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CONVEX FUNCTIONALS OF NONLOCAL SINGULAR GRADIENTS AND
REACTION-DIFFUSION PROBLEMS I: COMPARISON PRINCIPLES AND
BOUNDED SOLUTIONS

OMAR ANZA HAFSA, JEAN-PHILIPPE MANDALLENA, AND GERARD MICHAILLE

ABSTRACT. We study nonlocal reaction-diffusion evolution equations of gradient flow type
driven by singular nonlocal gradients and whose reaction term is CP-structured, a notion
introduced in [AHMMTI9]. We characterise the subdifferentials of the associated nonlocal dif-
fusion functionals, establish comparison principles, and prove the existence and uniqueness
of bounded solutions. Applications to nonlocal cable theory and to the nonlocal dynamics
of fake-news belief are given. This is the first part of a series of two papers: the second part
will be devoted to convergence and stochastic homogenization.
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1. INTRODUCTION

Nonlocal evolution equations arise naturally in the modelling of phenomena involving finite-
range interactions. Such phenomena appear in various contexts, including physics, mechan-
ics, biology, and sociology. In the modelling of these problems, the classical local diffusion
is replaced by a nonlocal one that accounts for interactions at a distance. This leads to
nonlocal evolution equations.

The mathematical study of nonlocal evolution equations in the spirit of the present paper
was initiated, without reaction term, by Andreu, Mazén, Rossi, and Toledo in [AMRTO0S|,
AMRT09| (see also [AVMRTMI0] and the references therein). An important class of nonlocal
evolution equations is that of gradient flows, in which the diffusion term is the subdifferential
of a convex energy functional. This is what is studied in this paper, with the additional
feature that the convex energy functional is built from a singular nonlocal gradient and that
the reaction term is CP-structured, a notion introduced in [AHMMI9] (see Definition [3.7).
In the gradient flow framework, we also refer to the works of Braides and Piatnitski [BP22),
BP21], of Piatnitski and Zhizhina [PZ20] [PZ17] and to the book |[AABT23| (in particular
[AABT23, Chapter 9], which is devoted to parabolic problems).

The present paper is the first part of a series of two papers in which we continue our study
of nonlocal evolution equations of gradient flow type developed in [AHMM24l [AHMM?26b),
AHMM26a, AHMMP]. The main novelty with respect to these earlier works is that we con-
sider nonlocal diffusion based on convex energy integrals whose density depends on singular
nonlocal gradients (see §2.1H2.2)). In this first part, we establish comparison principles and
prove the existence of bounded solutions (see Section [3)). The existence of bounded solutions
is essential in many applications where the unknown represents a quantity that is intrinsi-
cally bounded: a proportion, a concentration, a voltage. The second part will be devoted to
convergence and stochastic homogenization.

Let O — R? be a bounded open set, representing the medium in which the quantity un-
der consideration evolves, and let J : [0,0[— [0, [ be a Borel measurable function with
supp(J) < [0, 6] for some § > 0. The singular nonlocal gradient of u € L?(O) with respect
to J is the function D’u : O x O — R defined by

D7 u(x,y) := J(Jz = yl)(u(z) — u(y)).

The function J, which models the spatial scale of the nonlocal effects, is allowed to be
unbounded (singular). The natural domain of D’ is the space

dom(D”) := {u e L*(0) : L L |D7u(x, y)|*dedy < oo} ,

which, under appropriate conditions on J, is related to fractional Sobolev spaces (see Propo-
sition [2.3). Given an energy density W : RY x R — [0, o[ that is convex in its second
variable, which models the cost of nonlocal interactions, we consider the nonlocal energy
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functional # : L*(O) — [0, o] defined by

U) = JO JO W(l’, DJu(.I, y))d:vdy ifue dOm(D‘])

s's) otherwise.

S

For a nonlocal Dirichlet datum g € L?(070) (where 670 := (O + Bs(0))\O is the nonlocal
boundary of O), the boundary energy functional 29 : L*(O) — [0, «] is given by

’ J [W (2, DJu(z,y)) + W(y, DJu(z,y))]| dedy  if u € dom(D})
D(u) :== 4 Jo Javo
0 otherwise,

where
Dlu(z,y) == J(jx — y|)(u(z) — g(y))
and

dom(D;) = {u e L*(0) : fo LJO |D‘;u(x,y)|2dxdy < oo} :
The sum 79 := 7 + 29 then serves as the energy for the Dirichlet—Cauchy problem.

In the present paper, we consider evolution problems of the abstract form

{Z_g(t) +0&(u(t)) 3 F(t,ul(t))
u(0) = uo,

where u(t) € L*(0), € € { £, #9} and F : [0,0[x L*(O) — L?*(O) is a reaction term, which
models the creation or annihilation of the quantity u(¢,x) at each time and spatial posi-
tion. When & = £, the problem corresponds to homogeneous Neumann-Cauchy boundary
conditions, while when & = 79, it corresponds to Dirichlet-Cauchy boundary conditions.

The contributions of this paper are threefold.

First, in Section [2, we develop the functional analytic foundations needed to handle sin-
gular nonlocal gradients. This includes the relationship between dom(D”) and fractional
Sobolev spaces (see Proposition |I|7 density results (see Propositions 2.9), the lower
semicontinuity of the energy functionals (see Proposition , a nonlocal Green-type for-
mula (see Lemma@ , and the characterisation of the subdifferentials 0 ¢, 029 and 09

(see Propositions 2.18 and Corollary [2.19)).

Second, in Section [3| we establish comparison principles for both the Neumann-Cauchy and
Dirichlet-Cauchy nonlocal singular reaction-diffusion problems (see Theorem , together
with stability estimates in L?(0). Building on these comparison principles and on the no-
tion of CP-structured reaction functionals (see Definition [3.7)), we prove the existence and
uniqueness of bounded solutions (see Theorem [3.10)).

Third, in Section [4], we present two applications to problems that are intrinsically nonlocal
and for which the boundedness of the solution is a fundamental requirement: nonlocal cable

IThis result will be used in the part IT of this paper, which will be devoted to convergence and stochastic
homogenization.
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theory (see and Theorems 4.8) and nonlocal dynamics of fake-news belief (see

and Theorems [4.11H4.12)).

Plan of the paper. In Section [2] we introduce the functional setting: singular nonlocal
gradients, convex functionals of singular nonlocal gradients, and the characterisation of the
subdifferentials of the energy functionals. In Section [3| we establish comparison principles
for nonlocal singular reaction-diffusion problems and prove the existence and uniqueness of
bounded solutions. In Section [, we present two applications: nonlocal cable theory and
nonlocal dynamics of fake-news belief. Finally, for the convenience of the reader, we state in
Appendix 77 the version of Gronwall’s lemma used in the paper.

Notation. Throughout the paper we will use the following notation.
e Given zy € R? we denote the open (resp. closed) ball of radius r > 0 centered at xg
by B,(zo) (resp. B,(zo)).
e The closure (resp. interior) of a set A = R? is denoted by A (resp. int(A)).

e The Lebesgue measure on R? with d € IN* is denoted by £ and for each Borel set
A = R% the measure of A with respect to Z? is denoted by Z?(A).

e The class of bounded Borel subsets of R? is denoted by %),(R%).

e The space of continuous functions from [0, T'] to L?(O) is denoted by C([0,T]; L*(O)).

e The space of absolutely continuous functions from [0,7T] to L?(O) is denoted by
AC([0,T]; L*(0)).

e Given two open sets U,V < R¢, the space of measurable functions from U x V to R
is denoted by L°(U x V).

e Given {u,}, = C([0,T]; L*(0)), by u, — u in C([0,T]; L*(O)) we mean that
T supycf 1 [1a(8) = () 12(0) = 0.

e Given {u,}, < L*([0,T]; L2(O)) by un — u in LQ([O T] L*(0)) we mean that for
every v € L*([0,T]; L*(O So (un(t), v(t))dt — So (u(t),v(t))dt as n — oo, where
(-, -y denotes the scalar product in L2(O)

e Given {u,}, = AC([0, T] L2(O)) by %n — du iy L2([0 T]; L?*(0)) we mean that for
every v e L2([0, T]; L2(0)), §o {2 (t), v(t))dt — §3 (2 (t), v(t))dt as n — oo

e The notation §, {, f(z,y)dzdy means that we 1ntegrate the function f over the prod-
uct set A x B, with the variable z ranging in A and the variable y ranging in B.

2. FUNCTIONAL SETTING AND NONLOCAL CALCULUS
In what follows, d € N* and O < R? is a bounded open set with sufficiently regular boundary.

2.1. Singular nonlocal gradients. Throughout the paper, J : [0,0[— [0, 0] is a Borel
measurable function for which there exists § > 0 with supp(.J) < [0, d].

Definition 2.1. For each u € L?(0), the singular nonlocal gradient of u with respect to J
is the function D7u : O x O — R defined by

D’u(x,y) := J(|Jz — y|)(u(z) — u(y)).
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This gives rise to an operator D7 : L*(0) — L°(O x O) with domain

dom(D”) := {u e L*(0) : L L | D7 u(z, y)Pdzdy < oo} :

Remark 2.2. The fact that J can be unbounded justifies the term “singular” for the gradient
D7. Tf J is bounded then dom(D”) = L?(0O).

Let s €]0, 1] and define the fractional Sobolev space

s |uz
W2(0) := {u e L*(O J J |x — y’d+2s d:cdy <

Consider the following condition:
(So) there exist a > 0 such that for every r > 0,

1
r—a]]_[oyg](r) < J(T)

The choice of the exponent « in ensures that functions in dom(D”) possess the same
regularity as functions in the fractional Sobolev space W*%(O), as made precise in the
following proposition.

Proposition 2.3. Under|(So)| if a = % + s with s €]0,1[ then dom(D”?) = W**(0). More-
over, if s < 4 then the embedding dom(D”) — L?(0O) is compact.

Proof of Proposition 2.3} Let ue dom(DJ) Since 2ac = d + 2s and by [(Sp)} we have

[ ] Mt - [ | |x_y| ol = yDlule) — uly) Pdzdy

" fo fo mh‘\[&é](@ — y])|u(z) — u(y)|Pdady
= L L (J (| = yDlu(z) — u(y)])dxdy

tgz || o)~ ut sy

420
JJ‘D‘] xy‘dxdy—k £>
Since u € dom(D”), both ||u[ 120y and So So ’D‘] u(z,y ’ dxdy are finite. Hence
|u(x
f f |$_ |d+2s dxdy<oo,
which implies u € WS 2(0).

Finally, when s < £, the Sobolev embedding W**(0) — L?(0) is compac. Since dom (D7) =
W#2(0), the embeddmg dom(D”) < L?(0O) is also compact. B

N

HUHL2(0)

2For d > 2s, the embedding W*2(0) — LP(O) is compact for all p € ]1, di—‘és[, and for d = 2s it is

compact for all p €]1, oo].
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Remark 2.4. Proposition is included here for the completeness of the section. It will be
used in the part II of this paper, which is devoted to convergence and stochastic homoge-
nization, in order to prove that I'-convergence is in fact Mosco-convergence.

We also consider the following condition:

S | 10shePde <

This condition allows us to establish the following density result.

Proposition 2.5. Under [(S1) dom(D”) is dense in L*(O) for the strong convergence in
L*(0).

Proof of Proposition [2.5] Let C%!(0O) denote the space of compactly supported Lipschitz
functions from O to R. As C2!(O) is dense in L?*(O) for the strong convergence in L*(O),
it suffices to show that

C%(0) < dom(D”). (2.1)
Let u € C%(O). Using the Lipschitz property of u and , we have

| [ 1outeeasay = | | 10~ sate) - u)P dedy
O JO 0O JO
22 [ 10 = s - ) dsay
O JO
< 22Y0) | |7ehefds <o
R
where L, > 0 is the Lipschitz constant of u. Hence u € dom(D”), and is proved.

To handle nonlocal Dirichlet boundary condition, let O/ < R? be the bounded open set
given by

N

0’ :=0 + Bg(O)
The nonlocal boundary of O with respect to J is then defined as the bounded open subset
of RY
'O = 0\O.

Definition 2.6. For each u € L?(0) and each g € L?(070), the singular nonlocal gradient
of u with respect to J and g is the function D‘g]u : O x 070 — R defined by

Dyu(z,y) := J(|z — y|)(u(z) — g(y)).

This gives rise to an operator D; : L*(O) — L°(O x ¢’0) with domain

dom(D]) := {u e L*(0): f f | D u(z, y)|*dady < oo} :
oJaso
Remark 2.7. Tt is easy to see that if g € L?(070) is such that
(S2) ff ‘J|x—y| }dxdy<oo

then dom( DJ ) is a vector space.
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The following result is analogous to Proposition [2.5]
Proposition 2.8. Under|(S;){{(Sy), dom(D}) is dense in L*(O) for the strong convergence
in L*(0).
Proof of Proposition 2.8 As in Proposition it suffices to show that
CP1(0) < dom(Dy). (2.2)

Let u € C%1(O) and define % € C%*(O7) by

N u(y) ifyeO

) = {0 00

0 if y e O\O.

Then @(y) = 0 for all y € 37O. Hence

f |, ipiu sty = | | 100 =) (uta) = st dedy

= [ [ 1= ) 30) — ot sy
0 JoJ0
<2 Jo LJO [ J(Jz = y|) (@) — (y))[* dedy + 2K

with K := §, §.,, [7(|z — y)g(y)|* dzdy < % by [(S2)} Using the Lipschitz property of % and
(S1)} it follows that

JJ |Dyu(,y) | dedy < 2L%ff 1J(|z — y|)(z — y)|* dedy + 2K
0 Jo’0 o Joio
< B20) [ |IehePde + 2K <
Rd

where Ly > 0 is the Lipschitz constant of &. Hence u € dom(D;)), and (2.2) is proved. B

From the proofs of Propositions [2.5/and [2.8{ we deduce that C'(O) < dom(D”) ndom(D})).
Since C%1(0) is dense in L?*(0), we obtain the following density result.

Proposition 2.9. Under (S, )| -m (S2), dom(D”) ndom(D}) is dense in L*(O) for the strong
convergence in L*(O).

2.2. Convex functionals of singular nonlocal gradients. Let g € L?(070) be such that
holds and let 29 : L?(O) — [0, 0] be defined by

J o [W (2, DJu(z,y)) + W(y, DJu(z,y))] dedy  if u € dom(D})

D9 (u) 1= (2.3)

o0 otherwise.

Let 7, 79 : L*(O) — [0, 0] be defined by:

() = J J W (z, D’u(z,y))dzdy if u e dom(D”) (2.4)

o0 otherwise;

F(u) = F(u) + D9(u), (2.5)
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where W : R? x R — [0, oo| satisfies the following conditions:

(Ip) W(-,€) is (B(RY), B(R))-measurable for all £ € R and W(x,-) is convex for all

r e R%
(I;) there exist a, 3 > 0 such for every (z,£) € R? x R,
alg < Wiz, &) < B(L+ [€]%);

(Iy) for every (z,€) e R x R, W(x,0) = 0 and W (z,&) = W(x, —£);

(I3) for every x € RY, W (x,-) : R — [0, o0[ is differentiable.
Remark 2.10. Clearly, the assumption W (z,0) = 0 in is not restrictive: if it is not
satisfied, one can simply consider the shifted density W (z, &) := W(x, &) — W (x,0) and note

that all the conditions remain fulfilled by W,

Remark 2.11. For each z € RY, let 0W (z,-) : R = R denote the subdifferential of W (z,-).
From |(Iy)| it follows that the following additional conditions are verified:

(A}) there exists L > 0 such that for every z € R? and every (£,£') e R x R,
(W2, &) = Wiz, &) < L|g =T+ g+ 1)
(Ay) there exists C' > 0 such that for every (z,£) € R? x R,
[0 (,€)] < C(L+ &), e [¢] < C(1+g]) for all Ce oW (z, )(§)]]
If furthermore holds, then:
(Az) for every (z,€) € RY x R, oW (z,-)(€) is single-valued, i.e.
aW(I', )(f) = {(%W(%,f)},
where oW (x, &) is the derivative of W (z,-) at &;

(Ay) for every z € R%, 0,W (x,-) is nondecreasin

Under (I,), W (x,-) is convex and proper for all z € R% Consequently, the associated
functionals £ and 29 are convex and proper. Hence, the sum #9 = # + 29 is also a convex
and proper functional. Moreover, we have

Proposition 2.12. Assume that hold. Then, the functionals # and 29 are lower
semicontinuous with respect to the strong convergence in L*(O). In particular, F + D9 is
also lower semicontinuous.

The proof of Proposition requires the following lemmas (see Lemmas and
2.15)). For each M > 0, set
Jyr = min{J, M }.

Lemma 2.13. (a) For every M > 0, the linear operator D' : [2(0) — L*(O x O) is
continuous, with operator norm satisfying

|D7M|| < 2MA/Z1(0).

3For simplicity, any element of dW (z,-)(¢) will be denoted by dyW (x, €).
4This is equivalent to the monotonicity of dyW (z,-), i.e. [6aW (z,&1) — d2W (2, £2)](E1 — &) = 0 for all
(51,52) € R X R
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As a consequence, for every M > 0, every {u.}.~o = L*(O) and every u € L*(0), if
u. — u in L*(0) then D'y, — DMy in L?(O x O).

(b) For every M > 0, the operator D)™ : L*(O) — L*(O x 070) is Lipschitz continuous
with Lipschitz constant M/ Z%(070), i.e.

| D — Dg‘]MvHLQ(OXaJO) < MA/Z4070)||u — v|| 20

for all u,v € L*(O). As a consequence, for every M > 0, every {u.}.~o = L*(O) and
every u € L*(0), if u. — w in L*(O) then D}Mu. — DJMu in L*(O x 070).

Proof of Lemma 2,13l (a) Fix M > 0. Given any u € L?(0) we have

L L | DMz, y)‘z dedy = L L | Tz — y)) (w(@) — uy))|* dady

Mﬁi[wm—ww%My
ff (u(@)? + |u(y)[2)dzdy

4M23d )HU”L2 (0)»

N

N

I

and the result follows.
(b) Fix M > 0. Given any u € L*(O) we have

2
HD;]]Mu DJMUHL2 (0x070) J LJO’DgAfu(x,y) —D;MU(Q:,yM dzdy
_ jj'|hAu—mxwm—v@m%mw
070
< J J (z)]? dzdy
070

= M*Z? 8‘]O)Hu — v]Z20)
and the result follows. W
Lemma 2.14.  (a) Let u e L*(0) and let {u.}.~o = L*(O) be such that:
u. — u in L*(0);
cr i=sup | D

lisovoy < 26

Then {ue}eso = dom(D”) and u € dom(D”).
(b) Let ue L*(O) and let {u.}.~o = L*(O) be such that:

u. — u in L*(0);

¢z == sup | D} u, < 0. (2.7)
e>0

”L2(O><(9"O)

Then {u.}eo © dom(D;) and u € dom(D)).
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Proof of Lemma [2.14l. (a) First, by (2.6)), it is clear that {u.}.-q = dom(D”). Given any
M > 0, since 0 < Jy < J we have |D/u_|> < |D7u.|? for all € > 0, and thus

| D" u|12(0x0) < €1 for all € > 0,

where 0 < ¢; < o is defined in (2.6). By Lemma [2.13(a) we have lim._¢ | D/ u.|12(0x0) =
IDMu r20x0). Consequently

| D™ | 1200y < ¢ for all M > 0. (2.8)

On the other hand, it is easy to see that |D/™u|? 1 |D7ul? as M — oo pointwise in O x O.
Therefore, by (2.8) and the monotone convergence theorem, we deduce that

J\/lllinoo HDJMuH%Q(OxO) = HDJUH%2(OXO) < ¢y,

which shows that u € dom(D7).

(b) First, by (2.7), it is clear that {u.}.~o < dom(D}). Given any M > 0, since 0 < Jy < J
we have |[Du.|* < |Dju.|? for all € > 0, and thus

HDE;]M%”B(OXWO) < ¢y for all e > 0,

where 0 < ¢; < 0 is defined in (2.7). By Lemma 2.13(b) we have lim._o | Dy u.|| .2 (0x070) =
| D ul L2(0x070)- Consequently

”DgJMU”L?(Ox&Jo) < Co for all M > 0. (2.9)

On the other hand, it is easy to see that |D;™ul?* 1 |D;u|* as M — oo pointwise in O x 070.
Therefore, by (2.9) and the monotone convergence theorem, we deduce that

. J J
]\glinoo HDQMUH%Q(OX@JO) - HDQUH%Q(OXQJO) < O,
which shows that u € dom(DgJ), ]

Lemma 2.15. Assume that hold. For every u € L*(0), one has:
(a) {W (-, D'™u)} =0 is nondecreasing, i.e. for every M, M’ > 0,

if M < M’ then W (-, D'Mu) < W (-, D/m'w);
(b) W (-, D'u) 1 W(-, D'u) as M — oo pointwise in O x O, i.e.
W (-, D’u) = sup W(-, D"u).

M>0
(c) {W(-,DgMu)}M>O is nondecreasing, i.e. for every M, M’ > 0,
if M < M then W (-, Du) < W (-, Dy u);
(d) W(-,DMu) 1 W(-,DJu) as M — o pointwise in O x 070, i.e.
W (., DJu) = sup W (-, DJ"u).

g M=>0



CONVEX FUNCTIONALS OF NONLOCAL SINGULAR GRADIENTS AND REACTION-DIFFUSION PROBLEMS I 11

Proof of Lemma 215 Let v e L*(O).
(a) Let M, M’ > 0 be such that M < M’. Fix (z,y) € O x O. Without loss of generality
we can assume that |$ — y\ < 0, where by assumption on J, the constant 0 > 0 satisfies

supp(J) < [0, d] (see . Then JM ((‘Ifc z;l‘)) €]0,1]. By convexity, see |(Iy)], we have

Jy(lx —
W (@, Iz — o) () - u(w) < 2=y 0 g e~y ) - u)
Jar (|2 —yl)
JM(|$ - y|) )
+ 11— — | W(x,0).
< T —yl)) 0
But W (xz,0) = 0 by (L)} hence
W DJIW €T y MW ./L‘, DJ]W/ ./L-’y ,
(e DR < Gy (P )
and the conclusion follows because % < 1.

(b) Fix (x,y) € O x O. From (a) it follows that
lim W (z, D" (z,y)) = sup W(z, D™ u(z,y)).
M=>0

M—o0
As limp—o Sy (|2 — y|) = J(|z — y|) we have

]&lm D7y(x,y) = D u(x,y).

But W (x, -) is continuous by [(Iy)} hence
lim W (z, D™ (2,y)) = W (z, D”u(z,y)) ,

M—ao0
which completes the proof of (b).

(c) Let M, M’ > 0 be such that M < M’. Fix (z,y) € O x 070O. Without loss of generality
we can assume that |x — y| < §, where by assumption on J, the constant § > 0 satisfies

supp(J) < [0, d]. Then % €]0,1]. Let z € {x,y}. By convexity, see |(Iy), we have

W (e ulle =y (ule) = g()) < EEZLW (o = ) (ute) - o)
~ Jullz —yl) ;
+(1- ) Ve

But W(z,0) = 0 by [(I5)] hence

It (4 Sulle =yl ey
W (z, D (2,y)) < JM/(!:c—y!)W( ,Dgv (z,y))

and desired conclusion follows because % < 1.

(d) Fix (x,9) € O x ¢70 and let z € {z,y}. From (c) it follows that

lim W (z, D)™ (x,y)) = sup W(z, DM u(z,y)).
M>0

M —00
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As limpy o Sy (Jz — y|) = J(Jz — y|) we have
lim Dg‘]Mu(ac,y) = D;u(x,y).

M—o0

But W(z,) is continuous by [(Iy)} hence
lim W (z,D‘g]M(x,y)) =W (Z,D;u(z,y)) ,

M—o0

which completes the proof of (d). B

Proof of Proposition 2.12] We begin by proving that # is lower semicontinuous. Let
{u.}.=0 © L*(O) and let u € L*(O) be such that

u. — u in L*(0). (2.10)
Without loss of generality we can assume that lim__, #(u.) < oo and so, up to a subsequence,
sup £ (u:) < o0. (2.11)

e>0

Thus {u.}.-o = dom(D”). Hence, for every € > 0,

F(u) = Jo Jo W(x, D’u.(x, y))dxdy

for all e > 0. Moreover, taking the left inequality in |(I;)| into account, from (2.11]) we see
that

¢p := sup HDJU‘EHLQ(OXO) < 0, (2.12)
e>0

so that by Lemma [2.14(a), u € dom(D”). Thus

FI(u) = L L W (z, D7 u(x,y))dxdy.

Consequently, we have to prove that

h_mf J W(x, D’u.(x,y))dzdy >J J W (z, D’ u(z,y))dzdy. (2.13)
e—0J0O JO 0 JO
Fix any M > 0. Then, Since Jy; < J, it follows from (2.12)) that

DMy e L*(O x O). (2.14)
By Lemma [2.15(b) we have
W (-, D"v) 1 W(-, D’v) as M — oo pointwise in O x O for all v e L*(O). (2.15)

Fix any € > 0. Then, by using (2.15), W (-, D7u.) > W (-, D/™u_). Since W satisfies the
Lipschitz condition ((A;)) (see Remark [2.11)), it follows that

W (~, DJue) > W (-, D‘]Mu) —L ‘D‘]M(uE — u)‘ (1 + }DJMug‘ + ‘DJMUD )
Hence, by and Lemma [2.13(a),

J J W(IL'7DJU,5)dZEdy = f f W(.T, DJMU,)dl'dy — LlHue — u||L2(O) (1 + HDJMUHL2(0X0)> s
o0 JO 0 JO
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where Ly 1= 2LM+/Z4O)max{l,c;,1/ L0 x O)}. Letting ¢ — 0, from (2.10) and
(2.14) we deduce that for every M > 0,

h_mf f W (x, D’ u.)dxdy >J J W (x, D™ u)dxdy
oJo oJo

e—0

Taking ([2.15]) into account and passing to the limit as M — oo in the above inequality, we
obtain ([2.13]).

We now prove that @9 is lower semicontinuous. Let {u.}.-q = L*(O) and let u € L?(O) be
such that

u. — u in L*(O0). (2.16)

Without loss of generality we can assume that lim__ , 29(u.) < oo and so, up to a subse-
quence,

sup 29(u.) < 0. (2.17)

e>0

Thus {u:}.>0 © dom(D;). Hence, for every e > 0,

P (u.) = J J [W (z, Djus(:v, v)) + Wy, Djue(x,y))] dxdy
o Jero

for all £ > 0. Moreover, taking the left inequality in |(I;)| into account, from (2.17) we see
that

Cy 1= Sup HD‘g]uEHLQ(OXaJo) <o (2.18)
e>0

and so, by Lemma [2.14(b), u € dom(D} ). Thus

D9 (u) = f [W(x, Dg‘]u(x, y)) + Wiy, D;u(x, y))] dzdy.
0 JoJo

Consequently, we have to prove that

lim fo LJO [W(z, DJuc(z,y)) + W(y, Dju-(z,y))] dudy

e—0
> fo o [W(w, D‘g]u(x, y)) + Wiy, Dgu(a:,y))] dxdy. (2.19)
Fix any M > 0. Then, Since Jy; < J, it follows from (2.18)) that
DMu e L*(0 x ¢70). (2.20)

By Lemma [2.15d) we have
W, D;Mv) T W(, D;v) as M — oo pointwise in O x 070 for all ve L*(O). (2.21)

Fix any € > 0. Then, by using ([2.21), W (-, DJu.) = W (-, DJ™u.). Since W satisfies the
Lipschitz condition (((A;)]), it follows that

W (-,DJuc) =W (-, D)Mu) — L|DMue — DMu)| (1 + |DMue| + | DM ul) .
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Hence, by (2.18) and Lemma [2.13(b),

[ [, WG Do) + W (o D )] diy

>J J [W(:E, D;]]Mu(x,y)) + Wy, DjMu(x,y))] dxdy
o0Jaio
—La|lu: — U||L2(0) (1 + \|D5MU\|L2(Oan0)) )

where Ly := 4LM+/Z%(070) max{1, ¢z, /£ 44O x 070)}. Letting ¢ — 0, from (2.16)) and
(2.20) we deduce that for every M > 0,

limf [W(z, D;}]us(m, y)) + Wy, D;ug(x, y))] dzdy
o Jaro

e—0

> J f [W(x,DgJMu(x,y)) + W(y,Dg‘]Mu(x,y))] dxdy.
o Jaso

Taking (2.21)) into account and passing to the limit as M — oo in the above inequality, we
obtain (2.19)), and the proof is complete. B

In the sequel, after presenting a nonlocal Green formula in §2.3) we compute the subdiffer-
entials of the functionals # and #9 in §2.4

2.3. Nonlocal Green-type formula. Here we establish a nonlocal Green formula.

Lemma 2.16. Assume that|(Io)| hold and set

Dy = {u e dom(D7) : w" € L*(0) and wY € LQ(O)} (2.22)
with wi,wy : O — R given by:
wi(x) = f J(|lz — y|) 0 W (2, D u(x, y))dy; (2.23)
0
wie) o= | =)W (. D uta )iy 2:20

Then, for every u € Dj, and every ¢ € dom(D7),

L La2w<x,DJu<x,y>>DJso<x,y>dxdy . fo[w%<x>+w5<x>]w<x>dx

_ L L J(1z — y)[82W (@, D" u(x, )
+§2W(y,DJu(a:,y))]go(x)d:de. (2.25)

Proof of Lemma 2,76 Fix u € 9, and ¢ € dom(D”7). Note that, by definition of D},
the right-hand side of (2.25)) is well defined. We denote it by I. It is clear that

IzLLJﬂx — Y)W (z, D' u(z, y))p(x)dxdy + LLJ(M — Y)W (y, D7 ulz, y))e(x)dzdy.
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As D’u(x,y) = —D’u(y, z) we see that

f f (I — y))eW (y, D7l ) o) drdy = j me—yr>62w<y,—Diu<y,m>>¢<x>dxdy.
J

Moreover, from |(I, )} mwe deduce that W (y, —D7u(y,z)) = —0.W (y, D’ u(y, z)). Hence

Du(
j f T(lz — y)aaW (y, D ulz, ) o) dudy = j T(lz — y)aaW (y, D uly, 2)[—p(x)|dedy

0OJO 0OJO
- f LJ(\y )Wz, Dulz, )~ ()|dydz,

and consequently

I- j [ 71z — y)0uW (2, D?u(z, ) ol dady + j j T(|z — y)3W (2, D”u(z, y))[—p(y)|dudy
[oXN, 0OJO

o

:LJ” oW (z, D7 u(z, y))[J(|z — y|) (¢(z) — ¢(y)]|dady

o

P
- j & W (w, D u(x, y)) D p(x, y)dady,
0JO

and the proof is complete. B

2.4. Subdifferentials of convex functionals of singular nonlocal gradients. Let 0.7 :
L*(0) = L*(O) denote the subdifferential of #. The following proposition gives a charac-
terization of 0.7 .

Proposition 2.17. Assume that|(S1)| and |[(Io)H(I3)| hold. Set

}@;:{u e dom(D”):3h e L*(0) Yy € dom(D”) J f 0oW (x, D7u) D7 pdady :J hgodx} :
0 JO O

(a) For every u € H,, the corresponding function h € L*(0) is unique. We denote it by
I

(b) For every (u,v) € dom(D”)xdom(D?), the functional £ is directionally differentiable
at w in the direction v and

7o) = lim 7 (7wt 20) = 7)) = | | WG D ule, ) Dol g)dody. (2:26)
oJo
(c) For every (u,v) € #g, x dom(D”), one has
I (u;v) = Jo hy(z)v(x)de. (2.27)

For this reason, we denote h, by d’ #(u).
(d) The subdifferential 0 is characterized by

{dom(@]) =
o (w) = {a’ 7 (w)}.
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(e) One has D, = #, and
d’ 7 (u) = f J(| - =y]) [2W (-, DT u(-y)) + W (y, D7u(-,y)) ] dy for all ue Dy, (2.28)
@)

where Dy, is defined in (2.22)).

Proof of Proposition [2.17] (a) The uniqueness of the function h € L*(0) associated with
u € H, follows directly from the density of dom(D”) in L?(O) (see Proposition [2.5).

(b) Fix (u,v) € dom(D”?) x dom(D”). Tt is easy to see that for every t € R*,

) = 7@) = [ | ey (2.20)
with f; : O x O — R defined by
filz,y) == % [W (x, D' u(z,y) + tDJv(x,y)) — W(z, D’ u(x, y))] )

By we have
%i_r% fix,y) = W (x, D u(x,y)) D’ v(x,y) for all (z,y) € O x O.
Let f: O x O — [0, 00[ be defined by
£ y) 1= LID?u(w,5)|(1 + 21D u(z, )| + |D'v(z,y)))
with L > 0 given by (see Remark 2.11). As u € dom(D”) and v € dom(D”) we have
felL'(OxO0).
Moreover, by , we can assert that {fi}u01] is dominated by f, i.e. for every ¢ €]0, 1],
\fe(z, )| < f(z,y) for all (z,y) € O x O.
Hence, letting t — 0 in and using the Lebesgue dominated convergence theorem, we

obtain ([2.26]).

() If (u,v) € Hg, x dom(D”) then, by definition of %, one has
| [ &w.p'utw D v pdsdy - | hu@yela)ds,
0Jo )

and ([2.27)) follows from ((2.26]).

(d) It suffices to prove the following two assertions:
(dy) for every u € ., d’ 7 (u) € 0.7 (u);
(dg) for every u € L*(O), if h € 0,7 (u) then u € #3, and h = d’ 7 (u).
Proof of (dy). Fix u € #, and fix any v € dom(D”). By for every (z,y) € O x O, we
have
W(z, D’v(z,y)) = W(z, D’u(z,y)) + &sW (z, D”u(z,y)) (D'v(z,y) — D'u(z,y)).

Integrating over O x O, we infer that

F) = F(u)+ fo fo 0oW (z, D"u(z,y)) D’ (v — u)(x, y)dzdy.
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As u € Hj, we can assert that

| [ 2w 0ute D@ - w)epidedy = | @ F@)oe) - ule)ds
0 JO (0]

so that for every v € dom(D7),
J () = F(u) + L d’ 7 (u)(2)(v(w) — u(z))dz. (2.30)

Since dom(#) = dom(D”), the inequality (2.30]) extends to all v € L*(O), which shows that
d? F(u) € 0.7 (u).

Proof of (dy). Let u € L*(O) and assume that h € 0 (u). Then, 0, (u) + & and so
u € dom(D”) because dom(#) = dom(D”?). Fix any v € dom(D”). Then, by using the
definition of 0,7 (u), one has

F(u+tv) = F(u)+ tf h(x)v(x)dx for all t € R*.

o)
Hence:
1
n (F(u+tv) — F(u)) < J h(z)v(x)dx for all t < 0; (2.31)
o
% (F(u+tv)— F(u) = J h(z)v(z)dz for all t > 0. (2.32)
o)

Letting ¢t — 0~ in (2.31) and ¢t — 0% in (2.32)), and using (2.26)), we deduce that
f f oW (x, D" u(z,y)) D’ v(z, y)drdy = J h(z)v(x)dz for all v e dom(D”).
oJo )

Consequently u € #3, and h = d’ #(u) by (a) and (c).

(e) From Lemma it is clear that if u € Dy, then u € #, with h, = w + wy, where
wy € L*(0) and w¥ € L*(O) are given by (2.23) and (2.24) respectively. Thus D}, = #,
and, by (c), (2.28) holds. B

Let 099 : L*(0) = L?(0) denote the subdifferential of 29 defined in (2.3)). The following
proposition characterizes 029.

Proposition 2.18. Assume that|(S;)H(Ss)| and |(Io)H(I3)| hold. Let g € L*(070) be such that
(S2)| holds and set

H = {u e dom(D) : 3h € L*(0) Vo € dom(D}))

g

L LJO J(lz = y|) [02W (z, DJu) + W (y, D w)] () dwdy :J hgpdx},

o

(a) For every u € }[Q{W, the corresponding function h € L*(O) is unique. We denote it
by hi.
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(b) For every (u,v) € dom(Dy) x dom(D})), the functional @9 is directionally differen-
tiable at u m the direction v and

(2)' (u; )—111% (27(u + tv) — D?(u))

— JOLJO J(|z —y|) [52W<£L', D‘g]u(x, y)) + W (y, D;]]u(x, y))] v(x)dxdy. (2.33)

(c) For every (u,v) € #'y, x dom(D), one has

(D9) (u;v) = Jo hd(z)v(x)dx. (2.34)

For this reason, we denote hd by d’D9(u).
(d) The subdifferential 0929 : L*(O) = L*(O) of D9 is characterized by

dom(099) = 47y,
099 (u) = {d”’@g(u)}.
(e) Set
Dy = {u e dom(D}) : wy, € L*(0) and w;, € LQ(O)}
with wy 1, wy 5 : O — R given by:

wpa(a)i= [ Il = yDeW (o Djute,y)dy: (2.35)
070

w

bale) o= [ T =)W . Dt )i (2.36)
Then, D)y, < Hy, and
P (u J J(1- =) [B2W (, DYu(-, ) + & W (y, DYl )] dy for allue Dy (2.37)

Proof of Proposition [2.18] (a) The uniqueness of the function h € L*(O) associated with
u € Hy, follows directly from the density of dom(D;) in L*(O) (see Proposition .

(b) Fix (u,v) € dom(DJ) x dom(DY). It is easy to see that for every ¢t € R¥,

(99(u + tv) J J hi(z,y)dxdy. (2.38)
270
with h; : O x 07O — R defined by
1
1
+- [W (v, Dyule,y) + ] (jv = y)o(w)) = W(y, Dyulz,y))].
By , for every (z,y) € O x 070, we have
limhy(z,y) = W (z, Dyu(z,y)J(jz —yho(@) + W (y, Dyu(z,y))J |z — yl)v(z)
J(|z = yl) [0:W (2, Dyjulz,y)) + W (y, Dyjulz,y))] v(x).
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Let h: O x 07O — [0, [ be defined by
h(z,y) == 2L} I (|z — y)v(@)|(1 + 2|Dju(z, y)| + [T (|z — yl)v(2)])
with L > 0 given by |(A;)} Moreover, it is easy to see that
h(z,y) < 2L |D;}7v(x,y)‘ (1 + 2]D;]]u(x,y)\)
+2L[J(Jz —yDg(w)] (1 + 2|Dyu(z,y)])
+4L (| Dyo(z, y)[* + [T (lz = y)g(y)I?) -
Taking into account, since u € dom(D;) and v € dom(D;]), we have
he L0 x 070).
On the other hand, by , we can assert that {h;}0,1] is dominated by h, i.e. for every
t €]0, 1],
|h(x, )| < h(z,y) for all (z,y) e O x ¢70.

Hence, letting t — 0 in (2.38]) and using the Lebesgue dominated convergence theorem, we
obtain ([2.33]).

(c) If (u,v) € #y, x dom(D;]) then, by definition of 77, one has
f f J(|x —y|) [02W (&, DJu) + 02 W (y, Dju)] v(a)dedy = J hd(z)v(z)dx,
0 JoJ0 (@]

and ([2.34) follows from ([2.33]).

(d) Tt suffices to prove the following two assertions:
(dy) for every u e 7y, d’D9(u) € 0D9(u);
(dy) for every u e L*(0), if h € 099(u) then u € #Hy, and h = d’D9(u).

Proof of (d1). Fix u € #/;; and fix any v € dom(D}). By , for every (x,y) € O x 070,
we have

W(z, D‘g]v(x,y)) > Wi(z, Dl u(z,y)) + @W(Z,D‘g]u(a:,y)) (D‘;v(x,y) — DJu(z,y))
(

= W(z, Dyu(z,y)) + J(|lx — y))&:W (2, Dyu(z,y)) (v(z) — u(=))

g
for z € {x,y}. Hence
W (x, Djv(z,)) + Wy, Dyv(z,y))
> Wiz, D‘;u(.r, y)) + Wy, D‘;u(:v,y))
+J(|z —yl) [ W (, Dyu(w,y)) + W (y, Dyu(w,y))] (v(z) — u(z)).
Integrating over O x 070, we infer that

P9(v) = D(u)

+J J J(|lz —y|) [82W(x, D;u(x, y)) + W (y, D‘;u(x, y))] (v(z) — u(x)) dedy.
0 JoJO
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Asue }[gJW we can assert that

| [, =) ¥, Dt ) + 22 (5. Dt )] (vle) = ) dacy
- [ o)) ~ ulopar,

so that for every v € dom(D}),
P29 (v) = D%(u) + Jo d’ D9 (u)(z)(v(z) — u(x))dz. (2.39)

Since dom(27) = dom(D}), the inequality extends to all v € L?(0), which shows that
d?D9(u) € 0DI(u).

Proof of (d3). Let u € L*(0) and assume that h € 029(u). Then, 029(u) + & and so
u € dom(D;) because dom(29) = dom(D;). Fix any v € dom(D;). Then, by using the
definition of 029(u), one has

DI (u+tv) = D9 (u) + tf h(x)v(z)dz for all t € R*.

)

Hence:
1
— (D (u+tv) — D9 (u)) < J h(z)v(z)dz for all t < 0; (2.40)
t o)
! (D (u + tv) — D9 (u)) = J h(z)v(z)dz for all t > 0. (2.41)
t )

Letting ¢ — 0~ in (2.40) and ¢t — 0% in (2.41)), and using (2.33)), we deduce that
J JJ J(|lz —y|) [6QW(:U, D‘;u(L y)) + 02W(y, D‘g]u(a:, y))] v(x)dzdy
oJaro
= J h(z)v(xz)dx for all v e dom(Dg).
o)

Consequently u € #y, and h = d’@9(u) by (a) and (c).

(e) If u € Dy, then u € #/y, with hf = wy | + wgz, where wy | € LQ(O) and w}, € LZ(O) are
given by (2.35) and (2.36) respectively. Thus Dy, < %7, and, by (c - holds.

Let 0,79 : L*(O) = L*(O) denote the subdifferentlal of #9:= 7 + 9. From Propositions
and we deduce the following result characterizing 0 #9.

Corollary 2.19. Under the hypotheses of Proposition the subdifferential 0 9 is char-
acterized by

dom(0,79) = i, n H
{afg(u) - {d‘]jg(u) = d’ F(u) + dJ@g(u)}.

Proof of Corollary First, as #9 = 7 + 29 we have dom(df9) = dom(df) n
dom(027). Hence, by Propositions [2.17(d) and [2.1§ - , dom(0,79) = 9 n Hy, .
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On the other hand, since # and 29 are proper, convex and lower semicontinuous (see Remark

and Proposition [2.12)), by [ABM14], Theorem 9.5.4, p. 358 we have
0F +029co(f +29) =077

So, it remains to prove that for every u € dom(079) = #y, n 7y,
0.79(u) {de(u) + dJ@g(u)}.

Given u € #Hy, 0 Hy,, let h € 0,79(u). Fix any v € dom(#9) = dom(D”) n dom(D;). By
definition of 0,79(u) we have

F(u+tv) + D(u+tv) = F(u) + D (u) + tfo h(z)v(x)dx for all t € R.

Hence:

! I(u+tv) — D9 (u z)v(z)dzx for a :
(Tt )~ 7 )+ Do+ 1) 9())>Lh()()df Nt>0 (242

1
i <f(u + tv) — F(u) + D9 (u + tv) — @g(u)> < J h(z)v(x)dx for all t < 0.  (2.43)
o
By Propositions 2.17(b)-(c) and 2.18|(b)-(c) we have
1
lim <f(u +tv) — F(u) + D(u + tv) — gzg(u)) - J (d” 7 (u)(z) + &’ D () (x))v(z)da.
- o)
Letting ¢t — 07 in (2.42) and ¢t — 0~ in (2.43)), we deduce that
f (d’ 7 (w)(z) + d' D9 (u)(z))v(z)dz = f h(z)v(z)dz for all v € dom(D”) N dom(Dy)).
o) o)
Since dom(D”) n dom(D}) is dense in L?(0) for the strong convergence in L*(0) (see
Proposition , the previous equality extends to all v € L?(O). Consequently
h=d’ #(u)+d P (u),
which completes the proof. B

3. COMPARISON PRINCIPLES AND BOUNDED SOLUTIONS OF NONLOCAL EVOLUTION
PROBLEMS

3.1. Nonlocal reaction-diffusion problems of singular gradient flow type. Let O
R? be a bounded open set. Given T'> 0 and & : L?>(O) — [0, «] a proper, convex and lower
semicontinuous functional, we consider the following reaction-diffusion Cauchy problem of
gradient flow typeﬂ:

) + 28 (u(0) 3 Flt,u(t) for Paa. t€[0,7]
(Pites) |

u(0) = up € dom(0€),

STmplicitly, the problem is subject to the constraint w(t) € dom(d%) for L'-a.a. t € [0,T], which is
inherent in the differential inclusion (27 5 ) and therefore not stated explicitly.
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where the reaction term F : [0,00[xL?(0) — L*(O) is a Borel measurable map satisfying
the following two conditions:

(RT) there exists L € L*([0,T]) such that for every (u,v) € L?(O) x L*(O) and every
te 0,17,

|E(t,u) = F(t,0) |20y < L{t)|u = v]12(0)
(RZ) [£(,0)z2(0) € L2([0, T]).
Definition 3.1. By a solutionﬂ of (P}sg) we mean u € AC([0,T]; L*(0)) such that:
e u(0) = uyp;
e u(t) € dom(0&) for L'-a.a. t € [0,T];
du(t) + 08 (u(t)) o F(t,u(t)) for L'-a.a. te[0,T].

From now on, the class of Borel measurable maps F : [0,00[xL?(0) — L*(O) verifying
(R7)H(R3)|is denoted by Fwrywry The following general result ensures the existence and
uniqueness of a (not necessarily bounded) solution of (P7’r¢). For a proof we refer to
[AHMM22] Theorem 2.2, p. 16].

Theorem 3.2. Let T > 0. If ug € dom(d&) and F' € Fgrymry then (Prlpg) admits a
unique solution u € AC’([O T]; L*(0O)). Moreover, if F(-,u(-)) € AC([0,T]; L*(O)) then u
admits a right derivative “24(t) at every t € [0, T and satisfies

u(t) € dom(0&) for all t €]0,T]

d;_tu(t) +[0& (u(t)) — F(t,u(t)]” = 0 for all t € [0, T],

where [9%(u(t)) — F(t,u(t)]’ denotes the element of the minimal norm of the set 0& (u(t)) —
F(t,u(t)), ie. H [0 (u(t)) — F(t,u(t HLZ(O) |vllz2(0y for all v e 0& (u(t)) — F(t,u(t)).

In this paper, we consider reaction-diffusion problems with nonlocal singular diffusion terms,
ie. 8= For& = 9= 49+ D9 where 7, 9 : L*(0O) — [0,0] are given by (2.4) and
7, respectively, and with CP-structured reaction terms (see Definition [3.7)). When
& = J, the problem (%7 ;) is called homogeneous Neumann-Cauchy nonlocal singular
reaction-diffusion problem, while when & = _#9, the problem (@;OF jg) is called Dirichlet-
Cauchy nonlocal singular reaction-diffusion problem.

6For simplicity, we use the term “solution” instead of “strong solution”.
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Taking Propositions [2.17 and Corollary into account, the problems (%7’ ;) and

(P7°p 74) can be written as followﬂ
(du

S + @’ 7 (w(t)) = F(tu(t)) for -aa. te[0,7]

(P1p.7) S u(t) € H, for L'-a.a. te[0,T]

L u(0) = ug 6_‘7—[_1/‘{/;

" %(t) + deg(u(t)) = F(t,u(t)) for Plaa te [0, 7]

(Pripge) | u(t) e 4 A Hy for L-aa. te0,T]

L u(0) = ug € Hr 0 H .

Since # and £9 are proper, convex and lower semicontinuous functional (see Remark
and Proposition [2.12]), Theorem yields the following result concerning existence and
uniqueness of (not necessarily bounded) solutions for the problems (%77 ;) and (P’ 44).

Corollary 3.3. Assume that [(S1)] and [To)H(T:)| hold and let g € L*(670) satisfy [(Sy)l
Let T > 0. Ifug € Hj (resp. uo € Hf 0 H'y) and F € then (P 4)
(resp. (P z4)) admits a unique solution u € AC([0,T]; L*(0)). Moreover, if F(-,u(-)) €
AC([0,T]; L*(O)) then u admits a right derivative Cg—t“(t) at every t € [0, T and satisfies
(u(t) € H, for all t €]0,T]

(resp. u(t) € H, ~ H'y for all t €]0,T7])

Cu () 4+ d! F(u(t)) = F(t, ult)) for all t € [0,T]
L (resp. d;—tu(t) +d’ 79(u(t)) = F(t,u(t)) for all t € [0,T]).

To prove the existence and uniqueness of bounded solutions for the problems (27 ;) and
(P1% g4), We first need to establish suitable comparison principles (see . In addition,
we introduce the class of CP-structured reaction functionals (see §3.3), which is crucial for
applying the comparison principles. With these tools, we then establish the existence and
uniqueness of bounded solutions (see §3.4).

3.2. Comparison principles. We begin by recalling the notions of sub-solution and super-
solution.

Definition 3.4. By a sub-solution (resp. a super-solution) of (#7’rg) with & € {7, 79},
we mean u € AC([0,T]; L*(O)) such that:
In (P 5) (xesp. (P1°p 44)), the condition “u(t) € Hy, for Z'-a.a. t € [0,T]” (vesp. “u(t) € Hyfr O H

for #t-a.a. t € [0,T]") corresponds to the constraint “u(t) € dom(d,7) for Lt-a.a. t € [0,T]” (resp. “u(t) €
dom(0.79) for L1-a.a. t € [0,T]").
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e u(0) = uyp;
e u(t) € dom(0%) € {2, 1l n )y } for Ll-aca. t e [0,T];

o L(t)+ d’E(u(t)) < F(t,u(t)) for £'-a.a. te0,T]
(resp. 2(t) + d'&(u(t)) = F(t,u(t)) for L -a.a. t € [0,T]).

Remark 3.5. Tf u is both a sub-solution and a super-solution of (#7°n), then u is a solution
of (2 ;’OF%)

The following result establishes comparison principles for the problems (27 ) and (P 7,).
Roughly speaking, a comparison principle states that if u; is a sub-solution and wusy is a
super-solution of the problem, and if the corresponding data are ordered, then the ordering
is preserved by the evolution, i.e. u;(t) < uq(t) for all t € [0,T].

Theorem 3.6. Assume that |(S;)| and |(Io)H(I3)| hold. Let (g;)i=12 be such that fori = 1,2,
gi € L*(070) and g; verifies|(S2)| with g = g;. Let (uf)i=12 be such that fori = 1,2, u} € #,
(resp. uh € Hig, v H ). For each i € {1,2}, let F; : [0,00[x L*(O) — L*(O) be defined by

Fi(t,v)(x) := fi(t,z,v(z)), (3.1)

where f; : [0,00[xRIx R — R is a (B([0,0]) B(R?) @ B(R), B(R))-measurable function.
We further assume that the function fy is lipschitz continuous uniformly with respect to (t, ),
i.e. there exists L > 0 such that for every (£,£') € R x R,

sup |f2(t,$,§)—f2(t,l’,§,)| < L’€_§,| (32)

(t,z)e[0,00[ x R?

Let T > 0 and let (u;)i=12 be such that uy is a sub-solution of (g’;éFlf) (resp. (@;%Fljgl))

2
Uo

and uy is a super-solution of (P, ;) (resp. (P, 70)). Then

u(l) < u%

F<F = u(t) < us(t) for all t € [0,T].

(resp. g1 < g2)
Furthermore, if g1 = go = g, F1 = Fy = F and if for i = 1,2, u; is solution of (Q;BFj)
(resp. (@;BFJQ)) then, for everyt e [0,T],

[uz(t) — i (t)]| 20y < 2™ Jug — gl 12(0) (3.3)

with L > 0 given by B.2)), i.e. (P ;) (resp. (Prp 40)) is stable in L*(O).

Proof of Theorem [3.6. We only give the proof in the Dirichlet-Cauchy case. (The homo-
geneous Neumann-Cauchy case follows by similar arguments.)
Set u = us — u1. As u; and uy are continuous it suffices to prove that

u” (s) =0 for L1-a.a. s€[0,T], (3.4)
where v~ := max{—u,0}. The proof of (3.4] is divided into three steps.
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ul
Step 1: using u~ as a test function. As u; is a sub-solution of (@T?Fhfgl) and uy a

super-solution of (@T Uy, 702 ), We have:

(o) = (3.5)
us(0) = 2 (3.6)
uy (t) € Hj, 0 97y for Poaa. te[0,T]; (3.7)
us(t) € Hy, 0 Ay for Lleaa. te [0,T]; (3.8)

du1 (t) +d? 79 (uy (t)) < Fi(t,ui(t)) for L-a.a. te[0,T]; (3.9)

dczz( t) + d’ 792 (uy(t)) = Fy(t,us(t)) for F'-a.a. te[0,T]. (3.10)

Taking the definition of #;, into account, from ([3.7) and (3.8]) we see that (ui(t),us(t)) €
dom(D7) x dom(D”) for £'-a.a. t € [0,T]. As dom(D”) is a vector space, for Fl-a.e.
€ [0, 7], we have u(t) = uy(t) — uy(t) € dom(D’), so that

L L }DJ|U(t)|($,y)‘2dxdy J J (lz = y])?[Ju)(@)| — Ju(t) H dxdy

f j J(Jz — y)|ut) () —u(t)(y)ﬁdxdy
O JO
_ J J D7 u(t) () Pdady < .

O JO

Consequently |u(t)| € dom(D”) for #£*-a.a. t € [0,T]. Since u™ = L(Ju| — u), it follows that

N

u” (t) € dom(D”) for £'-a.a. te [0,T]. (3.11)
Let us show that
u(t) € dom(Dy,) ndom(Dy) for £*-a.a. t € [0,T]. (3.12)
Indeed, writing us(t)(2) —ui(t)(x) —g1(y) = (u2(t) (@) — g2(y)) — (wa () (x) — 92 (y)) — 291 (y) +
92(y), we infer that

| [ ipaut s Pass= | D3 ) = w0 o) P

6JO
- Jo aJ|OJ(|x =y (ua(t)(2) — wa () () — gl(y))\2dxdy

<4 f D7 s (1) (2, y)Pddy + 4 f DY us(t) (i, ) Pddy
0JoJ0 0JoJO

16 j (% = yl)g1 () Pdady
0JoJ0

4 f (12 = yl)ga(y) Pdady. (3.13)
0JoJO
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For ¢ = 1,2, taking the definition of “]{g{,W into account, from (3.7)), (3.8) and with

g = gi, (3.13)) yields
f f DY u(t)(z,y)Pdedy < oo for Pl-aa. te[0,T).
070

In the same way, writing us(t)(z) —ui(t)(z) — g2(y) = (ua(t)(x) — g2(y)) — (w1 (t)(z) — 1 (y)) —
g1(y), we have

J J | D7 u(t)(z, y)|*dedy < oo for £'-a.a. te[0,T], (3.14)
270

which proves (3.12)).
We now establish

lul(t) € dom(D;]]l) N dom(D;g) for $l-a.a. t e [0,T]. (3.15)
Indeed, since go — g1 = 0, we have
| T(1z =y (u| () () — g1 ) =] T (= — yD)[*[Jul (£)(z) — (92(y) — 91(¥)) — 201 (y) + 92(»)|”
<3J(|z — y)(ult) — g )| + 27T (J& — )1 (v)?
+3|J(lz = y)g2(v)?

and
| T(Jz — o) ([ul (1) (=) — g2(9))* = [T (|x = y))[*[Jul () () = (92(9) — 91(1)) — 91(»)|”

2
< 2| (|2 =y (u(t) = g2(9))]” + 8| I (J2 — yl)gr ().
Hence, by using (3.14)) and |(S)| with ¢ = g; and g = go, we obtain

JJ I Ju|(t) (2, y)|Pdady < f |D (z,y)|*dxdy
270 270

T J (2 — y)g1 () Py
070

#3 ] | 190 = )aato) Py
< oo for gl—a.a. te[0,T]

and
fJ]D u|(t)(x, y)|Pdedy < JJ | D7 u(t)(z,y) P dedy
#8 | [ 1902~ yos(y)Pdady
0Jaro
< oo for L-a.a. te[0,T].
This proves

Since u- = (]u| - u) and dom(D;) ) and dom(Dy,) are vector spaces (see Remark , from

and - we deduce that
u (t) e dom(D‘;l) N dom(D;]g) for Ll-a.a. t e [0,T]. (3.16)
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Fix any ¢ € [0,7] satisfying (3.7), (3-8). (3.9), - (3-11) and (3.16). To snnphfy the

notation, we omit the explicit dependence on t in uy, us and u~. Combining (3.9) with
(3.10) we have

% A 7 () — & 79 (u1) > Flt, us) — Fi (¢, ua).

Multiplying this inequality by the nonnegative function v~ and integrating over O, we obtain
f —u dx +J d’ 792 (up)u~dx —f d’ 79 (uy)u"dx = J [Fo(t,ug) — Fi(t,uq)]u”da.
o o)

Takmg and ({3.8]), together with (3.11]) and (3.16] 1 16)) into account, and using Propositions
and - , as well as Corollary | we deduce that fori =1,2,

f d‘]jgi(ui)ud:rzf d‘]f(ui)udx+f d? D9 (u;)u~dw
o)

o

=J [‘ W (z, D”u;(x,y)) D’ u™ (2, y)dzdy
OoJ

| [ 20 = o) [ (o Do) + W (3. Do )] o)
oJaro
Hence, by using (3.1)),

J —u dx + Pf [82 (z, D" uy(z,y)) — 82W(x,DJu1(x,y))] D7u™ (z, y)dxdy

JJ J(|lz = y]) [2W (=, D U2 (T, Y)) —GQW(x,Dglul(x,y))] u” (z)dzdy
# | [ I =) [2W (0, Dus(o. ) - W (9. Dfus(, )] w” (z)dady
0Ja’o

> Jo (falt,z,us(x)) — fi(t, 2, ui(2)))u (z)de.

Step 2: using the nondecreasing property of doW (x,-). The goal of this step is to
show that

f —u dr = f (falt,z, us(x)) — fi(t, 2, ui(2)))u (z)dz. (3.17)

Set
S = Sl + Sg + 53
with:

S = J W (z, D uy(x,y)) — 82W(x,DJu1(x,y))] D7u™ (z, y)dxdy;
0
| 20 =) [ o D wa ) = W . D ()] (o)

}
Sy 1= [)
S3 1= [)

meFy|@ (4, D2 un(,y)) — W (y, D2 wa(z, )] () derdy.
0
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To establish (3.17)) it suffices to prove that S < 0. For this, it is enough to prove that
Sl O SQ 0 and S3

Step 2-1: proving that S; < 0. Set:

z,y) €0 x O :u(r) <0 and u(y) = 0¢;

)

)

y) €0 x O :u(zx) >0 and u(y) =0

Y

<
St
{ y) € O x O :u(zr) <0and u(y) <0¢;
"
{xy )€ O x O :u(x) >0 and u(y) <0¢.

N~ Y~ Y Y~

Then

ff x,y)dzdy.

i.je{— +}p
with
U(x,y) := [0aW (x, D uy(x,y)) — W (z, D7 us (2, 9)) | D u™(x,y).

Therefore, to prove that S; < 0, it is sufficient to prove that for every i,j € {—, +},

U\y(x, y)dedy < 0. (3.18)

Case where (¢,5) = (—,+). Fix any (z,y) € P_,. Then uy(z) < uy(z) and uy(y) = ui(y),
hence ug(z) — us(y) < ui(x) —uy(y). Therefore

DJUQ(xvy) < DJul(‘ruy)‘

From and (see Remark [2.11)) we can assert that holds, i.e. for every =z € R,
the derivative doW (z, ) of W (x,-) is nondecreasing. It follows that

OoW (z, D ug(2,9)) — W (2, D7 uy (2, 7)) < 0. (3.19)
On the other hand, as u(z) < 0 and u(y) = 0 we have v~ (z) = —u(z) and v~ (y) = 0. Hence
D'u=(z,y) = —J(|Jz — y|)u(z) = 0. (3.20)

From and we deduce that ¥(x,y) < 0 for all (z,y) € P_,, and follows
for (i,7) = (=, +).
Case where (i,75) = (—,—). Fix any (z,y) € P__. Then v (z) = —u(z) and u™(y) =
—u(y). Hence
D'u~(z,y) = —J(|z—yl|)(ulz) —u(y))
e = o) a(e) = 1 () — waly) + s )
= —(J(jz = yD)(ua(x) — ua(y)) = J(|z — y)(wi (z) — wi(y)))
= — (D7ug(z,y) — DMuy(,y)) .
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But [0.W (z, D7 us(z, y)) — W (2, D7 uy (2, )| (D7 uz(z, y) — D' ui (2, y)) = 0 since 0, W (z, -)
is monotone. Consequently, for every (z,y) € P__,

\If(x y) = — [0, W (z, D7 uy(,y)) — OoW (2, D" ur (2, 9)) (D' un(, y) — D uy(,y)) <0,

and (3.18)) follows for (i,7) = (—, —).

Case where (¢,7) = (+,+). Fix any (x,y) € P.y. Then v (z) = 0 and u~ (y) = 0. Hence
D’u=(z,y) = 0. Consequently ¥(z,y) = 0 for all (z,y) € P,,. Thus (3.18)) is satisfied for

(4,5) = (+,+)-
Case where (¢,5) = (+,—). Fix any (z,y) € P,_. Then uy(z) > uy(z) and uy(y) < ui(y),
hence ug(z) — ua(y) > ui(x) — uy(y). Therefore
D7 uy(x,y) > D7 uy (0, y).
As 0yW (z,-) is nondecreasing, it follows that
oW (2, D" ug(z,9)) — 0W (z, D uy (z,y)) = (3.21)

On the other hand, as u(z) > 0 and u(y) < 0 we have v~ () = 0) and u™(y) = —u(y). Hence

) =
D7u™(z,y) = J(jz — yluly) < 0. (3.22)
From (3.21]) and we deduce that U(x,y) < 0 for all (z,y) € P,_, and follows
for (i,7) = (+,—).

Step 2-2: proving that S; < 0 and S; < 0. Fix any (z,y) € O x 07O and let us
introduce the following formal notation:

AL (w,y) = [02W (w, DJv(x,y)) — W (z, Djw(z,y))].

Without loss of generality, we can suppose that u(z) < 0. Then u™(z) = —u(z) = uy(x) —
ug(z). First of all, we have

T(|lz = yDALE (2, y)u~ (x) = —ALE) (@, y) T (| — y])(ua(x) — i (2))
LA (1) T (Je — yl)u(e)
- AEZ? ii;(xa y) (D‘;ng(:c, y) - D;]gul (377 Z/))
—AI) () T — yl)ulo).
On the other hand, as d,W (z, ) is monotone we have
—A (3, y) (D] uz(x,y) — Djui(z,y)) <O0. (3.23)

Moreover, Dngul < D;lul because g1 < ¢o, and so, since 02W(x,-) is nondecreasing,
A92) (0 1) < 0. Therefore

(u1,91)
—AL (2 y) I (o — yl)u(z) < 0. (3.24)
From ([3.23)) and (3.24) it follows that for every (z,y) € O x 070,
I(j = yDAGES (@, y)u™ (2) <O,
which implies that Sy <0
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By the same arguments, we obtain S3 < 0
Step 3: applying Gronwall’s lemma. From (3.17)) we have

fo %(t)u (t)dx > Jo (fat, z, ua(t)(2)) = folt, m,u(t)))u (t)dx

+ fo (folt, 2, (D) () — fr(t, 2, ui (t)(2)))u (t)dx for L-a.a. t € [0,T).

As Fy < By we have folt,a,ui(1)(x)) — filt,z,un(t)(z)) = 0 for all (t,2) € [0,T] x O.
Therefore

f %(t)u_(t)dx > f (fat, 2, ua(t) (7)) = folt, 2w (1) (@) )u” (t)da for Z'-aa. te [0,T].
o o

Since, by assumption, f; is lipschitz continuous uniformly with respect to (¢, x), there exists
L > 0 such that

falt, z,us(t)(x)) — folt,z,ui(t)(z) = —Llu(t)(z)| for all (¢t,z) € [0,T] x O.

Hence .

J d—u(t)u_(t)dx > —L | |u(®)|u (t)dz for L'-a.a. t €[0,T]. (3.25)
o dt Jo
Clearly, we have

J @(t)u_(t)dx = — W du—_(t)u_(t)dx

o dt Jo dt
= _§EJ |u™ (t)|*dz for Lt-a.a. te [0,T]. (3.26)
Moreover, it is easy to see that
J lu(t)|u(t)dz = f lu™ (t)|?dx for Z*-a.a. te[0,T]. (3.27)

Combining (3.25) with - and ( it follows that
< J (1) 2dz < 21 f = (8)|2da for Pl-aa. te [0,T],

0 o

and consequently
f lu™ (s)|?dr < f lu™(0))*dx + f 2LJ lu™ (t)|?dt for all s € [0,T].
o o 0 o

Applying Gronwall’s lemma we deduce that

J [ (s)[2dar < o2 f i (0)[2da for all s € [0, T]. (3.28)

o o

As 1y (0) = u(l) u (O) = u? and u2 — u} = 0 we have u(0) = uy(0) — u1(0) = 0, which implies
that «=(0) = ence §, |u(0)[?dz = 0. Therefore, by (3.28) we obtain

J |u™ (s)|*dz = 0 for all s € [0,T],
o)

which yields (3.4)).
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Step 4: stability. From , for any s € [0, T], we have

-
‘(UQ —uy)” ‘ dx < 2L8J ‘ Ug — Up)~ } dx. (3.29)
Jo
Since g1 = go = g, Fy = Fy, = F, we can invert the roles of us and uy, which gives
(
|(up — u1)+(3)‘ dr < eQLSJ |(up — u1)+(0)} dr. (3.30)
Jo o)

Collecting (3:20) and (3:30) we infer that

| = m@Pde = [ =) (6) = (=) (o) ds
J‘uQ—ul ‘dm+2f‘u2—u1 9 de
< 2 L (1 =) ) + | — 1)~ (0)")

As |(ug — uq) "] < |ug — ug| and [(ug — ug) | < |ug — uq| we deduce that

[ 1wy e < 462 [ s = w01
o o
and follows. W

N

3.3. The class of CP-structured reaction functionals. The following class of reaction
functionals, called the class of CP-structured reaction functionals on [0,7"] with 7" > 0 and
denoted by Fp, was introduced in [AHMMT19] (see also [AHMM22, §2.2.2, p. 27]).

Definition 3.7. Let T > 0. Given F : [0,00[xL*(O) — L?(0) we say that F is a CP-

structured reaction functional if
F(t,u)(z) = f(t z,u(x))

for all (t,z,u) € [0,00[xO x L*(0) where f : [0,00[xR? x R — R is a Borel measurable
function satisfying the following three properties:

(CPT) f(t,,() is locally Lipschitz continuous in ¢ uniformly with respect to (¢, z) € [0,T] x

R¢;
(CPY) there exist f,f: [0,7] x R — R with f < 0 < f and (p,p) € R? with p < p such

that each of the two following ordinary dlfferentlal equations
(OpE") { % (1) = f(t,2(t)) for Z1-aa. te[0,T]

z(0) =p
(OpE") { (1) z_f(t,z(t)) for #1-a.a. t e [0,T]
z(0) =p
admits at least a solution, z for (Opg) and Zz for (OpE), satisfying
)
)

{ [t 2(1) < [t 2(t)
(1)) =

f
£t 2,200 (3:31)
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1 d d
for ' ® L*-a.a. (t,x) € [0,T] x R*.

Remark 3.8. Note that if in we replace “locally Lipschitz continuous” by “Lipschitz
continuous” then Fip © FrTwT)

Remark 3.9. From we see that z and Z are decreasing and increasing respectively, and
s02(T) < z(t) <2(0)=p<p<z(0) <Z(t) <z(T)forall t e [0,T].
For T > 0 and (a,b) € R? with a < b, we consider the following problems:

( du

dt( )+ d’ F(u(t)) = F(t,u(t)) for L'-a.a. te[0,T]

ug,[a,b]
(Prg ) u(t) € H, for Ll-a.a. t e [0,T]

L w(0) = up € #, ~ L2(O; [a, b]);

rdu

—H(t) + 4’ 70 (u(t) = F(t,u(t)) for L1-aa. te[0,1]

ug,|a,b
(@T?F[,jg]) \ ult) € 2 o oy for Ll-aa. te[0,T]

L u(0) = ug € Hy, 0 H'yy 0 L2(O; [a, b]).

In the next paragraph, we show that, by applying the comparison principle, if the reaction
functional F' is CP-structured, one can prove the existence of bounded solutions for the

problems (,@;OF[L}I’ ) and (2’ F[‘;Z]) see Theorem [3.10}

3.4. Existence and uniqueness of bounded solutions. From Corollary[3.3]and Theorem
we can establish the existence and uniqueness of bounded solutions.

Theorem 3.10. Assume that|(S | cmd| (Io) H (I) | Let T > 0 and let F € Fp with (f, f),
(p,p) and (z,%) given by |(CP3)| Let g € L*(070) satisfy|(S2)| and suppose further that

(S3) deuosr)st <.
Set:

= {r eR:d'D(r)(z) <0 for £%a.a. x € O}; (3.32)
g = {r eR:d'D(r)(z) = 0 for £%a.a. x € O}. (3.33)
If ug € FmLQ(O [p,7]) (resp. if ug € #3,  H'y, A L2(O; [p, p]) and if pe R, and p € Ry),
then (QTFJ ) (resp. ({@;OF[%,Z])) admits a unique solution u € AC([0,T]; L*(O)) such that

2(T) < z(t) <wu(t) <z(t) <zZ(T) for allt e [0,T].
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Moreover, if F(-,u(-)) € AC([0,T]; L*(O)) then u admits a right derivative %(t) at every
t € [0, T and satisfies

(u(t) € Hy o L2(O;[2(T),z(T)]) for all t €]0,T]

(resp. u(t) € H, o HPy o L*(O; [2(T),Z(T)]) for all t €]0,T7)

Gt + A/ F(u(t) = F(t,u(t) forall t € [0, T
(resp. (1) + d’ 79 (u(t)) = F(t,u(t)) for all t € [0,T[).
Remark 3.11. When W(a:,ﬁ) = a(x)|¢]? with a(x) > 0, since LW (z,€) = 2a(x)E, a direct

computation shows that for every r € R,

¥97()w) =2 | [ata) + a(w)] (e~ o) (7 - ) dy.

070
Therefore, we have:

f la(z) + a(y)] |z — y|)* 9(y) dy
pER <=>B<esselonf 9’0
| lal)+ ) (e -

_ f la(@) + a(y) [T (|x = y])* 9(y) dy
pe R, < p=esssup 0’0 .

" LJO [a(z) + a(y)] T (Jz — y|)*d

These conditions are the natural counterparts, in the singular nonlocal gradient setting, of
the conditions introduced in [AHMM24, Corollary 2.11].

Proof of Theorem [3.10. We only give the proof in the Dirichlet-Cauchy case. (The ho-
mogeneous Neumann-Cauchy case follows by similar arguments).

Firstly, let f: [0,T] x R¢ x R — R be given by Definition . Taking into account,
from McShane extension’s theorem we can assert that there exists J?: [0,T] x R¢x R — R
such that:

o f(t,z,¢) = f(t,2,¢) for all (t,z,¢) €[0,T] x R x [2(T),z(T)]; (3.34)
. ]?(t, x,() is Lipschitz continuous in ¢ uniformly with respect to (¢, z) € [0,T] x R%.
Let F : [0, T] x L2(0) — L2(0) be given by F(t,u)(z) := f(t,z,u(z)). Then, it is clear

)

that [ e (R T Hence, by Corollary , (@;Oﬁ[gﬁg]) admits a unique solution u €
2 O w7
Secondly, by (see Remark we have
2(T) < 2(t) <2(0) =p<p<z(0) <Z(t) <2z(T) for all t € [0,T], (3.35)
so that

[2(t),Z(t)] < [2(T),z(T)] for all t € [0,T]. (3.36)
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Thus, by (3.34) and (3.36)),
F(t,2(t)) = F(t,2(t)) = f(t, -, 2(t)) for P -a.a. te[0,T].
Therefore, using ([3.31)) in [(CP2% )l we have

%(ﬂ = f(t.2(t)) < F(t,2(t)) for Z'-aa. te[0,T]. (3.37)

As z does not depend on the space variable, using'(Sg) it is easy to see that z € Dy}, N Q);’ w C
gy Ay, Hence, by Proposition 2.17((e) and |(Ip)[{(Is)} d” # (2(t)) = 0 for Z'-a.a. t € [0,T].
Hence d’ #9(z) = d’D9(2), i.e.

d’! 79(z(t)) = d’D9(z(t)) for L'-a.a. te[0,T].
Since z € Q); w» by Proposition m(e) we have

d’'D*(z) = LJJ0(| =y [W (I =yl = 9(y) + W (y, J( - —y)(z — g(y)))] dy.
But, by [(A4)] (see Remark 2.11]), 6,V is nondecreasing with respect to its second variable,

hence
W (-, (|- =y (z—9g()) + W (y, J(|- —yl)(z—9(y) < W(,J( —yl)(p—29)))
+0:.W (y, J(| - —yl)(p — 9(y)))

because z < p by (3.35). As pe R, it follows that
d’D9(z) < d’D?(p) < 0.

Therefore
d’ 79(z(t)) <0 for L-a.a. te[0,T]. (3.38)

From (3.37) and (3.38]) we deduce that

d ~
d—f(t) +d’ F9(2(t)) < F(t, 2(t)) for Pl-aa. te[0,T).
Since z(0) = p, this shows that z is a sub-solution of (2% ). On the other hand, u is

T.F.79

(a solution and so) a super-solution of (@;Oﬁ[ifg]) where u(0) = ug = p. Then, applying

Theorem (with uy = p, u§ = ug, Fy = F = F and g; = g» = g), and taking (3.35) into
account, we deduce that

2(T) < z(t) < p < wu(t) for all t € [0,T]. (3.39)

Similarly, considering z and using the fact that p € R,, we show that Z is a supersolution of

(g’gﬁﬂ). Comparing it with u, viewed as a subsolution of (9’;01’3[?;]) with w(0) = ug < p,

Theorem (applied with u} = wg, u3 = p, F} = F» = F, and ¢; = ¢go = g), together
with (3.35]), yields
uw(t) <p<z(t) <zZ(T) foralltel0,T]. (3.40)
From ([3.39) and ({3.40)) it follows that
u(t) € [2(t),Z(t)] < [2(T),z(T)] for all ¢ € [0,T]. (3.41)
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Finally, from (3.34) and (3.41)) we see that F(t, u(t)) = F(t,u(t)) for all t € [0,T] so that u

is the unique solution of (9’;01’6[8;7]), and the proof is complete. H

Remark 3.12 (nonhomogeneous Neumann-Cauchy boundary conditions). In applications,
one is often led to consider a prescribed flux entering or leaving the domain O. Indeed, for
the homogeneous Neumann-Cauchy problem without a reaction term (F = 0), integrating
the equation 2%(¢) + d” 7 (u(t)) = 0 over O yields
g7 Ou(t,x)dm =0.

This conservation implies that the domain O is isolated. To model external exchange, one
must prescribe a nonlocal flux across the boundary. In the classical local setting, a non-
homogeneous Neumann condition a—“ h on 0O adds the linear term — Sa hudo to the
energy. In our nonlocal setting, let G : [0,0[— [0, o[ be a Borel measurable function with
supp(G) < [0, 7] for some n > 0, and set 09O := (O + B,(0))\O. (The external exchange

G can differ from the internal diffusion J to reflect different physical mechanisms). Given
h e L?(090) satisfying

f f G(lz — y))h(y)|*dedy < oo, (3.42)

the nonhomogeneous Neumann condltlon is incorporated by adding to # the linear functional
N L*(O) — R defined by

witayi= = ([ cto=shnty) utwie

Under , the function A" : O — R defined by
A'w) = [ Glla = shto)dy

%0
belongs to L?(0), so that

J A" (x)u(z)dx for all ue L*(O).

Hence, A" is a linear and continuous functional on L?(0). Therefore
VA" (u) = =" for all u e L*(0).

Consequently o(F + #")(u) = {d’ #(u) — A"} and the corresponding nonhomogeneous
Neumann-Cauchy problem can be rewritten as a homogeneous one by considering the mod-
ified reaction term

F(t,u)(x) = F(t,u)(z) + \"(z).
Thus, the existence, uniqueness, and comparison results with A fixed (see Corollary and
Theorem apply directly. For the existence of bounded solutions (see Theorem one
additionally needs the modified reaction term F' to remain CP-structured, which requires

extra assumptions on N_h, notably to satisfy , for instance A" € L*(0). Indeed, if
(p, fot — 2(t)) and (p, f,t — Z(t)) are the triples for which F' satisfies |(CP%)|, then it is
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easy to check that (p, f — |A|re(0). t — z( ) — A" 220y) and (B, f + A" 120y, —
Z(t) + t| A | L(0y) are the triples for which F satisfies [(CPE)|

4. APPLICATIONS

Here, we present applications to problems that exhibit a nonlocal nature. The general
modelling strategy is as follows. We first identify the quantity w(¢,x) that describes the
state of the system at time t € [0,T] and spatial position x € O, and whose evolution
we wish to characterise. The corresponding nonlocal evolution equation is then obtained
by applying a nonlocal balance principle. This principle is formulated for u(¢,x) (or for a
related quantity depending on u(t, z)) and reads schematically:

variation of the quantity exchange of the quantity creation or
over a small time = | between x to other + | annihilation . (4.1)
interval At at position z positions y € O of the quantity at «

Expressed mathematically, this principle yields

%(t, T) = Jo Iz, y, ut,z),u(t,y)) dy + f(t,z,u(t,z)), (4.2)

where 7 encodes the nonlocal diffusion or transport of the quantity and f is a reaction term
accounting for its creation or annihilation. The integral

Joj(x,y,u(t,x),u(t,y))dy (4.3)

is called the nonlocal diffusion term. Viewing u as a map from [0, 7] into L?*(O) defined by
u(t)(x) := u(t,x), we can rewrite (4.2)) in abstract form as

du
a(t) =g (u(t)) + F(t,u(t)) (4.4)

with & (u = $,7 (:U y,u(t, ), u(t,y))dy and F(t,u(t))(x) := f(t,z,u(t,x)). In gen-
eral, o/ may have a more 1nvolved structure than (4.3)). In particular, it can arise as a
(variational) derivative or as the subdifferential of a nonlocal energy functional. In the latter
case, the nonlocal evolution equation is multivalued.

4.1. Nonlocal cable theory. Cable theory describes the propagation of the membrane po-
tential along a dendrite or axon. As in the classical theory, two physical ingredients are
retained: the lipid membrane, characterised by its capacitance ¢, > 0 and its ionic current
density [ion, and the intracellular cytoplasm, which mediates axial conduction. Let O < R?
(d = 3) be a bounded open set, representing the dendritic or axon, and let u(¢, x) denote the
membrane potential at time ¢ € [0, 7] and spatial position 2 € O. From physiological consid-
erations, the membrane potential is bounded, i.e. u(t,z) € [Vinin, Vinax] Where Vipin, Vinax € R
depend only on the considered dendrite or axon.
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4.1.1. From classical to nonlocal cable theory. In order to derive a nonlocal cable evolution
equation, we follow the phenomenological approach leading to the classical local cable equa-
tion, based on Kirchhoft’s current law and Ohm’s law. We first derive an elementary nonlocal
cable equation from these physical principles, and then generalize it in by means of a
nonlocal balance principle.

We begin by deriving a nonlocal counterpart of Kirchhoff’s current law expressed in terms of
the singular nonlocal gradient. We first recall the classical local derivation before extending
it to the nonlocal setting. Let i,(t,z) denote the axial current and i, (¢, x) the membrane
current per unit length at time ¢ and spatial position z. By Kirchhoff’s current law, the
axial current satisfies

ia(t, ) = ia(t, x + Ax) + in(t, ) Az,
which, in the local case Ax — 0, gives

Oia :
%(t, x) = —in(t,x). (4.5)

For the nonlocal derivation, we apply the same reasoning between two points x and y (z #
y) of the dendrite or axon. Kirchhoff’s law gives i,(t,x) = @.(t,y) + |z — y|lim(t,x) and,
symmetrically, i,(t,y) = i.(t, ) + | — y|im(t,y). Subtracting these two equalities yields

(ia(t,1) — (1)) = 5 (i1, 7) — im(t,9)).

|z —y]
Assuming that the conservation of currents occurs at distance 0 > 0 and defining J, :
[0,0[— [0,00[ by Ju(r) := %1[075] (r), the above equality can be written in terms of the
singular nonlocal gradient as

D7 (t, 2, y) = —in(t, z,y), (4.6)
where iy, (t,2,y) == 3 Ljosi(|z — y|)(im(t, 2) — im(t, y)). This is the nonlocal counterpart of

(#4.5).

We now derive a nonlocal counterpart of Ohm’s law expressed in terms of the singular
nonlocal gradient. As before, we first recall the classical local derivation. Let r, denote the
axial resistance per unit length. By Ohm’s law, the voltage drop satisfies u(t,z + Azx) —

u(t,x) = —raia(t, x) Az, which, in the local case Ax — 0, gives
U 1,2) = —raia(t.2) (4.7
—(t,x) = —raia(t, x). .
ox "’

Combining (4.5)) and (4.7)), we infer that

1 u

it 1) = — = (t, ). 4,
inlt.2) = 500 (4.5)

For the nonlocal derivation, we apply the same reasoning between two points x and y (z #
y) of the dendrite or axon. Ohm’s law gives u(t,x) — u(t,y) = —raia(t,x) |z — y| and,
symmetrically, u(t,y) — u(t,x) = —raia(t,y) |x — y|. Subtracting these two equalities yields

1 Ta . .
P (ult, z) —u(t,y)) = 5 (ia(t, 2) — ia(t,y)).
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Assuming that Ohm’s law holds at distance 6 > 0, the above equality can be written in
terms of the singular nonlocal gradient as

D u(t, 2, y) = —raia(t, v, y), (4.9)
where i,(t, z,y) := $1j0,5{(|z —y|)(éa(t, y) —ia(t, z)). This is the nonlocal counterpart of (4.7).

By combining (4.6)) and (4.9), we obtain a second-order nonlocal identity comparable to
(4.8)). To this end, consider the nonlocal functional %, : L*(O) — [0, c0| defined by

J J |D%v(z,y)|*dzdy  if v e dom(D”=)
v) =14 JoJo

o0 otherwise.

Jal

Definition 4.1. The nonlocal Laplacian associated with J, is the subdifferential of 7,
denoted by A7,

Remark 4.2. By Proposition with W(z, &) = [¢]?, when z — § Jo(|z—y[) D% u(t, z, y)dy
belongs to L*(0), one has

AJau(t,:c) = ZJ Ja(|z — y|)DJau(t, z,y)dy.
o)

Equation (4.10)) in the following proposition is the nonlocal counterpart of (4.8)).

Proposition 4.3. If x — § Ju(|z — y|) D”*u(t, z,y) dy belongs to L*(0O), then for Z-a.e.
reO,

1
f im(t,y, x)dy = —A"u(t, ). (4.10)
O Ta
Proof of Proposition .3} By Remark [1.2] (4.9) and (4.6), we have

Aut,x) = 2 j Ju(| — y)) D™ ult, 2, y)dy
O
_ o, L Tl = y|)ia(t, 7, y)dy
- —raf D%, (t,y, z)dy
O

= raf im(t,y, z)dy,
o)

and (4.10) follows. B

We now derive an elementary nonlocal cable equation. As before, we first recall the classical
local derivation. Assuming that the membrane behaves like an RC circuit (Resistance and
Capacitance in parallel), the membrane current has two components: the capacitive current
cm%(t, x), where ¢, is the membrane capacitance, and the leak current %

the membrane resistance per unit length. This gives

, where ry, is

. ou u(t, x)
= — + 4.11
Zm(ta {B) Cm o (t7 .T) o ( )
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which, combined with (4.8]), yields the classical cable equation:
ou 1 %u
—(t,x) = — () —
ot () CrTa 61’2( ) CrmT'm
For the nonlocal derivation, we apply the same reasoning to the integrated membrane current

So im(t,y,z)dy. By Proposition , this yields the following elementary nonlocal cable
equation:

u(t, z). (4.12)

ou 1

—(t — Z&JQ t o

6t( ) ConTa u(t,z) Conm
This is the nonlocal counterpart of (4.12)) in which the local second-order axial diffusion

2 .
L_ 2 s replaced by the nonlocal term ——A7.
CmTa 0T Cr

nTa
In the next paragraph, we generalize this elementary nonlocal equation by employing a more
fundamental nonlocal balance principle, as described in the preamble of Section [

u(t, x). (4.13)

4.1.2. Generalization via nonlocal balance principle. To generalize the elementary nonlocal
cable equation (4.13) derived above, we apply the nonlocal balance principle (4.1)) to the
membrane charge ¢y, (¢, z) := cnu(t, z), the relevant conserved quantity, which gives

ag—f(t, z) = J (9, (), Gt 9)) dy + finlt, 7, Gun(t, 7)), (4.14)
@]

where 7, encodes the nonlocal axial transport of charge along the length of the dendrite or
axon, and f, represents the transmembrane currents (sources or sinks), such as ion chan-
nel activity or external stimuli, which exchange charge with the surrounding environment.

Dividing (4.14)) by ¢, and setting
Ja (JI, Y, 57 C) :133 (Iv Y, Cmg? Cmg)
fm(t> xz, 6) = C_fm(ta xz, Cmf),

we obtain the evolution equation for the membrane potential:

%(t,x) - é Jo Ja(x,y,u(t,x),u(t,y))dy + fum(t, x,u(t, x)). (4.15)

Viewing u as a map u : [0,T] — L*(O;[Viuin, Vinax]) defined by u(t)(x) := u(t,z), (4.15)
takes the following abstract form:

%m:}%wm+&ww» (4.16)

m

with @, (u(t))(z) := §, gz, y, u(t, ), u(t,y))dy and Fy(t,u(t))(z) == fu(t, 2, u(t, z))
We assume that the nonlocal axial diffusion term &/, is the variational derivative of a nonlocal
energy functional %, i.e.

A, = d’* 7, (4.17)
with %, : L*(0) — [0, 0] defined by
f J Wa(z, D™v(x,y))dzdy if v e dom(D”)
v) =4 JoJo

o0 otherwise,

A (4.18)
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where W, is an energy density and D7*v(x,y) is the nonlocal gradient associated with an
“Interaction kernel” J, : [0, c0[— [0, oo satisfying supp(J,) < [0, d,] for some d, > 0. This
condition models finite-range nonlocal axial diffusion, meaning that only points whose mutual
distance does not exceed 9, interact.

The interaction radius J, reflects the underlying microstructure of the dendrite or axon and
determines the spatial scale of the nonlocal effects. The dependence on = in W, models the
fact that the dendrite or axon has a heterogeneous microstructure. A canonical choice for
Ja is the heterogeneous nonlocal Dirichlet (Laplacian-type) energy, obtained by taking

Wa(z,€) = cal@)€? (4.19)

with c,(x) > 0 representing the axial conduction coefficient of the dendrite or axon at
spatial position z. (In the homogeneous case relevant to the elementary equation (4.13)),
¢a(x) corresponds to +.)

The term Fy, : [0,7] x L*(O) — L?*(O) collects all transmembrane currents, i.e.

1
Fa(tv)(z) := o [Iapp<t’ ) — Lion(t, 7, v(z))] (4.20)
where I, (t,x) is a prescribed applied stimulus and i, (¢, x, €) is the ionic current density
(leak, voltage-gated, and ligand-gated components). The negative sign follows the usual
convention: a positive outward ionic current depolarises the membrane potential. In the
passive-leak case

]ion(t7ma€) = gg(t,l‘) (g - Eg(t,l’)), (421)

where g,(t,x) > 0 is the leak conductance and Fy(t, z) € R the reversal potential. (Note that
conductance is simply the inverse of resistance. The elementary equation (4.13)) corresponds
to the special case where the conductance is a constant g, = é and the reversal potential is
Ey; = 0.) The dependence on x allows for spatial heterogeneity of the membrane properties,
while the dependence on t accounts for possible temporal variations of the ionic environment.

With (4.21)), (4.20) reduces to

Flt, 0) (@) = Ci [Tt 2) — ge(t, 2) (v(2) — Eult, 2))]. (4.92)

m

Combining (4.17)) and (4.18)) with the transmembrane term (4.22)) in the passive-leak setting,
(4.16)) becomes

du L 1
CH0) = " Au0) +

Cm m

[[app(t7 ) - gg(t, ) (u(t) - E€<ta ))] : (4-23)

This is a nonlocal counterpart of the classical cable evolution equation in which the local

second-order axial diffusion ﬁ% is replaced by the nonlocal term Cial“]a Ja. (Note that

this general nonlocal evolution equation (4.23)) exactly recovers the elementary nonlocal cable
equation (4.13)) derived in §4.1.1| under the following simplifying assumptions: no external
stimulus (Z,,p, = 0), a zero reversal potential (E, = 0), a constant leak conductance (g, = 1),

Tm

a homogeneous axial conduction (¢, = ri) and a nonlocal diffusion term equal to %AJ%)
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4.1.3. Ezistence of bounded solutions for the nonlocal cable evolution equation. We now apply
Theoremto the nonlocal cable evolution equation derived in . The relevance
of Theorem [3.10] in this context lies in the fact that it provides the existence of bounded
solutions, a property that is fundamental in nonlocal cable theory since, from physiological
considerations, the membrane potential © must remain bounded. To this end, we consider
the following assumptions:

(CTy) e > 0;

(CTQ) ge € Ligc([O? OO[XRd;]Oa OOD’
(CT3) Epe LE ([0, o[ xRY);
(CTy) Tapp € Li5 ([0, o[ xRY);
(CTs) there exist Viin, Vinax € R with Vi, < Viax such that for £ @ P-ae. (t,2) €
[0, o[ xRY,
9e(t, %) (Vinin — Eo(t,2)) < Lipp(t, 2) < geo(t, ) (Vinax — Ee(t, 2)); (4.24)

(CTg) Ja:[0,0[— [0, 0] satisfies|(S;)|and |[(S3)| with J = J,;

(CT7) W, :R? x R — [0, o[ satisfies with W = W,.

Remark 4.4. If W, is given by (4.19), [((CT;)|is equivalent to the existence of ¢, > ¢, > 0
such that c,(x) € [c,,¢.] for all z € R%

Remark 4.5. Dividing by gi(t,z) > 0,|(CT5)|is equivalent to
Lo (t,
Lapp (1, 2) < Vipax for 1 @ L-ace. (t,x) € [0, 0[xR% (4.25)
g@(t7 [L')
In the absence of applied stimulus (Z,,, = 0), (4.25)) reduces to
Vinin < Ey(t, 1) < Viay for L1 @ ZL-ace. (t,7) € [0, 0] xR
Let fu : [0,0[xR? x R — R be defined by
1
fm(ta z, C) = C_ [Iapp(t7 'I) - gf(t7 .T) (C - Eﬁ(ta .T))]
and, given a bounded open set O = R%, let F}, : [0, 0[x L*(O) — L*(O) be defined by
Fm(t7 U)(JZ') = fm(t7 Z, U(Q?))
Remark 4.6. The condition is equivalent to requiring that for ! ® £%a.a. (t,z) €

[0, 0] x R4,
< m \!; &5 Vmin
0 < fm (t, 7, Vinin) (4.26)
0 = fm (t,l’, Vmax) .

Viin < Eg(t,]?) +

Let T > 0 and consider the homogeneous Neumann-Cauchy nonlocal cable problem:
([ du

D) + id‘]aja(u(t)) Bt u(t)) for Llaa. te[0,T]

NC-CT
(Pr )4 u(t) e #: for Fla.a. te[0,7]

u(0) = ug € H2 A L2(O; [Vinin, Vina))-

\
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Note that (PNCT) is a particular case of the general problem (@;OF[‘}b]) corresponding to

F = éja, F = F,, a = Vy, and b = V., and can therefore be treated by means of
Theorem [3.10, This yields the following result.

Theorem 4.7. Assume that|[(CT,)| hold. Then, (PRCCT) admits a unique solution
ue AC([0,T]; L*(O)) satisfying u(t) € [Viin, Vinax] for all t € [0,T].

Proof of Theorem [4.7l. The proof consists in applying Theorem [3.10]in the homogeneous
Neumann—Cauchy case with J = J,, W = %Wa (so that f = éfa), F = Fu p = Van
and p = V. It is clear that éWa satisﬁesr(lo) since W, does by [(CT7) and ¢, > 0
by |(CT1)} So it remains to verify that F, is CP-structured, i.e. that the conditions |(CP{)l
of Definition hold with f = fi,.

First, for every ((,(’) € R x R and every (¢,7) € [0,T] x RY,

Fnlts2,0) = funlt,2,C)| = “”“ z) \c ¢

with L, := Ww < o0 by |(CTy)H(CTs)} Hence fu(t,x,¢) is Lipschitz continuous in
¢ uniformly with respect to (t,z) € [0,T] x R?, which shows
Second, we have fi(t,2,0) = =[Lpp(t, 2) +ge(t, ©) Ee(t, ©)], and so fiu(-,-,0) € L*([0,T]xO)

by |(CT;)H(CT,)l This shows that is satisfied.

Third, define f =0and f, =0, so that im <0 < f,,. Then, the corresponding ordinary
differential equatlons

N

dt

{ dg_m(t) = [ (t,2,(t)) for Plaa. te]0,T]
2, (0) = Vinin

and

dZm -

%(t) = Fo (£, Zm(t)) for Pl-aa. te[0,T]
zm(o) = Vmax

admit the unique constant solutions z,, = Vi, and Zm = Vinax. By m we have (4.260)),

which shows that (3.31]) is verified with (i f) = (f, fw)and (2,%) = (2, Zm). Thus|(CP)

is satisfied with (f, = (im’fm)7 (p,p) = (me,VmaX) and (z2,z) = (zm,zm).

By Theorem we deduce that (23 “T) admits a unique solution u € AC([0,T]; L*(0))
such that

Zn(T) < 2, (8) < u(t) < Zm(t) < Zm(T) for all t € [0,T7]. (4.27)

Since z,, = Viuin and Z,, = Vijax, (4.27) means that w(t) € [Viin, Vinax] for all ¢ € [0, 7], and
the proof is complete. B
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Let g € L?(07=0). In the same way, we can also treat the Dirichlet—-Cauchy nonlocal cable
problem:

( du 1
E(t) + C—d » Z9(u(t)) = Fu(t,u(t)) for Ll-a.a. te[0,T]

DC-CT
(P7777) 3 u(t) € #if» %y, for Z-aa. te[0,T]

[ u(0) = ug € i N }[g{a,a A L?(O; [Vinin, Vinax))
with £9 := 7, + D9, where @7 : L*(0) — [0, 0] is defined by

; J J [Walz, Doz, y)) + Waly, Dj*v(z,y))| dady  if v € dom(D;*)
P9(v) = 0 Jala0
0

otherwise.

With suitable additional assumptions, by applying Theorem |3.10] we obtain the Dirichlet—
Cauchy counterpart of Theorem [4.7]

Theorem 4.8. Under the hypotheses of Theorem [L.7), assume further that:

(CTs) g satisfies |(So)| with J = J,; B

(CTg) Vinin € R, and Viyax € Ry, where R, and R, are given by (13-32) —(3.33)).

Then, (PR admits a unique solution uw e AC([0,T]; L*(0)) satisfying u(t) € [Vinin, Vinax)
for all t €0, T].

4.2. Nonlocal dynamics of fake-news belief. Fake news propagation is a nonlocal phe-
nomenon: the adoption or rejection of misinformation by an individual depends on inter-
actions with a finite range of peers (physically or via social networks). Let O < R be a
bounded open set, representing a social space (e.g. a city or a social network) in which
individuals are distributed, and let u(t,x) € [0, 1] be the proportion of individuals at time
t € [0, T] and spatial position x € O who believe a given fake newsﬁ In fact, u represents the
“intensity of belief” in the fake news: the value u = 0 corresponds to total disbelief, while
u = 1 corresponds to complete belief.

4.2.1. A first naive model. To build intuition, consider the simple case where the rate of
change of the belief intensity (or information) %‘ (t,x) is simply the sum of all the information
arriving at x minus all the information leaving z, i.e.

ou
ot

and where the transition rate at which information moves from y to x or x to y is proportional

to m and acts only for |z — y| < § (meaning that the further apart individuals are, the

(t,z) = incoming — outgoing,

less information circulates). Then

ou j
—(t,x)=| Lpsllr—y
at< ) o ]O5[(| |)

u(t,y)dy — L Lyos1(| — yl) u(t, z)dy,

1
|z —y|

8Although the social space is intrinsically discrete, as the population of individuals is assumed to be very
large, O can be considered as an open bounded subset of R?, and u can be treated as a real function.

|z — |
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which can be rewritten as

0
a—?(t,x) + f J(|z — y|) D7 u(t)(x,y)dy = 0 for u(t) € dom(D”)
o)
with J(r) = %1]075[(7"). Note that, from Definition , this nonlocal diffusion equation can

be written as

F |
a—z(t,x) + 5A7u(t,z) = 0,

which is the nonlocal counterpart of the classical local diffusion equation g—;‘ + %Au =0.
However, noticing that §, (§, J(|z — y|)D’u(t)(z,y)dy) dz = 0, we infer that §, (¢, z)dx =
0. This means there is conservation of information, which is not realistic. A more realistic
model must incorporate reaction mechanisms that account for fact-checking, debunking, or
loss of interest. The next paragraph develops a more general framework that includes such
reaction mechanisms.

4.2.2. Derwwation of a nonlocal fake-news belief evolution equation via nonlocal balance prin-
ciple. The nonlocal balance principle ((4.1])) applies to u(t, z) as follows:

ou

E(t’ x) = “nonlocal belief exchange” + “debunking, decay or reinforcement”

= Jo g (2, y,u(t, ), u(t,y))dy + fe(t, z, u(t,z)), (4.28)

where % encodes the nonlocal structure of the social space governing the spread of the fake
news and f; accounts for external effects such as debunking efforts (e.g. fact-checking cam-
paigns or official corrections), natural decay of belief (e.g. progressive forgetting or loss of
interest over time), or automated reinforcement mechanisms (e.g. algorithmic recommen-
dation systems that repeatedly expose users to the same content). Viewing u as a map

w: [0,T] — L*(O;0,1]) defined by u(t)(z) := u(t, x), (4.28) translates to
du
dt

with o (u(t))(x) == §, % (z, y, u(t,z),u(t, y))dy and Fi(t, u(t))(z) :== fe(t, z, u(t, z))

We assume that the nonlocal diffusion term &f; is the variational derivative of a nonlocal

energy functional %, i.e.

(t) = de(u(t)) + Fr(t, u(t)) (4.29)

Ap = d” f (4.30)
with % : L*(O) — [0, 0] is defined by

J J Wi(z, D”v(z,y))dzdy  if v e dom(D”")
0Jo

o0 otherwise,

Ji(v) == (4.31)

where W; is an energy density and D7fv(x,y) is the nonlocal gradient associated with an
“Interaction kernel” J : [0, 00[— [0, oo[ satisfying supp(Js) < [0, ¢] for some § > 0. This
condition models finite-range social interaction, meaning that only individuals whose mutual
distance (physical or via a social network) does not exceed d; influence one another.
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The interaction radius J; determines the range of social influence, while the dependence of
We on z allows for spatial heterogeneity in the connectivity or susceptibility of individuals.
Specifically, W; quantifies how strongly the system tends to align beliefs among connected
agents. A canonical choice is

Wi(z, &) = cr() €%, (4.32)

where ¢¢(x) > 0 represents, at spatial position z, the strength of social ties or the degree of
susceptibility of individuals to the influence of others.

The term Fy : [0,T] x L?*(0) — L?*(O) models the reaction mechanisms triggered by the
introduction of the fake news into the social space, i.e. debunking, decay of belief, and
reinforcement, and is given by

Fe(t,v)(x) := [re(t, z) — de(t, ) ]o(z) (1 — v(x)) — ¢ (t, z)v(x), (4.33)

where d¢(t,z) = 0 is the debunking rate (fact-checking, official corrections), ¢(t,z) = 0
is the natural decay rate (forgetting, loss of interest) and r¢(¢,z) > 0 is the reinforcement
rate (algorithmic amplification, echo chambers). These rates depend on time ¢ and spatial
position z in order to account for temporal variations in intervention efforts and spatial
heterogeneity in the social structure.

The factor v(1 — v) represents the interaction between the proportion v of believers and
the proportion 1 — v of non-believers. Both debunking and reinforcement act through this
interaction, and therefore vanish at the extreme states v = 0 and v = 1. The linear term
—crv models the natural decay of belief, independently of social interaction.

Combining (4.30) and (4.31]) with (4.33)), (4.29) becomes

fz?<>—djfﬁ< (&) + [re(t, ) = de(t, )Jul(t) (1 = u(t)) = er(t, Ju(t). (4.34)

This is the nonlocal fake-news belief evolution equation, i.e. the nonlocal evolution of the
proportion of individuals who believe the fake news.

4.2.3. Ezistence of bounded solutions for the nonlocal fake-news belief evolution equation. We
now apply Theorem to the nonlocal fake-news belief evolution equation derived
in §4.2.2] The relevance of Theorem [3.10]in this context lies in the fact that it provides the
existence of bounded solutions, a property that is fundamental since the belief intensity wu,
being a proportion, must remain in [0, 1]. To this end, we consider the following assumptions:
(FNy) 7 € Lige([0, oo[ xR?; [0, 90[);

(FNa) dr € Lig([0, o0[ xR?; [0, 0[);

(FN3) e € Lig ([0, o[ xR [0, o0[);

(FNy) Jt 2 [0, 00[— [0, oo satisfies and with J = J;

(FN5) Wf Rd x R — [0, oo satisfies with W = W.

Remark 4.9. If Wt is given by (4.32)), is equivalent to the existence of ¢ > ¢; > 0 such
that c;(x) € [c;, G| for all x € RY.

Let f;:[0,00[xR? x R — R be defined by
ff(t7x7 C) = (Tf(t,l') - df(tax))C(l - C) - Cf(tax)C
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and, given a bounded open set O = R?, let F} : [0, 0[x L*(O) — L*(O) be defined by

Fi(t,0)(x) := fi(t, 2, v()).
femark 4.10. Underm (FN;)| for Z* @ Z%-a.c. (t,x) € [0, 00[ xR, we have
0= fi(t,x,0)
{0 > —c(t,x) = fi(t, 2, 1). (4.35)

Let T > 0 and consider the homogeneous Neumann-Cauchy nonlocal fake-news belief prob-
lem:

f CZJ( t) + d”t Zi(u(t)) = Fe(t,u(t)) for L'-a.a. te[0,T]

(PP ult) € 9 for Lraa. te [0,T)

u(0) = ug € #;! A L2(0; [0, 1]).

\

Note that (PXCFN) is a particular case of the general problem (9’;0}7[‘}1)]) corresponding to

F =%, F=F a=0andb=1, and can therefore be treated by means of Theorem [3.10]
This yields the following result.

Theorem 4.11. Assume that[[FN)H(FN;)| hold. Then, (PRCTN) admits a unique solution
ue AC([0,T]; L*(O)) satisfying u(t) € [0,1] for all t € [0,T].

Proof of Theorem [4.11]. The proof consists in applying Theorem [3.10]in the homogeneous
Neumann-Cauchy case with J = J;, W = W; (so that £ = %), F =F;,p=0and p=1. It

is clear that W satisfies |(Io)H(I5)[ by [(FN5)l So it remains to verify that F} is CP-structured,
i.e. that the conditions [[CPT)H(CPT)[ of Definition [3.7 hold with f = f;.

First, for every compact interval K = [m,M] < R, every ((,{') € K x K and every
(t,z) € [0,T] x R,
[fe(t 2, Q) = fe(t, 2, ) = [(re(t, @) = de(t, 2))[C(1 = ¢) = ¢'(1 = )] = ex(t, 2) (¢ = ¢')]
= [(re(t, 2) = de(t, 2)) (¢ = ()1 = ¢ = ¢) —ex(t, 2) (¢ = ¢
= |(re(t, 2) = de(t, 2))(1 = ¢ = ') — er(t, 2) [ |¢ = ¢
< Lil¢= (]
with LE = (|7¢] zeoryx0y + Idell 2o (jo,1x0))[1 + 2max(|ml, [M])] + [ c¢]| L= (jo,r1x0) < %0 by

(FN;)H(FN3)| Hence fi(t,x,() is locally Lipschitz continuous in ¢ uniformly with respect to
(t,x) € [0, T] x RY, which shows[(CPT)]

Second, we have f¢(t,z,0) = 0, and so f;(-,-,0) € L*([0,T]; L*(O)). This shows that

is satisfied.

Third, define f, = 0 and fr =0, so that f¢ <0 < f;. Then the corresponding ordinary
differential equatlons

{ (1) = £t 24(1) for Z'na t € [0.7]
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and
{ %(t) = f(t,Z(t)) for P'-a.a. te[0,T]
zZe(0) =1
admit the unlque constant solutions z; = 0 and z; = 1. By [[FN;)| we have ([4.35), which
shows that ({ is verified with (f, f) = (ff,ff) and (2,Z) = (z;,%). Thus |(CPL)|is
satisfied Wlth (i, f) = (if,ff) (p,p) = (0,1) and (2, %) = (2, Zr)-

By Theorem we deduce that (PRCFN) admits a unique solution u € AC([0,T]; L*(0))
such that

2(T) < z(t) < u(t) < zZe(t) < Z(T) for all t € [0,T]. (4.36)
Since z; = 0 and Zy = 1, (4.36) means that u(t) € [0,1] for all ¢ € [0,T], and the proof is
complete.
Let g € L*(07tO). In the same way, we can also treat the Dirichlet—Cauchy nonlocal fake-
news belief problem:
(du

dt< ) + d‘]fjf (u(t)) = Fi(t,u(t)) for L'-a.a. te[0,T)

(PP () € 24 0 94, for Zaa. te[0.7)

[ u(0) = u & 7, 0 7y, 0 L(0:[0.1])
with f7 := fi + @9, where @ : *(0) — [0, 0] is defined by
J, J ‘

PD9(v) := J o [Wf(x, Dgfv(fv, y)) + We(y, Dgfv(:c, y))] drdy ifve dOH’l(D!}]f)

o0 otherwise.

With suitable additional assumptions, by applying Theorem [3.10] we obtain the Dirichlet-
Cauchy counterpart of Theorem

Theorem 4.12. Under the hypotheses of Theorem assume further that:

(FNg) g satisfies [(So)| with J = Jg;

(FN7) 0€ R, and 1 € Ry, where R, and R, are given by (3.32)-(3.33).

Then (PREFNY admits a unique solution u € AC([0,T]; L*(O)) satisfying u(t) € [0,1] for
all t € [0,T7.
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