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Abstract

The geometry of ballasted railway tracks is crucial for ensuring railway safety and effi-
ciency. This paper introduces the use of innovative steady-state algorithms designed to
compute plastic strains in linear geotechnical structures like railway ballast layers, within
Finite Element Methods (FEMs). Facing the specificities of moving loads, traditional
step-by-step algorithms, while simple and adaptable, are computationally expensive and
time-consuming. In contrast, the proposed steady-state algorithms leverage an Eulerian ap-
proach to describe the movement of loads significantly reducing computational time while
maintaining accuracy. This paper proposes these algorithms as a methodological improve-
ment and demonstrates the applicability and efficiency of the method for non-periodic
structures, as well as for periodic structures, such as railway tracks with evenly spaced
sleepers. This paper demonstrates the applicability and efficiency of theses algorithms
through comparative studies with traditional methods on typical railway structures. The
results show that the presented algorithm not only matches the accuracy of step-by-step
methods but also drastically reduces computation time and data storage requirements. This
advancement has practical applications for railway infrastructure managers, enabling more
efficient and accurate predictions of track geometry evolution and preventing incidents
through improved maintenance strategies.

Keywords: railway ballast; finite element methods; steady-state algorithm; elastic—plastic
behaviour; structural periodicity

1. Introduction

Railway tracks are infrastructures supporting train traffic. For example, in France the
global network was 48,000 km long in 2026, supporting each day around 15,000 trains of
goods and travelers (These numbers were taken from the official website www.sncf-reseau.
com, in 17 February 2026). Therefore, they have a major social and economic impact in
western countries.

Conventional ballasted railway tracks are composed of multiple elements: rails, sleep-
ers, fasteners, ballast, rail pads, etc. The track’s global mechanical behavior can be explained
with the three main elements—rails, sleepers, and ballast—as shown in Figure 1 [1]. Rails
ensure the support and guidance of the trains. Sleepers maintain rails and transmit load
from rails to ballast. Ballast is a geo-material extracted from natural rocks. It ensures
multiple roles, transmits and shares load from sleepers to the ground, maintains track
geometry, absorbs part of the vibrations, etc.
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Figure 1. Ballasted railway track composition, simplified representation limited to rails, sleepers,
and ballast.

Train transportation safety and efficiency is highly dependent on track geometry, and
centimeters of differential deformations could lead to derailment. In order to prevent these
incidents, the track geometry is monitored and maintained throughout its life cycle. In
order to predict these deformations, numerical modeling can be conducted with Finite
Element Methods (FEMs). These models are the most commonly used when it comes
to modeling the general behavior of tracks [2]. These models allow the computation of
track deformation, mainly due to the irreversible deformation of the ballast layer. Its
elastic—plastic behavior widely contributes to track geometry evolution [3]. Therefore,
understanding these behaviors and degradation mechanisms is a safety concern.

An accurate modeling process requires all specificities of the track geometry to be
properly represented as a periodic structure [4,5] and mobile loading [6].

Some studies assume studying train solicitation like repeated loading on simplified
models [7-9]. This method is efficient from a numerical point of view, as it simplifies the solic-
itation and reduces the model complexity. In tunneling applications, a similar philosophy is
followed to represent progressive construction of the tunnel with “convergence—confinement”
methods [10]. In doing so, transportation infrastructure allows high numbers of cyclic loading
at reduced computational costs. However, it does not properly represent specificities of mobile
loading, particularly stress history considering magnitude and stress orientation, even though
stress history has a huge influence on plastic strain development [11,12]. An illustration of the
importance of proper mobile loading representation is shown in Section 2.

Therefore, railway track structure behavior should be studied, considering the speci-
ficities of such structures and their loading. In the case of transportation infrastructure, we
consider a linear structure with mobile loading solicitation. Linear structures are described
as structures developed with large dimensions in one particular axis. Road, railways,
and dams could be described as linear structures. In particular, we consider here s bal-
lasted track that could be considered self-similar, i.e., any section of the track is equivalent
regardless of its position in the structure. The second particularity of railway tracks is
the moving of load solicitations. From the structure’s point of view, these solicitations
are non-permanent and repeated loading, characterized by loading phases: approaching,
passing, and moving away. This moving load imposes stress magnitude and orientation
variation that should be taken into account for proper structure behavior studies.

The most common strategies to represent load displacement effect on structure is to
compute the structure behavior under several successive positions of the load. Although
there are different strategies available for representing these load movements, they all rely
on the Lagrangian study framework, i.e., from the point of view of the structure, and could
be called step-by-step algorithms. These methods are widely used to study problems that
involve a moving load such as tunneling (for example, Hasanpour and 1. (2014) [13] or
Bourgeois et al. (2025) [14]) or lorry loading on road pavement (for example, Valsskova and
Melcer (2018) [15] or Deng and al. (2019) [16]). In railway track studies, only step-by-step
algorithms have been used to represent actual load movement on the model [17-20].

In order to study railway tracks’ non-linear behaviour under moving loads, we present
innovative methods called steady-state algorithms. Instead of using a Lagrangian approach,
that decomposes the load movement in steps, these algorithms use an Eulerian framework.
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The algorithm is based on the works of Nguyen and Rahimian (1981) [21] and Dang Van
et al. (1985) [22] which describe the theoretical framework (see Section 2.3.1) and first
applications of this method. It has been used for various problems involving moving
loads, such as the impact of rolling on rail heads (Maitournam , 1989 [23], Dang Van and
Maitournam, 1993 [24]), beading (Ouakka, 1993 [25]), interaction between rock and cutting
tool (Geoffroy, 1996 [26]), automotive brake disc (Nguyen-Tajan et al., 2002 [27]), tunnelling
(Corbetta, 1990 [28], Maiolino,2006 [29], Defay and al. (2020) [30]). Later adaptations of
the steady state algorithm also allow studying different cases with non-constant load or
non-constant speed within this Eulerian framework. The TRC algorithm (Transitoire dans le
Repeére de Chargement) developed by Nguyen-Tajan [27] allows such particularities.

Transportation infrastructure, in particular railway tracks, remains unstudied with
such computation process, while structural periodicity of these structures is an additional
difficulty. An adapted periodic-steady-state algorithm, as been developed to address such
specific study cases.

Processing with steady state algorithms reduces the computations to one single com-
putation step, in comparison with the multiple computation steps needed by step-by-step
algorithms. The process results then in an efficient and time saving way to compute plastic
strains in linear structure under moving loads. This paper aims to prove applicability
and efficiency of those algorithms for studding the non-linear behavior of railways track
infrastructure in comparison with the classical step-by-stem algorithm.

In the the following section, we describe a classic step-by-step algorithm, and then
two versions of the steady state algorithm. The first one allows the computation of plastic
strain in a linear, non-periodic structure. The second one is adapted to compute plastic
strains in a periodic structure, such as railways tracks.

In subsequent sections, we expose the efficiency of these steady-state algorithms,
comparing results computed by step-by-step and steady-state algorithms on typical railway
structures. Two example models are presented, including geometry, load, and materials
behaviors. Then, the results are compared in terms of plastic strain amplitude, computation
time, and stored data.

The study presented in this paper addresses a critical need for transportation infras-
tructure management, such as railways, and the long-term numerical modeling of these
infrastructures. It proposes a methodological improvement applicable to further research
aiming to accurately predict ballasted track settlement. By introducing innovative steady-
state algorithms in the finite element modeling process for computing plastic strains in
ballasted railway tracks under moving loads, we drastically cut computational cost for
such applications, while addressing the particularities of mobile loading. These methods
are applicable to non-periodic and periodic structures, like ballasted railway tracks, and
tremendously improve computational performance in both cases. This computational
progress allows for the development of accessible long-term modeling and predictable
infrastructure management. Although the application is demonstrated here on railways
tracks, it also opens up the usability of these methods for various other geotechnical
structures, contributing to improving their safety and maintenance strategies.

2. Computation Process for Moving-Load Solicitations

This section aims to describe the various computation process studied and compared
in this paper.
2.1. No Movement Process

As introduced earlier, many studies on ballasted track behavior represent the loading
cycle with a load of variable amplitude, or are precomputed load case, applied on a reduced
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section of the structure in order to reduce computation complexity and time cost. We will
call these processes "no movement processes". While efficient from a time-consumption
point of view, especially for a high number of loading cycles, such a process hides the
specificities of a moving load, such as a rolling train on a railway. Indeed, load position
influences both stress magnitude and stress orientation all over the structure. Schematically,
such a loading cycle is shown in Figure 2 and stress history is shown in Figure 3a. Therefore,
no movement processes can mimic stress magnitude variation but will hide the variation
in stress orientation, as illustrated in Figure 3b.

t— At + t+ At

1%

<u
<u

2l TR b ING

Figure 2. Schematic of loading process, exposing the principle of stress orientation variation during
load movement.

S
S}

"% NGt y T

(a) Moving loading (b) Non-moving loading

Figure 3. Schematic of stress histories, exposing the differences between them: (a) proper stress
history with varying stress magnitude and orientation; (b) inaccurate stress history, representing
variation in stress magnitude and constant orientation.

In order to illustrate the importance of considering stress rotation during loading
cycles, we present in Figure 4 a plastic strain mapping computed with a moving load and a
varying load (no movement process), with all other parameters being equal. These results
clearly show the discrepancies between both approaches and demonstrate the importance
of representing the complexity of the loading cycle.
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(a) Moving load (b) Non-moving loading

Figure 4. Plastic strain obtained according to both type stress histories.
In order to obtain a correct numerical model of a moving-load influence, we can use
step-by-step or steady-state processes, as explained in the following part.

For simplicity, in the rest of the paper, we suppose that the structure is an ¥ axial
structure and the load moves downstream of the structure, i.e., the load speed is V=_V&.
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2.2. Step-by-Step Computation

As introduced previously, step-by-step algorithms describe the methods for studying
the moving load problem by progressively displacing (or extending) the load on the
structure while the structure remains unchanged. These methods rely on a Lagrangian
framework, i.e., a study from the point of view of the structure.

Principles

Within this framework, the presented algorithm describes load movement using a
set of successive load positions. During one loading cycle, the load starts for a position
on one side of the model, and is then moved to the other side of the model, with multiple
successive positions, as shown in Figure 5. In doing so, the central part of the model can be
considered representative of the structure after the loading cycle as it undergoes the full
loading cycle from approaching the load to the load moving away. Therefore, the size of
the model and the initial and final load positions should be chosen in order to keep this
central part out of the load’s influence at the initial and final steps.

We define N computation steps corresponding to N successive positions of the load,
describing its movement. For each step, the load position is defined by the abscissa Xj,
from X; down to Xy.

n+1 @ n—1
stepn —1

‘ .| €P éstepn
‘ step n+ 1

»
>

z
Figure 5. Schematic of step-by-step computation methods exposing successive load position and
computation order.

At each step 1, the plastic strain fields &” n are computed over the entire structure
based on the plastic strain fields resulting from the previous step n — 1. Therefore, plastic
strain variation is computed at each individual Gauss point according to Equation (1),
where o is the stress tensor, g(o) is the plastic potential function, and A is the plastic
multiplicative factor. The overall process uses a classical return mapping algorithm, as
described in Appendix A.1.

P %) 1)

Sf,n - “—n-1 do

The step-by-step method is very simple, but it needs to compute the plastic strain
fields at each step. Moreover, improving the precision will lead to multiplying the number
of computation steps, resulting in an increased computational time.

2.3. Steady-State Computation

Steady-state methods suppose switching the point of view. When studying the prob-
lems from the moving-load point of view, the structures are seen as flowing under the load,
as shown in Figure 6. Any element (green rectangle) in front of the load represents the
initial state of the structures. It will be seen as moving under the load, deforming while
undergoing the load cycle. This ends at a final state at the back of the load, accounting
for possible irreversible deformation. The simplest method supposes that the structure is
continuous and invariant along the ¥ axis. It also supposes that load speed V and load
magnitude are constant. Similar processes can be used on curved structures, assuming a
constant radius.
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Figure 6. Schematic exposing the principle of a structure flowing under the load.

Because of the invariant structure assumption, a system composed of the load and
its direct environment will be self-similar no matter the instant t during the loading cycle.
Therefore, by knowing the load movement and speed (—VX), we can determine a relation
between the relative position of the load to a track element in the structure and time gap
in the loading phases. In other words, while moving the load at speed V during At, the
element at position X will be in the same relative position to the load, as well as in the same
stress state as the element at position X + V - At before the movement. Therefore, during
the loading cycle, any element will follow the same stress path, which could be read along
a line in the structure. The stress state of an element in front of the load is representative
of the beginning of the loading cycle, while the stress state of an element at the back of
the load is representative of the end of the loading cycle. In the end, a single computation
should be representative of the whole movement.

To study plastic strain evolution during a loading cycle, we will study the elements’
state by virtually moving them along the structure, with a fixed load position in the middle
of the structure.

A loading cycle is described as follows. At the beginning of the cycle, at time t = 0,
the studied element is considered to be located at one end of the structure, in front of the
load. During the cycle, this process virtually moves the studied element from the front to
the back of the load. At the end of the loading cycle, the studied element is considered
to be located at the other end of the structure, at the back of the load. It should be noted
that the size of the structure should be carefully designed in order to keep both ends of
the structure out of the load influences. This could be achieved with usual preliminary
computation, ensuring no deformation at both model ends. For example, in the models
presented in the following part, the structure is set to 15 m length.

2.3.1. Theoretical Framework

Assuming a tensorial quantity A(t, X), depending on time ¢ and particle position X,
its time derivative A will be written as (2). Assuming that particle position X is time-
dependent, the quantity ‘% is equal to the particle speed V.

4_04,dX 94 94
ot dt X ot

In the particular case described here (Section 2), we studied the structure from the point

V. gr?sz )

of view of a moving load, assuming structure self-similarity and constant speed. While
load speed is described as V = —V - ¥, the relative speed of the particle is then V - #. Also,
gradA can be reduced to %—’;‘. Finally, the self-similarity assumption induces an invariable
environment from the load’s point of view; therefore, aa—/t‘ could be eliminated from the
equation. In the end, the time derivative A equation could be reduced to Equation (3), in
the described frame of study.

0A
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In a steady-state algorithm, we study plastic strain evolution, usually described using the
classical flow rules, Equation (4), which could be rewritten as Equation (5) with this framework:

& = Adi(;) @)

withA- f(c) =0,A-f(c) =0,A>0and f(o) <0.

de?  dg(o)
o M de ©)

with A > 0if f(c) = 0, and A = 0 otherwise. f(c) is the stress function describing the
elastic criterion.

2.3.2. Steady-State Computation Principle

Like every computational method, this one uses the discretization of stress history.
The steady-state assumption induces that the stress history during the loading cycle can be
described by following the stress state along lines parallel to the structure axis. To do so,
the mesh is conveniently built with quadrilateral elements extruded along the structure
axis, as presented in Figure 7. Therefore, the Gauss points are lined up in the structure,
forming parallel lines where Gauss points can be numbered from 1 to L by increasing
the abscissa.

\
\

\
N
NN

\
\

”ﬂ
zZZ
ZZ.
ZZ,

Figure 7. Example of adequate model meshing with a lined element parallel to the structure axis.

Since we assume continuous yielding during the movement, we describe plastic strain
evolution by following the Gauss point lines. In doing so, the plastic strain state on a
Gauss point n — 1 represents the past situation of the plastic strain at point n. Therefore,
the computational process is based on the transfer of plastic strain from Gauss point n — 1
to the next n, as described in Equation (6) and shown in Figure 8.

dg(e)
eh = 8571 + A do (6)

With A > 0if f(c) = 0 or A = 0 otherwise.
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Figure 8. Schematic of steady-state plastic strain computation process, showing computation order.

Plastic strain computation is then conducted on each independent integration line.
When the iterative process of the algorithm is over, the resulting state describes an ongoing
loading cycle. In front of the load, the structure state corresponds to the beginning of
the cycle. At the back of the load, it corresponds to the structure state at the end of
the cycle. Following the evolution of the stress—strain state along the structure with an
increasing abscissa allows us to describe the temporal evolution of the structure during the
loading—unloading cycle.

The entire computation process can be summarized in the detailed algorithm presented
in Appendix A.2. This computation algorithm, being non-standard because of the particular
integration process, has slightly higher complexity compared to classical step-by-step
algorithms. In exchange, the computation of the entire loading cycle only requires the
determination of one unique acceptable global plastic strain state, reducing the overall
computation time.

2.4. Adaptation for Periodic Structure

The basic steady-state algorithm assumption requires an invariable structure along
the X axis, which limits the variety of structures applicable with the steady-state algorithm.
Indeed, railway tracks exhibit a periodic structure due to rail-sleeper construction. Never-
theless, it is possible to use modified algorithms to compute such periodic structures. We
call this version the periodic-steady-state algorithm.

Periodic Steady-State Computation Principle

While the self-similarity assumption is invalid in periodic structures, we suppose a
structure composed of a P periodic section. We consider that it is Al long and corresponds
to N Gauss points along the integration lines.

During a loading cycle, points # and # + 1 will not have the same loading history due to
their different structural positions within a periodic section. However, points n and n + N
will have the same loading history and same behavior with temporal shift. Therefore, the
computation of the plastic strain at point # 4+ N can use the current strain state at point 7.

As a drawback, during the computational process, the jump from Gauss point n
to Gauss point n + N is equivalent to the load moving by Al for a time step of At = AVZ.
Therefore, the loading gap can be huge, and the stress path discretization may be insufficient
to accurately describe plastic strain evolution. In order to enrich this time decomposition of
the movement, we split At time steps with T smaller steps t. We then adopt an intermediate
approach between the step-by-step and steady-state computations. This sub-decomposition
of &t corresponds to a sub-decomposition of the movement with the T position of the load
along a period Al.

As with the previous process, the plastic strain computation requires the immediate
previous plastic strain state at each Gauss point and for each computation step. In the case
of the computation of plastic strain at Gauss point 7 and time  # 1, the immediate previous
plastic strain state is taken from point 7 at time ¢ — 1, and in the case of the computation of

https:/ /doi.org/10.3390/ geotechnics6010029
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plastic strain at Gauss point n and time ¢t = 1, the immediate previous plastic strain state
is taken from point n — N at time t = T (see Equation (7)). From a practical point of view,
the computational process transfers plastic strain from point » at time ¢ (n,t) to point n at
time t +1 (n,t +1),if t # T. Also, it transfers (n,T) to the corresponding point, n + N, in
the next section of the structure at time t = 1 (n + N, 1) (see Figure 9).

d
=, +A 3;1(;) iff£1 (7a)
dg(o) .
e =€ oA i(a ) itr—1 (7b)
ts ta 1)
1%
n| e | PTN
I >
Time step t1 o (m,t1) (n,t1) ¥
Time step to o (m,t2)\ o (n,t2)
Time step 3 o (n,t3)t o (n,t3)

Figure 9. Schematics of periodic steady-state plastic computation process, showing the successive
position principle and computation order.

Plastic strains are computed according to this process on each Gauss point line in-
dependently. Ultimately, this results in T different states that correspond to the ongoing
loading cycle of the structure for each particular load position. Following the plastic strain
along the structure provides an idea of the structure evolution during the loading cycle,
but it provides a poor discretization. A complete description of the loading cycle can be
obtained by combining the T results.

This computation algorithm is more complex than both of the previously presented
algorithms because of its particular integration process. In turn, it allows us to model periodic
structures in opposition to the simple steady-state computation. In contrast with the step-by-
step algorithm, the computation of the entire loading cycle only needs T acceptable plastic
strain states to be determined, which results in a reduced computation time.

The detailed computation algorithm is described in Appendix A.3.

2.5. Multiple Loading Cycles

When computing multiple loading cycles, all algorithms use the same principle. A
plastic strain state in a representative section of the structure is identified when the cycle
computation ends. This state is then repeated in the entire structure as if the whole structure
had undergone the same and full loading cycle.

For a step-by-step algorithm, the process describes a load movement that approaches,
passes, and moves away from the central elements. Therefore, any central slice undergoes
the full loading cycle and should be representative.

For a steady-state algorithm, the process moves the plastic strain state the from front
side to the back side of the load. Therefore, a structure slice at the back end of the structure
is in a plastic strain state representative of a completed loading cycle. For the following
loading cycle, this representative strain state will be used as the initial plastic strain state of
the steady-state algorithm, as illustrated in Figure 10.

https:/ /doi.org/10.3390/ geotechnics6010029
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Figure 10. Schematics showing process principles for multiple loading cycles.

3. Example Model

In order to demonstrate the steady-state algorithm’s efficiency, we compare the plastic
strain state resulting from the step-by-step and steady-state algorithms, as well as the
computation time.

Based on a 3D model and the elastic—plastic behavior described in the following
sections, we compute the final stress—strain state in two structures after one loading cycle,
including plastic strain. The first model is an approximate non-periodic structure and the
second is a detailed periodic structure presenting a detailed railway track including rails
and sleepers.

3.1. Railway Track Model

The studied models are two 3D models of a railway track. We used the FEM (Finite
Element Method) software COMSOL Multiphysics for the model settings and FEM elastic
resolution. All plastic strain computation algorithms were programmed in a Matlab script
interacting with the COMSOL software. Details of the Comsol-Matlab interaction are given
in Appendix A.1. All computations were conducted in same the software and under the
same hardware conditions.

While the step-by-step algorithm could be built with preexisting functions mostly in
the FEM software, steady-state algorithms require specific computation processes, which
were built externally with Matlab. For the sake of the comparison in the following sections,
we used the same external computational principle with Matlab for the step-by-step and
steady-state algorithms.

3.1.1. Three-Dimensional Models

Three-dimensional models were built directly within the COMSOL Multyphysics
model builder. The model represents half of a linear track because of the symmetric
structure assumption. The 3D models were built with an extruded transversal 2D shape,
as shown in Figure 11. The track model uses a 50 cm ballast sublayer and single-block
sleepers with a height of 25 cm height and length of 1.1 m (2.2 m for the full structure). On
the side of the sleepers, ballast is arranged as a 50 cm shoulder followed by a slope with a
2/3 ratio. A steel beam can be added (6 cm x 12.28 cm), with no contact with the ballast, in
order to represent a UIC60 rail with the same flexural inertia.

This 2D model is extruded to build a 3D structure with or without distributed sleepers,
depending on the need. In this case, sleepers are 25 cm wide and planted every 60 cm
along the structure. The spaces between the sleepers are filled with ballast, which forms the
ballast top layer. The final structures represent a 15 m track (with 25 sleepers). Due to our
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assumption of a half model, a symmetric constraint is used at the middle of the structure.
The faces below and end faces are planar-constrained. The resulting 3D model is presented
in Figure 12.

097 | Shoulder
0.87] /—M

0.77]
0.67
0.57]
0.47]
0'3_‘ Ballast
0.27]
0.17]

| I
017 (Symmetry plane -

-0.2

I S L B T T
0 0.5 1 1.5 2 2.5

(a) Non-periodic model (b) Periodic model

Figure 12. The 3D model resulting from 2D shape extrusion to form a (a) non-periodic model and
(b) periodic model.

Because of the computation methods, we used a structured quadrilateral mesh, as
described previously. Mesh elements have to be parallel to the structure axis to ensure the
alignment of the Gauss point. Also, for periodic structures, the mesh has to be regular all
along the structure. For non-periodic structures, the mesh’s elements can be denser near
the load and larger at the edge of the model.

The load is equal to half of one axle’s maximum load, i.e., 10 t on one symmetrical
half-track. In the case of the periodic model, the load is located on top of the rail. Then,
the rail’s flexibility shared the load between sleepers. In the case with the simplified non-
periodic model, the load is imposed directly on ballast layers according to a precomputed
shearing pattern [31]. In both cases, the load abscissa X; describes the loaded zone. Self
weight also applies on the entire structure.

The step-by-step process for the non-periodic structure is described with 57 successive
load positions. The same algorithm with the periodic structure uses 73 load positions.
The non-periodic steady-state algorithm uses only one load position in the middle of the
structure. The periodic steady-state algorithm uses six intermediate load positions.

3.1.2. Material Behaviors

We studied the railway structure with a continuous material assumption. The ballast
is considered to have elastic—plastic behavior, described with linear elasticity, elastic—plastic
criteria, and a plastic flow rule.
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We assume infinitesimal strain, supposing an additive decomposition of the global
strain tensor € between the elastic strain &° and the plastic strain e’ (Equation (8)).

e=¢+¢f (8)

The elastic strain tensor is linearly linked with the stress tensor o by Hooke’s equation,
using Young’s modulus E and Poisson’s ratio v. Elastic strains are recoverable, i.e., in an
unloaded situation, its tensor’s values return to zeros.

The plastic strains are, conversely, irrecoverable, i.e., the tensor keeps its value after
the unloading of the structure. Its evolution depend on the stress history, and is described
using an elastic-plastic criterion and a flow rule.

For the purpose of this example, we used a simple Drucker-Prager criterion [32]. It
is defined with the stress function of Equation (9a), with mean stress 03, and shear stress
amplitude /J,. The Drucker—Prager parameters are « and H, linked to the classic Mohr-
Coulomb parameters. According to previous works [33], we chose the compression-fitted
parameters (Equation (9b)) in order to limit the modeling discrepancies.

f(o) =3a(on—H)+ /]2 (9a)
_ 2sin¢ and H — C
V3(3 —sin¢) tan¢
For simplification, we assumed an associated flow rule, i.e., the criterion yield function

f (o) and the plastic potential function g(o) are equal.
All other material behaviors are described with linear elastic behavior.

(9b)

It should be noted that a perfectly chosen plastic Drucker-Prager model is considered
an oversimplification of the material behavior. This model choice was made in order
to focus the discussion on algorithm efficiency. However, the presented developments
are perfectly compatible with more complex material behavior, including hardening and
material degradation.

3.1.3. Material Parameters

Because we focus on ballast settlement, only the ballast under-layer is considered with
elastic—plastic behavior. The top ballast layer is considered with elastic behavior.

The rail’s steel and sleeper’s concrete proprieties are taken from the COMSOL Mul-
tiphysics material library. The steel is modeled with E = 205 GPa, v = 0.28, and density
p = 7.85 t.m~3. The concrete is modeled with E = 25 GPa, v = 0.2, and p = 2.3 tm—3.

The ballast’s parameters are taken from Profillidis’s study [31] i.e.,, E = 110 MPa,
v =0.2,and p = 1.8 tm~3. Equivalent parameters can be found in many other studies.

We use the Mohr-Coulomb parameters, with ¢ taken to be 40° according to Suiker’s
studies [34] and Bernard et al.’s tests [35]. The parameter C is supposedly null due to the
cohesion-less behavior of the ballast. But we take C = 5 Pa, negligible, to avoid numerical
issues during the computation process.

4. Results and Comparison

In this section, we present results comparatively. Numerical results are presented in
the following figures to show the magnitude of the plastic strain, i.e., : €/ = /&P : €P.
Other measures, such as displacement, would lead to the same comparison results
and conclusion.

https:/ /doi.org/10.3390/ geotechnics6010029


https://doi.org/10.3390/geotechnics6010029

Geotechnics 2026, 6, 29 13 of 23

4.1. Periodic vs. Non-Periodic Structure

Firstly, in Figure 13, we present steady-state results for both periodic and non-periodic
structures. The plastic strain magnitude is plotted on a longitudinal slice in the center
of each structure. These representations are helpful for understanding the steady-state
algorithm. In this representation, the load is located in the middle of the track and it moves
from the right side to the left side. On the left of the load, we observe the plastic strain state
to be representative of the structure before the loading cycle. On the right, we observe the
plastic strain state resulting from the loading cycle.

In this representation, we can follow the evolution of the structure during the loading
cycle by reading the plastic strain state from left to right.

It should be noted that, due to the simple model assumption, the plastic strain ampli-
tudes are not representative of real settlement.

Surface: Plastic Strain Magnitude (1) o Surface: Plastic Strain Magnitude (1) o
m T T T T T T T F T T T T T T T T =
g:g P ( > ] x10™ " osF 4) ] x107
82 : et S s enseen BN P
- ] 5 Ar £ -4 7
£ : b * s
ol 3 0.d4F ] >
3 i 21 1 K
0.2 L L s L L s s L 03k L L L L L L ! L L 4
5.5 6 6.5 7 7.5 8 8.5 9 m 5.5 6 6.5 7 75 8 8.5 9 95 m
(a) Non-periodic structure (b) Periodic structure

Figure 13. Longitudinal representation of plastic strain state resulting from steady-state algorithms
on both the (a) non-periodic and (b) periodic model.

With the steady-state algorithm, we can focus on a representative section of the
structure at the back end of the model. According to the computation process, the stress—
strain state computed in this section corresponds to the result of a full loading—unloading
cycle. In contrast, with the step-by-step algorithm, we focus on a central section, which,
at the final step, has gone through a full loading cycle. Following this, the results are
compared in a pertinent way.

Comparing results with those of two structures allows us to observe particularities
and interesting periodic structures. This results in the localization of the plastic strain under
sleepers with a particular U-shaped core.

4.1.1. Steady-State vs. Step-by-Step Algorithms on Non-Periodic Structure

For the non-periodic structure, we compare a simple steady-state algorithm with a
step-by-step algorithm. The results from comparable sections are shown in Figure 14 for
longitudinal sections and and Figure 15 for transversal sections.

Surface: Plastic Strain Magnitude (1) o Surface: Plastic Strain Magnitude (1) o
T T T T T T T T T T T T

“©)

x107™

OO 0000000
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5.5 6 6.5 7 7.5 8 8.5 9 m

(a) Step-by-step results (b) Steady-state results

Figure 14. Longitudinal representation of plastic strain state in non-periodic structure for both
(a) step-by-step and (b) steady-state methods.
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Figure 15. Transversal representation of plastic strain state in non-periodic structure for both (a) step-
by-step and (b) steady-state methods.

For both comparisons, we can observe similar results. The plastic strain zones have a
similar shape and the same amplitudes. For example, the maximal plastic strain magnitude
plotted in Figure 15 is e’ = 6.52 x 107% and e” = 6.76 x 10~* for the step-by-step and
steady-state algorithm, respectively.

However, we observe a particular result with the step-by-step process. It presents
irregularities that do not appear with the steady-state algorithm. We can explain these
irregularities by the artificial jump of the load described by the computational process. This
results in a default continuous loading with the step-by-step algorithm. Such defaults are,
by construction, absent from the steady-state algorithm.

4.1.2. Steady-State vs. Step-by-Step Algorithms on Periodic Structure

For the periodic structure, we compare the periodic steady-state algorithm and step-by-
step algorithm. The results are plotted and compared on a longitudinal slice in Figure 16 and
on a transversal slice in Figure 17.

o Surface: Plastic Strain Magnitude (1) o

F 3 m T T T T T T T T ™
r ] x10™ 9.1r ] x10™
[ ] 5 §;§ C _ 55
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(a) Step-by-step results (b) Steady-state results

Figure 16. Longitudinal representation of plastic strain state in periodic structure for both (a) step-by-
step and (b) steady-state methods.
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(a) Step-by-step results (b) Steady-state results

Figure 17. Transversal representation of plastic strain state in periodic structure for both (a) step-by-
step and (b) steady-state methods.

Again, in both cases, the comparison yields similar results in terms of plastic strain
shape and amplitude. The periodic pattern induced by the sleepers is the same as in
the longitudinal results. In transversal results, the maximal plastic strain magnitudes are
similar, with €? = 4.60 x 10~* and €” = 4.63 x 10~ for the step-by-step and steady-state
algorithm, respectively.
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In order to numerically evaluate the discrepancies between the results of both algo-
rithms in this second case, we compare the plastic strain tensor, plotting the value of the
plastic strain discrepancies, defined in Equation (10), on a periodic element.

p_.p
g —¢
bep = # (10)
&1

Figure 18 shows these results in one periodic section of the track. We can observe that
numerical artifacts on the edges of the model show important discrepancies. However, beyond
these artifacts, the discrepancies are under 1% in the major part of the models. Overall, the
average discrepancy is only 3.2%, which is a comparable result between both algorithms.

para(9)=1 Surface: Plastic strain discrepancies (1) (1) o

0.1
0.09
0.08

0.07

Figure 18. Discrepancies between plastic strain from both algorithm in a periodic section.

5. Discussion

The comparisons presented in the previous section are meaningful and highlight the
accuracy of the steady-state methods compared to classical step-by-step approaches.

Given equal results, the efficiency of steady-state algorithms can be established by
comparing the amount of stored data and the computation times.

Comparing the step-by-step and stead-state algorithms on a non-periodic structure
gives meaningful results. The step-by-step algorithm yields 57 files, for a total of 106.6 Mb.
The total amount of computation time needed is 395 ks. For the same model and with the
same computer resources, the steady-state algorithm yields only one file of 1.9 Mb and a
total computation time of 5.7 ks, equivalent to 1.5% of the computation time needed by the
step-by-step algorithm.

These results are logical according to the construction of each algorithm. The step-by-
step algorithm consists of the complete determination of 57 different plastic strain states
corresponding to the 57 load positions. For the steady-state algorithm, only one plastic
strain state is determined. Despite the particular computation process of the steady-state
algorithm, it almost corresponds to a single-step computation.

Comparing the step-by-step algorithm to the steady-state algorithm on periodic struc-
ture lead to a similar conclusion.

For this structure, the step-by-step algorithm uses 73 steps. This results in 73 saved
files for a total of 288 Mb stored. The 73 computation steps are conducted with an average
of 23 iterations each and a total computation time of 316 ks. In contrast, the periodic
steady-sate algorithm simultaneously computes six steps in 36 iterations. This results in six
saved files for a total of 22.7 Mb stored and a total computation time of 41.4 ks.
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These numbers also show an impressive decrease in the computation time, reducing it
to 13% of its initial value. The computational time consumption is again almost linear to
the number of computational step. However, for a periodic structure, the complexity of
the computation process leads to an increase in computation time per step ratio. Such a
decrease was not observed with the non-periodic structure.

In any case, both comparisons are meaningful. In both cases, step-by-step algorithms
are much more expensive in terms of computation time than steady-state algorithms. With
reasonable simulation parameters, steady-state algorithms are computationally quicker
than step-by-step methods and allow storage space saving.

It should be noted that the presented steady-state algorithm and periodic steady-sate
algorithm rely on restrictive assumption. The range of applicable structure is limited
to self-similar, or periodical self-similar structures. Also, the presented versions of these
algorithms limit the loading case to a mobile load at constant speed and constant magnitude.
While the variety of cases studies is limited, it is perfectly suitable for the study of linear
transportation infrastructure like railway tracks.

6. Conclusions

In conclusion, the numerical study of linear infrastructure requires particular con-
sideration. The plastic strain computation is highly dependent on the stress—strain path
description. Moreover, the mobile loading of such a linear structure induces a particular
stress path, including variation in both stress magnitude and orientation. These particulari-
ties cannot be correctly modeled with a static load of variable amplitude. Consequently,
the numerical modeling of railway tracks and mobile loads requires a specific process.

In this study, we present two types of computational algorithms that allow the rep-
resentation of a moving load. The first one is a step-by-step algorithm. It describes the
temporal evolution of the load position. Therefore, stress amplitude and orientation natu-
rally evolve to properly describe the loading cycle. The other algorithms are steady-state
algorithms. They aim to observe the loading cycle from the load’s point of view. The
structures are then viewed as flowing under the load. The steady-state algorithms also
use the self-similitude of the linear structure. Therefore, a particular computation process
allows for artificial movement of the structural state under the load in order to compute
the final plastic strain state within a single step. An adaptation for the periodic structures
of the steady-state algorithm is also presented.

To demonstrate the efficiency of the steady-state algorithm, two elastic—plastic models
of a railway are described: one periodic and one non-periodic. Each model represents half of
a symmetrical longitudinal railway structure. A ten-tonnes load was used to represent half
of the axle load. For this example, the ballast was modeled with a simple Drucker-Prager
elastic—plastic model.

The comparison of steady-state and step-by-step results provides convincing results.
For both periodic and non-periodic structures, the results are similar in terms of topology
(plastic strain zones) and magnitude. In both cases, transversal and longitudinal plastic
strain representations show identical results within numerical tolerance. In terms of
efficiency, each algorithm demonstrates performance corresponding to its construction. The
number of computational steps is the key parameter needed to save on computational time.
For a non-periodic structure, computation time is directly proportional to the number of
computation steps. The steady-state algorithm is then equivalent to a single computation
step. For the periodic structure, the steady-state algorithm needs a computation time nearly
proportional to the number of computation steps compared to the step-by-step algorithm.

Steady-state algorithms also reduce the amount of stored data. For non-periodic structure,
as the single final result is enough to describe a full loading cycle by following the integration
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lines. The same information would be obtained with the step-by-step algorithm, but would
require the results of all computation steps and proper data processing. This multiplies the
amount of stored data and increases the complexity of interpreting the results.

Finally, the steady-state algorithms are extremely efficient in comparison to a classical
algorithm. Without the degradation of results, these algorithms reduce the computation
time by up to 98% and generally scale linearly with the number of computational steps.

The results presented in this paper open new methodological possibilities for the study
of the long-term behavior of transportation infrastructure, particularly railways tracks.
Even when cutting computational costs, accurate behavior prediction under high number
of loading cycles would still be possible within a reasonable amount of time. Further
work should use the proposed improvements with advanced behavior models, taking into
account material hardening, complex plastic phenomena, or material degradation, in order
to obtain insight into ballasted track degradation.
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Nomenclature

o Friction parameters for Drucker-Prager criterion
C Cohesion of Mohr—Coulomb

E Young’s modulus

g, &P, and &  Strain tensor, plastic strain tensor, and elastic strain tensor
e Plastic strain magnitude

eh Plastic strain tensor at step n

ef i Plastic strain tensor at position i and at time ¢
e’ y Overall plastic strain field at time ¢

¢ Internal friction angle

f(o) Elastic limit stress function

g(o) Plastic potential function

H Cohesion pressure

L Number of Gauss points along a line

Aor A Plastic strain multiplicative factor

N Number of computational steps

v Poisson’s ratio

P Number of periodic sections

[y Material density

Lo Stress tensor

T Number of time steps

t, At Time and time increment

14 Displacement velocity vector

X Main axis of the structure and the displacement
Xn Load coordinate along the X axis at step n
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Appendix A. Algorithm Description
Appendix A.1. Step-by-Step Algorithm

The step-by-step algorithm aims to describe a number of successive stress—strain
states. Each step uses an iterative process and return mapping process for plastic strain
computation. The entire algorithm considers each step one after another.

At the first time step t = 0 (n = 1), the load is located at abscissa X;. The initial

plastic strain state £’ | = &” | . is taken as null on the overall structure, in the case

JInit
of the first loading. Otherwise, the initial plastic strain state is described using the
representative state at the end of the previous cycle.

At any other time step 7, the structure starts with an initial global and acceptable
e’ 11 Plastic strain state resulting from the computation of the previous step n — 1. The
load is moved at abscissa X,.

The algorithm begins an iterative process, with iteration i = 1. The process initially
assumes the plastic strain state is identical to the plastic strain state resulting from the
previous step: e’i,n = e’i/nfl.

At iteration i, the supposed global plastic strain state &” n is used to compute the
stress—strain state according to the Finite Element Method and Equation (A1).

K-u=F (Ala)

c=L-¢ (Alb)

with K as the FEM rigidity matrix, F as the generalized force tensor, u as the generalized
displacement vector, o as the stress tensor, €° as the elastic strain tensor, and L as the
materials’ rigidity matrix.

Plastic strain computation is conducted on each independent integration point
using the return mapping process describe by Simo and Hughes (1998) [12]. If stress o is
acceptable, i.e., f(o) < 0, the behavior remains elastic, and the plastic strain does not
evolve for the next iteration (Equation (A2a)). Otherwise, stress o is not acceptable. The
plastic strain state is recomputed from the initial plastic strain state (A2b).

eh =gl (A2a)

d
= A i((f) (A2b)

If the stress state is globally acceptable, the global plastic strain state &/, corresponds
to the step’s final plastic strain state. Then, the algorithm moves to the next loading state.

After the last step, the loading—unloading process of the central element is consid-
ered to have concluded. The representative plastic strain state is described with the
final stress—strain state of the central section. It can be reproduced throughout the entire
structure to define the global plastic strain state after the loading cycle.

This entire computational process can be summarized with the algorithm shown in
Figure Al.
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Figure Al. Step-by-step algorithm, detailed computation process.

Appendix A.2. Steady-State Algorithm

For the first loading cycle, the structure is set with zero plastic strain as the initial
plastic strain state sfmt. Otherwise, the initial plastic strain state is described using a
representative state at the end of the previous cycles. Then, the algorithm begins the
iterative process.

At the beginning of an iteration i, the previously computed plastic strain state is
supposed to be acceptable and the stress—strain state is computed according to the FEM
process and Equation (A1).

By construction, the Gauss points are lined up in the structure and numbered from
1 to L on each line by increasing the abscissa. The plastic strain computation is conducted
on each independent integration line.

If the stress o is acceptable on the entire line, the plastic strain does not evolve for the
next iteration (Equation (A3)). Otherwise, if the stress o is not acceptable at some point
on the line, the plastic strain state is recomputed on the entire line. The plastic strain state
at the first point is described as the initial plastic strain. Then, the computational process
computes plastic strain at point n by transferring the plastic strain from Gauss point n — 1
and computing the plastic strain increment according to Equation (A4).

el =&l (A3)
sf = s? (Ada)
d
eh=e  +A i(;’) (Adb)

If the stress state is globally acceptable throughout the structure, the computation process
is complete and the global plastic strain state & is validated for the current loading cycle.

The entire computation process can be summarized with the algorithm shown in
Figure A2.
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Figure A2. Steady-state algorithm, detailed computation process.

The validated global plastic strain state allows us to follow the plastic strain evolution
during the loading cycle by simply measuring it along an integration line. The plastic
strain state computed for a representative section at the back of the load and near the end
of the structure is considered representative of the final global plastic strain state after the
loading cycle.

Appendix A.3. Periodic Steady-State Algorithm

For the periodic steady-state method, we consider a central load on T different and
consecutive positions covering one periodic section of the structure.

For the first loading cycle, the structure is set with zero plastic strain as the initial
plastic strain state efmt. Otherwise, the initial plastic strain state is described using the

representative state at the end of the previous cycles. The initial plastic strain state is set
p

the same for the T loading step computations :e” , = s?ni +- Then, the algorithm begins the
iterative process.

At iteration i, the T global plastic strain states &’ 1 are assumed to be acceptable. T global
stress—strain states are then computed according to the FEM process and Equation (A1).

The plastic strain computation is conducted on each independent integration line. If
stress o is acceptable on the entire line, for each time ¢, the plastic strain does not evolve for
the next iteration (Equation (A5)).

&, =, (A5)

If stress o is not acceptable at some point on the line and/or at some time ¢, the plastic
strain state is recomputed on the entire line. The first periodic element state at the first
computational time is set equal to the initial plastic strain state. Then, the computational
process transfers the plastic strain from point # at time ¢ (n,t) to point n at time ¢ +1 (n,t + 1)
ift # T. Otherwise, it transfers (1,T) to the corresponding point, 7 + N, in the next element
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of the structure at time ¢t = 1 (n + N,1) according to Equation (A6). The T plastic strain
states are then computed simultaneously.

dg .

£Z,t = Sz,tfl + Aﬁ ift #1 (Aba)
dg .

eﬁ,t = ssz’T + Aﬁ ift=1 (A6b)

If the stresses are globally acceptable all over the structure on every time t steps, the
T global plastic strain states &’ , are validated.
The entire computation process can be summarized with the algorithm in Figure A3.

t=1..T
i =
e =€l
v

t=1..T t=1..T
e’ , | K u=F
integration o=1L:¢°

A

“
>0

i+ [ b =eh, AT £

€nt =En_nr T A ¢ =1

Figure A3. Periodic steady-state algorithm, detailed computation process.

The T validated plastic strain states obtained through this process allow us to follow
the plastic strain state evolution during loading by composing measurements along a line
at the different time steps.

The final plastic strain state in a representative periodic section at the back of the load
near the end of the structure and at time T is considered representative of the global plastic
strain state resulting from the loading cycle.

Appendix A.4. Matlab—Comsol Co-Processing

The step-by-step process was achieved within the classical FEM software interface
by constructing successive computation, activating and deactivating the load at different
positions. However, the steady-state algorithms require a specific integration process,
computing plastic strain at Gauss points in a specific order. Therefore, the iteration and
return mapping processes were reproduced and adapted with the help of a Matlab (version
2018a) script and COMSOL (version 5.3a) to Maltlab LiveLink capabilities.
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The co-processing proceeded as follows:

e The COMSOL model, parameters, and loading were set within the COMSOL interface.

e The initial plastic strain state was set in Matlab in a file containing Gauss point
coordinates and tensor information.

e  Theiteration process was started.

e The plastic strain was loaded as inelastic, imposed strains in the COMSOL model, and
the FEM computation was processed by the COMSOL routine.

*  The global strain was extracted from the FEM computation result in the Matlab script
at each Gauss point.

¢ The stress state at each Gauss point was computed according to the global strain
tensor and the known plastic strain. The stress at a Gauss point was sorted along the
integration line by the Matlab script.

*  The stress state was verified according to the plastic criterion by the Matlab script,
possibly according to the integration line, as explained earlier.

* If needed, the plastic strain was recomputed according to the appropriate process
described earlier within the Matlab script.

¢  The resulting plastic strain state was saved by MATLAB in a new external file.

* The global plastic strain state could then be reloaded into COMSOL for another
iteration.

¢ If the global plastic strain state was acceptable, the iteration process was considered over.

*  The computation process could then move to another loading step.
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