx, yq|

2
` |Jp|x ´ y|qgpyq|

2
˘

.

Taking (S2) into account, since u P dompDJ
g q and v P dompDJ

g q, we have

h P L1
pO ˆ B

JOq.

On the other hand, by (A1), we can assert that thtutPs0,1s is dominated by h, i.e. for every
t Ps0, 1s,

|htpx, yq| ď hpx, yq for all px, yq P O ˆ B
JO.

Hence, letting t ! 0 in (2.38) and using the Lebesgue dominated convergence theorem, we
obtain (2.33).

(c) If pu, vq P H J
g,W ˆ dompDJ

g q then, by definition of H J
g,W , one has

ż

O

ż

BJO

Jp|x ´ y|q
“

B2W px,DJ
g uq ` B2W py,DJ

g uq
‰

vpxqdxdy “

ż

O

hg
upxqvpxqdx,

and (2.34) follows from (2.33).

(d) It suffices to prove the following two assertions:

(d1) for every u P H J
g,W , dJDgpuq P BDgpuq;

(d2) for every u P L2pOq, if h P BDgpuq then u P H J
g,W and h “ dJDgpuq.

Proof of (d1). Fix u P H J
g,W and fix any v P dompDJ

g q. By (I3), for every px, yq P O ˆ BJO,
we have

W pz,DJ
g vpx, yqq ě W pz,DJ

g upx, yqq ` B2W pz,DJ
g upx, yqq

`

DJ
g vpx, yq ´ DJ

g upx, yq
˘

“ W pz,DJ
g upx, yqq ` Jp|x ´ y|qB2W pz,DJ

g upx, yqq pvpxq ´ upxqq

for z P tx, yu. Hence

W px,DJ
g vpx, yqq ` W py,DJ

g vpx, yqq

ě W px,DJ
g upx, yqq ` W py,DJ

g upx, yqq

`Jp|x ´ y|q
“

B2W px,DJ
g upx, yqq ` B2W py,DJ

g upx, yqq
‰

pvpxq ´ upxqq .

Integrating over O ˆ BJO, we infer that

Dg
pvq ě Dg

puq

`

ż

O

ż

BJO

Jp|x ´ y|q
“

B2W px,DJ
g upx, yqq ` B2W py,DJ

g upx, yqq
‰

pvpxq ´ upxqq dxdy.
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As u P H J
g,W we can assert that
ż

O

ż

BJO

Jp|x ´ y|q
“

B2W px,DJ
g upx, yqq ` B2W py,DJ

g upx, yqq
‰

pvpxq ´ upxqq dxdy

“

ż

O

dJDg
puqpxqpvpxq ´ upxqqdx,

so that for every v P dompDJ
g q,

Dg
pvq ě Dg

puq `

ż

O

dJDg
puqpxqpvpxq ´ upxqqdx. (2.39)

Since dompDgq “ dompDJ
g q, the inequality (2.39) extends to all v P L2pOq, which shows that

dJDgpuq P BDgpuq.

Proof of (d2). Let u P L2pOq and assume that h P BDgpuq. Then, BDgpuq ­“ H and so
u P dompDJ

g q because dompDgq “ dompDJ
g q. Fix any v P dompDJ

g q. Then, by using the
definition of BDgpuq, one has

Dg
pu ` tvq ě Dg

puq ` t

ż

O

hpxqvpxqdx for all t P R˚.

Hence:

1

t
pDg

pu ` tvq ´ Dg
puqq ď

ż

O

hpxqvpxqdx for all t ă 0; (2.40)

1

t
pDg

pu ` tvq ´ Dg
puqq ě

ż

O

hpxqvpxqdx for all t ą 0. (2.41)

Letting t ! 0´ in (2.40) and t ! 0` in (2.41), and using (2.33), we deduce that
ż

O

ż

BJO

Jp|x ´ y|q
“

B2W px,DJ
g upx, yqq ` B2W py,DJ

g upx, yqq
‰

vpxqdxdy

“

ż

O

hpxqvpxqdx for all v P dompDJ
g q.

Consequently u P H J
g,W and h “ dJDgpuq by (a) and (c).

(e) If u P DJ
W then u P H J

g,W with hg
u “ wu

g,1 ` wu
g,2, where wu

g,1 P L2pOq and wu
g,2 P L2pOq are

given by (2.35) and (2.36) respectively. Thus DJ
g,W Ă H J

g,W and, by (c), (2.37) holds. ■

Let BJg : L2pOq ⇒ L2pOq denote the subdifferential of Jg :“ J ` Dg. From Propositions
2.17 and 2.18 we deduce the following result characterizing BJg.

Corollary 2.19. Under the hypotheses of Proposition 2.18, the subdifferential BJg is char-
acterized by

#

dompBJgq “ H J
W X H J

g,W

BJg
puq “

!

dJJg
puq :“ dJJpuq ` dJDg

puq

)

.

Proof of Corollary 2.19. First, as Jg “ J ` Dg we have dompBJgq “ dompBJq X

dompBDgq. Hence, by Propositions 2.17(d) and 2.18(d), dompBJgq “ H J
W X H J

g,W .
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On the other hand, since J and Dg are proper, convex and lower semicontinuous (see Remark
2.11 and Proposition 2.12), by [ABM14, Theorem 9.5.4, p. 358] we have

BJ ` BDg
Ă BpJ ` Dg

q “ BJg.

So, it remains to prove that for every u P dompBJgq “ H J
W X H J

g,W ,

BJg
puq Ă

!

dJJpuq ` dJDg
puq

)

.

Given u P H J
W X H J

g,W , let h P BJgpuq. Fix any v P dompJgq “ dompDJq X dompDJ
g q. By

definition of BJgpuq we have

Jpu ` tvq ` Dg
pu ` tvq ě Jpuq ` Dg

puq ` t

ż

O

hpxqvpxqdx for all t P R.

Hence:
1

t

´

Jpu ` tvq ´ Jpuq ` Dg
pu ` tvq ´ Dg

puq

¯

ě

ż

O

hpxqvpxqdx for all t ą 0; (2.42)

1

t

´

Jpu ` tvq ´ Jpuq ` Dg
pu ` tvq ´ Dg

puq

¯

ď

ż

O

hpxqvpxqdx for all t ă 0. (2.43)

By Propositions 2.17(b)-(c) and 2.18(b)-(c) we have

lim
t!0

1

t

´

Jpu ` tvq ´ Jpuq ` Dg
pu ` tvq ´ Dg

puq

¯

“

ż

O

`

dJJpuqpxq ` dJDg
puqpxq

˘

vpxqdx.

Letting t ! 0` in (2.42) and t ! 0´ in (2.43), we deduce that
ż

O

`

dJJpuqpxq ` dJDg
puqpxq

˘

vpxqdx “

ż

O

hpxqvpxqdx for all v P dompDJ
q X dompDJ

g q.

Since dompDJq X dompDJ
g q is dense in L2pOq for the strong convergence in L2pOq (see

Proposition 2.9), the previous equality extends to all v P L2pOq. Consequently

h “ dJJpuq ` dJDg
puq,

which completes the proof. ■

3. Comparison principles and bounded solutions of nonlocal evolution
problems

3.1. Nonlocal reaction-diffusion problems of singular gradient flow type. Let O Ă

Rd be a bounded open set. Given T ą 0 and E : L2pOq ! r0,8s a proper, convex and lower
semicontinuous functional, we consider the following reaction-diffusion Cauchy problem of
gradient flow type5:

pPu0
T,F,Eq

$

’

&

’

%

du

dt
ptq ` BEpuptqq Q F pt, uptqq for L1-a.a. t P r0, T s

up0q “ u0 P dompBEq,

5Implicitly, the problem is subject to the constraint uptq P dompBEq for L1-a.a. t P r0, T s, which is
inherent in the differential inclusion pPu0

T,F,Eq and therefore not stated explicitly.
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where the reaction term F : r0,8rˆL2pOq ! L2pOq is a Borel measurable map satisfying
the following two conditions:

(RT
1 ) there exists L P L2pr0, T sq such that for every pu, vq P L2pOq ˆ L2pOq and every

t P r0, T s,

}F pt, uq ´ F pt, vq}L2pOq ď Lptq}u ´ v}L2pOq;

(RT
2 ) }F p¨, 0q}L2pOq P L2pr0, T sq.

Definition 3.1. By a solution6 of pPu0
T,F,Eq we mean u P ACpr0, T s;  L2

pOqq such that:

‚ up0q “ u0;

‚ uptq P dompBEq for L1-a.a. t P r0, T s;

‚ du
dt

ptq ` BEpuptqq Q F pt, uptqq for L1-a.a. t P r0, T s.

From now on, the class of Borel measurable maps F : r0,8rˆL2pOq ! L2pOq verifying
(RT

1 )–(RT
2 ) is denoted by F(RT

1 )-(RT
2 ). The following general result ensures the existence and

uniqueness of a (not necessarily bounded) solution of pPu0
T,F,Eq. For a proof we refer to

[AHMM22, Theorem 2.2, p. 16].

Theorem 3.2. Let T ą 0. If u0 P dompBEq and F P F(RT
1 )-(RT

2 ) then pPu0
T,F,Eq admits a

unique solution u P ACpr0, T s;L2pOqq. Moreover, if F p¨, up¨qq P ACpr0, T s;L2pOqq then u

admits a right derivative d`u
dt

ptq at every t P r0, T r and satisfies

$

’

’

&

’

’

%

uptq P dompBEq for all t Ps0, T s

d`u

dt
ptq ` rBEpuptqq ´ F pt, uptqqs

0
“ 0 for all t P r0, T r,

where rBEpuptqq ´ F pt, uptqqs
0 denotes the element of the minimal norm of the set BEpuptqq´

F pt, uptqq, i.e.
›

›rBEpuptqq ´ F pt, uptqqs
0
›

›

L2pOq
ď }v}L2pOq for all v P BEpuptqq ´ F pt, uptqq.

In this paper, we consider reaction-diffusion problems with nonlocal singular diffusion terms,
i.e. E “ J or E “ Jg “ J ` Dg, where J,Jg : L2pOq ! r0,8s are given by (2.4) and
(2.3)–(2.5), respectively, and with CP-structured reaction terms (see Definition 3.7). When
E “ J, the problem pPu0

T,F,Jq is called homogeneous Neumann-Cauchy nonlocal singular
reaction-diffusion problem, while when E “ Jg, the problem pPu0

T,F,Jgq is called Dirichlet-
Cauchy nonlocal singular reaction-diffusion problem.

6For simplicity, we use the term “solution” instead of “strong solution”.
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Taking Propositions 2.17–2.18 and Corollary 2.19 into account, the problems pPu0
T,F,Jq and

pPu0
T,F,Jgq can be written as follows7:

pPu0
T,F,Jq

$

’

’

’

’

’

&

’

’

’

’

’

%

du

dt
ptq ` dJJpuptqq “ F pt, uptqq for L1-a.a. t P r0, T s

uptq P H J
W for L1-a.a. t P r0, T s

up0q “ u0 P H J
W ;

pPu0
T,F,Jgq

$

’

’

’

’

’

&

’

’

’

’

’

%

du

dt
ptq ` dJJg

puptqq “ F pt, uptqq for L1-a.a. t P r0, T s

uptq P H J
W X H J

g,W for L1-a.a. t P r0, T s

up0q “ u0 P H J
W X H J

g,W .

Since J and Jg are proper, convex and lower semicontinuous functional (see Remark 2.11
and Proposition 2.12), Theorem 3.2 yields the following result concerning existence and
uniqueness of (not necessarily bounded) solutions for the problems pPu0

T,F,Jq and pPu0
T,F,Jgq.

Corollary 3.3. Assume that (S1) and (I0)–(I3) hold and let g P L2pBJOq satisfy (S2).

Let T ą 0. If u0 P H J
W (resp. u0 P H J

W X H J
g,W ) and F P F(RT

1 )-(RT
2 ) then pPu0

T,F,Jq

(resp. pPu0
T,F,Jgq) admits a unique solution u P ACpr0, T s;L2pOqq. Moreover, if F p¨, up¨qq P

ACpr0, T s;L2pOqq then u admits a right derivative d`u
dt

ptq at every t P r0, T r and satisfies
$

’

’

’

’

’

&

’

’

’

’

’

%

uptq P H J
W for all t Ps0, T s

(resp. uptq P H J
W X H J

g,W for all t Ps0, T s)

d`u
dt

ptq ` dJJpuptqq “ F pt, uptqq for all t P r0, T r

(resp. d`u
dt

ptq ` dJJgpuptqq “ F pt, uptqq for all t P r0, T r).

To prove the existence and uniqueness of bounded solutions for the problems pPu0
T,F,Jq and

pPu0
T,F,Jgq, we first need to establish suitable comparison principles (see §3.2). In addition,

we introduce the class of CP-structured reaction functionals (see §3.3), which is crucial for
applying the comparison principles. With these tools, we then establish the existence and
uniqueness of bounded solutions (see §3.4).

3.2. Comparison principles. We begin by recalling the notions of sub-solution and super-
solution.

Definition 3.4. By a sub-solution (resp. a super-solution) of pPu0
T,F,Eq with E P tJ,Jgu,

we mean u P ACpr0, T s;L2pOqq such that:

7In pPu0

T,F,Jq (resp. pPu0

T,F,Jg q), the condition “uptq P H J
W for L1-a.a. t P r0, T s” (resp. “uptq P H J

W X H J
g,W

for L1-a.a. t P r0, T s”) corresponds to the constraint “uptq P dompBJq for L1-a.a. t P r0, T s” (resp. “uptq P

dompBJgq for L1-a.a. t P r0, T s”).
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‚ up0q “ u0;

‚ uptq P dompBEq P
␣

H J
W ,H J

W X H J
g,W

(

for L1-a.a. t P r0, T s;

‚ du
dt

ptq ` dJEpuptqq ď F pt, uptqq for L1-a.a. t P r0, T s

presp. du
dt

ptq ` dJEpuptqq ě F pt, uptqq for L1-a.a. t P r0, T sq.

Remark 3.5. If u is both a sub-solution and a super-solution of pPu0
T,F,Eq, then u is a solution

of pPu0
T,F,Eq.

The following result establishes comparison principles for the problems pPu0
T,F,Jq and pPu0

T,F,Jgq.
Roughly speaking, a comparison principle states that if u1 is a sub-solution and u2 is a
super-solution of the problem, and if the corresponding data are ordered, then the ordering
is preserved by the evolution, i.e. u1ptq ď u2ptq for all t P r0, T s.

Theorem 3.6. Assume that (S1) and (I0)–(I3) hold. Let pgiqi“1,2 be such that for i “ 1, 2,

gi P L2pBJOq and gi verifies (S2) with g “ gi. Let pui
0qi“1,2 be such that for i “ 1, 2, ui

0 P H J
W

(resp. ui
0 P H J

W X H J
gi,W

). For each i P t1, 2u, let Fi : r0,8rˆL2pOq ! L2pOq be defined by

Fipt, vqpxq :“ fipt, x, vpxqq, (3.1)

where fi : r0,8rˆRdˆR! R is a pBpr0,8rqbBpRdqbBpRq,BpRqq-measurable function.
We further assume that the function f2 is lipschitz continuous uniformly with respect to pt, xq,
i.e. there exists L ą 0 such that for every pξ, ξ1q P RˆR,

sup
pt,xqPr0,8rˆRd

|f2pt, x, ξq ´ f2pt, x, ξ
1
q| ď L |ξ ´ ξ1

| . (3.2)

Let T ą 0 and let puiqi“1,2 be such that u1 is a sub-solution of pP
u1
0

T,F1,J
q (resp. pP

u1
0

T,F1,Jg1 q)

and u2 is a super-solution of pP
u2
0

T,F2,J
q (resp. pP

u2
0

T,F2,Jg2 q). Then

u1
0 ď u2

0

F1 ď F2

(resp. g1 ď g2)

,

.

-

ùñ u1ptq ď u2ptq for all t P r0, T s.

Furthermore, if g1 “ g2 “ g, F1 “ F2 “ F and if for i “ 1, 2, ui is solution of pP
ui
0

T,F,Jq

(resp. pP
ui
0

T,F,Jgq) then, for every t P r0, T s,

}u2ptq ´ u1ptq}L2pOq ď 2eLt }u1
0 ´ u2

0}L2pOq (3.3)

with L ą 0 given by (3.2), i.e. pPu0
T,F,Jq (resp. pPu0

T,F,Jgq) is stable in L2pOq.

Proof of Theorem 3.6. We only give the proof in the Dirichlet-Cauchy case. (The homo-
geneous Neumann-Cauchy case follows by similar arguments.)
Set u “ u2 ´ u1. As u1 and u2 are continuous it suffices to prove that

u´
psq “ 0 for L1-a.a. s P r0, T s, (3.4)

where u´ :“ maxt´u, 0u. The proof of (3.4) is divided into three steps.
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Step 1: using u´ as a test function. As u1 is a sub-solution of pP
u1
0

T,F1,Jg1 q and u2 a

super-solution of pP
u2
0

T,F2,Jg2 q, we have:

u1p0q “ u1
0 (3.5)

u2p0q “ u2
0 (3.6)

u1ptq P H J
W X H J

g1,W
for L1-a.a. t P r0, T s; (3.7)

u2ptq P H J
W X H J

g2,W
for L1-a.a. t P r0, T s; (3.8)

du1

dt
ptq ` dJJg1pu1ptqq ď F1pt, u1ptqq for L1-a.a. t P r0, T s; (3.9)

du2

dt
ptq ` dJJg2pu2ptqq ě F2pt, u2ptqq for L1-a.a. t P r0, T s. (3.10)

Taking the definition of H J
W into account, from (3.7) and (3.8) we see that pu1ptq, u2ptqq P

dompDJq ˆ dompDJq for L1-a.a. t P r0, T s. As dompDJq is a vector space, for L1-a.e.
t P r0, T s, we have uptq “ u2ptq ´ u1ptq P dompDJq, so that

ż

O

ż

O

ˇ

ˇDJ
|uptq|px, yq

ˇ

ˇ

2
dxdy “

ż

O

ż

O

Jp|x ´ y|q
2
ˇ

ˇ|uptqpxq| ´ |uptqpyq|
ˇ

ˇ

2
dxdy

ď

ż

O

ż

O

Jp|x ´ y|q
2
ˇ

ˇuptqpxq ´ uptqpyq
ˇ

ˇ

2
dxdy

“

ż

O

ż

O

|DJuptqpx, yq|
2dxdy ă 8.

Consequently |uptq| P dompDJq for L1-a.a. t P r0, T s. Since u´ “ 1
2
p|u| ´ uq, it follows that

u´
ptq P dompDJ

q for L1-a.a. t P r0, T s. (3.11)

Let us show that

uptq P dompDJ
g1

q X dompDJ
g2

q for L1-a.a. t P r0, T s. (3.12)

Indeed, writing u2ptqpxq ´u1ptqpxq ´g1pyq “ pu2ptqpxq ´g2pyqq ´ pu1ptqpxq ´g1pyqq ´2g1pyq `

g2pyq, we infer that
ż

O

ż

BJO

|DJ
g1
uptqpx, yq|

2dxdy“

ż

O

ż

BJO

|DJ
g1

pu2ptq ´ u1ptqqpx, yq|
2dxdy

“

ż

O

ż

BJO

|Jp|x ´ y|qpu2ptqpxq ´ u1ptqpxq ´ g1pyqq|
2dxdy

ď4

ż

O

ż

BJO

|DJ
g1
u1ptqpx, yq|

2dxdy ` 4

ż

O

ż

BJO

|DJ
g2
u2ptqpx, yq|

2dxdy

`16

ż

O

ż

BJO

|Jp|x ´ y|qg1pyq|
2dxdy

`4

ż

O

ż

BJO

|Jp|x ´ y|qg2pyq|
2dxdy. (3.13)
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For i “ 1, 2, taking the definition of H J
gi,W

into account, from (3.7), (3.8) and (S2) with
g “ gi, (3.13) yields

ż

O

ż

BJO

|DJ
g1
uptqpx, yq|

2dxdy ă 8 for L1-a.a. t P r0, T s.

In the same way, writing u2ptqpxq´u1ptqpxq´g2pyq “ pu2ptqpxq´g2pyqq´pu1ptqpxq´g1pyqq´

g1pyq, we have
ż

O

ż

BJO

|DJ
g2
uptqpx, yq|

2dxdy ă 8 for L1-a.a. t P r0, T s, (3.14)

which proves (3.12).
We now establish

|u|ptq P dompDJ
g1

q X dompDJ
g2

q for L1-a.a. t P r0, T s. (3.15)

Indeed, since g2 ´ g1 ě 0, we have
ˇ

ˇJp|x ´ y|qp|u|ptqpxq ´ g1pyqq
ˇ

ˇ

2
“
ˇ

ˇJp|x ´ y|q
ˇ

ˇ

2ˇ
ˇ|u|ptqpxq ´ pg2pyq ´ g1pyqq ´ 2g1pyq ` g2pyq

ˇ

ˇ

2

ď3
ˇ

ˇJp|x ´ y|qpuptq ´ g2pyqq
ˇ

ˇ

2
` 27

ˇ

ˇJp|x ´ y|qg1pyq|
2

`3
ˇ

ˇJp|x ´ y|qg2pyq|
2

and
ˇ

ˇJp|x ´ y|qp|u|ptqpxq ´ g2pyqq
ˇ

ˇ

2
“
ˇ

ˇJp|x ´ y|q
ˇ

ˇ

2ˇ
ˇ|u|ptqpxq ´ pg2pyq ´ g1pyqq ´ g1pyq

ˇ

ˇ

2

ď 2
ˇ

ˇJp|x ´ y|qpuptq ´ g2pyqq
ˇ

ˇ

2
` 8

ˇ

ˇJp|x ´ y|qg1pyq|
2.

Hence, by using (3.14) and (S2) with g “ g1 and g “ g2, we obtain
ż

O

ż

BJO

|DJ
g1

|u|ptqpx, yq|
2dxdy ď 3

ż

O

ż

BJO

|DJ
g2
uptqpx, yq|

2dxdy

`27

ż

O

ż

BJO

|Jp|x ´ y|qg1pyq|
2dxdy

`3

ż

O

ż

BJO

|Jp|x ´ y|qg2pyq|
2dxdy

ă 8 for L1-a.a. t P r0, T s

and
ż

O

ż

BJO

|DJ
g2

|u|ptqpx, yq|
2dxdy ď 2

ż

O

ż

BJO

|DJ
g2
uptqpx, yq|

2dxdy

`8

ż

O

ż

BJO

|Jp|x ´ y|qg1pyq|
2dxdy

ă 8 for L1-a.a. t P r0, T s.

This proves (3.15).
Since u´ “ 1

2
p|u| ´uq and dompDJ

g1
q and dompDJ

g2
q are vector spaces (see Remark 2.7), from

(3.12) and (3.15) we deduce that

u´
ptq P dompDJ

g1
q X dompDJ

g2
q for L1-a.a. t P r0, T s. (3.16)
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Fix any t P r0, T s satisfying (3.7), (3.8), (3.9), (3.10), (3.11) and (3.16). To simplify the
notation, we omit the explicit dependence on t in u1, u2 and u´. Combining (3.9) with
(3.10) we have

du

dt
` dJJg2pu2q ´ dJJg1pu1q ě F2pt, u2q ´ F1pt, u1q.

Multiplying this inequality by the nonnegative function u´ and integrating over O, we obtain
ż

O

du

dt
u´dx `

ż

O

dJJg2pu2qu
´dx ´

ż

O

dJJg1pu1qu
´dx ě

ż

O

rF2pt, u2q ´ F1pt, u1qsu´dx.

Taking (3.7) and (3.8), together with (3.11) and (3.16) into account, and using Propositions
2.17(b)–(c) and 2.18(b)–(c), as well as Corollary 2.19, we deduce that for i “ 1, 2,
ż

O

dJJgipuiqu
´dx“

ż

O

dJJpuiqu
´dx `

ż

O

dJDg
puiqu

´dx

“

ż

O

ż

O

B2W px,DJuipx, yqqDJu´
px, yqdxdy

`

ż

O

ż

BJO

Jp|x ´ y|q
“

B2W px,DJ
gi
uipx, yqq ` B2W py,DJ

gi
uipx, yqq

‰

u´
pxqdxdy.

Hence, by using (3.1),
ż

O

du

dt
u´dx `

ż

O

ż

O

“

B2W px,DJu2px, yqq ´ B2W px,DJu1px, yqq
‰

DJu´
px, yqdxdy

`

ż

O

ż

BJO

Jp|x ´ y|q
“

B2W px,DJ
g2
u2px, yqq ´ B2W px,DJ

g1
u1px, yqq

‰

u´
pxqdxdy

`

ż

O

ż

BJO

Jp|x ´ y|q
“

B2W py,DJ
g2
u2px, yqq ´ B2W py,DJ

g1
u1px, yqq

‰

u´
pxqdxdy

ě

ż

O

`

f2pt, x, u2pxqq ´ f1pt, x, u1pxqq
˘

u´
pxqdx.

Step 2: using the nondecreasing property of B2W px, ¨q. The goal of this step is to
show that

ż

O

du

dt
u´dx ě

ż

O

`

f2pt, x, u2pxqq ´ f1pt, x, u1pxqq
˘

u´
pxqdx. (3.17)

Set

S :“ S1 ` S2 ` S3

with:

S1 :“

ż

O

ż

O

“

B2W px,DJu2px, yqq ´ B2W px,DJu1px, yqq
‰

DJu´
px, yqdxdy;

S2 :“

ż

O

ż

BJO

Jp|x ´ y|q
“

B2W px,DJ
g2
u2px, yqq ´ B2W px,DJ

g1
u1px, yqq

‰

u´
pxqdxdy;

S3 :“

ż

O

ż

BJO

Jp|x ´ y|q
“

B2W py,DJ
g2
u2px, yqq ´ B2W py,DJ

g1
u1px, yqq

‰

u´
pxqdxdy.
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To establish (3.17) it suffices to prove that S ď 0. For this, it is enough to prove that

S1 ď 0, S2 ď 0 and S3 ď 0.

Step 2-1: proving that S1 ď 0. Set:

P´` :“
!

px, yq P O ˆ O : upxq ď 0 and upyq ě 0
)

;

P´´ :“
!

px, yq P O ˆ O : upxq ď 0 and upyq ă 0
)

;

P`` :“
!

px, yq P O ˆ O : upxq ą 0 and upyq ě 0
)

;

P`´ :“
!

px, yq P O ˆ O : upxq ą 0 and upyq ă 0
)

.

Then

S1 “
ÿ

i,jPt´,`u

ĳ

Pij

Ψpx, yqdxdy.

with

Ψpx, yq :“
“

B2W px,DJu2px, yqq ´ B2W px,DJu1px, yqq
‰

DJu´
px, yq.

Therefore, to prove that S1 ď 0, it is sufficient to prove that for every i, j P t´,`u,
ĳ

Pij

Ψpx, yqdxdy ď 0. (3.18)

Case where pi, jq “ p´, `q. Fix any px, yq P P´`. Then u2pxq ď u1pxq and u2pyq ě u1pyq,
hence u2pxq ´ u2pyq ď u1pxq ´ u1pyq. Therefore

DJu2px, yq ď DJu1px, yq.

From (I0) and (I3) (see Remark 2.11) we can assert that (A4) holds, i.e. for every x P Rd,
the derivative B2W px, ¨q of W px, ¨q is nondecreasing. It follows that

B2W px,DJu2px, yqq ´ B2W px,DJu1px, yqq ď 0. (3.19)

On the other hand, as upxq ď 0 and upyq ě 0 we have u´pxq “ ´upxq and u´pyq “ 0. Hence

DJu´
px, yq “ ´Jp|x ´ y|qupxq ě 0. (3.20)

From (3.19) and (3.20) we deduce that Ψpx, yq ď 0 for all px, yq P P´`, and (3.18) follows
for pi, jq “ p´,`q.

Case where pi, jq “ p´, ´q. Fix any px, yq P P´´. Then u´pxq “ ´upxq and u´pyq “

´upyq. Hence

DJu´
px, yq “ ´Jp|x ´ y|qpupxq ´ upyqq

“ ´Jp|x ´ y|qpu2pxq ´ u1pxq ´ u2pyq ` u1pyqq

“ ´
`

Jp|x ´ y|qpu2pxq ´ u2pyqq ´ Jp|x ´ y|qpu1pxq ´ u1pyqq
˘

“ ´
`

DJu2px, yq ´ DJu1px, yq
˘

.
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But rB2W px,DJu2px, yqq´B2W px,DJu1px, yqqspDJu2px, yq´DJu1px, yqq ě 0 since B2W px, ¨q

is monotone. Consequently, for every px, yq P P´´,

Ψpx, yq “ ´rB2W px,DJu2px, yqq ´ B2W px,DJu1px, yqqspDJu2px, yq ´ DJu1px, yqq ď 0,

and (3.18) follows for pi, jq “ p´,´q.

Case where pi, jq “ p`, `q. Fix any px, yq P P``. Then u´pxq “ 0 and u´pyq “ 0. Hence
DJu´px, yq “ 0. Consequently Ψpx, yq “ 0 for all px, yq P P``. Thus (3.18) is satisfied for
pi, jq “ p`,`q.

Case where pi, jq “ p`, ´q. Fix any px, yq P P`´. Then u2pxq ą u1pxq and u2pyq ă u1pyq,
hence u2pxq ´ u2pyq ą u1pxq ´ u1pyq. Therefore

DJu2px, yq ą DJu1px, yq.

As B2W px, ¨q is nondecreasing, it follows that

B2W px,DJu2px, yqq ´ B2W px,DJu1px, yqq ě 0. (3.21)

On the other hand, as upxq ą 0 and upyq ă 0 we have u´pxq “ 0q and u´pyq “ ´upyq. Hence

DJu´
px, yq “ Jp|x ´ y|qupyq ď 0. (3.22)

From (3.21) and (3.22) we deduce that Ψpx, yq ď 0 for all px, yq P P`´, and (3.18) follows
for pi, jq “ p`,´q.

Step 2-2: proving that S2 ď 0 and S3 ď 0. Fix any px, yq P O ˆ BJO and let us
introduce the following formal notation:

∆
pv,gq

pw,hq
px, yq :“

“

B2W px,DJ
g vpx, yqq ´ B2W px,DJ

hwpx, yqq
‰

.

Without loss of generality, we can suppose that upxq ď 0. Then u´pxq “ ´upxq “ u1pxq ´

u2pxq. First of all, we have

Jp|x ´ y|q∆
pu2,g2q

pu1,g1q
px, yqu´

pxq “ ´∆
pu2,g2q

pu1,g2q
px, yqJp|x ´ y|qpu2pxq ´ u1pxqq

`∆
pu1,g2q

pu1,g1q
px, yqJp|x ´ y|qupxq

“ ´∆
pu2,g2q

pu1,g2q
px, yq

`

DJ
g2
u2px, yq ´ DJ

g2
u1px, yq

˘

´∆
pu1,g2q

pu1,g1q
px, yqJp|x ´ y|qupxq.

On the other hand, as B2W px, ¨q is monotone we have

´∆
pu2,g2q

pu1,g2q
px, yq

`

DJ
g2
u2px, yq ´ DJ

g2
u1px, yq

˘

ď 0. (3.23)

Moreover, DJ
g2
u1 ď DJ

g1
u1 because g1 ď g2, and so, since B2W px, ¨q is nondecreasing,

∆
pu1,g2q

pu1,g1q
px, yq ď 0. Therefore

´∆
pu1,g2q

pu1,g1q
px, yqJp|x ´ y|qupxq ď 0. (3.24)

From (3.23) and (3.24) it follows that for every px, yq P O ˆ BJO,

Jp|x ´ y|q∆
pu2,g2q

pu1,g1q
px, yqu´

pxq ď 0,

which implies that S2 ď 0.
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By the same arguments, we obtain S3 ď 0.

Step 3: applying Gronwall’s lemma. From (3.17) we have
ż

O

du

dt
ptqu´

ptqdxě

ż

O

`

f2pt, x, u2ptqpxqq ´ f2pt, x, u1ptqq
˘

u´
ptqdx

`

ż

O

`

f2pt, x, u1ptqpxqq ´ f1pt, x, u1ptqpxqq
˘

u´
ptqdx for L1-a.a. t P r0, T s.

As F1 ď F2 we have f2pt, x, u1ptqpxqq ´ f1pt, x, u1ptqpxqq ě 0 for all pt, xq P r0, T s ˆ O.
Therefore
ż

O

du

dt
ptqu´

ptqdx ě

ż

O

`

f2pt, x, u2ptqpxqq ´ f2pt, x, u1ptqpxqq
˘

u´
ptqdx for L1-a.a. t P r0, T s.

Since, by assumption, f2 is lipschitz continuous uniformly with respect to pt, xq, there exists
L ą 0 such that

f2pt, x, u2ptqpxqq ´ f2pt, x, u1ptqpxq ě ´L|uptqpxq| for all pt, xq P r0, T s ˆ O.

Hence
ż

O

du

dt
ptqu´

ptqdx ě ´L

ż

O

|uptq|u´
ptqdx for L1-a.a. t P r0, T s. (3.25)

Clearly, we have
ż

O

du

dt
ptqu´

ptqdx “ ´

ż

O

du´

dt
ptqu´

ptqdx

“ ´
1

2

d

dt

ż

O

|u´
ptq|

2dx for L1-a.a. t P r0, T s. (3.26)

Moreover, it is easy to see that
ż

O

|uptq|u´
ptqdx “

ż

O

|u´
ptq|

2dx for L1-a.a. t P r0, T s. (3.27)

Combining (3.25) with (3.26) and (3.27) it follows that

d

dt

ż

O

|u´
ptq|

2dx ď 2L

ż

O

|u´
ptq|

2dx for L1-a.a. t P r0, T s,

and consequently
ż

O

|u´
psq|

2dx ď

ż

O

|u´
p0q|

2dx `

ż s

0

2L

ż

O

|u´
ptq|

2dt for all s P r0, T s.

Applying Gronwall’s lemma we deduce that
ż

O

|u´
psq|

2dx ď e2Ls
ż

O

|u´
p0q|

2dx for all s P r0, T s. (3.28)

As u1p0q “ u1
0, u2p0q “ u2

0 and u2
0 ´ u1

0 ě 0 we have up0q “ u2p0q ´ u1p0q ě 0, which implies
that u´p0q “ 0. Hence

ş

O
|u´p0q|2dx “ 0. Therefore, by (3.28) we obtain

ż

O

|u´
psq|

2dx “ 0 for all s P r0, T s,

which yields (3.4).
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Step 4: stability. From (3.28), for any s P r0, T s, we have
ż

O

ˇ

ˇpu2 ´ u1q
´

psq
ˇ

ˇ

2
dx ď e2Ls

ż

O

ˇ

ˇpu2 ´ u1q
´

p0q
ˇ

ˇ

2
dx. (3.29)

Since g1 “ g2 “ g, F1 “ F2 “ F , we can invert the roles of u2 and u1, which gives
ż

O

ˇ

ˇpu2 ´ u1q
`

psq
ˇ

ˇ

2
dx ď e2Ls

ż

O

ˇ

ˇpu2 ´ u1q
`

p0q
ˇ

ˇ

2
dx. (3.30)

Collecting (3.29) and (3.30) we infer that
ż

O

|pu2 ´ u1qpsq|
2 dx “

ż

O

ˇ

ˇpu2 ´ u1q
`

psq ´ pu2 ´ u1q
´

psq
ˇ

ˇ

2
dx

ď 2

ż

O

ˇ

ˇpu2 ´ u1q
`

psq
ˇ

ˇ

2
dx ` 2

ż

O

ˇ

ˇpu2 ´ u1q
´

psq
ˇ

ˇ

2
dx

ď 2e2Ls
ż

O

´

ˇ

ˇpu2 ´ u1q
`

p0q
ˇ

ˇ

2
`
ˇ

ˇpu2 ´ u1q
´

p0q
ˇ

ˇ

2
¯

dx.

As |pu2 ´ u1q
`| ď |u2 ´ u1| and |pu2 ´ u1q

´| ď |u2 ´ u1| we deduce that
ż

O

|pu2 ´ u1qpsq|
2 dx ď 4e2Ls

ż

O

|pu2 ´ u1qp0q|
2 dx,

and (3.3) follows. ■

3.3. The class of CP-structured reaction functionals. The following class of reaction
functionals, called the class of CP-structured reaction functionals on r0, T s with T ą 0 and
denoted by FT

CP, was introduced in [AHMM19] (see also [AHMM22, §2.2.2, p. 27]).

Definition 3.7. Let T ą 0. Given F : r0,8rˆL2pOq ! L2pOq we say that F is a CP-
structured reaction functional if

F pt, uqpxq “ fpt, x, upxqq

for all pt, x, uq P r0,8rˆO ˆ L2pOq where f : r0,8rˆRd ˆ R ! R is a Borel measurable
function satisfying the following three properties:

(CPT
1 ) fpt, x, ζq is locally Lipschitz continuous in ζ uniformly with respect to pt, xq P r0, T sˆ

Rd;
(CPT

2 ) fp¨, ¨, 0q P L2pr0, T s;L2pOqq;
(CPT

3 ) there exist f, f : r0, T s ˆ R ! R with f ď 0 ď f and pρ, ρq P R2 with ρ ď ρ such
that each of the two following ordinary differential equations

pODE
T

q

"

dz
dt

ptq “ fpt, zptqq for L1-a.a. t P r0, T s

zp0q “ ρ

pODE
T

q

"

dz
dt

ptq “ fpt, zptqq for L1-a.a. t P r0, T s

zp0q “ ρ

admits at least a solution, z for pODEq and z for pODEq, satisfying
"

fpt, zptqq ď fpt, x, zptqq

fpt, zptqq ě fpt, x, zptqq
(3.31)



32 O. ANZA HAFSA, J.-P. MANDALLENA, AND G. MICHAILLE

for L1 b Ld-a.a. pt, xq P r0, T s ˆRd.

Remark 3.8. Note that if in (CPT
1 ) we replace “locally Lipschitz continuous” by “Lipschitz

continuous” then FT
CP Ă F(RT

1 )-(RT
2 ).

Remark 3.9. From (CPT
3 ) we see that z and z are decreasing and increasing respectively, and

so zpT q ď zptq ď zp0q “ ρ ď ρ ď zp0q ď zptq ď zpT q for all t P r0, T s.

For T ą 0 and pa, bq P R2 with a ď b, we consider the following problems:

pP
u0,ra,bs

T,F,J q

$

’

’

’

’

’

&

’

’

’

’

’

%

du

dt
ptq ` dJJpuptqq “ F pt, uptqq for L1-a.a. t P r0, T s

uptq P H J
W for L1-a.a. t P r0, T s

up0q “ u0 P H J
W X L2pO; ra, bsq;

pP
u0,ra,bs

T,F,Jg q

$

’

’

’

’

’

&

’

’

’

’

’

%

du

dt
ptq ` dJJg

puptqq “ F pt, uptqq for L1-a.a. t P r0, T s

uptq P H J
W X H J

g,W for L1-a.a. t P r0, T s

up0q “ u0 P H J
W X H J

g,W X L2pO; ra, bsq.

In the next paragraph, we show that, by applying the comparison principle, if the reaction
functional F is CP-structured, one can prove the existence of bounded solutions for the

problems pP
u0,ra,bs

T,F,J q and pP
u0,ra,bs

T,F,Jg q, see Theorem 3.10.

3.4. Existence and uniqueness of bounded solutions. From Corollary 3.3 and Theorem
3.6 we can establish the existence and uniqueness of bounded solutions.

Theorem 3.10. Assume that (S1) and (I0)–(I3). Let T ą 0 and let F P FT
CP with pf, fq,

pρ, ρq and pz, zq given by (CPT
3 ). Let g P L2pBJOq satisfy (S2) and suppose further that

(S3)

ż

Rd

pJp|ξ|q
2dξ ă 8.

Set:

Rg :“
!

r P R : dJDg
prqpxq ď 0 for Ld-a.a. x P O

)

; (3.32)

Rg :“
!

r P R : dJDg
prqpxq ě 0 for Ld-a.a. x P O

)

. (3.33)

If u0 P H J
W XL2pO; rρ, ρsq (resp. if u0 P H J

W X H J
g,W XL2pO; rρ, ρsq and if ρ P Rg and ρ P Rg),

then pP
u0,rρ,ρs

T,F,J q (resp. pP
u0,rρ,ρs

T,F,Jg q) admits a unique solution u P ACpr0, T s;L2pOqq such that

zpT q ď zptq ď uptq ď zptq ď zpT q for all t P r0, T s.
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Moreover, if F p¨, up¨qq P ACpr0, T s;L2pOqq then u admits a right derivative d`u
dt

ptq at every
t P r0, T r and satisfies

$

’

’

’

’

’

&

’

’

’

’

’

%

uptq P H J
W X L2pO; rzpT q, zpT qsq for all t Ps0, T s

(resp. uptq P H J
W X H J

g,W X L2pO; rzpT q, zpT qsq for all t Ps0, T s)

d`u
dt

ptq ` dJJpuptqq “ F pt, uptqq for all t P r0, T r

(resp. d`u
dt

ptq ` dJJgpuptqq “ F pt, uptqq for all t P r0, T r).

Remark 3.11. When W px, ξq “ apxq|ξ|2 with apxq ą 0, since B2W px, ξq “ 2apxqξ, a direct
computation shows that for every r P R,

dJDg
prqpxq “ 2

ż

BJO

“

apxq ` apyq
‰

Jp|x ´ y|q
2
`

r ´ gpyq
˘

dy.

Therefore, we have:

ρ P Rg ðñ ρ ď ess inf
xPO

ż

BJO

“

apxq ` apyq
‰

Jp|x ´ y|q
2 gpyq dy

ż

BJO

“

apxq ` apyq
‰

Jp|x ´ y|q
2dy

;

ρ P Rg ðñ ρ ě ess sup
xPO

ż

BJO

“

apxq ` apyq
‰

Jp|x ´ y|q
2 gpyq dy

ż

BJO

“

apxq ` apyq
‰

Jp|x ´ y|q
2dy

.

These conditions are the natural counterparts, in the singular nonlocal gradient setting, of
the conditions introduced in [AHMM24, Corollary 2.11].

Proof of Theorem 3.10. We only give the proof in the Dirichlet-Cauchy case. (The ho-
mogeneous Neumann-Cauchy case follows by similar arguments).
Firstly, let f : r0, T s ˆRd ˆR! R be given by Definition 3.7. Taking (CPT

1 ) into account,

from McShane extension’s theorem we can assert that there exists pf : r0, T s ˆRd ˆR! R

such that:

‚ pfpt, x, ζq “ fpt, x, ζq for all pt, x, ζq P r0, T s ˆRd
ˆ rzpT q, zpT qs; (3.34)

‚ pfpt, x, ζq is Lipschitz continuous in ζ uniformly with respect to pt, xq P r0, T s ˆRd.

Let pF : r0, T s ˆ L2pOq ! L2pOq be given by pF pt, uqpxq :“ pfpt, x, upxqq. Then, it is clear

that pF P F(RT
1 )-(RT

2 ). Hence, by Corollary 3.3, pP
u0,rρ,ρs

T, pF ,Jg
q admits a unique solution u P

ACpr0, T s;L2pOqq.
Secondly, by (CPT

3 ) (see Remark 3.9) we have

zpT q ď zptq ď zp0q “ ρ ď ρ ď zp0q ď zptq ď zpT q for all t P r0, T s, (3.35)

so that

rzptq, zptqs Ă rzpT q, zpT qs for all t P r0, T s. (3.36)
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Thus, by (3.34) and (3.36),

pF pt, zptqq “ F pt, zptqq “ fpt, ¨, zptqq for L1-a.a. t P r0, T s.

Therefore, using (3.31) in (CPT
3 ), we have

dz

dt
ptq “ fpt, zptqq ď pF pt, zptqq for L1-a.a. t P r0, T s. (3.37)

As z does not depend on the space variable, using (S3) it is easy to see that z P DJ
W XDJ

g,W Ă

H J
W XH J

g,W . Hence, by Proposition 2.17(e) and (I2)–(I3), d
JJpzptqq “ 0 for L1-a.a. t P r0, T s.

Hence dJJgpzq “ dJDgpzq, i.e.

dJJg
pzptqq “ dJDg

pzptqq for L1-a.a. t P r0, T s.

Since z P DJ
g,W , by Proposition 2.18(e) we have

dJDg
pzq “

ż

BJO

Jp| ¨ ´y|q
“

B2W
`

¨, Jp| ¨ ´y|qpz ´ gpyqq
˘

` B2W
`

y, Jp| ¨ ´y|qpz ´ gpyqq
˘‰

dy.

But, by (A4) (see Remark 2.11), B2W is nondecreasing with respect to its second variable,
hence

B2W p¨, Jp| ¨ ´y|qpz ´ gpyqqq ` B2W py, Jp| ¨ ´y|qpz ´ gpyqqq ď B2W p¨, Jp| ¨ ´y|qpρ ´ gpyqqq

`B2W py, Jp| ¨ ´y|qpρ ´ gpyqqq

because z ď ρ by (3.35). As ρ P Rg it follows that

dJDg
pzq ď dJDg

pρq ď 0.

Therefore
dJJg

pzptqq ď 0 for L1-a.a. t P r0, T s. (3.38)

From (3.37) and (3.38) we deduce that

dz

dt
ptq ` dJJg

pzptqq ď pF pt, zptqq for L1-a.a. t P r0, T s.

Since zp0q “ ρ, this shows that z is a sub-solution of pP
ρ

T, pF ,Jg
q. On the other hand, u is

(a solution and so) a super-solution of pP
u0,rρ,ρs

T, pF ,Jg
q where up0q “ u0 ě ρ. Then, applying

Theorem 3.6 (with u1
0 “ ρ, u2

0 “ u0, F1 “ F2 “ pF and g1 “ g2 “ g), and taking (3.35) into
account, we deduce that

zpT q ď zptq ď ρ ď uptq for all t P r0, T s. (3.39)

Similarly, considering z and using the fact that ρ P Rg, we show that z is a supersolution of

pP
ρ

T, pF ,Jg
q. Comparing it with u, viewed as a subsolution of pP

u0,rρ,ρs

T, pF ,Jg
q with up0q “ u0 ď ρ,

Theorem 3.6 (applied with u1
0 “ u0, u2

0 “ ρ, F1 “ F2 “ pF , and g1 “ g2 “ g), together
with (3.35), yields

uptq ď ρ ď zptq ď zpT q for all t P r0, T s. (3.40)

From (3.39) and (3.40) it follows that

uptq P rzptq, zptqs Ă rzpT q, zpT qs for all t P r0, T s. (3.41)
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Finally, from (3.34) and (3.41) we see that pF pt, uptqq “ F pt, uptqq for all t P r0, T s so that u

is the unique solution of pP
u0,rρ,ρs

T, pF ,Jg
q, and the proof is complete. ■

Remark 3.12 (nonhomogeneous Neumann-Cauchy boundary conditions). In applications,
one is often led to consider a prescribed flux entering or leaving the domain O. Indeed, for
the homogeneous Neumann-Cauchy problem without a reaction term (F “ 0), integrating
the equation du

dt
ptq ` dJJpuptqq “ 0 over O yields

d

dt

ż

O

upt, xqdx “ 0.

This conservation implies that the domain O is isolated. To model external exchange, one
must prescribe a nonlocal flux across the boundary. In the classical local setting, a non-
homogeneous Neumann condition Bu

Bν
“ h on BO adds the linear term ´

ş

BO
hu dσ to the

energy. In our nonlocal setting, let G : r0,8r! r0,8r be a Borel measurable function with
supppGq Ă r0, ηs for some η ą 0, and set BGO :“ pO ` Bηp0qqzO. (The external exchange
G can differ from the internal diffusion J to reflect different physical mechanisms). Given
h P L2pBGOq satisfying

ż

O

ż

BGO

ˇ

ˇGp|x ´ y|qhpyq
ˇ

ˇ

2
dxdy ă 8, (3.42)

the nonhomogeneous Neumann condition is incorporated by adding to J the linear functional
Nh : L2pOq ! R defined by

Nh
puq :“ ´

ż

O

ˆ
ż

BGO

Gp|x ´ y|qhpyqdy

˙

upxqdx.

Under (3.42), the function N h : O ! R defined by

N h
pxq :“

ż

BGO

Gp|x ´ y|qhpyqdy

belongs to L2pOq, so that

Nh
puq “ ´

ż

O

N h
pxqupxqdx for all u P L2

pOq.

Hence, Nh is a linear and continuous functional on L2pOq. Therefore

∇Nh
puq “ ´N h for all u P L2

pOq.

Consequently BpJ ` Nhqpuq “ tdJJpuq ´ N hu and the corresponding nonhomogeneous
Neumann-Cauchy problem can be rewritten as a homogeneous one by considering the mod-
ified reaction term

rF pt, uqpxq :“ F pt, uqpxq ` N h
pxq.

Thus, the existence, uniqueness, and comparison results with h fixed (see Corollary 3.3 and
Theorem 3.6) apply directly. For the existence of bounded solutions (see Theorem 3.10) one

additionally needs the modified reaction term rF to remain CP-structured, which requires
extra assumptions on N h, notably to satisfy (CPT

3 ), for instance N h P L8pOq. Indeed, if
pρ, f , t 7! zptqq and pρ, f , t 7! zptqq are the triples for which F satisfies (CPT

3 ), then it is
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easy to check that pρ, f ´ }N h}L8pOq, t 7! zptq ´ t}N h}L8pOqq and pρ, f ` }N h}L8pOq, t 7!

zptq ` t}N h}L8pOqq are the triples for which rF satisfies (CPT
3 ).

4. Applications

Here, we present applications to problems that exhibit a nonlocal nature. The general
modelling strategy is as follows. We first identify the quantity upt, xq that describes the
state of the system at time t P r0, T s and spatial position x P O, and whose evolution
we wish to characterise. The corresponding nonlocal evolution equation is then obtained
by applying a nonlocal balance principle. This principle is formulated for upt, xq (or for a
related quantity depending on upt, xq) and reads schematically:
»

–

variation of the quantity
over a small time
interval ∆t at position x

fi

fl “

»

–

exchange of the quantity
between x to other
positions y P O

fi

fl `

»

–

creation or
annihilation
of the quantity at x

fi

fl . (4.1)

Expressed mathematically, this principle yields

Bu

Bt
pt, xq “

ż

O

J
`

x, y, upt, xq, upt, yq
˘

dy ` f
`

t, x, upt, xq
˘

, (4.2)

where J encodes the nonlocal diffusion or transport of the quantity and f is a reaction term
accounting for its creation or annihilation. The integral

ż

O

J
`

x, y, upt, xq, upt, yq
˘

dy (4.3)

is called the nonlocal diffusion term. Viewing u as a map from r0, T s into L2pOq defined by
uptqpxq :“ upt, xq, we can rewrite (4.2) in abstract form as

du

dt
ptq “ Apuptqq ` F pt, uptqq (4.4)

with Apuptqqpxq :“
ş

O
J
`

x, y, upt, xq, upt, yq
˘

dy and F pt, uptqqpxq :“ fpt, x, upt, xqq. In gen-
eral, A may have a more involved structure than (4.3). In particular, it can arise as a
(variational) derivative or as the subdifferential of a nonlocal energy functional. In the latter
case, the nonlocal evolution equation (4.4) is multivalued.

4.1. Nonlocal cable theory. Cable theory describes the propagation of the membrane po-
tential along a dendrite or axon. As in the classical theory, two physical ingredients are
retained: the lipid membrane, characterised by its capacitance cm ą 0 and its ionic current
density Iion, and the intracellular cytoplasm, which mediates axial conduction. Let O Ă Rd

(d “ 3) be a bounded open set, representing the dendritic or axon, and let upt, xq denote the
membrane potential at time t P r0, T s and spatial position x P O. From physiological consid-
erations, the membrane potential is bounded, i.e. upt, xq P rVmin, Vmaxs where Vmin, Vmax P R

depend only on the considered dendrite or axon.
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4.1.1. From classical to nonlocal cable theory. In order to derive a nonlocal cable evolution
equation, we follow the phenomenological approach leading to the classical local cable equa-
tion, based on Kirchhoff’s current law and Ohm’s law. We first derive an elementary nonlocal
cable equation from these physical principles, and then generalize it in §4.1.2 by means of a
nonlocal balance principle.

We begin by deriving a nonlocal counterpart of Kirchhoff’s current law expressed in terms of
the singular nonlocal gradient. We first recall the classical local derivation before extending
it to the nonlocal setting. Let iapt, xq denote the axial current and impt, xq the membrane
current per unit length at time t and spatial position x. By Kirchhoff’s current law, the
axial current satisfies

iapt, xq “ iapt, x ` ∆xq ` impt, xq∆x,

which, in the local case ∆x ! 0, gives

Bia
Bx

pt, xq “ ´impt, xq. (4.5)

For the nonlocal derivation, we apply the same reasoning between two points x and y (x ­“

y) of the dendrite or axon. Kirchhoff’s law gives iapt, xq “ iapt, yq ` |x ´ y|impt, xq and,
symmetrically, iapt, yq “ iapt, xq ` |x ´ y| impt, yq. Subtracting these two equalities yields

1

|x ´ y|

`

iapt, xq ´ iapt, yq
˘

“ ´
1

2

`

impt, xq ´ impt, yq
˘

.

Assuming that the conservation of currents occurs at distance δ ą 0 and defining Ja :
r0,8r! r0,8r by Japrq :“ 1

r
1r0,δsprq, the above equality can be written in terms of the

singular nonlocal gradient as

DJaiapt, x, yq “ ´impt, x, yq, (4.6)

where impt, x, yq :“ 1
2
1s0,δrp|x ´ y|qpimpt, xq ´ impt, yqq. This is the nonlocal counterpart of

(4.5).

We now derive a nonlocal counterpart of Ohm’s law expressed in terms of the singular
nonlocal gradient. As before, we first recall the classical local derivation. Let ra denote the
axial resistance per unit length. By Ohm’s law, the voltage drop satisfies upt, x ` ∆xq ´

upt, xq “ ´ra iapt, xq ∆x, which, in the local case ∆x ! 0, gives

Bu

Bx
pt, xq “ ´ra iapt, xq. (4.7)

Combining (4.5) and (4.7), we infer that

impt, xq “
1

ra

B2u

Bx2
pt, xq. (4.8)

For the nonlocal derivation, we apply the same reasoning between two points x and y (x ‰

y) of the dendrite or axon. Ohm’s law gives upt, xq ´ upt, yq “ ´raiapt, xq |x ´ y| and,
symmetrically, upt, yq ´ upt, xq “ ´raiapt, yq |x ´ y|. Subtracting these two equalities yields

1

|x ´ y|

`

upt, xq ´ upt, yq
˘

“
ra
2

`

iapt, xq ´ iapt, yq
˘

.
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Assuming that Ohm’s law holds at distance δ ą 0, the above equality can be written in
terms of the singular nonlocal gradient as

DJaupt, x, yq “ ´raiapt, x, yq, (4.9)

where iapt, x, yq :“ 1
2
1s0,δrp|x´y|qpiapt, yq´iapt, xqq. This is the nonlocal counterpart of (4.7).

By combining (4.6) and (4.9), we obtain a second-order nonlocal identity comparable to
(4.8). To this end, consider the nonlocal functional Ja : L2pOq ! r0,8s defined by

Japvq :“

$

&

%

ż

O

ż

O

|DJavpx, yq|
2dxdy if v P dompDJaq

8 otherwise.

Definition 4.1. The nonlocal Laplacian associated with Ja is the subdifferential of Ja,
denoted by ∆Ja .

Remark 4.2. By Proposition 2.17 with W px, ξq “ |ξ|2, when x 7!
ş

O
Jap|x´y|qDJaupt, x, yqdy

belongs to L2pOq, one has

∆Jaupt, xq “ 2

ż

O

Jap|x ´ y|qDJaupt, x, yqdy.

Equation (4.10) in the following proposition is the nonlocal counterpart of (4.8).

Proposition 4.3. If x 7!
ş

O
Jap|x ´ y|qDJaupt, x, yq dy belongs to L2pOq, then for Ld-a.e.

x P O,
ż

O

impt, y, xqdy “
1

ra
∆Jaupt, xq. (4.10)

Proof of Proposition 4.3. By Remark 4.2, (4.9) and (4.6), we have

∆Jaupt, xq “ 2

ż

O

Jap|x ´ y|qDJaupt, x, yqdy

“ ´2ra

ż

O

Jap|x ´ y|qiapt, x, yqdy

“ ´ra

ż

O

DJaiapt, y, xqdy

“ ra

ż

O

impt, y, xqdy,

and (4.10) follows. ■

We now derive an elementary nonlocal cable equation. As before, we first recall the classical
local derivation. Assuming that the membrane behaves like an RC circuit (Resistance and
Capacitance in parallel), the membrane current has two components: the capacitive current

cm
Bu
Bt

pt, xq, where cm is the membrane capacitance, and the leak current upt,xq

rm
, where rm is

the membrane resistance per unit length. This gives

impt, xq “ cm
Bu

Bt
pt, xq `

upt, xq

rm
, (4.11)
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which, combined with (4.8), yields the classical cable equation:

Bu

Bt
pt, xq “

1

cmra

B2u

Bx2
pt, xq ´

1

cmrm
upt, xq. (4.12)

For the nonlocal derivation, we apply the same reasoning to the integrated membrane current
ş

O
impt, y, xq dy. By Proposition 4.3, this yields the following elementary nonlocal cable

equation:
Bu

Bt
pt, xq “

1

cmra
∆Jaupt, xq ´

1

cmrm
upt, xq. (4.13)

This is the nonlocal counterpart of (4.12) in which the local second-order axial diffusion
1

cmra
B2

Bx2 is replaced by the nonlocal term 1
cmra

∆Ja .

In the next paragraph, we generalize this elementary nonlocal equation by employing a more
fundamental nonlocal balance principle, as described in the preamble of Section 4.

4.1.2. Generalization via nonlocal balance principle. To generalize the elementary nonlocal
cable equation (4.13) derived above, we apply the nonlocal balance principle (4.1) to the
membrane charge qmpt, xq :“ cmupt, xq, the relevant conserved quantity, which gives

Bqm
Bt

pt, xq “

ż

O

rJa
`

x, y, qmpt, xq, qmpt, yq
˘

dy ` rfmpt, x, qmpt, xqq, (4.14)

where rJa encodes the nonlocal axial transport of charge along the length of the dendrite or

axon, and rfm represents the transmembrane currents (sources or sinks), such as ion chan-
nel activity or external stimuli, which exchange charge with the surrounding environment.
Dividing (4.14) by cm and setting

$

&

%

Ja
`

x, y, ξ, ζ
˘

“ rJa
`

x, y, cmξ, cmζ
˘

fmpt, x, ξq “
1

cm
rfmpt, x, cmξq,

we obtain the evolution equation for the membrane potential:

Bu

Bt
pt, xq “

1

cm

ż

O

Ja
`

x, y, upt, xq, upt, yq
˘

dy ` fmpt, x, upt, xqq. (4.15)

Viewing u as a map u : r0, T s ! L2pO; rVmin, Vmaxsq defined by uptqpxq :“ upt, xq, (4.15)
takes the following abstract form:

du

dt
ptq “

1

cm
Aapuptqq ` Fmpt, uptqq. (4.16)

with Aapuptqqpxq :“
ş

O
Ja
`

x, y, upt, xq, upt, yq
˘

dy and Fmpt, uptqqpxq :“ fmpt, x, upt, xqq

We assume that the nonlocal axial diffusion term Aa is the variational derivative of a nonlocal
energy functional Ja, i.e.

Aa :“ dJaJa (4.17)

with Ja : L2pOq ! r0,8s defined by

Japvq :“

$

&

%

ż

O

ż

O

Wapx,DJavpx, yqqdxdy if v P dompDJaq

8 otherwise,
(4.18)
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where Wa is an energy density and DJavpx, yq is the nonlocal gradient associated with an
“interaction kernel” Ja : r0,8r! r0,8r satisfying supppJaq Ă r0, δas for some δa ą 0. This
condition models finite-range nonlocal axial diffusion, meaning that only points whose mutual
distance does not exceed δa interact.

The interaction radius δa reflects the underlying microstructure of the dendrite or axon and
determines the spatial scale of the nonlocal effects. The dependence on x in Wa models the
fact that the dendrite or axon has a heterogeneous microstructure. A canonical choice for
Ja is the heterogeneous nonlocal Dirichlet (Laplacian-type) energy, obtained by taking

Wapx, ξq “ capxq|ξ|
2 (4.19)

with capxq ą 0 representing the axial conduction coefficient of the dendrite or axon at
spatial position x. (In the homogeneous case relevant to the elementary equation (4.13),
capxq corresponds to 1

ra
.)

The term Fm : r0, T s ˆ L2pOq ! L2pOq collects all transmembrane currents, i.e.

Fmpt, vqpxq :“
1

cm
rIapppt, xq ´ Iionpt, x, vpxqqs , (4.20)

where Iapppt, xq is a prescribed applied stimulus and Iionpt, x, ξq is the ionic current density
(leak, voltage-gated, and ligand-gated components). The negative sign follows the usual
convention: a positive outward ionic current depolarises the membrane potential. In the
passive-leak case

Iionpt, x, ξq “ gℓpt, xq
`

ξ ´ Eℓpt, xq
˘

, (4.21)

where gℓpt, xq ą 0 is the leak conductance and Eℓpt, xq P R the reversal potential. (Note that
conductance is simply the inverse of resistance. The elementary equation (4.13) corresponds
to the special case where the conductance is a constant gℓ “ 1

rm
and the reversal potential is

Eℓ “ 0.) The dependence on x allows for spatial heterogeneity of the membrane properties,
while the dependence on t accounts for possible temporal variations of the ionic environment.
With (4.21), (4.20) reduces to

Fmpt, vqpxq “
1

cm

“

Iapppt, xq ´ gℓpt, xq
`

vpxq ´ Eℓpt, xq
˘‰

. (4.22)

Combining (4.17) and (4.18) with the transmembrane term (4.22) in the passive-leak setting,
(4.16) becomes

du

dt
ptq “

1

cm
dJaJapuptqq `

1

cm

“

Iapppt, ¨q ´ gℓpt, ¨q
`

uptq ´ Eℓpt, ¨q
˘‰

. (4.23)

This is a nonlocal counterpart of the classical cable evolution equation in which the local
second-order axial diffusion 1

cmra
B2

Bx2 is replaced by the nonlocal term 1
cm
dJaJa. (Note that

this general nonlocal evolution equation (4.23) exactly recovers the elementary nonlocal cable
equation (4.13) derived in §4.1.1 under the following simplifying assumptions: no external
stimulus (Iapp ” 0), a zero reversal potential (Eℓ ” 0), a constant leak conductance (gℓ ” 1

rm
),

a homogeneous axial conduction (ca ” 1
ra

) and a nonlocal diffusion term equal to 1
ra

∆Ja .)
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4.1.3. Existence of bounded solutions for the nonlocal cable evolution equation. We now apply
Theorem 3.10 to the nonlocal cable evolution equation (4.23) derived in §4.1.2. The relevance
of Theorem 3.10 in this context lies in the fact that it provides the existence of bounded
solutions, a property that is fundamental in nonlocal cable theory since, from physiological
considerations, the membrane potential u must remain bounded. To this end, we consider
the following assumptions:

(CT1) cm ą 0;
(CT2) gℓ P L8

locpr0,8rˆRd; s0,8rq;
(CT3) Eℓ P L8

locpr0,8rˆRdq;
(CT4) Iapp P L8

locpr0,8rˆRdq;
(CT5) there exist Vmin, Vmax P R with Vmin ď Vmax such that for L1 b Ld-a.e. pt, xq P

r0,8rˆRd,

gℓpt, xq
`

Vmin ´ Eℓpt, xq
˘

ď Iapppt, xq ď gℓpt, xq
`

Vmax ´ Eℓpt, xq
˘

; (4.24)

(CT6) Ja : r0,8r! r0,8r satisfies (S1) and (S3) with J “ Ja;
(CT7) Wa : Rd ˆR! r0,8r satisfies (I0)–(I3) with W “ Wa.

Remark 4.4. If Wa is given by (4.19), (CT7) is equivalent to the existence of ca ě ca ą 0
such that capxq P rca, cas for all x P Rd.

Remark 4.5. Dividing 4.24 by gℓpt, xq ą 0, (CT5) is equivalent to

Vmin ď Eℓpt, xq `
Iapppt, xq

gℓpt, xq
ď Vmax for L1 b Ld-a.e. pt, xq P r0,8rˆRd. (4.25)

In the absence of applied stimulus (Iapp “ 0), (4.25) reduces to

Vmin ď Eℓpt, xq ď Vmax for L1 b Ld-a.e. pt, xq P r0,8rˆRd.

Let fm : r0,8rˆRd ˆR! R be defined by

fmpt, x, ζq :“
1

cm

“

Iapppt, xq ´ gℓpt, xq
`

ζ ´ Eℓpt, xq
˘‰

and, given a bounded open set O Ă Rd, let Fm : r0,8rˆL2pOq ! L2pOq be defined by

Fmpt, vqpxq :“ fmpt, x, vpxqq.

Remark 4.6. The condition (CT5) is equivalent to requiring that for L1 b Ld-a.a. pt, xq P

r0,8rˆRd,
#

0 ď fm pt, x, Vminq

0 ě fm pt, x, Vmaxq .
(4.26)

Let T ą 0 and consider the homogeneous Neumann-Cauchy nonlocal cable problem:

pPNC-CT
T q

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

du

dt
ptq `

1

cm
dJaJapuptqq “ Fmpt, uptqq for L1-a.a. t P r0, T s

uptq P H Ja
Wa

for L1-a.a. t P r0, T s

up0q “ u0 P H Ja
Wa

X L2pO; rVmin, Vmaxsq.
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Note that pPNC-CT
T q is a particular case of the general problem pP

u0,ra,bs

T,F,J q corresponding to

J “ 1
cm
Ja, F “ Fm, a “ Vmin and b “ Vmax, and can therefore be treated by means of

Theorem 3.10. This yields the following result.

Theorem 4.7. Assume that (CT1)–(CT7) hold. Then, pPNC-CT
T q admits a unique solution

u P ACpr0, T s;L2pOqq satisfying uptq P rVmin, Vmaxs for all t P r0, T s.

Proof of Theorem 4.7. The proof consists in applying Theorem 3.10 in the homogeneous
Neumann–Cauchy case with J “ Ja, W “ 1

cm
Wa (so that J “ 1

cm
Ja), F “ Fm, ρ “ Vmin

and ρ “ Vmax. It is clear that 1
cm
Wa satisfies (I0)–(I3) since Wa does by (CT7) and cm ą 0

by (CT1). So it remains to verify that Fm is CP-structured, i.e. that the conditions (CPT
1 )–

(CPT
3 ) of Definition 3.7 hold with f “ fm.

First, for every pζ, ζ 1q P RˆR and every pt, xq P r0, T s ˆRd,

|fmpt, x, ζq ´ fmpt, x, ζ 1
q| “

gℓpt, xq

cm
|ζ ´ ζ 1

|

ď Lm |ζ ´ ζ 1
|

with Lm :“
}gℓ}L8pr0,T sˆOq

cm
ă 8 by (CT1)–(CT2). Hence fmpt, x, ζq is Lipschitz continuous in

ζ uniformly with respect to pt, xq P r0, T s ˆRd, which shows (CPT
1 ).

Second, we have fmpt, x, 0q “ 1
cm

rIapppt, xq`gℓpt, xqEℓpt, xqs, and so fmp¨, ¨, 0q P L8pr0, T sˆOq

by (CT1)–(CT4). This shows that (CPT
2 ) is satisfied.

Third, define f
m

” 0 and fm ” 0, so that f
m

ď 0 ď fm. Then, the corresponding ordinary
differential equations

#

dzm
dt

ptq “ f
m

pt, zmptqq for L1-a.a. t P r0, T s

zmp0q “ Vmin

and
#

dzm
dt

ptq “ fmpt, zmptqq for L1-a.a. t P r0, T s

zmp0q “ Vmax

admit the unique constant solutions zm ” Vmin and zm ” Vmax. By (CT5) we have (4.26),
which shows that (3.31) is verified with pf, fq “ pf

m
, fmq and pz, zq “ pzm, zmq. Thus (CPT

3 )

is satisfied with pf, fq “ pf
m
, fmq, pρ, ρq “ pVmin, Vmaxq and pz, zq “ pzm, zmq.

By Theorem 3.10 we deduce that pPNC-CT
T q admits a unique solution u P ACpr0, T s;L2pOqq

such that

zmpT q ď zmptq ď uptq ď zmptq ď zmpT q for all t P r0, T s. (4.27)

Since zm ” Vmin and zm ” Vmax, (4.27) means that uptq P rVmin, Vmaxs for all t P r0, T s, and
the proof is complete. ■
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Let g P L2pBJaOq. In the same way, we can also treat the Dirichlet–Cauchy nonlocal cable
problem:

pPDC-CT
T q

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

du

dt
ptq `

1

cm
dJaJg

a puptqq “ Fmpt, uptqq for L1-a.a. t P r0, T s

uptq P H Ja
Wa

X H Ja
g,Wa

for L1-a.a. t P r0, T s

up0q “ u0 P H Ja
Wa

X H Ja
g,Wa

X L2pO; rVmin, Vmaxsq

with Jg
a :“ Ja ` Dg, where Dg : L2pOq ! r0,8s is defined by

Dg
pvq :“

$

&

%

ż

O

ż

BJaO

“

Wapx,D
Ja
g vpx, yqq ` Wapy,DJa

g vpx, yqq
‰

dxdy if v P dompDJa
g q

8 otherwise.

With suitable additional assumptions, by applying Theorem 3.10 we obtain the Dirichlet–
Cauchy counterpart of Theorem 4.7.

Theorem 4.8. Under the hypotheses of Theorem 4.7, assume further that:

(CT8) g satisfies (S2) with J “ Ja;
(CT9) Vmin P Rg and Vmax P Rg, where Rg and Rg are given by (3.32)–(3.33).

Then, pPDC-CT
T q admits a unique solution u P ACpr0, T s;L2pOqq satisfying uptq P rVmin, Vmaxs

for all t P r0, T s.

4.2. Nonlocal dynamics of fake-news belief. Fake news propagation is a nonlocal phe-
nomenon: the adoption or rejection of misinformation by an individual depends on inter-
actions with a finite range of peers (physically or via social networks). Let O Ă Rd be a
bounded open set, representing a social space (e.g. a city or a social network) in which
individuals are distributed, and let upt, xq P r0, 1s be the proportion of individuals at time
t P r0, T s and spatial position x P O who believe a given fake news.8 In fact, u represents the
“intensity of belief” in the fake news: the value u “ 0 corresponds to total disbelief, while
u “ 1 corresponds to complete belief.

4.2.1. A first naive model. To build intuition, consider the simple case where the rate of
change of the belief intensity (or information) Bu

Bt
pt, xq is simply the sum of all the information

arriving at x minus all the information leaving x, i.e.

Bu

Bt
pt, xq “ incoming ´ outgoing,

and where the transition rate at which information moves from y to x or x to y is proportional
to 1

|x´y|
and acts only for |x ´ y| ă δ (meaning that the further apart individuals are, the

less information circulates). Then

Bu

Bt
pt, xq “

ż

O

1s0,δrp|x ´ y|q
1

|x ´ y|
upt, yqdy ´

ż

O

1s0,δrp|x ´ y|q
1

|x ´ y|
upt, xqdy,

8Although the social space is intrinsically discrete, as the population of individuals is assumed to be very
large, O can be considered as an open bounded subset of Rd, and u can be treated as a real function.
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which can be rewritten as

Bu

Bt
pt, xq `

ż

O

Jp|x ´ y|qDJuptqpx, yqdy “ 0 for uptq P dompDJ
q

with Jprq “ 1?
r
1s0,δrprq. Note that, from Definition 4.1, this nonlocal diffusion equation can

be written as
Bu

Bt
pt, xq `

1

2
∆Jupt, xq “ 0,

which is the nonlocal counterpart of the classical local diffusion equation Bu
Bt

` 1
2
∆u “ 0.

However, noticing that
ş

O

`ş

O
Jp|x ´ y|qDJuptqpx, yqdy

˘

dx “ 0, we infer that
ş

O
Bu
Bt

pt, xqdx “

0. This means there is conservation of information, which is not realistic. A more realistic
model must incorporate reaction mechanisms that account for fact-checking, debunking, or
loss of interest. The next paragraph develops a more general framework that includes such
reaction mechanisms.

4.2.2. Derivation of a nonlocal fake-news belief evolution equation via nonlocal balance prin-
ciple. The nonlocal balance principle ((4.1)) applies to upt, xq as follows:

Bu

Bt
pt, xq““nonlocal belief exchange” ` “debunking, decay or reinforcement”

“

ż

O

Jf
`

x, y, upt, xq, upt, yq
˘

dy ` ffpt, x, upt, xqq, (4.28)

where Jf encodes the nonlocal structure of the social space governing the spread of the fake
news and ff accounts for external effects such as debunking efforts (e.g. fact-checking cam-
paigns or official corrections), natural decay of belief (e.g. progressive forgetting or loss of
interest over time), or automated reinforcement mechanisms (e.g. algorithmic recommen-
dation systems that repeatedly expose users to the same content). Viewing u as a map
u : r0, T s ! L2pO; r0, 1sq defined by uptqpxq :“ upt, xq, (4.28) translates to

du

dt
ptq “ Afpuptqq ` Ffpt, uptqq (4.29)

with Afpuptqqpxq :“
ş

O
Jf
`

x, y, upt, xq, upt, yq
˘

dy and Ffpt, uptqqpxq :“ ffpt, x, upt, xqq

We assume that the nonlocal diffusion term Af is the variational derivative of a nonlocal
energy functional Jf , i.e.

Af :“ dJfJf (4.30)

with Jf : L2pOq ! r0,8s is defined by

Jfpvq :“

$

&

%

ż

O

ż

O

Wfpx,D
Jfvpx, yqqdxdy if v P dompDJf q

8 otherwise,
(4.31)

where Wf is an energy density and DJfvpx, yq is the nonlocal gradient associated with an
“interaction kernel” Jf : r0,8r! r0,8r satisfying supppJfq Ă r0, δfs for some δf ą 0. This
condition models finite-range social interaction, meaning that only individuals whose mutual
distance (physical or via a social network) does not exceed δf influence one another.



CONVEX FUNCTIONALS OF NONLOCAL SINGULAR GRADIENTS AND REACTION-DIFFUSION PROBLEMS I 45

The interaction radius δf determines the range of social influence, while the dependence of
Wf on x allows for spatial heterogeneity in the connectivity or susceptibility of individuals.
Specifically, Wf quantifies how strongly the system tends to align beliefs among connected
agents. A canonical choice is

Wfpx, ξq “ cfpxq |ξ|
2, (4.32)

where cfpxq ą 0 represents, at spatial position x, the strength of social ties or the degree of
susceptibility of individuals to the influence of others.

The term Ff : r0, T s ˆ L2pOq ! L2pOq models the reaction mechanisms triggered by the
introduction of the fake news into the social space, i.e. debunking, decay of belief, and
reinforcement, and is given by

Ffpt, vqpxq :“ rrfpt, xq ´ dfpt, xqsvpxqp1 ´ vpxqq ´ cfpt, xqvpxq, (4.33)

where dfpt, xq ě 0 is the debunking rate (fact-checking, official corrections), cfpt, xq ě 0
is the natural decay rate (forgetting, loss of interest) and rfpt, xq ě 0 is the reinforcement
rate (algorithmic amplification, echo chambers). These rates depend on time t and spatial
position x in order to account for temporal variations in intervention efforts and spatial
heterogeneity in the social structure.

The factor vp1 ´ vq represents the interaction between the proportion v of believers and
the proportion 1 ´ v of non-believers. Both debunking and reinforcement act through this
interaction, and therefore vanish at the extreme states v “ 0 and v “ 1. The linear term
´cfv models the natural decay of belief, independently of social interaction.

Combining (4.30) and (4.31) with (4.33), (4.29) becomes

du

dt
ptq “ dJfJfpuptqq ` rrfpt, ¨q ´ dfpt, ¨qsuptqp1 ´ uptqq ´ cfpt, ¨quptq. (4.34)

This is the nonlocal fake-news belief evolution equation, i.e. the nonlocal evolution of the
proportion of individuals who believe the fake news.

4.2.3. Existence of bounded solutions for the nonlocal fake-news belief evolution equation. We
now apply Theorem 3.10 to the nonlocal fake-news belief evolution equation (4.34) derived
in §4.2.2. The relevance of Theorem 3.10 in this context lies in the fact that it provides the
existence of bounded solutions, a property that is fundamental since the belief intensity u,
being a proportion, must remain in r0, 1s. To this end, we consider the following assumptions:

(FN1) rf P L8
locpr0,8rˆRd; r0,8rq;

(FN2) df P L8
locpr0,8rˆRd; r0,8rq;

(FN3) cf P L8
locpr0,8rˆRd; r0,8rq;

(FN4) Jf : r0,8r! r0,8r satisfies (S1) and (S3) with J “ Jf ;
(FN5) Wf : Rd ˆR! r0,8r satisfies (I0)–(I3) with W “ Wf .

Remark 4.9. If Wf is given by (4.32), (FN5) is equivalent to the existence of cf ě cf ą 0 such
that cfpxq P rcf , cfs for all x P Rd.

Let ff : r0,8rˆRd ˆR! R be defined by

ffpt, x, ζq :“
`

rfpt, xq ´ dfpt, xq
˘

ζp1 ´ ζq ´ cfpt, xqζ
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and, given a bounded open set O Ă Rd, let Ff : r0,8rˆL2pOq ! L2pOq be defined by

Ffpt, vqpxq :“ ffpt, x, vpxqq.

Remark 4.10. Under (FN3), for L1 b Ld-a.e. pt, xq P r0,8rˆRd, we have
#

0 “ ffpt, x, 0q

0 ě ´cfpt, xq “ ffpt, x, 1q.
(4.35)

Let T ą 0 and consider the homogeneous Neumann-Cauchy nonlocal fake-news belief prob-
lem:

pPNC-FN
T q

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

du

dt
ptq ` dJfJfpuptqq “ Ffpt, uptqq for L1-a.a. t P r0, T s

uptq P H Jf
Wf

for L1-a.a. t P r0, T s

up0q “ u0 P H Jf
Wf

X L2pO; r0, 1sq.

Note that pPNC-FN
T q is a particular case of the general problem pP

u0,ra,bs

T,F,J q corresponding to
J “ Jf , F “ Ff , a “ 0 and b “ 1, and can therefore be treated by means of Theorem 3.10.
This yields the following result.

Theorem 4.11. Assume that (FN1)–(FN5) hold. Then, pPNC-FN
T q admits a unique solution

u P ACpr0, T s;L2pOqq satisfying uptq P r0, 1s for all t P r0, T s.

Proof of Theorem 4.11. The proof consists in applying Theorem 3.10 in the homogeneous
Neumann-Cauchy case with J “ Jf , W “ Wf (so that J “ Jf), F “ Ff , ρ “ 0 and ρ “ 1. It
is clear that Wf satisfies (I0)–(I3) by (FN5). So it remains to verify that Ff is CP-structured,
i.e. that the conditions (CPT

1 )–(CPT
3 ) of Definition 3.7 hold with f “ ff .

First, for every compact interval K “ rm,M s Ă R, every pζ, ζ 1q P K ˆ K and every
pt, xq P r0, T s ˆRd,

|ffpt, x, ζq ´ ffpt, x, ζ
1
q| “ |prfpt, xq ´ dfpt, xqqrζp1 ´ ζq ´ ζ 1

p1 ´ ζ 1
qs ´ cfpt, xqpζ ´ ζ 1

q|

“ |prfpt, xq ´ dfpt, xqqpζ ´ ζ 1
qp1 ´ ζ ´ ζ 1

q ´ cfpt, xqpζ ´ ζ 1
q|

“ |prfpt, xq ´ dfpt, xqqp1 ´ ζ ´ ζ 1
q ´ cfpt, xq| |ζ ´ ζ 1

|

ď LK
f |ζ ´ ζ 1

|

with LK
f :“ p}rf}L8pr0,T sˆOq ` }df}L8pr0,T sˆOqqr1 ` 2 maxp|m|, |M |qs ` }cf}L8pr0,T sˆOq ă 8 by

(FN1)–(FN3). Hence ffpt, x, ζq is locally Lipschitz continuous in ζ uniformly with respect to
pt, xq P r0, T s ˆRd, which shows (CPT

1 ).

Second, we have ffpt, x, 0q “ 0, and so ffp¨, ¨, 0q P L2pr0, T s;L2pOqq. This shows that (CPT
2 )

is satisfied.

Third, define f
f

” 0 and f f ” 0, so that f
f

ď 0 ď f f . Then the corresponding ordinary
differential equations

#

dzf
dt

ptq “ f
f
pt, zfptqq for L1-a.a. t P r0, T s

zfp0q “ 0
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and
#

dzf
dt

ptq “ f fpt, zfptqq for L1-a.a. t P r0, T s

zfp0q “ 1

admit the unique constant solutions zf ” 0 and zf ” 1. By (FN3) we have (4.35), which
shows that (3.31) is verified with pf, fq “ pf

f
, f fq and pz, zq “ pzf , zfq. Thus (CPT

3 ) is

satisfied with pf, fq “ pf
f
, f fq, pρ, ρq “ p0, 1q and pz, zq “ pzf , zfq.

By Theorem 3.10 we deduce that pPNC-FN
T q admits a unique solution u P ACpr0, T s;L2pOqq

such that

zfpT q ď zfptq ď uptq ď zfptq ď zfpT q for all t P r0, T s. (4.36)

Since zf ” 0 and zf ” 1, (4.36) means that uptq P r0, 1s for all t P r0, T s, and the proof is
complete. ■

Let g P L2pBJfOq. In the same way, we can also treat the Dirichlet–Cauchy nonlocal fake-
news belief problem:

pPDC-FN
T q

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

du

dt
ptq ` dJfJg

f puptqq “ Ffpt, uptqq for L1-a.a. t P r0, T s

uptq P H Jf
Wf

X H Jf
g,Wf

for L1-a.a. t P r0, T s

up0q “ u0 P H Jf
Wf

X H Jf
g,Wf

X L2pO; r0, 1sq

with J
g
f :“ Jf ` Dg, where Dg : L2pOq ! r0,8s is defined by

Dg
pvq :“

$

&

%

ż

O

ż

BJfO

“

Wfpx,D
Jf
g vpx, yqq ` Wfpy,D

Jf
g vpx, yqq

‰

dxdy if v P dompDJf
g q

8 otherwise.

With suitable additional assumptions, by applying Theorem 3.10 we obtain the Dirichlet-
Cauchy counterpart of Theorem 4.11.

Theorem 4.12. Under the hypotheses of Theorem 4.11, assume further that :

(FN6) g satisfies (S2) with J “ Jf ;
(FN7) 0 P Rg and 1 P Rg, where Rg and Rg are given by (3.32)–(3.33).

Then pPDC-FN
T q admits a unique solution u P ACpr0, T s;L2pOqq satisfying uptq P r0, 1s for

all t P r0, T s.
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