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On the solution of Scalar Non local Traffic
Equation with Random Flux Functions
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Laboratoire Jacques Louis Lions,
Sorbonne Universite,

4 place Jussieu,

75005 Paris (France).

Abstract

We study scalar conservation laws with nonlocal fluxes depending on
random parameters, motivated by applications to macroscopic traffic flow
models. First, we consider a nonlocal conservation law in which random-
ness affects the velocity function, the convolution kernel, and the initial
datum. We introduce a suitable notion of random solution and prove
existence and uniqueness results, together with stability and moment es-
timates. The analysis relies on the well-posedness theory for deterministic
nonlocal equations and on spectral representations of the random inputs
via Karhunen—Loéve expansions.

In the second part of the paper, we investigate a stochastic nonlo-
cal traffic model driven by Brownian noise. We establish existence and
uniqueness of strong solutions for suitable finite-dimensional approxima-
tions and pass to the limit to obtain well-posedness results for the full
stochastic problem. Several qualitative properties of solutions are also
discussed.

Keywords. Nonlocal conservation laws; random fluxes; stochastic partial differ-
ential equations; traffic flow models; well-posedness.

AMS Subject Classifications. 35L65, 35R60, 60H15, 90B20.

1 Introduction

In the literature, the chaotic dynamics of vehicles has been the subject of sev-
eral studies starting from the middle of the previous century. There are various
possible approaches for traffic modeling. Those based on differential equations
are mainly categorized as microscopic or macroscopic. Microscopic traffic mod-
els use ordinary differential equations (ODESs) to describe the dynamics of each
individual vehicle in the traffic flow, while macroscopic models use partial dif-
ferential equations (PDEs) to describe the evolution of macroscopic quantities,
such as the density v = u(t,z) and the average velocity v = v(¢,x) of cars, as
in fluid mechanics.

*E-mail: francesca.angrisani@sorbonne-universite.fr.



The first macroscopic model was introduced by Lighthill-Whitham [1] and
independently by Richards [2]. Tt is based on a single equation in conservation
form describing the evolution of traffic density on a unidirectional road. The key
assumption is that the velocity v is not an unknown, but it depends in a non-
increasing way on the density u. Hence, the resulting model can be described
by the conservation law

0w+ 0, f(u) = 0,

where f(u) = uw(u) is the flux. Subsequently, various extensions and general-
izations have been proposed; see [3, 4, 5, 6] and the references therein.

More recently, another class of models has attracted some interest in the
traffic community, namely the so-called nonlocal models. They have the pe-
culiarity that the velocity function depends in a functional way on the traffic
density, trying to mimic the phenomenon that each driver chooses her /his speed
according to the distribution of the other vehicles in a neighborhood; see for ex-
ample [11, 12, 7, 10, 9].

All the previous models are deterministic, in the sense that, once the ini-
tial conditions are known, the whole dynamics is exactly determined. However,
traffic evolution is affected by several sources of uncertainty, which can be rep-
resented by random variables with specified probability distributions. For ex-
ample, they can describe disturbances in the car velocity and/or in the vehicle
distribution, due to inaccuracies in the data or to random behaviors of drivers.
The first papers in which stochastic terms are introduced in traffic models are
15, 14, 13].

More recently, hyperbolic conservation laws with noise have been studied also
in [17, 18, 19, 20].

In the first part of this paper we consider the stochastic version of the non-
local equation
Ou+ Oy (uv(uxn)) =0, (1)

where 7 is a kernel function and the convolution u * 7 represents an averaged
density. The well-posedness of (1), coupled with the initial condition

u(0, ) = u,(z), (2)

is proved in various papers; see [9, 7, 12, 11, 24].
Inspired by [14], we focus on the following Cauchy problem:

{ 8tu+8m(uv(w,u*77(w))) =0, 3)
uw(0,x) = uo(w, ),
with stochastic initial condition, velocity, and kernel. We introduce the notion
of random solution for (3), which requires measurability with respect to the
random variable w. We prove the existence of a unique solution to (3), together
with some additional properties. A crucial idea in the proof of our result is
the decomposition of the functions v,  and u, using Karhunen—Loéve spectral
expansions. This permits us to construct a sequence of approximate solutions
which converges to the solution to the Cauchy problem (3). A similar approach
is used in [14]. The uniqueness of the solution is a straightforward consequence
of the well-posedness of the deterministic model (1).



In [16] the authors consider a similar problem for a nonlocal traffic flow
model with a specific random structure, in which the random variable appears
only in the velocity function, differently from our case. Here we also allow the
dependence on the random variable in the kernel function n and in the initial
condition wu,.

In the second part of the paper we consider the stochastic Cauchy problem

{ Oyu + 0 (uv(w,u* n(w))) dW =0, (4)

(0, z) = uo(w, x),

where W is a one-dimensional Brownian motion defined on a probability space
and adapted to some filtration.
We prove the existence and uniqueness of a weak solution for (4), inspired by

2 The Nonlocal Problem with Random Terms

Here we consider a conservation law with both nonlocal and random terms.
More precisely, we consider the following scalar equation:

Ou + 0 (uv(w, uxn(w))) =0, t>0 zeR, we, (5)
coupled with the initial condition
u(0,z) = uo(w, ), reR, we. (6)

The element w € Q is a possible outcome of a random process. In particular,
the triplet (2, F,P) is a probability space, i.e. ) is a set (sample space), F is a
o-algebra on €0, and P is a probability measure.

Throughout the paper, for w € 2, t > 0 and = € R, we write

(1) u(ert)a) = [ e =) ulon ) dy
for the convolution in the space variable.
For the velocity function v in (5) we assume the following hypothesis.
(V) v:Q xR — R satisfies:

(a) for P-ae. w e Q, v(w, ) € W3 (R; R);

(b) the map
0 — W3HS(R;R)
w v(w, -)

is measurable, where the topological space W3°°(R;R) is endowed
with the Borel o-algebra.

The convolution kernel 7 satisfies the assumption:
() n: QxR — R satisfies:
(a) for P-ae. w € Q, n(w, ) € W22 (R;R);



(b) the map
QO — W2%(R;R)
w — o w,)

is measurable, where the topological space W2°°(R;R) is endowed
with the Borel o-algebra.

For the initial condition u, in (6) we assume the following hypothesis.
(IC) u, : @ x R — R satisfies:
(a) for P-a.e. w € Q, up(w,-) € LY(R;R);
(b) for P-a.e. w € Q, Tot.Var.(u,(w, ) < o0;

(¢) the map
Q0 — LYRR)
w o Uy(w,)

is measurable, where the topological space L1(R;R) is endowed with
the Borel o-algebra.

Let us introduce the definition of solution for the Cauchy problem (5)—(6).

Definition 2.1 Given T > 0, a map u : Q X [0,T7] x R — R is said to be
a solution to (5)—(6) on the time interval [0,T] if the following conditions are
satisfied.

1. The map w — u(w, -, ) belongs to C° ([0, T]; L*(R;R)) for P-a.e. w and
u:Q — C°([0,7T];L*(R;R))

is a random field, i.e., a measurable function when C° ([0,T]; L*(R;R))
is endowed with the Borel o-algebra.

2. For P-a.e. w € Q and for a.e. z € R,

w(w,0,2) = up(w, x).

3. For P-a.e. w € Q and for every test function ¢ € CL((0,T) x R;R), it
holds

0= /T/u(w,t,m) Opo(t,x) de dt
0 T]R (7)
+ /0 /Ru(w,t, z)v(w, (n(w,-) *u(w,t,-))(z)) Op(t,z) dedt.

The following well-posedness result holds.

Theorem 1 Assume hypotheses (V), (1), and (IC). Then, for every T > 0,
there exists a solution u: Q x [0,T] x R = R to the Cauchy problem (5)—(6) in
the sense of Definition 2.1.

Moreover, for every k > 1, for every 0 <t < T, and for P-a.e. w € €Q,

Hu”Lk(Q;CO([O,T];Ll(R;R))) < HuOHLk(Q;Ll(R;R))7 (8)



”u(w7t>HL1(R;R) < Huo(w)||L1(R;R)= (9)

Tot. Var.(u(w,t,-)) < C1 Tot. Var.(u,(w, -)) + exp(Cat), (10)

and, with R as above,

sup u(w, t,")llpazr) < CR P-ge we. (11)
0<t<T ’

Proof. We divide the proof into several steps.
Step 1: construction of the candidate solution. We construct the candi-
date solution for the Cauchy problem (5)—(6), by considering w € Q as a fixed
parameter.

By (V), (1), and (IC), there exists 2 C  such that P(Q\ ;) = 0 and,
for every w € (),

v(w, ) € C3(R;R),
n(w,-) € (Ll N W2’°O) (R;R), Tot.Var. (n(w, -)) < +oo,
Uo(w, ) € LY(R; R), Tot.Var. (u,(w, ) < +oo.

Let us fix w € Q1. Then Theorem 3 implies that there exists an w-dependent
semigroup
S§Y: Ry xD — D,

where
D = {u € L"(R;R): Tot.Var.(u) < +o0},

such that the orbit ¢t — S;’u is the solution to the deterministic problem (32)
with velocity vq = v(w,-), with kernel ny; = n(w,-), and with initial condi-
tion (33) given by u, ¢ = @. In this way, we construct a map u: €y X [0, +00) X
R — R, defined by

u(w, t,z) = 8 (uo(w, ) ().

We extend it to a function
u: @ x[0,400) x R — R (12)

by setting u(w,t,2) = 0 for every w € Q\ 4, t > 0, and « € R. Note that, by
construction, u satisfies conditions 2 and 3 of Definition 2.1.

Step 2: measurability of the candidate solution.

Consider the function

Hy: W3*(R;R) x W2*(R;R) x D — CO°([0,T]; L*(R; R))

(0,7, 1) —s 5P (7). (13)

where SV is the semigroup generated by v and 7; see Theorem 3. By Theo-
rem 3, the map H; is locally Lipschitz continuous; hence it is also measurable.
Consider now the map

Hy: Q — W3%(R;R) x W22(R;R) x D
')7 )

w (v(w, ), n(w, ), to(w, -)) (14)

which is measurable thanks to (V), (n), and (IC).



We have that

Hy o Hy(w) = u(w, -, ). (15)
This permits us to conclude that the map w — u(w, -, -) is measurable. O
Let us define
U=[-1,1"

Since (40), (39) and (??) hold, for every .J € N\{0} we define the truncations:

J
u) (y, ) = ug(x) + Zyjﬂ?;(x)’ yevu, (16)
J; |
v‘](z, r) =O(r) + szwj(r), zeU, (17)
J
0! (ha) =)+ h¢(x),  heU. (18)
j=1

Thanks to Theorem 3, for every y € U, z € U, h € U, we can consider the
solution of the deterministic Cauchy problem

J J _
3tu—|—8z(u}; (z,uxn’(h)) =0, (19)
u(0,z) = uy (y, ).
We denote this solution by u”’ = u”(y, z, h, t, x).
The functions (16), (17), (18) converge respectively to
+o0 ‘
io(y, ) = ud(x) + Y _y;ud(x), yeU, (20)
j=1
+oo ]
U(zr) =900 + Y5 (), zel, (21)
j=1
400 )
i(h,e) = @)+ h(@), hel, (22)
j=1

in the spaces L1, W3 and W2, respectively, uniformly with respect to v,
z, h.

For every y € U, z € U, h € U, we define @ = a(y, z, h, t, z) as the solution
Ou+ 0y (ud(z,ux7(h))) =0,
U(O,.’lﬁ) = ﬁo(y»$>'

By (S2), (S4), and (S5) we deduce that, for every y € U, z € U, h € U,
and t > 0,

of
(23)

lim ||uj](y,z,h,t7 S —uly, z, h,t,-

J—+4o00

M gy =0 (24)



Let us now consider the stochastic Cauchy problem (3) and let us take a
sequence {U;}jen such that U; C [—1,1]3 for all j € N, Uy, is a proper subset of
[—1,1]3 only for a finite number of indices k, and

v
j=1

Let G be the corresponding product o-algebra. Let us set s := (y,z,h) and
consider the probability measure

ds;
do (s) := ® TJ’
jz1

i.e., the product of the normalized Lebesgue measures on the components.
By assumption the random coordinates s; are independent and identically
distributed, uniform on U}, and for U = H;’il U; we have

U)= H]P’{w ts5(w) € U;

and define S (w) = (Y (w), Z;j(w), Hj(w))

We take y; = Yj(w), z; = Z;(w), h; = H;(w),
( j>1 € U and define

for every j € N. Let S(w) := SJ( )
o7 (w,t, ) = v’ (S(w), t,2). (25)

Note that the map w ~ @7 (w, -, -) is measurable, as it is a composition of mea-
surable maps. Moreover {47} jey is a Cauchy sequence in C°([0,7]; L*(R; R))
(which is separable, hence we can apply Lemma 1), and therefore the limit @ is
measurable from (€, G) into

(C°([0, T); L*(R; R)), B(C°([0,T); L*(R; R)))).

Step 3: @ is the unique solution of the Cauchy problem (3). By
construction, the functions u”(S(w),t,x) satisfy condition (7) for S(w) € U,
P-a.s.

Passing to the limit as J — oo in C°([0, T]; L1 (R;R)), thanks to the stability
and the uniqueness of entropy solutions, we obtain the claim.

Step 4: the estimates (8), (9), (10), (11).

e Let us prove (8). We have

”quﬁk(Q;CO([O,T];Ll(R;]R))) = /Q HU(W)HI(CJO([O,T];Ll) dw

- / (sup [fu(w,Hlle)" dw
Q

te[0,T

/(bup /uwtm|dx> dw

te[0,T]

/(sup /uowx|dx> dw
te[0,T]



:/Q</R|uo(w,x)|dm>kdw

= ||Uo‘|]fk(Q;L1(R;R))'
e Estimate (9) follows directly from 35, observing that if u, = 0 then the

unique solution of (32) is u = 0.

e Thanks to (S6) there exist two constants Cy,Cs > 0 such that (10) holds
true.

e Let us prove (11). We have

sup [lu(w,t,)|lLrwr) = sup [|Siuo(w, ) ||lLt (rir)
0<t<T 0<t<T
< Clluo(w, )L rir)

< CR, P-a.e. w € Q,

where 35 has been used.

O
3 The Nonlocal Traffic SPDE
Here we consider the following SPDE Cauchy problem:
O+ 0y (uv(w, uxn(w))) dW, =0, (26)
(0, 2) = uo(w, x),

where W = (W};);>0 is a one-dimensional Brownian motion defined on a proba-
bility space and adapted to some filtration.

Let us consider a filtration {F} }4c(o,7] that is complete and right-continuous.
We call
S:=(QF,{Fi}i>0,P)

a stochastic basis.

The “weak” (distributional) solutions in the PDE sense in the Sobolev spaces
for (5), defined by (7), are pathwise (probabilistically) strong.
This is because weak/strong probabilistic solutions have a different meaning
from weak/strong solutions in the PDE literature. In probability theory, the
so-called martingale solutions are considered “weak” solutions.
If we fix a priori a stochastic basis S and a Brownian motion W on it, we speak
of a strong (or pathwise) solution. If (S, W) is part of the unknown, the relevant
notion is that of a martingale solution.

Definition 3.1 The triple (S,u, W) is a weak (or martingale) H™-solution of
the SPDE (26) with initial distribution A if the following conditions hold:



1. §=(Q, F,{Fi}+>0,P) is a stochastic basis;
2. W is a standard Wiener (Brownian motion) process on S;
3. u:Qx[0,T] - HY(R) is adapted, with
u € LE(Q;C°([0, T]; HY(R))) and w € L2([0,T]; H™(R)) P-a.s.,
for some py > 4. Moreover,
u € L2(Q;L2([0, T); L2(R))) ifm=1,

7
u € L2([0, T]; H™ + 1(R)) NL([0, T]; H™(R))  if m > 2, 7

where €, means stochastically bounded;!

4. the law of the initial data ug := u(0) on H™(R) is A, i.e., (u(0))P = A,
that is, A(A) = P((u(0))"*(A)) for measurable sets A;

5. for allt € [0,T) and all p € CL(R), the following equation holds P-almost
surely:

T
/0 /R [u(w,t,x)aa—f(t,x)Jru(w,t, x) v(n*u(w,t, )(z))g—i(t, z)} dx dt AW, = 0.

(28)

Definition 3.2 Fix a stochastic basis S, and a Wiener process W defined on
S. Fizm € N and po > 4, and consider a random variable ug € Ly (Q; H* (R)).
A process u, defined relative to S, is a strong H™ solution to (26) if (S,u, W)
is a weak H™-solution to (26) with initial law A := (ug)«P.

3.1 Existence and uniqueness of a strong solution

Theorem 2 Let us consider the problem

{ u+ 9y (uv’ (z,uxn’(h))) dW, =0,

u(0,x) = uy (y, ). (29)

For every J € N there exists a unique L* N L>®-valued adapted process u’ that
is a strong solution to problem (29).

Proof. First of all let us notice that (29) is an SPDE system with coefficients
that are locally Lipschitz continuous on the finite-dimensional space .S; spanned
by the truncation.

By a standard well-posedness theorem for SDEs (see, e.g., [21, Thm. I1X.2.1]),
this immediately implies the existence and uniqueness of a continuous (strong)
solution of (29) on [0,T].

It remains to prove that system (29) can be seen as an SPDE in S;.
Since, for every J, u’ € L2([0,T];R), using the Karhunen-Logve expansion we
obtain

J
u! (w,z,t) =E(u’) + Z aj(w,t) ij(x), (30)
j=1

1A sequence {v,} of B-valued random variables is stochastically bounded in B if
P(||lvn|lp > R) = 0 as R — oo, uniformly in n.



where, for a fixed 0 < R < 400, {7}°}/_; is an orthonormal basis of L?((—R, R);

Since the {/'}; are eigenfunctions, we have:
[ ]
J
Oa;
opu’ (w, z,t) —Jwtfy] x);

= ot

e for the convolution,

(u” x 07 (h,))(z) = / u! (w, k,t)n’ (h, k — z) dk
B (x)

J
- Zaj(w,t)/ VB R (h, b — ) di:
j=1 BE(Z)

e for the derivative of the flux, we write

9, (u‘]v‘](z7 u’ xn’(h, ) = Oy’ (w, z,t) v‘](z7 (u” *n’(h, (@)
+u’ (w, z,t) 3,31)‘](2, (u” « 17 (h, ))(x))

Using the expansions above and the regularity of ¥°, ¥7, ¢° (7, one
obtains expressions of the form

Opu’ (w, z,t) v (2,07 %0/ (

h,-))
J
ZCJQJ W, t rY] ( )\Ill(a(w7t)azahax)7

J=1

and
u’ (w, z,t) Opv” (2,0’ x 07 (b, )

Wt ’Y] \112( ( ),Z,I’L,l’),

H'M&

for suitable smooth functions ¥y, s,

Thanks to the regularity assumptions on the data of the problem and to the fact
that the eigenfunctions {7] }; can be chosen in C*°, every term of the SPDE in
(29) is locally Lipschitz in the coefficients {a; }j:

O

Corollary 1 There exists a unique L' -valued adapted process v that is a strong
solution to problem (26).

Proof. Thanks to Theorem 2 there exists, for every J, a unique sequence of
coefficients {aj}}]:l and a unique solution u” (w, t,r) € LYNL2NL> of problem
(29), with

u’ (W, z,t) —&—Zaj (w,t) 7j . (31)

10
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The map w +— u’(a(w,t),x) is measurable, as it is a composition of measur-
able maps, and {u”} ey is a Cauchy sequence in C°([0,7]; L1 (R;R)) (which is
separable, hence we can apply Lemma 1). Therefore the limit @ is measurable
from (2,G’) into (C°([0, T]; L*(R; R)), B(C°([0, T]; L*(R; R)))), where G’ is a
suitable o-algebra (it can be constructed as in Theorem 1).

Passing to the limit as J — oo in C%([0, T]; L*(R;R)), thanks to the stability
and to the uniqueness of a strong solution of (26), we obtain the thesis.

(]

4 Preliminaries

This section contains some preliminary results about the theory developed in
the paper.

4.1 The deterministic nonlocal case

Here we consider the deterministic nonlocal equation
Oyu+ 0y (uva(uxng)) =0, t>0,z€eR, (32)
coupled with the initial condition
u(0,x) = u,qa(x), xz € R. (33)

For the velocity function vg and for the convolution kernel 74 in (32) we intro-
duce the following assumptions.

(Vi) va € W3 (R; R).
(1a) na € WH(R;R).
Let us introduce the definition of solution for the Cauchy problem (32)—(33).

Definition 4.1 Given T > 0, a function u € C° ([0,T]; L*(R;R)) is a solution
of the nonlocal deterministic Cauchy problem (32)—(33) on the time interval
[0,T] if

1. u(0,2) = upq(x) for a.e. x € R;
2. for all test functions p € CL((0,T) x R;R), it holds
T
/ / [u(t, 2)Oup(t, z) + u(t, ©) va((na * u(t, ) (x))dup(t, )] da dt = 0.
o Jr
(34)
The following well posedness result holds; see [24] and [8] for the proof.
Theorem 3 Assume (V4) and (ng). Then, there exist a domain
D = {ueL"(R;R): Tot.Var.(u) < +oo},

and a unique semigroup S: Ry X D — D with the following properties:

11



(S1) For every u, € D and T > 0, the orbit t — Syu, is the unique global solu-
tion to (32) with initial datum (33) on [0,T] in the sense of Definition 4.1.

(S2) S is locally Lipschitz continuous with respect to the initial datum: for all
T > 0 and 1, € D, there exists a positive constant C, depending on 14,
ve, T, ||120||L1(R;R), and Tot. Var.(4,), such that, for every t € [0,T] and
i, € D,

Hstﬂo - StﬁonLl(R;]R) <C ||120 - ﬁ0||L1(]R;IR) : (35)

(S3) S is locally Lipschitz continuous in time: for all T > 0 and u, € D, there
exists a positive constant C > 0, depending on ng, vq, T, ”uO”Ll(]R;]R)f and
Tot. Var.(u,), such that, for every ti,ts € [0,T],

Sty 10 — Stz“O”Ll(]R;]R) < Oty —tof. (36)

(S4) Let v1,v5 € W3®(R;R) and call S',8? the corresponding semigroups.
For all T > 0, u, € D, there exists a positive constant C' > 0, depending
onng, v, T, ||uo||L1(R_R), and Tot. Var.(u,), such that, for everyt € [0,T],

||St1u0 - St2u0||L1 R:R S C ||’U’1 - U/2||W2=°C(R;R) : (37)
(R;R)

(S5) Let n1,m2 € W2®(R;R) and call S*,8? the corresponding semigroups.
For allT > 0, u, € D, there exists a positive constant C > 0, depending on
n, 2, Va, T, [l (ggy» and Tot. Var.(uo), such that, for everyt € [0,T],

HStluo - St2uUHL1(]R;]R) <Clm— 772Hw2,oo(R;R) . (38)

(S6) For allt € Ry and u, € D, there exists a positive constant C > 0,
depending on ng, vq, T, and on HuoHLl(R.R), such that, for everyt € [0,T],

Tot. Var.(Syu,) < v/n[Tot. Var.(u,) + Ctexp(Ct)].

(S7) Ifu, >0, then, for allt € Ry,
u(t,z) >0

for a.e. x € R.

4.2 Some technical tools

Other tools which are useful to prove our main result are the following lemmas.

Lemma 1 (/15, Lemma 2.1]) Let E be a separable Banach space and let X :
Q — E be an E-valued random variable on (Q,F). Then the mapping

Qo3wr— [|[X(w)||lg €R
is measurable.

Lemma 2 Let us assume that the hypotheses (H1), (H2), (H3) hold true.
Then:

12



1. the velocity function v admits the expansion
+o00 . ]
v(w,r) =¢0(r) + > VI(w) v (r), (39)
j=1

where Y3 € W3°(R;R) for every j € N and VI (w) € [-1,1] for every
J € N\{0};

2. the kernel function n admits the expansion
+o0 ‘ )
n(w,z) = @) + ) A (w) ¢ (), (40)
j=1

where (7 € W22 (R;R) for every j € N and A¥(w) € [—1,1] for every
7€ NA{0};
u, € L°(Q, F,P; L' (R)). (41)
Proof. Since v,n € L(; CH(R;R)) N L2(Q; C1(R;R)), it is possible to con-
sider a Karhunen-Loeéve expansion for v and 1 (see Section A) and to obtain
(39) and (40).

Property (41) follows from the fact that u, is a measurable map from € to
L?(R) (and hence to L!(R) under our assumptions). O

Now we are ready to prove our main theorem.

5 Some properties

Theorem 4 If u satisfies (3), then the following properties hold true:
1. for a.e. t € 0,7,

E(/Ru(w,x,t) d:v) —E(/Ruo(w,x) dx); (42)

2. for a.e. t € [0,T), there exists a constant C > 0, independent of t, such

that
k
]E<</Ru(w7m7t) dx—E(/}Ru(w,x,t) dx)) ) <C]E</R|uo(w7x)|k dx>.
(43)
Proof.

1. Thanks to [24] and to our main theorem 1, we can deduce an explicit
representation formula for the solution of (3), namely

w(w, t, ) = u, (w,X(w,t,O,x)) exp (—/0 (8TU) (u(w, s, -))*n(w, ) (x) ds),
(44)
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where the function ¢ — X (w, t,0, ) is the solution of the Cauchy problem

dX
O =v(tXW®), te (7], (45)
X(0) = xo.

Thanks to property (X3) and Lemma 4.6 in [24], together with the explicit
formula above, we obtain

[u(w, )l ®r) = [[to(w) 1 ®:R)- (46)
Integrating with respect to €2, we conclude the proof of property (1).

2. Let us now prove property (2). Thanks to (1), we have, for a.e. t € [0,T],

]E((/R“(““x’t) dx—E(/Ru(w,x,t) dx>>k>
:E((/Ru(wax’t) da:—E</Ruo(w7$) dm)>k>

k
/R(u(w,x,t) —E(uo(~,x))) dx

S/ dw
Q
[ s Jutont) -~ Bust )|
< sup Hu wx,t) — E(ue(, o ’
R t€[0,T) L1 (R)
k
< sup Hu s, t) — E(uo(-, x ’ dz
/Rte[o,T] ( ) (1ol @) Lk (S4R)

SC’/ uo(w,x)|kdwdx:CE</ o (w, x)|* dx),
R JQ R

for a suitable constant C' > 0 depending only on the a priori estimates
established in Theorem 1.

O

Theorem 5 Let us suppose u € H'(R) and that u is the unique solution of
(3). Then the following equality holds true:

E(Jlu(w, )]l a @) = E([luo(w)la ) (47)
for a.e. t €10,T7.
Proof. By an explicit computation starting from formula (44), we obtain
w(w, - )l 2 m) = llwo(w, )2 (®)-
Hence, for a.e. t € [0, T,

E([lu(w, )llz2®)) = E(lluo(@)llz2(w))- (48)

14



By a Morrey-type embedding, we also have u € C! in space under our assump-
tions. Differentiating (44) with respect to  and computing the L?(R)-norm of
Jzu we obtain

[0zu(w, -, )| L2®) = [|02to(w, )| L2 (w)-
Therefore, for a.e. t € [0, 7],

E([0su(w, ) L2®)) = E([10zu0(w, ) L2(w) ) (49)

and the claim follows combining the L? and gradient parts. (I

5.1 Martingale solutions
First of all, we recall the following classical result.
Theorem 6 (Skorokhod—Jakubowski a.s. representations) Let (X, 1, B,)

be a quasi-Polish space,® and denote by Xy C B, the o-algebra generated by a
sequence {fi} of continuous functions that separate points. Then:

1. every T-compact subset of X is metrizable;
2. every Borel subset of a o-compact set in X belongs to Xy,

3. every probability measure supported by a o-compact set in X has a unique
Radon extension to the Borel o-algebra B, = B(X).

Moreover, if {ps} is a tight sequence of probability measures on (X,Xy), then
there exist a subsequence {Jy }i, a probability space (Q, F,P), and Borel measur-
able X -valued random variables U, v such that py, s the law of Ux and vy — ¥
P-a.s. in X. Besides, the law p of v is a Radon measure on B.

Proof. See [22, pp. 169-173]. |

Theorem 7 (Tightness of probability laws) Let us suppose that E(||u0||';11(R)) <
+00 for some p > 2 and let ' € (0, 24_7”).

Then, for each J € N, let uy be a solution to (29) with E(||uo||§{1(R)) < +o0.
Then the laws of {u;} are tight on

L*([0,T); H'(R)) x C([0,T]; Hy, (R)) x C([0,T]) x H'(R).

Proof. Lemma 5.3 and Lemma 5.5 in [17] remain valid in our framework, since
we have all the needed a priori estimates at disposal. O

We need the following variant of the Aubin-Lions lemma [?, Thm. 2.1] to
establish tightness on L2([0, T]; H'(R)).

2A topological space with a countable basis and completely quasi-metrizable.
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Lemma 3 Let By C B C By be Banach spaces, with By and B reflexive, and
with compact embedding of By into B. Fiz p € (1,00) and o € (0,1).
Let

Y = LP([0,T]; By) N W*P([0,T]; By),

endowed with the natural norm. Then the embedding of Y into LP(]0,T); B) is
compact.

Lemma 4 For each J € N, let uy be a solution to (29) with E(HUOH%,I(R)) <
+00.
There ezists a constant C = C(T,IE(HUOH%,I(R))), independent of J and €, such
that

2 T 2
(ol omyan ) +<B( [ 1m0 lagey at) < C.

Proof. Since E(||uo||§{1(R)) < 400 and thanks to Theorem 5, sup,¢(o 7y [|w.s () H%F(R)

SuPsefo, 7] U0l 31 () there exists C1 > 0 such that

E (s 3w o ) < O

T
2

Let us compute

We have

B( / 100132y it ) ( / 202 02 (,) a3 dt) (50)

It remains to show that, for every j, there exist € > 0 and Cs > 0 such that

eE(/OTa?(w,t) at) < Cs.

Lemma 5 (Temporal L? continuity) For each J € N, let uy be a solution
to (29) with IE(||uO||ZI){1(R)) < +00 for some p > 2. For any 6 € [0 7”4—) there
exists a constant
4
C = O(T.p.0.E(Juol i )

independent of J and e, such that
2
E(lles o o,ry22 @) < €

Proof. The thesis follows from the explicit representation

uy(w,t,x) = UJ70(OJ,XJ(CU,O,Z')) exp (—/0 8»,«UJ(UJ(W,S, )) x5 (w, ) (x) ds),
(51)

combined with the H'-estimates and standard interpolation arguments in time.
O
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We denote by p5%, n", 1" and pg the laws of u; (in its strong topology),
uy (in its weak topology), W and wuy, on L*([0,T]; H'(R)), C([0,T]; H} (R)),
C([0,T]) and H*(R) respectively. (The subscripts “s” and “w” refer to the
“strong” and “weak” topologies used in the subscripted path spaces and laws
defined on them.) Note carefully that we have used two copies of u; in the
separate spaces L%([0,7]; H'(R)) and C([0,7T]; H.(R)) that do not inject con-
tinuously into one another. The aim of this manoeuvre is to ensure convergence
in two separate topologies of the Skorokhod—Jakubowski representations of u ;.

Theorem 8 Let us consider
X = L*([0,T]; H'(R)) x C([0,T]; H,,(R)) x C([0,T]) x H'(R),

and the functions u’ (aj(w,t),z) as in Theorem 2.

There exist a probability space (Q, F,P) and X -valued random variables (a?, @, W~

S

defined on (Q,ﬁ, I@’), such that along a subsequence (not relabelled),

ul! ~al, ul ~al, WAWw? u, ~ag,

S s w wr

and P-almost surely,

(@l ul, W7 al) = (us, e, Wyug) in X. (52)

) w

Proof. The thesis follows from Theorem 6 applied to the tight family of laws
constructed above. (]

Lemma 6 (Identification of doubled variables) For the sequence of vari-
ables defined above, we have s = Ujq P x dt x dz-a.e. Moreover, s = Uy,
P x dt x dz-a.e. (so from now on it is sufficient to write Gy = Uy s = Uy and
U= Us = Uy )-

Proof. See Lemma 6.4 in [17]. O

Let us fix t € [0,7] and let X denote one of the spaces L?([0,T]; H*(R)),
C((0,T]; HL.(R)) or C([0,T)).
Let f > flo.4 : & — Ao,y denote the restriction operator to [0, ].
We define {F; }+>0 to be the P-augmented canonical filtration of (i, W, ), i.e.,

Fo = o((@ljo., Wl 7)) V {N € F s B(N) =0}, (53)

where, for a collection E of subsets of Q, o(E) denotes the smallest o-algebra
containing E.
We denote by S the corresponding stochastic basis, that is,

S = (Q,F,{Fi}i>0,P). (54)
Similarly, based on @, w7, @y we define
(Qw/_?a {ftJ}tZOaIED)‘

Then @, W and @/, W are adapted relative to the stochastic bases S, 87 re-
spectively. Besides, by the equality of laws, each W7 is a Brownian motion on
S7.
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Lemma 7 (Brownian motion) The process W is a Brownian motion.

Proof. Since in our context W is a martingale relative to S = (Q, F, {F: }i>0,P),
the proof is identical to the proof of Lemma 6.6 in [17]. O

Lemma 8 (Convergence) Let u’, @7 and @ be defined as above and set p’ =
ataJ,ﬁzata cj ('9(~ T(@ «n?)) and G := Oy (aw (@ n)).
Then p’ ~ §7, ¢/ ~ §7, and the following convergences hold P-almost surely:

al = a in C([0,T); H'(R)), (55)
' —=p in L([0,T] x R), (56)
i =g in L*([0,T] x R). (57)

Proof. Thanks to Theorem 8 we know that %/ ~ v’ in L2([0,7T]; H'(R)).
Combining Theorem 8, Lemma 5 and Lemma 6 we obtain (55) and (56).
To prove (57), consider

Ox (quJ(uJ * nJ)).
We know that:
1. @/ — @ in C([0,T); H(R));
2. v/ — v in W3°°(R), uniformly with respect to z(w);
3. n7 — n in W2(R), uniformly with respect to h(w).
Thus,

707 @ ) — )
< HﬂJ 7 ﬂJ *1 ) v (uJ *nJ)HCO + wa‘](ﬂ‘] xn7) —fw(fLJ *nJ)HCO
+Huvu *1 ) v (a * 77)“00
< o’ flwa.ee||@” (@ * n”) — a(@” «n”)||
+ [l oo [0 @+ n”) = v(@ «n”)|| e
+ [vllws. |[a(@” « n”) — a(@*n)|| .o

+ |l co|[v” (@« n”) = v (@* )| s -

Since W2°([0, T]; R) < C°([0, T]; R), one has @/ xn”7 — @*n in C°, and (57)
follows. .

Theorem 9 (Weak H' solution) Suppose p > 2, and that E(||uol|7: ) <

oo. Leta, W, ug be the Skorokhod—Jakubowski a.s. representations from Theo-
rem 8 and let S be the corresponding stochastic basis defined in (54). ~
Then (S,a, W) is a weak H'-solution of (26) with initial law A = (tig)«P:

(¢’) @:Qx[0,T] - H'(R) satisfies i(w,-) € C([0,T]; HL(R)) for P-almost
every w € Q.
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Moreover,
@€ LP(Q; L>([0,T]; H(R))) N L2( x [0, T]; H*(R)).

Proof. We continue to use the notations from Lemma 8.
By the equality of joint laws on X, see Theorem 8, we also have

(u”,u’, W,up) ~ (a’, a7, W{ﬁg) on X. (58)

For each fixed n € N and ¢ € CL(R), consider the functional F,, : X — R
defined by
F

HD,TL(UJ’ WJ7UOJ) = Iln + Ig’

where T
Iy = / / u’(t,x) dyp(t, ) dzdt, (59)
o JR
and

T
2= wl (t,2) v(n = u’ (t,)(x z) dx g
= / [ty @) ) dwde w60

The mapping F, , is a Baire function of class 1 (since the stochastic integral
can be approximated by temporally mollified integrals, see e.g. Bensoussan).
By the equivalence of joint laws (58), we have (see [23, p. 105])

P({Fwyn[(a‘f,vi/‘f,ag)] - 0}) ~ 1

Passing to the limit as J — oo and using Lemma 8, we obtain that the
limit process @ satisfies the weak formulation of (26) on the stochastic basis
S. The claimed integrability and regularity properties follow from the uniform
estimates established above and standard lower semicontinuity arguments. [l

O
A The Karhunen—Loeve expansion
Let us consider
F € L™ (Q; CY(R;R)) NL*(Q; C'(R; R)).
For R > 0, we define the linear operator
Cg: L*((—R, R);R) — L?((—R, R);R)
by
CE®)(u) := /h<R Cov[F)(u,h)®(h) dh,  w€ (-R,R), (61)

where Cov|[F] denotes the covariance function associated with F'.
Choosing
R > esssup ||u,(w, ~)\|Lm(R)
weN

19



we describe all possible states, P-a.s., for the class of initial data under consid-
eration.

It is known (see [14]) that, for the covariance function of a bounded random
flux, the following Lipschitz-type estimate holds:

|Cov[F](u,h) — Cov[F](u,h)| <2B(F)C(u,h) (jlu—u'| + | —h']), (62)

where B(F) is a suitable constant depending on F', and C(u, h) is a suitable
function depending on u and h. Therefore (see [14] for explicit computations),
CE is a linear, compact and self-adjoint operator on L?(—R, R). Thus, by the
spectral theorem, it admits a sequence of eigenfunctions

which forms a complete orthonormal basis of L?(—R, R).

Any bounded random flux F'(w,u) therefore admits, for every fixed 0 < R <
400, a Karhunen—Loeve expansion of the form

F(w,u) = E(F(,u) + YY) ¥w),  |Jul <R, (63)

Jj=1

which converges in L?(€%; L?(—R, R)). Here (Y;*(w));>1 is a suitable sequence
of (uncorrelated, in fact independent) real-valued random variables (see [14] for
their explicit expression).

In the context of our article it is useful to relate the Karhunen-Loéve ex-
pansion to a parametric, deterministic representation of the random flux.

Rescaling the eigenfunctions U and the realizations Y;*(w), expansion (63)
can be rewritten as

Flw,u) =E(F(,u) + Y Y, @) T, (), |ul <R, (64)

Jj=1

—R —R . . .
where ;" and W, denote suitable rescalings of YjR and \Ilf”, respectively. By
a slight abuse of notation, we denote by F(y,u) the same random flux F(w,u)
expressed in terms of the parameters

—R
Yj = Yj (w)7 "LL| < R.

Thus, thanks to (64), we can consider the parametric, deterministic repre-
sentation

F(y,u) = E(F(-,u)) + Zyj Ef(u)v yeU=[-L1", Ju/ <R (65)
j>1

Acknowledgements

MG was partly supported by the European Union—NextGenerationEU (Na-
tional Sustainable Mobility Center CN00000023, Italian Ministry of University

20



and Research Decree n. 1033—17/06,/2022, Spoke 8).

The first author is supported by MathInParis project by Fondation Sciences
mathématiques de Paris (FSMP), funding from the European Union’s Horizon
2020 research and innovation programme, under the Marie Sktodowska-Curie
grant agreement No 101034255.

She is also supported by Sorbonne Universite, being affiliated at Laboratoire
Jacques Louis Lions (LJLL).

Both the author during the writing of this paper were members of the Gruppo
Nazionale per I’ Analisi Matematica, la Probabilita e le loro Applicazioni (GNAMPA)
of the Istituto Nazionale di Alta Matematica (INdAM).

In particular the first author was member of "INdAM -GNAMPA Project 20247,
codice CUP E53C23001670001, ” Non-smooth optimal control problems” and the
second author...

The second author is still a GNAMPA member.

The second author are also members of: PRIN 2022, Progr-2022238YY5-PEL,
”Optimal control problems: analysis, approximations and applications”

References

[1] Lighthill, M. J., Whitham, G. B. On kinematic waves. II. A theory of traffic
flow on long crowded roads. Proc. R. Soc. Lond., Ser. A, 229: 317-345,
1955, doi:10.1098/rspa.1955.0089.

[2] Richards, Paul I. Shock waves on the highway. Operations Res., 4: 42-51,
1956.

[3] Aw, A., Rascle, M. Resurrection of ’second order’ models of traffic
flow. SIAM Journal on Applied Mathematics, 60(3): 916-938, 2000,
doi:10.1137/S0036139997332099.

[4] Colombo, Rinaldo M. Phase transitions in a traffic flow model. PAMM,
Proc. Appl. Math. Mech., 3: 20-23, 2003, doi:10.1002/pamm.200310306.

[6] Colombo, Rinaldo M., Marcellini, Francesca, Rascle, Michel. A 2-phase
traffic model based on a speed bound. SIAM J. Appl. Math., 70(7): 2652
2666, 2010, doi:10.1137/090752468.

[6] Goatin, Paola, Rossi, Elena. A multilane macroscopic traffic flow model
for simple networks. SIAM J. Appl. Math., 79(5): 1967-1989, 2019,
doi:10.1137/19M1254386.

[7] Blandin, Sebastien, Goatin, Paola. Well-posedness of a conservation law
with non-local flux arising in traffic flow modeling. Numer. Math., 132(2):
217-241, 2016, doi:10.1007/s00211-015-0717-6.

[8] Keimer, Alexander, Pflug, Lukas. Existence, uniqueness and regularity
results on nonlocal balance laws. J. Differ. Equations, 263(7): 4023-4069,
2017, doi:10.1016/j.jde.2017.05.015.

[9] Keimer, Alexander, Pflug, Lukas, Spinola, Michele. Nonlocal scalar con-
servation laws on bounded domains and applications in traffic flow. STAM
J. Math. Anal., 50(6): 6271-6306, 2018, doi:10.1137/18M119817X.

21



[10]

[11]

[12]

[13]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

Friedrich, Jan, Gottlich, Simone, Keimer, Alexander, Pflug, Lukas. Con-
servation laws with nonlocality in density and velocity and their applicabil-
ity in traffic flow modelling. Preprint, arXiv:2302.12797 [math.AP], 2023,
arXiv:2302.12797.

Aggarwal, Aekta, Holden, Helge, Vaidya, Ganesh. Systems of nonlocal bal-
ance laws for dense multilane vehicular traffic. Preprint, arXiv:2312.16928
[math.NA], 2023, arXiv:2312.16928.

Aggarwal, Aekta, Holden, Helge, Vaidya, Ganesh. Well-posedness and er-
ror estimates for coupled systems of nonlocal conservation laws. Preprint,
arXiv:2308.01411 [math.NA], 2023, arXiv:2308.01411.

Sukys, Jonas, Mishra, Siddhartha, Schwab, Christoph. Multi-level Monte
Carlo finite difference and finite volume methods for stochastic linear hy-
perbolic systems. In Monte Carlo and quasi-Monte Carlo methods 2012,
pp. 649-666. Springer, 2013, doi:10.1007/978-3-642-41095-6_34.

Mishra, Siddhartha, Risebro, Nils Henrik, Schwab, Christoph, Tokareva,
Svetlana. Numerical solution of scalar conservation laws with random
flux functions. SIAM/ASA J. Uncertain. Quantif., 4: 552-591, 2016,
doi:10.1137/120896967.

Mishra, Siddhartha, Schwab, Christoph. Sparse tensor multi-level Monte
Carlo finite volume methods for hyperbolic conservation laws with random
initial data. Math. Comput., 81: 1979-2018, 2012.

Bohme, Timo, Gottlich, Simone, Neuenkirch, Andreas. A nonlocal traffic
flow model with stochastic velocity. Preprint, arXiv:2407.02962 [math.NA],
2024, arXiv:2407.02962.

Holden, Helge, Karlsen, Kenneth H., Pang, Peter H. C. Global well-
posedness of the viscous Camassa—Holm equation with gradient noise. Dis-
crete Contin. Dyn. Syst., 43(2): 568-618, 2023, do0i:10.3934/dcds.2022163.

Holden, Helge, Karlsen, Kenneth H., Pang, Peter H. C. The Hunter—
Saxton equation with noise. J. Differ. Equations, 270: 725-786, 2021,
d0i:10.1016/j.jde.2020.07.031.

Gerster, Stephan, Herty, Michael, Yu, Hui. Hypocoercivity of stochas-
tic Galerkin formulations for stabilization of kinetic equations. Commun.
Math. Sci., 19(3): 787-806, 2021, doi:10.4310/CMS.2021.v19.n3.a10.

Herty, Michael, Kolb, Adrian, Miiller, Siegfried. Multiresolution-analysis
for stochastic hyperbolic conservation laws. Preprint, arXiv:2203.11534
[math.NA], 2023. arXiv:2203.11534.

Revuz, D., Yor, M. Continuous Martingales and Brownian Motion.
Springer, Berlin, 3rd edition, 1999.

Jakubowski, A. The almost sure Skorokhod representation for subsequences
in nonmetric spaces. Theory Probab. Appl., 42: 167-174, 1997.

Situ, R. Theory of Stochastic Differential Equations with Jumps and Ap-
plications. Springer, New York, 2005.

22



[24] Colombo, Rinaldo M., Garavello, Mauro, Nocita, Claudia. General stability
estimates in nonlocal traffic models for several populations. NoDEA, Non-
linear Differ. Equ. Appl., 32(2): 29, 2025, doi:10.1007/s00030-025-01034-w.

23



	Introduction
	The Nonlocal Problem with Random Terms
	The Nonlocal Traffic SPDE
	Existence and uniqueness of a strong solution

	Preliminaries
	The deterministic nonlocal case
	Some technical tools

	Some properties
	Martingale solutions

	The Karhunen–Loève expansion

