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Standing waves of the Anderson-Gross-Pitaevskii equation

S. Mackowiak∗†

samael.mackowiak@univ-lorraine.fr

Abstract

In this paper, we study standing waves for the Anderson-Gross-Pitaevskii equation in di-
mension 1 and 2. The Anderson-Gross-Pitaevskii equation is a nonlinear Schrödinger equation
with a confining potential and a multiplicative spatial white noise. Standing waves are charac-
terized by a profile which is invariant by the dynamic and solves a nonlinear elliptic equation
with spatial white noise potential. We construct such solutions via variational methods and
obtain some results on their regularity, localization and stability.

1 Introduction
In this paper, we are interested in particular solutions of the Anderson-Gross-Pitaevskii{

i∂tu+Hu+ ξu+ λ |u|2γ u = 0

u(0) = u0,
(1.1)

of the form u(t, x) = eiωtϕ(x), where H = ∆−|x|2 is the Hermite operator, ξ is a real spatial white
noise, λ ∈ R and γ > 0. Such a solution is called a standing wave of (1.1) of frequency ω ∈ R and
profile ϕ. The study of standing waves is motivated by the modeling of Bose-Einstein condensation.
In fact, (1.1) can be seen as a perturbation of the Gross-Pitaevskii equation{

i∂tu+Hu+ λ |u|2γ u = 0

u(0) = u0,
(1.2)

by a white noise potential. In the study of Bose-Einstein condensation, (1.2) appears as a mean-
field limit of the many body Schrödinger equation, the nonlinear term appearing as a consequence
of particle interactions [11]. Adding a random potential in (1.2) can be seen as a way of modeling
spatial inhomogeneities (see for example [17, 21] and references therein), thus one can see (1.3)
as a toy model of Bose-Einstein condensation in inhomogeneous environment with zero correlation
length. In this context, at least formally, (1.1) has two conserved quantities physically relevant, the
mass

M(u) =
1

2

∫
Rd

|u|2dx
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and the energy

E(u) = 1

2
⟨−(H + ξ)u, u⟩ − λ

2γ + 2

∫
Rd

|u|2γ+2dx.

Standing waves of (1.1) then appear naturally as solutions of minimal energy at fixed mass. For-
mally, if ϕ minimize the energy at fixed mass, by a Lagrange multiplier argument, there exists
ω ∈ R such that

−(H + ξ)ϕ− λ|ϕ|2γϕ+ ωϕ = 0

and u(t, x) = eiωtϕ(x) is solution of (1.1).

In dimension 2, it is known from [37, 36] that (1.1) should be interpreted in a renormalized sense.
This renormalization has to be taken into account in the study of standing waves. The construction
of the renormalized operator has been conducted in [36] and will be recall in Section 2.5. The
renormalized operator is defined through an exponential transform inspired by the one introduced
in [27] to study the continuous parabolic Anderson model, and later used in [13, 51, 52] to solve the
Anderson nonlinear Schrödinger equation on the torus T2 and in [12, 14] to solve the same equation
but on the full space R2. Let Y = (−H)−1ξ, it is almost surely of regularity 1−, so one can define
ρ = eY and search for a formula for (H + ξ)u when u is of the form u = ρv. A formal computation
gives

(H + ξ)u = ρ
(
Hv + 2∇Y · ∇v + xY · xv + |∇Y |2v

)
.

Unfortunately, ∇Y is of regularity 0−, thus the product |∇Y |2 barely fails to exist. In [37], the
author proved that the wick product :|∇Y |2: can be defined as the almost sure limit, in suitable
distribution spaces of regularity 0−, of

|∇YN |2 − E[|∇YN |2],

where YN is a suitable regularisation of YN . Thus, the renormalized operator can be formally
defined as

(H + ξ)u = ρ
(
Hv + 2∇Y · ∇v + xY · xv + :|∇Y |2:v

)
.

The rigorous construction of H + ξ rely on the associated quadratic form.
Even in dimension 1, the construction of H + ξ is not straightforward as ξ is not a func-

tion. On compact interval with no potential, ∂2x + ξ has first been constructed in [20] using its
quadratic form and has been studied in [15] using a twisted Sturm-Liouville approach, allowing
to construct ∂2x + ξ on unbounded interval too. In Section 2.4, we propose a construction of
H + ξ as a self-adjoint unbounded operator through its quadratic form. Proposition 2.16 shows
D(H + ξ) = D(∂2x + ξ) ∩ D(|x|2), where ∂2x + ξ is the unbounded self-adjoint operator on L2(R)
constructed in [15] and D(|x|2) = {u ∈ L2(R), xu ∈ L2(R)}.

We are then interested in standing waves for{
i∂tu+Au+ λ |u|2γ u = 0

u(0) = u0,
(1.3)

in dimension d ∈ {1, 2}, where A = H + ξ. As A is independent of time, standing waves u(t, x) =
eiωtϕ(x) solves (1.3) if and only if ϕ is solution of

−Aϕ− λ|ϕ|2γϕ+ ωϕ = 0. (1.4)
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This paper aim to construct standing waves in presence of a white noise potential and present some
of their properties.

When ξ = 0 and H = ∆, standing waves are well-known object. See for example [43, 5, 49]
for existence, [5] for non-existence, [22, 34] for uniqueness and [4, 10, 9, 54, 23, 24] for results on
stability. Let us stress out many of these results relies on the particular structure of (1.4) in this
case, which is not preserved in presence of potentials. When ξ = 0 and H = ∆−V with V a regular
and potentially unbounded potential, we refer the reader to [33, 18, 28, 29, 19, 38, 47, 26, 45] and
references therein for many results on existence, uniqueness, localization and stability.

Nonlinear elliptic equations in presence of white noise potential on compact manifold have been
studied in [3] using mountain pass methods and in [55] using constraint minimization. In both [3,
55], the Anderson operator ∆+ ξ is constructed using paracontrolled calculus. We will present here
the construction of solution of (1.4) through constraint minimization, namely energy minimization
at fixed mass and action minimization. This allow to construct a positive solution of (1.4) whenever
such a solution exists.

Theorem 1.1. Let d ∈ {1, 2}, λ, ω ∈ R and γ > 0. Denote by µ0 the lowest eigenvalue of −A. In
each of the following situation, there exists a positive solution of (1.4) in D

(√
|A|

)
,

• λ > 0 and ω > −µ0,

• λ = 0 and ω = µ0,

• λ < 0 and ω < −µ0.

In every other cases, there is no non-trivial non-negative solution in D
(√

|A|
)
.

In order to do so, we use constrained minimization methods. In Section 4, we study the mini-
mization of energy at fixed mass and prove the following result.

Theorem 1.2. Let d ∈ {1, 2}, λ, ω ∈ R, γ > 0 and A be the self-adjoint operator constructed in
Sections 2.4 and 2.5 with ξ a spatial white noise, D1,2 = D(

√
|A|) and D−1,2 its dual. For u ∈ D1,2,

we define the mass as

M(u) =
1

2

∫
Rd

|u|2dx

and the energy as

E(u) = 1

2
⟨−Au, u⟩D−1,2,D1,2 − λ

2γ + 2

∫
Rd

|u|2γ+2dx.

Then, it holds

1. For λ ⩽ 0, for any m > 0, there exists ϕm ∈ D1,2 such that ϕm > 0 and

argmin
u∈D1,2

M(u)=m

E(u) =
{
eiθϕm, θ ∈ R

}
.

2. For λ > 0 and γ < 2
d , for any m > 0, there exists ϕm ∈ argmin

u∈D1,2, M(u)=m

E(u) such that ϕm > 0.

3



3. For λ > 0 and γ = 2
d , there exists m∗,λ(Ξ) > 0 such that for all m ∈ (0,m∗,λ(Ξ)), there exists

ϕm ∈ argmin
u∈D1,2, M(u)=m

E(u) such that ϕm > 0. Moreover, there exists m∗,λ(Ξ) ⩽ m∗
λ(Ξ) ⩽ m∗

λ

such that
∀m > m∗

λ(Ξ), inf
u∈D1,2

M(u)=m

E(u) = −∞,

where m∗
λ is the critical mass of the classical nonlinear Schrödinger equation (i.e. without any

potential).

4. For λ > 0 and γ > 2
d , for any m > 0,

inf
u∈D1,2

M(u)=m

E(u) = −∞.

It is classical that the set of minimal energy states of fixed mass is stable in D1,2 for (1.3). In
particular, Theorem 1.2 implies the orbital stability of the ground-state ϕm in the defocusing case
(λ < 0). Propositions 4.2 and 4.5 show that, for λ ⩽ 0 or γ < 2

d , energy minimization at fixed
mass provide positive solutions of (1.4) for any possible value of ω. We also prove the small mass
asymptotic of ϕm and its frequency ωm.

In Section 5, we investigate the minimization of action Sω = E + ωM. In the focusing case
(λ > 0), one easily verifies the action is not lowerbounded. We thus introduce the Nehari manifold
and show the following result.

Theorem 1.3. Let d ∈ {1, 2}, λ, ω ∈ R, γ > 0 and A the self-adjoint operator constructed in
Sections 2.4 and 2.5 with ξ a spatial white noise. Let D1,2 = D(

√
|A|) and D−1,2 its dual. Denote

by µ0 the smallest eigenvalue of −A. Let ω > −µ0 and define

Sω = E + ωM

and
Nω =

{
u ∈ D1,2\{0}, ⟨∇Sωu, u⟩D−1,2,D1,2 = 0

}
.

Then, there exists ψω ∈ argmin
Nω

Sω such that ψω > 0.

Let us stress out an important property of solution of (1.4) compared to the noiseless case. In
presence of white noise, standing waves have a limited Sobolev regularity.

Theorem 1.4. Let d ∈ {1, 2}, λ, ω ∈ R and γ > 0. Almost surely any solution u of (1.4) belongs to
W2− d

2−,q for all q ∈ [2,+∞), where Ws,q spaces are defined in Section 2.2. Moreover, almost surely
any solution u of (1.4) which belongs to H2− d

2 ,q(U) for some open set U ⊂ Rd and q ∈ [2,+∞]
vanishes everywhere in U .

2 Preliminaries

2.1 Notations and conventions
• N = {0, 1, 2, . . . } and N∗ = {1, 2, . . . }
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• d ∈ N is the space dimension

• ∆ =
∑d
j=1 ∂

2
xj

is the laplacian

• For x ∈ Rd, |x|2 =
∑d
j=1 x

2
j and ⟨x⟩2 = 1 + |x|2

• For α ∈ Nd, |α| =
∑d
j=1 αj and ∂α =

∏d
j=1 ∂

αj
xj . We write α ⩽ β of αj ⩽ βj for all 1 ⩽ j ⩽ d.

• Let E ⊂ Rd, then 1E : Rd → {0, 1} denotes the characteristic function of E.

• For p ∈ [1,+∞) and a borelian U ⊂ Rd, Lp(U) denotes the set of measurable functions
f : U → C such that |f |p is Lebesgue-integrable on U , modulo almost everywhere equality.
Likewise, L∞(U) denotes the set of function bounded almost everywhere on U , modulo almost
everywhere equality. When p = 2, we endow L2(U) with the inner product

∀f, g ∈ L2(U), (f, g)L2 = Re

∫
U

f(x)g(x)dx.

Moreover, for p ∈ [1,+∞], Lploc(U) denotes the set of measurable functions f on U , such that
for any compact set K ⊂ U , f1K ∈ Lp(U).

• Let E be a Banach space, p ∈ [1,+∞] and U ⊂ Rd be a borelian. Then Lp(U,E) denotes the
set of measurable functions f : U → E such that |f |E ∈ Lp(U).

• We denote by C∞
c (Rd) the space of smooth and compactly supported functions on Rd and by

D′(Rd) its dual, that is the space of distributions on Rd, endowed with the real bracket,

∀T ∈ L1
loc(Rd), ∀ϕ ∈ C∞

c (Rd), ⟨T, ϕ⟩D′ = Re

(∫
Rd

T (x)ϕ(x)dx

)
.

• We denote by S(Rd) the Schwartz space on Rd and S ′(Rd) its dual, that is the space of
tempered distributions on Rd.

• For s ∈ R and p ∈ (1,+∞), the Sobolev spaces are defined as

Hs,p =
{
u ∈ S ′(Rd),F−1 (⟨η⟩sFu) ∈ Lp(Rd)

}
endowed with the norm

|u|Hs,p
x

= |F−1 (⟨η⟩sFu) |Lp
x
,

where F is the Fourier transform. For p ∈ {1,+∞} and k ∈ N, they are defined as

Hk,p =
{
u ∈ Lp(Rd), ∀α ∈ Nd, |α| ⩽ k ⇒ ∂αu ∈ Lp(Rd)

}
and extended by complex interpolation for s ⩾ 0. We also use the notation Hs = Hs,2.

• Let E be a Banach space, we write | · |E its norm, L(E) the set of continuous endomorphisms
on E, and for F another Banach space, L(E,F ) the set of bounded linear maps from E to
F . In particular, the dual of E, defined by L(E,R), is denoted E′ = L(E,R), and the duality
bracket is defined as follows:

∀e ∈ E, ∀f ∈ E′, ⟨f, e⟩E′,E = f(e).

• We write A ≲ B if there exists a constant C > 0 independent of A and B such that A ⩽ CB.
We write A ≈ B if A ≲ B and B ≲ A. If C depends on a parameter θ, we may write A ≲θ B.
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2.2 Hermite-Sobolev spaces
We denote by H = ∆ − |x|2 the Hermite operator. It is well-known that this operator has eigen-
functions (hk)k∈N verifying the relation −Hhk = λ2khk where λ2k ∼ ck

1
d . Moreover, (hk)k∈N is a

complete orthonormal system of L2(R2,R).

Let s ∈ R and p ∈ (1,+∞) and define

Ws,p =
{
u ∈ S′(R2), (−H)

s
2u ∈ Lp(R2)

}
endowed with the norm

|u|Ws,p
x

= |(−H)
s
2u|Lp

x
.

It is known that these spaces are Banach spaces and that for q such that 1
p + 1

q = 1, we have
(Ws,p)

′
= W−s,q with equal norm. Moreover, the subspace Span {hk, k ∈ N} is dense in Ws,q-

spaces (see for example [6] for the case s ⩾ 0) and for s ⩾ 0, an equivalent norm is given for
p ∈ (1,+∞) by (see [16])

|u|Ws,p ≈ |u|Hs,p
x

+ |⟨x⟩su|Lp
x
.

This shows Ws,p =
{
u ∈ Hs,p(R2), ⟨x⟩su ∈ Lp(R2)

}
. Using the norm equivalence, we define W2,p

with p ∈ {1,+∞} as
W2,p =

{
u ∈ H2,p(R2), ⟨x⟩2u ∈ Lp(R2)

}
endowed with the norm

|u|W2,p
x

= |u|H2,p
x

+ |⟨x⟩2u|Lp
x

and extend this definition to s ∈ [0, 2] by complex interpolation. Moreover inspired by the relation
(Ws,p)

′
= W−s,q, for s ∈ [−2, 0), we define Ws,∞ =

(
W−s,1)′. As usual, we cannot define spaces

of negative L1 regularity as dual spaces of positive L∞ regularity.

Remark 2.1. We do not claim that the first definition of Ws,p agrees with the one we give for
spaces over L1 and L∞. We use the same notation for simplicity as we will always control Ws,∞

norms by Sobolev embeddings.

The choices we made ensure us that we can interpolate between spaces of positive regularity and
some other convenient properties that we need in our analysis. For example, our choices allow us to
have a simple product rule on our spaces, whose proof follows from Leibniz rule, Hölder inequality
and complex bilinear interpolation. We start with product rules, recalling an important estimate
going back to Kato and Ponce [32].

Proposition 2.2. (Theorem 1.4 in [25]) Let r ∈ (1,+∞) and s ⩾ 0. For any 1 < p1, q1, p2, q2 ⩽
+∞ with 1

r = 1
pj

+ 1
qj

(j ∈ {1, 2}), there exists C > 0 such that, for any f ∈ Hs,p1 ∩ Lp2 and any
g ∈ Hs,q2 ∩ Lq1 , it holds

|fg|Hs,r ⩽ C (|f |Hs,p1 |g|Lq1 + |f |Lp2 |g|Hs,q2 ) .

The proof of Lemma 2.3, Corollary 2.4, and Propositions 2.5 and 2.7 below are given in [37].

Lemma 2.3. Let s ⩾ 0 and 1 ⩽ p, q, r ⩽ +∞ such that 1
p +

1
q = 1

r . There exists a constant C > 0

such that for all u ∈ Ws,p and v ∈ Hs,q, we have uv ∈ Ws,r and |uv|Ws,r ⩽ C|u|Ws,p |v|Hs,q .
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Corollary 2.4. Let s ⩾ 0, 1 < p < +∞ and 1 ⩽ q, r ⩽ +∞ such that 1 − 1
p + 1

q = 1 − 1
r .

There exists a constant C > 0 such that for all u ∈ W−s,r and v ∈ Hs,q, we have uv ∈ W−s,p and
|uv|W−s,p ⩽ C|u|W−s,r |v|Hs,q .

On Ws,q spaces, derivation and multiplication by a power of ⟨x⟩ act directly on the regularity
exponent.

Proposition 2.5. (see Corollary 2.5 in [37]) Let s ∈ R, j ∈ {1, 2} and q ∈ (1,+∞), then
∂j , xj ∈ L(Ws,q,Ws−1,q).

The following corollary follows from Proposition 2.5 by Stein’s complex interpolation method
[48, 53].

Corollary 2.6. Let α ⩾ 0, s ∈ R and q ∈ (1,+∞). Then, ⟨x⟩α ∈ L(Ws,q,Ws−α,q).

The Sobolev-Hermite spaces verify some continuous embeddings as in the classical Sobolev
framework. We will also refer to these embeddings as Sobolev embeddings.

Proposition 2.7. (Sobolev embeddings) Let 1 < p ⩽ q < +∞ and s > σ such that 1
p −

s
2 ⩽ 1

q −
σ
2 .

Then Ws,p is continuously embedded in Wσ,q. Moreover if 1 < p < q ⩽ +∞ and s > σ such that
1
p −

s
2 <

1
q −

σ
2 and σ ∈ [−2, 2] if q = +∞, then Ws,p is compactly embedded in Wσ,q.

We can also gain integrability for the elements of Ws,2, using the trade-off between localization
and regularity in confining Sobolev spaces.

Proposition 2.8. Let p ∈ [1, 2] and s, σ ⩾ 0 such that s > σ+d
(

1
p −

1
2

)
. Then Ws,2 is compactly

embedded in Wσ,p.

Proof. The compactness of the embedding follows from the sharpness of the condition s > σ +

d
(

1
p −

1
2

)
and the compact embedding Ws,2 ⊂ Ws−ε,2 for any ε > 0. Assume σ = 0 first and let

u ∈ Ws,2. Then, by Hölder’s inequality,

|u|Lp ⩽
∣∣⟨x⟩−s∣∣

Lr |u|Ws,2

for 1
r = 1

p − 1
2 . As s > d

(
1
p −

1
2

)
, sr > d and thus |⟨x⟩−s|Lr < +∞. This proves the case σ = 0.

The case σ ∈ 2N follows from Proposition 2.5 and Corollary 2.6. Finally, the general case σ ⩾ 0
follows by complex interpolation.

2.3 White noise
A real centered gaussian random field {⟨ξ, ϕ⟩, ϕ ∈ S(Rd)} defined on (Ω,A,P) is called a white
noise if it verifies the Wiener isometry

∀ϕ, ψ ∈ S(Rd), E [⟨ξ, ϕ⟩⟨ξ, ψ⟩] = (ϕ, ψ)L2 ,

allowing to extend it as an isometry ξ : L2(Rd) → L2(Ω). For any orthonormal basis (en)n∈N of
L2(Rd), one can show

ξ =
∑
n∈N

⟨ξ, en⟩en,
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where the series converges almost surely in any Hilbert space L2(Rd) ⊂ H ⊂ D′(Rd) such that the
canonical embedding of L2(Rd) in H is Hilbert-Schmidt (see for example Proposition 13.5 in [42]).
Recall that a bounded linear map T : H0 → H1 is Hilbert-Schmidt if there exists an orthonormal
basis (en)n∈N of H0 verifying ∑

n∈N
|Ten|2H1

< +∞.

If this sum is finite for some orthonormal basis, it is then finite for every orthonormal basis, with
the same value. This shows, almost surely, ξ is defined as a random Schwartz distribution. We now
investigate the regularity of ξ in confining Sobolev spaces. We introduce the kernel of (−H)−1,

∀x, y ∈ Rd, K(x, y) =
∑
n∈N

hn(x)hn(y)

λ2n
. (2.1)

The following lemma extends Proposition 4 in [7] which deals with the case d = 2.

Lemma 2.9. Let d ∈ N∗ and q ∈ [2,+∞]. For any α < 2− d
2 − d

q , K ∈ LqxWα,2
y .

Proof. We only prove the cases q = 2 or q = +∞, as the general result follows by complex interpo-
lation. First, assume q = +∞. Let σ > d

2 , then Sobolev embeddings implies

∀f ∈ S(Rd), sup
x∈Rd

∣∣∣∣∫
Rd

K(x, y)f(y)dy

∣∣∣∣ = ∣∣(−H)−1f
∣∣
L∞
x

≲
∣∣(−H)−1f

∣∣
Wσ,2

x
≲ |f |Wσ−2,2

x
.

By density of S(Rd) in Wσ−2,2, it holds K ∈ L∞
x W2−σ,2

y . Now, assume q = 2. Then, using the
Kernel theorem,

|K|2
L2
xW

α,2
y

=
∑
k∈N

∣∣(−H)
α
2 −1hk

∣∣2
L2 =

∑
k∈N

λ2α−4
k .

Thus, K ∈ L2
xWα,2

y if and only if α < 2− d, as λ2k ∼ k
1
d .

Corollary 2.10. Let d ∈ N∗. Almost surely, for any q ∈ [2,+∞], s > d
q > σ, ξ ∈ W− d

2−s,q, and
ξ /∈ W− d

2−σ,q.

Proof. By Sazonov’s theorem, almost surely

ξ ∈ W− d
2−s,2 ⇐⇒ s >

d

2

as the injection of L2(Rd) in W− d
2−s,2 is Hilbert-Schmidt if and only if s > d

2 . Moreover, by
Proposition 2.8, for any q ∈ [2,+∞] and any σ < d

q , W− d
2−σ,q ⊂ W−d,2. Thus, almost surely,

for any q ∈ [2,+∞] and any σ < d
q , ξ /∈ W− d

2−σ,q. In particular, almost surely ξ ∈ S ′(Rd). Let
N,M ∈ N and

ξN =

N∑
n=0

ξnhn.
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Almost surely, ξN converges to ξ in S ′(Rd). Assume N > M . Let q ∈ (2,+∞) and α ∈ R, then by
Fubini and gaussianity, it holds

E [|ξN − ξM |qWα,q ] =

∫
Rd

E
[∣∣(−H)

α
2 (ξN − ξM )(x)

∣∣q] dx
≲q

∫
Rd

E
[∣∣(−H)

α
2 (ξN − ξM )(x)

∣∣2] q
2

dx ≲q

∫
Rd

∣∣∣∣∣
N∑

n=M+1

λ2αn |hn(x)|2
∣∣∣∣∣
q
2

dx.

Now, remark
|K(x)|2Wσ,2 =

∑
n∈N

λ2σ−4
n |hn(x)|2,

thus for ε > 0 small enough,

E [|ξN − ξM |qWα,q ] ≲q λ
−2ε
M |K|q

Lq
xW2+α+ε,2

y
.

For α = −d
2 − s, one can choose ε > 0 such that α + ε < −d

2 − d
q and Lemma 2.9 ensures

|K|q
Lq
xW2+α+ε,2

y
< +∞. Hence, ξN converges to ξ in Lq(Ω,W− d

2−s,q) and ξ ∈ W− d
2−s,q a.s. The case

q = +∞ follows from Sobolev embeddings.

2.4 Confining Anderson operator in dimension 1
A first approach to define A = H + ξ could be to follow the one used in [15, 39]. Recall that, in
dimension 1, ξ = B′ where B is a brownian motion on R. Thus, for u "sufficiently regular" a formal
computation gives

Au = u′′ +B′u− x2u = u′′ + (Bu)′ −Bu′ − x2u = (u′ +Bu)′ −Bu′ − x2u.

This formal computation allows to define A, in a distributional sense, on the set of absolutely
continuous functions as

A : u ∈ AC(R) 7→ (u′ +Bu)′ −Bu′ − x2u ∈ D′(R).

In order to define it as an unbounded operator over L2(R), one can define it on

D0 =
{
u ∈ L2(R) ∩ AC(R), u′ +Bu ∈ AC(R) and (u′ +Bu)′ −Bu′, x2u ∈ L2(R)

}
,

but showing (A,D0) defines a self-adjoint operator is then a bit difficult. In order to circumvent the
difficulty of the Sturm-Liouville approach, one can try to define A = H + ξ through its quadratic
form. This idea goes back to [20] where they constructed the quadratic form of ∂2x+ξ with Dirichlet
conditions on bounded intervals. The construction we present extends to any distributional poten-
tial ξ ∈ W−κ,∞ with κ ∈ (0, 1).

A formal integration by part gives

(−(H + ξ)u, v) = (−Hu, v)− (ξu, v) = Re

∫
R
u′v′ + x2uvdx− (ξ, uv).

9



Define the symmetric bilinear form

∀u, v ∈ W1,2, a(u, v) = Re

∫
R
u′v′ + x2uvdx− ⟨ξ, uv⟩W−1,∞,W1,1 . (2.2)

Using Cauchy-Schwartz inequality and Lemma 2.3, it holds

∀u, v ∈ W1,2, |a(u, v)| ≲ (1 + |ξ|W−1,∞)|u|W1,2 |v|W1,2 .

It shows the symmetric bilinear form a is bounded on W1,2. In order to apply Theorem 6.2.6 in
[31] and construct −A, it would be sufficient to prove that a is coercive. Unfortunately, it is not in
general but it is quasi-coercive.

Proposition 2.11. There exists δ = δ(ξ) > 0 such that

∀u ∈ W1,2, a(u, u) + δ|u|2L2 ⩾
1

2
|u|2W1,2 .

Proof. Remark for any u, v ∈ W1,2, as ξ ∈ W−κ,∞ with κ ∈ (0, 1),

⟨ξ, |u|2⟩W−1,∞,W1,1 = ⟨ξu, u⟩W−κ,2,Wκ,2

and duality and Corollary 2.4 imply

|⟨ξu, u⟩W−κ,2,Wκ,2 | ≲ |ξ|W−κ,∞ |u|2Wκ,2 .

By interpolation and Young inequality, there exists δ > 0 such that

|⟨ξu, u⟩W−κ,2,Wκ,2 | ⩽ 1

2
|u|2W1,2 + δ|u|2L2 ,

thus
a(u, u) + δ|u|2L2 ⩾

1

2
|u|2W1,2 .

We can then apply Theorem 6.2.6 in [31] to construct −A+ δ as a positive self-adjoint operator
on

D(A) =
{
u ∈ W1,2, ∃C > 0, ∀ϕ ∈ W1,2, |a(u, ϕ)| ⩽ C|ϕ|L2

}
.

As W1,2 is compactly embedded in L2(R), A has a discrete spectrum.
Using the exponential transform introduced in [27] and extensively used in the 2d case [13, 12,

14, 52, 51, 37, 41], we can obtain an exact definition of the domain. Let Y = (−H)−1ξ, then
Y ∈ H1,∞. Then one can define ρ = eY ∈ H1,∞ and for any u = ρv, it holds formally

Au = ρ(Hv + 2Y ′v′ + xY · xv + |Y ′|2v). (2.3)

This formula is true for any u = ρv ∈ W1,2 (recall Lemma 2.3 implies ρW1,2 = W1,2) and the we
deduce an explicit definition of the domain.

Proposition 2.12. Let Y = (−H)−1ξ and ρ = eY . Then D(A) = ρW2,2. In particular, for any
u ∈ D(A), x2u ∈ L2(R).
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Proof of Proposition 2.12. It is easy to check ρW2,2 ⊂ D(A) from (2.3). We now show the converse.
As D(A) ⊂ W1,2, for any u ∈ D(A), v = uρ−1 ∈ W1,2 and there exists f ∈ L2(R) such that Au = f .
Using (2.3), it is equivalent to

Hv = ρ−1f − 2Y ′v′ − x2Y v − |Y ′|2v.

Remark Y ′, xY ∈ L∞(R) and v, v′, xv ∈ L2(R), thus Hv ∈ L2(R) i.e. v ∈ W2,2.

Inspired by this result, we define

∀s ∈ [0, 2), ∀p ∈ (1,+∞), Ds,p = ρWs,p and D−s,p = (Ds,p′)′, (2.4)

with 1
p +

1
p′ = 1.

Remark that in dimension 1, W1,1 ⊂ H1,1(R) ⊂ L∞(R), thus for any p ∈ (1,+∞], Lp(R) ⊂
W− 1

p ,∞ and the previous construction applies to A +W with W ∈ Lp. Proposition 2.13 below
shows the domain of A is stable under the perturbation by a potential in L2(R,R) + L∞(R,R).
Recall that Lp(R,R) ⊂ L2(R,R) + L∞(R,R) for any p ∈ [2,+∞], thus, Proposition 2.13 provide
the stability of D(A) under a quite large class of perturbations.

Proposition 2.13. Let W ∈ L2(R,R) +L∞(R,R). Then (A+W,D(A)) is a self-adjoint operator.

Proof. By construction D(A) ⊂ W1,2 ⊂ L2(R) ∩ L∞(R). Thus, for any W ∈ L2(R,R) + L∞(R,R),
A +W : D(A) → L2(R) is well-defined and symmetric as W is real-valued. As W ∈ W− 1

2−,∞,
there exists D(A + W ) ⊂ W1,2 such that (A + W,D(A + W )) is a self-adjoint operator. Thus,
A + W : D(A) → L2(R) implies D(A) ⊂ D(A + W ). Likewise, using A = (A + W ) − W and
D(A+W ) ⊂ L2(R) ∩ L∞(R), one obtain A : D(A+W ) → L2(R), thus D(A) = D(A+W ).

Moreover, one can show simplicity of the spectrum using an elementary ODE argument.

Proposition 2.14. Let W ∈ L2(R,R)+L∞(R,R). The spectrum of −A+W is simple. Moreover,
−A+W the eigenfunction associated to the lowest eigenvalue can be chosen positive.

Using Sazonov theorem, one can prove a maximal local Sobolev regularity for elements of D(A).

Corollary 2.15. Almost surely, any u ∈ D(A) which belongs to H
3
2 ,q(I) for some interval I ⊂ R

and q ∈ [2,+∞] vanishes everywhere on I.

Proof. Recall Y = (−H)−1ξ. We work on the event

Ω0 = {Y ∈ H1,∞(R)} ∩
⋂
r∈Q

⋂
n∈N

{
ξ /∈ H− 1

2

([
r − 2−n, r + 2−n

])}
which is of probability 1 by Corollary 2.10, Sazonov theorem and Sobolev embeddings. By Propo-
sitions 2.5, 2.7 and 2.12 and Corollaries 2.6 and 2.10, D(A) = ρW2,2 with ρ = eY . Let v ∈ W2,2

such that v|I ̸= 0 and u = ρv ∈ H
3
2 ,q(I). Without lost of generality, one can assume I is bounded

and thus u = ρv ∈ H
3
2 (I). Then, u′ = ρ(v′ + Y ′v) ∈ H

1
2 (I). As ρ ∈ H1,∞(I) and v′ ∈ H1(I), it

implies Y ′v ∈ H
1
2 (I). As v|I ̸= 0 and W2,2 ⊂ C1(R), there exists a compact interval J ⊂ I and

c > 0 such that
∀x ∈ J, |v(x)| > c.
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Thus v−1 ∈ L∞(J) and
(
v−1

)′
= −v−2v′ ∈ L∞(J). Hence v−1 ∈ H1,∞(J) and by Kato-Ponce

inequality, Y ′ ∈ H
1
2 (J). As x2Y ∈ L∞(J) ⊂ L2(J), it holds ξ ∈ H− 1

2 , which is impossible on Ω0.
Thus v|I = 0, i.e. u|I = 0.

As already mentioned, we could have defined A = H + ξ as in [39, 15], using ξ = B′ where B is
a brownian motion on R and the formal Sturm-Liouville formula.

Au = u′′ +B′u− x2u = u′′ + (Bu)′ −Bu′ − x2u = (u′ +Bu)′ −Bu′ − x2u.

This formal computation allows to define A, in a distributional sense, on the set of absolutely
continuous functions as

A : u ∈ AC(R) 7→ (u′ +Bu)′ −Bu′ − x2u ∈ D′(R).

In order to define it as an unbounded operator over L2(R), one can define it on

D0 =
{
u ∈ L2(R) ∩ AC(R), u′ +Bu ∈ AC(R) and (u′ +Bu)′ −Bu′, x2u ∈ L2(R)

}
,

but showing (A,D0) defines a self-adjoint operator is then a bit difficult. However, when A is
already defined as a self-adjoint operator, verifying that D(A) = D0 is easier. Indeed, for u ∈ D(A),
Proposition 2.12 implies u is sufficiently regular so that

Au = Hu+ ξu = (u′ +Bu)′ −Bu′ − x2u

holds in D′(R).
When there is no noise, it is known that D(−∂2x + x2) = D(−∂2x) ∩D(x2). The following result

shows D(A) = D(∂2x + ξ) ∩D(x2), where ∂2x + ξ is the self-adjoint operator constructed in [15].

Proposition 2.16. The domain of A is given by

D(A) =
{
u ∈ L2(R) ∩ AC(R), u′ +Bu ∈ AC(R) and (u′ +Bu)′ −Bu′, x2u ∈ L2(R)

}
.

Moreover, for any u, v ∈ D(A) and any a < b, the following holds∫ b

a

(−Au)vdx =W [u, v](b)−W [u, v](a) +

∫ b

a

u(−Av)dx,

where W [u, v](x) = u(x)v′(x)− u′(x)v(x) is the Wronskian of u and v.

Proof. Let

D0 =
{
u ∈ L2(R) ∩ AC(R), u′ +Bu ∈ AC(R) and (u′ +Bu)′ −Bu′, x2u ∈ L2(R)

}
,

and define A0u = (u′ + Bu)′ − Bu′ − x2u on D0. Let u ∈ D(A) ⊂ W1,2, then u ∈ H1(R) and
(u′ + Bu)′ − Bu′ − x2u = Au ∈ L2(R) in the distributional sense. Thus, u′ + Bu ∈ AC(R) and
u ∈ D0, as Proposition 2.12 implies x2u ∈ L2(R), which implies A ⩽ A0. For u, v ∈ D0, a direct
integration by part gives∫ b

a

(−A0u)vdx =W [u, v](b)−W [u, v](a) +

∫ b

a

u(−A0v)dx.

It was shown in [15] that W [u, v](c) goes to 0 when c goes to ±∞. Sending a to −∞ and b to +∞,
we obtain that A0 is symmetric. As A is self-adjoint, it is maximal symmetric, thus D(A) = D0.
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2.5 Confining Anderson operator in dimension 2
Contrarily to the dimension 1, we cannot use anymore ξ = B′ as the two-dimensional counterpart
is ξ = ∂1∂2B where (Bx,y)x,y∈R is now a two-dimensional brownian sheet. We should thus look at
the quadratic form approach, yet defining directly

(−Au, v) = Re

∫
R2

∇u · ∇v + |x|2uvdx− ⟨ξu, v⟩

is hopeless as ξ ∈ W−1−,∞ a.s. by Corollary 2.10, so this quadratic form is ill-defined on the energy
space of −H. Thus, we use an exponential transform inspired by the one introduced in [27] to study
the continuous parabolic Anderson model, and later used in [13, 52, 51] to solve the Anderson non-
linear Schrödinger equation on the torus T2 and in [12, 14] to solve the same equation on the full
space R2. Let Y = (−H)−1ξ, it is almost surely of regularity 1−, so one can define ρ = eY and
search for a formula for (H + ξ)u when u is of the form u = ρv. A formal computation gives

(H + ξ)u = ρ
(
Hv + 2∇Y · ∇v + xY · xv + |∇Y |2v

)
.

Unfortunately, ∇Y is of regularity 0−, thus the product |∇Y |2 barely fails to exist. The author
proved in [37] that the wick product :|∇Y |2: can be defined as the almost sure limit, in suitable
distribution spaces of regularity 0−, of

|∇YN |2 − E[|∇YN |2],

where YN is a suitable regularisation of YN with only low modes.

Lemma 2.17. (Proposition 3.11. in [37])
Let p ⩾ 1, q ∈ (2,+∞] and s > 2

q . Then (:|∇YN |2:)N∈N is Cauchy in the Banach space
Lp(Ω,W−s,q). Moreover, denote by :|∇Y |2: its limit, then almost surely, :|∇YN |2: converges to
:|∇Y |2: in W−s,q.

Thus, the renormalized operator can be formally defined as

(H + ξ)u = ρ
(
Hv + 2∇Y · ∇v + xY · xv + :|∇Y |2:v

)
. (2.5)

This shows that knowing a trajectory of ξ is not sufficient to define the operator H+ξ. It is a usual
fact in the study of Anderson operators that one needs more data in order to define the operator
(see for example [1, 40, 2, 30]). In what follows, in order to shorten the notations, we may write
Z = :|∇Y |2: and Ξ = (Y,Z) the enhanced noise.

The formula (2.5) does not make sense directly, but as usual, the bilinear form of the operator
can be defined rigorously. Recall the space D1,2 = ρW1,2, as in dimension 1, and endow it with the
norm

∀u = ρv ∈ D1,2, |u|2D1,2 =

∫
R2

(
|∇v|2 + |xv|2

)
ρ2(x)dx. (2.6)

Remark that this norm verifies

∀v ∈ W1,2, (inf ρ)|v|W1,2 ⩽ |ρv|D1,2 ⩽ (sup ρ)|v|W1,2 , (2.7)
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thus it immediately follows that (D1,2, | · |D1,2) is a Hilbert space. For any ui = ρvi ∈ D1,2, formally,
one can write

⟨−(H + ξ)u1, u2⟩ = Re

∫
R2

(
∇v1 · ∇v2 + |x|2(1− Y )v1v2

)
ρ2dx− ⟨Z, v1v2ρ2⟩.

Let define the bilinear form

∀u1, u2 ∈ D1,2, a(u1, u2) = Re

∫
R2

(
∇v1 · ∇v2 + |x|2(1− Y )v1v2

)
ρ2dx− ⟨Z, v1v2ρ2⟩, (2.8)

where ui = ρvi. The author proved in [36] this bilinear form is well-defined, symmetric, continuous
and quasi-coercive on D1,2.

Proposition 2.18. (Proposition 3.4. in [36])
There exists CΞ, δΞ > 0 such that

∀u ∈ D1,2,
1

2
|u|2D1,2 ⩽ a(u, u) + δΞ|u|2L2 ⩽ CΞ|u|2D1,2 .

Hence, Theorem 6.2.6 in [31] implies the existence of a unique lower-bounded self-adjoint oper-
ator with compact resolvent −A : D(−A) ⊂ L2(R2) → L2(R2) such that

∀u1, u2 ∈ D1,2, a(u1, u2) = ⟨−Au1, u2⟩D−1,2,D1,2 .

Moreover, one can characterize the first Sobolev spaces of A.

Proposition 2.19. (Proposition 3.5. in [36]) For any s ∈ (−2, 2), Ds,2 = D
(
|A| s2

)
with equivalent

norm.

In particular, D(−A) is dense and compactly embedded in any Ds,2 with |s| < 2, allowing to
make sense of the formal formula (2.5).

As in dimension 1, when ξ is a white noise, we get a maximal regularity result for elements of
the domain, which relies on Sazonov theorem.

Corollary 2.20. Almost surely, any u ∈ D(A) which belongs to H1,q(U) for some open set U ⊂ R2

and q ∈ [2,+∞] vanishes everywhere on U .

Proof of Corollary 2.20. We work on the event

Ω0 = {Y ∈ L∞(R2)} ∩
⋂
r∈Q2

⋂
n∈N

{
ξ /∈ H−1

(
B(r, 2−n)

)}
which is of probability 1 by Corollary 2.10, Sazonov theorem and Sobolev embeddings. By Proposi-
tion 2.19, D(A) ⊂ ρW2−,2. Let v ∈ W2−,2 such that v|U ̸= 0 and ρv ∈ H1,q(U), there exists r ∈ Q2,
n ∈ N and c > 0 such that B = B(r, 2−n) ⊂ U and

∀x ∈ B, |v(x)| > c.

It follows from ∇(ρv) = (v∇Y +∇v)ρ that ∇Y ∈ Lq(B) ⊂ L2(B) as ρ−1 ∈ L∞(B), ∇v ∈ W1−,2 ⊂
L2(B) and v−1 ∈ L∞(B). As V Y ∈ L∞(B) ⊂ L2(B), it holds ξ ∈ H−1(B), which is impossible on
Ω0. Thus v|U = 0, i.e. u|U = 0.
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Let p ∈ (2,+∞] and W ∈ Lp(R2,R). As in dimension 1, one can use the Sobolev injection of
W1−,2 in Lq(R2) for any q ∈ [2,+∞) and the previous construction to show (−A +W,D(A)) is
still a well-defined self-adjoint operator of compact inverse. We want to show that A+W has the
spectral gap property, i.e.

Proposition 2.21. Let p ∈ (2,+∞] and W ∈ Lp(R2,R). Then the lowest eigenvalue of −A +W
is simple and the associated eigenfunction can be chosen positive.

To show T : D(T ) ⊂ L2(Rd) → L2(Rd) has a spectral gap, it is a classical consequence of the
Krein-Rutman theorem that a sufficient condition is (e−tT )t>0 is positive and irreducible, that is

∀f ∈ L2(Rd), f ̸= 0, f ⩾ 0 a.e. ⇒ ∀t > 0, e−tT f > 0 a.e.

In that case, we can even take the eigenfunction associated to λ0 to be positive. The following
result, which is a synthesis of Theorems 2.6 and 2.10 of [44], gives a characterization of positivity
and irreducibility through the quadratic form associated to T .

Proposition 2.22. Let H be a Hilbert space continuously embedded in L2(Rd). Let q be a contin-
uous, symmetric and coercive bilinear map on H and (T,D) be the associated self-adjoint operator
given by Riesz theorem. Then, (e−tT )t>0 is positive and irreductible if and only if there exists dense
subsets H0 and H1 of H such that

1. ∀u ∈ H0, (Reu)+ ∈ H, q(Reu, Imu) ∈ R and q((Reu)+, (Reu)−) ⩽ 0,

2. for any D ⊂ Rd such that

∀u ∈ H1, 1Du ∈ H and q(1Du,1Dcu) ⩾ 0,

it holds |D| = 0 or |Dc| = 0.

In that case, 1. and 2. hold for H0 = H1 = H.

Proof of Proposition 2.21. The quadratic form associated to −A+W is

∀u1, u2 ∈ D1,2, q(u1, u2) = a(u1, u2) + Re

∫
Wu1u2dx.

Let u ∈ D1,2, the diamagnetic inequality implies (Reu)+ ∈ D1,2 Moreover, one easily check it
verifies q((Reu)+, (Reu)−) = 0, q(Reu, Imu) ∈ R and q(u1, u2) = 0 if supp(u1) ∩ supp(u2) = ∅.
Hence, according to Theorem 2.22, it is sufficient to show that, if D ⊂ R2 verify

∀u ∈ ρC∞
c (R2) ⊂ D1,2, 1Du ∈ D1,2,

then |D| = 0 or |Dc| = 0. Let such a D, then for all u = ρv ∈ ρC∞
c (R2), it holds 1Du ∈ D1,2 thus

1Dv ∈ H1(R2). We conclude using the case of the laplacian, as one can easily check −∆+ 1 has a
positive and irreducible semigroup from the formula

∀t > 0, ∀u ∈ L2(R2), et(∆−1)u(x) = e−t
∫
R2

e−
|x−y|2

4t u(y)
dy

4πt
a.e.

The conclusion then follows by a standard Krein-Rutman argument.
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3 A priori properties of standing waves
In this section, we explore a priori results on solutions of (1.4) in D1,2 = ρW1,2. Recall that, in
dimension 1, D1,2 = W1,2 and that in dimension 1 and 2, the Riesz theorem implies −A + δ :
D1,2 → D−1,2 = (D1,2)′ is invertible for δ given by Propositions 2.11 and 2.18. In both dimensions,
D1,2 is the energy domain of A. In order to explore the structure of solutions of (1.4), we introduce
the following sets

Sλ,γ =
{
(ω, u) ∈ R×D1,2, −Au− λ|u|2γu+ ωu = 0 and u ̸= 0

}
and Sλ,γ its closure in R × D1,2. Using the continuous embedding of D1,2 in Lq(Rd) for any
q ∈ [2,+∞), it is easy to show

Sλ,γ = Sλ,γ ∪ (R× {0}) ⊂ R×D(A).

The set R× {0} is called the trivial line of solutions of (1.4). Taking into account the exponential
transform, one can show

Sλ,γ =
{
(ω, ρv) ∈ R×D1,2, −Ãv − λρ2γ |v|2γv + ωv = 0 and v ̸= 0

}
,

where
Ãv = ρ−1A(ρv) = Hv + 2∇Y · ∇v + xY · xv + Zv,

with Z = |Y ′|2 in dimension 1 and Z = :|∇Y |2: in dimension 2. Finally, we define

Ŝλ,γ =
{
u ∈ D1,2, ∃ω ∈ R, (ω, u) ∈ Sλ,γ

}
.

As Ŝλ,γ ⊂ D(A), Corollaries 2.15 and 2.20 apply to solutions of (1.4). To prove Theorem 1.4, it is
thus sufficient to prove the following lemma.

Lemma 3.1. Let λ ∈ R and γ > 0. A.s. it holds

Ŝλ,γ ⊂
⋂

q∈[2,+∞)

ρW3− d
2−,q ⊂

⋂
q∈[2,+∞)

W2− d
2−,q.

In particular, a.s. Ŝλ,γ ⊂ ρC3− d
2−(Rd) ⊂ C2− d

2−(Rd).

Proof. Let u ∈ Ŝλ,γ , there exists ω ∈ R such that (ω, u) ∈ Sλ,γ . Write u = ρv with v ∈ W2−,2

according to Propositions 2.12 and 2.19. Then, one has

−Hv = 2∇Y · ∇v + xY · xv + Zv + λ|v|2γvρ2γ − ωv,

where Z = |Y ′|2 in dimension 1 and Z = :|∇Y |2: in dimension 2. We work on the event

{Y ∈ H2− d
2−,∞, ∇Y, xY, Z ∈ H1− d

2−,∞}

which is of full probability. As u ∈ D(A) ⊂ ρW2− d
2−,q for any q ∈ [2,+∞) by Sobolev embeddings,

Lemma 2.3, Corollaries 2.4 and 2.6, and Proposition 2.5 imply v ∈ W3− d
2−,q for any q ∈ [2,+∞).

Hölder regularity follows from usual Sobolev embeddings.
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Using elementary computations, we can prove a priori conditions on ω for the existence of
non-negative standing waves.

Proposition 3.2. Let ω ∈ R. There are three cases :

• If λ = 0, there exists u ⩾ 0 with (ω, u) ∈ S0,γ if and only if ω = −µ0 and in that case,
u = αφ0 (α > 0).

• If λ > 0 and there exists u ⩾ 0 with (ω, u) ∈ Sλ,γ then ω > −µ0. If ω > −µ0 and there exists
u ⩾ 0 with (ω, u) ∈ Sλ,γ then λ > 0.

• If λ < 0 and there exists u ⩾ 0 with (ω, u) ∈ Sλ,γ then ω < −µ0. If ω < −µ0 and there exists
u ⩾ 0 with (ω, u) ∈ Sλ,γ then λ < 0.

Proof. The case λ = 0 comes from Propositions 2.14 and 2.21. Now, assume ω > −µ0 and u ⩾ 0
with (ω, u) ∈ Sλ,γ , taking a duality bracket of (1.4) with u, it holds

0 < ⟨(−A+ ω)u, u⟩ = λ

∫
Rd

|u|2γ+2dx,

thus λ > 0. Conversely, if λ > 0 and u as previously, taking a duality bracket of (1.4) with φ0, it
holds

0 < λ

∫
Rd

|u|2γuφ0dx = ⟨(−A+ ω)u, φ0⟩ = (ω + µ0)(u, φ0)L2 .

As φ0 > 0 and u ⩾ 0 is non-zero, it holds ω > −µ0. Similarly, if λ < 0,

0 > λ

∫
Rd

|u|2γuφ0dx = ⟨(−A+ ω)u, φ0⟩ = (ω + µ0)(u, φ0)L2 ,

thus ω < −µ0. Finally, if ω < −µ0 and u ⩾ 0 with (ω, u) ∈ Sλ,γ , previous results show λ < 0 as it
cannot be non-negative because of ω.

We now prove the a priori strict positivity of solutions.

Proposition 3.3. Let (ω, u) ∈ Sλ,γ with u ⩾ 0. Then, u > 0 and for every (ω, ϕ) ∈ Sλ,γ with
|ϕ| = u, there exists θ > 0 such that ϕ = eiθu.

Proof. Let W = ω − λu2γ ∈ L∞(Rd) according to Lemma 3.1. It holds

(−A+W )u = 0,

so u is an eigenfunction of −A + W . As u ⩾ 0, Propositions 2.14 and 2.21 imply it must be
associated to the lowest eigenvalue, u > 0 and every other solution of (−A +W )ϕ = 0 is of the
form ϕ = αu with α ∈ C. Thus if (ω, ϕ) ∈ Sλ,γ with |ϕ| = u, there exists θ > 0 such that ϕ = eiθu.
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3.1 Exponential localization
In this section, we will extend the exponential localization result from [19] to focusing standing
waves with white noise potential. This approach is mostly perturbative. Let ε ∈ (0, 1) and ϕ ∈
C1(Rd\{0},R) ∩ C(Rd, (0,+∞)) verifying

∀x ∈ Rd\{0}, |∇ϕ(x)|2 ⩽ 4(1− ε)2V (x). (3.1)

Proposition 3.4. Let λ, γ > 0. There exists c = c(Ξ, ε, V ) > 0, such that for all (ω, u) ∈ Sλ,γ with
u = ρv, eϕ

(
|∇v|2 + V |v|2 + |v|2γ+2

)
∈ L1(Rd) and

ε

2

∫
eϕ

(
|∇v|2 + |xv|2

)
ρ2dx+ (ω − c)

∫
eϕ|v|2ρ2dx

⩽ λ

∫
eϕ|v|2γ+2ρ2γ+2dx

⩽
(
2− ε

2

)∫
eϕ

(
|∇v|2 + |xv|2

)
ρ2dx+ (ω + c)

∫
eϕ|v|2ρ2dx.

Proof. We do the proof for dimension 2 as the dimension 1 is easier. As in the proof of Theorem 2
in [19], for m ∈ N, let

ζm = exp(mϕ/(m+ ϕ)).

We show there exists c > 0 such that

ε

2

∫
ζm

(
|∇v|2 + |xv|2

)
ρ2dx+ (ω − c)

∫
ζm|v|2ρ2dx

⩽ λ

∫
ζm|v|2γ+2ρ2γ+2dx

⩽
(
2− ε

2

)∫
ζm

(
|∇v|2 + |xv|2

)
ρ2dx+ (ω + c)

∫
ζm|v|2ρ2dx.

The end of the proof follows exactly the one of Theorem 2 in [19], by sending m to +∞, as V
verifies hypothesis (V3) of [19] and u tends to 0 at infinity.

Taking a duality bracket of (1.4) with ζmu = ζmρv and using

A(ρv) = ρ (Hv + 2∇Y · ∇v + xY · xv + Zv) ,

it holds

Re

∫
Rd

ρ2∇v · ∇[ζmv]dx+

∫
Rd

ζm(|x|2 + ω)|v|2ρ2dx

= λ

∫
Rd

ζm|v|2γ+2ρ2γ+2dx+ ⟨|x|2Y + Z, ζm|v|2ρ2⟩.
(3.2)

Now, remark

Re

∫
Rd

ρ2∇v · ∇[ζmv]dx =

∫
Rd

ζm|∇v|2ρ2dx+Re

∫
Rd

(
m

m+ ϕ

)2

ζmv∇ϕ · ∇vdx.
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Thus, using Young inequality and (3.1), it holds

ε

∫
ζm

(
|∇v|2 + |xv|2

)
ρ2dx+ ω

∫
ζm|u|2dx

⩽ λ

∫
ζm|u|2γ+2dx+ ⟨V Y + Z, ζm|u|2⟩

⩽ (2− ε)

∫
ζm

(
|∇v|2 + |xv|2

)
ρ2dx+ ω

∫
ζm|u|2dx.

To conclude, it is sufficient to treat ⟨V Y +Z, ζm|u|2⟩ as a lower order perturbation. Recall xY,Z ∈
W0−,∞, thus by duality and Lemma 2.3 and Corollary 2.4, it holds for any κ ∈ (0, 34 ),

|⟨|x|2Y + Z, ζm|v|2ρ2⟩| ≲ |xY |W−κ,∞ |ρ|2Hκ,∞

∣∣∣√|x|ζ
1
2
mv

∣∣∣2
Wκ,2

+ |Z|W−κ,∞ |ρ|2Hκ,∞

∣∣∣ζ 1
2
mv

∣∣∣2
Wκ,2

.

Thus, by Corollary 2.6, interpolation and Young inequality, for any η > 0, there exists k = k(η,Ξ) >
0 such that,

|⟨|x|2Y + Z, ζm|v|2ρ2⟩| ⩽ η
∣∣∣ζ1/2m v

∣∣∣2
W1,2

+ k

∫
R
ζm|v|2ρ2dx.

Moreover, ∣∣∣ζ1/2m v
∣∣∣2
W1,2

⩽ 2

∫
ζm|∇v|2dx+

1

2

∫
ζm

m2|∇ϕ|2

(m+ ϕ)2
|v|2dx+

∫
ζm|xv|2dx

⩽ 2

∫
ζm|∇v|2dx+

(
2(1− ε)2 + 1

) ∫
ζm|xv|2dx

⩽ 3
∣∣ρ−2

∣∣
L∞

∫
ζm

(
|∇v|2 + |xv|2

)
ρ2dx.

Choosing η = ε
6|ρ−2|L∞

allows to conclude.

As a corollary, we obtain pointwise exponential localization of u and ∇v.

Corollary 3.5. Let λ, γ > 0. Then, for all u = ρv ∈ Ŝλ,γ , it holds

∃C, c > 0, ∀x ∈ Rd, |u(x)|+ |∇v(x)| ⩽ Ce−c|x|
2

.

Proof. Let u ∈ Ŝλ,γ . As u = ρv with ρ ∈ L∞(Rd), it is sufficient to show

∃C, c > 0, ∀x ∈ Rd, |v(x)|+ |∇v(x)| ⩽ Ce−c|x|
2

.

Remark
ϕ(x) = 2(1− ε)2|x|2

verifies (3.1). Let α ∈ (0, 1), as a consequence of Lemma 3.1, there exists L > 0 such that

∀x, y ∈ Rd, |v(x)− v(y)|+ |∇v(x)−∇v(y)| ⩽ L|x− y|α.
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We only prove exponential decay of v, as the exact same proof applies to ∇v. Let x ∈ Rd and set
B(x) =

{
y ∈ Rd, |x− y|α ⩽ |v(x)|

2L

}
. Then, for any y ∈ B(x), it holds

|v(x)| ⩽ 2|v(y)|.

In particular, integrating over B(x), it holds

Cd

(
|v(x)|
2L

) d
α

|v(x)|2 ⩽ 4

∫
B(x)

|v(y)|2dy, (3.3)

where Cd is the measure of the unit ball in Rd. By Lemma 3.1, v ∈ L∞(Rd), thus B(x) ⊂ B(x,R)

with Rα = |v|L∞

2L . Now, remark there exists c > 0 such that

∀x, y ∈ Rd, |ϕ(x)− ϕ(y)| ⩽ cϕ(x− y),

thus there exists C > 0 such that for any x ∈ R and any y ∈ B(x),

eϕ(x) ⩽ eϕ(y)ecϕ(x−y) ⩽ Ceϕ(y). (3.4)

Multiplying (3.3) by eϕ(x), (3.1) and (3.4) and Proposition 3.4 imply

|v(x)|2+ d
α ⩽

4C(2L)
d
α

Cd

∫
Rd

eϕ(y)|v(y)|2dye−ϕ(x) ≲ e−ϕ(x).

As ϕ(x) = 2(1− ε)2|x|2, there exists c′ > 0 such that

|v(x)| ≲ e
− ϕ(x)

2+ d
α ≲ e−

2α(1−ε)2

2α+d |x|2 ,

which allows to conclude.

Let u = ρv ∈ Ŝλ,γ and w(x) = exp
(
c′|x|2

)
with c > c′ > 0 for c given by Corollary 3.5. Then

wv ∈ L∞(Rd) and

|∇(wv)(x)| ≲ w(x)|∇v(x)|+ |xv(x)|w(x) ≲ (|v(x)|+ |∇v(x)|) exp
(
c|x|2

)
≲ 1

by Corollary 3.5. Thus wv ∈ H1,∞(Rd) and wu ∈ H1−,∞(Rd) by Lemma 2.3. In particular, in
dimension 2, using

∇u = u∇Y + ρ∇v ∈ C0−,

we get w∇u ∈ C0−. This shows ∇u is still exponentially localized even if it lacks regularity.

4 Energy ground-states
We now explore the properties of energy ground-states. Recall the energy is defined by

∀u ∈ D1,2, E(u) = 1

2
⟨−Au, u⟩ − λ

2γ + 2

∫
Rd

|u|2γ+2dx
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and the mass is defined by

∀u ∈ L2(Rd), M(u) =
1

2
|u|2L2 .

Moreover, for u = ρv ∈ D1,2, one can rewrite the energy as

E(u) = 1

2

(∫
Rd

|ρ∇v|2 + (1− Y )|ρxv|2dx− ⟨Z, |ρv|2⟩
)
− λ

2γ + 2

∫
Rd

|ρv|2γ+2dx, (4.1)

with Y = (−H)−1ξ, Z = (Y ′)2 in dimension 1 and Z = :|∇Y |2: in dimension 2. For any m > 0, we
define the minimal energy level as

E(m) = inf
u∈D1,2

M(u)=m

E(u).

If it is finite, we say that u ∈ D1,2 is a ground-state of the energy at mass m if E(u) = E(m)
and M(u) = m. A standard Lagrange multiplier argument then implies it exists ωu ∈ R such that
(ωu, u) ∈ Sλ,γ .

4.1 Existence of energy ground-states
First, we prove the existence of an energy ground-state in the defocusing case or in the focusing
subcritical case. It relies on the following lemma, allowing to use compactness methods.

Lemma 4.1. Let λ ∈ R and γ > 0. If λ > 0, assume γ < 2
d . There exists C > 0 such that

∀u ∈ D1,2, |u|2D1,2 ⩽ C
(
E(u) +M(u) + λ+M(u)1+

γ
2−dγ

)
.

Proof. Let u ∈ D1,2 and denote m = M(u). Applying Propositions 2.11 and 2.18 one has

1

2
|u|D1,2 ⩽ ⟨−Au, u⟩+ δ|u|2L2

⩽ 2E(u) + 2δm+
λ

2γ + 2

∫
Rd

|u|2γ+2dx.

Thus, if λ ⩽ 0, the result holds with C = 4max(1, δ). If λ > 0 and γ < 2
d , then we use Sobolev

embeddings and interpolation to get∫
Rd

|u|2γ+2dx ≲ |u|2γ+2

W
dγ

2γ+2
,2
≲ |u|dγD1,2 |u|(2−d)γ+2

L2 ,

as dγ
2γ+2 ∈ (0, 1), thus Lemma 2.3 implies W

dγ
2γ+2 ,2 = D

dγ
2γ+2 ,2. By Young’s inequality, as dγ < 2,

there exists c > 0 such that
1

2γ + 2

∫
Rd

|u|2γ+2dx ⩽
1

4λ
|u|2D1,2 + cm1+ γ

2−dγ .

Hence, we get
1

4
|u|2D1,2 ⩽ 2E(u) + 2δm+ λcm1+ γ

2−dγ

and we conclude choosing C = max(8, 8δ, 4c).
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Proposition 4.2. Assume λ ⩽ 0 or γ < 2
d . Then, for any m > 0, there exists ϕm ∈ D1,2 such

that ϕm ⩾ 0, M(ϕm) = m and E(ϕm) = E(m). Moreover, if λ < 0, such a ϕm is unique and every
non-negative minimizing sequence converges to ϕm in D1,2.

Proof. We use a standard compactness method to construct ϕm. First, remark for any u = ρv ∈
D1,2, the diamagnetic inequality implies |u| = ρ|v| ∈ D1,2 and E(|u|) ⩽ E(u). Thus, we only need
to construct a u ∈ D1,2 with E(u) = E(m) and M(u) = m. Let m > 0 and (un)n∈N ⊂ D1,2, with
M(un) = m, be a minimizing sequence of the energy. Then, applying Lemma 4.1 one has

|un|2D1,2 ⩽ C
(
E(un) +m+ λ+m

1+ γ
2−dγ

)
.

Thus, (un)n∈N is bounded in D1,2 and Rellich’s theorem implies there exists u ∈ D1,2 such that, up
to a subsequence, un converges to u, weakly in D1,2 and strongly in L2(Rd) ∩ L2γ+2(Rd). Hence,
M(u) = m and by sequential weak lower semicontinuity of quadratic forms,

E(m) ⩽ E(u) = 1

2
⟨−Au, u⟩ − λ

2γ + 2

∫
Rd

|u|2γ+2dx

⩽ lim inf
n→∞

1

2
⟨−Aun, un⟩ − lim

n→∞

λ

2γ + 2

∫
Rd

|un|2γ+2dx

⩽ lim sup
n→+∞

E(un) = E(m).

This concludes the existence part.

Now, assume λ < 0 and let ϕ, ψ be non-negative ground-states of the energy at mass m. Define

f =
√

ϕ2+ψ2

2 . Then, the diamagnetic inequality gives

⟨−Af, f⟩ ⩽ 1

2
(⟨−Aϕ, ϕ⟩+ ⟨−Aψ,ψ⟩)

and moreover, ∫
Rd

|f |2γ+2dx ⩽
1

2

(∫
Rd

|ϕ|2γ+2dx+

∫
Rd

|ψ|2γ+2dx

)
.

Thus,

E(m) ⩽ E(f) ⩽ 1

2
(E(ϕ) + E(ψ)) = E(m).

In particular, ∫
Rd

|f |2γ+2dx =
1

2

(∫
Rd

|ϕ|2γ+2dx+

∫
Rd

|ψ|2γ+2dx

)
,

that is ∣∣ϕ2 + ψ2
∣∣
Lγ+1 = 2

γ
γ+1

(∣∣ϕ2∣∣γ+1

Lγ+1 +
∣∣ψ2

∣∣γ+1

Lγ+1

) 1
γ+1

⩾
∣∣ϕ2∣∣

Lγ+1 +
∣∣ψ2

∣∣
Lγ+1 .

Thus, there exists α ∈ C such that ϕ2 = αψ2 a.e. As ϕ, ψ ⩾ 0 and M(ϕ) = M(ψ), then ϕ = ψ a.e.
We conclude ϕ = ψ, as standing waves are continuous by Lemma 3.1.

Finally, assume un ⩾ 0 is a minimizing sequence. Then, up to a subsequence, there exists
some u ∈ D1,2 such that un converges to u, weakly in D1,2 and strongly in L2(Rd) ∩ L2γ+2(Rd).
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Lemma 3.1 implies u is continuous. Assume u is not non-negative, then there exists there exists
a ball B ⊂ Rd and ε < 0 such that u|B ⩽ −ε. Then, as un converges to u in L2(Rd), (un,1B)L2

converges to (u,1B)L2 ⩽ −ε|B| < 0. As un is non-negative for every n ∈ N it follows, it follows
(un,1B)L2 ⩾ 0, which contradicts the fact that (u,1B)L2 < 0. Hence, u ⩾ 0 and by uniqueness
of the non-negative ground-state, un converges to ϕm, weakly in D1,2 and strongly in L2(Rd) and
L2γ+2(Rd), along the whole sequence. Finally, as E(un) converges to E(m) = E(ϕm), we deduce
that un converges strongly to ϕm in D1,2.

It is classical that argmin
u∈D1,2, M(u)=m

E(u) is stable in D1,2 in the following sense. Given a u0 ∈ D1,2,

we denote by u(t) the unique local solution of (1.3) starting from u0, which has been constructed
in [36]. We say a set E ⊂ D1,2 is stable if any local solution starting from E is global and

∀ε > 0, ∃δ > 0, ∀u0 ∈ D1,2, inf
f∈E

|u0 − f |D1,2 ⩽ δ ⇒ sup
t∈R

inf
f∈E

|u(t)− f |D1,2 ⩽ ε.

The proof of the stability of argmin
u∈D1,2, M(u)=m

E(u) in D1,2 follows by the exact same contradiction

argument as in the classical case [10], using energy and mass conservation of solutions. When E of
the form

{
eiθϕ, θ ∈ R

}
is stable, we say that ϕ is orbitally stable.

For each ϕ ∈ argmin
u∈D1,2, M(u)=m

E(u), there exists ωϕ ∈ R such (ωϕ, ϕ) ∈ Sλ,γ . A direct computation

gives

ωϕ = −E(m)

m
+

λγ

2(γ + 1)m

∫
Rd

|ϕ|2γ+2dx. (4.2)

Remark it only depends on |ϕ|. Thus, using Proposition 3.3 for |ϕm|, we immediately deduce
ϕ = eiθ|ϕ|, hence the orbital stability of the defocusing energy ground-state.

Corollary 4.3. Assume λ < 0 and γ > 0, then for any m > 0,

argmin
u∈D1,2

M(u)=m

E(u) =
{
eiθϕm, θ ∈ R

}
.

In particular, ϕm is orbitally stable.

4.2 Dependence on the mass
We now explore how ϕm behaves as m varies. First, it is easy to show the continuity of the minimal
energy as a function of mass.

Lemma 4.4. Assume λ ⩽ 0 or γ < 2
d . Then, m ∈ (0,+∞) 7→ E(m) ∈ R is continuous.

Proof. For any m > 0, let ϕm ∈ argmin
u∈D1,2, M(u)=m

E(u).

• Assume λ ⩽ 0, for any m,m′ > 0, taking
√

m
m′ϕm′ as a test function implies

E(m) ⩽ max

(
m

m′ ,
(m
m′

)γ+1
)
E(m′).

It follows E(m′) converges to E(m) as m′ goes to m.
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• Now, if λ > 0, for any m,m′ > 0, taking again
√

m
m′ϕm′ as a test function implies

E(m) ⩽
(m
m′

)γ+1

E(m′) +
1

2

(
m

m′ −
(m
m′

)γ+1
)
⟨−Aϕm′ , ϕm′⟩. (4.3)

Moreover, Lemma 4.1 and (4.3) imply ⟨−Aϕm′ , ϕm′⟩ is bounded for m′ in a neighborhood of
m, thus (4.3) implies E(m′) converges to E(m) as m′ goes to m.

When λ = 0, the Spectral theorem implies E(m) = mµ0, thus ωϕ = −µ0, where µ0 is the lowest
eigenvalue of −A. Propositions 2.14 and 2.21 imply ϕm =

√
2meiθφ0 for some θ ∈ R, with φ0 > 0

the eigenfunction of −A associated to µ0. From this, we get the following asymptotic for ωϕ when
λ ̸= 0.

Proposition 4.5. Let m > 0 and ϕm ∈ argmin
u∈D1,2, M(u)=m

E(u). Then ωϕm + µ0 has the same sign as

λ and
ωϕm

+ µ0 = O (mγ)

as m goes to 0. Moreover, if λ < 0 (respectively λ > 0), ωϕm
goes to −∞ (respectively +∞) as m

goes to infinity.

The defocusing case relies on the following interpolation lemma, whose proof is similar to the one
of Proposition 6.1. (iv) in [33], interpolating the L2-norm between the Lp-norm and some weighted
L2-norm.

Lemma 4.6. For any ε > 0, ω ∈ R and p ∈ (2,+∞], there exists C = C(ε, ω, p) > 0 such that,

∀u ∈ D1,2, M(u) ⩽ ε⟨(−A+ ω)u, u⟩+ C|u|2Lp .

Proof. First, we can reduce to the case ω = δ given by Propositions 2.11 and 2.18. In fact, if the
result holds for δ, it holds for any ω ⩾ δ. Assume ω < δ and the result holds for δ. Then, for η > 0,
there exists C > 0 independent of u and which may vary from line to line, such that

∀u ∈ D1,2, M(u) ⩽ η⟨(−A+ δ)u, u⟩+ C|u|2Lp

⩽ η⟨(−A+ ω)u, u⟩+ 2η(δ − ω)M(u) + C|u|2Lp ,

with δ − ω > 0. Thus, for η = ε
1+2ε(δ−ω) , it holds

∀u ∈ D1,2, M(u) ⩽ ε⟨(−A+ ω)u, u⟩+ C|u|2Lp .

Thus, we only need to prove the case ω = δ. Let R > 0, then it holds∫
Rd

|u(x)|2dx ⩽
1

R2

∫
|x|>R

|xu(x)|2dx+

∫
|x|⩽R

|u(x)|2dx

⩽
1

R2

∫
|x|>R

|xu(x)|2dx+ CdR
d p−2

p |u|2Lp ,
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by Hölder’s inequality, where Cd is the measure of the unit ball in Rd. Now, Propositions 2.11
and 2.18 imply

M(u) ⩽
1

R2
⟨(−A+ δ)u, u⟩+ Cd

2
Rd

p−2
p |u|2Lp .

Thus, for ε > 0 and R = ε−
1
2 , we get

M(u) ⩽ ε⟨(−A+ δ)u, u⟩+ Cd
2
R
d p−2

p
ε |u|2Lp ,

which gives the claim for ω = δ.

Proof of Proposition 4.5. First, we prove inequalities for E(m). Taking u =
√
2mφ0, optimality

gives

E(m) ⩽ µ0m− λ(2m)γ+1

2γ + 2

∫
Rd

|φ0|2γ+2dx. (4.4)

Now, as µ0 is the smallest eigenvalue of −A, it holds

E(m) ⩾ µ0m− λ

2γ + 2

∫
Rd

|ϕm|2γ+2dx, (4.5)

thus (4.2), (4.4) and (4.5) imply

λ

2γ + 2

∫
Rd

|ϕm|2γ+2dx ⩾
λ(2m)γ+1

2γ + 2

∫
Rd

|φ0|2γ+2dx (4.6)

and
(2m)γλ

∫
Rd

|φ0|2γ+2dx ⩽ ωϕm + µ0 ⩽
λ

2m

∫
Rd

|ϕm|2γ+2dx. (4.7)

We deduce immediately ωϕm + µ0 has the same sign as λ. By Lemma 4.1, there exists C,α > 0
such that

|ϕm|2D1,2 ⩽ C
(
E(m) +m+ λ+m

1+α
)
,

thus (4.4) implies |ϕm|2D1,2 = O(m) as m goes to 0. From the continuous embedding of D1,2 in
L2γ+2(Rd) and (4.7), we deduce ωϕm

+ µ0 = O(mγ) as m goes to 0, for any λ ∈ R. Moreover, for
λ > 0, it follows directly from (4.7) that ωϕm goes to +∞ as m goes to infinity. Finally, for λ < 0,
using Lemma 4.6, it holds

m ⩽ ⟨(−A+ ωϕm
)ϕm, ϕm⟩+ C|ϕm|2L2γ+2 .

As ϕm solves (1.4), it holds

⟨(−A+ ωϕm)ϕm, ϕm⟩ = λ

∫
Rd

|ϕm(x)|2γ+2dx < 0.

Hence,
|ϕm|2L2γ+2 ≳ m

and thus, by (4.6),
1

m

∫
Rd

|ϕm|2γ+2dx ≈ mγ . (4.8)

In particular, (4.7) implies ωϕm
goes to −∞ as m goes to infinity.
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Using the spectral gap of −A, one can deduce the small mass asymptotic for energy ground-
states.

Corollary 4.7. Assume λ < 0 or γ < 2
d . For any m > 0, let ϕm be a non-negative ground-state in

argmin
u∈D1,2, M(u)=m

E(u) and define ψm = (2m)−
1
2ϕm. Then, ψm converges to φ0 in D(A) as m goes to

0.

Proof. Remark |ψm|L2 = 1 and, by Lemma 4.1 and (4.4), |ψm|D1,2 ≲ 1+mα for some α > 0. Thus,
there exists a sequence (mn)n∈N going to 0 and a ψ ∈ D1,2 such that ψmn

converges to ψ, weakly in
D1,2 and strongly in L2(Rd) ∩ L2γ+2(Rd). Thus, −Aψmn

converges weakly to −Aψ in D−1,2 and,
by Proposition 4.5, ωψmn

ψmn converges strongly to µ0ψ in L2(Rd). As ψn solves

−Aψn − λ(2mn)
γ |ψn|2γψn + ωψn

ψn = 0,

and A is closed, it implies −Aψ = µ0ψ. Thus, ψ = αφ0 (α ∈ C), by Propositions 2.14 and 2.21. As
|ψmn

|L2 = 1, |α| = 1 and as ψmn
⩾ 0 and φ0 is continuous and positive, α = 1. Thus, ψm converges

to φ0, weakly in D1,2 and strongly in L2(Rd) ∩ L2γ+2(Rd) as m goes to 0. Finally,

|Aψm −Aφ0|L2 ⩽ |λ|(2m)γ |ψm|2γ+1
L4γ+2 + |ωϕm + µ0|+ |µ0||ψm − φ0|L2 ,

implying ψm converges strongly to φ0 in D(A).

As a direct consequence of Corollary 4.7, one can refine the asymptotic behavior of ωϕm
for the

small masses obtained in Proposition 4.5 and show

λ(2m)γ
∫
Rd

|φ0|2γ+2dx ⩽ ωϕm
+ µ0 ⩽ λ(2m)γ

∫
Rd

|φ0|2γ+2dx+ o (mγ)

as m goes to 0, which improves (4.7) in the limit of small masses.

In the defocusing case, energy ground-states cover the whole range of possible non-negative
solutions, given by Proposition 3.2.

Corollary 4.8. Assume λ < 0. For any m > 0, let ϕm ∈ argmin
u∈D1,2, M(u)=m

E(u) be the non-negative

ground-state and denote by ωm its frequency. Then, the map

m ∈ (0,+∞) 7→ (ωm, ϕm) ∈ R×D(A)

is continuous. In particular, m ∈ (0,+∞) 7→ ωm ∈ (−∞,−µ0) is onto.

Proof. Let m > 0 and (mn)n∈N converging to m. The proof of Lemma 4.4 implies
(√

mn

m ϕmn

)
n∈N

is a minimizing sequence for E(m). By Proposition 4.2, we deduce
√

mn

m ϕmn converges strongly to
ϕm in D1,2, thus implying m 7→ ϕm ∈ D1,2 is continuous. Hence, the map m 7→ ωm is continuous
by Proposition 2.7, (4.2), and Lemma 4.4. Then, Proposition 4.5 and continuity imply the map
m ∈ (0,+∞) 7→ ωm ∈ (−∞,−µ0) is onto. Finally, it holds

|Aϕm −Aϕm′ |L2 ⩽ |λ|
∣∣|ϕm|2γϕm − |ϕm′ |2γϕm′

∣∣
L2 +m′|ωm − ωm′ |+ |ωm||ϕm − ϕm′ |L2

and the right hand side goes to 0 as m′ goes to m, as D1,2 is continuously embedded in L2(Rd) ∩
L4γ+2(Rd).
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4.3 The (super-)critical focusing case
We conclude with the unboundeness of energy in the (super-)critical case. For this we introduce a
scaling adapted to the exponential transform. For α > 0 and u = ρv ∈ D1,2, we define

∀x ∈ Rd, uα(x) = αd/2ρ(x)v(αx).

This scaling preserves the space D1,2 but not the mass. Nevertheless, for u = ρv ∈ D1,2, it holds
for q ∈ [2,+∞)

lim
α→+∞

∫
Rd

|uα|qdx = ρ(0)q
∫
Rd

|v|qdx.

We will thus take advantage of the following lemmas to obtain the unboundedness of the constrained
energy.

Lemma 4.9. Let (un)n∈N ⊂ D1,2. Assume M(un) converges to m and |un|L2γ+2 is bounded as n
goes to infinity. Then

E (un) ∼ E
(√

m

M(un)
un

)
as n goes to infinity.

Proof. Let mn = M(un), it holds

E
(√

m

mn
un

)
=

(
m

mn

)(
1

2
⟨−Aun, un⟩ −

(
m

mn

)γ
λ

2γ + 2

∫
Rd

|un|2γ+2dx

)
=

(
m

mn

)(
E(un) +

(
1−

(
m

mn

)γ)
λ

2γ + 2

∫
Rd

|un|2γ+2dx

)
∼ E (un)

as n goes to infinity.

Lemma 4.10. For any s ∈ [0, 1), there exists C = C(s,Ξ) > 0 such that

∀α > 1, ∀u ∈ Ws,2, |uα|Ws,2 ⩽ Cαs|u|Ws,2 .

Moreover, there exists C = C(Ξ) > 0 such that

∀α > 1, ∀u ∈ D1,2, |uα|D1,2 ⩽ Cα|u|D1,2 .

Proof. Let u = ρv ∈ L2(Rd), then∫
Rd

|uα|2dx =

∫
Rd

|v(x)|2ρ(x/α)2dx ≲
∫
Rd

|u|2dx.

Now, for u = ρv ∈ D1,2,

|uα|2D1,2 ≲ αd
∫
Rd

|∇[v(αx)]|2 + |xv(αx)|2dx

≲ α2

∫
Rd

|∇v(x)|2dx+ α−2

∫
Rd

|xv(x)|2dx ≲ α2|u|2D1,2 ,
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The result for s ∈ (0, 1) follows by interpolation as Lemma 2.3 and (2.4) imply Ds,2 = Ws,2 for
s ∈ [0, 1).

Proposition 4.11. Assume λ > 0.

• If γ > 2
d , it holds

∀m > 0, inf
u∈D1,2

M(u)=m

E(u) = −∞.

• If γ = 2
d , there exists a critical mass m∗

λ(Ξ) > 0 such that

∀m < m∗
λ(Ξ), inf

u∈D1,2

M(u)=m

E(u) > −∞

and
∀m > m∗

λ(Ξ), inf
u∈D1,2

M(u)=m

E(u) = −∞.

Moreover, m∗
λ(Ξ) = m∗

λ in dimension 1 and

exp (inf Y − supY )
4
m∗
λ ⩽ m∗

λ(Ξ) ⩽ m∗
λ

in dimension 2, where m∗
λ is the critical mass for the classical NLS equation.

In order to prove Proposition 4.11 in the case γ = 2
d , we recall the optimal Gagliardo-Nirenberg

constant,

J = inf
v∈H1(Rd)\{0}

|∇v|2L2 |v|2γL2

|v|2γ+2
L2γ+2

, (4.9)

which is attained by the unique positive and radially symmetric solution Q of

∆Q+ λQ2γ+1 = Q.

It is well-known Q ∈ W1,2 (see Theorem 8.1.1 in [8]) and Pohozaev identities (see Proposition 1 in
[5]) imply

1

2

∫
Rd

|∇Q(x)|2dx =
λ

2γ + 2

∫
Rd

|Q(x)|2γ+2dx. (4.10)

Moreover, M(Q) = m∗
λ = 1

2

(
(γ+1)J

λ

) 1
γ

, by (4.9) and (4.10), is the critical mass for the classical
NLS equation. Likewise, we introduce the noisy Gagliardo-Nirenberg constant,

JΞ = inf
u∈D1,2\{0}

|u|2D1,2 |u|2γL2

|u|2γ+2
L2γ+2

. (4.11)
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Proof of Proposition 4.11. • Assume γ > 2
d , let v ∈ W1,2\{0} and u = ρv, then for any α > 0,

(4.1) implies

E(uα) = − λαdγ

2γ + 2

∫
Rd

|v(x)|2γ+2ρ(x/α)2γ+2dx (I)

+
α2

2

∫
Rd

ρ(x/α)2|∇v(x)|2dx (II)

+
1

2α2

∫
Rd

(1− Y (x/α))ρ(x/α)2|xv(x)|2dx (III)

− 1

2
⟨Z, |uα|2⟩. (IV )

Lemmas 2.3 and 4.10 imply (IV ) = O(αs) as α goes to infinity, for any s ∈ (0, 2), as Z ∈
W0−,∞. By dominated convergence, (III) = O(α−2) as α goes to infinity. Finally, (II) =
O(α2) and

(I) ∼ −λα
dγρ(0)2γ+2

2γ + 2

∫
Rd

|v(x)|2γ+2dx.

Chose v =
√
2mρ(0)−1h0 (m > 0), then M(uα) converges to m whereas E(uα) goes to −∞,

because dγ > 2. Thus, Lemma 4.9 implies

∀m > 0, inf
u∈D1,2

M(u)=m

E(u) = −∞.

• Assume γ = 2
d and let Q be the unique positive and radial solution of

∆Q+ λQ2γ+1 = Q.

Recall M(Q) = m∗
λ = 1

2

(
(γ+1)J

λ

) 1
γ

. For c > 0, let u = cρQ. For any α > 0, it holds

E(uα) =
α2

2

∫
Rd

ρ(x/α)2|c∇Q(x)|2dx− λα2

2γ + 2

∫
Rd

|cQ(x)|2γ+2ρ(x/α)2γ+2dx (I)

+
c2

2α2

∫
Rd

(1− Y (x/α))ρ(x/α)2|xQ(x)|2dx− 1

2
⟨Z, |uα|2⟩. (II)

As previously (II) = O(αs) as α goes to infinity, for any s ∈ (0, 2), and for cρ(0) ̸= 1,

(I) ∼ α2λ(cρ(0))2

2γ + 2

(
1− (cρ(0))2γ

) ∫
Rd

|Q(x)|2γ+2dx

as α goes to infinity, using (4.10). Thus, for cρ(0) > 1, Lemma 4.9 implies

inf
u∈D1,2

M(u)=cρ(0)m∗
λ

E(u) = −∞,

that is
∀m > m∗

λ, inf
u∈D1,2

M(u)=m

E(u) = −∞.
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Let m′ > m > 0 and ϕ ∈ D1,2 such that M(ϕ) = m. Let ψ =
√

m′

m ϕ. Then,

E(ϕ) = m

m′

[
1

2
⟨−Aψ,ψ⟩ − λ

2γ + 2

(m
m′

)γ ∫
Rd

|ψ|2γ+2dx

]
=

m

m′ E(ψ) +
mλ

m′(2γ + 2)

[
1−

(m
m′

)γ] ∫
Rd

|ϕ|2γ+2dx

⩾
m

m′ E(ψ).

Thus,
m′ inf

u∈D1,2

M(u)=m

E(u) ⩾ m inf
u∈D1,2

M(u)=m

′
E(u).

In particular, if inf
u∈D1,2, M(u)=m

E(u) = −∞, then inf
u∈D1,2, M(u)=m′

E(u) = −∞. Similarly, if

inf
u∈D1,2, M(u)=m′

E(u) > −∞, then inf
u∈D1,2, M(u)=m

E(u) > −∞. Hence, we can define

m∗
λ(Ξ) = inf

m > 0, inf
u∈D1,2

M(u)=m

E(u) = −∞


= sup

m > 0, inf
u∈D1,2

M(u)=m

E(u) > −∞

 ∈ [0,m∗
λ]

To conclude, we only have to prove a lower bound for m∗
λ(Ξ).

Assume d = 1. By a slight modification of the proof of Proposition 2.11, for every ε ∈ (0, 1),
there exist δε such that

∀u ∈ W1,2, ⟨(−A+ δε)u, u⟩ ⩾ (1− ε)|u|2W1,2 .

Thus, for u ∈ D1,2 = W1,2, it holds

(1− ε)|u|2W1,2 ⩽ 2

(
E(u) + δεM(u) +

λ

6

∫
Rd

|u|6dx
)

and (4.9) implies ∫
R
|u|6dx ⩽ J−1|u|2W1,2 |u|4L2 .

Thus, for m < 1
2

(
3J
λ

)1/2
= m∗

λ, there exists C = C(Ξ,m, λ) > 0 such that for any u ∈ W1,2

with M(u) = m,
|u|2W1,2 ⩽ C (1 + E(u)) ,

showing
inf

u∈W1,2

M(u)=m

E(u) > −∞
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and m∗
λ(Ξ) = m∗

λ.
Finally, for d = 2, by a slight modification of the proof of Proposition 2.18, for every ε ∈ (0, 1),
there exist δε such that

∀u ∈ D1,2, ⟨(−A+ δε)u, u⟩ ⩾ (1− ε)|u|2D1,2 .

Thus, for u ∈ D1,2, it holds

(1− ε)|u|2D1,2 ⩽ 2

(
E(u) + δεM(u) +

λ

4

∫
R2

|u|4dx
)
.

Now,(4.11) implies ∫
R2

|u|4dx ⩽ J−1
Ξ |u|2D1,2 |u|2L2 .

Thus, for

m <
JΞ
λ
,

there exists C = C(Ξ,m, λ) > 0 such that for any u ∈ D1,2 with M(u) = m,

|u|2D1,2 ⩽ C (1 + E(u)) ,

showing
inf

u∈D1,2

M(u)=m

E(u) > −∞

and thus m∗
λ(Ξ) ⩾

JΞ
λ . For u = ρv ∈ D1,2, (2.6) implies

|u|2D1,2 |u|2L2

|u|4L4

⩾
|ρ∇v|2L2 |ρv|2L2

|ρv|4L4

⩾

(
inf ρ

sup ρ

)4

J = exp(inf Y − supY )4J,

as ρ = eY is positive. Thus,

m∗
λ(Ξ) ⩾

JΞ
λ

⩾ exp(inf Y − supY )4
J

λ
= exp(inf Y − supY )4m∗

λ.

Remark 4.12.

• If d = 1 and m < m∗
λ or d = 2 and m < JΞ

λ , the norm in D1,2 is controlled by the mass and
the energy, thus a proof by compactness similar to the one of Proposition 4.2 shows there
exists an energy ground-state.

• In dimension 2, we do not know if m∗
λ(Ξ) = JΞ

λ holds. We strongly believe that the lower
bound obtained on m∗

λ(Ξ) is not optimal.

• The case d = 1, γ = 2 and m = m∗
λ is not known yet, but we believe that

inf
u∈W1,2

M(u)=m∗
λ

E(u)

has no minimizer, as it is the case when Ξ = 0 (i.e. in presence of a confining potential only).
It would be interesting to see if the method used in Theorem 1 in [26] to deal with the case
d = 2, γ = 1 and Ξ = 0 can be adapted in that case.
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5 Action ground-states
As expected, energy minimization cannot produce standing waves in the focusing supercritical
setting. Another classical way to obtain standing waves is to search for solutions of minimal action.
The action functional is defined as

∀u ∈ D1,2, Sω(u) = E(u) + ωM(u).

When needed, we shall write Sω = Sω,λ to emphasize the value of λ. From the definition of Sω,
we see standing waves are exactly the non-zero critical points of the action. Assume λ > 0 and
ω > −µ0. For α > 0, we have

Sω,λ(αφ0) =
α2

2
(ω + µ0)−

λα2γ+2

2γ + 2

∫
Rd

|φ0|2γ+2dx −−−−−→
α→+∞

−∞.

Hence we cannot minimize the action globally in the focusing case. It is well-known in this case,
that one should minimize the action on the set of its critical points [5, 18, 35], but in order to
do so, one should know a priori existence of such a critical point. To avoid needing this a priori
knowledge, one can work on a larger constrained set. If u is a critical point of Sω,λ, then it solves
(1.4) and thus

Iω,λ(u) = ⟨(−A+ ω)u, u⟩ − λ

∫
Rd

|u|2γ+2dx = 0.

Thus, we can try to minimize Sω,λ on

Nω,λ =
{
u ∈ D1,2\{0}, Iω,λ(u) = 0

}
.

Assume u ∈ argmin
Nω,λ

Sω,λ, then there exists a Lagrange multiplier Λ ∈ R such that

∇Sω,λu = Λ∇Iω,λu.

Taking the bracket against u and using Iω,λ(u) = ⟨∇Sω,λu, u⟩, it follows

Λ⟨∇Iω,λu, u⟩ = ⟨∇Sω,λu, u⟩ = Iω,λ(u) = 0

as u ∈ Nω,λ. As
∇Iω,λu = 2(−A+ ω)u− (2γ + 2)λ|u|2γu,

we get

2γΛλ

∫
Rd

|u|2γ+2dx = 0,

thus Λ = 0, i.e. u is a critical point of Sω,λ. Moreover, as any critical point of Sω,λ is in Nω,λ, u
minimizes the action among all critical points.

The set Nω,λ is called the Nehari manifold of Sω,λ (see for example [50]) and verifies the following
useful characterization.

Lemma 5.1. Let ω > −µ0 and λ > 0. Then for any u ∈ D1,2\{0}, there exists a unique tu > 0
such that tuu ∈ Nω,λ and it is the unique maximizer of

t ∈ (0,+∞) 7→ Sω,λ(tu) ∈ R.
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Proof. Let u ∈ D1,2\{0}, for any t > 0, it holds

Iω,λ(tu) = t2⟨(−A+ ω)u, u⟩ − λt2γ+2

∫
Rd

|u|2γ+2dx.

Thus,

tuu ∈ Nω,λ ⇐⇒ Iω,λ(tuu) = 0

⇐⇒ λt2γu

∫
Rd

|u|2γ+2dx = ⟨(−A+ ω)u, u⟩

⇐⇒ tu =

(
⟨(−A+ ω)u, u⟩
λ
∫
Rd |u|2γ+2dx

) 1
2γ

.

A simple computation gives

d

dt
Sω,λ(tu) = t⟨(−A+ ω)u, u⟩ − λt2γ+1

∫
Rd

|u|2γ+2dx

and
d2

dt2
Sω,λ(tu) = ⟨(−A+ ω)u, u⟩ − (2γ + 1)λt2γ

∫
Rd

|u|2γ+2dx.

Thus, it follows immediately that d
dtSω,λ(tu) = 0 if and only if t = tu and in this case(

d2

dt2
Sω,λ(tu)

)
|t=tu

= −2γ⟨(−A+ ω)u, u⟩ < 0.

Our aim is now to prove Theorem 1.3. Showing directly that the minimization problem

inf
Nω,λ

Sω,λ (5.1)

has non-negative solutions may be a bit technical as it is not straightforward that

u ∈ argmin
Nω,λ

Sω,λ ⇒ |u| ∈ argmin
Nω,λ

Sω,λ.

Thus, we will introduce two other, but equivalent, minimization problems which are easier to study.
Remark if u solves (1.4) for some λ > 0, then αu solves (1.4) for λ′ = λ

|α|2γ . Thus, the parameter
λ can be seen as a Lagrange multiplier, and solving (1.4) for some λ > 0 is equivalent to solving
(1.4) for all λ > 0. Following an idea of [46], we define for u ∈ D1,2

Pω(u) = ⟨(−A+ ω)u, u⟩, (5.2)

Q(u) =

∫
R
|u|2(γ+1)dx (5.3)

and if u ̸= 0,

Jω(u) =
Pω(u)

Q(u)1/(γ+1)
. (5.4)
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Let us stress out Jω(αu) = Jω(u) for any α ∈ C∗, thus if u minimizes Jω, αu minimizes Jω too.
Using standard argument of variational calculus, one can show minimizers of both

inf
u∈D1,2

Q(u)=q

Pω(u) (5.5)

and
inf

D1,2\{0}
Jω (5.6)

are solutions of (1.4) for some λ > 0. For λ > 0, one can rewrite

Sω,λ(u) =
1

2
Pω(u)−

λ

2(γ + 1)
Q(u)

and
Nω,λ =

{
u ∈ D1,2\{0}, Jω(u) = λQ(u)γ/(γ+1)

}
. (5.7)

As remarked in [46], minimizers of (5.5) and (5.6) are essentially the same, that is up to a multi-
plicative factor, due to the the homogeneity of Jω. The following proposition shows minimization
problems (5.1), (5.5) and (5.6) are equivalent, up to a multiplicative factor (see also [35]).

Proposition 5.2. Let ω > −µ0 and q, q′, λ, λ′ > 0. Define α1 = (q′/q)1/2(γ+1) and α2 =
(λ/λ′)1/2γ . Then, it holds

1. argmin
u∈D1,2

Q(u)=q′

Pω(u) = α1 argmin
u∈D1,2

Q(u)=q

Pω(u),

2. argmin
Nω,λ′

Sω,λ′ = α2 argmin
Nω,λ

Sω,λ,

3. argmin
D1,2\{0}

Jω =
⋃
q>0

argmin
u∈D1,2

Q(u)=q

Pω(u) =
⋃
λ>0

argmin
Nω,λ

Sω,λ,

4. Let Jω = min
D1,2\{0}

Jω > 0, then argmin
u∈D1,2, Q(u)=1

Pω(u) = argmin
Nω,Jω

Sω,Jω .

Proof. 1. Let u ∈ argmin
u∈D1,2, Q(u)=q

Pω(u) and v ∈ argmin
u∈D1,2, Q(u)=q′

Pω(u). Then, Q(α1u) = q′ and

Q(α−1
1 v) = q. It holds

Pω(v) ⩽ Pω(α1u) = α2
1Pω(u) ⩽ α2

1Pω(α−1
1 v) = Pω(v).

We conclude
argmin
u∈D1,2

Q(u)=q′

Pω(u) = α1 argmin
u∈D1,2

Q(u)=q

Pω(u)

by symmetry of q and q′.
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2. Let u ∈ argmin
Nω,λ

Sω,λ and v ∈ argmin
Nω,λ′

Sω,λ′ . Then α2u ∈ Nω,λ′ et α−1
2 v ∈ Nω,λ. It holds

Sω,λ′(v) ⩽ Sω,λ′(α2u) =
α2
2

2
Pω(u)−

λ′α
2(γ+1)
2

2(γ + 1)
Q(u) = α2

2Sω,λ(u).

By symmetry of λ and λ′, it implies

Sω,λ(u) ⩽ α−2
2 Sω,λ′(v),

which allows to conclude Sω,λ(α2u) = Sω,λ(v) and thus

argmin
Nω,λ′

Sω,λ′ = α2 argmin
Nω,λ

Sω,λ

by symmetry of λ and λ′.

3. Let q > 0, u ∈ argmin
u∈D1,2, Q(u)=q

Pω(u) and v ∈ D1,2\{0}. There exists t > 0 such that Q(tv) = q.

As u ∈ argmin
u∈D1,2, Q(u)=q

Pω(u), it holds

Pω(u) ⩽ Pω(tv)

and thus
Jω(u) =

Pω(u)
q1/(γ+1)

⩽
Pω(tv)
q1/(γ+1)

= Jω(tv) = Jω(v).

This shows
u ∈ argmin

D1,2\{0}
Jω.

Conversely, let u ∈ argmin
D1,2\{0}

Jω and q = Q(u) > 0. Let v ∈ argmin
u∈D1,2, Q(u)=q

Pω(u), it holds

Pω(u)
q1/(γ+1)

= Jω(u) ⩽ Jω(v) =
Pω(v)
q1/(γ+1)

,

and thus
u ∈ argmin

u∈D1,2

Q(u)=q

Pω(u),

that is
argmin
D1,2\{0}

Jω =
⋃
q>0

argmin
u∈D1,2

Q(u)=q

Pω(u).

The fact that ⋃
q>0

argmin
u∈D1,2

Q(u)=q

Pω(u) =
⋃
λ>0

argmin
Nω,λ

Sω,λ

follows from 1., 2. and 4.
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4. Let v ∈ argmin
Nω,Jω

Sω,Jω . As v ∈ Nω,Jω , (5.7) implies Q(v) ⩾ 1. Let u ∈ argmin
u∈D1,2, Q(u)=1

Pω(u).

Then, u belongs to Nω,Jω . In fact, as u solves (1.4) for some λω > 0, it holds

Pω(u) = ⟨(−A+ ω)u, u⟩ = λω

∫
Rd

|u|2γ+2dx = λω

and as Q(u) = 1, λω = Pω(u) = Jω(u) = Jω by 3. Thus,

Sω,Jω (v) ⩽ Sω,Jω (u) =
γ

2γ + 2
Jω.

Hence,

Jω(v) ⩽
γ

γ + 1
Jω +

JωQ(v)γ/(γ+1)

γ + 1
,

as Q(v) ⩾ 1. Using v ∈ Nω,Jω , it holds JωQ(v)γ/(γ+1) = Jω(v). Hence,

Jω ⩽ Jω(v) ⩽
γJω
γ + 1

+
Jω(v)
γ + 1

.

It follows Jω(v) = Jω. Using once again v belongs to the Nehari manifold, we get Q(v) = 1.
Hence, Q(u) = Q(v) and Pω(u) = Pω(v), which allows to conclude.

We can use Proposition 5.2 to solve (5.1) and prove Theorem 1.3.

Proof of Theorem 1.3. By Proposition 3.3, it is sufficient to exhibit a non-negative u ∈ argmin
Nω,λ

Sω,λ.

Using Proposition 5.2, it is sufficient to prove there exists a non-negative u in argmin
u∈D1,2, Q(u)=1

Pω(u).

Remark that
u ∈ argmin

u∈D1,2

Q(u)=1

Pω(u) ⇒ |u| ∈ argmin
u∈D1,2

Q(u)=1

Pω(u),

thus we only need to prove argmin
u∈D1,2, Q(u)=1

Pω(u) is not empty. Let (un)n∈N ⊂ D1,2 be a minimizing

sequence of
inf

u∈D1,2

Q(u)=1

Pω(u) = Pω.

As ω > −µ0, there exists C > 0 such that

∀u ∈ D1,2, |u|2D1,2 ⩽ CPω(u).

Thus, (un)n∈N is bounded in D1,2 and, up to a subsequence, un converges to some u ∈ D1,2, weakly
in D1,2 and strongly in L2γ+2(Rd). It follows Q(u) = 1 and, by sequential weak lower semicontinuity,

Pω ⩽ Pω(u) ⩽ lim inf
n→+∞

Pω(un) = Pω,

thus
u ∈ argmin

u∈D1,2

Q(u)=1

Pω(u).
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