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Abstract13

Understanding how mutations evolve on Y chromosomes is central to ex-14

plaining the origin, diversity and persistence of sex chromosomes. Mutations15

occurring on the Y chromosome in sexual populations experience selective dy-16

namics that differ markedly from those on autosomes, due to a reduced effective17

population size and the presence of large non-recombining regions containing18

alleles maintained in a permanently heterozygous state. These specific features19

alter gene transmission in the Y chromosome population compared to autosomes,20

even within the same pedigree. Here, we provide a two-sex diploid Wright-Fisher21

model that explicitly incorporates both sex chromosomes and autosomes within22

a unified population framework, in order to capture the influence of these spe-23

cificities on the fate of mutations, not only considering fixation probabilities but24

also segregation times. We use diffusion approximations and provide analytical25

and numerical tools to compute these quantities across a wide range of paramet-26

ers and selection regimes. We recover classical results on fixation probabilities27

in various scenarios, including purely beneficial, deleterious or overdominant28

mutations, and extend them in the light of mean segregation time, a key but29

often overlooked determinant of evolutionary outcomes over finite timescales.30

In particular, our analyses show that overdominant mutations are overall more31

likely to fix in observable time windows on the Y chromosome than on auto-32

somes. Individual-based simulations corroborate our approximations and high-33

light parameter regimes where the theoretical approach is particularly useful,34

especially for parameter values inducing long segregation times or small fixa-35

tion probabilities, for which simulations are impractical. Our results provide a36

comprehensive and tractable framework for clarifying how chromosome-specific37

∗Corresponding author: ariel.offenstadt@math.cnrs.fr

1



features shape evolutionary dynamics beyond fixation probabilities alone.38

Keywords: Y chromosome; fixation probability; segregation time; diploid bi-39

parental two-sex Wright-Fisher model; diffusion approximations.40

1 Introduction41

Sex chromosomes play a central role in the evolution of many species. They are42

frequently involved in speciation processes, contribute to the development and main-43

tenance of sexual dimorphism, and harbor numerous mutations causing sex-linked44

disorders, such as red–green color blindness in humans. A major explanation for45

their particular evolutionary impact is that Y (or W) chromosomes are often non-46

recombining over most of their length and permanently heterozygous. This has im-47

portant consequences, including the progressive degeneration of the Y (or W) chro-48

mosome due to the reduced efficacy of selection in non-recombining regions. Below,49

we focus on Y chromosomes in XY systems for simplicity, but a similar reasoning50

holds for W chromosomes in ZW systems (e.g., in birds). Despite their importance,51

the consequences of recombination arrest and permanent heterozygosity for the evol-52

utionary trajectories of these regions, as well as for processes such as adaptation,53

speciation, and genomic conflicts are still poorly known. Similarly, the evolutionary54

mechanisms driving recombination suppression on Y chromosomes are still debated55

(Charlesworth, 1978; Saunders and Muyle, 2024; Charlesworth and Olito, 2024; Jay56

et al., 2025). Moreover, although the rise in genome sequence availability has revealed57

a striking variation in the genomic architecture, levels of degeneration, patterns of di-58

versity, and evolutionary histories of Y chromosomes across the tree of life, we still59

lack a clear understanding of the evolutionary forces that have generated and shaped60

this diversity. For instance, it remains unclear what fraction of the differences in61

evolutionary trajectories observed between autosomes and sex chromosomes can be62

attributed to distinct selective regimes affecting these genomic compartments (for ex-63

ample, the occurrence of sex-specific selection), to differences in their recombination64

landscapes that modulate the strength of selective interference, or to the permanent65

heterozygosity of the Y chromosome, which influences both the effective population66

size and the dominance effects of mutations.67

These challenges arise in part because we lack a unified framework for rigorously in-68

ferring the evolutionary trajectories of mutations on Y chromosomes and for directly69

comparing these dynamics to those on autosomes, which currently limits our ability70

to meaningfully interpret the patterns of genetic diversity observed in natural pop-71

ulations. Two key quantities allow a precise description of the fate of a mutation:72

its fixation or extinction probability and its segregation time, i.e., the time during73

which the mutation is neither extinct nor fixed. The latter is often neglected, while74

it plays a central role in the understanding of the mutation dynamics, most of muta-75

tions observed in genomes being still segregating rather than fixed. Moreover, some76

mutations may have segregation times so long that, even when their fixation prob-77

ability is substantial, fixation may effectively never occur on observable timescales.78

For example, strong balancing selection can maintain allele frequencies far from 0 or79

1 for extremely long periods, until the stochasticity in reproduction eventually gen-80

erates a sufficiently large fluctuation to drive the mutation frequency towards one of81

these absorbing states. This observation raises questions about our ability to directly82

observe the fixation of new alleles, even in cases where models would predict their83

fixation with significant probability. Although this issue is well known, it has not84
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been explored in a systematic way to our knowledge.85

The fixation probability and segregation time of mutations depend on multiple evolu-86

tionary forces, including natural selection and genetic drift. The foundations for un-87

derstanding fixation and extinction probabilities were established in textbook works88

by Fisher (1923) and Wright (1931). The Wright-Fisher model assumes that the89

population size is finite and constant through time and the stochastic nature of the90

reproduction dynamics is explicitly encoded. This leads to a binary eventual outcome,91

in which the mutation is either fixed or lost with probability 1. Using a branching92

process approximation, Haldane proved that the fixation probability of a beneficial93

autosomal mutation in a Wright-Fisher model could be approximated by a simple94

quantity equal to twice the selection coefficient (Haldane, 1927). Kimura later exten-95

ded these results to varying population sizes and strengths of selection, studying the96

fixation probability as a function of the initial frequency of the mutation (Kimura,97

1955, 1962). Although most mutations are known to be deleterious, beneficial muta-98

tions have long been considered as key drivers of adaptation to changing environments,99

and they have been the focus of many models (see Ewens 1967; Patwa and Wahl 2008100

and references therein). Deleterious mutations have also been extensively investig-101

ated, and shown to accumulate in asexual or selfing populations, for example through102

Muller’s ratchet (Muller, 1964; Waxman, 2011). They can accumulate in small pop-103

ulations too, even with sexual reproduction, possibly leading to a species extinction104

(Lynch et al., 1995). In this work, we aim to cover a wide range of selection regimes,105

including most of the above.106

A key element distinguishing the fates of a mutation carried by an autosome and by a107

non-recombining Y chromosome in a diploid population is the asymmetry between the108

X and Y chromosomes, present in different proportions in the population. Indeed,109

in a population with 1:1 sex ratio, only one fourth of the sex chromosomes are Y110

chromosomes. Although sex chromosomes and autosomes both follow the rules of111

Mendelian inheritance, a mutation carried by the X or the Y chromosome in the112

non-recombining region (i.e., in the sex-linked region) will not be transmitted to113

males and females in the same way. Consequently, the variations in allele frequencies114

within these two subpopulations will be different, and will also be different from the115

variations in allele frequencies experienced by a mutation carried by an autosome.116

These differences are expected to affect the fixation probability and the segregation117

time of Y-linked mutations compared to autosomal ones.118

By using Haldane’s branching approximations for beneficial mutations and Kimura’s119

diffusion for deleterious mutations, Charlesworth et al. (1987) compared the substitu-120

tion rate of these mutations on sex chromosomes and autosomes. They also compared121

the substitution rate of underdominant mutations on X chromosomes and autosomes.122

Considering that the substitution rate is equal to the mutation rate times the fixation123

probability, they found that loci with partially or fully recessive beneficial muta-124

tions should show higher substitution rates on Y chromosomes than on autosomes.125

They also showed that deleterious mutations should fix more frequently on Y chro-126

mosomes than on autosomes. However, there has been no such analysis considering127

overdominant or underdominant mutations on Y chromosomes, i.e., mutations with128

an heterozygote advantage or disadvantage compared to both homozygotes. Yet, re-129

cent empirical and theoretical works have shown that chromosomal rearrangements,130

which are abundant on sex chromosomes, may often be overdominant (Berdan et al.,131

2023). Furthermore, the substitution rate does not account for the differences in se-132

gregation times between different mutation types, or between different chromosome133

types (autosomes versus Y-like sex chromosomes), despite the fact that they condition134
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our ability to actually observe the fixation or extinction of a mutation.135

Here, we aim to extend the work of Charlesworth et al. (1987) by deriving expressions136

for the fixation probabilities and mean segregation times for all types of mutations137

in autosomes and Y chromosomes. Although several other processes may influence138

the evolution of sex chromosomes (e.g., sexually antagonistic selection, Flintham and139

Mullon 2025), we wish to study the structural effect of the Y-chromosome intrinsic140

properties, i.e., its lower effective population size and its forced heterozygosity, on141

the fixation probability and segregation time of a mutation that it carries. We do142

not consider mutations appearing on the X chromosome, as the mutation frequency143

then differs in the male and female subpopulations, and its dynamics in the whole144

population cannot be satisfactorily described by the same type of one-dimensional145

Markov processes as those we study here. More precisely, in this case the frequency146

in the male and female subpopulations must be tracked separately in order to express147

the law of future changes in mutation frequency, and our methodology based on148

one-dimensional diffusions does not apply (similar formulae are not available for two-149

dimensional diffusions).150

In order to compare the invasion, fixation and extinction of mutations on autosomes151

vs. on Y chromosomes, we must consider a diploid, biparental two-sex model. Möhle152

(1994) introduced a Wright-Fisher biparental two-sex model and studied the probab-153

ilities of extinction of the family descending from a given individual at some time in154

the future. Although one could consider using this result to track the lineage of the155

original carrier of a particular mutation (and deduce for instance the extinction prob-156

ability of this mutation), two features make it unsuitable for addressing the question157

we are interested in with regard to mutation transmission. First, males and females158

play symmetric roles in this model, preventing the incorporation of key specific fea-159

tures of sex chromosomes. Second, because the genetic transmission tree differs from160

the biparental pedigree (or family tree, which is the object of interest in Möhle 1994),161

a family lineage may persist even after a given mutation has been lost. The former162

limitation also arises in the model proposed in (Möhle and Sagitov, 2003).163

To be able to incorporate these specificities in our analysis, we introduce a diploid,164

biparental, two-sex Wright-Fisher model, in which the two haploid genomes of each165

individual are picked in exactly one male and one female, accounting for selection and166

the particular features of heterogametic sex chromosomes. This allows us to finely167

incorporate the key characteristics distinguishing the allelic transmission for a gene168

located on the Y chromosome versus an autosome along a biparental pedigree. We de-169

rive Wright-Fisher diffusion approximations for the allele frequencies of autosomal and170

Y-linked genes using the same scaling of time. Indeed, the allele frequencies emerge171

from this model as discrete-time Markov chains, with complex transition probabilit-172

ies that render a direct analysis practically impossible, hence the need for diffusion173

approximations. Using precisely the same timescales in the autosomal and Y-linked174

contexts allows a direct comparison of the mean segregation times between the two175

cases. The approach consisting of taking diffusion approximations is the same as176

Kimura (1962)’s approach and the resulting objects are standard (Durrett, 2008),177

but we detail how they can be jointly obtained from the same population dynamics.178

Indeed, the transmission dynamics of both sex chromosomes and autosomes are em-179

bedded in the model, building the population pedigree in the same way, and keeping180

the same selection coefficients, thereby ensuring a legitimate comparison between the181

fixation probabilities and mean segregating times on the two types of chromosomes.182

This unified framework also provides numerical and analytical tools to quickly com-183

pute these quantities given the selection parameters and the initial frequencies.184
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The rest of the article is organised as follows. In Section 2.1, we introduce the two-185

sex biparental Wright-Fisher framework that we will use to model the transmission186

of an allele carried by an autosome and by the Y chromosome. In Sections 2.2 and187

2.3, we describe the procedure we use to derive diffusion approximations for the188

allele frequency process in the two chromosomal contexts. In Section 3, we analyze189

and compare the fixation probabilities and mean segregation times derived from the190

diffusion approximations for a range of parameters including four main selective cases191

(beneficial, deleterious, underdominant and overdominant mutations). We also show192

through simulations that the diffusion approximations yield accurate predictions, even193

for rather small population sizes (N = 100 or N = 1000), and illustrate the added194

value of our analytical approach in cases where excessively long segregation times or195

low fixation probabilities prevent fixation from being actually observed. Finally, our196

results are discussed in Section 4.197

2 Methods198

2.1 Model199

We want to compare the probability and time of fixation of mutations under differ-200

ent selection scenarios depending on whether they appear on an autosome or a Y201

chromosome. To do so, we consider a diploid population of fixed size, composed of202

N individuals with equal number of males and females. The population has an XY203

sex-determining system, where females are XX and males are XY. The newly arisen204

mutation, a, appears at a particular locus where the ancestral allele (or wild type)205

A is initially fixed. The mutation induces differences in fitness classically encoded as206

follows:207

AA : 1, Aa : 1 + hs, aa : 1 + s, (2.1)

where h and s are such that hs and s belong to [−1, 1]. This framework accommodates208

both a single point mutation and a non-recombining region treated as a single locus209

and whose selective impact is given by h and s. We use the same coefficients for a210

locus carried by the pair of sex chromosomes or by a pair of autosomes.211

When we describe the process of gamete formation and fusion underlying our model,212

we denote the joint inheritance of sex chromosomes and of the alleles at the locus213

of interest by combinations of two letters, where the first letter is either X or Y214

depending on the sex chromosome present in the gamete, and the second letter is A215

or a depending on the allele also present in the gametic genome. In this notation,216

when the locus of interest is directly carried by the Y chromosome, gametes can217

only be of type XA, YA and Ya. When the locus at which the mutation of interest218

occurs is carried by an autosome, the association between the sex chromosome and the219

ancestral or mutant allele is only due to the random formation of gametes and it has220

no impact on the transmission of the mutation (as we assume that the population sex221

ratio remains constant through time). In the case of an autosomal locus, gametes can222

therefore be of type XA, Xa, YA or Ya and only the A/a state actually matters in the223

evolutionary dynamics. Nevertheless, we use the same 2-letter notation to describe224

the genetic content of the gamete in order to have a consistent set of notation in the225

two scenarios that we want to compare.226

The reproduction dynamics is stochastic, with discrete, non-overlapping generations227

and random mating in the spirit of the classical Wright-Fisher model. In each gen-228
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eration, males and females produce an infinite number of gametes, carrying alleles in229

the same proportions as those in the current generation. An infinite pool of juveniles230

is obtained by merging all pairs of paternal and maternal gametes, which are then231

split into two groups: those who received an X paternal chromosome and those who232

received a Y paternal chromosome. To form the next generation, N/2 males and233

N/2 females are sampled among these juveniles, carrying alleles with probabilities234

depending on their selection coefficients (see Figure 1). The proportions of the three235

possible genotypes AA, Aa and aa in the male juvenile population are denoted by236

pmAA, pmAa and pmaa, and each male in the next generation will carry genotype AA, Aa237

and aa, respectively, with probabilities238

pmAA

vh,s
,

pmAa(1 + hs)

vh,s
and

pmaa(1 + s)

vh,s
, (2.2)

where vh,s = pmAA+pmAa(1+hs)+pmaa(1+ s), and similarly for females (with genotype239

frequencies in the female juvenile population denoted by pfAA, pfAa and pfaa).240

2.2 One-step change in frequencies241

We start by studying how the frequency of the mutation changes from one generation242

to the next. To compute these one-step transitions, we take the specificities of the243

two contexts (i.e., mutations on autosomes and on Y chromosomes) into account.244

Mutation on an autosome245

Let us first argue that, in this context, the mutation frequency in the male and female246

subpopulations can be considered equal in each generation. Denoting pm (resp., pf )247

the mutation frequency among males (resp., females), the gametes with associations248

XA, Xa, YA and Ya produced by males have frequencies given by (1− pm)/2, pm/2,249

(1 − pm)/2 and pm/2. Indeed, in this context we assume no linkage between the250

mutation and the X and Y chromosomes. Each female transmits an X chromosome251

associated with the mutation with frequency pf . Merging all these gametes, we obtain252

male and female juveniles carrying each genotype AA, Aa and aa with identical253

frequencies, given by254

(1− pm)(1− pf ) ; pm(1− pf ) + pf (1− pm) ; pmpf . (2.3)

The N/2 male and female adults are then drawn from this juvenile population. Since255

selection acts similarly in the two sexes, this mechanism ensures that the frequencies256

of the mutation among male and female adults in the new generation are equally257

distributed. This is true even if pm and pf are different. Because we consider popula-258

tion sizes of at least 100 individuals, the number of males and females carrying each259

genotype is close to its expectation, and we can therefore make the approximation260

that the mutation frequencies are equal in the two sexes in each generation. Writ-261

ing p = pm = pf for this shared frequency, the juvenile frequencies in (2.3) can be262

rewritten (1− p2), 2p(1− p) and p2.263

Next, let pn ∈ [0, 1] denote the frequency of the mutant allele in the autosomal264

population in the nth generation. That is,265

pn =
# autosomes carrying the mutant allele a in generation n

2N
. (2.4)
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Figure 1: Illustration of the reproduction step between one generation and the next
in our two-sex diploid Wright-Fisher model with selection. For each gamete or in-
dividual, we represent the X and Y chromosomes and an autosomal locus L. The
autosomal locus can carry two alleles (orange and green) and so does the Y chromo-
some (red and blue). An infinite number of juveniles from each sex are created by
fusing gametes of different genotypes. These gametes are created in proportions that
depend on the allele frequency in the parental generation (see main text). Juveniles
are then separated between those that received a paternal Y chromosome and those
that received a paternal X chromosome. Finally, N/2 individuals are drawn from
each subgroup to form the next adult generation, ensuring that the sex ratio remains
balanced. This schematic representation encompasses the two chromosomal contexts
of interest: if the focal mutation is located on the Y chromosome, then the alleles at
the autosomal locus have no impact on the juvenile sampling probabilities (as only
the mutant or ancestral allele carried by Y chromosome affects the selection coeffi-
cient); if the mutation is carried by an autosome, then the Y-chromosome alleles do
not affect the juvenile sampling probabilities (as selection is supposed to only act on
locus L).
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The genotype frequencies in the juvenile population weighted by the corresponding266

selection coefficients are given by :267

pAA =
(1− pn)

2

vn
, pAa =

2pn(1− pn)(1 + hs)

vn
and paa =

p2n(1 + s)

vn
, (2.5)

with
vn = (1− pn)

2 + 2pn(1− pn)(1 + hs) + p2n(1 + s).

This matches the expression (2.2) with males and females grouped. Conditionally on268

pn, the frequency of the mutant allele a in the next generation is therefore given by269

pn+1 =
NAa + 2Naa

2N
, (2.6)

where
(NAA, NAa, Naa) ∼ Multinomial(N ; pAA, pAa, paa).

The multinomial law corresponds to the fact that each of the N adults inherits a270

genotype AA, Aa and aa independently with probabilities pAA, pAa and paa defined271

in (2.5).272

Mutation on a Y chromosome273

We now consider that the mutation a appears on the Y chromosome at a locus that274

does not recombine with the sex-determining locus, so that this mutation is never275

transferred onto an X chromosome. It is therefore enough to keep track of the muta-276

tion on the Y chromosomes only (i.e., among the male sub-population). The form of277

the selection coefficients remains identical to the autosomal case for the two feasible278

genotypes AA and Aa, and we never observe the genotype aa.279

Let qn denote the frequency of the mutation among the Y chromosome sub-population.280

That is,281

qn =
# Y chromosomes carrying the mutant allele a in generation n

N/2
. (2.7)

Note that the denominator is now N/2, which corresponds to the total number of282

Y chromosomes in the population. Each adult male is of genotype AA or Aa with283

respective probabilities284

1− qn
1 + hsqn

and
qn(1 + hs)

1 + hsqn
. (2.8)

This matches the haploid Wright-Fisher model with selection described for instance285

in Chapter 5.2 in (Etheridge, 2011). The frequency of the mutation among the N/2286

Y chromosomes in the next generation is thus given by qn+1 = 2Na/N , where287

Na ∼ Binomial

(
N

2
;
qn(1 + hs)

1 + hsqn

)
. (2.9)

Focusing on the Y chromosome sub-population by following the dynamics of qn defined288

in (2.7) instead of following the mutation frequency at the population level (as in the289

definition of pn in (2.4)) means that fixation can be studied in the same way as in the290

autosomal case. Indeed, if we were to consider the whole chromosomal population, the291
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mutation frequency would be capped at 0.25. Here, both (pn)n∈N and (qn)n∈N take292

their values in [0, 1], where 0 and 1 are absorbing states corresponding respectively to293

extinction and fixation. The appropriate choice for the initial frequencies q0 relatively294

to p0 to account for the difference in effective population size between autosomes and295

Y chromosomes is provided in Section 2.4.296

2.3 Diffusion approximations297

We wish to investigate the dynamics of the frequency of the mutation in the population
through time. In our model, this frequency is modelled by the discrete-time Markov
chains (pn)n≥0 and (qn)n≥0, taking values in{

0,
1

2N
, ... ,

2N − 1

2N
, 1

}
for autosomal mutations and in{

0,
1

N/2
, ... ,

N/2− 1

N/2
, 1

}
for mutations on the Y chromosome. Although we can easily compute their Markov298

transition kernel, a direct analysis of their long-term dynamics is practically impossible299

for biologically relevant values of N , as the transition matrices contain of the order of300

N2 non-zero coefficients and computing interesting quantities such as fixation probab-301

ilities would require to solve a prohibitive number of equations. Nevertheless, as in the302

classical Wright-Fisher framework we can perform a large-population approximation303

of these discrete-time Markov chains using diffusion processes, as shown below.304

For any N ∈ N, we write sN = s0/N with s0 ∈ R and we define the processes (pNn )n∈N305

and (qNn )n∈N as in Section 2.2, with parameters values h and sN . They represent the306

random trajectories of the frequency of a mutation appearing on an autosome and on307

a Y chromosome, respectively, in a population of N diploid individuals. Let us write308

⌊x⌋ for the integer part of a real number x and let B denote the standard Brownian309

motion. Rescaling time by a factor N , that is, considering a new timescale where one310

unit of time equals N generations, the rescaled processes (pN⌊Nt⌋)t≥0 and (qN⌊Nt⌋)t≥0311

respectively converge as N → ∞ to the solutions to the equations:312

dpt = s0pt(1− pt)[h+ pt(1− 2h)]dt+
1√
2

√
pt(1− pt) dBt (2.10)

for autosomal mutations, and313

dqt = hs0qt(1− qt)dt+
√
2
√
qt(1− qt) dBt (2.11)

for mutations on the Y chromosome.314

From now on, we write (pt)t≥0 and (qt)t≥0 for the continuous solutions to these equa-315

tions, that is, the diffusions respectively representing the frequency of the mutation316

which appeared on an autosome and on a Y chromosome. The exact nature of this317

convergence, as well as a rigorous proof, can be found in Appendix A.3.318

Diffusions are classically composed of two parts: a component giving the general319

tendency to increase or decrease, called the diffusion drift, and a term encoding the320

mean-zero fluctuations around the general tendency, called the variance term. This321
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nomenclature typically causes some confusion, as the drift term of the diffusion cor-322

responds to the effect of selective forces, and the variance due to the randomness323

in reproduction corresponds to the effect of genetic drift. Therefore, we will always324

specify genetic drift when referring to this source of randomness, and use the term325

diffusion drift when talking about the mathematical drift term.326

We can first observe that the diffusion (qt)t≥0 introduced in (2.11) exhibits a variance327

coefficient twice as large as that of (pt)t≥0 (2.10). This difference arises from the328

increased genetic drift affecting Y chromosomes, whose effective population size cor-329

responds to a fourth of the autosomal effective population size. In the Y chromosome330

context, only heterozygotes can have a disadvantage or an advantage and thus, for331

fixed h and s0, the diffusion drift of (qt)t≥0 always remains of the same sign. By332

contrast, the diffusion drift of (pt)t≥0 is more complex and can change sign depending333

on the mutation frequency.334

One-dimensional diffusions are particularly suitable for our study, as many theoretical335

results have been developped to analyse their stochastic behaviour (see, e.g., Chapter 7336

in Durrett 2008 or Chapter 3 in Etheridge 2011). In the cases we consider, it is possible337

to find explicit expressions for the probability of absorption in 0 or 1, corresponding338

to the purging and the fixation of the mutation, respectively. We also know that one339

of these two events will happen in finite time with probability 1 (Ikeda and Watanabe,340

1989), and we can compute the average time for the mutation to be fixed or removed341

from the population, i.e., the mutation mean segregation time. It is important to note342

that we obtain our limiting diffusions on precisely the same timescale (Nt, t ≥ 0)343

in both chromosomal contexts (autosomes and Y chromosomes), which will allow us344

to compare the mean segregation times on autosomes and on Y chromosomes in a345

straightforward way.346

Diffusions of the form taken by (pt)t≥0 and (qt)t≥0 have been known and studied for a347

long time. Diffusion approximations for the trajectories of allele frequencies trace back348

to Kimura (1962), who first computed the fixation probability of a favourable allele in349

a haploid Wright-Fisher model with selection using a diffusion similar to (qt)t≥0. The350

process (pt)t≥0 emerges from asexual diploid Wright-Fisher models (Durrett 2008,351

chap. 7; Etheridge 2011, chap. 5), and was also used in Takahata (1990) in the352

special case of balancing selection (h < 0, s0 < 0).353

In our framework, both (pt)t≥0 and (qt)t≥0 are derived from the same population354

dynamics, the same selective coefficients and on the same time scale. The differences355

between them come from the structural effects of the heterogametic Y chromosome356

as opposed to the autosomes, namely the set of feasible genotypes and the smaller357

population size inducing stronger genetic drift. We will therefore be able to study358

how these differences affect the mutation fixation probability and mean segregation359

time by directly comparing (pt)t≥0 and (qt)t≥0.360

2.4 Deriving mean segregation times and fixation probabilities361

As described in the previous section, we can derive exact formulae for the fixation362

probabilities and mean times to purge or fixation, given the dominance parameter h,363

the selection coefficient s0 and initial mutation frequencies p0 and q0.364

For i = 0 (i.e., extinction) or i = 1 (i.e., fixation), we write τpi and τ qi for the random
times

τpi := inf{t ≥ 0 : pt = i} and τ qi := inf{t ≥ 0 : qt = i}.
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They correspond to the times at which each diffusion reaches one of the absorbing365

states 0 or 1. Denote by Pp0
(resp., Qq0) the probability measure governing (pt)t≥0366

started at p0 ∈ (0, 1) (resp., (qt)t≥0 started at q0 ∈ (0, 1)). We first compute the367

fixation probability of the mutation in each context. All the details can be found in368

Appendix A.3.369

In the autosomal context, we obtain:370

Pp0
(a becomes fixed) = Pp0

(τp1 < τp0 ) =

∫ p0

0
exp(4s0hy − 2s0(1− 2h)y2)dy∫ 1

0
exp(4s0hy − 2s0(1− 2h)y2)dy

. (2.12)

This is an explicit value, although it is difficult to write it in a simpler way to analyse371

its behaviour as a function of h and s0. The value for the mutation fixation probability372

in the Y chromosome context is simpler and well known (Crow and Kimura, 1970):373

Qq0(a becomes fixed) = Qq0(τ
q
1 < τ q0 ) =

1− exp(−hs0q0)

1− exp(−hs0)
. (2.13)

Since the diffusion necessarily hits one of the boundaries 0 or 1 in finite time, fixation
and extinction are complementary events and

Pp0
(a becomes extinct) = 1− Pp0

(a becomes fixed).

The expressions for the mean time to purge or fixation are more complex and are374

detailed in Appendix A.3. It is important to observe that these quantities are the375

mean times to reach any of the boundaries, be it 0 or 1. Mathematically speaking,376

they are the mean absorption times of the processes (pt)t≥0 and (qt)t≥0. Biologically377

speaking, they correspond to the average segregation time of the mutation in the378

population (before it becomes fixed or extinct).379

Although the population size N does not appear in the limiting diffusions, and there-380

fore in the fixation probability and mean segregation time formulae, we can still381

adjust the initial frequencies to approximate the effects of various population sizes.382

For example, considering that only a single mutant copy can initially be found in a383

population of N individuals, then the appropriate initial frequency is 2/N in the Y384

chromosome context and 1/(2N) in the autosome context.385

2.5 Individual-based simulations386

The method based on diffusion approximations that we propose enables a fair compar-387

ison of the fate of mutations on Y chromosomes versus autosomes in our model, care-388

fully considering the same timescale in both contexts. However, it remains necessary389

to test the appropriateness of this timescale and to evaluate the precision of our analyt-390

ical large-population approximation. To do so, we performed individual-based simu-391

lations using SLiM 4.3. We simulated a single panmictic population of size N = 100,392

N = 1000 or N = 10, 000 diploid individuals under a Wright–Fisher model. Each393

individual carried two pairs of chromosomes, both assumed to be non-recombining394

along their entire length. The first pair corresponded to the sex chromosomes and395

included a sex-determining locus with two alleles, one of which was permanently het-396

erozygous, mimicking a classical XY sex-determination system. Individuals therefore397

carried either XY chromosomes (males) or XX chromosomes (females). The second398

pair corresponded to autosomes. For each parameter set, we performed 10,000 replic-399

ate simulations in which a single copy of a mutation was introduced into a randomly400
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Population size N
Selection par. h, s = s0/N

h < 0 h ∈ [0, 1] h > 1

s0 < 0 Overdominant Deleterious Underdominant
s0 > 0 Underdominant Beneficial Overdominant

Table 1: Description of the different selective scenarios in the autosomal context,
according to the values of the selection parameters h and s0 which induce differences
in fitness given by 1 for the genotype AA, 1+hs0/N for the genotype Aa and 1+s0/N
for the genotype aa (where N stands for the population size). In the Y chromosome
context, the mutation never appears at homozygous state and it can thus be only
beneficial (hs0 > 0) or deleterious (hs0 < 0).

chosen individual, either on the autosome or on the Y chromosome. Mutations arising401

on the Y chromosome were therefore completely linked to the male-determining al-402

lele (recombination rate = 0), whereas mutations arising on autosomes recombined403

freely with the sex-determining locus (recombination rate = 0.5). Simulations were404

run until the mutation was either fixed or lost, with a maximum duration of 100,000405

generations.406

We compared the results of the simulations to the theoretical results obtained with the407

approximations (pt)t≥0 and (qt)t≥0 using the same sets of parameters. As mentioned408

earlier, the population N does not appear directly in the diffusions but still plays two409

important roles in our comparisons. First, we use the initial frequencies p0 = 1/(2N)410

and q0 = 2/N , as explained in Section 2.4. Second, as the diffusion approximations411

were obtained as limits of processes where one unit of time corresponded to N gener-412

ations, we can recover the original time units by multiplying the diffusion timescale413

by N to compare the analytical predictions with the simulations.414

3 Results415

To better understand the fate of mutations on the Y chromosome and on autosomes,416

we proceed in two steps. First, we analyse the diffusions obtained in the Y chromosome417

and autosome contexts separately, focusing on how the fixation probability and mean418

segregation time of the mutation vary with the parameters s0 and h. We analyse the419

dynamics of alternative types of mutations: strictly beneficial, strictly deleterious,420

underdominant and overdominant (see Table 1). Second, we compare these statistics421

between the Y chromosome and autosome contexts to better understand how the422

difference in population size and heterozygosity affects the dynamics of the mutation423

allele frequency.424

3.1 Mutation on a Y chromosome425

The interpretation of the results for the Y chromosome context is straightforward.426

The fixation probability and mean segregation time (i.e., the mean absorption time427

in 0 or 1 of (qt)t≥0) only depend on the product hs0. Figure 2 shows the fixation428

probability and mean absorption time of the process for different values of hs0, ranging429

from scenarios where the mutation is deleterious (hs0 < 0) to scenarios where it is430

beneficial (hs0 > 0). As expected, the probability of fixation increases when hs0431

increases. When hs0 is close to 0, the probability of fixation of the mutation is given432
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Figure 2: Mean segregation times (a) and fixation probabilities (b) obtained from the
diffusion (qt) (2.11) started at q0 = 2/N , with N = 1000. For each pair of parameters
h and s0, they approximate the mean segregation time and fixation probability of a
single mutation appearing on a Y chromosome of an individual within a population
of size N , where the selection parameters induce differences in fitness given by 1 for
the genotype AA and 1 + hs0/N for the genotype Aa in accordance with (2.1). The
mean segregation time is expressed in terms of number of generations (denoted gen.
in the Figure). For each value of the product hs0, the black dots correspond to the
results obtained with our diffusion approximations, and the orange dots to the results
of the individual-based simulations described in Section 2.5.

by its initial frequency, which is expected from the neutral haploid Wright-Fisher433

model.434

The mean segregation time is non-monotonic. When hs0 is negative, the fixation435

probability is close to 0 and the mutation quickly disappears from the population.436

Increasing hs0 above 0 increases the probability that the mutation goes to fixation,437

which takes on average longer than the purge of a mutation and thus increases the438

mean segregation time. When hs0 becomes large (hs0 > 100 for N = 1000), mutation439

fixation further accelerates, thereby reducing the mean segregation time. It therefore440

appears that beneficial mutations with intermediate positive selective coefficients are441

those with the largest average segregation time on Y chromosomes. Individual-based442

simulations confirmed the accuracy of our diffusion approximation, even for popula-443

tions as small as N = 100 (see also Appendix A.2). They also show that our approach444

via diffusion approximations allows us to estimate very small but nonzero fixation445

probabilities across certain regions of the parameter space, where individual-based446

simulations fail to provide reliable estimates due to the rarity of fixation events.447

3.2 Mutation on an autosome448

The behaviour of mutations on autosomes is more complex, as homozygotes and het-449

erozygotes undergo different and potentially opposite selective pressures. We there-450

fore examine the four possible types of mutations described in Table 1 separately:451

beneficial, deleterious, overdominant and underdominant.452

Beneficial mutation453

When 0 < h < 1 and s0 > 0, the mutation is strictly beneficial and the diffusion drift454

term of (pt)t≥0 remains positive at any time, mainly because the selective advantage455
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of the mutation is primarily conferred by homozygotes. The resulting fixation probab-456

ilities and segregation times are shown in Figure 3. In brief, as in the Y chromosome457

context, increasing s0 leads to higher fixation probabilities, and the mean segregation458

time is non-monotonic.459

Increasing h also increases the fixation probability, because heterozygotes—which460

dominate when the mutation is rare—benefit from a stronger positive selective ad-461

vantage, helping the mutation to avoid extinction early on. Higher fixation probab-462

ilities also result in longer mean segregation times, as mutations that eventually fix463

tend to persist longer at intermediate frequencies than those which eventually disap-464

pear. Figure 3 shows a close agreement between our results and the simulations for465

beneficial mutations.466

Two cases are of analytical and biological interest: h = 0 and h = 1/2. When h = 1/2,467

the mutation is co-dominant and its fitness advantage is equally conferred by homo-468

zygotes and heterozygotes. In that case, the large-population diffusion approximation469

is given by:470

dpt =
s0
2
pt(1− pt)dt+

1√
2

√
pt(1− pt) dBt,

and the associated diffusion drift term exactly matches that in the equation describing471

the mutant allele frequency in the Y chromosome context (2.11). We can therefore472

directly compute the fixation probability on autosomes which is given by473

1− exp(−2s0q0)

1− exp(−2s0)
. (3.1)

When h = 0, the mutation is completely recessive and only the homozygotes aa474

benefit from a selective advantage. The diffusion approximation becomes:475

dpt = s0p
2
t (1− pt)dt+

1√
2

√
pt(1− pt) dBt.

In this equation, the diffusion drift resembles the diffusion drift term computed in the476

Y chromosome context (2.11), but multiplied by a factor pt. Indeed, when pt is close477

to 0 and the mutation not widespread in the population, the homozygotes aa which478

actually benefit from a selective advantage are rare, and the factor pt substantially479

reduces the diffusion drift term. On the contrary, when pt → 1, homozygotes aa480

predominate and the added factor pt has no impact.481

Deleterious mutations482

When 0 < h < 1 and s0 < 0, the mutation is deleterious and its diffusion drift is483

always negative. Fixation probabilities are therefore small (strictly less than 1/2N)484

and mean mutation segregation times are short (a few generations). These quantities485

decrease when increasing |s0|, as expected (see panels b and e in Figure 3). As before,486

individual-based simulations confirmed the accuracy of our diffusion approximation.487

Overdominant mutations488

When h < 0 and s0 < 0 or when h > 1 and s0 > 0, the mutation behaves as over-489

dominant, meaning that the heterozygotes Aa have a fitness advantage over the two490
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Figure 3: Mean segregation times (a, b and c) and fixation probabilities (d, e and f)
obtained from the diffusion (pt)t≥0 (2.10) started at p0 = 1/(2N), with N = 10000.
For each pair of parameters h and s0, they approximate the mean segregation time and
fixation probability of a single mutation appearing on an autosome of an individual
within a population of size N , where the selection parameters induce differences in
fitness given by 1 for the genotype AA, 1+hs0/N for the genotype Aa and 1+s0/N for
the genotype aa in accordance with (2.1). The mean segregation time is expressed in
terms of number of generations (denoted gen. in the Figure). Each panel presents the
results obtained for different values of s0 and fixed h (h = −2 in panels a and d, h =
0.1 in panels b and e, h = 2 in panels c and f); the blue dots correspond to the results
obtained with our diffusion approximations, and the orange dots to the results of the
individual-based simulations described in Section 2.5. The four scenarios described
in Table 1 are made explicit by the coloured backgrounds (green for beneficial, red
for deleterious, yellow for overdominant and blue for underdominant). The mean
segregation times in the individual-based model and in the diffusion approximation
mainly differ when the diffusion approximation predicts segregation times that can
potentially be much larger than the 100,000 generation cut-off used in the simulations;
likewise, the differences in fixation probabilities appear in situations where the fixation
probability is too small to be correctly inferred from 10,000 simulations.
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homozygotes AA and aa. This leads to negative frequency-dependent balancing selec-491

tion, in which selection tends to maintain the mutation at an intermediate frequency.492

More precisely, such cases lead to the existence of metastable states, which are par-493

ticular frequencies in (0, 1) that cancel the diffusion drift term, and close to which494

the stochastic fluctuations due to genetic drift are the main drivers of allele frequency495

changes. It is straightforward to compute the value of the metastable state:496

p∗h =
h

2h− 1
, (3.2)

in line with classical results (Lefevre et al., 2016). This frequency p∗h is attractive497

as selection always pushes the mutation frequency towards it: the diffusion drift is498

positive when pt < p∗h and negative when pt > p∗h. Eventually, the random fluctuations499

due to genetic drift cause the mutant allele frequency to deviate far enough from the500

metastable state for the frequency to reach 0 or 1, i.e., for the mutation to become501

extinct or fixed. This can lead to extremely large segregation times, especially when502

N is large, as the frequency will typically oscillate around p∗h for a very long time503

until a rare stochastic excursion drives it away (see panels a and c in Figure 3). The504

mean segregation time depends on both the strength of selection conferred by s0 and505

the distance of the metastable frequency from 0 or 1, which is determined solely by506

h. In general, mean segregation times increase as |h| deviates further from zero. For507

large values of h, the metastable state approaches 0.5 and the fixation probability can508

become close to 0.5. Indeed, once the mutation frequency has reached the metastable509

state, the mutation has nearly equal probabilities of ultimately fixing or being lost510

through long stochastic fluctuations around the metastable frequency. However, in a511

large population, fixation events may occur only on a virtually unobservable timescale.512

For instance, with N = 1000, h = 5 and s0 = 100, mutations will segregate during513

1.0e193 generations on average.514

In such cases, the diffusion approximation yields values that may substantially differ515

from those obtained in individual-based simulations. This discrepancy arises because516

we stopped our simulations after 100,000 generations, even if fixation or loss has517

not occurred yet, which underestimates both the fixation probabilities and the mean518

segregation time. For example, when N = 10, 000, h = −10 and s0 = −1, the the-519

oretical fixation probability of the mutation is 0.00025. Out of 10,000 simulations,520

we would therefore expect to observe approximately 2.5 fixation events. Yet, while521

fixation never occured in the simulations, in 15 of them the mutation was still se-522

gregating after 100,000 generations, suggesting that some of them may eventually fix523

and we are simply not able to observe it within the time window considered. This524

phenomenon highlights the value of our theoretical approach, as reaching definitive525

conclusions from simulations alone is difficult in these cases.526

These considerations illustrate one of the key messages of this study, namely that the527

fixation probability alone, without consideration of the mean time to fix or go extinct,528

is not enough in general to predict the fate of a mutation.529

Underdominant mutations530

When h > 1 and s0 < 0, the mutation is underdominant, meaning that the heterozy-531

gotes have a lower fitness than both homozygotes. In this case, even if the mutation532

has a positive selective advantage at homozygote state, it has a low fixation probab-533

ility, since the counter-selection it experiences at the heterozygous state hinders its534

spread when rare and leads to its rapid purge (see panels c and f in Figure 3). By535
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contrast, such mutations rapidly fix when they become abundant, as the decreasing536

relative frequency of heterozygotes increases the relative fitness of the mutation. Sim-537

ilarly to the overdominant scenario, the diffusion drift is canceled at the frequency538

h/(2h − 1). However, in this case the diffusion drift is negative below the critical539

frequency and positive above it. This frequency therefore does not constitute a meta-540

stable state; it is repulsive as selection tends to drive the mutation frequency away541

from this value. Underdominant mutations thus have a short mean segregation time542

(e.g., 12 generations for h = 2 and s0 = −10), similar to deleterious mutations over543

most of the parameter space.544

When s < 0 and h > 1, the mutation is also underdominant, but this time it is545

deleterious for both heterozygotes and homozygotes aa. Accordingly, its frequency546

dynamics closely resemble those of deleterious mutations.547

3.3 Comparing the mutation dynamics on autosomes and on548

Y chromosomes549

We now turn to a direct comparison of the mutation fixation probabilities and mean550

segregation times on the Y chromosome and on autosomes. We perform these com-551

parisons using identical sets of parameters, covering all the cases exposed in Table 1.552

This allows us to isolate the effects of the specific transmission of alleles through the Y553

chromosome, comparatively to autosomes. In particular, since both processes (pt)t≥0554

and (qt)t≥0 evolve on the same time scale, we can directly contrast the mean times555

of interest.556

To enable meaningful comparisons between the autosome and Y chromosome con-557

text, it is essential to account for the fact that autosomes experience an effective558

population size four times larger than Y chromosomes. Since our focus is on the559

fate of a mutation after it has arisen (rather than on its appearance rate), we use560

initial allele frequencies that scale accordingly: p0 = 1/(2N) for the autosome and561

q0 = 2/N for the Y chromosome. These differences in initial frequencies influence562

both the fixation probabilities and the mean segregation times in ways that depend563

on the values of s0 and h. Importantly, this framework does not capture the fact that,564

in a diploid population with balanced sex ratio, mutations arise more frequently on565

autosomes than on the Y chromosome; our results therefore reflect fixation dynamics566

rather than substitution rates. Nevertheless, the approach is flexible and could read-567

ily accommodate alternative assumptions about the initial allele frequency, including568

equal starting frequencies across genomic locations or scenarios where the mutation569

has already reached a substantial frequency.570

Figure 4 shows the fixation probability and the mean segregation time for mutations571

appearing on a Y chromosome or an autosome, as a function of the selection para-572

meters h and s0. In particular, Figure 4b displays the ratio of fixation probabilities573

between the Y chromosome and autosomes in order to illustrate in which case fixa-574

tion is more likely. Charlesworth et al. (1987) studied a similar ratio but considering575

substitution rates, which adds a factor 4 to the ratio. This factor arises from the fact576

that, assuming that the mutation rate is the same for each individual chromosome,577

mutations are four times as frequent on autosomes as on Y chromosomes since their578

population size is four times larger. We can study a similar classical substitution579

rate comparing the results of Figure 4b to the threshold value of 4. For example,580

in the purely neutral case, the fixation probability is 4 times higher on Y chromo-581

somes, resulting in equal substitution rates between the two contexts. However, our582
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Figure 4: Fixation probabilities (a) and mean segregation times (c) obtained from
the diffusion (pt) (2.10) started at p0 = 1/(2N) (left) and from the diffusion (qt)
(2.11) started at q0 = 2/N (right), with N = 1000. For each pair of parameters h
and s0, they approximate the mean segregation time and fixation probability of a
single mutation appearing on an autosome of an individual within a population of
size N , where the selection parameters induce differences in fitness given by 1 for
the genotype AA, 1 + hs0/N for the genotype Aa and 1 + s0/N for the genotype aa
in accordance with (2.1). The mean segregation times are expressed in the diffusion
timescale and can be multiplied by N to recover a scale in generations. Panel b
displays, for each parameter set (h, s0), the ratio of the fixation probability on Y
chromosomes (pYh,s0) and that on autosomes (pAh,s0). When this ratio is above 1, a
single mutation is more likely to fix on the Y chromosome than on autosomes. When
it is above 4, the substitution rate (see main text) is higher on the Y chromosome
than on autosomes.
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parametrization differs from that of Charlesworth et al. (1987) and Figure 4b can-583

not be used directly to assess concordance with our results. A precise comparison is584

provided in Appendix A.1. Charlesworth et al. (1987) studied the substitution rates585

in the Y chromosome and on autosomes with either beneficial or deleterious muta-586

tions. For beneficial mutations, they used Haldane’s branching approximation and587

our results match theirs whenever s0 is sufficiently large (e.g., whenever hs0 > 10588

for N = 10, 000). However, Haldane’s approximation breaks down as s0 decreases589

toward near-neutrality (e.g., whenever s0 < 10 for h = 0.1), whereas our method still590

yields expected values close to 0.25 (see Table A.1 in Appendix A.1). In the deleter-591

ious scenario, Charlesworth et al. (1987) used the same diffusion approximation as592

we do but performed additional Taylor expansions to derive simpler analytical values593

for the quantities appearing in (2.12) and (2.13). Our results coincide with theirs594

when these expansions are possible. Our approach therefore provides a unified tool to595

study a continuum of scenarios across a wide range of parameters. Figure 4b displays596

the mean segregation time of the mutation in the two contexts. As discussed in the597

overdominant scenario, this time information is crucial here as it strongly affects the598

number of fixed mutations observed within a given time window. We now turn to an599

analysis across the entire parameter space.600

First, advantageous mutations (h > 0, s0 > 0) can have a higher probability of601

fixation on autosomes than on Y chromosomes but only when they are beneficial602

and not overdominant, according to the classification in Table 1 (see, e.g., the case603

s0 = 10, h = 0.1 in Figure 4b. This is expected, as beneficial mutations with a604

moderate selective advantage are more likely to fix when genetic drift is weaker, as605

the latter counteracts selection. This effect is particularly pronounced when h is close606

to 0, as recessive mutations have a reduced selective advantage (and therefore a lower607

fixation probability) on the permanently heterozygous Y chromosome. Consistent608

with the nearly neutral theory (Ohta, 1973), slightly beneficial mutations (0 < s0 ≤ 1,609

0 < h < 1) exhibit a higher fixation probability on the Y chromosome, as their nearly610

neutral behavior makes them more likely to fix in smaller populations (see Figure 4).611

Fixation is also more likely on Y chomosomes when the strength of selection is strong612

(s0 ≥ 100), as genetic drift becomes negligible and the mutation is again more likely613

to fix in the smaller Y chromosome population.614

When the mutation is underdominant and advantageous at homozygote state (h < 0615

and s0 > 0, see Table 1), fixation probabilities on autosomes can also exceed those616

on the Y chromosome (e.g. when h = −1 and s0 = 100). This occurs because these617

mutations are always deleterious on the Y chromosome, unlike on autosomes where618

homozygous individuals aa benefit from a selective advantage. The smaller effect-619

ive population size of the Y chromosome may also compensate for this difference at620

smaller parameter values (e.g., in the case h = −0.1 and s0 = 10), leading to roughly621

similar fixation probabilities on autosomes and on Y chromosomes. Underdominant622

mutations tend to segregate slightly longer on autosomes on average, especially as623

more mutations manage to avoid an early purge. However, the mean segregation624

time remains orders of magnitude smaller than in the overdominant scenarios. In-625

deed, underdominant mutations are either rapidly purged from the population or,626

through genetic drift, reach sufficiently high frequencies for homozygotes aa to be-627

come common, which subsequently facilitates their relatively rapid fixation.628

A somewhat opposite pattern emerges in the overdominant scenario (h < 0, s0 < 0629

or h > 1, s0 > 0). On the Y chromosome, the mutation maintains a constant se-630

lective advantage, whereas on the autosomes its advantage decreases as its frequency631

increases due to the rising proportion of homozygotes. As discussed above, such con-632
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ditions generate balancing selection around a metastable frequency on autosomes, in633

contrast to what is observed on the Y chromosome. Consequently, fixation probabil-634

ities are much higher and mean segregation times much shorter on the Y chromosome635

than on autosomes, and particularly when h < 0 and s0 < 0. Even in cases where the636

fixation probabilities of overdominant mutations on autosomes and the Y chromosome637

are similar (e.g., when h = 0.1, s0 = 100), we can observe some fixations on the Y638

chromosome and never on the autosomes over the evolutionary timescale considered,639

due to the large difference in fixation times.640

Finally, in the deleterious scenario (s0 < 0, h > 0), which also includes underdomin-641

ant mutations), fixation probabilities are consistently higher on the Y chromosome,642

reflecting the stronger genetic drift experienced by Y-linked alleles. Interestingly,643

however, mean segregation times remain shorter for deleterious mutations on the Y644

chromosome than on autosomes. This pattern indicates that, even though the few645

deleterious mutations that do fix on the Y may segregate longer than those which are646

rapidly purged, they are too rare to increase the mean segregation time above that of647

autosomal deleterious mutations (see Figure 4c).648

4 Discussion649

The importance of a unified framework for studying the evolutionary tra-650

jectories of autosomal and Y-linked mutations651

Understanding how mutation fixation probabilities differ between Y-like chromosomes652

and autosomes is essential for explaining sex chromosome differentiation and its evolu-653

tionary consequences, including the build-up of genetic incompatibilities contributing654

to speciation and the accumulation of sex-linked deleterious mutations underlying655

many heritable diseases. Y-chromosome specificities in gene transmission, due to656

their lower effective population size as well as their forced heterozygosity, among657

other mechanisms, greatly impact the fixation probabilities and mean segregation658

times of mutations. To compute these key quantities, we used diffusion approxim-659

ations derived from a biparental two-sex diploid Wright-Fisher model encompassing660

X and Y sex chromosomes and autosomes. We provided analytical and numerical661

tools to derive the mutation fixation probability and mean segregation time from this662

unified framework, for mutations evolving under different kinds of selective regimes.663

The fixation probabilities and mean segregation times of mutations depend on the664

interplay between selection and genetic drift, and their role can be directly estab-665

lished through the coefficients of our diffusion approximations. In the Y chromosome666

context, no individuals with genotype aa are formed and the fate of the mutation667

only depends on the product hs0 and on its initial frequency. For example, if hs0 > 0,668

selection favours the mutation regardless of its frequency, as the diffusion drift term669

remains positive for any value of qt ∈ [0, 1]. Genetic drift counteracts the increase670

in mutation frequency driven by selection, especially when the mutation is still rare671

in the population. By contrast, the role of genetic drift in the autosomal context672

is more complex. While it can also lead to the early loss of the mutation when it673

fails to reach relatively high frequencies in the first generations, genetic drift can also674

override selection by driving one allele to fixation even in regimes where selection675

tends to maintain polymorphism, particularly under strong balancing selection. The676

framework we provided allows for direct comparisons of fixation probabilities and of677

mean segregation times between autosomal and Y-linked mutations, as time is scaled678
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identically before taking the large population limit in the two chromosomal contexts.679

In addition, our framework allows us to calibrate the initial frequencies of autosomal680

and Y-linked mutations in order to reflect the difference in effective population size681

of the two chromosome types.682

Recovering classical results in population genetics683

Our approach retrieves classical results in population genetics. For instance, deleter-684

ious mutations experience higher fixation probabilities on Y chromosomes compared685

to autosomes, solely due to the increased genetic drift experienced by the Y chromo-686

some. Conversely, we observe that underdominant mutations are more likely to fix687

on autosomes than on Y chromosomes for a wide range of parameters (e.g. h ≤ −1,688

s0 ≥ 10). We also show that purely beneficial mutations (e.g. h = 0.1, s0 = 100)689

can reach similar fixation probabilities in both the autosomal and Y-linked contexts690

(Patwa and Wahl, 2008). Given that mutations arise more frequently on autosomes691

due to their larger population size, one might expect a higher overall number of fix-692

ations on autosomes in this case, although this conjecture must be nuanced in the693

light of segregation times. Indeed, segregation times are often overlooked, despite694

their strong influence on the number of fixations actually occurring in a finite time695

window. In particular, they are not taken into account by the classical substitution696

rate - yet it is essential for properly interpreting the fixation probability results.697

The importance of the mean segregation time698

These time considerations play a particularly important role in the overdominant699

scenario. Indeed, when h > 1 and s0 > 0, the mutation is still beneficial in the homo-700

zygous state but heterozygotes become advantaged comparatively to homozygotes.701

This has no impact in the Y chromosome context, but greatly modifies the behaviour702

of the mutation on autosomes, as it becomes disadvantaged once it reaches a high703

enough frequency to often appear in a homozygous state. This cutoff frequency is704

a metastable state towards which the process (pt)t≥0 is attracted, as the associated705

diffusion drift term is positive when the mutation is rare and negative when it is fre-706

quent. Such a metastable state also arises in another overdominant scenario (h < 0707

s0 < 0), which explains why we jointly studied these two cases although they looked708

different at first sight (the mutant homozygotes being fitter than the wild-type homo-709

zygotes in the former case and less fit in the latter case). We do observe substantial710

differences between fixation probabilities in the two cases. These arise from the nature711

of diffusion processes, which, through rare stochastic excursions, will eventually reach712

one of the two absorbing states 0 or 1. What actually distinguishes the two scenarios713

is the range within which the metastable state is found: between 1/2 and 1 in the714

first case (h > 1, s0 > 0) and between 0 and 1/2 in the second (h < 0, s0 < 0).715

Stochastic excursions away from the metastable state, driven by genetic drift, are716

therefore more likely to bring the mutation to fixation in the first case and to extinc-717

tion in the second, explaining the discrepancy in fixation probabilities. However, such718

excursions are unlikely to be observed in a meaningful timescale. Indeed, we observe719

a very large mean segregation time in both cases (e.g. an order of 1069 generations for720

h = −2 and s0 = −100). This leads to a rather similar behaviour in the two cases :721

most mutations are quickly purged from the population, while a small fraction reaches722

the metastable frequency around which they can oscillate virtually indefinitely. Our723

framework for deriving the mean segregation time is therefore crucial in such cases for724
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understanding the true evolutionary trajectories of mutations in natural populations.725

Comparison of the Wright-Fisher framework to the individual-based sim-726

ulations727

A consequence of long segregation times is that the theoretical fixation probabilit-728

ies sometimes deviate from those obtained through individual based-simulations A.1.729

This is expected, as our simulations are capped at 100,000 generations. Therefore,730

in cases where the mutation is still segregating at that point, the observed number731

of actual fixations is 0. Consequently, our theoretical approach can be used in a first732

instance to determine whether performing time-consuming simulations is worthwhile733

for a given range of parameters. In addition to scenarios leading to long segregation734

times, the other situation where our theoretical results differ from simulations is when735

fixation probabilities are small but not negligible. For example, if the fixation probab-736

ility is 10−5 (which is the case, e.g., for N = 100, h = 0.1, s0 = 100), the probability737

to actually observe a fixation in 10000 simulations is only 10%, and our simulations738

indeed ended up without any fixation in this case. This highlights another advant-739

age of our theoretical approach: it enables the estimation of small but non-negligible740

fixation probabilities in cases where simulations would be prohibitively costly.741

Application to the sheltering effect on Y-like chromosomes742

Our analyses show that overdominant mutations are overall more likely to fix in ob-743

servable time windows on the Y chromosome than on autosomes. This is particularly744

true in the case where h < 0 and s0 < 0, because the permanent heterozygosity of the745

Y chromosome prevents the appearance of the disadvantaged homozygotes aa. Such746

protection from homozygous disadvantage by being kept at the heterozygous state747

due to linkage to a permanently heterozygous locus (or a locus under strong balan-748

cing selection) is often called a sheltering effect (Antonovics and Abrams, 2004; Jay749

et al., 2024). Although single point mutations are unlikely to exhibit true overdomin-750

ant behavior, both theoretical and empirical studies indicate that large chromosomal751

rearrangements that suppress recombination are prone to behave as overdominant752

(Berdan et al., 2023). Indeed, large rearrangements such as inversions tend to cap-753

ture multiple partially recessive deleterious mutations, which generate a fitness cost754

when they are homozygous. If these rearrangements confer a fitness advantage when755

heterozygous due to a lower number of captured recessive deleterious mutations, they756

can behave as overdominant with resulting negative h and s0. In agreement with pre-757

vious studies, our results show that this type of chromosomal rearrangements follows758

distinct evolutionary dynamics on the Y chromosome and on autosomes, with notably759

higher fixation probabilities on the Y chromosome over observable timescales, which760

may contribute to the progressive cessation of recombination on the Y chromosome761

(Hartmann et al., 2021; Tezenas et al., 2023; Jay et al., 2024, 2025).762

Limits and perspectives763

Our model focuses on the evolutionary dynamics of one particular mutation (or gen-764

omic region) and does not account for the interactions it may have with other parts of765

the genome. For instance, Y-chromosome degeneration through the accumulation of766

deleterious mutations involves complex mutation interactions, such as Hill-Robertson767
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interference or genetic hitchhiking (Bachtrog, 2008). Our model also does not take768

into account possible changes in the mutation fitness (Kimura, 1962; Waxman, 2011),769

which can be particularly relevant in cases where the mutation segregates for a long770

time. Other works also tackle the inherent limitations of the Wright-Fisher framework771

such as the assumptions of a balanced sex-ratio (Shi et al., 2024), a fixed population772

size (Otto and Whitlock, 1997; Engen et al., 2009) or a large population (Shafiey and773

Waxman, 2017). Finally, if weak selection can be sufficient to study the deleterious774

and underdominant cases, we may want to study mutations with a large impact on775

fitness in the beneficial case, leading to frequencies with non-continuous trajectories776

(Mavreas et al., 2022).777

Nonetheless, our framework with continuous mutation frequency variations could be778

used to explore several other directions. First, it would be interesting to investigate779

the effect of varying population sizes on the relative fixation probabilities between the780

two chromosomal contexts and to look for chromosomal context-dependent effects of781

population size. For fixed values of h and s0, fixation can be more likely on the Y782

chromosome in small populations, and more likely on autosomes in large populations,783

for example. One could also study the fate of mutations that survived early extinc-784

tion and that are already widespread in the population. It would also be interesting785

to work with multi-dimensional diffusions in order to study several interacting muta-786

tions. Finally, future studies could derive the allele frequency spectrum of each class of787

mutations on sex chromosomes and autosomes. Comparing these theoretical spectra788

with empirical observations from Y chromosomes and autosomes may allow the in-789

ference of the distribution of dominance coefficients in nature, a long-standing puzzle790

in evolutionary genetics, that has yet important implications (see the discussion and791

references in (Mrnjavac et al., 2025)).792

5 Conclusion793

Overall, our study provides a comprehensive and tractable framework for studying794

the evolutionary fate of mutations on Y chromosomes and for establishing relevant795

comparisons with the trajectories of autosomal mutations. Beyond simply estimating796

fixation probabilities, our results illustrate how chromosome-specific features, such as797

permanent heterozygosity and population size effects, interact to shape the dynamics798

of mutation segregation and accumulation. Our study underlines the pivotal role of799

mean segregation time, which can exceed evolutionary timescales in the overdominant800

scenario, causing mutations to become trapped at intermediate frequencies. This801

approach offers a versatile tool for improving our understanding of Y chromosome802

evolution and lays the groundwork for future studies aiming to dissect the complex803

forces governing genome evolution.804
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h
s0 0.1 1 10 100

0.1 0.26 0.28 0.18 0.12
0.3 0.26 0.32 0.33 0.31
0.5 0.26 0.37 0.50 0.50
1 0.27 0.50 0.97 1.0
5 0.35 2.3 4.9 4.9

Table A.1: Ratio between the fixation probabilities on autosomes (pAh,s0) and on the Y
chromosome (pY1,s0) of a single beneficial mutation in a population of size N = 10, 000
obtained from our diffusion approximations. Following the results in Charlesworth
et al. (1987), we expect a ratio close to h on each line.

A Annexes961

A.1 Comparison with the results of Charlesworth et al. (1987)962

Charlesworth et al. (1987) provided tools to compare the fate of a mutation appearing963

on an autosome or a sex chromosome. In particular, they compared the autosomal and964

Y chromosome contexts in the beneficial and deleterious scenarios using two different965

approximations. In this section, we contrast our results with those obtained in Char-966

lesworth et al. (1987) and discuss the parameter space in which their approximations967

provide results comparable to ours.968

Actually, Charlesworth et al. (1987) studied substitution rates, computed as the rate of969

apparition of a new mutation times the probability that it eventually reaches fixation.970

These rates are written KA = 2NνpAh,s0 and KY = NνpYh,s0/2 for autosomes and Y971

chromosomes respectively, with pAh,s0 and pYh,s0 representing the fixation probabilities972

in the two cases for parameters h and s0. As the rate of apparition of a mutation ν is973

assumed to be the same in all chromosomes, the total rate at which a mutation appears974

on an autosome (2Nν) is thus four times higher than the rate on Y chromosomes975

(Nν/2). The main quantity studied in Charlesworth et al. (1987) is the ratio R =976

KA/KY = 4pAh,s0/p
Y
h,s0

. Note also that the selection coefficients they consider are977

slightly different for Y chromosomes as the heterozygotes have a fitness given by978

1 + s, instead of 1 + hs as in our model. To account for this difference, we will979

compare the fixation probabilities for given sets of parameters (h, s0) by fixing h = 1980

in the Y chromosome context, that is studying the ratio given by pAh,s0/p
Y
1,s0 .981

Beneficial mutation982

To study the fate of beneficial mutations, Charlesworth et al. (1987) used Haldane’s983

branching approximation and obtained a ratio of KA/KY = 4h. In order to compare984

this result with the ratio we obtain with our approach, we compute the ratio of fixation985

probabilities on autosomes and Y chromosomes for different values of s0 and h and986

compare it to the value of h. These results, for a population of size N = 10, 000, are987

displayed in Table A.1.988

We observe that the theoretical value of h is indeed recovered when the product hs0989

is sufficiently large (hs0 ≥ 10). When h and s0 approach 0, the mutation is almost990

neutral and the fixation probability is given by the inverse of the population size.991
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s0 1 10 100
TA
1,s0 0.0020 0.0025 0.0029

TY
1,s0 0.0026 0.0049 0.0105

TA
1,s0/T

Y
1,s0 1.32 1.99 3.60

.

Table A.2: Mean segregation time of a single mutation appearing on an autosome
(TA

1,s0) and on a Y chromosome (TY
1,s0) in a population of size N = 10, 000, considering

different values for s0 and fixing h = 1, obtained from our diffusion approximations.

This explains the ratio of 0.25 that we observe in the top left part of Table A.1. Our992

framework therefore allows a continuous exploration of the whole range of parameters,993

connecting the case of neutral mutations to the case where Haldane’s approximation994

holds. Similar results are obtained for populations of size N = 1000 and N = 100, 000.995

Furthermore, the classical notion of substitution rate used here does not take into996

account the time needed by a mutation to actually reach fixation. While the rates of997

fixation on autosomes and on the Y chromosome may be similar in a given scenario,998

fixation could happen much quicker on the Y chromosome, thus altering the num-999

ber of fixation events actually observed within a given time window. Although our1000

framework only allows to study the mean segregation time (i.e., the mean time until1001

fixation or extinction of the mutation) rather than the mean segregation time con-1002

ditioned on the mutation eventually fixing, it provides nonetheless a good heuristic1003

indicator.1004

For example, considering h = 1, one should expect that pA1,s0 ≈ pY1,s0 and thus a1005

substitution rate 4 times higher on autosomes than on Y chromosomes. However,1006

we notice in Table A.2 that the mean segregation time is larger on autosomes. In1007

the beneficial mutation scenario and in absence of strong balancing selection (h ≤ 1),1008

the mean time to purge is relatively small and of the same order of magnitude in1009

Y chromosomes and autosomes (below fifteen generations). When the probabilities1010

of fixation are close together, the ratio of our mean segregation times is therefore a1011

lower bound for the ratio of the mean times to fixation. In particular, for the set of1012

parameters (s0 = 100, h = 0.1), the ratio is bounded from below by 3.6 (in fact, the1013

simulations presented in Figure A.1 actually ended up with a ratio around 5). This1014

observation reinforces the idea that the mean fixation or segregation times can have1015

an impact on the actual fixation of the mutation on observable timescales.1016

Deleterious mutations1017

In the deleterious mutation scenario, Charlesworth et al. (1987) used the same diffu-1018

sion approximation as we do, but performed further Taylor approximations to simplify1019

the expression appearing in (2.12). They obtained a simpler analytical value given by1020

the ratio1021

4
pAh,s0
pYh,s0

= 1 +
s0
3

(
2h+

1

2

)
. (A.1)

As s0 < 0, the ratio (A.1) is always below 1, and therefore mildly deleterious mutations1022

are more likely to fix on a Y chromosome than on an autosome. However, we also see1023

that, as the ratio should remain positive, this result applies only to the case where h1024

and s0 are simultaneously relatively small.1025
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h
s0 −100 −10 −1 −0.1

0.1 3.3e− 44 4.0e− 05 0.17 0.24
0.3 2.5e− 44 3.1e− 05 0.15 0.24
0.5 1.9e− 44 2.3e− 05 0.13 0.24
1 1.5e− 45 5.7e− 06 9.7e− 02 0.23
5 8.9e− 200 3.1e− 21 4.0e− 03 0.17

(a) Ratio between the fixation probabilities on autosomes (pAh,s0) and on the Y chromosome
(pY1,s0) of a single deleterious mutation in a population of size N = 10, 000 obtained from
our diffusion approximations.

h
s0 −100 −10 −1 −0.1

0.1 X X 0.19 0.25
0.3 X X 0.16 0.24
0.5 X X 0.13 0.24
1 X X 0.04 0.23
5 X X X 0.16

(b) Values of the theoretical ratio computed in Charlesworth et al. (1987) and described in
(A.1). The X’s represent negative values which can not correspond to a ratio of positive
probabilities.

Table A.3: Comparison between the fixation probability ratio computed in Char-
lesworth et al. (1987) and that computed with our diffusion approximations, in the
deleterious mutation scenario.

Table A.3 compares the formula (A.1) and our results, again for N = 10, 000 and1026

different parameter values.1027

We obtain similar values for when the values of h and s0 are close to 0. When1028

the product hs0 becomes too large, the analytical formula provided in Charlesworth1029

et al. (1987) becomes negative and cannot be applied. Indeed, when the strength of1030

negative selection increases, the probability of fixation plummets more rapidly to 01031

on autosomes than on Y chromosomes. In this case again, our approach allows to1032

study the whole range of parameters from close-to-neutral mutations (ratio close to1033

1/4) to severely deleterious mutations (ratio close to 0).1034

A.2 Further simulations1035

In this section, we present further comparisons between simulations and theoretical1036

results for different parameter regimes, including the four scenarios presented in Table1037

1. Figure A.1 displays these comparisons, which show overall excellent agreement1038

between our analytical results and simulations, even for small population sizes (from1039

N = 100). We observe significant differences in only two situations. First, in some1040

overdominant scenarios (h = 10, s0 = 1; h = −1, s0 = −1), the mean segregation1041

time can be very large on autosomes (see Section 3.2). Since simulations are capped1042

at 100,000 generations, we are unable to observe fixations within this time window.1043

Some mutations are still segregating at the end of the simulations, some of which1044

may be mutations that would eventually reach fixation. Second, when mutations are1045
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Figure A.1: Comparison between the fixation probabilities obtained from the dif-
fusions (pt)t≥0 (2.10) and (qt)t≥0 (2.11) and the results of 100,000 individual-based
simulations described in Section 2.5. We study three population sizes N = 100,
N = 1000 and and N = 10000, for which each set of parameter (h,s0) induces differ-
ences in fitness given by 1 for the genotype AA, 1 + hs0/N for the genotype Aa and
1 + s0/N for the genotype aa, in accordance with (2.1). For each N , the simulations
start with a single mutation in a diploid population of size N , and the diffusions
start at initial frequencies p0 = 1/(2N) and q0 = 2/N . White (resp., gray) triangles
represent the fixation probabilities obtained with the simulations for a mutation ap-
pearing on an autosome (resp., on a Y chromosome), while white (resp., gray) circles
represent the fixation probabilities computed with the diffusion approximations for
a mutatiton appearing on an autosome (resp., on a Y chromosome). The parameter
sets studied include the four scenarios described in Table 1, which are made explicit
by the coloured backgrounds (green for beneficial, red for deleterious, yellow for over-
dominant and blue for underdominant).

deleterious (h = 0.1, s0 = −100) or underdominant (h = 10, s0 = −1 or h = −10,1046

s0 = 1), we also observe significant differences, especially for the Y chromosome. This1047

is purely due to statistical sampling, as events with probabilities of 10−5 to 10−7 are1048

unlikely to be observed in 10,000 trials. This underlines an advantage of our analytical1049

approach, which can provide accurate estimates even for rare events.1050

A.3 Proofs1051

In this section, we provide details on the strategy of the proof of the diffusion approx-1052

imations obtained in Section 2.2 and 2.3. The key tool we use is the Stroock-Varadhan1053

Theorem (see, e.g., Theorem 7.1. in Chapter 8 of (Durrett, 2008)). In a second time,1054

we compute the fixation probabilities and mean segregation times of these diffusions.1055

31



A.3.1 Convergence to diffusions1056

In Section 2.2, we encoded the frequencies of a mutation in a population of N dip-1057

loid individuals by the Markov chains (qNn )n∈N and (pNn )n∈N, respectively in the Y1058

chromosome and autosomal contexts, and we described their dynamics.1059

As for large N values, the allele frequency change between two generations has a1060

variance of order O
(
1/N

)
, we use the classical strategy of accelerating time and work1061

with the rescaled processes (pN⌊Nt⌋)t≥0 and (qN⌊Nt⌋)t≥0 defined in Section 2.3. They are1062

piecewise constant continuous-time processes evolving in a sped-up timescale where1063

1 unit of time corresponds to N generations.1064

Our goal is to show that, as N → ∞, (pN⌊Nt⌋)t≥0 and (qN⌊Nt⌋)t≥0 converge towards the1065

diffusion processes described in (2.10) and (2.11).1066

To this end, we apply Theorem 7.1 in (Durrett, 1996, chap. 8), which helps com-1067

pute the coefficients of the limiting diffusions through the one-step changes in fre-1068

quencies that we already derived in Section 2.2. Since (qNn )n∈N and (pNn )n∈N are1069

time-homogeneous, it is actually enough to compute the changes in expectation and1070

variance of the frequencies in the first generation, conditionally on the initial fre-1071

quency.1072

More precisely, the conditional expectation of the variation of the frequency from1073

generation 0 to generation 1, multiplied by a factor N , converges as N → ∞ to the1074

drift coefficient of the limiting diffusion. Similarly, the conditional variance of the1075

variation of the frequency from generation 0 to generation 1, multiplied by a factor1076

N , converges as N → ∞ to the variance coefficient of the limiting diffusion. We1077

therefore compute these quantities.1078

The Y chromosome case1079

Denote, for each N ∈ N, βN = hsN = hs0/N and wN = 1 + qN0 βN . In the Y1080

chromosome context, we have seen in (2.9) that conditionally on qN0 ∈ [0, 1], we have1081

qN1 = 2NN
a /N with1082

NN
a ∼ Binomial

(
N

2
,
qN0 (1 + βN )

wN

)
.

As

(wN )−1 = 1− qN0 βN +O
( 1

N2

)
and (wN )−2 = 1− 2qN0 βN +O

( 1

N2

)
,

we have that1083

E
[
qN1 − qN0

∣∣qN0 ] = E
[NN

a

N/2

]
− qN0

=
qN0 (1 + βN )

wN
− qN0

= qN0 (1 + βN )

(
1− qN0 βN +O

( 1

N2

))
− qN0

= βNqN0 (1− qN0 ) +O
( 1

N2

)
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=
1

N
hs0q

N
0 (1− qN0 ) +O

( 1

N2

)
. (A.2)

Similarly we obtain that:1084

E
[
(qN1 − qN0 )2

∣∣qN0 ] = E
[
(qN1 )2

∣∣qN0 ]− 2qN0 E
[
qN1
∣∣qN0 ]+ (qN0 )2

=
4

N2

[
Var
(XN

N/2

)
+ E

[XN

N/2

]2]
− 2qN0 E

[
qN1
∣∣qN0 ]+ (qN0 )2

=
4

N2

[
N

2

qN0 (1 + βN )

wN

1− qN0
wN

+
(N
2

qN0 (1 + βN )

wN

)2]
− 2qN0

qN0 (1 + βN )

wN
+ (qN0 )2

=
2

N
qN0 (1 + βN )(1− qN0 )

(
1− 2βNqN0 +O

( 1

N2

))
+ (qN0 )2(1 + βN )2

(
1− 2βNqN0 +O

( 1

N2

))
− 2(qN0 )2(1 + βN )

(
1− βNqN0 +O

( 1

N2

))
+ (qN0 )2

=
2

N
qN0 (1− qN0 ) +O

( 1

N2

)
. (A.3)

Multiplying the expressions in (A.2) and (A.3) by N and letting N tend to infinity,1085

the terms of order O
(
1/N2

)
vanish and we obtain respectively the drift and variance1086

coefficients of the diffusion defined in (2.11).1087

Autosomes1088

Because it simplifies the computations, we consider the Markov chain (p̃Nn )n∈N de-
scribing the frequency of the ancestral allele A and compute the coefficients of the
associated diffusion (p̃t)t≥0. Similarly to the expression (2.6), we have that condition-
ally on its initial frequency p̃N0 ,

p̃N1 =
2NAA +NAa

2N
,

where

(NAA, NAa, Naa) ∼ Multinomial
(
N ;

(p̃N0 )2

vN
,
2p̃N0 (1− p̃N0 )(1 + βN )

vN
,
(1− p̃N0 )2(1 + sN )

vN

)
.

In the previous expression,

vN = (p̃N0 )2 + 2p̃N0 (1− p̃N0 )(1 + βN ) + (1− p̃N0 )2(1 + sN )

can be written vN = 1 + sNK with K = 2hp̃N0 (1 − p̃N0 ) + (1 − p̃N0 )2 being of order1089

O(1). Following the same steps as in the Y chromosome context, we compute that1090

E
[
p̃N1 − p̃N0

∣∣p̃N0 ] = E
[
NAA + 1

2NAa

N

]
− p̃N0

= ((p̃N0 )2 + p̃N0 (1− p̃N0 )(1 + βN ))

(
1− sNK +O

( 1

N2

))
− p̃N0
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= sN p̃N0
[
h(1− p̃N0 )−K

]
+O

( 1

N2

)
=

1

N
s0p̃

N
0 (1− p̃N0 )(h− 2p̃N0 h− (1− p̃N0 )) +O

( 1

N2

)
, (A.4)

and that1091

E
[
(p̃N1 )2

∣∣p̃N0 ] = E

[
(NAA + 1

2NAa)
2

N2

]

=
1

N2

[
V(NAA)︸ ︷︷ ︸

a

+E
[
NAA

]2︸ ︷︷ ︸
b

+
1

4
V(NAa)︸ ︷︷ ︸

c

+
1

4
E
[
NAa

]2︸ ︷︷ ︸
d

+ Cov(NAA, NAa)︸ ︷︷ ︸
e

+E
[
NAA

]
E
[
NAa

]︸ ︷︷ ︸
f

]
.

Computing each term separately, we have that1092

a

N2
=

1

N

(p̃N0 )2

vN

(
1− (p̃N0 )2

vN

)
=

1

N

(
(p̃N0 )22p̃N0 (1− p̃N0 )(1 + βN ) + (p̃N0 )2(1− p̃N0 )2(1− sN )

)(
1− 2KsN +O

( 1

N2

))
=

1

N
((p̃N0 )2 − (p̃N0 )4) +O

( 1

N2

)
,

b

N2
=

(p̃N0 )4

(vN )2
= (p̃N0 )4

(
1− 2sNK +O

( 1

N2

))
= (p̃N0 )4(1− 2KsN ) +O

( 1

N2

)
,

c

N2
=

1

N

1

4

2p̃N0 (1− p̃N0 )(1 + βN )

vN

(
1− 2p̃N0 (1− p̃N0 )(1 + βN )

vN

)
=

1

4N

(
2p̃N0 (1− p̃N0 )(1 + βN )

)
vN

(
(p̃N0 )2 + (1− p̃N0 )2(1 + sN )

)
vN

=
1

4N

(
2(p̃N0 )3(1− p̃N0 ) + 2p̃N0 (1− p̃N0 )3 +O

( 1

N

))(
1− 2KsN +O

( 1

N2

))
=

1

4N
(2p̃N0 − 6(p̃N0 )2 + 8(p̃N0 )3 − 4(p̃N0 )4) +O

( 1

N2

)
,

d

N2
=

1

4

(2p̃N0 (1− p̃N0 )(1 + βN ))2

(vN )2

=

(
(p̃N0 )2(1− p̃N0 )2 + 2βN p̃N0 (1− p̃N0 ) +O

( 1

N2

))(
1− 2KsN +O

( 1

N2

))
= (p̃N0 )2(1− p̃N0 )2 − 2KsN (p̃N0 )2(1− p̃N0 )2 + 2βN (p̃N0 )2(1− p̃N0 )2 +O

( 1

N2

)
,

e

N2
= − 1

N

(p̃N0 )2

vN
(2p̃N0 (1− p̃N0 )(1 + βN ))

vN

= − 1

N

(
2(p̃N0 )3(1− p̃N0 ) +O

( 1

N

))(
1− 2KsN +O

( 1

N2

))
= − 1

N
2(p̃N0 )3(1− p̃N0 ) +O

( 1

N2

)
,
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and finally1093

f

N2
=

(p̃N0 )2

vN
(2p̃N0 (1− p̃N0 )(1 + βN )

vN

= (2(p̃N0 )3(1− p̃N0 )(1 + βN )

(
1− 2KsN +O

( 1

N2

))
= 2(p̃N0 )3(1− p̃N0 ) + β2(p̃N0 )3(1− p̃N0 )− 4sNK(p̃N0 )3(1− p̃N0 ) +O

( 1

N2

)
.

Using (A.4), we also have that1094

−2p̃N0 E
[
p̃N1
∣∣p̃N0 ] = −2p̃N0 (p̃N0 + βN p̃N0 (1− p̃N0 )− sNKp̃N0 )

= −2(p̃N0 )2 − 2(p̃N0 )2(1− p̃N0 )βN + 2(p̃N0 )2KsN ,

and we finally obtain1095

E
[
(p̃N1 − p̃N0 )2

∣∣p̃N0 ] = E
[
(p̃N1 )2

∣∣p̃N0 ]− 2p̃N0 E
[
p̃N1
∣∣p̃N0 ]+ (p̃N0 )2

=
1

N

1

2
p̃N0 (1− p̃N0 ) +O

( 1

N2

)
. (A.5)

Once again, multiplying both results (A.4) and (A.5) by N , we obtain that the diffu-1096

sion p̃t describing the frequency of the ancestral allele A is given by1097

dp̃t = s0p̃t(1− p̃t)[h(1− 2p̃t) + (1− p̃t)]dt+
1√
2

√
p̃t(1− p̃t) dBt. (A.6)

Using that pt = 1− p̃t at any given time t and plugging this relation in (A.6) (noting1098

that (Bt)t≥0
d
= (−Bt)t≥0), we recover for (pt)t≥0 the equation (2.10).1099

A.3.2 Fixation probabilities and mean segregation times1100

Now that we have derived diffusion approximations for the trajectory of mutation
frequencies in our Wright-Fisher model, in the Y chromosome and autosomes contexts,
we apply classical results on one-dimensional diffusions to derive two key quantities.
First, we compute the fixation probability as the probability that the diffusion reaches
the absorbing state 1 before being absorbed at 0. Second, we compute the mean
segregation time as the average time the diffusion spends away from the absorbing
states 0 and 1. To do so, we follow the approach described in Section 3.3 in Etheridge
(2011), and compute the scale functions Sp and Sq for the diffusions. We obtain, for
every x ∈ (0, 1),

Sq(x) = C1(C2 − e−xhs0)

and
Sp(x) = C3

∫ x

0

exp(−2s0(1− 2h)y2 − 4hs0y)dy = C3

∫ x

0

gh,s0(y)dy.

The constants C1, C2 and C3 depend explicitly on the parameters h and s0. As they1101

cancel out in the formulae below, we do not make their values explicit. Lemma 3.141102

in Etheridge (2011) then allows us to compute the following fixation probability.1103

Qq0(a becomes fixed) =
Sq(q0)− Sq(0)

Sq(1)− Sq(0)
=

1− e−hs0q0

1− e−hs0
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which yields the expression (2.13). This result was expected in the light of the classical1104

Wright-Fisher model with selection. Similarly, we have that1105

Pp0(a becomes fixed) =
Sp(p0)− Sp(0)

Sp(1)− Sp(0)
=

∫ p0

0

gh,s0(y)dy∫ 1

0

gh,s0(y)dy

,

which indeed corresponds to (2.12).1106

Define now TA
h,s0

(resp. TY
h,s0

) as the expectation of the first time at which pt (resp. qt)1107

reaches the absorbing state 0 or 1, when the selection parameters are given by h and1108

s0 and the initial frequency by p0 (resp. q0). Applying Theorem 3.19 in (Etheridge,1109

2011, p.44) with the test function g(x) ≡ 1, we obtain that the mean segregation time1110

in the Y chromosome context is given by1111

TY
h,s0 =

Sq(1)− Sq(x)

Sq(1)− Sq(0)

∫ q0

0

1− e−ξβ0

ξ(1− ξ)β0e−β0ξ
dξ+

Sq(x)− Sq(0)

Sq(1)− Sq(0)

∫ x

0

e−ξβ0 − e−β0

ξ(1− ξ)β0e−β0ξ
dξ.

Writing1112

mA(ξ) =
1

ξ(1− ξ)gh,s0(ξ)
,

we obtain the following expression for the mean segregation time in the autosomal1113

context:1114

TA
h,s0 = 4

[
Sp(1)− Sp(x)

Sp(1)− Sp(0)

∫ x

0

mA(ξ)

∫ 1

ξ

gh,s0(y)dydξ

+
Sp(x)− Sp(0)

Sp(1)− Sp(0)

∫ 1

x

mA(ξ)

∫ ξ

0

gh,s0(y)dydξ

]
.
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