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Lagrangian Duality for Measure-Valued Entropy Solutions of
Nonlinear Hyperbolic PDEs

S. Jmal, M. Tacchi-Bénard, E. Witrant
CNRS, GIPSA-lab, Univ. Grenoble Alpes, 38000 Grenoble, France

Abstract

We study nonlinear hyperbolic conservation laws on compact domains through a convex
lifting to measures. The entropy measure-valued formulation of the PDE yields weak equa-
tions and entropy inequalities over occupation and boundary measures, which can be recast as
the feasibility of an infinite-dimensional linear program over measures. Existing approaches
approximate this primal problem through semidefinite programming (SDP) relaxations based
on Putinar-type positivity certificates, and then leverage the Christoffel-Darboux kernel to
recover the graph of the solution. In contrast, we develop and exploit the Lagrangian dual
of the measure formulation, expressed over test functions and nonnegative entropy multipli-
ers, again represented with Putinar’s sum-of-squares (SoS) positivity certificates. The dual
provides a PDE-structured certificate of entropy admissibility and supports reconstruction
principles based on the approximate saturation of dual inequalities. This dual-first viewpoint
brings a new insight into the problem and allows us to recover solutions without the explicit
use of Christoffel-Darboux kernels, while still allowing SoS/SDP tools to be used on the dual
side, when the problem data are polynomial.

Keywords: Polynomial sums of squares, Moment-SoS hierarchy, Convex optimization, Nonlin-
ear hyperbolic PDEs, Burgers equation, Measure-valued solutions, Entropy solutions, Lagrangian
duality.

1 Introduction

Nonlinear hyperbolic conservation laws of the form

O olt) + - ly(t,2) = 0 1)
constitute a fundamental class of models for transport, wave propagation, and shock formation.
Even for smooth fluxes, discontinuities may develop in finite time, so weak solutions are generally
not unique [1]. The standard selection mechanism is provided by entropy inequalities, system-
atized by Kruzhkov [2], which ensure uniqueness of entropy weak solutions. Measure-valued
formulations, which naturally approximate weak solutions, are particularly well suited to convex
formulations of nonlinear PDE constraints [3, 4]. In the scalar case, entropy measure-valued
solutions are expected to concentrate on the graph of the entropy solution, with a single entropy
condition in the case of a strictly convex flux [5].

A key idea underlying several recent developments is to lift nonlinear dynamics to linear
constraints over measures, transforming nonlinear equation constraints into linear equalities over
Borel measures, and leading to infinite-dimensional linear programs known as generalized moment
problems (GMPs). When the data are polynomial (or semi-algebraic) and the supports are
compact semi-algebraic sets, a systematic numerical approximation is provided by Lasserre’s
moment-SoS hierarchy, i.e. sequences of convex SDP relaxations with convergence guarantees
under standard assumptions [6]. In the context of scalar conservation laws, Marx et al. |7, §]



showed how the weak balance law and entropy inequalities can be encoded as linear constraints
on space-time occupation measures and boundary measures, yielding a convex relaxation scheme
for entropy solutions. Related methodologies have been used to address transport problems [9],
derive certified bounds for nonlinear dynamical systems and PDEs [10, 11, 12|, and to treat
broader classes of (quasi-dissipative) evolution equations within moment-SOS paradigms [13].
Finally, once a moment description is available, reconstructing minimizers or supports hinges
on structural properties of moment matrices; recent work uses Christoffel-Darboux kernels to
approximate supports and recover solution graphs from moments [14, 15].

In this paper, we instead develop a mirror viewpoint based on Lagrangian duality: keeping
the primal measure formulation as the conceptual starting point, we focus on its dual problem
over continuous test functions and nonnegative entropy multipliers. This duality is naturally
grounded in convex analysis [16] and conic duality between Borel measures and nonnegative
continuous functions [17]. The resulting dual inequalities retain the transport structure of the
PDE and can be interpreted as PDE-structured certificates of admissibility. Moreover, they
suggest reconstruction principles based on minimizing dual polynomials directly, hence bypassing
of Christoffel-Darboux analysis. Although our focus is the forward problem, the same dual-
certificate viewpoint is compatible with control-oriented extensions where Lyapunov functionals
can be used for the estimation of coupled first-order hyperbolic PDEs [18], yielding convex
feasibility conditions that are manageable through linear matrix inequalities (LMIs), as in this
contribution.

The paper is organized as follows: Section 2 introduces the original problem, as well as its
generalized moment problem (GMP) formulation over measure-valued solutions, and a new inter-
pretation of entropy conditions, then Section 3 derives the Lagrangian dual of this formulation,
with a special emphasis on strong duality properties. Section 4 next develops the methodol-
ogy for both computing finite dimensional approximations of the infinite dimensional dual GMP
(namely, the moment-SoS hierarchy), and using the obtained optimizers to approximate the so-
lution to the original conservation law. Finally, Section 5 presents the numerical results and
experimentations, before Section 6 concludes with perspectives for future work.

1.1 Notation

N and R denote the sets of natural numbers and real numbers, respectively. For X C R™ and
k€ NU{oco}, €%(X), €%(X)., and €¥(X) respectively denote the sets of k-times continuously
differentiable functions, globally nonnegative functions, and functions with compact support in
X. We denote by #(X) the o-algebra of Borel subsets of X, and by .#(X), .#(X), and £ (X)
the sets of signed, nonnegative, and probability Borel measures on X, respectively. Finally,
for p € [1,00), £P(X) denotes the space of measurable functions f such that |f|P is Lebesgue
integrable, while .£°°(X) denotes the space of essentially bounded functions.

2 Primal Problem over Measures

Let T := [0,7] and X := [L, R] be compact sets. Consider the Cauchy-Dirichlet problem on
Q:=TxX

Jy d(foy) _

Wiy 0y WDy o m
y(0,z) = yo(z), ze€X (1a)
y(t,L) =yr(t), teT (1b)

where (1) is a scalar hyperbolic conservation law, f € €!(R), (1a) is an initial condition with
Yo € L1 (X) N £>(X), and (1b) a boundary condition with y;, € Z1(T) N .Z>(T).



Theorem 1 (Maximum Principle). Let y be a solution of (1),

47 (tgﬁs),z’il?xfx min(yo (), yr(t)),

y = esssup max(yo(x),yr(t)),
(tx)eTxX

and Y = [y,7]. Then, for almost all (t,z) € T x X, it holds

y<y(t,r)<y i.e., y(t,z) €Y. (2)

Remark 2. In order for the problem with the left boundary condition to be well posed, we further
assume y > 0.

2.1 Entropy Weak Solutions

Definition 3 (Weak Solution). A function y € £°°(Q) is a weak solution to (1) if, for all test
functions ¢ € €1(Q), it satisfies

0 :/Q<%f(t,x)y(t,:r) + gi(t,x)f(y(t,x))) du dt (3)
+/Xg0(0,a:)y0(:p)dx/ch(T,x)y(T,x)d:L"
+Agwmmmmw—ﬁﬂmwmeMt

Definition 4 (Entropy Solution).
(i) (n,q) € €1 (R)? is called an entropy pair for (1) if n is strictly convex and ¢ = f'n/

(i) A weak solution y € L*°(Q) of (3) is an entropy solution if, for all entropy pairs and all
non-negative test functions 1 € €1(Q)., it satisfies

o< [ (Gromivte »+?ummm>0mw
/z/JOx n(yo(z d$—/¢Tx ,x))dx
+/wmmmmmﬁ—/wmemwmw (4)
T T

2.2 Entropy Measure-Valued Solutions

Definition 5 (Young Measure). A Young measure p on a Euclidean space X is a map p: X —
MR, € pe, such that Vg € €2(R), & — [ g(y)pe(dy) is measurable.

The standard PDE (1) can then be rewritten in a measure-valued form using Young measures:

0 0
§<M(t,x)a y> + %<M(t x)» f> - 07 (t,.’E) Y (5)
Ho,z) = Uo(x) reX (5&)
pery =orL(t), teT (5b)

where og(x) and o (t) are probability measures in Z?(Y) concentrated on the graphs of the
initial and boundary data, i.e. oo(z) = dy(z), oL(t) = 6, (1), and (,-) denotes integration of a
function g € € (R) against a measure pu € .# (R

)
wngéammw> (6)
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Definition 6 (Entropy Measure-Valued Solution). A Young measure i : (t,z) — 4 € P(Y)
is an entropy MV solution to (1) if, for all test functions ¢ € €1(R), it satisfies

0 0
0= / <8(f</'l/(t,w)7 y> + %(u(t,x)a f>> dx dt (7)
) dz — /X (T, 2) (.09, ) dt
o(t, L) (o1 (t), f) dt — /T ot R ey ) dt

_|_

_|_

ﬁ\?\

and, for all entropy pairs (n,q) and all non-negative test functions 1 € €1 ()., it satisfies

0 b
0< / <at<ﬂ(t,m)a7l> + %<M(t,w)a q>> dx dt (8)

/wO:c ooz da:—/z/JTx I(T,z), M) dx
/thgL dt—/th 1) ) dt

Remark 7. Entropy solutions are entropy MV solutions via the embedding y(t,x) — Pitz) =
0 .
y(t,z)

Remark 8. For the sake of simplicity, throughout the remainder of the paper we assume that

f: R — R is strictly convex, so that a single entropy pair (n,q) with n(y) = % s enough to

enforce uniqueness of entropy (MV) solutions.

2.3 Linear Optimization Problem over Measures

Let K := Q XY and v 1= AMpAxpe) € 4 (K)y such that v(dt,dz,dy) = dtdz pug ) (dy),
where p is an entropy measure-valued solution satisfying (8). Introduce the boundary measures
supported respectively on Ko =Kp:=X XY and on K;, = Kr:=T xY:

vo(dz, dy) == dzoo(dy | x) (9a)
vr(dz, dy) := dz pr ) (dy) (9Db)
v (dt,dy) == dtor(dy | t) (9c)
vr(dt,dy) := dt pg gy (dy) (9d)

Lemma 9 (Slack Measure for Entropy Condition). Adopting the above v notations (9), condition
(8) is equivalent to the existence of a Borel measure o € M ()4 such that

0
Y —(mv)+n- (6=0 @ vy — =1 ® V1)
t,x)

b (
—81:((11/)4-@'(5x=L®VL—5a:=R®VR)} =0

Proof. Riesz-Haviland theorem [19] proves the polynomial case ¢ € R[t, ], and Stone—Weierstrass
theorem completes the proof by density of polynomial functions in ¢ (€2). O

Defining the objective functional

._7(1/, I/T,VR) Z:/ th+/ thVT+/ hrdvgr
K Kr Kr



given any continuous cost integrands h, hy, hr, the entropy measure-valued solution is the unique
feasible point of the following infinite-dimensional LP on measures:

min J(v,vr, VR) (10)
v\, VR
01,..-sON
s.t. @(V7VT7VR) :p1/2
éak(yayTnyao—k):pk k:1,7N

ve #M(K)y, ope )y k=1,...,N
vr € M (Kr)y, vr€ M (Kpg)t

v = N, 1/7(50) = Ax, Vg) = Ar

where v(t%) : (Q) 5 B — v(B x Y) denotes the marginal of v in (t,z), pr = [ - d1—0 @ vy +
Q- Oper, @ v mp(y) = % and ¢, = ) f', for k € {1/2} U{1,..., N}, and 2 defines the
weak PDE operator:

0

0 (t,2)
(r%(yy)"i_(fy)_‘_y'(stT@VT—i-f'(st@I/R) (11a)

D(v,vr,vR) = ( 5

and for k=1,..., N, & defines the entropy operator:

9 0 (t:2)
&p(v, v, VR, 0) 1= 0} + ((%(Uk v)+ %(Qk V) + 0k S=r @ Up + Qi - Op=Rr ® VR) (11b)

Remark 10. The above LP is written in standard form, with linear mappings of the decision
variables on the left-hand side of the constraints and fized parameters on the right-hand side.

Remark 11. k£ = 1/2 corresponds to n(y) =y and q = f (i.e. the weak PDE formulation) and
18 introduced only for conciseness of notations. As stated above, in infinite dimension and with
strictly conver flur f(y), N = 1 is enough to ensure uniqueness of the MV solution, but in the
finite dimensional representations, [7] suggests to add as many of these constraints as possible to
improve the numerics.

3 Dual Problem over Test Functions

Like their finite dimensional counterparts, infinite dimensional LPs are also subject to Lagrangian
duality, with Lagrange multipliers taken in the dual of the space where equality constraints hold,
with respect to the appropriate topology (namely the weak-* topology). One can either use an
augmented Lagrangian or invoke standard duality rules, e.g. that the dual to inf{{c, x)|«/x =
byyen, is sup{(v,b)|c — &/'v € M },cy regardless of the nature of linear maps <7, (-,b) and
(c,-), and convex cones .#; and .. Hence, denoting o = (0})i_; and & = (&)I_,, and
identifying

2(v,vr,VR)
%(l/, VT,VRaU) - éa(y’ VT?’/R)O—) (12&)
() V(Tw), V}({t)
b= (p1y2; (PK)R=1, A0, Ax, At) (12b)
c= (hv hT7hR70) (12C)

the dual of problem (10) is straightforwardly formulated as:

N
sup /godpl/Q—FZ/qbkdpk—F/wd)\—i—/wTd)\—i-/wRd)\ (13)



st. o, 01,...,0N € %I(Q)w € 6°(Q),wr € €°(X),wr € €°(T)

N
390 3¢k 3¢k
h k>
+y +Z kg, w20

hr —y (T an¢k wr >0

N
he—fe(R) =Y ar k(- R) —wr >0

k=1
— ¢ >0, k=1,...,N

Remark 12. By definition of topological duality, the Lagrange multiplier ¢ exactly corresponds
to test functions in the weak formulation (3), while the Lagrange multiplier ¢y corresponds to
—1) in the entropy condition (4) for the entropy pair (N, qi)-

Remark 13. Recalling the initial and boundary conditions, the criterion in (¢, ¢1,...,PN) can
be made explicit as

/ o dprjs = / yo(@) (0, 2) do + / Fn(®) o(t, L) dt (14a)

Q X T

/ bx dpy = / e (v0(@)) 6 (0, z) da + / aeyL (1) du(t, L) dt (14b)
Q X T

Theorem 14 (Strong Duality). Problems (10) and (13) have the same optimal value.

Proof. According to [20, Theorem 2.6], strong duality follows from uniform boundedness, in
total variation norm, of all involved measure decision variables in the primal problem. Let then
(v,vr,vR,0) be feasible for (10). Since those are Borel measures, their total variation norm is
their masses. Hence, we examine, using the marginal constraints in (10):

/1du:/1dy(t’x):/dtdm:/\(ﬂ).
K Q Q

Likewise, we get fKT 1 dvy = A(X) and fKR 1 dvg = A(T). Eventually, it remains to compute,
using (10) and (11b):

14b
/1 doy, = / 1 dpy, — / Nk dvr —/ qr dvgr < / 1dpe "2 ||y o Yol 21 x) + llgk © yrll.21 (1)
Q Kr Kgr Q

where the first equality was obtained by remembering that a partial derivative of a measure always
maps constants to 0, and the inequality was obtained by remembering that, since n;(y) = %
and y > 0 is ensured by the maximum principle, n; and ¢ are nonnegative. We conclude that
any (v, vp,vR, o) feasible in (10) satisfies the uniform bounds:

[Wllzv <AMQ),  vrllry < AX),  [lvrllry < A(T),

lokllrv < lmk o yoll 21 (x) + llak © YLl 1 (1) < 00

which proves strong duality as per |20, Theorem 2.6]. O]

4 PDE Solution from Dual Variables

In this section, we explain how an approximate solution of the conservation law can be recon-
structed from a set of polynomial dual variables (cp,w,w,wT,wR) obtained by solving finite
dimensional convex strengthenings of the dual problem on test functions. The reconstruction
relies on strong duality and on the concentration of entropy measure-valued solutions on the
graph of the weak solution of the PDE.



4.1 Finite-Dimensional Polynomial Recastings

Define the bulk slack function S(¢,x,y) associated with the feasible set of dual variables posed
on the whole domain K, as well as the boundary slack functions St(x,y) and Sg(t,y):

0 0 0 0
S::h—w+ya—f+fa—i+naf+q£ (15a)
St :=hp —wr — (y o(T,-) + (T, ")) (15b)
Sk :=hr—wgr — (fe(,R)+q¥(-, R)) (15¢)

Dual feasibility imposes S7 > 0 on K7, S > 0 on Kg and ¢* > 0 on 2, with respective
Lagrange multipliers v, vp, vg. Suppose that h, hp, hr are polynomials, and restrict the search
for ¢, ¥, w, wx, wr to polynomial parametrizations. The Stone-Weierstrass theorem ensures
that such restriction does not change the optimal value of the problem, hence strong duality
is preserved. Moreover, with this parametrization, S(t,z,y), Sr(z,y) and Sg(t,y) are now
polynomials too. Eventually, we also assume that K, K7 and K; are semi-algebraic sets, i.e.
for instance 3 g1,...,g9m € R[t, z,y];

K={(tzvy) € R3 | g1(t,z,y) > 0,...,gm(t,z,y) > 0}.

These assumptions allow us to leverage Putinar’s Positivstellensatz to represent positivity con-
straints on S, S and Sr. Namely, under mild assumptions, Putinar’s theorem states that if
V(t,z,y) € K, S(t,z,y) > 0, then INy,...,N,, € N, py € R[t,z, ]V, ..., pm € R[t,z,y]Vm
such that

m
S(tv €T, y) = Hp(](tv €, y) ”% + Z gi(tv €T, y) ”pi(t> €L, y) H% (16)
i=1
where |po(t,z,y)||3 = poi(t,x,y)> + ... + pon,(t, z,y)?* denotes the squared Euclidean norm
of po(t,z,y) € RN, and can be represented by a finite-size positive semidefinite matrix. Con-
sequently, by further restricting problem (13) to polynomials of uniformly bounded degree d
and to bounded-size matrix representations of the inequality constraints, we obtain a convex
finite-dimensional SDP strengthening of the original dual problem (13).

Remark 15. By “bounded-size matriz representation”, we mean that we restrict the parametriza-
tion of po, - .., pm such that deg(||pol|3) < d and deg(g;||pil|3) < d, i=1,...,m, to be consistent
with the degree bound. This results in a uniform bound on the size of the corresponding matriz
representations. In this way, one gets a hierarchy of nested finite-size SDP problems indexed by
d € N, called a sum-of-squares (SoS) hierarchy, as ||p||3 parametrizes polynomial sums of squares.

Theorem 16 (Strong duality and convergence). The above derived SDP strengthenings of (13)
are in strong duality with the moment relazations of (10) presented in [7]. Moreover, defining
V* as the common optimal value of problems (10) and (13), and Vg the common optimal value
to their respective degree d finite dimensional representations, it holds

Vo S V. (17)

d—00
Proof. Strong duality is proved identically as in Theorem 14, using |6, Theorem 4] instead of |20,
Theorem 2.6]. Monotonicity is due to the fact that increasing the degree bound d enlarges the

dual feasible set, resulting in a higher supremum value. Convergence follows from |7, Theorem

4]. O

Corollary 17 (Approximate Complementary Slackness). Let (¢4, Y, Wa, Wr 4, Wr.a) € Ralt, 2] x
Ry[z] x Ry[t] be optimal for the degree d representation of (13), and Sq the corresponding slack



function as per (15a), for d > deg(h). Let (t,x) — y*(t,x) be the entropy weak solution to (1).
Then,

0< / Sult, 2,y*(t,2)) dide < V* — Vi — 0, (18a)
(9] —r 00
from which it follows directly that
Sa(t, z,y*(t,x)) = 0 for Ag-almost all (t,x). (18b)
—00

Proof. Let (v*,v},vy) be optimal in (10), by [7, Theorem 1] we know that v*(dt,dx,dy) =
Oy (1,2)(dy) dt dzx, so that

/ Sq(t, z,y*(t,z)) dt de = /Sd dv*.
Q

Then, by definition of Lagrange duality, denoting by L(p, ¢, w, wr, wr) the optimization criterion
of (13), it holds

/Sd dv* < J(v*,vp,vR) — L(¢d, ba, wa, wrd, Wra) =V — Vg — 0

d—00

by Theorem 16. We conclude by nonnegativity of .Sy. O

4.2 Pointwise Solution Reconstruction

Despite the above results, at this point the reconstruction of solutions to the conservation law
from dual optimizers is only heuristic. Mathematical proof of convergence of the extracted
solution approximation would require subtle estimates and assumptions that are beyond the
scope of this article. Hence, we only expose our rationale for the reconstruction method. In
the framework of optimal control, a GMP formulation is also available, with strong duality
guarantees, where the dual problem on functions approximates the value function from above
via super-solutions vy of the HJB equation. Then, under regularity and convexity assumptions,
for a given time ¢ and state x, a control feedback law is extracted as (see e.g. [21])

uq(t, ) = argmin{vy(t, z,u) | u € U}.
Likewise, here we propose to define the approximate solution
ya(t,x) = argmin{Sy(t,z,y) |y € Y}. (19)

Remark 18. While proving the convergence of yq(t, z) towards the actual entropy weak solution
y(t, z) is highly nontrivial, by design of the proposed approximation, Corollary 17 at least gives
access to the pointwise estimate Aq-a.e.

Sd(t,x,yd(t,x)) < Sd(taxvy*(tvx)) <V - Vi, (20)
so that approximate complementary slackness is preserved.

Theorem 19. Assume that K is convex and there exists € > 0 for which feasibility of (¢, ¢, w, wr, wg)
for (13) enforces e-strong convexity of the corresponding slack S(t,x,y) in y:

%8
Y(t,z,y) € K, a—yQ(t,m,y) >e.

Then, (19) defines a unique (t,z) — yq(t, =) and

Yo — Y~ in L%(). (21)
d—o0



Proof. Uniqueness of the minimizer is a direct consequence of e-strong convexity. Moreover,
again by e-strong convexity, it holds for any (¢, z,y) € K:

€
Sd(tvxvy) > Sd(t7$7yd(t7x)) + §’y - yd(ta CC)|2
In particular, we get for y = y*(¢, x):

I = vl = [ 10°(0) = walt, ) d do

2

< z /Q (Sd(t,ﬂs,y*(t,x)) — Sd(t,SC,yd(t,:c))) dt dx

2
S/&@%ﬁ@@MMw
€ Ja

Vo ZVa O

S d—00

<

Remark 20. The strong-convexity assumption in Theorem 19 efficiently enforces convergence
but is difficult to establish. Actually, when the solution y* is discontinuous, strong convexity
of S is unlikely to hold. An option would be to add it to the constraints of the dual (13), and
analyze the behavior of the primal solutions as € goes to 0, in a manner similar to viscosity
solutions. Another (complementary) possibility would consist in adjusting the primal cost h in
order to enforce strong convezity. In any case, short of convincingly proving convergence in the
general case, Theorem 19 illustrates the intuition for extracting solutions according to (19). This
18 further supported by the numerical results shown below.

Remark 21. Our approach to extracting solutions from moment-SoS optimal solutions may look
similar to the one leveraging Christoffel-Darboux (CD) kernels in [14], in the sense that both
resort to representing the solution as the arg min of a polynomial, hence covering a large variety
of functions, including discontinuous shocks and piecewise-affine rarefaction waves. Still, they
differ in the sense that extraction based on the CD kernel “only” exploits the moment matrizc

M, ~ /e(t,x,y) e(t,z,y) " v*(dt, dx,dy)
d+3
where e(t,z,y) € Rd[t,x,y]( 5) is a basis of Rylt,z,y]. In the moment-SoS hierarchy, this
moment matriz is dual to ||po(t,z,y)||3 in the Putinar representation (16) of Sy(t,=,y), while
our approach accounts for the full slack polynomial Sq. Moreover, the spectral filtering required
to represent singular measures in the CD kernel approach is not relevant here.

Remark 22. In addition to proving convergence of yq towards y*, another important question
would be to assess the rate at which the solutions can be expected to converge, which requires a
detailed analysis of the regularity of optimal solutions to the dual problem (13). Such solutions are
not even guaranteed to exist in the current formulation, see [22] for a complete description of the
link between existence of reqular solutions and convergence rates of the moment-SoS hierarchy.

5 Numerical Results

5.1 Setup Description

We solve degree-d = 10 SoS strengthenings of (13) using the MATLAB Code available at https:
//gitlab.com/slimj-group/mv-entropy-dual/-/blob/main/mv_entropy_dual.m. More pre-
cisely, we take T = [0,1] = {t e R | t(1 —¢) > 0}, X = [-0.5,0.5] = {z € R | (x + 0.5)(0.5 —
xz) > 0}, and Y = [0,1]. We focus on two classical test cases for the Burgers equation (i.e.,
fy) = ¥*/2): a shock wave with yo(z) = Tj_g50)(x) and yr(t) = 1, and a rarefaction wave


https://gitlab.com/slimj-group/mv-entropy-dual/-/blob/main/mv_entropy_dual.m
https://gitlab.com/slimj-group/mv-entropy-dual/-/blob/main/mv_entropy_dual.m

with yo(z) = 1jp,0.5/(z) and yL(t) = 0. Finally, we run the SoS strengthening for three different
choices of the cost

j(l/,I/T,I/R) = /hdl/—i—/hT dI/T—I—/hR dvpg,
namely h = hp = hg, with three alternatives:

df2 d/2—q

h(t,z,y) Z Z {2028y d=20-20 (even)

a=0 =0
(1—y
h(t,z,y) = Zy+ (log)

d
/2 Yol g (1 — )2t

h(t,xz,y) = o 1

(atanh)

a=0

where (even) corresponds to the trace of the moment matrlx as in [7] (log) converges to
—log(y(1 — fo m, and (atanh) converges to tanh ™' (y) 4 tanh ™! fo Ty
as d — 00. The last two criteria reflect a trade-off between strong convex1ty of h iny and the
penalization of large values of y(¢,x) close to the bounds.
While [7] advocates using multiple entropies in the degree-d truncations, we observed that this
strategy drastically increases the computational time while providing only limited improvement
over a single well-chosen entropy. As a result, we performed the computations with NV =1 and

df2 2a df2 20+1
Yy Yy
nw) =3 5 dw =3 57 (22)
a=1 a=1

5.2 Numerical Experiments

For each of the above test cases, we solved the corresponding degree-d representations with both
MOSEK and SeDuMi as SDP solvers within YALMIP. For comparison, we approximated the
normalized distance ﬁ”yd y*[| #1(q) by the empirical mean error

K
1 *
= K Z ‘yd(tmxn> -y (tmxn)‘y (23)
n=1

where the points (¢,,z,) are sampled on a relatively coarse 50 x 50 grid (i.e., K = 2500) in
order to keep the post-processing time reasonable. The resulting approximate .#! distances are
reported in Tables 1 and 2 together with two graphs representing the shock and rarefaction
waves reconstructed by our algorithm. In addition to the dual formulation, we also computed
the primal relaxations with Christoffel-Darboux kernel extraction, as per [7], which we in turn
compared to the analytic solution using (23) once again.

A shock-wave discontinuity propagates along x4(t) = st at the Rankine-Hugoniot speed s =

Fun D=0 o that (1, ) = 1) ().
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Figure 1: Shock-Wave Graph

Table 1: L!-distance from the exact shock-wave solution.
even log atanh

SeDuMi 0.000832986255 0.000832986255 0.000832986255
Mosek  0.000832986255 0.001249479383 0.001249479383

Comparatively, the primal only achieves § = 0.0122186 using Mosek with even entropy costs at
equal d-relaxation degree.

As for the rarefaction wave (yo(z) = Lio,r)(z), yo(t) = 0), the exact solution is y*(t,z) =
% ]I[O,t] (.73) + ]l]t,—i-oo[(x)'

Figure 2: Rarefaction-Wave Graph

Table 2: L!-distance from the exact rarefaction-wave solution.
even log atanh

SeDuMi 0.014615751581 0.016534437954 0.016481358316
Mosek ~ 0.015114338538 0.018346819141 0.017678366146

Comparatively, the primal only achieves § = 0.028886 using Mosek with even entropy costs at
equal d-relaxation degree.
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These experiments suggest that, at a fixed relaxation/strengthening degree d, our dual ap-
proach outperforms the primal relaxations from [7]. They also pave the way for future devel-
opments on convergence towards the solution, as well as more sophisticated problems such as
control synthesis.

6 Conclusion

This paper developed a dual SoS framework for entropy measure-valued solutions of scalar nonlin-
ear hyperbolic conservation laws on compact space-time domains. Starting from the generalized
moment formulation, we emphasized the intrinsic Lagrangian dual over test functions, entropy
multipliers, and slack variables, and showed how this viewpoint yields both admissibility certifi-
cates and a practical reconstruction principle based on slack minimization.

On the computational side, the dual problem was approximated by polynomial restrictions
on compact semialgebraic sets and enforced through Putinar-type SoS certificates, leading to
semidefinite programs implemented in YALMIP. The numerical experiments on Burgers-type
shock and rarefaction configurations show that the dual formulation is bounded and can recover
the expected entropy solution with good accuracy. In particular, the reconstructed profiles re-
produce both discontinuous and continuous wave patterns, and the reported discrete L'-errors
quantify the influence of both the entropy-based cost integrand and the SDP solver on the final
approximation.

These results indicate that the dual hierarchy is not only a theoretical certificate of admissibility,
but also an effective tool for solution recovery. They also suggest that entropy selection, cost de-
sign, and solver robustness play a decisive role in reconstruction quality. Future work will focus
on refined multi-entropy formulations, more systematic comparisons with primal moment re-
laxations and Christoffel-Darboux recovery, stronger numerical reconstruction procedures based
on relaxed contact sets, with convergence guarantees and rates, and eventually extensions to
parameter-dependent conservation laws, as well as control and stabilization of PDEs.

Acknowledgements

This work was carried out within the EUROfusion Consortium and funded by the European
Union through the Euratom Research and Training Programme (Grant Agreement No. 101052200
— EUROfusion). The views expressed herein are those of the authors only and do not necessarily
reflect those of the European Union, the European Commission, or EUROfusion, which cannot
be held responsible for them.

The work of Matteo Tacchi-Bénard is supported by the French National Research Agency (ANR)
under the PIVOINE project grant ANR-25-CE48-1599-01. The work of Slim Jmal is supported
by the program "Initiatives de Recherche & Grenoble Alpes" through the grant SOS-Fusion.

References

[1] C. M. Dafermos, Hyperbolic conservation laws in continuum physics. Springer, 2005.

[2] S. N. Kruzkov, “First order quasilinear equations in several independent variables,” Mathe-
matics of the USSR-Sbornik, vol. 10, no. 2, pp. 217-243, 1970.

[3] R. J. DiPerna, “Measure-valued solutions to conservation laws,” Archive for Rational Me-
chanics and Analysis, vol. 88, no. 3, pp. 223-270, 1985.

[4] Y. Brenier, “Solution by convex minimizationof the cauchy problem forhyperbolic systems
of conservation laws with convex entropy,” arXiv: Analysis of PDEs, 2017. |Online].
Available: https://api.semanticscholar.org/CorpusID:119253155

12


https://api.semanticscholar.org/CorpusID:119253155

[5]

(6]

7]

8]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]
[17]
[18]

[19]

[20]

[21]

[22]

S. G. Krupa and A. F. Vasseur, “On uniqueness of solutions to conservation laws verifying a
single entropy condition,” Journal of Hyperbolic Differential Equations, vol. 16, no. 01, pp.
157-191, 2019.

M. Tacchi, “Convergence of lasserre’s hierarchy: the general case,” Optimization Letters,
vol. 16, no. 3, pp. 1015-1033, 2022.

S. Marx, T. Weisser, D. Henrion, and J. Lasserre, “A moment approach for entropy solutions
to nonlinear hyperbolic PDEs,” Mathematical Control and Related Fields, vol. 10, pp. 113—
140, 2020.

C. Cardoen, S. Marx, A. Nouy, and N. Seguin, “A moment approach for entropy solutions
of parameter-dependent hyperbolic conservation laws,” Numerische Mathematik, vol. 156,
no. 4, pp. 1289-1324, 2024.

O. Mula and A. Nouy, “Moment-sos methods for optimal transport problems,” Numerische
Mathematik, vol. 156, no. 4, pp. 1541-1578, 2024.

G. Fantuzzi, D. Goluskin, D. Huang, and S. I. Chernyshenko, “Bounds for deterministic and
stochastic dynamical systems using sum-of-squares optimization,” STAM Journal on Applied
Dynamical Systems, vol. 15, no. 4, pp. 1962-1988, 2016.

D. Goluskin and G. Fantuzzi, “Bounds on mean energy in the kuramoto—sivashinsky equation
computed using semidefinite programming,” Nonlinearity, vol. 32, no. 5, pp. 1705-1730,
2019.

G. Fantuzzi and D. Goluskin, “Bounding extreme events in nonlinear dynamics using convex
optimization,” SIAM journal on applied dynamical systems, vol. 19, no. 3, pp. 1823-1864,
2020.

S. P. Chhatoi, D. Henrion, S. Marx, and N. Seguin, “Optimizing quasi-dissipative evolution
equations with the moment-SOS hierarchy,” Discrete and Continuous Dynamical Systems,
vol. 45, pp. 4139-4159, 2025.

S. Marx, E. Pauwels, T. Weisser, D. Henrion, and J. B. Lasserre, “Semi-algebraic approx-
imation using christoffel-darboux kernel,” Constructive Approximation, vol. 54, no. 3, pp.
391-429, 2021.

D. Henrion and J. B. Lasserre, “Graph recovery from incomplete moment information,”
Constructive Approximation, vol. 56, no. 1, pp. 165-187, 2022.

R. T. Rockafellar, Convex analysis. Princeton university press, 1997, vol. 28.
S. Boyd and L. Vandenberghe, Convex optimization. Cambridge university press, 2004.

F. Zobiri, E. Witrant, and F. Bonne, “Pde observer design for counter-current heat flows in
a heat-exchanger,” IFAC-PapersOnLine, vol. 50, no. 1, pp. 7127-7132, 2017.

E. Haviland, “On the momentum problem for distribution functions in more than one di-
mension. ii,” American Journal of Mathematics, vol. 58, no. 1, pp. 164-168, 1936.

M. Tacchi, “Moment-sos hierarchy for large scale set approximation. application to power
systems transient stability analysis,” Ph.D. dissertation, INSA de Toulouse, 2021.

A. Oustry and M. Tacchi, “Minimal time nonlinear control via semi-infinite programming,”
SIAM Journal on Control and Optimization, vol. 64, no. 2, pp. 698-726, 2026.

C. Schlosser, M. Tacchi-Bénard, and A. Lazarev, “Convergence rates for the moment-SoS
hierarchy,” Numerical Algebra, Control and Optimization, vol. 16, pp. 105-156, 2026.

13



	Introduction
	Notation

	Primal Problem over Measures
	Entropy Weak Solutions
	Entropy Measure-Valued Solutions
	Linear Optimization Problem over Measures

	Dual Problem over Test Functions
	PDE Solution from Dual Variables
	Finite-Dimensional Polynomial Recastings
	Pointwise Solution Reconstruction

	Numerical Results
	Setup Description
	Numerical Experiments

	Conclusion

