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13 Abstract

14 Understanding how mutations evolve on Y chromosomes is central to ex-
15 plaining the origin, diversity and persistence of sex chromosomes. Mutations
16 occurring on the Y chromosome in sexual populations experience selective dy-
17 namics that differ markedly from those on autosomes, due to a reduced effective
18 population size and the presence of large non-recombining regions containing
19 alleles maintained in a permanently heterozygous state. These specific features
20 alter gene transmission in the Y chromosome population compared to autosomes,
21 even within the same pedigree. Here, we provide a two-sex diploid Wright-Fisher
2 model that explicitly incorporates both sex chromosomes and autosomes within
23 a unified population framework, in order to capture the influence of these spe-
2% cificities on the fate of mutations, not only considering fixation probabilities but
25 also segregation times. We use diffusion approximations and provide analytical
2 and numerical tools to compute these quantities across a wide range of paramet-
27 ers and selection regimes. We recover classical results on fixation probabilities
28 in various scenarios, including purely beneficial, deleterious or overdominant
29 mutations, and extend them in the light of mean segregation time, a key but
30 often overlooked determinant of evolutionary outcomes over finite timescales.
31 In particular, our analyses show that overdominant mutations are overall more
32 likely to fix in observable time windows on the Y chromosome than on auto-
33 somes. Individual-based simulations corroborate our approximations and high-
34 light parameter regimes where the theoretical approach is particularly useful,
35 especially for parameter values inducing long segregation times or small fixa-
36 tion probabilities, for which simulations are impractical. Our results provide a
37 comprehensive and tractable framework for clarifying how chromosome-specific
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features shape evolutionary dynamics beyond fixation probabilities alone.
Keywords: Y chromosome; fixation probability; segregation time; diploid bi-
parental two-sex Wright-Fisher model; diffusion approximations.

1 Introduction

Sex chromosomes play a central role in the evolution of many species. They are
frequently involved in speciation processes, contribute to the development and main-
tenance of sexual dimorphism, and harbor numerous mutations causing sex-linked
disorders, such as red—green color blindness in humans. A major explanation for
their particular evolutionary impact is that Y (or W) chromosomes are often non-
recombining over most of their length and permanently heterozygous. This has im-
portant consequences, including the progressive degeneration of the Y (or W) chro-
mosome due to the reduced efficacy of selection in non-recombining regions. Below,
we focus on Y chromosomes in XY systems for simplicity, but a similar reasoning
holds for W chromosomes in ZW systems (e.g., in birds). Despite their importance,
the consequences of recombination arrest and permanent heterozygosity for the evol-
utionary trajectories of these regions, as well as for processes such as adaptation,
speciation, and genomic conflicts are still poorly known. Similarly, the evolutionary
mechanisms driving recombination suppression on Y chromosomes are still debated
(Charlesworth), [1978; |Saunders and Muylel, |2024; |Charlesworth and Olitol, 2024} |Jay
et al.|2025). Moreover, although the rise in genome sequence availability has revealed
a striking variation in the genomic architecture, levels of degeneration, patterns of di-
versity, and evolutionary histories of Y chromosomes across the tree of life, we still
lack a clear understanding of the evolutionary forces that have generated and shaped
this diversity. For instance, it remains unclear what fraction of the differences in
evolutionary trajectories observed between autosomes and sex chromosomes can be
attributed to distinct selective regimes affecting these genomic compartments (for ex-
ample, the occurrence of sex-specific selection), to differences in their recombination
landscapes that modulate the strength of selective interference, or to the permanent
heterozygosity of the Y chromosome, which influences both the effective population
size and the dominance effects of mutations.

These challenges arise in part because we lack a unified framework for rigorously in-
ferring the evolutionary trajectories of mutations on Y chromosomes and for directly
comparing these dynamics to those on autosomes, which currently limits our ability
to meaningfully interpret the patterns of genetic diversity observed in natural pop-
ulations. Two key quantities allow a precise description of the fate of a mutation:
its fixation or extinction probability and its segregation time, i.e., the time during
which the mutation is neither extinct nor fixed. The latter is often neglected, while
it plays a central role in the understanding of the mutation dynamics, most of muta-
tions observed in genomes being still segregating rather than fixed. Moreover, some
mutations may have segregation times so long that, even when their fixation prob-
ability is substantial, fixation may effectively never occur on observable timescales.
For example, strong balancing selection can maintain allele frequencies far from 0 or
1 for extremely long periods, until the stochasticity in reproduction eventually gen-
erates a sufficiently large fluctuation to drive the mutation frequency towards one of
these absorbing states. This observation raises questions about our ability to directly
observe the fixation of new alleles, even in cases where models would predict their
fixation with significant probability. Although this issue is well known, it has not
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been explored in a systematic way to our knowledge.

The fixation probability and segregation time of mutations depend on multiple evolu-
tionary forces, including natural selection and genetic drift. The foundations for un-
derstanding fixation and extinction probabilities were established in textbook works
by |Fisher| (1923) and [Wright| (1931). The Wright-Fisher model assumes that the
population size is finite and constant through time and the stochastic nature of the
reproduction dynamics is explicitly encoded. This leads to a binary eventual outcome,
in which the mutation is either fixed or lost with probability 1. Using a branching
process approximation, Haldane proved that the fixation probability of a beneficial
autosomal mutation in a Wright-Fisher model could be approximated by a simple
quantity equal to twice the selection coefficient (Haldane, [1927). Kimura later exten-
ded these results to varying population sizes and strengths of selection, studying the
fixation probability as a function of the initial frequency of the mutation (Kimura)
1955, 1962)). Although most mutations are known to be deleterious, beneficial muta-
tions have long been considered as key drivers of adaptation to changing environments,
and they have been the focus of many models (see |Ewens||1967; Patwa and Wahl|2008
and references therein). Deleterious mutations have also been extensively investig-
ated, and shown to accumulate in asexual or selfing populations, for example through
Muller’s ratchet (Muller, [1964; |Waxman), |2011). They can accumulate in small pop-
ulations too, even with sexual reproduction, possibly leading to a species extinction
(Lynch et all|1995)). In this work, we aim to cover a wide range of selection regimes,
including most of the above.

A key element distinguishing the fates of a mutation carried by an autosome and by a
non-recombining Y chromosome in a diploid population is the asymmetry between the
X and Y chromosomes, present in different proportions in the population. Indeed,
in a population with 1:1 sex ratio, only one fourth of the sex chromosomes are Y
chromosomes. Although sex chromosomes and autosomes both follow the rules of
Mendelian inheritance, a mutation carried by the X or the Y chromosome in the
non-recombining region (i.e., in the sex-linked region) will not be transmitted to
males and females in the same way. Consequently, the variations in allele frequencies
within these two subpopulations will be different, and will also be different from the
variations in allele frequencies experienced by a mutation carried by an autosome.
These differences are expected to affect the fixation probability and the segregation
time of Y-linked mutations compared to autosomal ones.

By using Haldane’s branching approximations for beneficial mutations and Kimura’s
diffusion for deleterious mutations, |Charlesworth et al.| (1987) compared the substitu-
tion rate of these mutations on sex chromosomes and autosomes. They also compared
the substitution rate of underdominant mutations on X chromosomes and autosomes.
Considering that the substitution rate is equal to the mutation rate times the fixation
probability, they found that loci with partially or fully recessive beneficial muta-
tions should show higher substitution rates on Y chromosomes than on autosomes.
They also showed that deleterious mutations should fix more frequently on Y chro-
mosomes than on autosomes. However, there has been no such analysis considering
overdominant or underdominant mutations on Y chromosomes, i.e., mutations with
an heterozygote advantage or disadvantage compared to both homozygotes. Yet, re-
cent empirical and theoretical works have shown that chromosomal rearrangements,
which are abundant on sex chromosomes, may often be overdominant (Berdan et al.
2023)). Furthermore, the substitution rate does not account for the differences in se-
gregation times between different mutation types, or between different chromosome
types (autosomes versus Y-like sex chromosomes), despite the fact that they condition
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our ability to actually observe the fixation or extinction of a mutation.

Here, we aim to extend the work of (Charlesworth et al.|(1987) by deriving expressions
for the fixation probabilities and mean segregation times for all types of mutations
in autosomes and Y chromosomes. Although several other processes may influence
the evolution of sex chromosomes (e.g., sexually antagonistic selection, [Flintham and
Mullon| 2025, we wish to study the structural effect of the Y-chromosome intrinsic
properties, i.e., its lower effective population size and its forced heterozygosity, on
the fixation probability and segregation time of a mutation that it carries. We do
not consider mutations appearing on the X chromosome, as the mutation frequency
then differs in the male and female subpopulations, and its dynamics in the whole
population cannot be satisfactorily described by the same type of one-dimensional
Markov processes as those we study here. More precisely, in this case the frequency
in the male and female subpopulations must be tracked separately in order to express
the law of future changes in mutation frequency, and our methodology based on
one-dimensional diffusions does not apply (similar formulae are not available for two-
dimensional diffusions).

In order to compare the invasion, fixation and extinction of mutations on autosomes
vs. on Y chromosomes, we must consider a diploid, biparental two-sex model. Mohle
(1994)) introduced a Wright-Fisher biparental two-sex model and studied the probab-
ilities of extinction of the family descending from a given individual at some time in
the future. Although one could consider using this result to track the lineage of the
original carrier of a particular mutation (and deduce for instance the extinction prob-
ability of this mutation), two features make it unsuitable for addressing the question
we are interested in with regard to mutation transmission. First, males and females
play symmetric roles in this model, preventing the incorporation of key specific fea-
tures of sex chromosomes. Second, because the genetic transmission tree differs from
the biparental pedigree (or family tree, which is the object of interest in Mohle|[1994]),
a family lineage may persist even after a given mutation has been lost. The former
limitation also arises in the model proposed in (Mohle and Sagitov, [2003)).

To be able to incorporate these specificities in our analysis, we introduce a diploid,
biparental, two-sex Wright-Fisher model, in which the two haploid genomes of each
individual are picked in exactly one male and one female, accounting for selection and
the particular features of heterogametic sex chromosomes. This allows us to finely
incorporate the key characteristics distinguishing the allelic transmission for a gene
located on the Y chromosome versus an autosome along a biparental pedigree. We de-
rive Wright-Fisher diffusion approximations for the allele frequencies of autosomal and
Y-linked genes using the same scaling of time. Indeed, the allele frequencies emerge
from this model as discrete-time Markov chains, with complex transition probabilit-
ies that render a direct analysis practically impossible, hence the need for diffusion
approximations. Using precisely the same timescales in the autosomal and Y-linked
contexts allows a direct comparison of the mean segregation times between the two
cases. The approach consisting of taking diffusion approximations is the same as
Kimura| (1962))’s approach and the resulting objects are standard (Durrett], 2008]),
but we detail how they can be jointly obtained from the same population dynamics.
Indeed, the transmission dynamics of both sex chromosomes and autosomes are em-
bedded in the model, building the population pedigree in the same way, and keeping
the same selection coefficients, thereby ensuring a legitimate comparison between the
fixation probabilities and mean segregating times on the two types of chromosomes.
This unified framework also provides numerical and analytical tools to quickly com-
pute these quantities given the selection parameters and the initial frequencies.
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The rest of the article is organised as follows. In Section 2.1 we introduce the two-
sex biparental Wright-Fisher framework that we will use to model the transmission
of an allele carried by an autosome and by the Y chromosome. In Sections and
we describe the procedure we use to derive diffusion approximations for the
allele frequency process in the two chromosomal contexts. In Section [3] we analyze
and compare the fixation probabilities and mean segregation times derived from the
diffusion approximations for a range of parameters including four main selective cases
(beneficial, deleterious, underdominant and overdominant mutations). We also show
through simulations that the diffusion approximations yield accurate predictions, even
for rather small population sizes (N = 100 or N = 1000), and illustrate the added
value of our analytical approach in cases where excessively long segregation times or
low fixation probabilities prevent fixation from being actually observed. Finally, our
results are discussed in Section [4

2 Methods

2.1 Model

We want to compare the probability and time of fixation of mutations under differ-
ent selection scenarios depending on whether they appear on an autosome or a Y
chromosome. To do so, we consider a diploid population of fixed size, composed of
N individuals with equal number of males and females. The population has an XY
sex-determining system, where females are XX and males are XY. The newly arisen
mutation, a, appears at a particular locus where the ancestral allele (or wild type)
A is initially fixed. The mutation induces differences in fitness classically encoded as
follows:

AA:1, Aa:1+hs, aa:1+s, (2.1)

where h and s are such that hs and s belong to [—1, 1]. This framework accommodates
both a single point mutation and a non-recombining region treated as a single locus
and whose selective impact is given by h and s. We use the same coefficients for a
locus carried by the pair of sex chromosomes or by a pair of autosomes.

When we describe the process of gamete formation and fusion underlying our model,
we denote the joint inheritance of sex chromosomes and of the alleles at the locus
of interest by combinations of two letters, where the first letter is either X or Y
depending on the sex chromosome present in the gamete, and the second letter is A
or a depending on the allele also present in the gametic genome. In this notation,
when the locus of interest is directly carried by the Y chromosome, gametes can
only be of type XA, YA and Ya. When the locus at which the mutation of interest
occurs is carried by an autosome, the association between the sex chromosome and the
ancestral or mutant allele is only due to the random formation of gametes and it has
no impact on the transmission of the mutation (as we assume that the population sex
ratio remains constant through time). In the case of an autosomal locus, gametes can
therefore be of type XA, Xa, YA or Ya and only the A/a state actually matters in the
evolutionary dynamics. Nevertheless, we use the same 2-letter notation to describe
the genetic content of the gamete in order to have a consistent set of notation in the
two scenarios that we want to compare.

The reproduction dynamics is stochastic, with discrete, non-overlapping generations
and random mating in the spirit of the classical Wright-Fisher model. In each gen-
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eration, males and females produce an infinite number of gametes, carrying alleles in
the same proportions as those in the current generation. An infinite pool of juveniles
is obtained by merging all pairs of paternal and maternal gametes, which are then
split into two groups: those who received an X paternal chromosome and those who
received a Y paternal chromosome. To form the next generation, N/2 males and
N/2 females are sampled among these juveniles, carrying alleles with probabilities
depending on their selection coefficients (see Figure [1). The proportions of the three
possible genotypes AA, Aa and aa in the male juvenile population are denoted by
p'A4, D4, and pl., and each male in the next generation will carry genotype AA, Aa
and aa, respectively, with probabilities

m m (] h m (]
pAA’ pAa( + S) and paa( +8)’ (22)

Uh,s Uh,s Uh,s

where vy s = p'fy + I, (1 +hs) +pj (1+ ), and similarly for females (with genotype
frequencies in the female juvenile population denoted by p£ A pfm and p{;a).

2.2  One-step change in frequencies

We start by studying how the frequency of the mutation changes from one generation
to the next. To compute these one-step transitions, we take the specificities of the
two contexts (i.e., mutations on autosomes and on Y chromosomes) into account.

Mutation on an autosome

Let us first argue that, in this context, the mutation frequency in the male and female
subpopulations can be considered equal in each generation. Denoting p™ (resp., p)
the mutation frequency among males (resp., females), the gametes with associations
XA, Xa, YA and Ya produced by males have frequencies given by (1 —p™)/2, p™/2,
(1 —p™)/2 and p™/2. Indeed, in this context we assume no linkage between the
mutation and the X and Y chromosomes. Each female transmits an X chromosome
associated with the mutation with frequency pf. Merging all these gametes, we obtain
male and female juveniles carrying each genotype AA, Aa and aa with identical
frequencies, given by

(1—p™@a-p) 3 pmA-p)+p'1-p") ;5 p™p. (2.3)

The N/2 male and female adults are then drawn from this juvenile population. Since
selection acts similarly in the two sexes, this mechanism ensures that the frequencies
of the mutation among male and female adults in the new generation are equally
distributed. This is true even if p™ and p/ are different. Because we consider popula-
tion sizes of at least 100 individuals, the number of males and females carrying each
genotype is close to its expectation, and we can therefore make the approximation
that the mutation frequencies are equal in the two sexes in each generation. Writ-
ing p = p™ = pf for this shared frequency, the juvenile frequencies in can be
rewritten (1 — p?), 2p(1 — p) and p?.

Next, let p, € [0,1] denote the frequency of the mutant allele in the autosomal
population in the nth generation. That is,

# autosomes carrying the mutant allele a in generation n
Pn =
2N

(2.4)
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Ficurg 1: Illustration of the reproduction step between one generation and the next
in our two-sex diploid Wright-Fisher model with selection. For each gamete or in-
dividual, we represent the X and Y chromosomes and an autosomal locus L. The
autosomal locus can carry two alleles (orange and green) and so does the Y chromo-
some (red and blue). An infinite number of juveniles from each sex are created by
fusing gametes of different genotypes. These gametes are created in proportions that
depend on the allele frequency in the parental generation (see main text). Juveniles
are then separated between those that received a paternal Y chromosome and those
that received a paternal X chromosome. Finally, N/2 individuals are drawn from
each subgroup to form the next adult generation, ensuring that the sex ratio remains
balanced. This schematic representation encompasses the two chromosomal contexts
of interest: if the focal mutation is located on the Y chromosome, then the alleles at
the autosomal locus have no impact on the juvenile sampling probabilities (as only
the mutant or ancestral allele carried by Y chromosome affects the selection coeffi-
cient); if the mutation is carried by an autosome, then the Y-chromosome alleles do
not affect the juvenile sampling probabilities (as selection is supposed to only act on
locus L).
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The genotype frequencies in the juvenile population weighted by the corresponding
selection coefficients are given by :

1—pn)? 2pn (1 — pp)(1 + hs 2(1+s
pAA:(/ljip)y PAa = p( P )( ) and paazwa (25)

with
vp = (1 —pn)2 + 2pn (1 — pp)(1 + hs) —|—pi(1 + ).

This matches the expression (2.2)) with males and females grouped. Conditionally on
Pn, the frequency of the mutant allele a in the next generation is therefore given by

NAa + 2Naa
puss = ot Phan, (26)

where
(Naa, Naq, Naa) ~ Multinomial(N; paa, paa; Paa)-

The multinomial law corresponds to the fact that each of the N adults inherits a
genotype AA, Aa and aa independently with probabilities pa 4, paq and p,, defined

in .

Mutation on a Y chromosome

We now consider that the mutation a appears on the Y chromosome at a locus that
does not recombine with the sex-determining locus, so that this mutation is never
transferred onto an X chromosome. It is therefore enough to keep track of the muta-
tion on the Y chromosomes only (i.e., among the male sub-population). The form of
the selection coefficients remains identical to the autosomal case for the two feasible
genotypes AA and Aa, and we never observe the genotype aa.

Let ¢,, denote the frequency of the mutation among the Y chromosome sub-population.
That is,

# Y chromosomes carrying the mutant allele a in generation n
= N/2 '

2.7)

Note that the denominator is now N/2, which corresponds to the total number of
Y chromosomes in the population. Each adult male is of genotype AA or Aa with
respective probabilities

1—qn qn (1 + hs)

. 2.8
1+ hsq, a 1+ hsq, (2:8)

This matches the haploid Wright-Fisher model with selection described for instance
in Chapter 5.2 in (Etheridgel 2011). The frequency of the mutation among the N/2
Y chromosomes in the next generation is thus given by ¢,+1 = 2N, /N, where

N, ~B (2, a2 RS 2.
inomia < 5 1 1 heq, ) (2.9)

Focusing on the Y chromosome sub-population by following the dynamics of g,, defined
in instead of following the mutation frequency at the population level (as in the
definition of p, in (2.4)) means that fixation can be studied in the same way as in the
autosomal case. Indeed, if we were to consider the whole chromosomal population, the
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mutation frequency would be capped at 0.25. Here, both (p,)nen and (gn)nen take
their values in [0, 1], where 0 and 1 are absorbing states corresponding respectively to
extinction and fixation. The appropriate choice for the initial frequencies qq relatively
to po to account for the difference in effective population size between autosomes and
Y chromosomes is provided in Section [2:4}

2.3 Diffusion approximations

We wish to investigate the dynamics of the frequency of the mutation in the population
through time. In our model, this frequency is modelled by the discrete-time Markov
chains (py)n>0 and (¢n)n>0, taking values in

1 2N -1
{0, ﬁ, ...72]\7,1}

for autosomal mutations and in

0 L N/2-1

e N

for mutations on the Y chromosome. Although we can easily compute their Markov
transition kernel, a direct analysis of their long-term dynamics is practically impossible
for biologically relevant values of N, as the transition matrices contain of the order of
N? non-zero coefficients and computing interesting quantities such as fixation probab-
ilities would require to solve a prohibitive number of equations. Nevertheless, as in the
classical Wright-Fisher framework we can perform a large-population approximation
of these discrete-time Markov chains using diffusion processes, as shown below.

For any N € N, we write s = s9/N with sy € R and we define the processes (pX ) en
and (¢Y),en as in Section with parameters values h and sV. They represent the
random trajectories of the frequency of a mutation appearing on an autosome and on
a Y chromosome, respectively, in a population of N diploid individuals. Let us write
|| for the integer part of a real number = and let B denote the standard Brownian
motion. Rescaling time by a factor IV, that is, considering a new timescale where one
unit of time equals N generations, the rescaled processes (p]LVNt J)tZU and (qﬁw J)tZU
respectively converge as N — oo to the solutions to the equations:

1
dpr = sopt(1 — pt)[h + pe(1 — 2h)]dt + VoAl pi(1 —py) dBy (2.10)
for autosomal mutations, and

dg: = hsoqe(1 — qr)dt + V2+/q:(1 — q;) dB; (2.11)

for mutations on the Y chromosome.

From now on, we write (p;);>0 and (g;)¢>o for the continuous solutions to these equa-
tions, that is, the diffusions respectively representing the frequency of the mutation
which appeared on an autosome and on a Y chromosome. The exact nature of this
convergence, as well as a rigorous proof, can be found in Appendix

Diffusions are classically composed of two parts: a component giving the general
tendency to increase or decrease, called the diffusion drift, and a term encoding the
mean-zero fluctuations around the general tendency, called the variance term. This
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nomenclature typically causes some confusion, as the drift term of the diffusion cor-
responds to the effect of selective forces, and the variance due to the randomness
in reproduction corresponds to the effect of genetic drift. Therefore, we will always
specify genetic drift when referring to this source of randomness, and use the term
diffusion drift when talking about the mathematical drift term.

We can first observe that the diffusion (¢¢):>0 introduced in exhibits a variance
coefficient twice as large as that of (pi)i>o0 . This difference arises from the
increased genetic drift affecting Y chromosomes, whose effective population size cor-
responds to a fourth of the autosomal effective population size. In the Y chromosome
context, only heterozygotes can have a disadvantage or an advantage and thus, for
fixed h and sg, the diffusion drift of (g;);>0 always remains of the same sign. By
contrast, the diffusion drift of (p¢):>0 is more complex and can change sign depending
on the mutation frequency.

One-dimensional diffusions are particularly suitable for our study, as many theoretical
results have been developped to analyse their stochastic behaviour (see, e.g., Chapter 7
in|Durrett|2008/or Chapter 3 in|[Etheridge|2011)). In the cases we consider, it is possible
to find explicit expressions for the probability of absorption in 0 or 1, corresponding
to the purging and the fixation of the mutation, respectively. We also know that one
of these two events will happen in finite time with probability 1 (Ikeda and Watanabe,
1989)), and we can compute the average time for the mutation to be fixed or removed
from the population, i.e., the mutation mean segregation time. It is important to note
that we obtain our limiting diffusions on precisely the same timescale (Nt, ¢ > 0)
in both chromosomal contexts (autosomes and Y chromosomes), which will allow us
to compare the mean segregation times on autosomes and on Y chromosomes in a
straightforward way.

Diffusions of the form taken by (p:):>0 and (g;)¢>0 have been known and studied for a
long time. Diffusion approximations for the trajectories of allele frequencies trace back
to|Kimura (1962)), who first computed the fixation probability of a favourable allele in
a haploid Wright-Fisher model with selection using a diffusion similar to (¢;)¢>0. The
process (py)i>o emerges from asexual diploid Wright-Fisher models (Durrett| [2008,
chap. 7; [Etheridge 2011, chap. 5), and was also used in Takahatal (1990) in the
special case of balancing selection (h < 0, sg < 0).

In our framework, both (p¢)i>0 and (¢:)i>0 are derived from the same population
dynamics, the same selective coefficients and on the same time scale. The differences
between them come from the structural effects of the heterogametic Y chromosome
as opposed to the autosomes, namely the set of feasible genotypes and the smaller
population size inducing stronger genetic drift. We will therefore be able to study
how these differences affect the mutation fixation probability and mean segregation
time by directly comparing (p;)i>0 and (g;)i>o0-

2.4 Deriving mean segregation times and fixation probabilities

As described in the previous section, we can derive exact formulae for the fixation
probabilities and mean times to purge or fixation, given the dominance parameter h,
the selection coefficient sy and initial mutation frequencies pg and qq.

For i = 0 (i.e., extinction) or ¢ = 1 (i.e., fixation), we write 77 and 7; for the random
times
Pi=inf{t >0: p, =i} and 77:=inf{t>0:q =i}
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They correspond to the times at which each diffusion reaches one of the absorbing
states 0 or 1. Denote by P,, (resp., Qq,) the probability measure governing (p:)¢>o
started at pg € (0,1) (resp., (¢t)i>0 started at ¢o € (0,1)). We first compute the
fixation probability of the mutation in each context. All the details can be found in

Appendix [A73]

In the autosomal context, we obtain:

J5° exp(4sohy — 2s0(1 — 2h)y?)dy
fol exp(4sohy — 2s0(1 — 2h)y?)dy .

This is an explicit value, although it is difficult to write it in a simpler way to analyse
its behaviour as a function of h and sg. The value for the mutation fixation probability
in the Y chromosome context is simpler and well known (Crow and Kimura, [1970)):

P, (a becomes fixed) = P, (7 < 78) = (2.12)

1-— exp(—hsoqo)
_ q a9y . 2.1
Qg (a becomes fixed) = Qg (rf < TO) 1= exp(—hso) (2.13)

Since the diffusion necessarily hits one of the boundaries 0 or 1 in finite time, fixation
and extinction are complementary events and

P,, (¢ becomes extinct) = 1 — P, (a becomes fixed).

The expressions for the mean time to purge or fixation are more complex and are
detailed in Appendix It is important to observe that these quantities are the
mean times to reach any of the boundaries, be it 0 or 1. Mathematically speaking,
they are the mean absorption times of the processes (p;);>0 and (¢;):>0. Biologically
speaking, they correspond to the average segregation time of the mutation in the
population (before it becomes fixed or extinct).

Although the population size N does not appear in the limiting diffusions, and there-
fore in the fixation probability and mean segregation time formulae, we can still
adjust the initial frequencies to approximate the effects of various population sizes.
For example, considering that only a single mutant copy can initially be found in a
population of N individuals, then the appropriate initial frequency is 2/N in the Y
chromosome context and 1/(2N) in the autosome context.

2.5 Individual-based simulations

The method based on diffusion approximations that we propose enables a fair compar-
ison of the fate of mutations on Y chromosomes versus autosomes in our model, care-
fully considering the same timescale in both contexts. However, it remains necessary
to test the appropriateness of this timescale and to evaluate the precision of our analyt-
ical large-population approximation. To do so, we performed individual-based simu-
lations using SLiM 4.3. We simulated a single panmictic population of size N = 100,
N = 1000 or N = 10,000 diploid individuals under a Wright-Fisher model. Each
individual carried two pairs of chromosomes, both assumed to be non-recombining
along their entire length. The first pair corresponded to the sex chromosomes and
included a sex-determining locus with two alleles, one of which was permanently het-
erozygous, mimicking a classical XY sex-determination system. Individuals therefore
carried either XY chromosomes (males) or XX chromosomes (females). The second
pair corresponded to autosomes. For each parameter set, we performed 10,000 replic-
ate simulations in which a single copy of a mutation was introduced into a randomly
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TaBLE 1: Description of the different selective scenarios in the autosomal context,
according to the values of the selection parameters h and sy which induce differences
in fitness given by 1 for the genotype AA, 1+hsg/N for the genotype Aa and 1+so/N
for the genotype aa (where N stands for the population size). In the Y chromosome
context, the mutation never appears at homozygous state and it can thus be only
beneficial (hso > 0) or deleterious (hsy < 0).

chosen individual, either on the autosome or on the Y chromosome. Mutations arising
on the Y chromosome were therefore completely linked to the male-determining al-
lele (recombination rate = 0), whereas mutations arising on autosomes recombined
freely with the sex-determining locus (recombination rate = 0.5). Simulations were
run until the mutation was either fixed or lost, with a maximum duration of 100,000
generations.

We compared the results of the simulations to the theoretical results obtained with the
approximations (p;)r>0 and (¢:)¢>0 using the same sets of parameters. As mentioned
earlier, the population IV does not appear directly in the diffusions but still plays two
important roles in our comparisons. First, we use the initial frequencies pg = 1/(2N)
and go = 2/N, as explained in Section Second, as the diffusion approximations
were obtained as limits of processes where one unit of time corresponded to N gener-
ations, we can recover the original time units by multiplying the diffusion timescale
by N to compare the analytical predictions with the simulations.

3 Results

To better understand the fate of mutations on the Y chromosome and on autosomes,
we proceed in two steps. First, we analyse the diffusions obtained in the Y chromosome
and autosome contexts separately, focusing on how the fixation probability and mean
segregation time of the mutation vary with the parameters sg and h. We analyse the
dynamics of alternative types of mutations: strictly beneficial, strictly deleterious,
underdominant and overdominant (see Table . Second, we compare these statistics
between the Y chromosome and autosome contexts to better understand how the
difference in population size and heterozygosity affects the dynamics of the mutation
allele frequency.

3.1 Mutation on a Y chromosome

The interpretation of the results for the Y chromosome context is straightforward.
The fixation probability and mean segregation time (i.e., the mean absorption time
in 0 or 1 of (¢:)¢>0) only depend on the product hsy. Figure [2] shows the fixation
probability and mean absorption time of the process for different values of hsg, ranging
from scenarios where the mutation is deleterious (hsg < 0) to scenarios where it is
beneficial (hsg > 0). As expected, the probability of fixation increases when hsg
increases. When hsg is close to 0, the probability of fixation of the mutation is given
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Ficure 2: Mean segregation times (a) and fixation probabilities (b) obtained from the
diffusion (g:) started at go = 2/N, with N = 1000. For each pair of parameters
h and sg, they approximate the mean segregation time and fixation probability of a
single mutation appearing on a Y chromosome of an individual within a population
of size N, where the selection parameters induce differences in fitness given by 1 for
the genotype AA and 1+ hsg/N for the genotype Aa in accordance with . The
mean segregation time is expressed in terms of number of generations (denoted gen.
in the Figure). For each value of the product hsg, the black dots correspond to the
results obtained with our diffusion approximations, and the orange dots to the results
of the individual-based simulations described in Section @

by its initial frequency, which is expected from the neutral haploid Wright-Fisher
model.

The mean segregation time is non-monotonic. When hsg is negative, the fixation
probability is close to 0 and the mutation quickly disappears from the population.
Increasing hsg above 0 increases the probability that the mutation goes to fixation,
which takes on average longer than the purge of a mutation and thus increases the
mean segregation time. When hsg becomes large (hsy > 100 for N = 1000), mutation
fixation further accelerates, thereby reducing the mean segregation time. It therefore
appears that beneficial mutations with intermediate positive selective coefficients are
those with the largest average segregation time on Y chromosomes. Individual-based
simulations confirmed the accuracy of our diffusion approximation, even for popula-
tions as small as N = 100 (see also Appendix. They also show that our approach
via diffusion approximations allows us to estimate very small but nonzero fixation
probabilities across certain regions of the parameter space, where individual-based
simulations fail to provide reliable estimates due to the rarity of fixation events.

3.2 Mutation on an autosome
The behaviour of mutations on autosomes is more complex, as homozygotes and het-
erozygotes undergo different and potentially opposite selective pressures. We there-

fore examine the four possible types of mutations described in Table [I] separately:
beneficial, deleterious, overdominant and underdominant.

Beneficial mutation

When 0 < h < 1 and sg > 0, the mutation is strictly beneficial and the diffusion drift
term of (p;);>0 remains positive at any time, mainly because the selective advantage
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of the mutation is primarily conferred by homozygotes. The resulting fixation probab-
ilities and segregation times are shown in Figure [3] In brief, as in the Y chromosome
context, increasing sy leads to higher fixation probabilities, and the mean segregation
time is non-monotonic.

Increasing h also increases the fixation probability, because heterozygotes—which
dominate when the mutation is rare—benefit from a stronger positive selective ad-
vantage, helping the mutation to avoid extinction early on. Higher fixation probab-
ilities also result in longer mean segregation times, as mutations that eventually fix
tend to persist longer at intermediate frequencies than those which eventually disap-
pear. Figure [3] shows a close agreement between our results and the simulations for
beneficial mutations.

Two cases are of analytical and biological interest: h = 0 and h = 1/2. When h = 1/2,
the mutation is co-dominant and its fitness advantage is equally conferred by homo-
zygotes and heterozygotes. In that case, the large-population diffusion approximation
is given by:
S0 1
dp = Ept(l —p)dt + 7 pi(1 —pi) dBy,

and the associated diffusion drift term exactly matches that in the equation describing
the mutant allele frequency in the Y chromosome context (2.11). We can therefore
directly compute the fixation probability on autosomes which is given by

1 —exp(—2s

1 — exp(—2sp)
When h = 0, the mutation is completely recessive and only the homozygotes aa
benefit from a selective advantage. The diffusion approximation becomes:

1
dpe = sop7 (1 — pe)dt + NG pe(1 —pt) dBy.

In this equation, the diffusion drift resembles the diffusion drift term computed in the
Y chromosome context , but multiplied by a factor p;. Indeed, when p; is close
to 0 and the mutation not widespread in the population, the homozygotes aa which
actually benefit from a selective advantage are rare, and the factor p; substantially
reduces the diffusion drift term. On the contrary, when p, — 1, homozygotes aa
predominate and the added factor p; has no impact.

Deleterious mutations

When 0 < A < 1 and sg < 0, the mutation is deleterious and its diffusion drift is
always negative. Fixation probabilities are therefore small (strictly less than 1/2N)
and mean mutation segregation times are short (a few generations). These quantities
decrease when increasing |sg|, as expected (see panels b and e in Figure. As before,
individual-based simulations confirmed the accuracy of our diffusion approximation.

Overdominant mutations

When h < 0 and sg < 0 or when h > 1 and sg > 0, the mutation behaves as over-
dominant, meaning that the heterozygotes Aa have a fitness advantage over the two
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Ficure 3: Mean segregation times (a, b and c¢) and fixation probabilities (d, e and f)
obtained from the diffusion (p;)i>0 started at po = 1/(2N), with N = 10000.
For each pair of parameters h and sg, they approximate the mean segregation time and
fixation probability of a single mutation appearing on an autosome of an individual
within a population of size N, where the selection parameters induce differences in
fitness given by 1 for the genotype AA, 1+hsg/N for the genotype Aa and 1+4s¢/N for
the genotype aa in accordance with . The mean segregation time is expressed in
terms of number of generations (denoted gen. in the Figure). Each panel presents the
results obtained for different values of sy and fixed h (h = —2 in panels a and d, h =
0.1 in panels b and e, h = 2 in panels ¢ and f); the blue dots correspond to the results
obtained with our diffusion approximations, and the orange dots to the results of the
individual-based simulations described in Section 2.5l The four scenarios described
in Table [I| are made explicit by the coloured backgrounds (green for beneficial, red
for deleterious, yellow for overdominant and blue for underdominant). The mean
segregation times in the individual-based model and in the diffusion approximation
mainly differ when the diffusion approximation predicts segregation times that can
potentially be much larger than the 100,000 generation cut-off used in the simulations;
likewise, the differences in fixation probabilities appear in situations where the fixation
probability is too small to be correctly inferred from 10,000 simulations.
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homozygotes AA and aa. This leads to negative frequency-dependent balancing selec-
tion, in which selection tends to maintain the mutation at an intermediate frequency.
More precisely, such cases lead to the existence of metastable states, which are par-
ticular frequencies in (0,1) that cancel the diffusion drift term, and close to which
the stochastic fluctuations due to genetic drift are the main drivers of allele frequency
changes. It is straightforward to compute the value of the metastable state:

h

e Ra— 2
TR (3.2)

P =
in line with classical results (Lefevre et al. [2016). This frequency pj, is attractive
as selection always pushes the mutation frequency towards it: the diffusion drift is
positive when p; < pj and negative when p; > pj. Eventually, the random fluctuations
due to genetic drift cause the mutant allele frequency to deviate far enough from the
metastable state for the frequency to reach 0 or 1, i.e., for the mutation to become
extinct or fixed. This can lead to extremely large segregation times, especially when
N is large, as the frequency will typically oscillate around pj for a very long time
until a rare stochastic excursion drives it away (see panels a and ¢ in Figure [3]). The
mean segregation time depends on both the strength of selection conferred by sg and
the distance of the metastable frequency from 0 or 1, which is determined solely by
h. In general, mean segregation times increase as |h| deviates further from zero. For
large values of h, the metastable state approaches 0.5 and the fixation probability can
become close to 0.5. Indeed, once the mutation frequency has reached the metastable
state, the mutation has nearly equal probabilities of ultimately fixing or being lost
through long stochastic fluctuations around the metastable frequency. However, in a
large population, fixation events may occur only on a virtually unobservable timescale.
For instance, with NV = 1000, h = 5 and sy = 100, mutations will segregate during
1.0€193 generations on average.

In such cases, the diffusion approximation yields values that may substantially differ
from those obtained in individual-based simulations. This discrepancy arises because
we stopped our simulations after 100,000 generations, even if fixation or loss has
not occurred yet, which underestimates both the fixation probabilities and the mean
segregation time. For example, when N = 10,000, h = —10 and sy = —1, the the-
oretical fixation probability of the mutation is 0.00025. Out of 10,000 simulations,
we would therefore expect to observe approximately 2.5 fixation events. Yet, while
fixation never occured in the simulations, in 15 of them the mutation was still se-
gregating after 100,000 generations, suggesting that some of them may eventually fix
and we are simply not able to observe it within the time window considered. This
phenomenon highlights the value of our theoretical approach, as reaching definitive
conclusions from simulations alone is difficult in these cases.

These considerations illustrate one of the key messages of this study, namely that the
fixation probability alone, without consideration of the mean time to fix or go extinct,
is not enough in general to predict the fate of a mutation.

Underdominant mutations

When h > 1 and s¢ < 0, the mutation is underdominant, meaning that the heterozy-
gotes have a lower fitness than both homozygotes. In this case, even if the mutation
has a positive selective advantage at homozygote state, it has a low fixation probab-
ility, since the counter-selection it experiences at the heterozygous state hinders its
spread when rare and leads to its rapid purge (see panels ¢ and f in Figure [3). By
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contrast, such mutations rapidly fix when they become abundant, as the decreasing
relative frequency of heterozygotes increases the relative fitness of the mutation. Sim-
ilarly to the overdominant scenario, the diffusion drift is canceled at the frequency
h/(2h — 1). However, in this case the diffusion drift is negative below the critical
frequency and positive above it. This frequency therefore does not constitute a meta-
stable state; it is repulsive as selection tends to drive the mutation frequency away
from this value. Underdominant mutations thus have a short mean segregation time
(e.g., 12 generations for h = 2 and sy = —10), similar to deleterious mutations over
most of the parameter space.

When s < 0 and h > 1, the mutation is also underdominant, but this time it is
deleterious for both heterozygotes and homozygotes aa. Accordingly, its frequency
dynamics closely resemble those of deleterious mutations.

3.3 Comparing the mutation dynamics on autosomes and on
Y chromosomes

We now turn to a direct comparison of the mutation fixation probabilities and mean
segregation times on the Y chromosome and on autosomes. We perform these com-
parisons using identical sets of parameters, covering all the cases exposed in Table
This allows us to isolate the effects of the specific transmission of alleles through the Y
chromosome, comparatively to autosomes. In particular, since both processes (pi)i>o0
and (g¢)r>0 evolve on the same time scale, we can directly contrast the mean times
of interest.

To enable meaningful comparisons between the autosome and Y chromosome con-
text, it is essential to account for the fact that autosomes experience an effective
population size four times larger than Y chromosomes. Since our focus is on the
fate of a mutation after it has arisen (rather than on its appearance rate), we use
initial allele frequencies that scale accordingly: py = 1/(2N) for the autosome and
go = 2/N for the Y chromosome. These differences in initial frequencies influence
both the fixation probabilities and the mean segregation times in ways that depend
on the values of sg and h. Importantly, this framework does not capture the fact that,
in a diploid population with balanced sex ratio, mutations arise more frequently on
autosomes than on the Y chromosome; our results therefore reflect fixation dynamics
rather than substitution rates. Nevertheless, the approach is flexible and could read-
ily accommodate alternative assumptions about the initial allele frequency, including
equal starting frequencies across genomic locations or scenarios where the mutation
has already reached a substantial frequency.

Figure [d] shows the fixation probability and the mean segregation time for mutations
appearing on a Y chromosome or an autosome, as a function of the selection para-
meters h and so. In particular, Figure b displays the ratio of fixation probabilities
between the Y chromosome and autosomes in order to illustrate in which case fixa-
tion is more likely. [Charlesworth et al.| (1987)) studied a similar ratio but considering
substitution rates, which adds a factor 4 to the ratio. This factor arises from the fact
that, assuming that the mutation rate is the same for each individual chromosome,
mutations are four times as frequent on autosomes as on Y chromosomes since their
population size is four times larger. We can study a similar classical substitution
rate comparing the results of Figure [db to the threshold value of 4. For example,
in the purely neutral case, the fixation probability is 4 times higher on Y chromo-
somes, resulting in equal substitution rates between the two contexts. However, our
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Ficure 4: Fixation probabilities (a) and mean segregation times (c¢) obtained from
the diffusion (p;) started at pg = 1/(2N) (left) and from the diffusion (q;)
(2.11) started at go = 2/N (right), with N = 1000. For each pair of parameters h
and s, they approximate the mean segregation time and fixation probability of a
single mutation appearing on an autosome of an individual within a population of
size N, where the selection parameters induce differences in fitness given by 1 for
the genotype AA, 1+ hsg/N for the genotype Aa and 14 so/N for the genotype aa
in accordance with (2.1)). The mean segregation times are expressed in the diffusion
timescale and can be multiplied by N to recover a scale in generations. Panel b
displays, for each parameter set (h,sg), the ratio of the fixation probability on Y
chromosomes (p{ 5,) and that on autosomes (pj., ). When this ratio is above 1, a
single mutation is more likely to fix on the Y chromosome than on autosomes. When
it is above 4, the substitution rate (see main text) is higher on the Y chromosome
than on autosomes.

18



583

584

585

586

587

588

589

590

591

592

593

594

595

596

597

598

599

600

601

602

603

604

605

606

607

608

609

610

611

612

613

614

615

616

617

618

619

620

621

622

623

624

625

626

627

628

629

630

631

632

parametrization differs from that of |(Charlesworth et al.| (1987) and Figure 4b can-
not be used directly to assess concordance with our results. A precise comparison is
provided in Appendix Charlesworth et al.| (1987)) studied the substitution rates
in the Y chromosome and on autosomes with either beneficial or deleterious muta-
tions. For beneficial mutations, they used Haldane’s branching approximation and
our results match theirs whenever s is sufficiently large (e.g., whenever hsy > 10
for N = 10,000). However, Haldane’s approximation breaks down as sy decreases
toward near-neutrality (e.g., whenever s < 10 for h = 0.1), whereas our method still
yields expected values close to 0.25 (see Table in Appendix . In the deleter-
ious scenario, (Charlesworth et al.| (1987)) used the same diffusion approximation as
we do but performed additional Taylor expansions to derive simpler analytical values
for the quantities appearing in and . Our results coincide with theirs
when these expansions are possible. Our approach therefore provides a unified tool to
study a continuum of scenarios across a wide range of parameters. Figure [@p displays
the mean segregation time of the mutation in the two contexts. As discussed in the
overdominant scenario, this time information is crucial here as it strongly affects the
number of fixed mutations observed within a given time window. We now turn to an
analysis across the entire parameter space.

First, advantageous mutations (h > 0, sg > 0) can have a higher probability of
fixation on autosomes than on Y chromosomes but only when they are beneficial
and not overdominant, according to the classification in Table [1f (see, e.g., the case
so = 10, h = 0.1 in Figure @b. This is expected, as beneficial mutations with a
moderate selective advantage are more likely to fix when genetic drift is weaker, as
the latter counteracts selection. This effect is particularly pronounced when h is close
to 0, as recessive mutations have a reduced selective advantage (and therefore a lower
fixation probability) on the permanently heterozygous Y chromosome. Consistent
with the nearly neutral theory (Ohtal 1973), slightly beneficial mutations (0 < so < 1,
0 < h < 1) exhibit a higher fixation probability on the Y chromosome, as their nearly
neutral behavior makes them more likely to fix in smaller populations (see Figure [4)).
Fixation is also more likely on Y chomosomes when the strength of selection is strong
(so > 100), as genetic drift becomes negligible and the mutation is again more likely
to fix in the smaller Y chromosome population.

When the mutation is underdominant and advantageous at homozygote state (h < 0
and sy > 0, see Table , fixation probabilities on autosomes can also exceed those
on the Y chromosome (e.g. when h = —1 and sy = 100). This occurs because these
mutations are always deleterious on the Y chromosome, unlike on autosomes where
homozygous individuals aa benefit from a selective advantage. The smaller effect-
ive population size of the Y chromosome may also compensate for this difference at
smaller parameter values (e.g., in the case h = —0.1 and so = 10), leading to roughly
similar fixation probabilities on autosomes and on Y chromosomes. Underdominant
mutations tend to segregate slightly longer on autosomes on average, especially as
more mutations manage to avoid an early purge. However, the mean segregation
time remains orders of magnitude smaller than in the overdominant scenarios. In-
deed, underdominant mutations are either rapidly purged from the population or,
through genetic drift, reach sufficiently high frequencies for homozygotes aa to be-
come common, which subsequently facilitates their relatively rapid fixation.

A somewhat opposite pattern emerges in the overdominant scenario (h < 0, sp < 0
or h > 1, sg > 0). On the Y chromosome, the mutation maintains a constant se-
lective advantage, whereas on the autosomes its advantage decreases as its frequency
increases due to the rising proportion of homozygotes. As discussed above, such con-
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ditions generate balancing selection around a metastable frequency on autosomes, in
contrast to what is observed on the Y chromosome. Consequently, fixation probabil-
ities are much higher and mean segregation times much shorter on the Y chromosome
than on autosomes, and particularly when h < 0 and sg < 0. Even in cases where the
fixation probabilities of overdominant mutations on autosomes and the Y chromosome
are similar (e.g., when h = 0.1, sg = 100), we can observe some fixations on the Y
chromosome and never on the autosomes over the evolutionary timescale considered,
due to the large difference in fixation times.

Finally, in the deleterious scenario (sg < 0,h > 0), which also includes underdomin-
ant mutations), fixation probabilities are consistently higher on the Y chromosome,
reflecting the stronger genetic drift experienced by Y-linked alleles. Interestingly,
however, mean segregation times remain shorter for deleterious mutations on the Y
chromosome than on autosomes. This pattern indicates that, even though the few
deleterious mutations that do fix on the Y may segregate longer than those which are
rapidly purged, they are too rare to increase the mean segregation time above that of
autosomal deleterious mutations (see Figure [dk).

4 Discussion

The importance of a unified framework for studying the evolutionary tra-
jectories of autosomal and Y-linked mutations

Understanding how mutation fixation probabilities differ between Y-like chromosomes
and autosomes is essential for explaining sex chromosome differentiation and its evolu-
tionary consequences, including the build-up of genetic incompatibilities contributing
to speciation and the accumulation of sex-linked deleterious mutations underlying
many heritable diseases. Y-chromosome specificities in gene transmission, due to
their lower effective population size as well as their forced heterozygosity, among
other mechanisms, greatly impact the fixation probabilities and mean segregation
times of mutations. To compute these key quantities, we used diffusion approxim-
ations derived from a biparental two-sex diploid Wright-Fisher model encompassing
X and Y sex chromosomes and autosomes. We provided analytical and numerical
tools to derive the mutation fixation probability and mean segregation time from this
unified framework, for mutations evolving under different kinds of selective regimes.

The fixation probabilities and mean segregation times of mutations depend on the
interplay between selection and genetic drift, and their role can be directly estab-
lished through the coefficients of our diffusion approximations. In the Y chromosome
context, no individuals with genotype aa are formed and the fate of the mutation
only depends on the product hsy and on its initial frequency. For example, if hsg > 0,
selection favours the mutation regardless of its frequency, as the diffusion drift term
remains positive for any value of ¢ € [0,1]. Genetic drift counteracts the increase
in mutation frequency driven by selection, especially when the mutation is still rare
in the population. By contrast, the role of genetic drift in the autosomal context
is more complex. While it can also lead to the early loss of the mutation when it
fails to reach relatively high frequencies in the first generations, genetic drift can also
override selection by driving one allele to fixation even in regimes where selection
tends to maintain polymorphism, particularly under strong balancing selection. The
framework we provided allows for direct comparisons of fixation probabilities and of
mean segregation times between autosomal and Y-linked mutations, as time is scaled
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identically before taking the large population limit in the two chromosomal contexts.
In addition, our framework allows us to calibrate the initial frequencies of autosomal
and Y-linked mutations in order to reflect the difference in effective population size
of the two chromosome types.

Recovering classical results in population genetics

Our approach retrieves classical results in population genetics. For instance, deleter-
ious mutations experience higher fixation probabilities on Y chromosomes compared
to autosomes, solely due to the increased genetic drift experienced by the Y chromo-
some. Conversely, we observe that underdominant mutations are more likely to fix
on autosomes than on Y chromosomes for a wide range of parameters (e.g. h < —1,
so > 10). We also show that purely beneficial mutations (e.g. h = 0.1, sp = 100)
can reach similar fixation probabilities in both the autosomal and Y-linked contexts
(Patwa and Wahl, [2008]). Given that mutations arise more frequently on autosomes
due to their larger population size, one might expect a higher overall number of fix-
ations on autosomes in this case, although this conjecture must be nuanced in the
light of segregation times. Indeed, segregation times are often overlooked, despite
their strong influence on the number of fixations actually occurring in a finite time
window. In particular, they are not taken into account by the classical substitution
rate - yet it is essential for properly interpreting the fixation probability results.

The importance of the mean segregation time

These time considerations play a particularly important role in the overdominant
scenario. Indeed, when h > 1 and sy > 0, the mutation is still beneficial in the homo-
zygous state but heterozygotes become advantaged comparatively to homozygotes.
This has no impact in the Y chromosome context, but greatly modifies the behaviour
of the mutation on autosomes, as it becomes disadvantaged once it reaches a high
enough frequency to often appear in a homozygous state. This cutoff frequency is
a metastable state towards which the process (p;);>0 is attracted, as the associated
diffusion drift term is positive when the mutation is rare and negative when it is fre-
quent. Such a metastable state also arises in another overdominant scenario (h < 0
S0 < 0), which explains why we jointly studied these two cases although they looked
different at first sight (the mutant homozygotes being fitter than the wild-type homo-
zygotes in the former case and less fit in the latter case). We do observe substantial
differences between fixation probabilities in the two cases. These arise from the nature
of diffusion processes, which, through rare stochastic excursions, will eventually reach
one of the two absorbing states 0 or 1. What actually distinguishes the two scenarios
is the range within which the metastable state is found: between 1/2 and 1 in the
first case (h > 1, sgp > 0) and between 0 and 1/2 in the second (h < 0, so < 0).
Stochastic excursions away from the metastable state, driven by genetic drift, are
therefore more likely to bring the mutation to fixation in the first case and to extinc-
tion in the second, explaining the discrepancy in fixation probabilities. However, such
excursions are unlikely to be observed in a meaningful timescale. Indeed, we observe
a very large mean segregation time in both cases (e.g. an order of 10 generations for
h = —2 and sy = —100). This leads to a rather similar behaviour in the two cases :
most mutations are quickly purged from the population, while a small fraction reaches
the metastable frequency around which they can oscillate virtually indefinitely. Our
framework for deriving the mean segregation time is therefore crucial in such cases for
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understanding the true evolutionary trajectories of mutations in natural populations.

Comparison of the Wright-Fisher framework to the individual-based sim-
ulations

A consequence of long segregation times is that the theoretical fixation probabilit-
ies sometimes deviate from those obtained through individual based-simulations [A1]
This is expected, as our simulations are capped at 100,000 generations. Therefore,
in cases where the mutation is still segregating at that point, the observed number
of actual fixations is 0. Consequently, our theoretical approach can be used in a first
instance to determine whether performing time-consuming simulations is worthwhile
for a given range of parameters. In addition to scenarios leading to long segregation
times, the other situation where our theoretical results differ from simulations is when
fixation probabilities are small but not negligible. For example, if the fixation probab-
ility is 10~° (which is the case, e.g., for N = 100, h = 0.1, so = 100), the probability
to actually observe a fixation in 10000 simulations is only 10%, and our simulations
indeed ended up without any fixation in this case. This highlights another advant-
age of our theoretical approach: it enables the estimation of small but non-negligible
fixation probabilities in cases where simulations would be prohibitively costly.

Application to the sheltering effect on Y-like chromosomes

Our analyses show that overdominant mutations are overall more likely to fix in ob-
servable time windows on the Y chromosome than on autosomes. This is particularly
true in the case where h < 0 and sy < 0, because the permanent heterozygosity of the
Y chromosome prevents the appearance of the disadvantaged homozygotes aa. Such
protection from homozygous disadvantage by being kept at the heterozygous state
due to linkage to a permanently heterozygous locus (or a locus under strong balan-
cing selection) is often called a sheltering effect (Antonovics and Abrams, 2004; |Jay
et al.,|2024)). Although single point mutations are unlikely to exhibit true overdomin-
ant behavior, both theoretical and empirical studies indicate that large chromosomal
rearrangements that suppress recombination are prone to behave as overdominant
(Berdan et al., |2023)). Indeed, large rearrangements such as inversions tend to cap-
ture multiple partially recessive deleterious mutations, which generate a fitness cost
when they are homozygous. If these rearrangements confer a fitness advantage when
heterozygous due to a lower number of captured recessive deleterious mutations, they
can behave as overdominant with resulting negative h and sg. In agreement with pre-
vious studies, our results show that this type of chromosomal rearrangements follows
distinct evolutionary dynamics on the Y chromosome and on autosomes, with notably
higher fixation probabilities on the Y chromosome over observable timescales, which
may contribute to the progressive cessation of recombination on the Y chromosome
(Hartmann et al.l 2021} (Tezenas et al., 2023 |Jay et al.l 2024} 2025).

Limits and perspectives

Our model focuses on the evolutionary dynamics of one particular mutation (or gen-
omic region) and does not account for the interactions it may have with other parts of
the genome. For instance, Y-chromosome degeneration through the accumulation of
deleterious mutations involves complex mutation interactions, such as Hill-Robertson
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interference or genetic hitchhiking (Bachtrog) |2008]). Our model also does not take
into account possible changes in the mutation fitness (Kimuray, |1962; [Waxman), [2011)),
which can be particularly relevant in cases where the mutation segregates for a long
time. Other works also tackle the inherent limitations of the Wright-Fisher framework
such as the assumptions of a balanced sex-ratio (Shi et al., [2024), a fixed population
size (Otto and Whitlock, [1997; [Engen et al.; 2009) or a large population (Shafiey and
Waxmanl, 2017). Finally, if weak selection can be sufficient to study the deleterious
and underdominant cases, we may want to study mutations with a large impact on
fitness in the beneficial case, leading to frequencies with non-continuous trajectories
(Mavreas et al.| [2022)).

Nonetheless, our framework with continuous mutation frequency variations could be
used to explore several other directions. First, it would be interesting to investigate
the effect of varying population sizes on the relative fixation probabilities between the
two chromosomal contexts and to look for chromosomal context-dependent effects of
population size. For fixed values of h and sg, fixation can be more likely on the Y
chromosome in small populations, and more likely on autosomes in large populations,
for example. One could also study the fate of mutations that survived early extinc-
tion and that are already widespread in the population. It would also be interesting
to work with multi-dimensional diffusions in order to study several interacting muta-
tions. Finally, future studies could derive the allele frequency spectrum of each class of
mutations on sex chromosomes and autosomes. Comparing these theoretical spectra
with empirical observations from Y chromosomes and autosomes may allow the in-
ference of the distribution of dominance coefficients in nature, a long-standing puzzle
in evolutionary genetics, that has yet important implications (see the discussion and
references in (Mrnjavac et al.l |2025)).

5 Conclusion

Overall, our study provides a comprehensive and tractable framework for studying
the evolutionary fate of mutations on Y chromosomes and for establishing relevant
comparisons with the trajectories of autosomal mutations. Beyond simply estimating
fixation probabilities, our results illustrate how chromosome-specific features, such as
permanent heterozygosity and population size effects, interact to shape the dynamics
of mutation segregation and accumulation. Our study underlines the pivotal role of
mean segregation time, which can exceed evolutionary timescales in the overdominant
scenario, causing mutations to become trapped at intermediate frequencies. This
approach offers a versatile tool for improving our understanding of Y chromosome
evolution and lays the groundwork for future studies aiming to dissect the complex
forces governing genome evolution.
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TaBLE A.1: Ratio between the fixation probabilities on autosomes (p;',,) and on the Y
chromosome (p{so) of a single beneficial mutation in a population of size N = 10,000
obtained from our diffusion approximations. Following the results in |Charlesworth
et al.| (1987)), we expect a ratio close to h on each line.

A  Annexes

A.1 Comparison with the results of Charlesworth et al. (1987)

Charlesworth et al.| (1987)) provided tools to compare the fate of a mutation appearing
on an autosome or a sex chromosome. In particular, they compared the autosomal and
Y chromosome contexts in the beneficial and deleterious scenarios using two different
approximations. In this section, we contrast our results with those obtained in [Char-
lesworth et al.[(1987) and discuss the parameter space in which their approximations
provide results comparable to ours.

Actually, Charlesworth et al.| (1987)) studied substitution rates, computed as the rate of
apparition of a new mutation times the probability that it eventually reaches fixation.
These rates are written K4 = 2N1/pf,80 and Ky = NI/p{SO /2 for autosomes and Y
chromosomes respectively, with p,’isa and p{SO representing the fixation probabilities
in the two cases for parameters h and sg. As the rate of apparition of a mutation v is
assumed to be the same in all chromosomes, the total rate at which a mutation appears
on an autosome (2Nv) is thus four times higher than the rate on Y chromosomes
(Nv/2). The main quantity studied in |Charlesworth et al.| (1987) is the ratio R =
Kui/Ky = 4pf_ySO /pKSO. Note also that the selection coefficients they consider are
slightly different for Y chromosomes as the heterozygotes have a fitness given by
1 + s, instead of 1 + hs as in our model. To account for this difference, we will
compare the fixation probabilities for given sets of parameters (h, sg) by fixing h =1
in the Y chromosome context, that is studying the ratio given by pﬁ,s[) /p{sn.

Beneficial mutation

To study the fate of beneficial mutations, |(Charlesworth et al.| (1987) used Haldane’s
branching approximation and obtained a ratio of K 4/Ky = 4h. In order to compare
this result with the ratio we obtain with our approach, we compute the ratio of fixation
probabilities on autosomes and Y chromosomes for different values of sg and h and
compare it to the value of h. These results, for a population of size N = 10,000, are
displayed in Table [AT]]

We observe that the theoretical value of h is indeed recovered when the product hsg
is sufficiently large (hsg > 10). When h and sy approach 0, the mutation is almost
neutral and the fixation probability is given by the inverse of the population size.
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TaBLE A.2: Mean segregation time of a single mutation appearing on an autosome
(Tf}so) and on a Y chromosome (17", ) in a population of size N = 10, 000, considering
different values for sg and fixing h = 1, obtained from our diffusion approximations.

This explains the ratio of 0.25 that we observe in the top left part of Table [A1] Our
framework therefore allows a continuous exploration of the whole range of parameters,
connecting the case of neutral mutations to the case where Haldane’s approximation
holds. Similar results are obtained for populations of size N = 1000 and N = 100, 000.

Furthermore, the classical notion of substitution rate used here does not take into
account the time needed by a mutation to actually reach fixation. While the rates of
fixation on autosomes and on the Y chromosome may be similar in a given scenario,
fixation could happen much quicker on the Y chromosome, thus altering the num-
ber of fixation events actually observed within a given time window. Although our
framework only allows to study the mean segregation time (i.e., the mean time until
fixation or extinction of the mutation) rather than the mean segregation time con-
ditioned on the mutation eventually fixing, it provides nonetheless a good heuristic
indicator.

For example, considering h = 1, one should expect that pfSO & p{SU and thus a
substitution rate 4 times higher on autosomes than on Y chromosomes. However,
we notice in Table [A72] that the mean segregation time is larger on autosomes. In
the beneficial mutation scenario and in absence of strong balancing selection (h < 1),
the mean time to purge is relatively small and of the same order of magnitude in
Y chromosomes and autosomes (below fifteen generations). When the probabilities
of fixation are close together, the ratio of our mean segregation times is therefore a
lower bound for the ratio of the mean times to fixation. In particular, for the set of
parameters (sop = 100, ~ = 0.1), the ratio is bounded from below by 3.6 (in fact, the
simulations presented in Figure actually ended up with a ratio around 5). This
observation reinforces the idea that the mean fixation or segregation times can have
an impact on the actual fixation of the mutation on observable timescales.

Deleterious mutations

In the deleterious mutation scenario, |Charlesworth et al| (1987) used the same diffu-
sion approximation as we do, but performed further Taylor approximations to simplify
the expression appearing in (2.12)). They obtained a simpler analytical value given by
the ratio

pj}? S0 1
gthso ——(Wz f) Al
L e\ .

As sy < 0, the ratio is always below 1, and therefore mildly deleterious mutations
are more likely to fix on a Y chromosome than on an autosome. However, we also see
that, as the ratio should remain positive, this result applies only to the case where h
and sg are simultaneously relatively small.
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(A) Ratio between the fixation probabilities on autosomes (pfys()) and on the Y chromosome
(pfSU) of a single deleterious mutation in a population of size N = 10,000 obtained from
our diffusion approximations.

) %01 100 | =10 | -1 | —0.1
0.1 X | X |019] 025
0.3 X | X 016 024
05 X | X |0.13] 024

1 X | X |004] 023
X | X | X | 016

(B) Values of the theoretical ratio computed in |Charlesworth et al.| (1987) and described in
(A.1). The X’s represent negative values which can not correspond to a ratio of positive
probabilities.

TABLE A.3: Comparison between the fixation probability ratio computed in [Char-
lesworth et al.| (1987)) and that computed with our diffusion approximations, in the
deleterious mutation scenario.

Table compares the formula (A.1)) and our results, again for N = 10,000 and
different parameter values.

We obtain similar values for when the values of h and sy are close to 0. When
the product hsg becomes too large, the analytical formula provided in |Charlesworth
et al.| (1987) becomes negative and cannot be applied. Indeed, when the strength of
negative selection increases, the probability of fixation plummets more rapidly to 0
on autosomes than on Y chromosomes. In this case again, our approach allows to
study the whole range of parameters from close-to-neutral mutations (ratio close to
1/4) to severely deleterious mutations (ratio close to 0).

A.2 Further simulations

In this section, we present further comparisons between simulations and theoretical
results for different parameter regimes, including the four scenarios presented in Table
Figure displays these comparisons, which show overall excellent agreement
between our analytical results and simulations, even for small population sizes (from
N = 100). We observe significant differences in only two situations. First, in some
overdominant scenarios (h = 10, s = 1; h = —1, so = —1), the mean segregation
time can be very large on autosomes (see Section . Since simulations are capped
at 100,000 generations, we are unable to observe fixations within this time window.
Some mutations are still segregating at the end of the simulations, some of which
may be mutations that would eventually reach fixation. Second, when mutations are
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Ficure A.1: Comparison between the fixation probabilities obtained from the dif-
fusions (p;)e>0 and (g)e>o0 and the results of 100,000 individual-based
simulations described in Section [2.5] We study three population sizes N = 100,
N = 1000 and and N = 10000, for which each set of parameter (h,sg) induces differ-
ences in fitness given by 1 for the genotype AA, 14 hsg/N for the genotype Aa and
1+ so/N for the genotype aa, in accordance with . For each N, the simulations
start with a single mutation in a diploid population of size N, and the diffusions
start at initial frequencies po = 1/(2N) and g9 = 2/N. White (resp., gray) triangles
represent the fixation probabilities obtained with the simulations for a mutation ap-
pearing on an autosome (resp., on a Y chromosome), while white (resp., gray) circles
represent the fixation probabilities computed with the diffusion approximations for
a mutatiton appearing on an autosome (resp., on a Y chromosome). The parameter
sets studied include the four scenarios described in Table |1} which are made explicit
by the coloured backgrounds (green for beneficial, red for deleterious, yellow for over-
dominant and blue for underdominant).

deleterious (h = 0.1, s = —100) or underdominant (h = 10, s9 = —1 or h = —10,
8o = 1), we also observe significant differences, especially for the Y chromosome. This
is purely due to statistical sampling, as events with probabilities of 107° to 107 are
unlikely to be observed in 10,000 trials. This underlines an advantage of our analytical
approach, which can provide accurate estimates even for rare events.

A.3 Proofs

In this section, we provide details on the strategy of the proof of the diffusion approx-
imations obtained in Section[2:2]and 23] The key tool we use is the Stroock-Varadhan

Theorem (see, e.g., Theorem 7.1. in Chapter 8 of 2008))). In a second time,

we compute the fixation probabilities and mean segregation times of these diffusions.
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A.3.1 Convergence to diffusions

In Section we encoded the frequencies of a mutation in a population of N dip-
loid individuals by the Markov chains (¢¥),en and (pY),en, respectively in the Y
chromosome and autosomal contexts, and we described their dynamics.

As for large N values, the allele frequency change between two generations has a
variance of order (’)(1 /N )7 we use the classical strategy of accelerating time and work
with the rescaled processes (pJLVMJ )i>0 and (quth )i>0 defined in Section [2.3] They are
piecewise constant continuous-time processes evolving in a sped-up timescale where
1 unit of time corresponds to N generations.

Our goal is to show that, as N — oo, (pJLVNtJ)tZO and (qufwj)tzo converge towards the
diffusion processes described in (2.10) and (2.11)).

To this end, we apply Theorem 7.1 in (Durrett, (1996 chap. 8), which helps com-
pute the coeflicients of the limiting diffusions through the one-step changes in fre-
quencies that we already derived in Section Since (¢Y)nen and (pY),en are
time-homogeneous, it is actually enough to compute the changes in expectation and
variance of the frequencies in the first generation, conditionally on the initial fre-
quency.

More precisely, the conditional expectation of the variation of the frequency from
generation 0 to generation 1, multiplied by a factor N, converges as N — oo to the
drift coefficient of the limiting diffusion. Similarly, the conditional variance of the
variation of the frequency from generation 0 to generation 1, multiplied by a factor
N, converges as N — oo to the variance coeflicient of the limiting diffusion. We
therefore compute these quantities.

The Y chromosome case

Denote, for each N € N, B¥ = hsV = hsg/N and w® = 1+ ¢lYpY. In the Y
chromosome context, we have seen in (2.9) that conditionally on ¢{¥ € [0, 1], we have

gy = 2NN /N with
N ¢y (1+pN
NY ~ Binomial —,M .
2 whN

1 1
(W)™t =1—-g'BY +O<ﬁ) and (wN)2 = 1 - 24V gV +O<ﬁ>7

we have that

NN
Ela) — a']a)’] :E[ ¢ ]—Qév

N/
@+ pN) N
- wN 4o

=qév(1+6N)<1—qéVBN+O(]$2)> —a
= 8V (1 - ) +0(53)
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1 N N 1
= hsoad (1= ") + 053 )- (A.2)

1084 Similarly we obtain that:

El¢ —a')’|a0] =E[(¢1)’|a] — 260 E[a|a0'] + (a0")
N N
- % {Var<z)\§/2) +E[J)\§/2H —20)'Elqf |ag'] + (a3")?
4
N2

[Nqév(lJrﬂN)lQ§+(NQSV(1+5N))2}

2 wlV whN 2 whN
N N
g (1+8
o L e

= 2 M- ) (1- 2076 + o))

F@ 8N (1-28%a) +0( 5 )
2020+ 8 (1 8Va) +0(53)) + (@)

= 20 -a)+0(5g) (A.3)

s Multiplying the expressions in (A.2) and (A.3) by N and letting N tend to infinity,
wss  the terms of order (9(1 /N 2) vanish and we obtain respectively the drift and variance
e coefficients of the diffusion defined in ([2.11)).

wss  Autosomes

Because it simplifies the computations, we consider the Markov chain (5% ),en de-
scribing the frequency of the ancestral allele A and compute the coefficients of the
associated diffusion (p;)¢>0. Similarly to the expression , we have that condition-
ally on its initial frequency p{),

5 = 2Vaa + Nag
! 2N ’

where

~N\2 2~N 1— ~N 1 N 1— ~N\2 1 N
(Naa, Naa; Naa) ~ Multinomial(N; (pON) ; po ( pON)( +5 )7 (1 —pg )1\5 +s )>
v v v

In the previous expression,
oM = (30)? + 266 (1= 5o )+ BY) + (1= 5 )* (1 + sY)

e can be written vV = 1+ sV K with K = 2hp) (1 — p¥) + (1 — p))? being of order
wo  O(1). Following the same steps as in the Y chromosome context, we compute that

Naa+ %NAa:| ~N

E[ﬁiv—ﬁév|ﬁév}=E[ ~ ~ 5

= (@24 0=+ ) (1- K +0(55) ) -
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= sV [h(1 - BY) — ]+0(N2>

= ool =) -2 - +0(55). (A9

and that

E[(p))*|py] =E [(NAA }zéNAa)gl

1
ZIE[NAQ]2
a b v 6

c

1 2 1
=2 [V(NAA) +E[Naa] + ZV(NAa) +

+COV(NAA,NAQ)Jr]E[NAA]E[NAa] }
¢ f

Computing each term separately, we have that

o 1m0 @)
N2 N N vV

(Y2260 (1 — B+ BY) + G2 — 5)2(1L — sV) (1 ok +0(N2))

()~ ) +0(553).

N2z (V)2 = (]5(1)\])4(1—23NK+O<]\12)> = (pNH*a —2K3N)+(9<%)7

- 1w ARt AT 2o (- Fe)+ ATy

N2 N4 N oN
_ 1 (@) +8Y) () + (1) (1 + M)
- 4N oV oN

= oy (e - vt -2+ o(y) ) (1-267 1 0(55))

= 2 — 6 + 8N — 4 + 0(573).
o 1 (2P0 (1 = pd) (1 + 8Y))?
N2 4 (V)2
:< 21 —pi) +2ﬁNﬁéV(1—ﬁéV)+(’)(12)>(1—2K5N+(9<J\}2))
= )P0 - ) — 2KV (1 - )+ 28N P - 3 + 0(553).
1) R ) Y)
N2 N N oV

—% (2(@g)3(1 — ) + O(]b)) (1 _oKsN 4 O(;z))

_ _%g@éﬂg(l—ﬁév)w(%)v
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and finally

fo_ )% (2p0"(1 —pp)) (1 + BY)

N2 N oN

= -0+ (1- 28" + 0 1) )

5 5 - . _ ) 1
— 21— ) + B2 - ) — VK- ) + O ).
Using (A.4), we also have that

—2p0 E[pY B ] = =260 (B0 + BBy (1 —py’) — sV KBY)
—2(p0)? — 2By ) (1 — ) BN +2(5) )2 K s,

and we finally obtain

E[(Y — 50 )%|p0 ] =E[(3)[50 | — 200 E[pY |50 ] + (B0')°
= e () +0(53). (A.5)

Once again, multiplying both results (A.4) and (A.5) by N, we obtain that the diffu-
sion p; describing the frequency of the ancestral allele A is given by

dpr = sopt(1 — pe)[P(1 — 2p¢) + (1 — py)]dt + % pe(1 —pr) dBy. (A.6)

Using that p, = 1 — p; at any given time ¢ and plugging this relation in (A.6) (noting
that (B;)i>o 4 (—B4)i>0), we recover for (p;);>o the equation (2.10).

A.3.2 Fixation probabilities and mean segregation times

Now that we have derived diffusion approximations for the trajectory of mutation
frequencies in our Wright-Fisher model, in the Y chromosome and autosomes contexts,
we apply classical results on one-dimensional diffusions to derive two key quantities.
First, we compute the fixation probability as the probability that the diffusion reaches
the absorbing state 1 before being absorbed at 0. Second, we compute the mean
segregation time as the average time the diffusion spends away from the absorbing
states 0 and 1. To do so, we follow the approach described in Section 3.3 in [Etheridge
(2011)), and compute the scale functions S, and S, for the diffusions. We obtain, for
every = € (0,1),
Sq(w) = C1(Cy — e~ ")

and
Sp(z) = Cs/ exp(—2so(1 — 2h)y* — 4hsoy)dy = 03/ Gh.so (Y)Y
0 0

The constants C7, Cs and C3 depend explicitly on the parameters i and sg. As they
cancel out in the formulae below, we do not make their values explicit. Lemma 3.14
in [Etheridge (2011)) then allows us to compute the following fixation probability.

Sq(q0) = S4(0) _ 1 — e heom

Qq, (a becomes fixed) = S,(1) = 5,(0) ~ 1—e Fwo
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which yields the expression ([2.13)). This result was expected in the light of the classical
Wright-Fisher model with selection. Similarly, we have that

Po
. / 9h,so (y)dy
P,, (a becomes fixed) = Sp(po) = 5,(0) =<0
/ 9h,s0 (y)dy
0

)

Sp(1) = 5,(0)

which indeed corresponds to (2.12)).

Define now T;SSO (resp. T,Z s,) as the expectation of the first time at which p; (resp. g;)
reaches the absorbing state 0 or 1, when the selection parameters are given by h and
so and the initial frequency by po (resp. qo). Applying Theorem 3.19 in (Etheridgel
2011}, p.44) with the test function g(z) = 1, we obtain that the mean segregation time
in the Y chromosome context is given by

Sy(1) = Sy(x) [P 1—e &
Sq(l) - Sq(o) 0 5(1 — f)ﬁoe*ﬁoﬁ

T

SQ( ) - Sq(O) T o=&Bo _ o=bo
ot Sq(1) = S4(0) /0 €1 - 5)506%056%'

Y
Th,so -

Writing
1

5(1 - g)gh,so (f) ’

we obtain the following expression for the mean segregation time in the autosomal
context:

ma(§) =

— T x 1
Tt =4 gﬁgi_gﬁoi ; mA(ﬁ)/£ Gn.so (y)dyds
x) — 1 3
v [mae [ gh,sO<y>dydg].
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