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Standing waves of the Anderson-Gross-Pitaevskii equation

S. Mackowiak*f
samael.mackowiak@univ-lorraine.fr

Abstract

In this paper, we study standing waves for the Anderson-Gross-Pitaevskii equation in di-
mension 1 and 2. The Anderson-Gross-Pitaevskii equation is a nonlinear Schrédinger equation
with a confining potential and a multiplicative spatial white noise. Standing waves are charac-
terized by a profile which is invariant by the dynamic and solves a nonlinear elliptic equation
with spatial white noise potential. We construct such solutions via variational methods and
obtain some results on their regularity, localization and stability.

1 Introduction

In this paper, we are interested in particular solutions of the Anderson-Gross-Pitaevskii

0+ Hu+ &u+ MMu|* u=0

(1.1)
u(0) = uy,

of the form u(t, z) = e™!¢(x), where H = A — |z|? is the Hermite operator, ¢ is a real spatial white

noise, A € R and v > 0. Such a solution is called a standing wave of (1.1) of frequency w € R and

profile ¢. The study of standing waves is motivated by the modeling of Bose-Einstein condensation.

In fact, (1.1) can be seen as a perturbation of the Gross-Pitaevskii equation

0+ Hu+ Xul”  u=0

(1.2)
u(0) = wo,

by a white noise potential. In the study of Bose-Einstein condensation, (1.2) appears as a mean-
field limit of the many body Schrédinger equation, the nonlinear term appearing as a consequence
of particle interactions [11]. Adding a random potential in (1.2) can be seen as a way of modeling
spatial inhomogeneities (see for example [17, 21] and references therein), thus one can see (1.3)
as a toy model of Bose-Einstein condensation in inhomogeneous environment with zero correlation
length. In this context, at least formally, (1.1) has two conserved quantities physically relevant, the
mass

1
M(u) = 3 /]Rd lu|?dz
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and the energy

E(u) = ~(—(H + E)u,u) -

A 2
ul>7dz.
2 2’}/ + 2 /Rd | |
Standing waves of (1.1) then appear naturally as solutions of minimal energy at fixed mass. For-
mally, if ¢ minimize the energy at fixed mass, by a Lagrange multiplier argument, there exists
w € R such that

—(H+ 8o = Ao|"¢ +we =0
and u(t, ) = e™!¢(x) is solution of (1.1).

In dimension 2, it is known from [37, 36] that (1.1) should be interpreted in a renormalized sense.
This renormalization has to be taken into account in the study of standing waves. The construction
of the renormalized operator has been conducted in [36] and will be recall in Section 2.5. The
renormalized operator is defined through an exponential transform inspired by the one introduced
in [27] to study the continuous parabolic Anderson model, and later used in [13, 51, 52] to solve the
Anderson nonlinear Schrédinger equation on the torus T? and in [12, 14] to solve the same equation
but on the full space R%. Let Y = (—H)~!¢, it is almost surely of regularity 1—, so one can define
p =eY and search for a formula for (H + &)u when u is of the form u = pv. A formal computation
gives

(H+&u=p(Hv+2VY -Vo+aY -av+ [VY[?0).

Unfortunately, VY is of regularity 0—, thus the product |VY|? barely fails to exist. In [37], the
author proved that the wick product :|[VY|%: can be defined as the almost sure limit, in suitable
distribution spaces of regularity 0—, of

IVYn|? = E[[VYN|?],

where Yy is a suitable regularisation of Y. Thus, the renormalized operator can be formally
defined as
(H+&u=p(Hv+2VY -Vo+zY - azv+:|VY|>w).

The rigorous construction of H + £ rely on the associated quadratic form.

Even in dimension 1, the construction of H + £ is not straightforward as £ is not a func-
tion. On compact interval with no potential, 92 + ¢ has first been constructed in [20] using its
quadratic form and has been studied in [15] using a twisted Sturm-Liouville approach, allowing
to construct 92 + ¢ on unbounded interval too. In Section 2.4, we propose a construction of
H + £ as a self-adjoint unbounded operator through its quadratic form. Proposition 2.16 shows
D(H + &) = D(92 + €) N D(|x|?), where 92 + £ is the unbounded self-adjoint operator on L?(R)
constructed in [15] and D(|z|?) = {u € L3(R),zu € L*(R)}.

We are then interested in standing waves for

(1.3)

0+ Au+ A|ul* u=0
u(0) = ug,

in dimension d € {1,2}, where A = H + £. As A is independent of time, standing waves u(t, x) =
el“to(x) solves (1.3) if and only if ¢ is solution of

—Agp — No|*"p +wep = 0. (1.4)



This paper aim to construct standing waves in presence of a white noise potential and present some
of their properties.

When ¢ = 0 and H = A, standing waves are well-known object. See for example [43, 5, 49]
for existence, [5] for non-existence, [22, 34] for uniqueness and [4, 10, 9, 54, 23, 24| for results on
stability. Let us stress out many of these results relies on the particular structure of (1.4) in this
case, which is not preserved in presence of potentials. When £ = 0 and H = A—V with V a regular
and potentially unbounded potential, we refer the reader to [33, 18, 28, 29, 19, 38, 47, 26, 45| and
references therein for many results on existence, uniqueness, localization and stability.

Nonlinear elliptic equations in presence of white noise potential on compact manifold have been
studied in [3] using mountain pass methods and in [55] using constraint minimization. In both [3,
55|, the Anderson operator A+¢ is constructed using paracontrolled calculus. We will present here
the construction of solution of (1.4) through constraint minimization, namely energy minimization
at fixed mass and action minimization. This allow to construct a positive solution of (1.4) whenever
such a solution exists.

Theorem 1.1. Let d € {1,2}, \,w € R and v > 0. Denote by pg the lowest eigenvalue of —A. In
each of the following situation, there exists a positive solution of (1.4) in D (\/| |),

e A>0 and w > —pug,

e A=0 and w = po,

e A< 0 andw < —pugp.
In every other cases, there is no non-trivial non-negative solution in D <\/| \)

In order to do so, we use constrained minimization methods. In Section 4, we study the mini-
mization of energy at fixed mass and prove the following result.

Theorem 1.2. Let d € {1,2}, \,w € R, v > 0 and A be the self-adjoint operator constructed in
Sections 2.4 and 2.5 with £ a spatial white noise, DV? = D(\/|A|) and D~1? its dual. For u € D2,
we define the mass as

1
M(u) = 5 /]Rd RE

and the energy as
1 A
g(u) = §<—AU,U>D71,2,'D1,2 — 27 D) /Rd |u|27+2dx.

Then, it holds

1. For A <0, for any m > 0, there exists ¢, € DV2 such that ¢, > 0 and

argmin &£(u) = {ew(ﬁm, 9 €R}.
ucD!?
M(u)=m

2. ForA>0and~y < %, for anym > 0, there exists ¢, € argmin E(u) such that ¢, > 0.
u€DV2, M(u)=m



3. For A >0 and v = 2, there exists m. x(Z) > 0 such that for allm € (0,m. \(E)), there exists

ém € argmin E(u) such that ¢, > 0. Moreover, there exists m, (Z) < m}(2) < m}
ue€DLH2, M(u)=m
such that
Ym >m3(E), inf E(u)=—o0,
u€D1,2
M(u)=m

where m3 is the critical mass of the classical nonlinear Schrédinger equation (i.e. without any
potential).

4. For)\>0and7>%,foranym>0,

inf  &(u) = —o0.
UEDI,Q
M(u)=m

It is classical that the set of minimal energy states of fixed mass is stable in D'2 for (1.3). In
particular, Theorem 1.2 implies the orbital stability of the ground-state ¢,, in the defocusing case
(A < 0). Propositions 4.2 and 4.5 show that, for A < 0 or 7 < 2, energy minimization at fixed
mass provide positive solutions of (1.4) for any possible value of w. We also prove the small mass
asymptotic of ¢, and its frequency w,,.

In Section 5, we investigate the minimization of action S, = £ + wM. In the focusing case
(A > 0), one easily verifies the action is not lowerbounded. We thus introduce the Nehari manifold
and show the following result.

Theorem 1.3. Let d € {1,2}, \,w € R, v > 0 and A the self-adjoint operator constructed in
Sections 2.4 and 2.5 with & a spatial white noise. Let DY? = D(\/|A|) and D~1? its dual. Denote
by po the smallest eigenvalue of —A. Let w > —pug and define

S, =& +wM
and
N, = {U S ’Dl’z\{O}, <VSMU,U>D—1,2,DL2 = 0} .
Then, there exists ¢, € argminS,, such that 1, > 0.

w

Let us stress out an important property of solution of (1.4) compared to the noiseless case. In
presence of white noise, standing waves have a limited Sobolev regularity.

Theorem 1.4. Letd € {1,2}, \,w € R and v > 0. Almost surely any solution u of (1.4) belongs to
W2-g—4 for all g € [2,4+00), where W*1 spaces are defined in Section 2.2. Moreover, almost surely
any solution u of (1.4) which belongs to H2=24(U) for some open set U C R and q € [2, +oc]
vanishes everywhere in U.

2 Preliminaries

2.1 Notations and conventions
o N=1{0,1,2,...} and N* = {1,2,...}



d € N is the space dimension

A =37 02 is the laplacian

Jj=1"z;

For x € R?, |z|? = 2?21 2% and (2)? =1+ |z|?

For o € N%, |a| = Z?zl aj and 0% = Hd dz). We write o < B of a; < 3 for all 1 < j < d.

j=1"Zj
Let £ C R% then 15 : R? — {0,1} denotes the characteristic function of E.

For p € [1,+00) and a borelian U C R%, LP(U) denotes the set of measurable functions
f : U — C such that |f|? is Lebesgue-integrable on U, modulo almost everywhere equality.
Likewise, L°°(U) denotes the set of function bounded almost everywhere on U, modulo almost
everywhere equality. When p = 2, we endow L?(U) with the inner product

Vg€ LX(U), (f.9)iz = Re /U f(@)g(@)de.

Moreover, for p € [1,+00], LT (U) denotes the set of measurable functions f on U, such that

for any compact set K C U, flx € LP(U).

Let E be a Banach space, p € [1,+oc] and U C R? be a borelian. Then LP(U, E) denotes the
set of measurable functions f : U — E such that |f|g € LP(U).

We denote by C°(R?) the space of smooth and compactly supported functions on R¢ and by
D' (R?) its dual, that is the space of distributions on R?, endowed with the real bracket,

T(z)gb(:v)dx) .

d

T € L (RY), % € C2(RY, (T, 0hor = Re [
R

We denote by S(RY) the Schwartz space on R¢ and S’(R?) its dual, that is the space of
tempered distributions on R<.

For s € R and p € (1, +00), the Sobolev spaces are defined as
H? = {u e S'(RY), F~! ({n)*Fu) € LP(RY)}
endowed with the norm
lulysr = |F 71 () Fu) |,
where F is the Fourier transform. For p € {1,400} and k € N, they are defined as
HF? = {u € LP(RY), Va € N4, |a| < k = 0“u € LP(R?)}
and extended by complex interpolation for s > 0. We also use the notation H® = H*2.

Let F be a Banach space, we write | - |g its norm, £L(E) the set of continuous endomorphisms
on E, and for F another Banach space, L(E, F) the set of bounded linear maps from E to
F. In particular, the dual of F, defined by L(E,R), is denoted E' = L(E,R), and the duality
bracket is defined as follows:

Vee E,VfeFE (fie\gr.p = f(e).

We write A < B if there exists a constant C' > 0 independent of A and B such that A < CB.
We write A~ Bif A < Band B < A. If C depends on a parameter 6, we may write A <y B.



2.2 Hermite-Sobolev spaces

We denote by H = A — |x|? the Hermite operator. It is well-known that this operator has eigen-
functions (hg)ken verifying the relation —Hhy, = AZhj where A2 ~ ckd. Moreover, (hi)ken is a
complete orthonormal system of L?(R? R).

Let s € R and p € (1,400) and define
WP = {u € S'(R?), (—H)2u € LP(R?)}
endowed with the norm ,
ulwgr = [(=H)>ulp.

It is known that these spaces are Banach spaces and that for ¢ such that % + % = 1, we have

(W*P) = W~%9 with equal norm. Moreover, the subspace Span {hy,k € N} is dense in W?*9-
spaces (see for example [6] for the case s > 0) and for s > 0, an equivalent norm is given for
p € (1,4+00) by (see [16])

[ulwes % Juluze + (@) ulgz.

This shows W*? = {u € H*?(R?), (z)*u € LP(R?)} . Using the norm equivalence, we define WP
with p € {1,400} as
W2 = [y € H*?(R?), (z)*u € LP(R?)}

endowed with the norm
[ulyzr = lulyzr + |() 2l

and extend this definition to s € [0, 2] by complex interpolation. Moreover inspired by the relation
(W) = W=54 for s € [~2,0), we define W*>® = (W*S’l)/. As usual, we cannot define spaces
of negative L' regularity as dual spaces of positive L™ regularity.

Remark 2.1. We do not claim that the first definition of W*? agrees with the one we give for
spaces over L' and L>°. We use the same notation for simplicity as we will always control /%>
norms by Sobolev embeddings.

The choices we made ensure us that we can interpolate between spaces of positive regularity and
some other convenient properties that we need in our analysis. For example, our choices allow us to
have a simple product rule on our spaces, whose proof follows from Leibniz rule, Hélder inequality
and complex bilinear interpolation. We start with product rules, recalling an important estimate
going back to Kato and Ponce [32].

Proposition 2.2. (Theorem 1.4 in [25]) Letr € (1,400) and s 2 0. For any 1 < p1,q1,p2,q92 <
+o00 with + = 1% + % (5 € {1,2}), there exists C > 0 such that, for any f € H>P* NLP2 and any
g € H»®2 NL% | 4t holds

s <C(f

|fg et |glua + [ flLes |gluee ).

The proof of Lemma 2.3, Corollary 2.4, and Propositions 2.5 and 2.7 below are given in [37].

Lemma 2.3. Let s >0 and 1 < p,q,r < 400 such that % + % = % There exists a constant C' > 0
such that for all w € W*P and v € H®?, we have uv € W*" and |uv|ysr < Clulysr|v|gaa.



Corollary 2.4. Let s > 0, 1 < p < 40 and 1 < ¢q,r < +00 such thatl—%—i—% =1- %
There exists a constant C > 0 such that for all w € W™" and v € H*Y, we have uv € WP and
[uv|yy-sp < Clulpy—s.|v|gs.a.

On W#*1 spaces, derivation and multiplication by a power of (x) act directly on the regularity
exponent.

Proposition 2.5. (see Corollary 2.5 in [37]) Let s € R, j € {1,2} and q¢ € (1,+00), then
8j,:vj € E(Ws’q,wsil’q).

The following corollary follows from Proposition 2.5 by Stein’s complex interpolation method
[48, 53].

Corollary 2.6. Let a >0, s € R and g € (1,4+00). Then, (z)* € LWL, W~ *1),

The Sobolev-Hermite spaces verify some continuous embeddings as in the classical Sobolev
framework. We will also refer to these embeddings as Sobolev embeddings.

ops . 1
Proposition 2.7. (Sobolev embeddings) Let 1 < p < ¢ < +00 and s > o such that i 5 <

1_
q
Then W*P is continuously embedded in W 4. Moreover if 1 < p < q¢ < +00 and s > o such that

% -5< % — % and o € [-2,2] if ¢ = +o0, then W*P is compactly embedded in YW9.

a
R

We can also gain integrability for the elements of W*2, using the trade-off between localization
and regularity in confining Sobolev spaces.

Proposition 2.8. Letp € [1,2] and s,0 > 0 such that s > o +d (% - %) Then W42 is compactly
embedded in WP,

Proof. The compactness of the embedding follows from the sharpness of the condition s > o +

d (% — %) and the compact embedding W*? C W*~%2 for any € > 0. Assume o = 0 first and let

u € W*2. Then, by Holder’s inequality,

i < (@)~ e

L”

for L =2 —3 Ass>d (% - %), sr > d and thus |(z)~*|;, < 4+o0. This proves the case o = 0.

The case o € 2N follows from Proposition 2.5 and Corollary 2.6. Finally, the general case o > 0
follows by complex interpolation. O

2.3 White noise
A real centered gaussian random field {(¢,¢), ¢ € S(RY)} defined on (2, A, P) is called a white

noise if it verifies the Wiener isometry

Vo, € SRY), E[(&, ¢)(£,¥)] = (¢, ¢)12,

allowing to extend it as an isometry ¢ : L#(R%) — L2(Q). For any orthonormal basis (e,)nen of
L2(R%), one can show

§= Z<£7 6n>6n,

neN



where the series converges almost surely in any Hilbert space L2(R?) c H C D'(R?) such that the
canonical embedding of L2(R%) in H is Hilbert-Schmidt (see for example Proposition 13.5 in [42]).
Recall that a bounded linear map T : Ho — H; is Hilbert-Schmidt if there exists an orthonormal
basis (e, )nen of Ho verifying

Z |Ten|3, < +oo.
neN

If this sum is finite for some orthonormal basis, it is then finite for every orthonormal basis, with
the same value. This shows, almost surely, ¢ is defined as a random Schwartz distribution. We now
investigate the regularity of ¢ in confining Sobolev spaces. We introduce the kernel of (—H)™!,

Ve,y e RY K(z,y) = Z M (2.1)
neN n
The following lemma extends Proposition 4 in [7] which deals with the case d = 2.
Lemma 2.9. Let d € N* and q € [2,+00]. For any a <2— 4 — g, K e LIWg2.
Proof. We only prove the cases ¢ = 2 or ¢ = 400, as the general result follows by complex interpo-

lation. First, assume ¢ = +o00. Let o > g, then Sobolev embeddings implies

Vf € S(RY), sup
zERY

g K(w,y)f(y)dy‘ = [(~H) " fl e S |H) T e S 122

By density of S(R?) in W~22 it holds K € LZOWyQ_“Q. Now, assume ¢ = 2. Then, using the
Kernel theorem,
a_ 2 a—
B g = D N(—H) 3 e = 3 A
keN keN

Thus, K € L2W? if and only if & < 2 — d, as A} ~ k.
O

Corollary 2.10. Let d € N*. Almost surely, for any q € [2,+0], s > % >o0,€€ W_%_S*q, and
EgWTEon,
Proof. By Sazonov’s theorem, almost surely

. d
EeW 792 s>

as the injection of L2(R%) in W~2~2 is Hilbert-Schmidt if and only if s > 4. Moreover, by
Proposition 2.8, for any ¢ € [2,+0o0] and any o < g, W—5-94 ¢ W-42  Thus, almost surely,

for any ¢ € [2,400] and any o < g, ¢ W~—%-94_ In particular, almost surely ¢ € S’'(RY). Let

N,M € N and
N
§N = Zgnhn-
n=0



Almost surely, £y converges to & in S'(R?). Assume N > M. Let q € (2,+0c0) and a € R, then by
Fubini and gaussianity, it holds

E[lén — Emliyond] = /]Rd E U(—H)%@N - SM)(x)H dz

[MIS)

q N
a 212 o
S [ Ellemien -an@f] de 5 [ 3 Bih@P| do
R4 RY | =nry1
Now, remark
K (@) [fyee = D N7 (@) 2,
neN
thus for € > 0 small enough,
E H§N - §M|(11/va«1] Sq )‘stlK‘igW5+a+e,2-

For a = —g — s, one can choose € > 0 such that a + ¢ < —% — g and Lemma 2.9 ensures
|K|Iliqw2+a+5'2 < 4o00. Hence, £y converges to £ in 1LI(£2, W_%_S*q) and £ € W25 as. The case
q = +oo follows from Sobolev embeddings. O

2.4 Confining Anderson operator in dimension 1

A first approach to define A = H + ¢ could be to follow the one used in [15, 39]. Recall that, in
dimension 1, £ = B’ where B is a brownian motion on R. Thus, for u "sufficiently regular" a formal
computation gives

Au ="+ B'u — 2*u = v + (Bu) — Bu' — 2*u = (v’ + Bu) — Bu' — z*u.

This formal computation allows to define A, in a distributional sense, on the set of absolutely
continuous functions as

A:u€ AC(R) ~ (u' + Bu)' — Bu' — z*u € D'(R).
In order to define it as an unbounded operator over L?(R), one can define it on
Dy = {u € L>(R) N AC(R), v’ + Bu € AC(R) and (v’ + Bu)' — Bu/,z*u € L*(R)},

but showing (A, Dy) defines a self-adjoint operator is then a bit difficult. In order to circumvent the
difficulty of the Sturm-Liouville approach, one can try to define A = H + £ through its quadratic
form. This idea goes back to [20] where they constructed the quadratic form of 92 +¢ with Dirichlet
conditions on bounded intervals. The construction we present extends to any distributional poten-
tial £ € W™ with x € (0,1).

A formal integration by part gives

(—(H + &u,v) = (—Hu,v) — (Eu,v) = Re/Ru'?Jr r*uvdr — (€, ).



Define the symmetric bilinear form

Yu,v € W2 a(u,v) = Re/ w'V + 2?uvdr — (€, T0)yy-1.00 1. (2.2)
R

Using Cauchy-Schwartz inequality and Lemma 2.3, it holds
Va0 € W2, Ja(u, )] S (1 €1 [ulwr 2 o]z,

It shows the symmetric bilinear form a is bounded on W'2. In order to apply Theorem 6.2.6 in
[31] and construct —A, it would be sufficient to prove that a is coercive. Unfortunately, it is not in
general but it is quasi-coercive.

Proposition 2.11. There exists 6 = §(£) > 0 such that
1,2 2 Lo
Yu e WH=, a(u,u) + (5|U|L2 > §|’U/|le
Proof. Remark for any u,v € W2 as £ € W= with & € (0, 1),

<f, "U/|2>W—1,oc’wl,1 = <§u,u>W7~,2’W~,z

and duality and Corollary 2.4 imply

(Eu, u)y—rz yymz ]| S 1€l w—rooe [ulFpn.e.

By interpolation and Young inequality, there exists 6 > 0 such that

1
[(§us uhyy—rz yym2| < 5|U|3v1,2 + ulfs,
thus 1
a(u, u) + 8lulfs > §IU\2W1,2-
O

We can then apply Theorem 6.2.6 in [31] to construct —A + § as a positive self-adjoint operator
on

D(A) ={ueW"? 3C >0, V¢ € W"?, |a(u, )| < C|¢|r2} .

As W2 is compactly embedded in L?(R), A has a discrete spectrum.

Using the exponential transform introduced in [27] and extensively used in the 2d case [13, 12,
14, 52, 51, 37, 41], we can obtain an exact definition of the domain. Let Y = (—H)~ !¢, then
Y € HY*. Then one can define p = e¥ € H">* and for any u = pv, it holds formally

Au = p(Hv +2Y"V + zY - zv + |V [0). (2.3)

This formula is true for any u = pv € W2 (recall Lemma 2.3 implies pW12 = W'2) and the we
deduce an explicit definition of the domain.

Proposition 2.12. Let Y = (—H)7'¢ and p = e¥. Then D(A) = pW?2. In particular, for any
u € D(A), z%u € L2(R).

10



Proof of Proposition 2.12. Tt is easy to check pWW*?2 C D(A) from (2.3). We now show the converse.
As D(A) C W2, for any u € D(A), v =up~! € W'? and there exists f € L*(R) such that Au = f.
Using (2.3), it is equivalent to

Hv=p 'f—2Y"V — 2®Yov — |Y'|?0.

Remark Y/, 2Y € L>(R) and v,v’,zv € L*(R), thus Hv € L*(R) i.e. v € W2,

Inspired by this result, we define
Vs € [0,2), Vp € (1, +00), D*P = pW*P and D~>P = (D7), (2.4)

with 1% + i =1

Remark that in dimension 1, W1 ¢ HMY(R) € L°°(R), thus for any p € (1,+oc], LP(R) C
W5 and the previous construction applies to A + W with W € LP. Proposition 2.13 below
shows the domain of A is stable under the perturbation by a potential in L?(R,R) + L*°(R,R).
Recall that LP(R,R) C L?(R,R) + L*°(R,R) for any p € [2,+o0], thus, Proposition 2.13 provide
the stability of D(A) under a quite large class of perturbations.

Proposition 2.13. Let W € L?(R,R) + L*®°(R,R). Then (A+ W,D(A)) is a self-adjoint operator.

Proof. By construction D(A4) € W2 C L%(R) N L*°(R). Thus, for any W € L2(R,R) + L*°(R, R),
A+ W : D(A) — L2(R) is well-defined and symmetric as W is real-valued. As W € W~z
there exists D(A + W) € W2 such that (A + W,D(A + W)) is a self-adjoint operator. Thus,
A+ W : D(A) — L*(R) implies D(A) € D(A + W). Likewise, using A = (A+ W) — W and
D(A+ W) C L2(R) N L*(R), one obtain A : D(A+ W) — L2(R), thus D(4) = D(4 + W). O

Moreover, one can show simplicity of the spectrum using an elementary ODE argument.

Proposition 2.14. Let W € L?(R,R) + L>®°(R,R). The spectrum of —A+ W is simple. Moreover,
— A+ W the eigenfunction associated to the lowest eigenvalue can be chosen positive.

Using Sazonov theorem, one can prove a maximal local Sobolev regularity for elements of D(A).

Corollary 2.15. Almost surely, any u € D(A) which belongs to H%’q(I) for some interval I C R
and g € [2,+0o0] vanishes everywhere on I.

Proof. Recall Y = (—H) !¢, We work on the event

Q= {Y eH">*®)}n (N {g ¢ H 3 ([r—r”,r+2ﬂ)}

reQmneN

which is of probability 1 by Corollary 2.10, Sazonov theorem and Sobolev embeddings. By Propo-
sitions 2.5, 2.7 and 2.12 and Corollaries 2.6 and 2.10, D(A) = pW?>? with p = e¥. Let v € W?>?
such that v|; # 0 and u = pv € H%’q(I ). Without lost of generality, one can assume I is bounded
and thus u = pv € H2(I). Then, v/ = p(v' + Y'v) € Hz(I). As p € H->°(I) and v/ € H!(I), it
implies Y'v € H2(I). As v # 0 and W22 C C'(R), there exists a compact interval J C I and
¢ > 0 such that

Vo € J, ju(z)] > e

11



Thus v=! € L*>(J) and (v_l)/ = —v~%' € L*(J). Hence v=! € HY*°(J) and by Kato-Ponce
inequality, Y/ € Hz(J). As 22Y € L>(J) c L2(J), it holds £ € H™2, which is impossible on Q.
Thus vy =0, i.e. uj;y = 0.

O

As already mentioned, we could have defined A = H 4 ¢ as in [39, 15|, using £ = B’ where B is
a brownian motion on R and the formal Sturm-Liouville formula.

Au ="+ B'u — 2*u = v + (Bu) — Bu' — 2*u = (v + Bu) — Bu' — z*u.

This formal computation allows to define A, in a distributional sense, on the set of absolutely
continuous functions as

A:ue AC(R) = (u' + Bu)' — Bu' — 2*u € D'(R).
In order to define it as an unbounded operator over L?(RR), one can define it on
Dy = {u € L>(R) N AC(R), v’ + Bu € AC(R) and (v’ + Bu)' — Bu/,z*u € L*(R)},

but showing (A4,Dg) defines a self-adjoint operator is then a bit difficult. However, when A is
already defined as a self-adjoint operator, verifying that D(A) = Dy is easier. Indeed, for u € D(A),
Proposition 2.12 implies u is sufficiently regular so that

Au = Hu + éu = (v + Bu) — Bu' — z%u

holds in D' (R).

When there is no noise, it is known that D(—92 + 2?) = D(—82?) N D(2?). The following result
shows D(A) = D(92 + £) N D(x?), where 92 + £ is the self-adjoint operator constructed in [15].
Proposition 2.16. The domain of A is given by

D(A) = {u € L*(R) N AC(R), u' + Bu € AC(R) and (v’ + Bu)' — Bu/,2*u € L*(R)} .

Moreover, for any u,v € D(A) and any a < b, the following holds

b b
/ (—Au)vdz = Wu,v](b) — Wu,v](a) —|—/ u(—Av)de,

where Wu, v](z) = u(z)v'(z) — v/ (x)v(x) is the Wronskian of u and v.
Proof. Let
Dy = {u € L>(R) N AC(R), v’ + Bu € AC(R) and (v’ + Bu)' — Bu/,z*u € L*(R)},

and define Agu = (u/ + Bu)' — Bu' — z%u on Dy. Let u € D(A) € W2 then u € H*(R) and
(v + Bu)' — By — 2?u = Au € L?(R) in the distributional sense. Thus, u’ + Bu € AC(R) and
u € Dy, as Proposition 2.12 implies z?u € L?(R), which implies A < Ag. For u,v € Dy, a direct
integration by part gives

b b
/ (—Agu)vdx = Wu,v](b) — Wlu,v](a) + / u(—Agv)dz.

It was shown in [15] that Wu, v](c) goes to 0 when ¢ goes to +oo. Sending a to —oco and b to +oo,
we obtain that Ay is symmetric. As A is self-adjoint, it is maximal symmetric, thus D(A) = Dy.
0
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2.5 Confining Anderson operator in dimension 2

Contrarily to the dimension 1, we cannot use anymore £ = B’ as the two-dimensional counterpart
is £ = 0102 B where (B, )z yer is now a two-dimensional brownian sheet. We should thus look at
the quadratic form approach, yet defining directly

(—Au,v) =Re [ Vu-Vv+ |z|*uvde — (Eu,v)
R2
is hopeless as £ € W17 a.s. by Corollary 2.10, so this quadratic form is ill-defined on the energy
space of —H. Thus, we use an exponential transform inspired by the one introduced in [27] to study
the continuous parabolic Anderson model, and later used in [13, 52, 51] to solve the Anderson non-
linear Schrédinger equation on the torus T? and in [12, 14] to solve the same equation on the full
space R2. Let Y = (—H)L¢, it is almost surely of regularity 1—, so one can define p = ¥ and
search for a formula for (H + &)u when u is of the form u = pv. A formal computation gives

(H+&u=p(Hv+2VY - Vo+aY - av+ |[VY[’0).

Unfortunately, VY is of regularity 0—, thus the product |[VY|? barely fails to exist. The author
proved in [37] that the wick product :|[VY|?: can be defined as the almost sure limit, in suitable
distribution spaces of regularity 0—, of

VY [* —E[IVYN[?],
where Yy is a suitable regularisation of Yy with only low modes.

Lemma 2.17. (Proposition 3.11. in [37])
Letp > 1, g € (2,400] and s > %. Then (:|VYn|?:)nen is Cauchy in the Banach space
LP(Q,W=%9). Moreover, denote by :|VY|*: its limit, then almost surely, :|VYn|?: converges to

VY |2 in W54,
Thus, the renormalized operator can be formally defined as
(H+&u=p(Hv+2VY - Vo+zY  zv+:|VY|*0). (2.5)

This shows that knowing a trajectory of £ is not sufficient to define the operator H +¢&. It is a usual
fact in the study of Anderson operators that one needs more data in order to define the operator
(see for example [1, 40, 2, 30]). In what follows, in order to shorten the notations, we may write
Z =:|VY|? and E = (Y, Z) the enhanced noise.

The formula (2.5) does not make sense directly, but as usual, the bilinear form of the operator

can be defined rigorously. Recall the space D2 = pWW'2, as in dimension 1, and endow it with the
norm

Vu = pv € D2 |ulbi. = / (IVo]* + |zv|?) p?(z)dz. (2.6)
R2
Remark that this norm verifies

Vo € W2, (inf p)[vlwrs < pvlprs < (sup p)[olwie, (2.7)

13



thus it immediately follows that (D2, |- |p1.2) is a Hilbert space. For any u; = pv; € D2, formally,
one can write

(—(H + &§uy, ug) = Re/ (Vo1 - Vg + 22 (1 — Y)uiw3) p*da — (Z,D1v2p%).
R2
Let define the bilinear form
Vur, us € DY, a(uy, us) = Re/ (Vvl Vg + |z2(1 - )vlvg) p*dx — (Z,v1vep?), (2.8)
R2
where u; = pv;. The author proved in [36] this bilinear form is well-defined, symmetric, continuous
and quasi-coercive on D12,
Proposition 2.18. (Proposition 3.4. in [36])
There exists C=, 0= > 0 such that
1
Yu € D2, §|u|%1,2 < alu,u) + 0zlul?s < Czlulbi.s.

Hence, Theorem 6.2.6 in [31] implies the existence of a unique lower-bounded self-adjoint oper-
ator with compact resolvent —A : D(—A) C L2(R?) — L2(R?) such that

1,2 _
Vui,ug € D%, a(uy,ug) = (—Aui, ug)p-1.2 pre.
Moreover, one can characterize the first Sobolev spaces of A.

Proposition 2.19. (Proposition 3.5. in [36]) For any s € (=2,2), D*? = D (|A|?) with equivalent
norm.

In particular, D(—A) is dense and compactly embedded in any D*? with |s| < 2, allowing to
make sense of the formal formula (2.5).

As in dimension 1, when £ is a white noise, we get a maximal regularity result for elements of
the domain, which relies on Sazonov theorem.

Corollary 2.20. Almost surely, any u € D(A) which belongs to HY-4(U) for some open set U C R?
and q € [2,+00] vanishes everywhere on U.

Proof of Corollary 2.20. We work on the event
o) = (v e L=®)}n () ) {€¢ B (BEr2™))
reQ? neN

which is of probability 1 by Corollary 2.10, Sazonov theorem and Sobolev embeddings. By Proposi-
tion 2.19, D(A) C pW?~2. Let v € W?™? such that vy # 0 and pv € HY9(U), there exists r € Q?,
n € N and ¢ > 0 such that B = B(r,27") C U and

Vz € B, |v(z)] > c.

It follows from V(pv) = (vVY + Vov)p that VY € LY(B) C L?(B) as p~! € L>(B), Vo € W12 C
L%(B) and v~! € L*(B). As VY € L*°(B) C L?(B), it holds ¢ € H™'(B), which is impossible on
Qo. Thus vy =0, i.e. uy = 0.

O
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Let p € (2,+00] and W € LP(R% R). As in dimension 1, one can use the Sobolev injection of
W12 in L4(R?) for any ¢ € [2,+00) and the previous construction to show (—A + W,D(4)) is
still a well-defined self-adjoint operator of compact inverse. We want to show that A + W has the
spectral gap property, i.e.

Proposition 2.21. Let p € (2,+0cc] and W € LP(R% R). Then the lowest eigenvalue of —A + W
is simple and the associated eigenfunction can be chosen positive.

To show T : D(T) C L2(R%) — L2(R9) has a spectral gap, it is a classical consequence of the
Krein-Rutman theorem that a sufficient condition is (e77);~ is positive and irreducible, that is

VfeL2RY), f#0, f>0ae =Vt>0, e Tf>0ae.

In that case, we can even take the eigenfunction associated to A¢ to be positive. The following
result, which is a synthesis of Theorems 2.6 and 2.10 of [44], gives a characterization of positivity
and irreducibility through the quadratic form associated to T

Proposition 2.22. Let H be a Hilbert space continuously embedded in L2(R?). Let q be a contin-
uous, symmetric and coercive bilinear map on H and (T,D) be the associated self-adjoint operator
given by Riesz theorem. Then, (e='1)~¢ is positive and irreductible if and only if there exists dense
subsets Ho and Hy of H such that

1. Yu € Hy, (Reu)s € H, g(Reu,Imu) € R and q((Reu)y, (Reu)_) <0,
2. for any D C R such that
Vu € Hy, Ipu € H and ¢(1pu, Ipeu) > 0,
it holds |D| =0 or |D°| = 0.
In that case, 1. and 2. hold for Ho = Hi1 ="H.
Proof of Proposition 2.21. The quadratic form associated to —A + W is

Yur, up € DY2, q(ur,u2) = alug,uz) + Re/Wulzngx.

Let u € D2 the diamagnetic inequality implies (Reu); € DY2? Moreover, one easily check it
verifies g((Reu)+, (Reu)_) = 0, ¢(Reu,Imu) € R and q(u1,us) = 0 if supp(u1) N supp(uz) = 0.
Hence, according to Theorem 2.22, it is sufficient to show that, if D C R? verify

Yu € pC(R?)  DM2, 1pu € D2,

then |D| = 0 or |D¢| = 0. Let such a D, then for all u = pv € pC>°(R?), it holds 1 pu € DY? thus
1pv € HY(R?). We conclude using the case of the laplacian, as one can easily check —A + 1 has a
positive and irreducible semigroup from the formula

o—y|? d
Yt > 0, Yu € L2(R?), /A Vy(z) = e*t/ o~ Tt u(y)—y a.e.
R2 4t

The conclusion then follows by a standard Krein-Rutman argument.
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3 A priori properties of standing waves

In this section, we explore a priori results on solutions of (1.4) in DY? = pW12. Recall that, in
dimension 1, P2 = W'2 and that in dimension 1 and 2, the Riesz theorem implies —A + § :
DY2 — D12 = (DL2) is invertible for § given by Propositions 2.11 and 2.18. In both dimensions,
D'2 is the energy domain of A. In order to explore the structure of solutions of (1.4), we introduce
the following sets

Say = {(w,u) € R x DY2 —Au — Mu/*u+ wu = 0 and u # 0}

and Sy, its closure in R x D12, Using the continuous embedding of D}? in LI(R?) for any
q € [2,+00), it is easy to show

Sxy =Sx, U(R x {0}) CR x D(A).

The set R x {0} is called the trivial line of solutions of (1.4). Taking into account the exponential
transform, one can show

San = {(w,pv) ERx DY —Av — Ap¥|o* v +wv = 0 and v # O} ,

where R
Av = p~tA(pv) = Hv +2VY - Vo +2Y - 2v + Zv,

with Z = |Y’|? in dimension 1 and Z = :|VY|?: in dimension 2. Finally, we define

Saq = {ueD"? 3weR, (w,u) €Sxy}-

As S,\ﬁ C D(A), Corollaries 2.15 and 2.20 apply to solutions of (1.4). To prove Theorem 1.4, it is
thus sufficient to prove the following lemma.

Lemma 3.1. Let A € R and v > 0. A.s. it holds

SseC [ ewiEic () wrEa

q€[2,+00) q€[2,+00)
In particular, a.s. Sy, C pC3= 5~ (R4) C C2- 2~ (R%).

Proof. Let u € SAm there exists w € R such that (w,u) € Sy,. Write u = pv with v € W?72
according to Propositions 2.12 and 2.19. Then, one has

—Hv =2VY -Vu+aY - av+ Zv + Au[*0p* — wv,
where Z = |Y’|? in dimension 1 and Z = :|VY|? in dimension 2. We work on the event
(Y e HZ 57 VY,zY,Z € HI~ 5}

which is of full probability. As u € D(A) C pW2~ 24 for any ¢ € [2, +00) by Sobolev embeddings,
Lemma 2.3, Corollaries 2.4 and 2.6, and Proposition 2.5 imply v € W3=8 =4 for any q € [2,+00).
Holder regularity follows from usual Sobolev embeddings.

O
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Using elementary computations, we can prove a priori conditions on w for the existence of
non-negative standing waves.

Proposition 3.2. Let w € R. There are three cases :

o If A\ = 0, there exists u > 0 with (w,u) € So if and only if w = —po and in that case,
u=apy (a>0).

o If A >0 and there exists u > 0 with (w,u) € Sy, then w > —pg. If w > —po and there exists
u > 0 with (w,u) € Sy then A > 0.

o If A <0 and there exists u > 0 with (w,u) € Sy 5 then w < —po. If w < —po and there exists
u > 0 with (w,u) € Sy, then A < 0.

Proof. The case A = 0 comes from Propositions 2.14 and 2.21. Now, assume w > —pp and u > 0
with (w,u) € Sy 4, taking a duality bracket of (1.4) with w, it holds
0<((—A4+wu,u) = )\/ lu|?7 2 de,
Rd

thus A > 0. Conversely, if A > 0 and u as previously, taking a duality bracket of (1.4) with ¢y, it
holds

0< [l ugnds = ((~A-+ ) oo = o+ o) s )i
R

As g > 0 and uw > 0 is non-zero, it holds w > —pg. Similarly, if A <0,
0> /\/d ul upoda = ((—A + w)u, po) = (w + po) (u, Po)L2,
R

thus w < —po. Finally, if w < —pp and u > 0 with (w,u) € Sy, previous results show A < 0 as it

cannot be non-negative because of w.
O

We now prove the a priori strict positivity of solutions.

Proposition 3.3. Let (w,u) € Sy, with u > 0. Then, u > 0 and for every (w,$) € Sy with
|¢| = u, there exists 6 > 0 such that ¢ = e"u.

Proof. Let W = w — Au?? € L*°(R?) according to Lemma 3.1. It holds
(—A+W)u=0,

so u is an eigenfunction of —A + W. As uw > 0, Propositions 2.14 and 2.21 imply it must be
associated to the lowest eigenvalue, u > 0 and every other solution of (—A + W)¢ = 0 is of the
form ¢ = au with a € C. Thus if (w, ¢) € Sy, with |¢| = u, there exists § > 0 such that ¢ = e?u.

O
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3.1 Exponential localization

In this section, we will extend the exponential localization result from [19] to focusing standing
waves with white noise potential. This approach is mostly perturbative. Let ¢ € (0,1) and ¢ €
CY(RH\{0},R) N C(R%, (0, +00)) verifying

Vo € RA{0}, |Vo(z)|> < 4(1 — &)V (x). (3.1)
Proposition 3.4. Let A,y > 0. There exists c = ¢(Z,¢,V) > 0, such that for all (w,u) € Sy 5 with
u=pv, e ([Vo]* + V|v|? + [v]*"2) € LY(RY) and

2
< /\/ed’|v|2”’+2p27+2dx

= /e¢ (IVo]* + |zv|?) p*dz + (w — ¢) /e¢|v|2p2dm

< (2 - %) /e¢ (Vo> + |2v]?) p*dz + (w + ) /e¢|v|2p2dx.

Proof. We do the proof for dimension 2 as the dimension 1 is easier. As in the proof of Theorem 2
in [19], for m € N, let
Cm = exp(m/(m + ¢)).

We show there exists ¢ > 0 such that
%/Cm (IVo]* + |zv]?) p*dz + (w — c)/(m|v|2p2dx
[
< (2 - g) /Cm (Vo + |zv]?) p*dz + (w + c)/(m|v\2p2dx.

The end of the proof follows exactly the one of Theorem 2 in [19], by sending m to 400, as V
verifies hypothesis (V3) of [19] and u tends to 0 at infinity.

Taking a duality bracket of (1.4) with (,u = (npv and using
A(pv) = p(Hv+2VY - Vo +2Y - 2v + Zv),

it holds
Re / V0 - Vol + / Conl[2]? + ) 0[2pPda
Rd R4
(3.2)
= A/ Conl 0272272 4 (22 4 Z, Con0]22).
]Rd

Now, remark

2
Re/ p2Vv-V[Cmv]dx:/ gm|w|2p2dx+Re/ ( m ) CmvVeo - Voda.
R4 R4

Rd \+ @
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Thus, using Young inequality and (3.1), it holds
e/Cm (IVo* + |2v]?) p*dz —|—w/§m|u\2dx
)\/Cm|u|27+2dx (VY + Z,(lul?)
<(2- 5)/Cm (Vo + |2v]?) p?dz +w/§m\u|2dx.

To conclude, it is sufficient to treat (VY + Z, (,n|ul?) as a lower order perturbation. Recall Y, Z €
WO thus by duality and Lemma 2.3 and Corollary 2.4, it holds for any & € (0, %)7

12
{|2Y + Z, Gulv*p?)] S Y [w-re pliiee |V 121G +1Z|w-roo |l :
w2 W2

Thus, by Corollary 2.6, interpolation and Young inequality, for any 1 > 0, there exists k = k(n, Z) >
0 such that,

(oY + Z.Galol22)] < nfcif2o]) + 1 [ GuloPria.
Moreover,
‘<1/2 /Cm|VU| de + = /gm 2f222| | dx+/§m|xv|2dx
/Cm|Vv| dz + (2(1—¢)? /Cm\a:v| dz
<377 /Cm (IVo]? + |zv|?) p*da.
Choosing n = ﬁ allows to conclude.

As a corollary, we obtain pointwise exponential localization of u and V.

Corollary 3.5. Let A,y > 0. Then, for allu = pv € Skm 1t holds
3C, ¢ >0, Vo € RY, |u(z)| + |[Vo(z)| < Ceell”.
Proof. Let u € S,\’V. As u = pv with p € L®(R?), it is sufficient to show
3C, ¢ > 0, Vo € RY, |u(z)| + |Vo(z)| < Ce~cll’.

Remark
p(x) = 2(1 — &)?|z/?

verifies (3.1). Let a € (0,1), as a consequence of Lemma 3.1, there exists L > 0 such that

Va,y € RY, [u(z) — v(y)| + [Vo(z) = Vu(y) < Lz -y
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We only prove exponential decay of v, as the exact same proof applies to Vou. Let € R? and set
B(z) = {y ERY |z —y|* < %} Then, for any y € B(x), it holds

lv(z)] < 2[o(y)]-

In particular, integrating over B(x), it holds

6 (I52Y) bk <a [ wwra (33

where Cy is the measure of the unit ball in R?. By Lemma 3.1, v € L>®(R%), thus B(x) C B(z, R)
with R* = IUQ‘% Now, remark there exists ¢ > 0 such that

Va,y € RY, [¢(x) — ¢(y)| < co(a —y),
thus there exists C' > 0 such that for any € R and any y € B(x),
e?(®) L W) ged(@—Y) < Ce?(¥) (3.4)
Multiplying (3.3) by ), (3.1) and (3.4) and Proposition 3.4 imply

< 4C(2L)«

ol@)* < =&

/ e?W 1y (y)|Pdye*@ < e @),
R4

As ¢(z) = 2(1 — £)?|z|?, there exists ¢/ > 0 such that

_ (=)

2
(@) Se e e zara ol

which allows to conclude.
O

Let u = pv € Sy, and w(x) = exp (¢|z?) with ¢ > ¢/ > 0 for ¢ given by Corollary 3.5. Then
wv € L>®°(RY) and

|V (wo)(@)] S w(@)|[Vo(@)| + zv(@)|w(z) < (Jo(@)] + [Vo(@)]) exp (clzf*) <1

by Corollary 3.5. Thus wv € HY*°(R?) and wu € H'7°°(R?) by Lemma 2.3. In particular, in
dimension 2, using
Vu =uVY + pVov € €',

we get wVu € C°~. This shows Vu is still exponentially localized even if it lacks regularity.

4 Energy ground-states

We now explore the properties of energy ground-states. Recall the energy is defined by

1 A
1,2 = —(— —
Yu € D4, E(u) 2( Au,u) 352 o

Ju|?72dx
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and the mass is defined by
1
Vu € LA(RY), M(u) = 5|u|iz.
Moreover, for u = pv € DV2, one can rewrite the energy as

) =5 ([ 1990R + 0= VolproPas = 2ol ) -

ol DU (B

with Y = (—H)71¢, Z = (Y’)? in dimension 1 and Z = :|VY|?: in dimension 2. For any m > 0, we
define the minimal energy level as

E(m) = Ei%f;2 E(u).
M(u)=m

If it is finite, we say that u € D2 is a ground-state of the energy at mass m if £(u) = E(m)
and M(u) = m. A standard Lagrange multiplier argument then implies it exists w,, € R such that
(Wu,u) € Sy 5.

4.1 Existence of energy ground-states

First, we prove the existence of an energy ground-state in the defocusing case or in the focusing
subcritical case. It relies on the following lemma, allowing to use compactness methods.

Lemma 4.1. Let A€ R and v > 0. If A > 0, assume v < %, There exists C > 0 such that
Vu € DV2, [uf2i. < O (5(u) + M(u) + A+M(u)1+ﬁ) .
Proof. Let u € DY? and denote m = M (u). Applying Propositions 2.11 and 2.18 one has
1 2
§|u|'D1,2 < <_A'U/7u> + 5|U‘L2

A /|u\27+2dm.
2’Y+2 Rd

Thus, if A < 0, the result holds with C' = 4max(1,d). If A > 0 and v < %, then we use Sobolev
embeddings and interpolation to get

R e
R4

< 28(u) +26m +

d
e S lulplalul s,
F

d d
as 2,‘;% € (0,1), thus Lemma 2.3 implies Wwniz? = pmiz?, By Young’s inequality, as dy < 2,
there exists ¢ > 0 such that
1

2y 42

1
/ | 2dz < —Julbs + em! T
e I

Hence, we get

1 ~
Z'ul%la < 2E(u) + 26m + Aem! T =

and we conclude choosing C' = max(8, 8, 4¢).
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Proposition 4.2. Assume A < 0 or v < %. Then, for any m > 0, there exists ¢,, € D2 such
that ¢my = 0, M(¢r,) =m and E(¢py,) = E(m). Moreover, if A <0, such a ¢, is unique and every
non-negative minimizing sequence converges to ¢, in D12,

Proof. We use a standard compactness method to construct ¢,,. First, remark for any u = pv €
D2 the diamagnetic inequality implies |u| = plv| € DY? and £(|u|) < £(u). Thus, we only need
to construct a u € DY? with £(u) = E(m) and M(u) = m. Let m > 0 and (uy)nen C DY, with
M(u,) = m, be a minimizing sequence of the energy. Then, applying Lemma 4.1 one has

unfbrs < C (E(uwa) +m+ Apmt+7m ).
Thus, (tn)nen is bounded in D12 and Rellich’s theorem implies there exists u € D2 such that, up

to a subsequence, u,, converges to u, weakly in D2 and strongly in L2(R%) N L27*+2(R9). Hence,
M(u) = m and by sequential weak lower semicontinuity of quadratic forms,

A /|u|27+2dx
2’Y+2 Rd

E(m) < &(u) = %(—Awu) -

1 A
< liminf = (—Auy,, u,) — lim \un|27+2dx
< limsup E(uy,) = E(m).
n—-+oo

This concludes the existence part.

Now, assume A < 0 and let ¢, be non-negative ground-states of the energy at mass m. Define

f= w Then, the diamagnetic inequality gives

1
[ g ([ opans [ pean)
]Rd 2 Rd Rd

(€(¢) +E(¥)) = E(m).

1
/ |f|2”+2dm_</ |62 da + / ¢2”+2dx>,
R 2 Rd Rd

_1
|62+ 9% n = 27 (|02 + 102 10) 7 2 16 + (82 -

Thus, there exists a € C such that ¢? = ay? a.e. As ¢,9 > 0 and M(¢p) = M(2)), then ¢ = 1 a.e.
We conclude ¢ = 1, as standing waves are continuous by Lemma 3.1.

N |

and moreover,

Thus,

In particular,

that is

Finally, assume u,, > 0 is a minimizing sequence. Then, up to a subsequence, there exists
some u € D12 such that u, converges to u, weakly in D%? and strongly in L2(R9) N L2 T2(R?).
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Lemma 3.1 implies w is continuous. Assume u is not non-negative, then there exists there exists
a ball B ¢ R% and £ < 0 such that ujp < —¢. Then, as u, converges to u in L2(RY), (tn, 1)1z
converges to (u,1p)2 < —¢|B| < 0. As u, is non-negative for every n € N it follows, it follows
(un,1p)r2 = 0, which contradicts the fact that (u,15)r2 < 0. Hence, v > 0 and by uniqueness
of the non-negative ground-state, u,, converges to ¢,,, weakly in D2 and strongly in L?(R%) and
L27*+2(R%), along the whole sequence. Finally, as £(u,) converges to E(m) = &(¢n), we deduce
that u,, converges strongly to ¢,, in D2,

O

It is classical that ~ argmin  &(u) is stable in D2 in the following sense. Given a ug € D12,
u€D2, M(u)=m
we denote by u(t) the unique local solution of (1.3) starting from wug, which has been constructed
in [36]. We say a set E C D2 is stable if any local solution starting from E is global and

Ve >0, 36 > 0, Yug € DV?, inf |ug — flp12 <0 = sup inf |u(t) — flp12 < e.
fekE teR fEE

The proof of the stability of argmin E(u) in D12 follows by the exact same contradiction
uw€DL:2, M(u)=m

argument as in the classical case [10], using energy and mass conservation of solutions. When FE of

the form {ewgb, 0 € R} is stable, we say that ¢ is orbitally stable.

For each ¢ € argmin  £(u), there exists wy € R such (wy, d) € Sy . A direct computation
ueD12) M(u)=m
gives
E(m) Ay

m 2(y+1)m Jga

|p|> T 2d. (4.2)

w¢ = —
Remark it only depends on |¢|. Thus, using Proposition 3.3 for |¢,,|, we immediately deduce
¢ = e%]¢|, hence the orbital stability of the defocusing energy ground-state.
Corollary 4.3. Assume A < 0 and v > 0, then for any m > 0,
argmin &(u) = {ewqu, 9 eR}.
ueDl?
M(u)=m

In particular, ¢, is orbitally stable.

4.2 Dependence on the mass

We now explore how ¢,, behaves as m varies. First, it is easy to show the continuity of the minimal
energy as a function of mass.

Lemma 4.4. Assume A <0 ory < 2. Then, m € (0,400) — E(m) € R is continuous.

Proof. For any m > 0, let ¢,,, € argmin E(u).
u€DLH2, M(u)=m

e Assume A < 0, for any m, m’ > 0, taking /25 ¢,/ as a test function implies

Bm) < max (25, (25)) B

m

It follows E(m’) converges to E(m) as m’ goes to m.
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e Now, if A > 0, for any m,m’ > 0, taking again /1% ¢, as a test function implies

pom) < ()" By + 5 (2 = ()7 ) (A6 om0 (43)

m 2 \m m

Moreover, Lemma 4.1 and (4.3) imply (—A¢,/, ) is bounded for m’ in a neighborhood of
m, thus (4.3) implies E(m’) converges to F(m) as m’ goes to m.

O

When A = 0, the Spectral theorem implies E(m) = mypuy, thus wey = —po, where fig is the lowest
eigenvalue of —A. Propositions 2.14 and 2.21 imply ¢,, = v2me'?p, for some 6 € R, with ¢y > 0
the eigenfunction of —A associated to . From this, we get the following asymptotic for wg when
A #0.

Proposition 4.5. Let m > 0 and ¢, € argmin E(u). Then wg,, + to has the same sign as
ue€DLH2, M(u)=m
A and

We,, + pio = O (m7)
as m goes to 0. Moreover, if X < 0 (respectively A > 0), wg,, goes to —oo (respectively +00) as m
goes to infinity.

The defocusing case relies on the following interpolation lemma, whose proof is similar to the one
of Proposition 6.1. (iv) in [33], interpolating the L?-norm between the LP-norm and some weighted
L2-norm.

Lemma 4.6. For anye >0, w € R and p € (2,400], there exists C = C(e,w,p) > 0 such that,
Vu € DV M(u) < e((—A + w)u,u) + Cluli,.

Proof. First, we can reduce to the case w = § given by Propositions 2.11 and 2.18. In fact, if the
result holds for 4, it holds for any w > §. Assume w < § and the result holds for 6. Then, for n > 0,
there exists C' > 0 independent of u and which may vary from line to line, such that

Vu € D2, M(u) < n{(—A+ d)u,u) + C’|u|ip

<
< {(=A + w)u, u) + 27(0 — w)M(u) + Clult,,

with 6 —w > 0. Thus, for n = it holds

g
14+2e(0—w)?
Vu € DM M(u) < e((—A + w)u,u) + Cluli,.

Thus, we only need to prove the case w = §. Let R > 0, then it holds

1
/ lu(z)Pdz < 7 |zu(z) > de +/ lu(z)|?dz
R lz|>R || <R
1

< R2/| R|xu(x)|2dx+cd3d”%2|u|§p,
xT|>
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by Holder’s inequality, where C; is the measure of the unit ball in R?. Now, Propositions 2.11

and 2.18 imply

1
M(u) < R2<( A+ 6)u, u>+C—Rd lul?,.

Thus, for e > 0 and R =¢"2, we get
Cy
M(u) < e{(—A +6)u,u) + *Rs |u|LPv

which gives the claim for w = 4.
O

Proof of Proposition 4.5. First, we prove inequalities for E(m). Taking u = v/2myy, optimality
gives

A(2m)7 ! 2
E(m) < S A T2z 4.4
(m) < pom = 2505 [ fool7* s (14)
Now, as g is the smallest eigenvalue of —A, it holds
E(m) > pom — 5 +2/ | |27 T2 d, (4.5)
thus (4.2), (4.4) and (4.5) imply
+1
s T Dy PR (1.6)
2"}/ + 2 Rd 2’}/ + 2 Rd
and \
(zm)u/Rd lpo|*"2dz < wy,, + po < o /Rd | |72 d. (4.7)

We deduce immediately wg,, + po has the same sign as A\. By Lemma 4.1, there exists C,a > 0
such that
|¢m|§)1,2 g C (E(m) +m + )\+m1+a) ’

thus (4.4) implies |¢,|5:. = O(m) as m goes to 0. From the continuous embedding of D? in
L27*2(R9) and (4.7), we deduce wy,, + po = O(m?) as m goes to 0, for any A € R. Moreover, for
A > 0, it follows directly from (4.7) that wg,, goes to +0o as m goes to infinity. Finally, for A < 0,
using Lemma 4.6, it holds

m < (= A+ wg,, ) B, bm) + Clm[Lore-
As ¢, solves (1.4), it holds

(— A+ wo, )bms ) = A / (61 (2) 272z < 0.

Hence,
|¢m ‘i2v+2 2 m

and thus, by (4.6),
1
—/ | |27 2dx = m. (4.8)
m Jgrd

In particular, (4.7) implies wy, goes to —oco as m goes to infinity.
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Using the spectral gap of —A, one can deduce the small mass asymptotic for energy ground-
states.
Corollary 4.7. Assume A <0 or vy < %. For any m > 0, let ¢, be a non-negative ground-state in

argmin  E(u) and define hy, = (2m) " 2¢y. Then, b, converges to @y in D(A) as m goes to
u€D2, M(u)=m
0.

Proof. Remark [1,,|r2 = 1 and, by Lemma 4.1 and (4.4), |¢m|pr.2 < 1+m® for some o > 0. Thus,
there exists a sequence (M, )nen going to 0 and a ¢ € D12 such that 1),,, converges to 1, weakly in
D'? and strongly in L2(R?) N L27*2(R%). Thus, —At,,, converges weakly to —Aw in D~12 and,
by Proposition 4.5, wy,, ¥, converges strongly to po in L2(R%). As 1, solves

— Ay, — A(an)"’|¢n\27¢n + an"/}n =0,

and A is closed, it implies — A = po1p. Thus, ¥ = apy (o € C), by Propositions 2.14 and 2.21. As
[Ym, |2 =1, |a] =1 and as ,,, = 0 and g is continuous and positive, « = 1. Thus, ¥, converges
to g, weakly in D2 and strongly in L?(RY) N L27*+2(R%) as m goes to 0. Finally,

| A — Apolie < [M2m) [m[F355 + [ws,, + ol + |10l [$m — @oli2,
implying ,,, converges strongly to g in D(A).
O

As a direct consequence of Corollary 4.7, one can refine the asymptotic behavior of wg,, for the
small masses obtained in Proposition 4.5 and show

A(Qm)w/ 002 dz < we,, + po < A(27”)7/ 0ol *2dz + 0 (m”)
Rd Rd
as m goes to 0, which improves (4.7) in the limit of small masses.

In the defocusing case, energy ground-states cover the whole range of possible non-negative
solutions, given by Proposition 3.2.

Corollary 4.8. Assume A < 0. For any m > 0, let ¢, € argmin E(u) be the non-negative
uw€DL2, M(u)=m
ground-state and denote by w,, its frequency. Then, the map

m € (0,400) = (Wm, dm) € R x D(A)
is continuous. In particular, m € (0,400) — wy, € (—00, —g) is onto.

Proof. Let m > 0 and (my,)nen converging to m. The proof of Lemma 4.4 implies (M%qﬁmn)neN
is a minimizing sequence for £(m). By Proposition 4.2, we deduce /"= ¢,,, converges strongly to
¢m in DV2, thus implying m — ¢, € D2 is continuous. Hence, the map m — w,, is continuous
by Proposition 2.7, (4.2), and Lemma 4.4. Then, Proposition 4.5 and continuity imply the map
m € (0,400) — wy, € (—00, —pp) is onto. Finally, it holds

|A¢m - A¢m’|L2 < |)\| ||¢m|2v¢m - ‘¢m"2v¢m’|Lz + m/|wm - wm/| + |Wm||¢m - Qzl)m’|L2

and the right hand side goes to 0 as m’ goes to m, as D2 is continuously embedded in L2(R9) N
LY+2(RY).
O
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4.3 The (super-)critical focusing case

We conclude with the unboundeness of energy in the (super-)critical case. For this we introduce a
scaling adapted to the exponential transform. For a > 0 and u = pv € D2, we define

Ve € RY, ug(z) = a¥?p(z)v(ax).

This scaling preserves the space D2 but not the mass. Nevertheless, for v = pv € D2, it holds
for ¢ € [2,4+0)
a—+00

lim |ug|?da = p(O)q/ [v|?dz.
R4 R4

We will thus take advantage of the following lemmas to obtain the unboundedness of the constrained
energy.

Lemma 4.9. Let (u,)nen C DV2. Assume M(u,,) converges to m and |uy|i2++2 is bounded as n

goes to infinity. Then
m

as n goes to infinity.

Proof. Let m,, = M(uy,,), it holds

()~ (2) (o () s
(=) (o () ) e )

~ & (un)

as n goes to infinity.

Lemma 4.10. For any s € [0,1), there exists C = C(s,Z) > 0 such that
Va > 1, Yu € W52, uglys2 < Cat|ulyys..
Moreover, there exists C = C(Z) > 0 such that
Ya > 1, Yu € DY) |ug|pre < Calulpie.

Proof. Let u = pv € L2(R%), then

/ o [P = / o) pla /) d < / ful?dz.
Rd Rd Rd

Now, for u = pv € D2,
ualiz Sa [ [Vlo(aa))? + fev(as)Pda
Rd

sa* [ [Vo@Pdeta? [ foe)Pde S a?fuffe
Rd Rd
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The result for s € (0,1) follows by interpolation as Lemma 2.3 and (2.4) imply D%? = W*%?2 for
s €[0,1).
O

Proposition 4.11. Assume A > 0.

o Ify> %, it holds
Ym >0, inf &(u)=—oc.

ueD?
M(u)=m

o Ify =2, there exists a critical mass m}(Z) > 0 such that

Ym <mi(E), inf &E(u)> -0
ueDhH?
M(u)=m
and
Ym >my(E), inf &E(u)=—o0.
ueDH?
M(u)=m

Moreover, m}(ZE) = m} in dimension 1 and
exp (inf Y — sup Y) m3 < m}(2) <mj
in dimension 2, where m} is the critical mass for the classical NLS equation.

In order to prove Proposition 4.11 in the case v = %, we recall the optimal Gagliardo-Nirenberg
constant,

v 2 2y
J= inf M’ (4.9)

2y+2
veH (RO\(0}  |v[{2T5,

which is attained by the unique positive and radially symmetric solution () of
AQ 4+ \QP T = Q.

It is well-known @ € W2 (see Theorem 8.1.1 in [8]) and Pohozaev identities (see Proposition 1 in

[5]) imply
A

2y 42

s /R VQ@)dr = /}R Q)P+, (4.10)

1
Moreover, M(Q) = m} = 1 (W) ", by (4.9) and (4.10), is the critical mass for the classical
NLS equation. Likewise, we introduce the noisy Gagliardo-Nirenberg constant,
2 2y
Jz= inf [ulprsfulp: (4.11)

p 2 2
w€DLA(O} a1

(11
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Proof of Proposition 4.11. e Assume v > 2 let v € WH\{0} and u = pv, then for any o > 0,
(4.1) implies

i) =~ [ W@ 2ot/ a0 n
29 [ plafay Vot (1)
+ 30 [, (1= Y@/apla/a)lerte)Pds (11
A ()

Lemmas 2.3 and 4.10 imply (IV) = O(a®) as « goes to infinity, for any s € (0,2), as Z €
WO By dominated convergence, (I11) = O(a~2) as a goes to infinity. Finally, (I1) =
O(a?) and
Ao p(0)*7+2 >
I~ ————— T2,
()~ =252 [ o)+

Chose v = v/2mp(0)~1hy (m > 0), then M(u,) converges to m whereas €(u,) goes to —oo,
because dvy > 2. Thus, Lemma 4.9 implies

Ym >0, inf &E(u)=—o0.

ueDH?
M(u)=m

e Assume v = % and let ) be the unique positive and radial solution of

AQ+2Q¥ 1 = Q.

Recall M(Q) =m} =1 (@) i For ¢ > 0, let u = ¢pQ. For any a > 0, it holds
o 2
i) =% [ pla/aevQuPar - 205 [ QP pe/ a0
1
+%“2 y (1 =Y (z/a))p(x/a)®|zQ(z)*dz — 52 [ual?). (I1)

As previously (I1) = O(a®) as a goes to infinity, for any s € (0,2), and for ¢p(0) # 1,

Oé2 C 2
(1)~ SO (1 ep0) [ Q)P

as « goes to infinity, using (4.10). Thus, for ¢p(0) > 1, Lemma 4.9 implies
inf E(u) = —o0,

ueD'?
M(u)=cp(0)m5

that is
Vm >my, inf = E(u) = —oo.
ueD™
M(u)=m
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Let m’ >m > 0 and ¢ € D2 such that M(¢) = m. Let ¢ = /= ¢. Then,

£@)= | Ldv, ) — 52 (2 /Rdwwdx]

m/ B 2v+2 \m
m mA m\7
- e e - ()] [ o
m/ (W) + m/ (2 + 2) m/ Rd ] .
m
> ﬁg(l/})
Thus,
m'  inf  Em)>=m inf  E(u).
ueDH? ueDH2 ’
M(u)=m M(u)=m
In particular, if inf E(u) = —oo, then nf E(u) = —oo. Similarly, if
ueD1:2) M(u)=m u€DL:2, M(u)=m’
inf E(u) > —o0, then inf E(u) > —oo. Hence, we can define
ue€DL:2, M(u)=m’ uw€DL2, M(u)=m

my(E) =inf{m >0, inf &E(u)=—-00
ueD'?
M(u)=m

=sup¢m >0, inf &(u)>—0c0, €[0,m}]
UE’DLz
M(u)=m
To conclude, we only have to prove a lower bound for mj(Z).
Assume d = 1. By a slight modification of the proof of Proposition 2.11, for every ¢ € (0, 1),
there exist d. such that

Vu e Wh2, (A + 6 u,u) = (1—)|uf3p.e.

Thus, for u € DV? = W2, it holds
2 A 6
(1= ulyrs <2 (£ + 6. M) + 5 [ Juld
Rd

and (4.9) implies
/R|u|6dx < T ulpralulta.

Thus, for m < % (%)1/2 = mj3, there exists C = C(Z,m,\) > 0 such that for any u € W2
with M(u) = m,
[ufpyre < CA+E(),

showing
inf  &(u) > —o0
ueWw>
M(u)=m
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and m} (2) = m}.

Finally, for d = 2, by a slight modification of the proof of Proposition 2.18, for every ¢ € (0, 1),
there exist 6. such that

Vu € DV2) (A4 0 u,u) = (1 —&)|ulbe.
Thus, for u € D2, it holds

A
(1—¢)|ulbrz <2 (5(u) + 0eM(u) + Z/ |u|4dx) .
R2
Now,(4.11) implies
[t < = sl

Thus, for

m<E
)\7

there exists C' = C(Z,m, \) > 0 such that for any u € D12 with M(u) = m,
[ulpro <C A+ E(w),

showing

inf E(u) > —o0
ueD™
M(u)=m

and thus m}(Z) > 2. For u = pv € D2, (2.6) implies

2 2 2 2 : 4
[ulprsfulie o PVolLelpolis (mfp) J =exp(inf Y —supY)*/J,

lulta 7 lpvlis sup p
as p = eY is positive. Thus,
* (= JE . 4J . 4 %
my(E) > ~ > exp(inf Y —supY’) 3= exp(inf Y — sup Y)*mj.

Remark 4.12.

e Ifd=1and m < mj} or d =2 and m < 22, the norm in D2 is controlled by the mass and
the energy, thus a proof by compactness similar to the one of Proposition 4.2 shows there
exists an energy ground-state.

e In dimension 2, we do not know if m3(2) = ‘]75 holds. We strongly believe that the lower
bound obtained on m}(Z) is not optimal.

e The case d =1, v = 2 and m = mJ is not known yet, but we believe that
inf  E(u)
uewh?
M(u)=mj

has no minimizer, as it is the case when Z = 0 (i.e. in presence of a confining potential only).
It would be interesting to see if the method used in Theorem 1 in [26] to deal with the case
d=2,v=1and Z =0 can be adapted in that case.
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5 Action ground-states

As expected, energy minimization cannot produce standing waves in the focusing supercritical
setting. Another classical way to obtain standing waves is to search for solutions of minimal action.
The action functional is defined as

Yu € D2 S, (u) = E(u) + wM(u).

When needed, we shall write S,, = S, » to emphasize the value of A\. From the definition of S,,,
we see standing waves are exactly the non-zero critical points of the action. Assume A > 0 and
w > —o. For a > 0, we have

2 Aa2v+2

(e
Sw - - 27+2d - s .
Alapo) 5 (w + o) 2 12 /Rd ol x o0

a—+400

Hence we cannot minimize the action globally in the focusing case. It is well-known in this case,
that one should minimize the action on the set of its critical points [5, 18, 35|, but in order to
do so, one should know a priori existence of such a critical point. To avoid needing this a priori
knowledge, one can work on a larger constrained set. If u is a critical point of S, », then it solves
(1.4) and thus

Toa (1) = (—A + w)u, u) )\/

|u|>"2dx = 0.
Rd

Thus, we can try to minimize S, » on
Noa= {u e DY\ {0}, Zoa(u) = 0} .

Assume u € argmin S, y, then there exists a Lagrange multiplier A € R such that
Nooa

VSwy)\U = AVIMAU.
Taking the bracket against u and using Z,, x(u) = (VS,, zu, u), it follows
ANV, zu,u) = (VS zu, u) = Iy, A (u) =0

as u € N, x. As
VTvu = 2~ A+ w)u — (27 + 2\ ul?u,

we get

2’yA)\/ lul**2dx = 0,
Rd

thus A = 0, i.e. u is a critical point of S, . Moreover, as any critical point of S,  is in N, x, u
minimizes the action among all critical points.

The set N, ) is called the Nehari manifold of S,, » (see for example [50]) and verifies the following
useful characterization.

Lemma 5.1. Let w > —pug and A\ > 0. Then for any u € DY?\{0}, there exists a unique t,, > 0
such that t,u € N, x and it is the unique maximizer of

t € (0,+00) — S, a(tu) € R.
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Proof. Let u € DM2\{0}, for any ¢ > 0, it holds

Toa(tu) = 2 {((—A+ w)u,u) — M2 [ ju[*H2da.
]Rd

Thus,
tut € Ny <= Ty a(tyu) =0

= )\t?ﬂ/ lu[2 P2 de = ((—A + w)u, u)
Ra

<@A+m%m>%'

=ty = [t
()‘f]Rd |u|?7+2dz

A simple computation gives

%Sw,A(tu) = t{(—A + w)u, u) — X2+ 27 +2dg
Rd
and
d2
@Sw,k(tu) = <(_A + w)u,u> — (27 + 1)/\t2fy/ |U|2ﬂy+2dx,
R4

Thus, it follows immediately that S, x(tu) = 0 if and only if ¢ = ¢, and in this case

d2
——5Sua(tu) = —27((-A + w)u,u) <O0.
dez ™ lt=ta
O
Our aim is now to prove Theorem 1.3. Showing directly that the minimization problem
Airﬂ‘i Sw,a (5.1)

has non-negative solutions may be a bit technical as it is not straightforward that

u € argmin S, y = |u| € argmin S, z.
WA Nua
Thus, we will introduce two other, but equivalent, minimization problems which are easier to study.
Remark if u solves (1.4) for some A > 0, then au solves (1.4) for X = ﬁ Thus, the parameter

A can be seen as a Lagrange multiplier, and solving (1.4) for some A > 0 is equivalent to solving
(1.4) for all A > 0. Following an idea of [46], we define for u € D'?

Po(u) = (A + w)u, u), (5.2)
Q) = [ a0+ da (5.3)

and if u # 0, >
Tl0) = G (5.4
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Let us stress out J,(au) = J,(u) for any o € C*, thus if v minimizes J,, cu minimizes 7, too.

Using standard argument of variational calculus, one can show minimizers of both

inf Py, (u)
ueD™
Q(u)=q
and
inf #
D12\{0}
are solutions of (1.4) for some A > 0. For A > 0, one can rewrite

A

Son(u) = %Pw(u) 5T

Q(u)

and

N = {u e DV2\{0}, Jo(u) = AQ(u)"/ <v+1>} .

(5.5)

(5.6)

(5.7)

As remarked in [46], minimizers of (5.5) and (5.6) are essentially the same, that is up to a multi-
plicative factor, due to the the homogeneity of 7,,. The following proposition shows minimization

problems (5.1), (5.5) and (5.6) are equivalent, up to a multiplicative factor (see also [35]).

Proposition 5.2. Let w > —pg and ¢,¢',\,\ > 0. Define a1 = (¢'/q)"/*0tV) and ay =

(A MY Then, it holds

1. argmin P, (u) = oy argmin P, (u),
ueD!? ueD?
Q(u)=¢’ Qu)=¢q

2. argmin S, x» = ag argmin S, »,
w, A w,A

8. argmin J, = U argmin P, (u) = U argmin S, z,
Dl'z\{o} q>0 u€D1’2 A>0 Nw,/\
Q(u)=q

4. Let J, = min J, >0, then argmin P, (u)=argminS, j,.
D2\{0} ueDL2, Q(u)=1 N, 7o

Proof. 1. Let u € argmin P,(u) and v € argmin P, (u). Then, Q(ayu) = ¢’ and

uweDL2, Q(u)=q weDL2, Q(u)=q’
Q(ay ) = q. It holds

P (v) < Po(a1u) = 2P (u) < 2Py (o v) = Pu(v).
We conclude
argmin P, (u) = oy argmin P, (u)

ueDl,Z uED1’2
Q(u)=¢q’ Q(u)=q

by symmetry of ¢ and ¢’.
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2. Let u € argmin S, and v € argmin S, . Then agu € N, » et ay v € N, x. Tt holds

Nua N
a2 /\/a2(7+1)
S n (V) < S,y (au) = 727%(11) — ﬁ@(u) = a%Sw,,\(u).

By symmetry of A and X, it implies
Sw,)\(u) < a528w7A’ (U)a
which allows to conclude S, x(agu) = S, 2(v) and thus

argmin S, x» = ap argmin S, »

w,\ w,A
by symmetry of A and ).

3. Let ¢ >0,ue argmin P, (u) and v € DH?\{0}. There exists ¢ > 0 such that Q(tv) = gq.
u€DL2, Q(u)=¢q
Asuwe argmin  P,(u), it holds
u€D2, Q(u)=q

Po(u) < Py(tv)
and thus

Pw(u) Pw(tv)
<
ql/(’YJFl) ql/('YJFl

Joo(u) = ;= Ju(tv) = T (v).

This shows
u € argmin 7.

D2\{0}

Conversely, let u € argmin J,, and ¢ = Q(u) > 0. Let v €  argmin P, (u), it holds

D1.2\{0} u€DL2, Q(u)=q
Pw(u) o o Pw(v)
g — Jelw) S L) = orea
and thus
u € argmin P, (u),
ueD'?
Q(u)=g
that is
argmin J,, = U argmin P, (u).
D1.2\{0} q>0 ueDl?
Q(u)=g

The fact that
U argmin P, (u) = U argmin S, »

1,2
q>0 5%77) A>0 N
u)=q

follows from 1., 2. and 4.
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4. Let v € argminS,, j,. Asv € N, s, (5.7) implies Q(v) > 1. Let u €  argmin P, (u).
No, g ueDLH2, Q(u)=1

Then, u belongs to N, ;.. In fact, as u solves (1.4) for some A, > 0, it holds

Pulu) = (— A+ w)u, u) = A, /

R
and as Q(u) =1, A\, = Py, (u) = Ju(u) = J, by 3. Thus,

lu|>T2dz = A,
d

< Sw = w-
Su,, (V) < Su,a, (u) 27+2J
Hence,
y J,Q(v)/ (1)
< J. g
as Q(v) = 1. Using v € N,, ,, it holds J,Q(v)"/O*+1) = 7, (v). Hence,

YJw jw(v)
Jo < Ju(v) < .
Jo) < 53005

It follows J,(v) = J,. Using once again v belongs to the Nehari manifold, we get Q(v) = 1.
Hence, Q(u) = Q(v) and P, (u) = Py, (v), which allows to conclude.
O

We can use Proposition 5.2 to solve (5.1) and prove Theorem 1.3.

Proof of Theorem 1.3. By Proposition 3.3, it is sufficient to exhibit a non-negative u € argmin S, ».
N

Using Proposition 5.2, it is sufficient to prove there exists a non-negative u in argmin P, (u).
ue€DL2, Q(u)=1
Remark that
u € argmin P, (u) = |u| € argmin P, (u),

ueD!? ueD!?

Q(u)=1 Q(u)=1
thus we only need to prove  argmin P, (u) is not empty. Let (uy)nen C DV? be a minimizing

ueDH2, Q(u)=1

sequence of

inf P (u) = P,.
weDh?
Q(u)=1

As w > —pyg, there exists C' > 0 such that
Yu € D2 |ulbi: < CP,(u).

Thus, (U, )nen is bounded in D12 and, up to a subsequence, u,, converges to some u € D2 weakly
in D12 and strongly in L2Y2(R9). It follows Q(u) = 1 and, by sequential weak lower semicontinuity,

P, < P,(u) < liminf P, (u,) = P,
n—-+o0o
thus
u € argmin P, (u).

ueD?
Q(u)=1
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