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Abstract

This paper investigates the traces of functions belonging to the inhomogeneous Besov
spaces Bξ

p,q, where ξ is a product of capacities defined as power of Gibbs measures. We first
establish that the traces of functions in Bξ

p,q along affine hyperplanes belong to another
inhomogeneous Besov space. Furthermore, we derive an upper bound for the singularity
spectrum of the traces of all functions in Bξ

∞,q. This bound is then refined for a prevalent
set of functions in Bξ

∞,q, for which we explicitly compute the singularity spectrum of their
traces. Notably, our analysis reveals that the regularity properties of these affine traces
are highly sensitive to the choice of the hyperplane along which the trace is taken.

1 Introduction

In the context of turbulence, the study of local variations in the velocity of turbulent fluids
led to the introduction of multifractal descriptions of signals and functions. Turbulent flows
are indeed far from being spatially homogeneous, and the pointwise regularity of the velocity
may vary significantly from one point to another; this is typical of multifractal functions and
measures. A fundamental step was then made by Frisch and Parisi, who uncovered a striking
connection between multifractality and the global scaling properties of the velocity [24]. This
connection, now known as the multifractal formalism, provided a unifying framework that sub-
sequently stimulated the development of multifractal analysis in a wide range of mathematical
settings, including geometric measure theory, real analysis [13, 33, 57], dynamical systems
and ergodic theory, and Diophantine approximation [20, 58, 59], among others. In parallel,
the development of numerical methods for the estimation of multifractal characteristics led
to significant advances in signal and image processing [61, 62], and in other scientific fields
[1, 39].

It is important to emphasise that, in practice, measurements of turbulent velocity fields
are typically performed along one-dimensional sets, rather than over full three-dimensional
regions of R3. As a consequence, the multifractal properties of turbulent flows are often
inferred from one-dimensional traces, which naturally raises the question of how accurately
such traces reflect the multifractal structure of the underlying three-dimensional flow. This
problem is in fact quite general and applies to all three-dimensional phenomena for which only
partial measurements are available.

Our main objective is to rigorously examine the validity of this inference procedure of
multifractality for functions in inhomogeneous Besov spaces Bξ

p,q. We establish precise rela-
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tionships between the regularity properties of functions belonging to Bξ
p,q and those of its traces

restricted to affine subspaces of dimension d < D, see (1.4) below for the precise definition of
traces.

Let us now give now precise definitions. Multifractal analysis consists in describing the
pointwise behavior of functions f : RD → R, computing the singularity spectrum σf , and,
when possible, relating σf to the scaling function associated with f . Given x0 ∈ RD, H ∈ R+,
a locally bounded function f : RD → R belongs to CH(x0) if there exist a polynomial Px0 of
degree less than ⌊H⌋, a constant C > 0, and a neighborhood V of x0 such that

∀x ∈ V, |f(x)− Px0(x− x0)| ≤ C |x− x0|H .

The pointwise Hölder exponent of f ∈ L∞
loc(RD) at x0 is then

hf (x0) = sup
{
H ∈ R+ : f ∈ CH(x0)

}
. (1.1)

The associated singularity (or multifractal) spectrum σf of f is the mapping

σf : h 7→ dimH

(
Ef (h)

)
, where Ef (h) :=

{
x ∈ RD : hf (x) = h

}
. (1.2)

Here, dimH stands for the Hausdorff dimension with the convention dimH(∅) = −∞ (note
that Ef (h) = ∅ for h < 0). The singularity spectrum provides a geometrical description of the
distribution of the singularities of f .

Let us emphasise that for large classes of functions f (similarly, of Borel measures), the
singularity spectrum of f satisfies a so-called multifractal formalism, meaning that σf coincides
with the Legendre transform τ∗f of a scaling function τf : R → R associated with f , i.e.

σf = τ∗f (h) := inf
q∈R

(hq − τf (q)). (1.3)

The scaling function τf , defined using wavelets (see below and [36, 37]), describes the statistical
scaling properties of f . When (1.3) holds, one says that the multifractal formalism holds for
f . This relationship is key, since when properly defined, τf has proved to be numerically
estimable on real data, see for instance [37].

Results on the pointwise regularity of functions belonging to classical spaces such as Sobolev
W s,p(RD) or Besov Bs

p,q(RD) spaces have been obtained in [3, 22, 35, 34, 38]. They are of
two types: first, identify a universal upper bound for the singularity spectrum of all functions
in a given space, and second, when possible, compute the explicit value for the spectrum of a
generic set of functions in the sense of prevalence or Baire categories.

A remarkable feature of generic functions in W s,p(RD) and Bs
p,q(RD) is that their singu-

larity spectrum is invariably affine increasing [35, 21]. This stands in stark contrast to the
fact that spectra estimated from real-world data via the multifractal formalism consistently
exhibit a strictly concave profile, featuring both an increasing and a decreasing part [61, 1, 39].
Numerous generalisations of these classical Sobolev and Besov spaces have been studied exten-
sively [2, 19, 46, 42, 40, 18, 25, 60, 35, 21]; for further details, see also [54]. However, in none
of these cases do generic functions exhibit a concave singularity spectrum with both increasing
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and decreasing components.
Motivated by these observations, Barral and Seuret [8] introduced inhomogeneous Besov

spaces Bξ
p,q(RD), where Baire-typical functions may admit any prescribed admissible contin-

uous concave singularity spectrum. The precise definition of these spaces will be addressed
later. The inhomogeneity in these spaces is governed by a Hölder capacity ξ, which can be
interpreted as a measure with strongly location-dependent mass distribution. This framework
naturally captures the multifractal behavior observed in empirical data.

This paper deals with the multifractal analysis of traces of functions in inhomogeneous
Besov spaces Bξ

p,q(RD) on d-dimensional affine subspaces of RD, when ξ is the product of
Gibbs measures on RD. Let 0 < d < D be two fixed integers and d′ := D − d. For a ∈ Rd′ ,
we denote Ca := {(x, a) : x ∈ Rd} the horizontal d-dimensional affine subspace of RD passing
by (0d, a). The trace of a function f on Ca is defined by

fa := f |Ca :
Rd −→ R
x 7−→ f(x, a).

(1.4)

This notion has been considered for functions in standard Besov spaces by Aubry-Maman-
Seuret and Jaffard [4, 43, 32, 12] and weighted Besov spaces by Besoy-Haroske-Triebel [10]
for example. Universal and generic results in the sense of prevalence and Baire categories
on the pointwise regularity of traces of functions belonging to classical spaces have been
obtained by Aubry, Maman and Seuret [4, 43]. This article presents two main results: first,
for any function f in an inhomogeneous Besov space Bξ

p,q(RD), we establish that all its traces
fa belong to another specific inhomogeneous Besov space, which we characterise explicitly,
while simultaneously demonstrating that most traces exhibit higher regularity than anticipated
(Theorem 1.12). Second, we prove that for a prevalent set of functions in Bξ

p,q(RD), the
multifractal properties of the traces fa can be determined (Theorem 1.14). Notably, unlike
in standard Besov spaces—where a unique singularity spectrum is typically observed for most
traces fa—inhomogeneous spaces admit a richer structure: depending on the choice of a
(within large parameter sets that we describe), the traces may display distinct multifractal
behaviors.

The present article describes two kinds of result: first, for any function f in an inhomoge-
neous Besov spaces, we show that all its traces fa belong to an inhomogeneous Besov spaces
that we identify, and simultaneously that most traces are more regular than expected (Theo-
rem 1.12 ). Second, we prove that for a prevalent set of functions, the multifractal properties of
the traces can be explicitly determined (Theorem 1.14). In particular, contrarily to standard
Besov spaces where there is only one well-identified singularity spectrum for most of the traces
fa, in inhomogeneous spaces, depending of the choice of a (in large sets of parameters that we
describe), the traces may have distinct multifractal behaviors.

Let us now give precise statements. Let B(RD) stand for the Borel sets in RD.
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Definition 1.1. Let D ≥ 1. The set of Hölder set functions on RD is

H(RD) =
{
ξ : B(RD) → R+ ∪ {+∞} : ∃C, s > 0, ∀E,F ∈ B(RD), ξ(E) ≤ C|E|s

}
.

The set of Hölder capacities is then

C(RD) =
{
ξ : H(RD) → R+ ∪ {+∞} : ∀E,F ∈ B(RD), E ⊂ F ⇒ ξ(E) ≤ ξ(F )

}
.

When ξ(E) ≤ C|E|s for all E, ξ is said to be s-Hölder. The topological support supp(ν) of
ν ∈ H(RD) is the set of points x ∈ RD for which ν(B(x, r)) > 0 for every r > 0. A capacity ν
is fully supported on A when supp(ν) = A. We mainly look at capacities supported on [0, 1]D,
but our results can be extended to RD.

For ξ ∈ B(RD), s > 0, and E ∈ B(RD), define the set functions ξs, ξ(+s) and ξ(−s) by

ξs(E) = ξ(E)s and ξ(+s)(E) = ξ(E)|E|s,

and when ξ is s0-Hölder, set for all s ∈ (0, s0), ξ(−s)(E) =

0 if |E| = 0,

ξ(E)|E|−s if 0 < |E| <∞.

Observe that if ξ ∈ C(RD), then ξs and ξ(+s) are still Hölder capacities.
Recall that ξ ∈ C(RD) is doubling if for some Cξ ≥ 1, for every x ∈ RD and r > 0,

ξ(B(x, 2r)) ≤ Cξ ξ(B(x, r)). (1.5)

Remark 1.2. A doubling s-Hölder capacity ξ ∈ C([0, 1]d) satisfies, for C > 0, for all r > 0,

C−1rlog2(Cξ) ≤ ξ(B(x, r)) ≤ Crs. (1.6)

The multifractal properties of a set function are based on local dimensions. The convention
0q = 0 is adopted.

Definition 1.3. Let ξ ∈ H(RD). The lower local dimension of ξ at x ∈ supp(ξ) is

hξ(x) = lim inf
r→0+

log ξ(B(x, r))

log(r)
. (1.7)

The singularity spectrum of ξ is given by

σξ : h ∈ R 7→ dimH Eξ(h) where Eξ(h) = {x ∈ supp(ξ) : hξ(x) = h}.

For every integer j ≥ 1, let ΛDj be the set of dyadic cubes of side length 2−j in [0, 1]D.
The scaling function of ξ ∈ H(RD) with supp(ξ) ∩ [0, 1]D ̸= ∅ is defined by

τξ(q) = lim inf
j→+∞

1

−j
log2

∑
λ∈ΛDj

.ξ(λ)q,

The minimal and maximal local dimension and the dimension of ξ are defined by

hmin
ξ = min{hξ(x) : x ∈ supp(ξ)}, hmax

ξ = max{hξ(x) : x ∈ supp(ξ)}, (1.8)

dim(ξ) = inf{dimH(E) : ξ(E) = 1}. (1.9)

This paper considers capacities µ and ν defined as powers of Gibbs measures. Let LD

stand for the D-dimensional Lebesgue measure. Let us recall how they are defined, see [53].
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Definition 1.4. Let φ : RD → R be a ZD-periodic Hölder continuous function (called a
potential). The sequence of measures defined on RD whose densities are given by

νn(dx) =
exp(Snφ(x))∫

[0,1]D exp(Snφ(t))LD(dt)
LD(dx), where Snφ(x) =

n−1∑
k=0

φ(2kx),

converges weakly to the ZD-invariant Gibbs measure νφ associated with φ.

These measures have been extensively studied [30, 50, 51, 53, 52, 56]. We recall in Section
2 their main multifractal properties. For the moment, we need the following ones: Given a
fixed potential φ : RD → R:

1. The Gibbs measure νφ is doubling, and supp(νφ) = RD.

2. For every h ≥ 0, σνφ(h) = τ∗νφ(h) := infr∈R(rh− τνφ(r)).

3. For every r ∈ R, setting
hrνφ = τ ′νφ(r), (1.10)

one has σνφ(hrνφ) = rhrνφ − τνφ(r). Also, hmin
νφ = h+∞

νφ and hmax
νφ = h−∞

νφ .

4. For every r ∈ R, the Gibbs measure νrφ is called the auxiliary measure associated with φ
and r (the auxiliary measure is associated with the potential rφ), and enjoys multifractal
properties similar to those of νφ. Then

νrφ(Eνφ(h
r
νφ)) = 1, i.e. for νrφ-a.e. x, hνφ(x) = hrνφ . (1.11)

Item (2) is referred to as the multifractal formalism for measures, and is analog to the
formalism (1.3) for functions. Item (3) follows from (1.10) and simple considerations on the
Legendre transform. Item (4) states that the auxiliary measure νrφ is concentrated on those
points x whose local dimension for νφ equals hrνφ , see Theorem 2.7 for details on auxiliary
measures. Since νφ is ZD-periodic, we identify νφ with its restriction to [0, 1]D.

Definition 1.5. The set of Gibbs capacities ED ⊂ C(RD) is

ED = {νs : ν a Gibbs measure, s > 0}.

To state our results, we recall the definition of inhomogeneous Besov spaces. Write LD =

{0, 1}D \ {0D}, and consider the family {ϕ, ψλ := ψl(2j · −k)}λ=(j,k,l)∈Z×ZD×LD generated by
a collection of wavelets (ϕ, ψl)l∈LD (see Section 2.4 for details), such that every f ∈ L2(RD)
can be written

f
L2

=
∑

λ∈Z×ZD×LD
cλψλ with cλ = 2Dj

∫
RD

f(x)ψλ(x)dx.

For k = (k1, . . . , kD) ∈ ZD, j ∈ Z, we often identify λ = (j, k, l) with the dyadic cube∏D
i=1[ki2

−j , (ki + 1)2−j), and in particular we write ξ(λ) for ξ(
∏D
i=1[ki2

−j , (ki + 1)2−j)).
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For any f ∈ Lp(RD), 1 ≤ p ≤ ∞, f can be written

f =
∑
k∈ZD

β(k)ϕ(· − k) +
∑
j≥0

∑
λ∈{j}×ZD×LD

cλψλ, with β(k) =

∫
RD

f(x)ϕ(x− k)dx. (1.12)

Without loss of generality, we consider functions supported in [0, 1]D and write

f = β(0)ϕ+
∑
j≥0

∑
λ∈ΛDj ×LD

cλψλ. (1.13)

Indeed, any function f ∈ L2(RD) can be written as a sum f = g +
∑

ℓ∈ZD fℓ(· + ℓ),
where g is a function as regular as the wavelets and fℓ can be written as (1.13). Since we are
interested only in local and multifractal properties, and using that the Hausdorff dimension
of a countable union is the supremum of the dimension of all sets, the singularity spectrum of
a locally bounded function f ∈ L2(RD) is obtained as the supremum of those of the fℓ.

So, from now on, we will work with functions defined on [0, 1]D written as (1.13)
and with a set function ξ with supp(ξ) = [0, 1]D. By a slight abuse of notation, we write
H([0, 1]D) = {ξ ∈ H(RD) : supp(ξ) = [0, 1]D} and C([0, 1]D) = H([0, 1]D) ∩ C(RD).

Barral and Seuret introduced the following inhomogeneous Besov spaces.

Definition 1.6. Let ξ ∈ H([0, 1]D) satisfying that for some C > 0 and 0 < s1 < s2,

for all x ∈ [0, 1]D, for all r > 0, C−1rs2 ≤ ξ(B(x, r)) ≤ Crs1 . (1.14)

Let p ∈ [1,+∞], consider an integer n ≥ ⌊s2 +D/p + 1⌋ and wavelets (ϕ, ψl)l∈LD ∈ Cn(Rd)
compactly supported, having at least n vanishing moments (see Section 2.4). A function f

written as (1.13) belongs to Bξ
p,q([0, 1]d) if and only if f ∈ Lp([0, 1]d) and |f |ξ,p,q < +∞, where

|f |ξ,p,q =
∥∥(εξ,pj )j∈N

∥∥
ℓq(N), with εξ,pj =

∥∥∥( cλ
ξ(λ)

)
λ∈ΛDj ×LD

∥∥∥
ℓp(ΛDj ×LD)

. (1.15)

Then define
B̃ξ
p,q([0, 1]

D) =
⋂

0<ε<min(1,s1)

Bξ(−ε)
p,q ([0, 1]D). (1.16)

Formula (1.15) implies that |cλ| ≤ C ξ(λ), for every cube λ. Recalling that the Hölder
spaces Cα([0, 1]D) are characterised by the fact that |cλ| ≤ C |λ|α for every λ, the spaces
Bξ
p,q([0, 1]D) can be understood as an inhomogeneous generalisation of Cα([0, 1]D), since the

value of ξ(λ) varies a lot depending on λ. This interpretation justifies the term environment
for ξ.

Taking ξ = (LD)
s
D
− 1
p with s > D/p, it implies that Bξ

p,q([0, 1]D) = Bs
p,q([0, 1]

D). Also,
when p = q = ∞, Bξ,ψ

∞,∞([0, 1]D) is the space of those functions f for which

C = sup
λ∈Z×ZD×LD

|cλ|
ξ(λ)

< +∞.

It is proved in [8] that the definition of Bξ
p,q([0, 1]D) and B̃ξ

p,q([0, 1]D) is independent of the
choice of ψ as soon as ξ is a doubling, and that the norms ∥·∥Lp+ | · |ξ,p,q are equivalent for any
choice of ψ. Since this will be our situation, we omit the dependence on ψ in the notations.
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h

σξ(h)

hmin
µ hrν(a)h

min
ξ h0µ h−∞

µ

1

2

σµ(h)

σξ(h)

hmin
ν

σfa

hrν(a)

Figure 1.1: Upper-bound for σfa(h) for all a ∈ [0, 1]d
′ in grey, for νr-almost all a ∈ [0, 1]d

′ in
red.

Remark 1.7. By construction, the family of Banach spaces
{
Bξ(−ε)
p,q ([0, 1]D)

}
0<ε<min(1,s1)

satisfies that, for 0 < ε < ε′ < min(1, s1), B
ξ(−ε)
p,q ([0, 1]D) ↪→ Bξ(−ε

′)
p,q ([0, 1]D). Hence, in (1.16),

the intersection can be taken on any interval of the form (0, ε) with ε < min(1, s1).
Also, B̃ξ

p,q([0, 1]d) is a Fréchet space [8], and a translation-invariant complete metric induc-
ing the same topology as

{
∥ · ∥

Bξ
(−ε)
p,q

:= ∥ · ∥Lp + | · |ξ(−ε),p,q
}
0<ε<min(1,s1)

is

∀f, g ∈ B̃ξ
p,q([0, 1]

d), D(f, g) =
∑

n>max(1,s−1
1 )

2−n
∥f − g∥

Bξ
(−1/n)
p,q

1 + ∥f − g∥
Bξ

(−1/n)
p,q

. (1.17)

We recall the multifractal properties of prevalent functions in B̃ξ
∞,q([0, 1]D) [54]. We will come

back soon to the notion of prevalence, for the moment the reader shall have in mind that this
is a natural substitute for "almost every element" in infinite dimensional spaces.

Definition 1.8. The capacity ξ ∈ C([0, 1]D) is said to satisfy the strong multifractal formalism
(SMF) if for every h ≥ 0, σξ(h) = τ∗ξ (h) = dimH Eξ(h), where Eξ(h) is the set of points x
where the local dimension (1.7) is a limit and equals h.

Theorem 1.9 ([54]). If ξ ∈ C([0, 1]D) is doubling and satisfies the SMF, then there exists a
prevalent set of functions f ∈ B̃ξ

∞,q([0, 1]D) such that σf = τ∗ξ = σξ.

Our objective is to study the multifractal properties of the traces of f ∈ B̃ξ
p,q(RD) when

ξ is a product of Gibbs measures. More precisely, if D = d+ d′, for µφ ∈ Ed (resp. νφ̃ ∈ Ed′)
associated to a potential φ : Rd → R, (resp. φ̃ : Rd′ → R), we consider the capacity on RD

ξ = µφ × νφ̃

i.e. for A ∈ B([0, 1]d), B ∈ B([0, 1]d′), ξ(A×B) := µφ(A) · νφ̃(B). We omit the mention to φ
and φ̃, and write simply µ, ν, and also νr for the auxiliary measures associated with ν.

Theorem 1.9 applies to ξ = µ × ν: there is a prevalent set of functions f ∈ B̃ξ
p,q([0, 1]D)

for which σf = τ∗ξ . The spectrum of ξ is determined in terms of µ and ν, see Section 2.3.
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Proposition 1.10. Let µ ∈ Ed and ν ∈ Ed′ with D = d + d′. Let ξ = µ × νbe the product
capacity on [0, 1]D. The product capacity ξ satisfies the SMF and verifies τξ = τµ + τν .

For standard Besov spaces, the trace operator f 7→ fa maps Bs
p,q(RD) to B

s−d′/p
p,q (Rd),

reflecting a loss of regularity when taking traces. However, for Ld′-a.e. a, fa ∈ Bs
p,q(Rd). Our

first result shows that the same phenomenon occurs for inhomogeneous spaces.

Theorem 1.11. Let p, q ∈ [1,+∞]. Let µ ∈ Ed and ν ∈ Ed′ with D = d + d′. Let ξ be the
product capacity on [0, 1]D defined by ξ = µ× ν.

For all f ∈ B̃ξ
p,q([0, 1]D) and all r ∈ R, for νr-almost all a ∈ [0, 1]d

′ , one has

fa ∈ B̃µ(+Γν,r)

p,1 ([0, 1]d) with Γpν,r = hrν + dim(νr)/p.

By convention α/∞ = 0. Observe that fa belongs to a space whose regularity depends on
the local regularity of ν at a, since by (1.11), νr-a.e. points a are such that hν(a) = hrν .

For the next results, we focus on the case p = ∞. First, an upper-bound for the
singularity spectrum of traces of all functions f ∈ B̃ξ

∞,q([0, 1]D) is obtained.

Theorem 1.12. For all f ∈ B̃ξ
∞,q and a ∈ [0, 1]d

′, one has for every h ∈ R+

σfa(h) ≤

σµ(h− hmin
ν ) if h ≤ h0µ + hmin

ν ,

d if h > h0µ + hmin
ν .

(1.18)

For all f ∈ B̃ξ
∞,q, for every r ∈ R and νr-almost all a ∈ [0, 1]d

′ , one has for every h ∈ R+

σfa(h) ≤

σµ(h− hrν) if h ≤ h0µ + hrν ,

d if h > h0µ + hrν .
(1.19)

These upper bounds can be sharpened and turned into equalities for prevalent sets of
functions in B̃ξ

∞,q. As quickly mentioned above, prevalence theory is used to supersede the
notion of Lebesgue measure for Borel sets in any real or complex topological vector space
E endowed with its Borel σ-algebra B(E). Christensen [15] and Hunt, Sauer and York [29]
proposed this notion independently. In our article, all Borel measures ϑ on (E,B(E)) will be
automatically completed, i.e. for every set A ⊂ E, one sets ϑ(A) := ϑ(B) if B ∈ B(E) and
the symmetric difference A∆B is included in some D ∈ B(E) with ϑ(D) = 0.

Definition 1.13. A set A ⊂ E is universally measurable if it is measurable for any (completed)
Borel measure on E. A universally measurable set A ⊂ E is Haar-null if there exists a finite
completed measure ϑ that is positive on some compact subset K of E and such that

for every x ∈ E, ϑ(A+ x) = 0. (1.20)

The measure ϑ used to show that some subset is Haar-null is called transverse. More generally,
a set that is included in a Haar-null universally measurable set is also called Haar-null.

Finally, the complement in E of a Haar-null subset S, denoted S∁, is called prevalent.
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h

σξ(h)

hmin
µ hrν(a)h

min
ξ h0µ h−∞

µ

1

2

σµ(h)

σξ(h)

σfa

hrν(a)

Figure 1.2: Spectrum σfa(h) for almost all f and νr-almost all a ∈ [0, 1]d
′ .

Hunt pioneered the use of prevalence in function spaces [28]. More recently, Bayart and
Heurteaux [9] and Balka, Darji and Elekes [5] studied the dimension of images of continuous
function, Fraysse, Jaffard and Kahane [23, 22] and then Aubry, Maman and Seuret [4] studied,
respectively, the prevalent regularity of functions and the trace function fa of function f in
Besov spaces. Olsen studied the multifractal and Lq-dimension of prevalent measure on a
compact of Rd [49, 48].

Our theorem regarding the prevalent multifractal behavior in B̃ξ
∞,q([0, 1]D) is the following.

It depends on the existence of a wavelet satisfying a property that we call (R), we come back
to this after the statement.

Theorem 1.14. Let µ ∈ Ed, ν ∈ Ed′. Consider the product measure ξ = µ × ν ∈ C([0, 1]D),
with D = d+ d′. Call C, s1, s2 the real numbers such that (1.14) is satisfied.

Let n ≥
⌊
s2 +

D
p

⌋
+ 1. Assume that there exists a compactly supported wavelet ψ ∈ Cn(R)

having (at least) n vanishing moments and satisfying the property (R).
Let (rn)n≥N be a countable sequence of real numbers. There exists a prevalent set of function

f ∈ B̃ξ
∞,q([0, 1]D) such that for every n ∈ N, for νrn-almost all a ∈ (0, 1]d

′,

σfa(h) =

σµ(h− hrnν ) if h ∈ supp(σµ) + hrnν

−∞ else.

Recalling that for r = 0 the auxiliary measure νr is the Lebesgue measure Ld′ , Theorem
1.14 gives that for Ld′-almost every a, the singularity spectrum of fa is σ(·−h0ν). This is exactly
similar to the result of [4] for standard Besov spaces. Here, in addition to what happens in
standard Besov spaces, the traces do not all exhibit the same multifractal properties, and
we are able to compute the singularity spectrum of many other traces: r being fixed, for νr-
almost every a, the singularity spectrum σfa of the trace fa coincides with that of µ shifted
by hrν . This is somehow expected since the environment ξ is not spatially homogeneous, but it
remains surprising nonetheless to be able to precisely describe this variety of regularity. Our
work follows in the tradition of standard theorems in geometric measure theory, such as those

9
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of Marstrand–Mattila [44], where one studies the dimension of the slices of a set E ⊂ RD of
dimension α along affine subsets of dimension strictly less than D. In most of these results,
there is a single almost-sure behavior, and the set of exceptional behaviors is often small, or
even of dimension 0. Here, by focusing on traces, we undertake a comparable analysis, but
the inhomogeneity of the initial function implies that the regularity of the traces is highly
dependent on the specific trace considered.

It is not entirely satisfactory that the result is proved only for a countable sequence (rn)n∈N,
that can be dense in R. We conjecture that Theorem 1.14 holds for every r ∈ R simultaneously
on a prevalent set. Similarly, it is a natural question to investigate the situation where p <∞.

Theorem 1.14 depends on the existence of wavelets enjoying the following property.

Definition 1.15. A function ψ : R → R satisfies the property (R) if:

(R1) ψ ∈ C1(R) and there exists Kψ ∈ N∗ such that supp(ψ) = [0,Kψ].

(R2) The cardinality of the set Z(0, 0) := ψ−1({0})
⋂
[0,Kψ] of zeros of ψ is finite.

(R3) For all x ∈ [0, 1], S(x) :=
∑Kψ−1

p=0 |ψ(x+ p)| > 0.

This property holds for Daubechies’ wavelets up to order 45; see [55]. Since db45 ∈ C10(R),
Theorem 1.14 applies whenever the local dimensions of ξ do not exceed 10. Proving that broad
wavelet classes, including Daubechies’, satisfy (R) is a relevant question, which we intend to
address in future work. Property (R) will be crucial for estimating the pointwise regularity
of prevalent traces, especially when proving Theorem 5.1 and the lower bounds for pointwise
Hölder exponents derived therein.

Section 2 provides the necessary material to work with capacities that are product of
Gibbs measures, as well as the notions related to wavelet decompositions. Section 3 contains
the proof of Theorem 1.11 and compares it to those in standard Besov spaces. In Section
4, we prove Theorem 1.12. , the upper bounds for the singularity spectrum of functions in
B̃ξ

∞,q([0, 1]D). In Section 5, we introduce and study the regularity properties of a saturating
function in B̃ξ

∞,q([0, 1]D). Intuitively, such a function has the largest possible wavelet coef-
ficients in B̃ξ

∞,q([0, 1]D). This function is the cornerstone of the rest of the paper. Finally,
Theorem 1.14 is proved in section 6. We construct a prevalent set on which the multifractal
behavior of functions is controlled by finding suitable measures and probe sets based on the
analysis of the saturating functions. One of the delicate issues consists in establishing the
analyticity of the sets involved in our proofs.

2 Capacities, wavelets and multifractal formalism

2.1 Capacities and multifractal formalism

For j ∈ N, recall that ΛDj is the set of dyadic cube of side length 2−j on [0, 1]D, i.e. the
dyadic cube

∏D
i=1[ki2

−j , (ki + 1)2−j) where k = (k1, . . . , kD) ∈ {0, . . . , 2j − 1}D. We denote

10
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ΛD =
⋃
j∈N ΛDj the set of dyadic cubes in [0, 1]D.

For j ∈ N, λ ∈ ΛDj and N ∈ N∗, we denote Nλ the cube with the same centre as λ and
radius equal to N · 2−j−1 in (RD, ∥ · ∥∞). For instance, 3λ is the union of those λ′ ∈ ΛDj such
that ∂λ ∩ ∂λ′ ̸= ∅ where ∂λ is the boundary of the cube λ.

For x ∈ Rd, denote λDj (x) the dyadic cubes of side length 2−j containing x.
For any Borel set A ⊂ RD and capacity ν with ν(A) > 0, we will denote ν|A = ν(. ∩A).
In addition to the lower and limit local dimension and already defined in Definition 1.3,

one also needs the upper local dimension of set functions.

Definition 2.1. Let ν ∈ H([0, 1]D). For x ∈ supp(ν), the lower and upper local dimension of
ν at x are respectively defined by

hν(x) = lim inf
r→0+

log ν(B(x, r))

log(r)
and hν(x) = lim sup

r→0+

log ν(B(x, r))

log(r)
.

Whenever hν(x) = hν(x), the common limit is called hν(x). Then, for h ∈ R,

Eν(h) = {x ∈ supp(ν) : hν(x) = h}, Eν(h) = {x ∈ supp(ν) : hν(x) = h}
and Eν(h) = Eν(h) ∩ Eν(α).

Remark 2.2. Note that the local dimensions are sometimes defined as

hν(x) = lim inf
j→+∞

log2 ν(λj(x))

−j
and hν(x) = lim sup

j→+∞

log2 ν(λj(x))

−j
,

or hν(x) = lim inf
j→+∞

log2 ν(3λj(x))

−j
and hν(x) = lim sup

j→+∞

log2 ν(3λj(x))

−j
.

However, this paper only considers doubling capacities for which all previous notions of local
dimensions, level sets, singularity spectrum and scaling function do not depend on whether
dyadic cubes or centred balls are considered.

Let us introduce the notation for ε > 0, h ∈ R and I = [a, b] an interval

h± ε = [h− ε, h+ ε] and I ± ε = [a− ε, b+ ε]. (2.1)

Definition 2.3. For ν ∈ H([0, 1]D), I ⊂ R and j ∈ N∗, set

Dν(j, I) =
{
λ ∈ ΛDj :

log2 ν(λ)

−j
∈ I

}
.

By Remark 2.2 for the almost doubling capacities, the level sets Eν(h) can be rewritten as

Eν(h) =
⋂

m∈N∗

⋃
J∈N

⋂
j≥J

⋃
λ∈Dν(j,h±1/m)

λ (2.2)

which are Borel sets as, for all m ∈ N∗,

Dν(j, h± 1/m) =
{
λ ∈ ΛDj :

log2 ν(λ)

−j
∈ h± 1/m

}
is a finite set of dyadic cubes at generation j.

A classical result on capacities states that for every ν ∈ C([0, 1]D), one always has σν(h) ≤
τ∗ν (h) (see [11, 35, 41]). Proposition 2.4 can be deduced from [6, 7, 11, 41, 47, 8].

11
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Proposition 2.4. Let ν ∈ C([0, 1]D) with supp(ν) ̸= ∅, such that ν obeys the SMF. Then:

(i) For every h ∈ R+, one has σν(h) = dimH

(
Eν(h)

)
= dimH

(
Eν(h)

)
= τ∗ν (h).

(ii) For every h ≤ τ ′ν(0
+), dimH E

≤
µ (h) = τ∗µ(h).

(iii) For every h ≥ τ ′ν(0
−), dimH E

≥
µ (h) = τ∗µ(h).

(iv) For every τ ′ν(0+) ≤ h ≤ τ ′µ(0
−), σµ(h) = D.

(v) Denote dom(τ∗ν ) = {α ∈ R : τ∗ν (α) ≥ 0}. If dom(τ∗ν ) is compact, then dom(τ∗ν ) =

[h+∞
ν , h−∞

ν ] and there exists a positive decreasing sequence (εj)j≥0 tending to 0 when j

tends to infinity, such that for all j ∈ N and λ ∈ ΛDj ,

h+∞
ν − ηj ≤

log2 ν(λ)

−j
≤ h−∞

ν + ηj . (2.3)

Remark 2.5. (1) Direct computations show that for any s > 0, ν ∈ C([0, 1]D), t ∈ R,
τνs(t) = τν(st), and by Legendre transform, for h ∈ R, τ∗νs(h) = τ∗ν

(
h/s

)
.

(2) Let ν ∈ C([0, 1]D) satisfying (1.14). One can check that the set functions νs, ν(+s) and,
when s is small enough, ν(−s), satisfy the same property with different exponents, and

• Eνs(α) = Eν
(
α/s

)
, Eνs(α) = Eν

(
α/s

)
, and Eνs(α) = Eν

(
α/s

)
,

• the singularity spectrum of νs is h 7→ σν
(
h/s

)
.

2.2 Gibbs measure and related capacity

We gather classical properties satisfied by the Gibbs capacities ED (see [30, 51, 50, 53, 52, 56]).

Property 2.6. Let ν be a Gibbs measure. Then for every s > 0:

(i) The capacity νs ∈ ED is doubling (1.6) and satisfies the SMF of Definition 1.8.

(ii) The dimension of νs (1.9) equals τ ′ν(1) =
1
sτ

′
νs(1/s). Hence, dim(νs) = dim(ν).

(iii) The mapping τνs is strictly concave, real-analytic.

(iv) The mapping τ∗νs has dom(τ∗νs) = [h+∞
νs , h−∞

νs ] ⊂ R∗
+ and is strictly concave, real-analytic

on (h+∞
ν , h−∞

ν ).

(v) The capacity νs satisfies a quasi-Bernoulli property: there is a constant C ≥ 1 such that
for every j1, j2 ∈ N, for every dyadic cube λDj1,k1 ∈ ΛD and λDj2,k2 ∈ ΛD,

1

C
µ(λDj1,k1) µ(λ

D
j2,k2) ≤ µ(λDj1+j2,(2j2k1+k2)) ≤ C µ(λDj1,k1) µ(λ

D
j2,k2) (2.4)
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0
h

σν(h)

hmin
ν dim(ν) h0ν h−∞

ν

dim(ν)

d

Figure 2.1: Spectrum σν for a Gibbs measure ν.

In (2.4), the cube λD
j1+j2,(2j2k1+k2)

is the image of λDj2,k2 by the canonical affine mapping that
sends [0, 1]D to λDj1,k1 . This quasi-Bernoulli property means that νs is almost multiplicative.

Figure 2.1 illustrates the typical shape of σν when ν is a Gibbs measure. Observe that the
smallest local dimension of ν is hmin

ν = h+∞
ν and the largest one is hmax

ν = h−∞
ν . Using item

(iii), one has that h0ν = τ ′ν(0
+) = τ ′ν(0

−) is the unique maximum of the spectrum.
As explained earlier, auxiliary measures of Gibbs measures play a key role in our analysis.

Let us regroup some important results about them, see [24, 26, 11, 47, 27].

Theorem 2.7 (Auxiliary measure). Let ν be a Gibbs measure associated to a potential φ on
RD and r ∈ R. There exists a probability measure νr, called auxiliary measure, satisfying for
a constant C ≥ 1 and for all cubes I ∈ ΛD

1

C
ν(I)r|I|−τν(r) ≤ νr(I) ≤ C ν(I)r|I|−τν(r). (2.5)

The measure νr has the following properties (recall the definition (1.10) of hrν):

(i) νr is a Gibbs measure associated to the potential rφ and satisfies the SMF,

(ii) One has hνr = σν(r
r
ν) and νr

(
Eνr(hνr)

)
= ν(Eν(h

r
ν)) = 1,

(iii) σν(h
r
ν) = dim(νr) = rhrν − τν(r) ≤ hrν .

Remark 2.8. If we consider a capacity ν satisfying the SMF, one sees from the definition
that Eν(hrν) = Eνr(σν(h

r
ν)). Indeed, using (2.5),

hνr(x) = lim
j→+∞

log2 νr(λj(x))

−j
= r lim

j→+∞

log2 ν(λj(x))

−j
− τν(r) = rhrν − τν(r) = σν(h

r
ν).

Remark 2.9. Consider a Gibbs measure ν and µ := νs ∈ Ed with s > 0. Then using Remark
2.5, the auxiliary measure µr = νrs satisfying (2.5) and the properties of Theorem 2.7:

(i) µr = νrs is a Gibbs measure and satisfies the SMF,

(ii) µr
(
Eµr(σµ(τ

′
µ(r)))

)
= νrs

(
Eνrs(σν(τ

′
ν(rs)))

)
= 1,
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(iii) dim(µr) = dim(νrs) = σν
(
τ ′ν(rs)

)
= σµ

(
τ ′µ(r)

)
.

The following result introduces quantities important for what follows. It states that, up
to a restriction onto some set Aνrn,m of large νr-measure, the ν-mass and νr-mass of the dyadic
cubes intersecting the neighborhood of Aνrn,m can be very precisely controlled.

Proposition 2.10. Let ν ∈ ED, n,m ∈ N∗ and r ∈ R. For any fixed constant K ∈ N∗, there
exist an integer Jνrn,m ∈ N and a set Aνrn,m satisfying the following properties :

1. νr(Aνrn,m) ≥ 1− 1/n,

2. for every a ∈ Aνrn,m, for every j ≥ Jνrn,m and for λD ∈ ΛDj such that a ∈ KλD,

2−j(h
r
ν+1/m) ≤ ν

(
λD

)
≤ 2−j(h

r
ν−1/m), (2.6)

2−j(dim(νr)+1/m) ≤ νr
(
λD

)
≤ 2−j(dim(νr)−1/m). (2.7)

Proof. Consider ν ∈ ED and its associated auxiliary measure νr. Using Definition 2.3, for all
m̃ ∈ N∗, Dν(j, h± 1/m̃) =

{
λ ⊂ [0, 1]D, λ ∈ ΛDj : log2 ν(λ)

−j ∈ h± 1/m̃
}

is a finite set of dyadic
cubes at generation j. Applying (2.2), ν and νr being doubling, one has

Eν(h) =
⋂

m̃∈N∗

⋃
J∈N

⋂
j≥J

⋃
λ∈Dν(j,h±1/m̃)

λ.

and from Theorem 2.7, νr
(
Eνr(σν(h

r
ν))

)
= νr

(
Eν(h

r
ν)
)
= 1. One deduces that for every

m̃ ∈ N∗,
νr

( ⋃
J∈N

⋂
j≥J

⋃
λ∈Dν(j,hrν±1/m̃)

λ
)
= 1.

The fact that
(⋂

j≥J
⋃
λ∈Dν(j,hrν±1/m̃) λ

)
J≥1

is an increasing sequence of Borel sets implies that
limJ→+∞ νr

(⋂
j≥J

⋃
λ∈Dν(j,hrν±1/m̃) λ

)
= 1, so there is Jn,m̃ ∈ N such that the Borel set

Aνrn,m̃ :=
⋂

j≥Jn,m̃

⋃
λ∈Dν(j,hrν±1/m̃)

λ (2.8)

satisfies νr(Aνrn,m̃) ≥ 1 − 1/n. Using item (iii) of Theorem 2.7, dim(νr) = σν(h
r
ν) ≤ hrν . From

(2.8), for n, m̃ ∈ N∗, there is an integer Jn,m̃ such that for every a ∈ Aνrn,m̃ and j ≥ Jn,m̃,

2−j(h
r
ν+1/m̃) ≤ ν

(
λDj (a)

)
≤ 2−j(h

r
ν−1/m̃) (2.9)

where we recall that λDj (a) is the dyadic cube λDj ∈ ΛDj such that a ∈ λDj .
Fix K ∈ N∗. For λDj ∈ ΛDj such that a ∈ KλDj , lcallxj,a the centre of λDj (a) ∈ ΛDj and x̃

the center of λDj . From the definition of KλD, we have that ∥a− x̃∥∞ ≤ 2−j−1+log2(K), so

λDj ⊂ B
(
xj,a, 2

−j+⌊log2(K)⌋+1
)

and λDj (a) ⊂ B
(
x̃, 2−j+⌊log2(K)⌋+1

)
.

Using the doubling property (1.5) of ν, one gets
1

C
⌊log2(K)⌋+1
ν

ν(λDj (a)) ≤ ν(λDj ) ≤ C
⌊log2(K)⌋+1
ν ν(λDj (a))
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and the same result holds for νr as it is also doubling. Hence, one has from (2.9)

2−j(h
r
ν+1/m̃j) ≤ ν

(
λDj

)
≤ 2−j(h

r
ν−1/m̃j)

with 1
m̃j

= 1
m̃ + (⌊log2(K)⌋+2) log2(Cν)

j . Moreover, by (2.5), for every r ∈ R, there is Cr ≥ 1 such
that

1

Cr
ν
(
λDj

)r∣∣λDj ∣∣−τν(r) ≤ νr
(
λDj

)
≤ Cr ν

(
λDj

)r∣∣λDj ∣∣−τν(r).
One deduces that, for every λDj ∈ ΛDj such that a ∈ KλDj ,

2
−j(rhrν−τν(r)+1/m̃j+

log2(Cr)
j

) ≤ νr(λ
D
j ) ≤ 2

−j(rhrν−τν(r)−1/m̃j−
log2(Cr)

j
)

2
−j(dim(νr)+1/m̃j+

log2(Cr)
j

) ≤ νr(λ
D
j ) ≤ 2

−j(dim(νr)−1/m̃j−
log2(Cr)

j
)
. (2.10)

One concludes that, for 1
mj

= 1
m̃ + (⌊log2(K)⌋+2) log2(Cν)

j + log2(Cr)
j , by (2.9) and (2.10),

2−j(h
r
ν+1/mj) ≤ ν

(
λDj

)
≤ 2−j(h

r
ν−1/mj)

2−j
(
dim(νr)+1/mj

)
≤ νr

(
λDj

)
≤ 2−j

(
dim(νr)−1/mj

)
.

For m ∈ N∗, there exists an integer Jm ∈ N large enough such that for all j ≥ Jm,

(⌊log2(K)⌋+ 2) log2(Cν)

j
+

log2(Cr)

j
≤ 1

2m

and considering Jνrn,m := max(Jn,2m, Jm) (with m̃ = 2m), one sees that 1/m̃j ≤ 1/m and
1/mj ≤ 1/m, inducing the second item.

Proposition 2.10 reads as: if Kλd′ ∩Aνrn,m ̸= ∅, then (2.6) and (2.7) hold true.
Also, m being fixed, one sees that (Aνrn,m)n∈N∗ is an increasing sequence.

2.3 Product capacity on [0, 1]D

Fix D = d+ d′. Let φ : Rd → R and φ̃ : Rd′ → R be respectively a Zd-invariant and Zd′-
invariant real valued Hölder function. Then φ+ φ̃ : (xd, xd

′
) ∈ Rd×Rd′ 7→ φ(xd)+ φ̃(xd

′
) ∈ R

is a ZD-invariant real valued Hölder function. Next lemma is immediate.

Lemma 2.11. Let µ and ν be Gibbs measures respectively on [0, 1]d associated to φ and on
[0, 1]d

′ associated to φ̃ as above. The product measure ξ = µ× ν is a Gibbs measure on [0, 1]D

associated to the Hölder continuous potential φ+ φ̃.

The Hölder index of ξ is deduced from that of µ and ν.

Lemma 2.12. Let µ ∈ Ed on [0, 1]d be sµ-Hölder and ν ∈ Ed′ on [0, 1]d
′ be sν-Hölder with

sµ + sν > 0. Then ξ = µ× ν is (sµ + sν)-Hölder.

Proof. Since, µ is sµ-Hölder, there is Cµ > 0 such that µ(Ed) ≤ Cµ|Ed|sµ for all Ed ∈
B([0, 1]d). Similarly, ν is sν-Hölder, and ν(Ed′) ≤ Cν |Ed

′ |sν for all Ed′ ∈ B([0, 1]d′) and some
Cν > 0.
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Let ED ∈ B([0, 1]D). There exist a x ∈ Rd and x′ ∈ Rd′ such that ED ⊂ Bd(x, |ED|) ×
Bd′(x

′, |ED|). One obtains that for some constant C > 0,

ξ(ED) ≤ ξ(Bd(x, |ED|)×Bd′(x
′, |ED|)) = µ(Bd(x, |ED|)) · ν(Bd′(x′, |ED|))

≤ C |ED|sµ · |ED|sν ,

proving that ξ is (sµ + sν)-Hölder.

From the previous lemma and Remark 2.16, one sees that, for s := sµ + sν ,

Bξ
p,q([0, 1]

D) ↪→ B
s+D

p
p,q ([0, 1]D) ↪→ B

s+D
p
−D
p

∞,q ([0, 1]D) = Cs([0, 1]D). (2.11)

Lemma 2.13. Let µ and ν be doubling capacities in C([0, 1]d) and C([0, 1]d′), respectively. The
product capacity ξ = µ× ν is doubling.

Proof. Let us prove (1.5) for ξ. For xD = (xd, xd
′
) ∈ (0, 1)d × (0, 1)d

′
= (0, 1)D, for all r > 0,

BD(x
D, 2r) ⊂ Bd(x

d, 2r)×Bd′(x
d′ , 2r) and Bd(x

d, r/2)×Bd′(x
d′ , r/2) ⊂ BD(x

D, r).

So, using (1.5) for µ and ν (with the constant Cµ and Cν respectively),

ξ(BD(x
D, 2r)) ≤ µ(Bd(x

d, 2r)) · ν(Bd′(xd
′
, 2r))

≤ C2
µC

2
ν µ(Bd(x

d, r/2)) · ν(Bd′(xd
′
, r/2)),

hence ξ
(
BD(x

D, 2r)
)
≤ Cξ ξ(BD(x

D, r)) and the lemma is proved.

Proposition 2.14. Let µ ∈ Ed and ν ∈ Ed′ . The capacity ξ = µ× ν verifies the SMF and

for all r ∈ R, σξ
(
hrµ + hrν

)
= σµ

(
hrµ

)
+ σν

(
hrν

)
. (2.12)

Proof. We begin with the lower bound σξ
(
hrµ+h

r
ν

)
≥ σµ

(
hrµ

)
+σν

(
hrν

)
. Observe that for every

0 ≤ α ≤ h, one has Eµ(α)×Eν(h−α) ⊂ Eξ(h) ⊂ Eξ(h). Indeed, for xD = (xd, xd
′
) ∈ [0, 1]D,

one has hµ(xd) + hν(x
d′) = hξ(x

D) using that

lim
j→+∞

log µ(λdj (x
d))

log 2−j
+

log ν(λd
′
j (x

d′))

log 2−j
= lim

j→+∞

log ξ(λDj (x
D))

log 2−j

since all the limits exist. Hence
⋃

0≤α≤hEµ(α)× Eν(h− α) ⊂ Eξ(h), from which we deduce

σξ(h) = dimH

(
Eξ(h)

)
≥ max

0≤α≤h
dimH

(
Eµ(α)× Eν(h− α)

)
≥ max

0≤α≤h
dimH

(
Eµ(α)

)
+ dimH

(
Eν(h− α)

)
= max

0≤α≤h
σµ(α) + σν(h− α),

the last equality coming from the fact that µ and ν satisfy the SMF. Taking h = hrµ + hrν for
some r ∈ R and α = hrµ, we get σξ

(
hrµ + hrν

)
≥ σµ

(
hrµ

)
+ σν

(
hrν

)
.

Observe also that when r ranges in [−∞,+∞], hrµ + hrν covers the whole interval [h+∞
µ +

h+∞
ν , h−∞

µ +h+∞
ν ], which contains all possible values of the local dimensions of ξ, hence formula

(2.12) describes entirely the values of σξ.
We finish by the converse inequality. It is known that for every h ∈ R, σξ(h) ≤ τ∗ξ (h).

Since µ ∈ Ed and ν ∈ Ed′ satisfy (2.4), it is standard that the scaling function of µ and ν is a
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limit by Fekete’s Subadditive Lemma, as used in [11]. As a Cartesian product of such objects,
ξ is quasi-Bernoulli as well, and τξ(q) = limj→+∞

1
−j log2

∑
I∈ΛDj

ξ(I)q. One then computes
that

τξ(q) = lim
j→+∞

log
∑

λd×λd′∈ΛDj
ξ(λd × λd

′
)q

log 2−j

= lim
j→+∞

log
∑

λd∈Λdj
µ(λd)q

∑
λd′∈Λd′j

ν(λd
′
)q

log 2−j

= lim
j→+∞

log
∑

λd∈Λdj
µ(λd)q

log(2−j)
+ lim
j→+∞

log
∑

λd′∈Λd′j
ν(λd

′
)q

log 2−j
= τµ(q) + τν(q).

Observe then that, for a fixed r ∈ R, τ ′ξ(r) = τ ′µ(r)+τ
′
ν(r) = hrµ+h

r
ν . Also, one knows by the

properties of the Legendre transform of concave functions that the infinimum inft∈R(tτ
′
ξ(r)−

τξ(t)) is reached at t = r, hence, using the SMF for µ and ν,

τ∗ξ (τ
′
ξ(r)) = rτ ′ξ(r)− τξ(r) = rhrµ − τµ(r) + hrν − τν(r) = τ∗µ(h

r
µ) + τ∗ν

(
hrν

)
= σµ(h

r
µ) + σν

(
hν

)
.

One deduces that σξ(hrµ + hrν) ≤ τ∗ξ (h
r
µ + hrν) = σµ(h

r
µ) + σν(hν), hence the result.

2.4 Multi-resolution wavelet analysis

Let D = d + d′ ∈ N and 1 ≤ p, q ≤ +∞. A mapping ψ : RD → R has n + 1 vanishing

moments when for every multi-index α ∈ ND such that
∑D

i=1 αi ≤ n,
∫
RD

xα1
1 . . . xαDD ψ(x)dx =

0.
For an arbitrary integer N ≥ 1, one can construct compactly supported functions ψ0 ∈

CN (R) (called the scaling function) and ψ1 ∈ CN (R) (called the mother wavelet), with ψ1

having at least N + 1 vanishing moments (see [16, 17]) and such that the set of function
ψ1
j,k : x 7→ ψ1(2jx−k) for j ∈ Z and k ∈ Z form an orthogonal basis of L2(R). In this case, the

wavelet is said to be N -regular. We set 0D := (0, . . . , 0), 1D := (1, . . . , 1), LD = {0, 1}D\0D.
An orthogonal basis of L2(RD) is obtained by tensorisation as follows (see [45, Chapters 2-3]
for a general construction): for λD = (j, k, l) ∈ Z×ZD×{0, 1}D, define the tensorised wavelet
ψλD(x1, ..., xD) =

∏D
i=1 ψ

li
j,ki

(xi) with k = (k1, . . . , kD) and l = (l1, . . . , lD) ∈ {0, 1}D.
Similar notations are used with d and d′ (e.g. Ld = {0, 1}d\0d).
For λd = (j, k, l) ∈ Λdj × {0, 1}d and λd

′
= (j, k′, l′) ∈ Λd

′
j × {0, 1}d′ , we will write λD =

λd×λd′ for λD = (j, (k, k′), (l, l′)) ∈ ΛDj ×{0, 1}D. We will also alternatively use cλd,λd′ = cλD

depending on the need to make the notation simpler.
Thus, with these notations, and recalling (1.13), we will consider functions written as

f = c0,0D,0Dψ0,0D,0D +
∑

λD∈ΛD×LD
cλDψλD = c0,0D,0Dψ0,0D,0D +

∑
j≥0

∑
λDj ∈ΛDj ×LD

cλDj
ψλDj

17
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Proposition 2.15. [31, 37] Suppose that γ > 0 and N = ⌊γ + 1⌋. Consider a wavelet
ψ ∈ CN (R) having at least N + 1-regular. Let f : [0, 1]D → R be a locally bounded function
with wavelet coefficients {cλ}λ∈ΛD×LD , and let x ∈ [0, 1]D.

If f ∈ Cγ(x), then there exists a constant > 0 such that for all λ = (j, k, l) ∈ ΛD × LD,

|cλ| ≤M 2−jγ
(
1 + |2jx− k|

)γ
. (2.13)

Conversely, if (2.13) holds true and if f ∈
⋃
ε>0C

ε([0, 1]D), then f ∈ Cγ−η(x), ∀ η > 0.

Remark 2.16. [8, Remark 2.17] Let ξ ∈ C([0, 1]D) be s-Hölder with s > 0, the embedding

Bξ
p,q([0, 1]D) ↪→ B

s+D
p

p,q ([0, 1]D) holds. When ξ satisfies (1.14) for C > 0 and 0 < s1 < s2,

one has B
s2+

D
p

p,q ([0, 1]D) ↪→ Bξ
p,q(RD) ↪→ B

s1+
D
p

p,q ([0, 1]D). Also, when α ≥ β, Bξ(+α)
p,q ([0, 1]D) ↪→

Bξ(+β)
p,q ([0, 1]D) and B̃ξ(+α)

p,q ([0, 1]D) ↪→ B̃ξ(+β)
p,q ([0, 1]D).

3 Traces and inhomogeneous Besov spaces

3.1 Wavelet characterisation of traces

Observe that, by Lemma 2.12, every function in this paper is continuous, which implies
that the trace fa in (1.4) is well-defined for every a ∈ Rd′ . Observe that for every a ∈ Rd′ , the
trace fa : x ∈ Rd 7→ f(x, a) ∈ R can be explicitly written in terms of wavelet expansion (1.13)
as

fa(x) = c0,0D,0Dψ0,0d,0d(x)ψ0,0d′ ,0d′ (a) +
∑

λD:=λd×λd′∈ΛD×LD
cλDψλd(x)ψλd′ (a). (3.1)

We then decompose fa as fa = Ga + Fa where Ga(x) =
∑

λd∈Λd×0d d
G
λd
(a)ψλd(x) with

dG
λdj
(a) =



∑
λd′∈Λd′0 ×{0,1}d′

cλd,λd′ψλd′ (a), for j = 0,

∑
λd′∈Λd′j ×Ld′

cλd,λd′ψλd′ (a), for j ≥ 1,
(3.2)

and Fa(x) =
∑

j≥0

∑
λdj∈Λdj×Ld

dF
λdj
(a)ψλdj

(x) with

dF
λdj
(a) =

∑
λd′∈Λd′j ×{0,1}d′

c
λdj ,λ

d′
j
ψ
λd

′
j
(a). (3.3)

Formula (3.3) yields a wavelet decomposition of Fa as the wavelets
(
ψλd

)
λd∈Λd×Ld form a

wavelet basis of L2([0, 1]d) when completed by the scaling function ψ0,0d,0d . On the contrary,
the decomposition Ga in (3.2) only involves the scaling functions ψj,k,0d and not wavelets.

So, to find out whether fa belongs to some inhomogeneous space Bµ
p,q([0, 1]d), one cannot

directly use the definition (1.15), which involves only wavelet coefficients computed with ψλd(a)
for λd ∈ Λd × Ld. Fortunately, Jaffard proved the following result for standard Besov space:
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Proposition 3.1. [32, Proposition 1] Let s > 0 and a function g =
∑

λd∈Λd×0d dλdψλd. If
supj≥1 2

j(ps−d)∑
λd∈Λdj×0d

∣∣dλd∣∣p < +∞, then g ∈ Bs
p,∞([0, 1]d).

Proposition 3.1 is extended to inhomogeneous Besov spaces.

Proposition 3.2. Let 1 ≤ p, q ≤ ∞, κ ∈ C([0, 1]d) a doubling capacity and a function g =∑
λd∈Λd×0d dλdψλd.If∥∥(ε̃κ,pj )j∈N

∥∥
ℓq(N) <∞, where ε̃κ,pj =

∥∥∥∥( dλdj
κ(λdj )

)
λdj∈Λdj×0d

∥∥∥∥
ℓp(Λdj×0d)

, (3.4)

then g ∈ Bκ
p,q([0, 1]

d).

To prove that fa ∈ Bκ
p,∞([0, 1]d), using (3.1), it is enough to check that

|fa|κ,p,q =
∥∥(εκ,pj )j∈N

∥∥
ℓq(N) <∞, where εκ,pj =

∥∥∥( cλ
κ(λ)

)
λ∈Λdj×{0,1}d

∥∥∥
ℓp(Λdj×{0,1}d)

. (3.5)

The difference between (3.5) and the original characterisation (1.15) is that the sum is now
taken on all cubes Λd × {0, 1}d. We keep this characterisation throughout the Section 3.

Proof. The idea is to decompose ψj,k,0d on the wavelets ψJ,K,l for l ∈ Ld such that j > J .
First, let us show that g ∈ Lp([0, 1]d). Remark that, as κ ∈ C([0, 1]d), κ is s-Hölder for

some s > 0. Thus, for some constant K > 0, for every λdj ∈ Λdj × {0, 1}d, κ(λdj ) ≤ K2−js.
Hence,

∥g∥Lp ≤
∑
j≥0

∥∥∥∥ ∑
λdj∈Λdj×0d

dλdj
ψλdj

∥∥∥∥
Lp

≤ K
∑
j≥0

2−js
∥∥∥∥ ∑
λdj∈Λdj×0d

dλdj
κ(λdj )

ψλdj

∥∥∥∥
Lp
. (3.6)

Each ψλdj is compactly supported, with support included in 2−j [−Mψ,Mψ]
d + 2−jk. In addi-

tion,
C(ψ) := sup

x∈Rd

∑
λdj∈Λdj×0d

|ψλdj (x)| ≤ (4Mψ + 1)D∥ψ∥L∞ .

When p = ∞, one sees that∣∣∣∣ ∑
λdj∈Λdj×0d

dλdj
κ(λdj )

ψλdj
(x)

∣∣∣∣ ≤ ∑
λdj∈Λdj×0d

∣∣∣∣ dλdjκ(λdj )

∣∣∣∣|ψλdj (x)| ≤
∥∥∥∥ dλdj
κ(λdj )

∥∥∥∥
ℓ∞

∑
λdj∈Λdj×0d

|ψλdj (x)|,

which is smaller than C(ψ) ε̃κ,∞j . This induces that∥∥∥∥ ∑
λdj∈Λdj×0d

dλdj
κ(λdj )

ψλdj

∥∥∥∥
L∞

≤ C(ψ) ε̃κ,∞j . (3.7)

When p ∈ [1,∞), let q ∈ (1,∞] be such that 1/p+ 1/q = 1. The Hölder inequality gives∣∣∣∣ ∑
λdj∈Λdj×0d

dλdj
κ(λdj )

ψλdj
(x)

∣∣∣∣ ≤ ( ∑
λdj∈Λdj×0d

∣∣∣∣ dλdjκ(λdj )

∣∣∣∣p|ψλdj (x)|
)1/p( ∑

λdj∈Λdj×0d

|ψλdj (x)|
)1/q
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≤ C(ψ)1/q
( ∑
λdj∈Λdj×0d

∣∣∣∣ dλdjκ(λdj )

∣∣∣∣p|ψλdj (x)|
)1/p

.

One deduces that∥∥∥∥ ∑
λdj∈Λdj×0d

dλdj
κ(λdj )

ψλdj

∥∥∥∥
Lp

≤ C(ψ)1/q
( ∑
λdj∈Λdj×0d

∣∣∣∣ dλdjκ(λdj )

∣∣∣∣p ∫
Rd

|ψλdj (x)|dx
)1/p

≤ C(ψ)1/q∥ψ∥1/p
L1 ε̃

κ,p
j . (3.8)

Since |ε̃κ,pj | ≤
∥∥ε̃κ,pj ∥∥

ℓq(N), by combining (3.7), (3.8) and (3.6), it gives that

∥g∥Lp ≤ K
∑
j≥0

2−jsCε̃κ,pj ≤ K
∑
j≥0

2−jsC
∥∥ε̃κ,pj ∥∥

ℓq(N) ≤ C ′∥∥ε̃κ,pj ∥∥
ℓq(N) <∞

and g ∈ Lp([0, 1]d).

We show that the seminorm (1.15) of g is finite. Applying (1.13) to g ∈ Lp([0, 1]d),

g = c0,0d,0dψ0,0d,0d +
∑

λd∈Λd×Ld
cλdψλd , (3.9)

where for (J,K, l) ∈ Λd × Ld

c0,0d,0d =

∫
RD

g(x)ψ(0,0d,0d)(x)dx

=

∫
RD

∑
j≥0

∑
k∈{0,1,...,2j−1}d

dj,k,0dψ(j,k,0d)(x)ψ(0,0d,0d)(x)dx,

and cJ,K,l = 2dJ
∫
RD

g(x)ψ(J,K,l)(x)dx

= 2dJ
∫
RD

∑
j>J

∑
k∈{0,1,...,2j−1}d

dj,k,0dψ(j,k,0d)(x)ψ(J,K,l)(x)dx.

The sum goes over j > J since ψ(J,K,l) is orthogonal to all ψ(j,k,0d) with j ≤ J . Also,
only wavelets coefficients indexed with dyadic cubes in [0, 1]d are considered, hence k ∈
{0, 1, . . . , 2j − 1}d.

One sees that for any fixed j and J , there is a finite number of k ∈ {0, 1, . . . , 2j − 1}d,
such that the support of ψ(j,k,0d) is included in the support of ψ(J,K,l). Since ψ0 and ψ1 are
compactly supported, their support is included in an interval [−Mψ,Mψ]. Denote, for every
j, J,K,

Sj,J,K =
{
k ∈ {0, 1, . . . , 2j − 1}d : supp(ψ(j,k,0d)) ∩ supp(ψ(J,K,l)) ̸= ∅

}
.

This set contains the dyadic cubes λdj ∈ Λdj × 0d such that the associated dλdj
appears in the

computation of cλdJ for λdJ ∈ ΛdJ × Ld above. Observe that for every j, J ∈ N,

#Sj,J,K ≤ (2Mψ + 1)d 2d(j−J). (3.10)
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To establish that g ∈ Bκ
p,q([0, 1]

d), we use (1.15). First, one has∣∣∣∣ cJ,K,l

κ(λdJ,K)

∣∣∣∣ ≤ 2dJ
∑
j>J

∑
k∈{0,1,...,2j−1}d

∣∣∣∣ dj,k,0dκ(λdj,k)

∣∣∣∣∣∣∣∣ κ(λdj,k)κ(λdJ,K)

∣∣∣∣ ∫
RD

∣∣ψ(j,k,0d)(x)ψ(J,K,l)(x)
∣∣dx.

Hence, using the definition of Sj,J,K , for some constant Cψ depending on ψ only,∣∣∣∣ cJ,K,l

κ(λdJ,K)

∣∣∣∣ ≤ 2dJ
∑
j>J

∑
k∈Sj,J,K

∣∣∣∣ dj,k,0dκ(λdj,k)

∣∣∣∣∣∣∣∣ κ(λdj,k)κ(λdJ,K)

∣∣∣∣∥ψ∥dL∞

∫
RD

∣∣ψ(j,k,0d)(x)
∣∣dx

≤ Cψ2
dJ

∑
j>J

2−jd
∑

k∈Sj,J,K

∣∣∣∣ dj,k,0dκ(λdj,k)

∣∣∣∣∣∣∣∣ κ(λdj,k)κ(λdJ,K)

∣∣∣∣.
The Hölder inequality gives, for 1

p +
1
r = 1,∣∣∣∣ cJ,K,l

κ(λdJ,K)

∣∣∣∣ ≤ Cψ2
dJ

∑
j>J

2−jd
( ∑
k∈Sj,J,K

∣∣∣∣ dj,k,0dκ(λdj,k)

∣∣∣∣p)1/p( ∑
k∈Sj,J,K

∣∣∣∣ κ(λdj,k)κ(λdJ,K)

∣∣∣∣r)1/r

.

Observe that for all k ∈ Sj,J,K , λdj,k ⊂ (4Mψ + 1)λdJ,K . Thus by the doubling inequality (1.5)
for κ with the constant Cκ > 0, one has, for all k ∈ Sj,J,K ,

κ(λdj,k)

κ(λdJ,K)
=

κ(λdj,k)

κ((4Mψ + 1)λdJ,K)

κ((4Mψ + 1)λdJ,K)

κ(λdJ,K)
≤ C

⌊log2(4Mψ+1)⌋+1
κ . (3.11)

Applying (3.10) and (3.11) to the second sum above, one gets∣∣∣∣ cJ,K,l

κ(λdJ,K)

∣∣∣∣ ≤ Cψ,κ2
dJ

∑
j>J

2−jd
( ∑
k∈Sj,J,K

∣∣∣∣ dj,k,0dκ(λdj,k)

∣∣∣∣p)1/p

2
d
r
(j−J)

= Cψ,κ
∑
j>J

2d(j−J)(−1/p)

( ∑
k∈Sj,J,K

∣∣∣∣ dj,k,0dκ(λdj,k)

∣∣∣∣p)1/p

.

It is immediate that εκ,pJ =
∥∥∥(∣∣∣ cJ,K,l

κ(λdJ,K)

∣∣∣)
(K,l)∈{0,...,2J−1}d×Ld

∥∥∥
ℓp

satisfies

εκ,pJ ≤
∥∥∥∥(C∑

j>J

2
− d
p
(j−J)

( ∑
k∈Sj,J,K

∣∣∣∣ dj,k,0dκ(λdj,k)

∣∣∣∣p)1/p)
(K,l)∈{0,...,2J−1}d×Ld

∥∥∥∥
ℓp

In the last norm, the elements do not depend on l ∈ Ld, hence

εκ,pJ ≤ Cψ,κ,d
∑
j>J

2
− d
p
(j−J)

∥∥∥∥( ∑
k∈Sj,J,K

∣∣∣∣ dj,k,0dκ(λdj,k)

∣∣∣∣p)1/p

K∈{0,...,2J−1}d

∥∥∥∥
ℓp
. (3.12)

Recalling that ψ0 and ψ1 have their support in [−Mψ,Mψ], for a fixed J ∈ N and l ∈ Ld, a
point x ∈ [0, 1]d is included in the support of (at most) (2Mψ + 1)d wavelets ψ(J,K,l). Thus,
for j > J , a scaling function ψ(j,k,0d) has a support intersecting that of ψ(J,K,l) for at most
(4Mψ+1)d multi-integer K. One deduces that, for j, J fixed with j > J , a k ∈ {0, . . . , 2j−1}d
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is in at most (4Mψ + 1)d sets Sj,J,K for K ∈ {0, . . . , 2J − 1}d. One sees that∑
K∈{0,...,2J−1}d

∑
k∈Sj,J,K

∣∣∣∣ dj,k,0dκ(λdj,k)

∣∣∣∣p ≤ Cψ,d
∑

k∈{0,...,2j−1}d

∣∣∣∣ dj,k,0dκ(λdj,k)

∣∣∣∣p = Cψ,d(ε̃
κ,p
j )p.

So εκ,pJ ≤ Cψ,κ,d
∑

j>J 2
− d
p
(j−J)

ε̃κ,pj , and by the Hölder inequality, for a constant C that changes
along the computations,

|εκ,pJ | ≤ C
(∑
j>J

2
− d
p
(j−J)|ε̃κ,pj |q

)1/q(∑
j>J

2
− d
p
(j−J)

)1/(1−1/q)
≤ C

(∑
j>J

2
− d
p
(j−J)|ε̃κ,pj |q

)1/q
.

Hence, for C depending on ψ, κ, d and q,∑
J∈N

|εκ,pJ |q ≤ C
∑
J∈N

∑
j>J

2
− d
p
(j−J)|ε̃κ,pj |q ≤ C

∑
j∈N

|ε̃κ,pj |q
∑
J<j

2
− d
p
(j−J) ≤ C

∑
j∈N

|ε̃κ,pj |q.

One concludes by (3.4) that g ∈ Bκ
p,q([0, 1]

d).

3.2 Proof of Theorem 1.11

The product capacity ξ = µ× ν is fixed. Recall that Γpν,r = hrν +
dim(νr)

p , with Γ∞
ν,r = hrν .

Proposition 3.3. Let p ∈ [1,+∞], Γ < Γpν,r, f ∈ B̃ξ
p,q([0, 1]D) and r ∈ R. Then for νr-almost

all a ∈ [0, 1]d
′ , fa ∈ Bµ(+Γ)

p,1 ([0, 1]d).

Proof. Since f is continuous, each trace fa (1.4) is also continuous and fa ∈ Lp([0, 1]d).
We start with the case p < +∞. Consider Γ < Γpν,r, f ∈ B̃ξ

p,q([0, 1]D) and r ∈ R. To prove
Proposition 3.3, one needs to show that |fa|µ(+Γ),p,1 <∞. Recalling (3.5), and since µ, ν and

f are fixed, we introduce a more convenient notation for the quantity εµ
(+Γ),p
j associated with

fa: we rewrite

Spj (a,Γ) :=
∑

λd∈Λdj×{0,1}d

∣∣∣∣ dλd(a)

µ(λd)2−jΓ

∣∣∣∣p (= εµ
(+Γ),p
j ). (3.13)

In Spj (a,Γ), the coefficients dλd(a) are either dG
λd
(a) if λd ∈ Λd × 0d or dF

λd
(a) if λd ∈ Λd × Ld.

Let us show an upper bound for the Spj (a,Γ).
First, for j ≥ 1, for the wavelet coefficient (3.2) of Ga∑

λd∈Λdj×0d

∣∣∣∣ dG
λd
(a)

µ(λd)2−jΓ

∣∣∣∣p = ∑
λd∈Λdj×0d

∣∣∣∣ 1

µ(λd)2−jΓ

∣∣∣∣p · ∣∣∣ ∑
λd′∈Λd′j ×Ld′

cλd,λd′ψλd′ (a)
∣∣∣p.

By the compactness of the supports of ψ0 and ψ1, for each a, there is a finite number (bounded
independently of j or a) of non-zero terms ψλd′ (a) in the sum on Λd

′
j × Ld

′ . Hence, for some
constant Cp,ψ > 0 depending on p, ψ0 and ψ1,∣∣∣ ∑

λd
′∈Λd′j ×Ld′

cλd,λd′ψλd′ (a)
∣∣∣p ≤ Cp,ψ

∑
λd′∈Λd′j ×Ld′

∣∣cλd,λd′ψλd′ (a)∣∣p
≤ Cp,ψ

∑
λd′∈Λd′j ×{0,1}d′

∣∣cλd,λd′ψλd′ (a)∣∣p.
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Using that ξ(λd × λd
′
) = µ(λd) · ν(λd′), one deduces that∑

λd∈Λdj×0d

∣∣∣∣ dG
λd
(a)

µ(λd)2−jΓ

∣∣∣∣p ≤ Cp,ψ
∑

λd∈Λdj×0d

∣∣∣∣ 1

µ(λd)2−jΓ

∣∣∣∣p ∑
λd′∈Λd′j ×{0,1}d′

∣∣cλd,λd′ψλd′ (a)∣∣p
= Cp,ψ

∑
λD∈ΛDj ×(0d×{0,1}d′ )

∣∣∣∣ 1

µ(λd)2−jΓ

∣∣∣∣p∣∣cλDψλd′ (a)∣∣p
= Cp,ψ

∑
λD∈ΛDj ×(0d×{0,1}d′ )

∣∣∣∣ cλD

ξ(λD)

∣∣∣∣p∣∣∣∣ν(λd′)2−jΓ

∣∣∣∣p∣∣ψλd′ (a)∣∣p. (3.14)

When j = 0, using that∣∣∣ ∑
λd′∈Λd′0 ×{0,1}d′

cλd,λd′ψλd′ (a)
∣∣∣p ≤ Cp,ψ

∑
λd′∈Λd′0 ×{0,1}d′

∣∣cλd,λd′ψλd′ (a)∣∣p,
the same computations give that∑

λd∈Λd0×0d

∣∣∣∣ dG
λd
(a)

µ(λd)2−jΓ

∣∣∣∣p ≤ Cp,ψ
∑

λD∈ΛD0 ×(0d×{0,1}d′ )

∣∣∣∣ cλD

ξ(λD)

∣∣∣∣p∣∣∣∣ν(λd′)2−jΓ

∣∣∣∣p∣∣ψλd′ (a)∣∣p. (3.15)

The same computations hold for the wavelet coefficients (3.3) of Fa and, for every j ∈ N,∑
λd∈Λdj×Ld

∣∣∣∣ dF
λd
(a)

µ(λd)2−jΓ

∣∣∣∣p ≤ Cp,ψ
∑

λD∈ΛDj ×(Ld×{0,1}d′ )

∣∣∣∣ cλD

ξ(λD)

∣∣∣∣p∣∣∣∣ν(λd′)2−jΓ

∣∣∣∣p∣∣ψλd′ (a)∣∣p. (3.16)

Noticing that Ld ∪ 0d = {0, 1}d, we obtain from (3.14), (3.15) and (3.16) that

Spj (a,Γ) ≤ Cp,ψ
∑

λD∈ΛDj ×{0,1}D

∣∣∣∣ cλD

ξ(λD)

∣∣∣∣p∣∣∣∣ν(λd′)2−jΓ

∣∣∣∣p∣∣ψλd′ (a)∣∣p. (3.17)

Recall that as a Gibbs capacity, ξ satisfies (1.14) for some s1 > 0. Let us choose Mνr large
enough that for every m ≥Mνr ,

m ≥ ⌊1/s1⌋+ 1 and Γ < Γpν,r − (2p+ 2)/pm. (3.18)

Let n ∈ N∗, m ≥ Mνr and Aνrn,m be the set and Jn,m the integer from Proposition 2.10.
Using (3.17) and integrating Spj (a,Γ) over Aνrn,m yields∫

Aνrn,m

Spj (a,Γ)dνr(a) =

∫
[0,1]d′

Spj (a,Γ)dνr|Aνrn,m
(a)

≤ Cp,ψ
∑

λD∈ΛDj ×{0,1}D

∣∣∣∣ cλD

ξ(λD)

∣∣∣∣p∣∣∣∣ν(λd′)2−jΓ

∣∣∣∣p ∫
[0,1]d

′

∣∣ψλd′ (a)∣∣pdνr|Aνrn,m (a)
≤ Cp,ψ

∑
λD∈ΛDj ×{0,1}D

∣∣∣∣ cλD

ξ(λD)

∣∣∣∣p∣∣∣∣ν(λd′)2−jΓ

∣∣∣∣p ∫
[0,1]d′

∥ψ∥d′p∞ 1
K̃λd′ (a)dνr|Aνrn,m

(a)
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with ∥ψ∥∞ = max{∥ψ0∥∞, ∥ψ1∥∞}. Hence there is C > 0, depending also on d, such that∫
Aνrn,m

Spj (a,Γ)dνr(a)

≤ C
∑

λD∈ΛDj ×{0,1}D

∣∣∣∣ cλD

ξ(λD)

∣∣∣∣p∣∣∣∣ν(λd′)2−jΓ

∣∣∣∣pνr(Aνrn,m ∩ K̃λd′
)

≤ C
∑

λD∈ΛDj ×{0,1}D

∣∣∣∣ cλD

ξ(λD)

∣∣∣∣p∣∣∣∣ν(λd′)2−jΓ

∣∣∣∣pνr(K̃λd′)1Aνrn,m∩K̃λd′ ̸=∅

≤ C
∑

λd
′∈Λd′j ×{0,1}d′

Aνrn,m∩K̃λd′ ̸=∅

∣∣∣∣ν(λd′)2−jΓ

∣∣∣∣pνr(K̃λd′) ∑
λd∈Λdj×{0,1}d

∣∣∣∣ cλd,λd′

ξ(λd × λd′)

∣∣∣∣p (3.19)

as Aνrn,m ∩ K̃λd′ ⊂ K̃λd
′ . Applying the doubling property (1.5) of νr to pass from νr(K̃λ

d′) to
νr(λ

d′), the last inequality gives that, for C > 0 depending on ν and r, that∫
Aνrn,m

Spj (a,Γ) dνr(a) ≤ C
∑

λd
′∈Λd′j ×{0,1}d′

K̃λd
′∩ Aνrn,m ̸=∅

ν(λd
′
)p νr(λ

d′)

2−jpΓ

∑
λd∈Λdj×{0,1}d

∣∣∣∣ cλd,λd′

ξ(λd × λd′)

∣∣∣∣p.

Recalling that Γpν,r = hrν +
dim(νr)

p , (2.6) and (2.7) give∫
Aνrn,m

Spj (a,Γ) dνr(a)

≤ C
∑

λd
′∈Λd′j ×{0,1}d′

K̃λd
′∩ Aνrn,m ̸=∅

2−j(pΓν,r−(p+1)/m−pΓ)
∑

λd∈Λdj×{0,1}d

∣∣∣∣ cλd,λd′

ξ(λd × λd′)

∣∣∣∣p

≤ C 2−j(pΓν,r−(2p+1)/m−pΓ)
∑

λd
′∈Λd′j ×{0,1}d′

K̃λd
′∩ Aνrn,m ̸=∅

∑
λd∈Λdj×{0,1}d

∣∣∣∣ cλd,λd′

ξ(−1/m)(λd × λd′)

∣∣∣∣p.
By (1.13), observe that:

• for j ≥ 1, f has no wavelet coefficient associated with the index lD = 0D, hence the sum
of λD over ΛDj × {0, 1}D is the same as the sum over ΛDj × LD and, by (1.15),∑

λd′∈Λd′j ×{0,1}d′

∑
λd∈Λdj×{0,1}d

∣∣∣∣ cλd,λd′

ξ(−1/m)(λd × λd′)

∣∣∣∣p = ∑
λD∈ΛDj ×LD

∣∣∣∣ cλD

ξ(−1/m)(λD)

∣∣∣∣p,
• for j = 0, since |c(0,0D,0D)| <∞,∑

λD∈ΛD0 ×{0,1}D

∣∣∣∣ cλD

ξ(−1/m)(λD)

∣∣∣∣p = 1

ξ(−1/m)([0, 1]D)

(∣∣c(0,0D,0D)

∣∣p + ∑
λD∈ΛD0 ×LD

∣∣cλD ∣∣p)
≤ C

(∣∣c(0,0D,0D)

∣∣p + (
εξ

(−1/m)

0

)p)
.
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The choice (3.18) for m ensures that 1/m < s1 and f ∈ B̃ξ(−1/m)

p,q ([0, 1]D). This implies
that

(
εξ

(−1/m)

j

)
j∈N ∈ lq(N), and in particular that this sequence is bounded. Hence∫

Aνrn,m

Spj (a,Γ) dνr(a) ≤ C 2−j(pΓν,r−(2p+1)/m−pΓ). (3.20)

Let
Aνr,pn,m,j :=

{
a ∈ Aνrn,m : Spj (a,Γ) > C j2 2−j(pΓν,r−(2p+1)/m−pΓ)}. (3.21)

Markov’s inequality using (3.20) gives that νr(A
νr,p
n,m,j) ≤ 2−j(pΓν,r−(2p+1)/m−pΓ)

j2 2−j(pΓν,r−(2p+1)/m−pΓ) = j−2. So∑
j∈N νr(A

νr,p
n,m,j) converges and the Borel-Cantelli lemma yields that

νr(lim sup
j→∞

Aνr,pn,m,j) = 0. (3.22)

So, for every a ∈ Ãνr,pn,m := Aνrn,m\ lim supj→∞Aνr,pn,m,j , there is J ′
n,m ∈ N such that for j ≥ J ′

n,m

Spj (a,Γ) ≤ Cj22−j(pΓν,r−(2p+1)/m−pΓ) = C2
−j
(
pΓν,r− (2p+1)

m
−2

log2(j)
j

−pΓ
)

≤ C2−j
(
pΓν,r− (2p+2)

m
−pΓ

)
,

that last inequality being true for large integers j. Remark that for all j ≤ J ′
n,m, Spj (a,Γ)

is bounded. By our choice (3.18) for m, one has Γ < Γν,r − 2p+2
pm , implying that the sum∑

j≥1 S
p
j (a,Γ) converges and fa ∈ Bµ(+Γ)

p,1 ([0, 1]d) by the characterisation (3.5).
For every n ∈ N∗, one has νr(Ã

νr,p
n,m) = 1 − 1

n by (3.22). So νr(
⋃
n∈N∗ Ã

νr,p
n,m) = 1 and⋃

n∈N∗ Ã
νr,p
n,m has full νr-measure. So, for every a ∈

⋃
n∈N∗ Ã

νr,p
n,m, fa ∈ Bµ(+Γ)

p,1 ([0, 1]d), hence the
conclusion.

Let us now explain how to adapt the proof to the case p = ∞. Consider Γ < Γ∞
ν,r = hrν ,

f ∈ B̃ξ
p,q([0, 1]D) and r ∈ R. The inequality (3.17) with the infinity norm gives S∞

j (a,Γ) :=

supλd∈Λdj×{0,1}d
∣∣ d

λd
(a)

µ(λd)2−jΓ

∣∣ is bounded above by Cψ supλD∈ΛDj ×{0,1}D

K̃λd
′∩ Aνrn,m ̸=∅

∣∣ c
λD

ξ(λD)

∣∣∣∣ν(λd′ )
2−jΓ

∣∣. By (2.6),

S∞
j (a,Γ) ≤ Cψ 2−j(h

r
ν−2/m−Γ) supλD∈ΛDj ×{0,1}D

∣∣ c
λD

ξ(−1/m)(λD)

∣∣ for every a ∈ Aνrn,m. Then (3.20)

is replaced by S∞
j (a,Γ) ≤ C 2−j(h

r
ν−2/m−Γ), which in turn changes (3.21) into Aνr,∞n,m,j :={

a ∈ Aνrn,m : Spj (a,Γ) > C j2 2−j(h
r
ν−2/m−Γ)

}
. Using Aνr,∞n,m,j with m large enough that

Γ < hrν − 2/m, the same Markov and Borel-Cantelli argument shows that for νr-almost all
a ∈ [0, 1]d

′ , fa ∈ Bµ(+Γ)

∞,1 ([0, 1]d).

We explain how Proposition 3.3 implies Theorem 1.11. Theorem 1.11 can be reworded as
follows: for f ∈ B̃ξ

p,q([0, 1]D) and r ∈ R fixed, there is a set Ar(f) of full νr-measure such that
for every a ∈ Ar(f),

for all 0 ≤ Γ < Γpν,r, fa ∈ Bµ(+Γ)

p,q ([0, 1]d).

Proof of Theorem 1.11. Fix p ∈ [1,+∞] and f ∈ B̃ξ
p,q([0, 1]D). For every r ∈ R and n ∈ N∗,

by Proposition 3.3 for Γpν,r − 1/n, call Ar,n ⊂ [0, 1]d
′ a set of full νr-measure such that for

every a ∈ Ar,n, fa ∈ Bµ(+Γ
p
ν,r−1/n)

p,1 ([0, 1]d). Since the sets Bµ(+Γ)

p,1 ([0, 1]d) are decreasing with
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Γ, taking the countable intersection
⋂
n∈N∗ Ar,n of full νr-measure gives that for νr-almost all

a ∈ [0, 1]d
′ ,

fa ∈
⋂

0≤Γ<Γpν,r

Bµ(+Γ)

p,1 ([0, 1]d) = B̃µ(+Γ
p
ν,r)

p,1 ([0, 1]d) ⊂ B̃µ(+Γ
p
ν,r)

p,q ([0, 1]d) ⊂ B̃µ(+Γ
p
ν,r)

p,∞ ([0, 1]d).

As a consequence of the previous proof, one gets the following proposition.

Proposition 3.4. For every f ∈ B̃ξ
p,q([0, 1]D), every a ∈ [0, 1]d

′, fa ∈ B̃µ(+h
min
ν )

p,1 ([0, 1]d).

Proof. Let m >
⌊
2/hmin

ν

⌋
. Using (2.3) and (3.17), there exists a positive sequence (ηj)jN

tending to 0 such that

Spj (a, h
min
ν − 2/m) ≤ Cp,ψ

∑
λD∈ΛDj ×{0,1}D

∣∣∣∣ cλD

ξ(−1/m)(λD)

∣∣∣∣p∣∣2−j(1/m−ηj)
∣∣p∣∣ψλd′ (a)∣∣p

≤ C 2−jp(1/m−ηj)(εξ
(−1/m)

j )p.

Let Jm be such that for all j ≥ Jm, ηj < 1/m. As f ∈ B̃ξ
p,q([0, 1]D), the sequence

(
εξ

(−1/m)

j

)
j

belongs to lq(N) and is bounded. Hence (Sj(a, h
min
ν − 2/m)1/p)j ∈ l1(N). One deduces that

fa ∈ Bµ(+h
min
ν −1/m)

p,1 ([0, 1]d). This holds for all m, so fa ∈ B̃µ(+h
min
ν )

p,1 ([0, 1]d).

As a consequence, for every f ∈ B̃ξ
p,q([0, 1]D) every a ∈ [0, 1]d

′ , fa can be written

fa = c0,0d,0d(a)ψ0,0d,0d +
∑
j≥0

∑
λdj∈Λdj×Ld

cλdj
(a)ψλdj

. (3.23)

Remark 3.5 (Link to the standard Besov spaces). Let Ld be the d-dimensional Lebesgue
measure. Let D = d + d′, 0 < p, s < ∞, with s > D/p, and q ∈ (0, p). Consider µ =(
Ld

)s/D−1/p and ν =
(
Ld′

)s/D−1/p. and ξ = µ × ν =
(
LD

)s/D−1/p. One immediately checks
that Bξ

p,q = Bs
p,q. We recover the result of [4] by applying Theorem 1.11 to these capacities,

i.e.:
Let D ∈ N∗, 0 < p, s <∞, with s−D/p > 0, and let q ∈ (0,∞]. If f ∈ Bs

p,q([0, 1]
D), then

for Lebesgue-almost all a ∈ [0, 1]d
′ , fa ∈ B̃s

p,1([0, 1]
d) =

⋂
0<ε<d/pB

s−ε
p,1 ([0, 1]d).

Indeed, for all r ∈ N, νr = Ld′ and Γν,r = d′
(
s/D − 1/p

)
+ d′/p. One can check that

µ(+Γν,r) =
(
Ld

)s/d−1/p giving
⋂

0<Γ<Γν,r
Bµ(+Γ)

p,1 ([0, 1]d) =
⋂

0<ε<d/pB
s−ε
p,1 ([0, 1]d).

4 Upper bound for the spectrum of traces of B̃ξ
∞,q functions

Let µ ∈ Ed on [0, 1]d and ν ∈ Ed′ on [0, 1]d
′ with D = d+ d′. Let ξ be the product capacity

on [0, 1]D, ξ := µ × ν. The local behavior of elements of Bξ
p,q([0, 1]D) and B̃ξ

p,q([0, 1]D) is
described via their pointwise Hölder exponent, characterised by wavelet leaders [37].
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Definition 4.1 (Wavelet Leaders). Let (ψl)l∈LD be a family of wavelets that form an orthog-
onal basis of L2(RD). For f ∈ Lploc(R

D) with p ∈ [1,+∞], call (cλD)λD∈ΛD×LD the wavelet
coefficients of f . The wavelet leader of f associated with λD ∈ ΛD is defined as

Lf
λD

= sup{|cλ′ | : λ′ = (j, k, l) ∈ ΛD × LD, λDj,k ⊂ 3λD}. (4.1)

Notation. Consider f ∈ B̃ξ
∞,q([0, 1]D) and, for a ∈ [0, 1]d

′ , the associated trace fa with
wavelet coefficients denoted by (cλd(a))λd∈Λd×Ld . Following Definition 4.1, we denote the
wavelet leader of fa, the trace of f in a, associated with λd ∈ Λd by (notice the dependance
in a)

Lf
λd
(a) = sup{|dλ(a)| : λ = (j, k, l) ∈ Λd × Ld, λdj,k ⊂ 3λd}. (4.2)

The mention of f on leaders is omitted when the function is obvious from the context.

The pointwise Hölder exponent (1.1) is characterised by wavelet leaders [37, Prop. 4].

Proposition 4.2. Let N ∈ N∗ and assume that the wavelets belong to CN (RD) with at least
N+1 vanishing moments. If f ∈ Cε(RD) for some ε > 0, then for every x0 ∈ RD, hf (x0) < N

if and only if lim infj→+∞

logLf
λD
j

(x0)

log(2−j)
< N , and in this case

hf (x0) = lim inf
j→+∞

logLf
λDj (x0)

log(2−j)
.

Let us start with an intermediate result key for proving Theorem 1.12 in Sections 5 and 6.

Lemma 4.3. For all f ∈ B̃ξ
∞,q, for every x ∈ [0, 1]d and a ∈ [0, 1]d

′ , hfa(x) ≥ hµ(x) + hmin
ν .

Proof. Let f ∈ B̃ξ
∞,q and a ∈ [0, 1]d

′ . Consider the wavelet decomposition (3.23) of fa

fa = c0,0d,0d(a)ψ0,0d,0d +
∑

λd∈Λd×Ld
cλd(a)ψλd . (4.3)

Pay attention that cλd(a) does not have an explicit formula like for dG
λd
(a) in (3.2) and dF

λd
(a)

in (3.3). Using Proposition 3.4, one has fa ∈ B̃µ(+h
min
ν )

∞,1 ([0, 1]d). Then, for every m ≥
⌊
1/hmin

ν

⌋
,

there is C > 0 such that supj∈N supλd∈Λdj×Ld
∣∣∣ c

λd
(a)

µ(+h
min
ν −1/m)(λd)

∣∣∣ ≤ C. As a consequence, for

every x ∈ [0, 1]d,

Lf
λdj (x)

(a) = sup
λ⊂3λdj (x)

∣∣cλ(a)∣∣ ≤ C sup
λj′⊂3λdj (x)

∣∣µ(λj′) 2−j′(hmin
ν − 1

m
)
∣∣

≤ C
∣∣µ(3λdj (x)) 2−j(hmin

ν − 1
m
)
∣∣.

The doubling property (1.5) of µ yields, for a constant C > 0,

Lf
λdj (x)

(a) ≤ C
∣∣µ(λdj (x)) 2−j(hmin

ν − 1
m
)
∣∣. (4.4)

Hence, for all j ∈ N, logLf
λdj (x)

(a) ≤ logC + logµ(λdj (x)) + log
(
2−j(h

min
ν −1/m)

)
. Dividing by

log(2−j) and taking the lim inf on both sides gives hfa(x) ≥ hµ(x) + hmin
ν − 1/m. This holds

for every large m, hence the conclusion.

27



Traces in inhomogeneous Besov spaces

Lemma 4.4. Let r ∈ R. For all f ∈ B̃ξ
∞,q, for every x ∈ [0, 1]d and νr-almost all a ∈ [0, 1]d

′,
hfa(x) ≥ hµ(x) + hrν .

Proof. The arguments are identical to those of Lemma 4.3. Theorem 1.11 gives for νr-almost
all a ∈ [0, 1]d

′ , fa ∈ B̃µ(+h
r
ν )

∞,1 ([0, 1]d). Then, for every m ≥ ⌊1/hrν⌋, there exists a constant
C > 0 such that

sup
j∈N

sup
λd∈Λdj×Ld

∣∣∣∣ cλd(a)

µ(+(hrν−1/m))(λd)

∣∣∣∣ ≤ C.

Thus, for all x ∈ [0, 1]d, as in (4.4),

Lf
λdj (x)

(a) = sup
λ⊂3λdj (x)

∣∣cλ(a)∣∣ ≤ C sup
λj′⊂3λdj (x)

∣∣µ(λj′)2−j′(hrν− 1
m
)
∣∣ ≤ C

∣∣µ(λdj (x))2−j(hrν− 1
m
))
∣∣.

As previously, one concludes that for νr-almost all a ∈ [0, 1]d
′ , hfa(x) ≥ hµ(x) + hrν .

We are now ready to prove Theorem 1.12.

Proof of Theorem 1.12. Considering a function in B̃ξ
∞,q without any further hypothesis, one

can only get an upper bound of the spectrum of the trace of such a function. Having both
Lemma 4.3 and 4.4, we now prove the upper bound for σfa .

Let us start by (1.18). Using Lemma 4.3, one has that, for a ∈ [0, 1]d
′ and h ∈ R+,

{x ∈ Rd : hfa(x) ≤ h} ⊂ {x ∈ Rd : hµ(x) ≤ h− hmin
ν }. Hence

Efa(h) ⊂ {x ∈ Rd : hfa(x) ≤ h} ⊂ {x ∈ Rd : hµ(x) ≤ h− hmin
ν } = E≤

µ (h− hmin
ν ).

When h ≤ h0ν + hmin
ν , item (ii) of Proposition 2.4 gives dimH

(
E≤
µ (h− hmin

ν )
)
= τ∗µ(h− hmin

ν ).
As µ verifies the SMF, for every h ≤ h0ν+h

min
ν , one has τ∗µ(h−hmin

ν ) = σµ(h−hmin
ν ). Moreover,

for every h > h0ν +h
min
ν , {x ∈ Rd : hµ(x) ≤ h−hmin

ν } has dimension d. This induces the result
as σfa(h) = dimH(Efa(h)).

Let us finish with the proof of (1.19). Let f ∈ B̃ξ
∞,q and r ∈ R. By Lemma 4.4, for

νr-almost all a ∈ [0, 1]d
′ , one has, for all h ∈ R+,

Efa(h) ⊂ {x ∈ Rd : hfa(x) ≤ h} ⊂ {x ∈ Rd : hµ(x) ≤ h− hrν} = E≤
µ (h− hrν).

Then one concludes in the same way as for (1.18).

5 A saturating function in B̃µ
∞,q

From now on, we focus on p = +∞. For the rest of the paper, the wavelet family considered
will be constructed as in Section 2.4 with ψ1 verifying the property (R) of Definition 1.15.

In order to compute the singularity spectrum of Ga, this property (R) of the wavelet ψ is
necessary. Indeed, in [55], the following theorem is proved.

Theorem 5.1. Let ψ : R → R satisfy property (R), with supp(ψ) = [0,Kψ]. Let

G : x ∈ R 7→
∑
n∈Z

ψ(x− nKψ). (5.1)

28



Traces in inhomogeneous Besov spaces

There exists α > 0 such that , for every d′ ∈ N∗, there exists an integer N(d′) and a sequence of
multi-integer (pj = (pj,1, . . . , pj,d′))j∈N ∈ ({0, . . . ,Kψ − 1}d′)N enjoying the following property:
for every J ≡ 0 (mod N(d′)) and x ∈ Rd′ , there is an integer ℓ ∈ {0, . . . , N(d′) − 1} that
verifies

∏d′

i=1 |G(2J+ℓxi − pJ+ℓ,i)| ≥ αd
′ .

In other words, (R) ensures that dilated and translated transforms of tensor products of
periodised versions of ψ cannot all vanish at the same point, and even more, they are non-zero
very regularly. This is key to prove that the traces of well-chosen saturating functions cannot
be zero too often, and is key is our proof of the prevalence Theorem 1.14.

Consider the integer N(d′) and the sequence (pj = (pj,1, . . . , pj,d′))j∈N given by Theorem
5.1.

Definition 5.2. The map Gd′j : Rd′ → R is given by

for every x = (x1, ..., xd′) ∈ Rd
′
, Gd

′
j (x) =

d′∏
i=1

G(2jxi − pj,i). (5.2)

To establish generic or prevalent properties of traces of function in B̃ξ
∞,q([0, 1]D), a classical

approach consists in perturbing a set of functions by a saturating function in B̃ξ
∞,q([0, 1]D)

whose multifractal structure exhibits the property claimed to be generic.

5.1 Construction of the saturating function Gq

Definition 5.3. Let us define, for every λD0 ∈ ΛD0 × {0, 1}D, gλD0 = 0, and for every λDj =

(j, (k, k′), (l, l′)) ∈ ΛDj × LD with j ≥ 1,

gλDj
=


j
− 2
q ξ(λdj,k × λd

′
j,k′)

∑
n∈Zd′

δk
′
pj+nKψ

if l ̸= 0d and l′ = 1d
′
,

0 if l = 0d or l′ ̸= 1d
′
,

(5.3)

with the convention 2/∞ = 0. The saturating function is Gq :=
∑

λD∈ΛD×LD gλDψλD .

The idea is that Gq has the largest possible wavelet coefficients to maximise εξ,∞j in (1.15),
while ensuring that the non-zero wavelet coefficients are sparse and well-separated, to easily
compute the wavelet coefficients of its traces.

Proposition 5.4. The function Gq belongs to B̃ξ
∞,q([0, 1]D).

Proof. First, since ξ is s-Hölder, one has∥∥Gq
∥∥
L∞ ≤

∑
j≥1

∥∥∥∥ ∑
λdj∈ΛDj ×LD

gλDj
ψλDj

∥∥∥∥
L∞

≤ C
∑
j≥1

2−js
∥∥∥∥( gλDj

ξ(λDj )

)∥∥∥∥
ℓ∞

≤ C
∑
j≥1

2−jsεξ,∞j .

Hence Gq is a bounded function. Next, recall (1.15). As for every j ≥ 1 and λDj ∈ ΛDj ×
LD, gλDj ≤ j−2/qξ(λD), one has εξ,∞j =

∥∥∥( g
λD

ξ(λD)

)
λD

∥∥∥
ℓ∞(ΛDj ×LD)

≤ j−2/q. This implies that∥∥Gq
∥∥
Bξ∞,q

<∞ and Gq ∈ Bξ
∞,q([0, 1]D) ⊂ B̃ξ

∞,q([0, 1]D).
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For a = (a1, . . . , ad′) ∈ [0, 1]d
′ , the trace Gq,a : x ∈ [0, 1]d 7→ Gq(x, a) ∈ R has a convenient

wavelet decomposition. Indeed, because of our choice (5.3), for the trace Gq,a, all the coeffi-
cients (3.2) are zero since gλDj = 0 when λDj = λdj × λd

′
j with λdj ∈ Λdj × 0d. Hence, only the

coefficients (3.3) remain. Writing then

Gq,a(x) =
∑
j≥0

∑
λdj∈Λdj×Ld

eλdj
(a)ψλdj

(x),

the coefficients of (3.3) can be written (recall (3.3)) as

eλdj
(a) =

∑
λd′∈Λd′j ×1d′

g
λdj×λd

′
j
ψ
λd

′
j
(a). (5.4)

In addition, these remaining coefficients have a fairly simple expression. To see this, for every
λdj = (j, kd, ld) ∈ Λdj × Ld, consider the integer kj(a) defined by

kj(a) :=
(
pj,1 +

⌊2ja1 − pj,1
Kψ

⌋
Kψ, . . . , pj,d′ +

⌊2jad′ − pj,d′

Kψ

⌋
Kψ

)
. (5.5)

Since ψ
λd

′
j

has a support of length Nψ2
−j , and since the coefficients g

λdj,k×λ
d′
j,k′

are zero except

when k′ = pj mod Nψ, the only non-zero wavelet coefficient gλDj in the sum (5.4) is the one

at λDj = (j, (kd, kj(a)), (ld, 1
d′)). Observe that as soon as j is so large that Nψ2

−j ≤ a/2, then
kj(a) has strictly positive entries. One concludes that a ∈ (0, 1]d

′ being fixed, when j is large,
one has

eλdj
(a) := j−2/qµ(λdj )ν

(
λd

′

j,kj(a)

)
Gd

′
j (a). (5.6)

This formula is key for the rest of the paper, and justifies our choice for the saturation function
Gq. One can now understand the relevance of Theorem 5.1, which allows us to to ensure that
the coefficients |eλdj (a)| are not too small - this will be used to bound by above the pointwise
Hölder exponent of the traces.

Regarding the multifractal properties, Theorem 1.11 applied to Gq gives:

Corollary 5.5. For every r ∈ R, for νr-almost all a ∈ [0, 1]d
′, Gq,a ∈ B̃µ(+h

r
ν )

∞,q ([0, 1]d).

5.2 Singularity spectrum of the traces Gq,a of the saturating function

Proposition 5.6. For every r ∈ R, for every x ∈ [0, 1]d and for νr-almost all a ∈ (0, 1]d
′ ,

hGa(x) = hµ(x) + hrν = hµ(+hrν )(x). (5.7)

Hence
σGa = τ∗

µ(+h
r
ν ),∞ = τ∗µ(· − hrν). (5.8)

Proof. Let m,n ∈ N∗ be such that m ≥ Mνr := ⌊1/hrν⌋ + 1. Let Aνrn,m and Jn,m be the
set and integer obtained in Proposition 2.10. Let a ∈ Aνrn,m ∩ (0, 1]d

′ . By (2.6), one has
2−j(h

r
ν+1/m) ≤ ν(λd

′
j ) ≤ 2−j(h

r
ν−1/m) for all λd′j ∈ Λd

′
j such that a ∈ (2Kψ)λ

d′
j and j ≥ Jn,m.
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We first bound above Lλd(a) (4.2) of Gq,a. Consider j ≡ 0 (mod N(d′)). Using (5.6), for
λdj = (j, k) ∈ Λdj , and that |Gd′j′ (a)| ≤ max{∥ψ∥d′L∞ , 1}, one has

Lλdj
(a) = sup

j′≥j
sup

Λd
j′∋λ

d
j′⊂3λdj

∣∣∣∣ 1

(j′)2/q
µ(λdj′)ν

(
λd

′

j′,kj′ (a)

)
Gd

′
j′ (a)

∣∣∣∣
≤ sup

j′≥j
sup

Λd
j′∋λ

d
j′⊂3λdj

∣∣µ(λdj′)2−j′(hrν−1/m)
∣∣max{∥ψ∥d′L∞ , 1}

≤ C2−j(h
r
ν−1/m)

∣∣µ(3λdj )∣∣.
For every x ∈ Rd, since 3λdj (x) ⊂ B(x, 2 × 2−j), one has that Lλdj (x)(a) ≤ C2−j(h

r
ν−1/m)

µ(B(x, 2× 2−j)). The doubling property (1.5) of µ then yields for some C > 0 depending on
µ, ψ and d′

Lλdj (x)
(a) ≤ C2−j(h

r
ν−1/m)µ(B(x, 2−j)). (5.9)

We now bound by below Lλd(a). Consider j so large that kj(a) contains only positive integers.
Let x ∈ [0, 1]d. By Theorem 5.1, for every j ≡ 0 mod N(d′), there is J ∈ {0, . . . , N(d′)− 1}
such that

∣∣Gd′j+J(x)∣∣ ≥ αd
′ . By (5.6) and (2.6) one deduces that

Lλdj (x)
(a) ≥ 1

(j + J)2/q
µ(λdj+J(x))ν(λ

d′

j+J,kj+J (a)
)
∣∣Gd′j+J(a)∣∣

≥ 2−2 log2(j+J)/qαd
′
2−(j+J)(hrν+1/m)µ(λdj+J(x)).

Denoting by yλj the center of the cube λj , observe that λdj+J(x) = B(yλdj+J (x)
, 2−(j+J+1)).

Hence, using the constant Cµ appearing in (1.5), one gets

Lλdj (x)
(a) ≥ 2−2 log2(j+N(d′))/qαd

′
2−N(d′)(hrν+1/m)2−j(h

r
ν+1/m)µ

(
B(yλj+J (x), 2

−(j+J+1))
)

≥ C2−2 log2(j+N(d′))/q2−j(h
r
ν+1/m) 1

CJ+2
µ

µ
(
B(yλj+J (x), 2

−j+1)
)

≥ C2
−j
(
hrν+

2
q

log2(j+N(d′))
j

+1/m
)
µ
(
B(x, 2−j)

)
. (5.10)

Last equation (5.10) holds only when j = 0 mod N(d′). Since the wavelet leaders Lλdj (x)(a)
are decreasing in j, the liminf of the above quantities when j → +∞ equals the liminf restricted
to j = 0 mod N(d′). Hence, Proposition 4.2 combined with (5.9), (5.10) and the lower local
dimension hµ(x) together yield that

(hrν − 1/m) + hµ(x) ≤ hGa(x) ≤ (hrν + 1/m) + hµ(x).

These inequalities hold for a ∈ Aνrn,m∩(0, 1]d′ and remain true for every a ∈
⋃
n∈N∗ Aνrn,m∩(0, 1]d′

and m ≥ Mνr as they do not depend on n. Using that the sets
⋃
n∈N∗ Aνrn,m are of full

νr-measure for all m,
(⋂

m≥Mνr

⋃
n∈N∗ Aνrn,m

)
∩ (0, 1]d

′ is of full νr-measure as a countable
intersection of full νr-measure sets. Hence for every a ∈

(⋂
m≥Mνr

⋃
n∈N∗ Aνrn,m

)
∩ (0, 1]d

′ ,

hGa(x) = hµ(x) + hrν . (5.11)

Then by definition of µ(+hrν), hµ(+hrν )(x) = hµ(x) + hrν giving (5.7). Since µ satisfies the SMF,
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one concludes that for νr-almost all a ∈ (0, 1]d
′ , σGa = σµ(+hrν ) = τ∗µ(· − hrν).

6 Prevalent singularity spectrum of traces

6.1 Prevalence property of an auxiliary set

The key result to obtain the prevalent value of the singularity spectrum of functions in
B̃ξ

∞,q([0, 1]D) in Theorem 1.14 is the following:

Proposition 6.1. Let r ∈ R. The set

Fr =
{
f ∈ B̃ξ

∞,q([0, 1]
D) : ∃A(f) of full νr-measure in (0, 1]d

′

such that a ∈ A(f) =⇒ ∀x ∈ [0, 1]d, hfa(x) ≤ hµ(x) + hrν
}

(6.1)

is prevalent in B̃ξ
∞,q([0, 1]D).

The proof of Proposition 6.1 is postponed to Sections 6.3 and 6.4. For the moment, we
admit it and explain how to deduce Theorem 1.14.

Proof of Theorem 1.14. Using Lemma 4.4 and Proposition 6.1, for all f ∈ Fr, there is a set
A(f) of full νr-measure in (0, 1]d

′ such that for every x ∈ [0, 1]d,

hµ(x) + hrν ≤ hfa(x) ≤ hµ(x) + hrν . (6.2)

Let us begin with the upper bound σfa ≤ σµ(· − hrν). For all h ∈ R+,

Efa(h) ⊂ {x ∈ Rd : hfa(x) ≤ h} ⊂ {x ∈ Rd : hµ(x) + hrν ≤ h} = E≤
µ (h− hrν),

Efa(h) ⊂ {x ∈ Rd : hfa(x) ≥ h} ⊂ {x ∈ Rd : hµ(x) + hrν ≥ h} = E
≥
µ (h− hrν).

Items (ii) and (iii) of Proposition 2.4 give:

• for every h ≤ τ ′µ(0) + hrν , dimH

(
E≤
µ (h− hrν)

)
= τ∗µ(h− hrν),

• for every h ≥ τ ′µ(0) + hrν , dimH

(
E

≥
µ (h− hrν)

)
= τ∗µ(h− hrν).

Additionally, µ verifies the SMF, so for all h ∈ R+, τ∗µ(h) = σµ(h). Hence, σfa ≤ σµ(· − hrν).
To prove the lower bound σfa ≥ σµ(· − hrν), consider h ∈ R+ and x ∈ Eµ(h). Recalling

Definition 2.1, hµ(x) = hµ(x) = hµ(x), and (6.2) implies that hµ(x) = hfa(x) − hrν . So,
for every h ∈ R+, Eµ(h) ⊂ Efa(h + hrν) and item (i) of Proposition 2.4 gives σfa(h) =

dimH(Efa(h)) ≥ dimH(Eµ(h− hrν)) = σµ(h− hrν).
This holds for a given r ∈ R. Now, given any countable sequence (rn)n∈N, the set Frn is

prevalent in B̃ξ
∞,q([0, 1]D), and so is their intersection

⋂
n∈NFrn . This concludes the proof of

Theorem 1.14, since for every n ∈ N, for νrn-a.e a ∈ (0, 1]d
′ , σfa(h) = σµ(h− hrnν ).
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6.2 A useful decomposition of F r

The objective is to show that, r being fixed, (Fr)∁ = B̃ξ
∞,q([0, 1]d)\Fr is shy. For this, we

include (Fr)∁ in a countable union of simpler ancillary sets. For n,m, p,M ∈ N∗ and γ > 0,
let

Op,γ,M
n,m =

{
f ∈ B̃µ

∞,q([0, 1]
d) : νr

(
Ap,γ,M
n,m (f)

)
> 0

}
.

with

Ap,γ,M
n,m (f) =

a ∈ Aνrn,m∩(0, 1]d
′
:

∃x ∈ [0, 1]d, ∀λdj = (j, k, l) ∈ Λd × Ld,∣∣cf
λdj
(a)

∣∣ ≤M1 2−jγ
(
1 + |2jx− k|

)γ
∀j > M2, µ(λj(x)) ≥ 2−j(γ−h

r
ν−1/p)

 . (6.3)

The sets Op,γ,M
n,m contains those functions f ∈ B̃ξ

∞,q([0, 1]D) such that, for a set of a ∈ (0, 1]d
′

of νr-positive measure, for a given x ∈ [0, 1]d, fa ∈ Cγ(x) and simultaneously the µ(+hrν)-mass
of all small dyadic cubes λdj (x) is bounded by below. These two properties will allow us to

control the ratio |c
λd

(a)|
µ(+h

r
ν )(λd(x))

.

Proposition 6.2. We have (Fr)∁ ⊂
⋃
p∈N∗

⋂
m∈N∗

⋃
n∈N∗

⋃
γ∈Q+

⋃
M∈(N∗)2 O

p,γ,M
n,m .

Proof. We begin by observing that (Fr)∁ can be written as

(Fr)∁ =
{
f ∈ B̃ξ

∞,q([0, 1]
D) : ∀A(f) of full νr-measure,

∃a ∈ A(f), ∃x ∈ [0, 1]d, hfa(x) > hµ(x) + hrν
}
.

We write (Fr)∁ =
⋃
p∈N∗(Fr

p )
∁, where

Fr
p =

{
f ∈ B̃ξ

∞,q([0, 1]
D) : ∃A(f) of full νr-measure,

∀a ∈ A(f), ∀x ∈ [0, 1]d, hfa(x)−
(
hµ(x) + hrν

)
≤ 2/p

}
.

Suppose that f ∈ (Fr)∁. There exists p ∈ N∗ such that f /∈ Fr
p . The set N = {a ∈ [0, 1]d

′
:

∃x ∈ [0, 1]d, hfa(x) −
(
hµ(x) + hrν

)
> 2

p} has positive νr-measure. Recall from Proposition
2.10 that

⋂
m∈N∗

⋃
n∈N∗ Aνrn,m has full νr-measure in (0, 1]d

′ . Considering

Nn,m := {a ∈ Aνrn,m ∩ (0, 1]d
′
: ∃x ∈ [0, 1]d, hfa(x)−

(
hµ(x) + hrν

)
> 2/p},

one has the following decomposition( ⋂
m∈N∗

⋃
n∈N∗

Nn,m

)∁
=

( ⋂
m∈N∗

⋃
n∈N∗

Aνrn,m

)∁

⋃{
a ∈

⋂
m∈N∗

⋃
n∈N∗

Aνrn,m ∩ (0, 1]d
′
: ∀x ∈ [0, 1]d, hfa(x)−

(
hµ(x) + hrν

)
≤ 2/p

}
.

Since (
⋂
m∈N∗

⋃
n∈N∗ Aνrn,m)

∁ has zero νr-measure, f /∈ Fr
p implies that the set{

a ∈
⋂

m∈N∗

⋃
n∈N∗

Aνrn,m ∩ (0, 1]d
′
: ∀x ∈ [0, 1]d, hfa(x)−

(
hµ(x) + hrν

)
≤ 2/p

}
cannot have full νr-measure. Hence, if f /∈ Fr

p , then
⋂
m∈N∗

⋃
n∈N∗ Nn,m must have positive
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νr-measure. Thus, for every m ∈ N∗,
⋃
n∈N∗ Nn,m must have positive νr-measure, and there

exists nm ∈ N∗ such that Nnm,m has positive νr-measure.
Suppose a ∈ Nnm,m, there exists γ ∈ Q+ and x ∈ [0, 1]d such that hfa(x) > γ and

hµ(x)+h
r
ν ≤ γ−2/p. Using (2.13) of Proposition 2.15, if hfa(x) > γ, then fa ∈ Cγ(x) , which

implies that

∃M1 ∈ N,∀λj = (j, k, l) ∈ Λ× Ld,
∣∣cf
λdj
(a)

∣∣ ≤M12
−jγ(1 + |2jx− k|

)γ
.

Using Definition 2.1, hµ(x) + hrν ≤ γ − 2/p yields that supj>M2

log µ(λj(x))
log 2−j

≤ γ − hrν − 1/p for
some integer M2 large enough. This implies that

∃M2 ∈ N,∀j > M2, µ(λj(x)) ≥ 2−j(γ−h
r
ν−1/p).

This precisely means that a belongs to the set Ap,γ,M
nm,m(f) given in (6.3) with M = (M1,M2).

So Nnm,m ⊂
⋃
γ∈Q+

⋃
M∈(N∗)2 A

p,γ,M
nm,m(f) and since νr(Nn,m) > 0, one of the Ap,γ,M

nm,m(f) must
have positive νr-measure. One concludes that f ∈ Op,γ,M

nm,m , for every integer m.
To conclude, every f ∈ (Fr)∁ belongs to

⋂
m∈N

⋃
n∈N∗

⋃
γ∈Q+

⋃
M∈(N∗)2 O

p,γ,M
n,m for some

p > 0. This proves the claim.

6.3 Analyticity of Op,γ,M
n,m

To show that Fr is prevalent, it remains to prove the universal measurability of Op,γ,M
n,m

and that these sets are all shy. This is the purpose of the rest of the article.
We will actually prove that Op,γ,M

n,m is an analytic set, which implies its universal measura-
bility. Analytic sets in Polish spaces are defined as continuous images of Borel sets. Unfortu-
nately, as we work with B̃ξ

∞,q([0, 1]d) which is not separable, we cannot use the Polish spaces
characterisation of analytic sets and have to consider a more general definition valid for any
Hausdorff topological space X endowed with a Borel σ-algebra B(X). More precisely, Cho-
quet’s capacitability theorem [14, Theorem 30.1] with the following definition of analyticity
[14, Theorem 5.1] offers the right setting for our situation.

Definition 6.3. For a compact topological space K, the collection of its closed subsets is
written K. Let (B(X) × K)σδ be the collection of countable intersections of countable unions
of sets that are Cartesian products of a Borel set in X and a closed set in K.

Call π : X ×K → X the canonical projection map π(x, y) = x. A set A ⊂ X is analytic
when there is a compact space K and T ∈ (B(X)×K)σδ such that A = π(T ).

The famous Choquet’s capacitability theorem is the following.

Theorem 6.4. An analytic set of a Hausdorff topological space is universally measurable.

We finally prove the analyticity of Op,γ,M
n,m , and so its universal measurability.

Proposition 6.5. Let n,m, p ∈ N∗, M ∈ (N∗)2 and γ ∈ Q+. The set Op,γ,M
n,m is universally

measurable in B̃ξ
∞,q([0, 1]D).
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Proof. We are going to prove the analyticity of Op,γ,M
n,m by taking the right sets X, K and T in

Definition 6.3, and then writing it as π(T ). DenoteX := (B̃ξ
∞,q([0, 1]D)×(0, 1]d

′
,D(·, ·)+∥·∥∞)

with D defined in (1.17) and K := ([0, 1]d, ∥ · ∥∞). The proof follows some ideas of [4].

Step 1: For every λdj = (j, k, l) ∈ Λd × Ld, every cf
λdj
(a) (3.23), let us introduce the maps

ϕλdj
, ϕ : X ×K → R defined as

ϕλdj
: (f, a, x) 7→M12

−jγ(1 + |2jx− k|
)γ − ∣∣cf

λdj
(a)

∣∣
ϕ : (f, a, x) 7→ inf

λ∈Λd×Ld
ϕλ(f, a, x).

We introduce the set of dyadic cubes

Dd
µ(j, γ − hrν − 1/p) :=

{
λj ∈ Λdj :

log µ(λj)

log 2−j
≤ γ − hrν − 1/p

}
and D≥

µ (γ − hrν − 1/p) :=
⋂
j≥M2

⋃
λ∈Ddµ(j,γ−hrν−1/p)

λ. (6.4)

Also, let

ϕ̃ : f 7→ νr
({
a ∈ Aνrn,m ∩ (0, 1]d

′
: ∃x ∈ D≥

µ (γ − hrν − 1/p), ϕ(f, a, x) ≥ 0
})
.

With these definitions, one sees that Op,γ,M
n,m = ϕ̃−1

(
(0,+∞)

)
.

Lemma 6.6. The map (f, a) ∈ X 7−→ fa ∈ (C0([0, 1]d), ∥ · ∥L∞) is continuous.

Proof. Let ε > 0, and fix f, g ∈ X such that D(f, g) < ε. By (1.17), for n :=
⌊
max(1, s−1

1 )
⌋
+1,

one has 2−n
∥f−g∥

B
ξ(−1/n)
∞,q

1+∥f−g∥
B
ξ(−1/n)
∞,q

< ε. This impies ∥f − g∥
Bξ

(−1/n)
∞,q

< 2nε, hence ∥f − g∥L∞ < 2nε.

Then, the uniform continuity of f on [0, 1]D shows the existence of δ > 0 such that if
a, b ∈ [0, 1]d

′ verify ∥a−b∥∞ ≤ δ, then ∥f(·, a)−f(·, b)∥L∞ ≤ ε. One concludes by the triangular
inequality that ∥f(·, a)− g(·, b)∥L∞ ≤ ∥f(·, a)− f(·, b)∥L∞ + ∥f − g∥L∞ ≤ (C2n + 1)ε.

Lemma 6.7. Each ϕλdj is continuous on X ×K.

Proof. Indeed, we deal with continuous functions f and Lemma 6.6 shows that (f, a) 7→ fa is
continuous and fa 7→ cf

λdj
(a) is continuous as a scalar product between fa and a fixed wavelet

ψλdj
. So as a composition of continuous functions, the mapping (f, a, x) 7→ cf

λdj
(a) is continuous

and so if ϕλdj as a sum of continuous functions.

Step 2: Let us introduce

T := ϕ−1([0,+∞)) ∩
(
X ×D≥

µ (γ − hrν − 1/p)
)
. (6.5)

Proposition 6.8. The set T belongs to (B(X)×K)σδ.
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Proof. • One first shows that the set ϕ−1([0,+∞)) ∈ (B(X)×K)σδ. Observe that, as compo-
sition of continuous mappings, the mapping

X −→ (C0([0, 1]d), ∥ · ∥L∞) −→ R(
f, a

)
7−→ fa 7−→ cλdj

(a)

is continuous. So, for n ∈ N and m ∈ Z, the set

Fλdj
(n,m) :=

{
(f, a) ∈ X : cf

λdj
(a) ∈ 2−n[m,m+ 1]

}
.

belongs to B(X) as the inverse of a Borel set by a continuous mapping. Let us then define

Xλdj
(n,m) :=

{
x ∈ [0, 1]d : sup(

f,a
)
∈F

λd
j
(n,m)

ϕλdj

(
f, a, x

)
≥ 0

}
.

Observe that when f ranges in B̃ξ
∞,q([0, 1]D) and a in (0, 1]d

′ , all possible values of cf
λdj
(a) ∈

2−n[m,m+ 1] are reached. Hence, one can rewrite Xλdj
(n,m) as

Xλdj
(n,m) =

{
x ∈ [0, 1]d : max

c∈2−n[m,m+1]
M1 2

−jγ(1 + |2jx− k|
)γ − |c| ≥ 0

}
=

{
x ∈ [0, 1]d : ∃ c ∈ 2−n[m,m+ 1], M1 2

−jγ(1 + |2jx− k|
)γ − |c| ≥ 0

}
.

Using the mappings v : (x, c) ∈ Rd×R 7→M1 2
−jγ(1+ |2jx−k|

)γ−|c| ∈ R and the projection
on the first coordinate π̃(x, c) = x, one sees that

Xλdj
(n,m) = π̃

(
v−1(R+) ∩ ([0, 1]d × 2−n[m,m+ 1])

)
∩ [0, 1]d.

Since v and π̃ are continuous, Xλdj
(n,m) is thus compact.

Lemma 6.9. One has ϕ−1
λdj

([0,+∞)) =
⋂
n∈N

⋃
m∈Z Fλdj

(n,m)×Xλdj
(n,m).

Proof. First, let us prove that ϕ−1
λdj

([0,+∞)) ⊂
⋂
n∈N

⋃
m∈Z Fλdj

(n,m)×Xλdj
(n,m).

Let (f, a, x) ∈ ϕ−1
λdj

([0,+∞)). Then for every n ∈ N, there is an integer m ∈ Z such that

cf
λdj
(a) ∈ 2−n[m,m + 1] and (f, a) ∈ Fλdj

(n,m). In addition, ϕλdj
(
f, a, x

)
≥ 0, so we have

sup(g,b)∈F
λd
j
(n,m) ϕλdj

(
g, b, x

)
≥ 0 and x ∈ Xλdj

(n,m). Hence (f, a, x) ∈ Fλdj
(n,m)×Xλdj

(n,m).

Next, we show the inclusion ϕ−1
λdj

([0,+∞)) ⊃
⋂
n∈N

⋃
m∈Z Fλdj

(n,m)×Xλdj
(n,m).

Let (f, a, x) ∈
⋂
n∈N

⋃
m∈Z Fλdj

(n,m) × Xλdj
(n,m). For a fixed n ∈ N, there is m ∈ Z

such that (f, a) ∈ Fλdj
(n,m) and x ∈ Xλdj

(n,m), meaning that cf
λdj
(a) ∈ 2−n[m,m + 1] and

sup(g,b)∈F
λd
j
(n,m) ϕλdj

(
g, b, x

)
≥ 0. One deduces that

ϕλdj

(
f, a, x

)
≥ sup

(g,b)∈F
λd
j
(n,m)

ϕλdj

(
g, b, x

)
−
∣∣∣ sup
(g,b)∈F

λd
j
(n,m)

ϕλdj

(
g, b, x

)
− ϕλdj

(
f, a, x

)∣∣∣
≥ − sup

(g,b)∈F
λd
j
(n,m)

∣∣ϕλdj (g, b, x)− ϕλdj

(
f, a, x

)∣∣
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≥ − sup
(g,b)∈F

λd
j
(n,m)

∣∣∣∣cg
λdj
(b)

∣∣− ∣∣cf
λdj
(a)

∣∣∣∣ ≥ −2−n.

Since this holds for all n ∈ N, one deduces that ϕλdj
(
f, a, x

)
≥ 0, hence the result.

Lemma 6.9 ensures that ϕ−1
λdj

([0,+∞)) ∈ (B(X)×K)σδ, which implies that

ϕ−1([0,+∞)) =
⋂

λd∈Λd×Ld
ϕ−1
λd

([0,+∞)) ∈ (B(X)×K)σδ.

• To prove Proposition 6.8, it remains to show that in (6.5), the second term defining T also
belongs to (B(X)×K)σδ. By (6.4), the set D≥

µ (γ − hrν − 1/p) is closed in [0, 1]d as countable
intersection of closed sets. Thus X×D≥

µ (γ−hrν−1/p) is a countable intersection of countable
unions of closed sets, and so belongs to (B(X)×K)σδ.

• Finally, T is the intersection of two sets belonging to (B(X)×K)σδ, hence the conclusion.

Step 3: By Definition 6.3, the canonical projection map π : (x, y) ∈ X ×K → x ∈ X gives
that

π(T ) :=
{
(f, a) ∈ X : ∃x ∈ D≥

µ (γ − hrν − 1/p), (f, a, x) ∈ ϕ−1([0,+∞))
}

is analytic in the space (X,B(X)).

Step 4: To conclude, notice that ϕ̃ : B̃ξ
∞,q([0, 1]D) −→ [0, 1] can be rewritten as

ϕ̃(f) = νr
({
a ∈ Aνrn,m ∩ (0, 1]d

′
: ∃x ∈ D≥

µ (γ − hrν − 1/p), ϕ(f, a, x) ≥ 0
})

=

∫
Aνrn,m

1π(T )(f, a)dνr(a).

Since π(T ) is then β ⊗ νr-measurable, Fubini’s theorem gives that ϕ̃ is β-measurable, for any
complete Borel measure β on B̃ξ

∞,q([0, 1]D). This yields that Op,γ,M
n,m = ϕ̃−1

(
(0,+∞)

)
is also

β-measurable, for any complete Borel measure β on B̃ξ
∞,q([0, 1]D).

6.4 Shyness of Op,γ,M
n,m

The standard method to prove the shyness of a set is to focus on a finite dimensional probe
space P ⊂ B̃ξ

∞,q([0, 1]D) and the Lebesgue measure restricted to P as a transverse measure.
Recall the integer N(d′) and the sequence of multi-integer (pj = (pj,1, . . . , pj,d′))j∈N ob-

tained in Theorem 5.1. Let m ≥ p(d+ 2) and d1 be the integer given by

d1 = p(d+ 1). (6.6)

Definition 6.10. The probe space P is the subspace of B̃ξ
∞,q([0, 1]D) spanned by the functions

G (i) :=
∑

λD∈ΛD×LD g
(i)

λD
ψλD , for i ∈ {1, . . . , d1}, whose wavelet coefficients g(i)

λD
are defined in

the following way: for every λD = (j, k, l) ∈ ΛD × {0, 1}D,

g
(i)

λD
=

gλD if j (mod d1N(d′)) ∈ {0, . . . , N(d′)− 1}+ (i− 1)×N(d′),

0 else.

37



Traces in inhomogeneous Besov spaces

Observe that
∑d1

i=1 G (i) = Gq. The intuition is that Gq is sampled into d1−1 functions G (i)

whose wavelet coefficients are non-zero only on a regular subsequence of generation j. More
precisely, for a ∈ [0, 1]d

′ , by (5.3) and (5.6), the trace G
(i)
a can be expressed as

G (i)
a (x) =

∑
j≥0

∑
λdj∈Λdj×Ld

e
(i)

λdj
(a)ψλdj

(x) (6.7)

where, recalling (5.6) , for every λd = (j, k, l) ∈ Λd,

e
(i)

λdj
(a) :=

eλdj (a) if j mod d1N(d′) ∈ {0, . . . , N(d′)− 1}+ (i− 1)N(d′),

0 else.
(6.8)

For any arbitrary f ∈ B̃ξ
∞,q([0, 1]D), define

Rd1 → f + P
β 7→ fβ = f +

∑d1
i=1 βi · G (i).

(6.9)

The trace of fβ is denoted fβa , the wavelet coefficients of the trace and the associated
wavelet leaders are respectively cβ

λd
(a) and Lβ

λd
(a). Similarly, cλd(a) and Lλd(a) are the wavelet

coefficient and the associated leader of fa. For a ∈ (0, 1]d
′ , let also

Ba := {β ∈ Rd1 : Ap,γ,M
n,m (fβ)}

Lemma 6.11. The mapping
{

[0, 1]d
′ × Rd1 −→ R

(a, β) 7−→ 1Ba(β)
is measurable.

Proof. Let Φ : (a, β, x) 7→ infλdj∈Λd×Ld
ϕλdj

(fβ, a, x). The map Φ is Borel on [0, 1]d
′×Rd1×[0, 1]d

as an infimum of countably many continuous functions. Writing explicitly Ba under the form

Ba :=

β ∈ Rd1 :

∃x ∈ [0, 1]d, ∀λdj = (j, k, l) ∈ Λd × Ld,∣∣cβ
λdj
(a)

∣∣ ≤M1 2−jγ
(
1 + |2jx− k|

)γ
and ∀j > M2, µ(λ

d
j (x)) ≥ 2−j(γ−h

r
ν−1/p)

 ,

one sees that 1Ba(β) = 1G(a, β), where

G =
{
(a, β) ∈ (0, 1]d

′ × Rd1 : ∃x ∈ D≥
µ (γ − hrν − 1/p), Φ(a, β, x) ≥ 0

}
.

This set can be rewritten as

G = π̃
(
Φ−1([0,+∞))

⋂(
(0, 1]d

′ × Rd1 ×D≥
µ (γ − hrν − 1/p)

))
, (6.10)

where π̃(a, β, x) = (a, β) is the canonical projection on the first two coordinates. The set
between brackets in (6.10) being a Borel set, G is analytic by Definition 6.3. By Theorem 6.4,
it is also Lebesgue-measurable. Since 1Ba(β) = 1G(a, β), the conclusion follows.

Lemma 6.12. For a ∈ Aνrn,m∩ (0, 1]d
′ , the d1-dimensional Lebesgue measure Ld1 of Ba is zero.
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Proof. For any λ0 := (j0, k0, l0) ∈ Λd, denoting

Ba,λ0 :=

β ∈ Rd1 :

∃x ∈ λ0, ∀λdj = (j, k, l) ∈ Λd × Ld,∣∣cβ
λdj
(a)

∣∣ ≤M1 2−jγ
(
1 + |2jx− k|

)γ
and ∀j > M2, µ(λ

d
j (x)) ≥ 2−j(γ−h

r
ν−1/p)

 ,

one has
Ba = lim sup

j0→∞

⋃
(j0,k0,l0)∈Λdj0

Ba,λ0 =
⋂
J∈N∗

⋃
j0≥J

⋃
(j0,k0,l0)∈Λdj0

Ba,λ0 . (6.11)

We show that Ld1(Ba) = 0 by bounding above each Ld1
(
Ba,λ0

)
, and conclude with the Borel-

Cantelli lemma.
One can ensure that j0 is large enough that j0 ≥ M2 + d1N(d′), j0 − d1N(d′) ≡ 0

(mod d1N(d′)) and kj(a) > 0 (recall (5.5)). Suppose β and β̃ belong to a same Ba,λ0 . There
exist xβ, xβ̃ ∈ λ0 ⊂ Rd such that for every j ∈ N∗, if kj,β and k

j,β̃
is the multi-integer associated

to λdj (xβ), ∣∣cβλj(xβ)(a)∣∣ ≤M1 2−jγ
(
1 + |2jxβ − kj,β|

)γ (6.12)

and similarly for cβ̃λj(xβ̃)
(a) with its associated k

j,β̃
.

For every j ∈ {j0 − d1N(d′), . . . , j0}, one has λdj (xβ) = λdj (xβ̃): call λ̃j this cube, for
short. For every i ∈ {1, . . . , d1}, set j(i) ≡ (i − 1)N(d′) (mod d1N(d′)) with j(i) ∈ {j0 −
d1N(d′), . . . , j0} (remark that j(1) = j0 − d1N(d′)). We make use of Theorem 5.1. For every
i ∈ {1, . . . , d1}, for every a ∈ Rd′ , there exists an integer J (i) ∈ {0, . . . , N(d′) − 1} such that
Gd

′

j(i)+J(i)(a) ≥ αd
′
> 0. One sees that j(i) + J (i) ∈ {j0 − d1N(d′), . . . , j0}. Using xβ, xβ̃ ∈ λ0

and (6.12), one deduces that there is a constant C > 0 depending on M1, j0, d1, ψ, γ and D

such that, for every j ∈ {j0 − d1N(d′), . . . , j0},
∣∣cβ
λ̃j
(a)

∣∣ ≤ C2−jγ and
∣∣cβ̃
λ̃j
(a)

∣∣ ≤ C2−jγ . From
all this, one deduces that∣∣(βi − β̃i) eλ̃

j(i)+J(i)
(a)

∣∣ = ∣∣c
λ̃
j(i)+J(i)

(a) + βi eλ̃
j(i)+J(i)

(a)−
(
c
λ̃
j(i)+J(i)

(a) + β̃i eλ̃
j(i)+J(i)

(a)
)∣∣

≤
∣∣cβ
λ̃
j(i)+J(i)

(a)
∣∣+ ∣∣cβ̃

λ̃
j(i)+J(i)

(a)
∣∣ ≤ 2C · 2−(j0−d1N(d′))γ .

So, recalling (5.6), one has∣∣βi − β̃i
∣∣ ≤ 2Cj2/q

2−(j0−d1N(d′))γ

µ
(
λ̃j(i)+J(i)

)
ν
(
λd

′

j(i)+J(i),k
j(i)+J(i)

(a)

)
Gd

′

j(i)+J(i)(a)
.

When j ∈ {j0 − d1N(d′), . . . , j0}, j > M2, so µ(λ̃j) ≥ 2−j(γ−h
r
ν−1/p), from which we deduce

that µ
(
λ̃j
)
≥ 2−j0(γ−h

r
ν−1/p). As a ∈ Aνrn,m, this gives

ν
(
λd

′

j(i)+J(i),k
j(i)+J(i)

(a)

)
≥ 2−(j(i)+J(i))(hrν+1/m) ≥ 2−j0(h

r
ν+1/m).

So for every i ∈ {1, . . . , d1}, recall that Gd′
j(i)+J(i)(a) ≥ αd

′ , and one has

∣∣βi − β̃i
∣∣ ≤ 2Cj2/q

2−(j0−d1N(d′))γ

2−j0(γ−hrν−1/p) 2−j0(hrν+1/m)αd′
≤ Cj

2/q
0 2−j0(1/p−1/m).
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The distance between two elements of Ba,λ0 is at most j2/q0 2−j0(1/p−1/m) up to a constant.
Hence Ld1(Ba,λ0) ≤ C j

2d/q
0 2−j0·d1(1/p−1/m). Summing over all the 2dj0 dyadic cubes for k0 ∈

Zdj0 at scale j0 gives Ld1
(⋃

k0∈Zdj0
Ba,λ0

)
≤ Cj

2d/q
0 2j0(d+d1/m−d1/p). Because of our choice (6.6)

and d1/m ≤ p+1
p+2 ≤ 1, d + d1/m − d1/p < 0. The Borel-Cantelli lemma implies Ld1

(
Ba

)
=

Ld1
(
lim supj0→∞

⋃
k0∈Zdj0

Ba,λ0
)
= 0, which proves the claim.

Proposition 6.13. For any f ∈ B̃ξ
∞,q([0, 1]D), the set

{
β ∈ Rd1 : fβ ∈ Op,γ,M

n,m

}
has Ld1-

Lebesgue measure 0.

Proof. By Lemma 6.12,
∫
a∈Aνrn,m∩(0,1]d′

∫
β∈Rd1 1Ba(β) dβdνr(a) = 0. Applying Fubini’s theorem

(measurability being guaranteed by Lemma 6.11),∫
β∈Rd1

∫
a∈Aνrn,m∩(0,1]d′

1Ba(β) dνr(a)dβ = 0.

In other words, for Lebesgue-almost any β ∈ Rd1 , there exists a set A(fβ) ⊂ Aνrn,m with same
νr-measure as Aνrn,m, such that A(fβ) ∩ Ap,γ,M

n,m (f) = ∅. Recalling that Ap,γ,M
n,m (f) ⊂ Aνrn,m,

this implies that νr(Ap,γ,M
n,m (fβ)) = 0, and fβ /∈ Op,γ,M

n,m which yields the result by taking
complement.

Finally, we are now ready to prove the shyness of the sets Op,γ,M
n,m .

Proposition 6.14. For every n,m ∈ N with m ≥ p(d + 2), M = (M1,M2) ∈ (N∗)2 and
γ > h+ hrν , O

p,γ,M
n,m is shy.

Proof. Let ϑ = G#Ld1 be the push-forward measure of the Ld1 onto P by

G :

{
[0, 1]d1 → P
β 7→

∑d1
i=1 βi · G (i).

(6.13)

This measure is supported by a compact in P ⊂ B̃ξ
∞,q([0, 1]D). Fix any f ∈ B̃ξ

∞,q([0, 1]D). Us-
ing Proposition 6.13, for ϑ-almost all F ∈ P, f+F /∈ Op,γ,M

n,m . Hence for any f ∈ B̃ξ
∞,q([0, 1]D),

the set {f +Op,γ,M
n,m } has ϑ-measure equal to 0, i.e., ϑ({f +Op,γ,M

n,m }) = 0. Since it is true for
any f ∈ B̃ξ

∞,q([0, 1]D), the set Op,γ,M
n,m is shy.

Using Proposition 6.2, the set (Fr)∁ is shy as it is a subset of countable unions and
intersections of shy sets. This yields that Fr is prevalent, proving Proposition 6.1.

7 Further investigations

A first natural extension consists in investigating the case where p < ∞, for which new
and interesting phenomena may arise, as was observed in [8]. One would then like to explore
situations where ξ is not a product of measures, or, as a preliminary step, to consider capacities
that are not Gibbs capacities associated with Ed. For instance, a natural extension consists
in taking for ξ either 2- or 3-dimensional Mandelbrot cascades or Castaing cascade models,
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and to see whether the same conclusion hold. However, this scenario will be significantly more
intricate and will likely depend on the behavior of the marginals of ξ on Rd and Rd′ .

Finally, in all cases, it would be valuable to study traces not only on affine subspaces but
also on general submanifolds.
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