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An energy-like indicator to assess opinion resilience

Jean-Denis Mathias®*, Sylvie Huet?, Guillaume Deffuant®

“JRSTEA, Laboratoire d’Ingénierie pour les Systémes Complexes, 9 avenue Blaise
Pascal, CS 20085, 63178 Aubicre, France

Abstract

Using the bounded-confidence model, with fixed uncertainties and extrem-
ists, we investigate how resilient the moderate mean opinion of a population
is to the arrival in it of a new group of agents, when the energy of the opinion
of this group (extremeness A group size) is varied. We say moderate mean
opinion is resilient when, even though it may become temporarily more ex-
treme after the arrival of the new agents, it later recovers its moderate value.
We show that such resilience is displayed up to a threshold value of the equiv-
alent energy of the group. We also show that when the agent-based model
spontaneously converges to a single extreme, then this energy threshold is
nil.

Keywords: BC model, Opinion dynamics, Resilience, Tipping energy

1. Introduction

The propagation of extremism is a growing subject of interest for both
policy makers and scholars, now that religious extremism leading to terrorist
attacks has become a serious concern in Western societies. Here we consider
religious extremism as a particular case in a broader definition of extrem-

ism as a very strong commitment for or against something, whether social,

*Corresponding author at: IRSTEA, Laboratoire d’Ingénierie pour les Systemes Com-
plexes, 9 avenue Blaise Pascal, CS 20085, 63178 Aubiere, France.
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political, ethical, religious, or other. We make no normative assessment of
extremism: an extreme opinion is generally considered by the majority as
disturbing or dangerous only so long as it remains a minority view. If it
gets adopted by a majority, then that majorityas assessment changes. Such
switches from minority to majority have occurred for various issues, e.g.
abortion or divorce in Europe in the last century, or the prohibition of smok-
ing in public places a few decades ago. Of course, not all extreme minority
opinions get adopted by the majority.

Outside the traditional media (newspapers, television, talks, etc.), more
and more attention is now paid to the impact of new technologies on the
propagation of extremism [1] [2] which are making this issue more and more
difficult to address. It is also well known that uncertainty influences the
propagation of opinion within a population [3], this uncertainty decreasing
[3] or increasing [1] with time according to how and with whom views are
discussed [1].

We argue that besides experiments and surveys, computer simulations can
offer further insights into this issue by testing a set of different assumptions.
Among the several models available on extreme opinion propagation, we
focus on the bounded-confidence (BC) model [4, 5, 6, 7] close to the theory
of social comparison [8] and to the social judgment theory [9]. Specifically, a
new stationary state of the BC model has been recently highlighted that is
particularly relevant to our topic, in which uncertain agents avoid converging

to extreme positions: depending on uncertainty and/or the proportion of
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extremists, their opinions keep fluctuating with ranging amplitudes instead of
becoming extreme [10]. Our study goes further by investigating the behavior
of such a population, assumed to be capable of resisting extremism, when
faced with the arrival of a group of agents ranging in size with an extreme
opinion of ranging intensity, as in [11]. One such group might be workforce
immigrants, for whom local social networks support common norms [12].
We characterize an arriving group by two attributes: i) its size and ii) the
extremeness of its opinion. We assume that the arriving agents have the
same level of uncertainty as the moderates in the initial population. In what
follows, we simulate the arrival of different groups in different populations.
We use a density distribution model (DDM) derived from the agent-based
model (ABM) of the BC model. Such a model avoids the uncertainty due to
stochasticity (unlike the agent-based model) and requires less computation
time than the agent-based model. The DDM runs much faster than the
ABM, and we showed in [10] that it reliably mimicks the behavior of the
ABM in most cases. Moreover, when it does not, the discrepancy is very
informative about the role of the noise in the ABM.

We take the moderate mean opinion to be resilient to the arrival of a new
group when the mean opinion of the whole set of agents (initial ones plus the
new group) recovers its initial value some time after the arrival of the group.
Conversely, if the mean opinion of the whole population becomes extreme,
then we consider that the moderate mean opinion is not resilient. We show

that an indicator inspired from energy in material science, the size of the
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group multiplied by the absolute extremeness of its opinion, can be used to
predict whether the moderate mean opinion will be resilient. Simulations
show that beyond a given threshold of this indicator, the moderate mean

opinion is no longer resilient, and switches to extreme.

2. The bounded-confidence model (BC)

2.1. The agent-based model (ABM)

Following the original model of [13], we consider a population of N agents
composed of moderate and extremist agents. The moderate agents exhibit
the same uncertainty u, whereas the extremists exhibit very low value of
uncertainty u. compared with u (extremist opinions can be considered as
quasi-static). The initial opinions of the moderate agents are uniformly dis-
tributed along an opinion axis between -1 and +1. An extremist agent ex-
hibits the following two features: (i) it expresses an extreme opinion, and
(ii) it has a high certainty about its opinion. The proportion of extremists in
the population is noted p.: half of them are initialized with opinion +1 and
the other half with opinion -1. Each agent is paired once in one period: 5
random pairs interact at each time step. When an agent ¢ (with opinion z;
and uncertainty u;) meets an agent j (with opinion z; and uncertainty w;),

their opinions are modified as follows:

if |z; — ;| < w; then z; == x; + p(z; — ;)

if |z; — x| < u; then z; == z; + p(z; — x )
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where p models the intensity of the interaction (generally 0 < p < 0.5).
All individuals’ opinions are updated simultaneously at each time step yield-
ing a simultaneous updating of the opinions as in the density distribution
model described in the next section. From this agent-based model, we iden-
tify four main patterns of convergence [10](see Figure 1): central, double
extreme, single extreme convergence and no convergence, the latter corre-

sponding to the case where opinions keep fluctuating indefinitely.

2.2. The density distribution model (DDM)

We sought to analyse different initial configurations of populations sub-
jected to different rises in opinion energy. However, an agent-based model
is inherently stochastic, and simulations require high computation time. To
avoid stochasticity and shorten computation time, a solution of interest is
to study a density distribution model derived from the agent-based model
that represents the case of an infinite number of agents. This type of model
makes the different phenomena more apparent because the initial uniform
distribution can be perfect, and eliminate the random irregularities of the
agent-based model. The model includes an array of n values p; representing
the probability that agents have an opinion z located in an interval of size

1/n and centered on i/n:

2n 2n

21— 1 21+ 1
pi—P(Z <ol ) (2)

The density distribution of the moderate opinions is initiated with a uni-



40 60 80 100 0 10 20 30 40 50
Time Time

a - p. = 0.05, u = 0.25, central clusters, b - p.=0.05, u = 0.75, single central cluster,
red dots in Fig. 1-f light blue in Fig. 1-f
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¢ - pe.=0.3, u=0.8, double extreme, d - p. =0.05, u =1, single extreme,
green dots in Fig. 1-f orange dots in Fig. 1-f
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e - pe = 0.05, u = 1.8, opinions fluctuate, f - Map of convergence patterns
dark blue dots in Fig. 1-f

Figure 1: The four convergence patterns observed with the BC model [10]. The opinions of
the 400 agents are represented at each time step (black: moderate agents; red: extremist
agents). p. is the proportion of extremists and u is the uncertainty of the moderates for
the map of convergence patterns (Fig. 1-f).
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form distribution (for all 7, p; = 2=2¢). The extreme values of the distribution

corresponding to extremists are equal to p./2 at each extremity. We then
compute the flows between the cells of the density because of the interac-
tions, and update iteratively (see [10] for details). In Figure 2 we compare
the density distribution model with the agent-based model (ABM) after the
density convergence of the two models. The density distribution calculated
with the DDM provides a close approximation to that derived from the ABM
with a large population for u = 1.8 (see [10] for more details about the lumpy
pattern of the density distribution). However, for u = 1, the DDM predicts a

density convergence whereas the ABM converges to a single extreme cluster.

2.3. Assessing opinion resilience

As explained above, we set out to study opinion resilience of a
population when a new group arrives. In what follows, we focus

particularly on two zones:

e first the zone where opinions keep fluctuating (dark blue area
in Fig. 1-f). In a large parameter zone (high values of u) the
opinions do not stabilize: moderate opinions keep fluctuating,
while the density distribution stabilizes. Interactions between
moderate agents tend to form a central maximum of density,
keeping the opinions in a zone where they can be attracted
by either extremes [10]. This leads to a stable density of opin-

ions (see [10] for more details about mechanisms yielding these
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Figure 2: Comparison of the density distributions obtained with the ABM and with the
DDM (for clarity, densities were plotted with 100 000 agents, whereas other Figures used
400 agents). In Figures 2-a and 2-b, the green line corresponds to the opinion trajectory of
one agent. Although the DDM provides close approximations of the ABM in many cases,
the DDM cannot reproduce the density distribution in the case of the single extreme
(Figure d versus Figure f).
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Figure 3: For p,=0.05 and v = 1.1, ABM converges to a single extreme, unlike the DDM.

On the left, we see that opinions first keep fluctuating and then converges to a single
extreme.



113 fluctuations and this density stabilization). The first issue re-

114 lies on showing whether the stationary distribution of opinions
115 bounces back to its initial shape with an average opinion close
116 to 0, or converges to a single extreme with an average opinion
17 close to +1 or to -1. The corresponding results are reported
118 in Section 4.1;

119 e second, the zone where the ABM converges to a single ex-
120 treme. For u = 1, the DDM predicts a stationary density of
121 0 average opinion, while the ABM converges to a single ex-
122 treme cluster: the DDM, with symmetric initial conditions,
123 cannot produce asymmetric patterns (as already observed for
124 instance in [14]). However, when we further analyse the ABM
125 results (see Figure 3), we see that before converging to a sin-
126 gle extreme, the ABM first converges to a quasi-stationary
127 state of fluctuating opinions. Our second focus thus implies
128 studying with what perturbation we can obtain this single ex-
129 treme with the DDM. The corresponding results are reported
130 in Section 4.2;

131 Both cases amount to perturbing a population with a new group

12 arrival and observing whether the population recovers the same av-
133 erage opinion as beforehand. This therefore corresponds to study-

134 ing the resilience of the average moderate opinion. For this pur-

10
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pose, the concept of resilience has to be clearly defined.

3. Characterizing the resilience of population opinion

3.1. Resilience of what to what? keeping a null moderate mean opinion

We use the DDM to characterize how a population behaves when a new
group arrives: either the opinion of the population polarizes, or the popu-
lation is resilient and recovers its initial moderate mean opinion. However,
concepts of resilience (and many associated ones) are used broadly in the
literature, under ranging definitions depending on the context of the study.
Here, we choose a definition originating from [15, 16, 17| that stresses the
need to define the property or function whose resilience is being studied, and
the perturbations by which the system may lose this property [18]. Here,
the perturbation is defined by the group arrival, noted r. The property of
interest that we consider here is based on the moderate mean opinion X (t)

of the moderate agents’ opinions p**? defined as:

n _mod

X(t) = = (3)

n

In the case of fluctuating opinions, the stationary state of the mod-
erate mean opinion X (¢9) equals 0. This is the property that we want to
recover after the arrival of new group within the population: either the
moderate mean opinion bounces back to the initial moderate mean opin-

ion (X (t) = 0, and the system is defined as resilient) or it converges towards

11



15 a single extreme (|X(¢)| = 1, and the system is defined as not resilient).

15 3.2. Group arrival r

156 As explained above, a small perturbation can cause the collapse of a
157 population from a stationary density to a single extreme cluster. We perturb
158 the DDM (after a density convergence) with a new group arrival r(e,x, 7)
150 at time 7 (7 > ty), opinion z of size (percentage of the initial population)

w0 € € [0;1] defined as:

r(e,x,7) =¢ed(x)d(T) (4)

161 0 being the Dirac function. We note that the new group is composed
162 of moderate agents (with the same uncertainty u as the moderate agents of
163 the population). With the arrival of the new group, a percentage e of the

1« moderate agents suddenly exhibits an opinion = at time 7:

pi(T) = pi(T = 1)(1 =€), Vj ()

pi(7) Zpi(7—1)+fzpj(f—1), (6)

J

165 where i corresponds to the discrete index of location z. Of course, a
16 percentage ¢ = 1 corresponds to a purely theoretical situation where the

167 arriving group is of infinite size.

12
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3.3. An energy-based indicator for characterizing how a population behaves
after a new group arrival

In material science, the resilience of a material is characterized by the

energy that it absorbs during loading and subsequently releases when the

load is removed. We therefore consider the group size € as a force and its

opinion x as a displacement and we calculate the following energy associated

with the rise r:

E(r(e,x,7)) = E(e,z) = € X abs(x) (7)

We note that E(e,z) € [0;1]. After the group arrival, either the moderate
mean opinion reverts to 0 (where opinions keep fluctuating with a null mean

opinion), or the moderate mean opinion converges to an extreme.

4. Results

4.1. Assessing the tipping enerqy E”

For a first study we choose a point in the parameter space located in the
fluctuations area presented in Figure 1-f : v = 1.3 and p.=0.05. We test
different values of the group arrival r(e,z,7) after the density convergence
(1 = 500). In Figure 4-a, we can see that group arrival A causes a
population convergence to a single extreme cluster. On the other hand,
the population can absorb a smaller energy group arrival (group arrival B,
see Figure 4-b) and reverts to a null moderate mean opinion. Figure 4-c

shows the evolution of the moderate mean opinion of moderate agents.

13
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Figure 4-d plots the energy of group arrival according to the resilience
of the population. Two zones appear on this energy map: the first is a
"resilience” zone that corresponds to group arrivals to which the moderate
mean opinion is resilient, and the second to the group arrivals to which the
moderate mean opinion is not resilient. The main result is that a constant
energy separates the two zones: the moderate mean opinion can ”absorb” a
maximum energy by changing its distribution dramatically, and then recover
it. Whatever the location and intensity of the energy rise, its energy level
alone enables us to predict the resilience (or non-resilience) of the moderate
mean opinion. This energy threshold hence defines tipping points of the
opinion dynamics. Accordingly, we call "tipping energy” E”, the maximum
energy of the group arrival that can be absorbed by the population. More
specifically, we define the tipping energy E" associated with the stationary

state X () (the mean opinion of the population at date tg) as:

E" =max[E|Vr(e,x,7),to < T << t,X(t) = X(to)] (8)

In our case (u = 1.3 and p.=0.05), the tipping energy E" equals to 0.25
and characterizes the resilience of the population. We note that the resilience
energy is constant if almost every agent interacts with all the others in the
population (like a particle model in physics) with a high value of uncertainty
u. But, in some cases (u around 1.2), the tipping energy E” is not exactly

constant: there are very small variations according to group size and opinion

15
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because some agents do not see the whole population.

4.2. Emergence of a single extreme cluster due to instability

We now focus on the zone where the ABM converges to a single extreme
whereas the DDM does not (see Figures 1-d and 1-f) in order to explain
the emergence of single extreme cluster. For this purpose, we calculate the
tipping energy E" for different values of u. Compared with u = 1.3, we
expect lower values of uncertainty v to lower the tipping energy, causing the

convergence of the population towards extremists (see Figure 5).

E"
0.9

0.8
0.7
0.6

0.5

0.4 J I —
0.3

0.2
0.1

Figure 5: Resilience energy according to u. For u < 1.1, the tipping energy is nil. It
corresponds to the threshold location of single extreme in the convergence map of the
ABM for p. = 0.05 (see Figures 2 and 3).

As expected, the tipping energy increases with the uncertainty wu: the
higher the uncertainty of the moderate agents, the higher the resilience of

their moderate mean opinion. On the left of Figure 5, the tipping energy is

nil: it corresponds to the areas of the parameter space of a single extreme

16
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in the convergence map of the ABM. This zone appears in the convergence
type maps (for u around 1 and p. < 0.2, orange in Figure 1-f) where a
single extreme cluster emerges. This cluster is attracted by extremists, and
the population switches to one extremist side, leading to a single extreme
convergence. However, the single extreme zone cannot be found using the
density model without perturbations: the ”single extreme” zone in the ABM
(orange in Figure 1-f) corresponds to a ”opinions keep fluctuating” zone with
the density model.

For u € [1;1.1], the density model yields an ”opinions keep fluctuating”
zone, whereas the ABM converges to a single extreme cluster (see Figure
5). The "single extreme” zone corresponds to an ”opinions keep fluctuat-
ing” zone where the resilience energy is very low: a very small perturbation
causes a convergence towards a single extreme. First, the ABM converges
towards an ”opinions keep fluctuating” zone, predicted by the DDM. A small
perturbation due to the stochasticity then causes the population to converge
to a single extreme (see Figure 3). We note that the results are similar
when the sizes of opposite extremist groups are different (see Annex A for
more details). Also, the tipping energy assessed from ABM simulations fits
the tipping energy assessed from DDM simulations (see Annex B for more

details).
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5. Discussion and conclusion

Our main finding - based on the BC model with fixed uncertainties - is
that the resilience of a moderate mean opinion depends on an equivalent
energy of the arriving group, that is the size of the group multiplied by the
absolute extremeness of its opinion. Thus either a small group with a very
extreme opinion or a large group with a less extreme opinion may push the
population towards a single extreme. This is consistent with the results of
experiments on the influence of minorities in small groups [19]. In addition,
the higher the uncertainty of the moderate agents, the higher the resilience of
their moderate mean opinion. Our results also show that even when opposite
extremists are not exactly the same in number (see Annex A), the presence
of extremists at both ends may prevent extremization of a population of
uncertain agents. However, when the extremists are significantly more nu-
merous at one end, the energy required for the convergence of the moderate
to the stronger extreme is lower, yielding more polarized situations - when
the arriving group is on the side of the stronger extreme. Finally, our work
can be extended by associating a specific uncertainty to the opinions of the
arriving agents (while in this paper, the uncertainty of the new-arrival group
is taken to be the same as that of the moderate agents). For instance, we
can consider the arrival of an extremist group (agents with extreme opinion
and small uncertainty) or we can test strategies to polarize the population
[20]: from the tipping energy, we can deduce the size of the group of a given

opinion value and a given uncertainty, which is necessary to bring about con-
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vergence towards a single extreme. Of course, these quantitative results are
probably not be directly applicable to real life surveys or experiments. How-
ever, the concept of tipping energy may be qualitatively helpful in diverse

situations of opinion dynamics, especially with the presence of minorities.
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AppendixA. Unbalanced opposite extremists may also favor the

recovery of a moderate opinion

In the previous section, we showed that small perturbations may lead to a
single extreme in the case of an equal distribution of extremists at each ends.
Calculations are performed in the case of unbalanced opposite extremists to
see whether the initial distribution of extremists influences our results. We
tested a 60%/40% distribution (60% of extremists located in -1 and 40% of

extremists located in +1) and a 80%/20% distribution (see Figure A.6).

a - Map of convergence, [60%;40%]; b - Map of convergence, [80%;20%]

1 2000
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600 2 1000
& &
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T 08 06 04 02 0 02 04 06 08 1 %08 w6 04 02 0 02 G4 6 o8 1

¢ - Opinion density [60%;40%)], d - Opinion density [80%;20%)],
pe =0.05 u=1.8 Pe = 0.05, u=1.8
Figure A.6: Influence of unbalanced extremists on the convergence map. Despite the

unbalanced extremists, opinions may keep fluctuating. However, the area of single extreme
swells with the imbalance.

Results in Figure A.6 show that the area where opinions keep fluctuating
shrinks when the extremists distribution is unbalanced: the imbalance (in

terms of extremist location) decreases the resilience energy, and so leads to
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s more single extreme cases. This is confirmed by the density of the opin-
s ion which is not centered at zero but is shifted towards the most numerous

32 extremists (see Figures A.6-c and -d).
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AppendixB. Assessing the tipping energy with the ABM

We assessed the tipping energy with the ABM to see whether it was the
same as the tipping energy with the DDM. We ran 30 replicates with a group
arrival located at x. Different values of the groupe size € were tested. Tipping
energy is represented in Figure B.7. Results show a close fit between ABM
and DDM results (see Figure 5).
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a - Tipping energy according to u, p.=0.05
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Figure B.7: Tipping energy calculated with the ABM, p. = 0.05. For v < 1.1, the tipping
energy is nil.
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