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Traces of functions in Besov spaces in Gibbs environment
Quentin Rible! and Stéphane Seuret!

L Univ Paris Est Creteil, Univ Gustave Eiffel, CNRS, LAMA UMRS8050, F-94010 Creteil, France

Abstract

This paper investigates the traces of functions belonging to the inhomogeneous Besov
spaces Bg ¢» Where & is a product of capacities defined as power of Gibbs measures. We first
establish that the traces of functions in Bg,q along affine hyperplanes belong to another
inhomogeneous Besov space. Furthermore, we derive an upper bound for the singularity
spectrum of the traces of all functions in Bgo’ 4+ This bound is then refined for a prevalent
set of functions in Bgo) o

traces. Notably, our analysis reveals that the regularity properties of these affine traces

for which we explicitly compute the singularity spectrum of their

are highly sensitive to the choice of the hyperplane along which the trace is taken.

1 Introduction

In the context of turbulence, the study of local variations in the velocity of turbulent fluids
led to the introduction of multifractal descriptions of signals and functions. Turbulent flows
are indeed far from being spatially homogeneous, and the pointwise regularity of the velocity
may vary significantly from one point to another; this is typical of multifractal functions and
measures. A fundamental step was then made by Frisch and Parisi, who uncovered a striking
connection between multifractality and the global scaling properties of the velocity [24]. This
connection, now known as the multifractal formalism, provided a unifying framework that sub-
sequently stimulated the development of multifractal analysis in a wide range of mathematical
settings, including geometric measure theory, real analysis [13, 33, 57|, dynamical systems
and ergodic theory, and Diophantine approximation [20, 58, 59|, among others. In parallel,
the development of numerical methods for the estimation of multifractal characteristics led
to significant advances in signal and image processing [61, 62|, and in other scientific fields
[1, 39].

It is important to emphasise that, in practice, measurements of turbulent velocity fields
are typically performed along one-dimensional sets, rather than over full three-dimensional
regions of R3. As a consequence, the multifractal properties of turbulent flows are often
inferred from one-dimensional traces, which naturally raises the question of how accurately
such traces reflect the multifractal structure of the underlying three-dimensional flow. This
problem is in fact quite general and applies to all three-dimensional phenomena for which only
partial measurements are available.

Our main objective is to rigorously examine the validity of this inference procedure of

multifractality for functions in inhomogeneous Besov spaces Bg,q. We establish precise rela-
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tionships between the regularity properties of functions belonging to Bg,q and those of its traces
restricted to affine subspaces of dimension d < D, see (1.4) below for the precise definition of
traces.

Let us now give now precise definitions. Multifractal analysis consists in describing the
pointwise behavior of functions f : RP? — R, computing the singularity spectrum oy, and,
when possible, relating o to the scaling function associated with f. Given zg € RP, H e Ry,
a locally bounded function f : RP — R belongs to C(zg) if there exist a polynomial P,, of
degree less than |H |, a constant C' > 0, and a neighborhood V' of z( such that

Vo €V, |f(x) = Py(a —z0)| < Cla — xo|™.

The pointwise Holder exponent of f € L (RP) at xq is then

loc

hy(zo) =sup {H € Ry : f € C(z0)}. (1.1)

The associated singularity (or multifractal) spectrum oy of f is the mapping
oy hs dimy (Ef(h)), where Ey(h) = {2z € R” : hy(z) = h}. (1.2)
Here, dimy stands for the Hausdorff dimension with the convention dimg(()) = —oo (note

that E¢(h) = 0 for h < 0). The singularity spectrum provides a geometrical description of the
distribution of the singularities of f.

Let us emphasise that for large classes of functions f (similarly, of Borel measures), the
singularity spectrum of f satisfies a so-called multifractal formalism, meaning that oy coincides
with the Legendre transform T]’? of a scaling function 77 : R — R associated with f, i.e.

oy =75(h) = inf (hq = 74(q)). (1.3)
The scaling function 7, defined using wavelets (see below and [36, 37]), describes the statistical
scaling properties of f. When (1.3) holds, one says that the multifractal formalism holds for
f. This relationship is key, since when properly defined, 7; has proved to be numerically
estimable on real data, see for instance [37].

Results on the pointwise regularity of functions belonging to classical spaces such as Sobolev
WeP(RP) or Besov Bj (RP) spaces have been obtained in [3, 22, 35, 34, 38]. They are of
two types: first, identify a universal upper bound for the singularity spectrum of all functions
in a given space, and second, when possible, compute the explicit value for the spectrum of a
generic set of functions in the sense of prevalence or Baire categories.

A remarkable feature of generic functions in W*?(R"”) and Bzyq(RD ) is that their singu-
larity spectrum is invariably affine increasing [35, 21]. This stands in stark contrast to the
fact that spectra estimated from real-world data via the multifractal formalism consistently
exhibit a strictly concave profile, featuring both an increasing and a decreasing part [61, 1, 39].
Numerous generalisations of these classical Sobolev and Besov spaces have been studied exten-
sively [2, 19, 46, 42, 40, 18, 25, 60, 35, 21]; for further details, see also [54]. However, in none

of these cases do generic functions exhibit a concave singularity spectrum with both increasing
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and decreasing components.

Motivated by these observations, Barral and Seuret [8] introduced inhomogeneous Besov
spaces Bg,q(RD ), where Baire-typical functions may admit any prescribed admissible contin-
uous concave singularity spectrum. The precise definition of these spaces will be addressed
later. The inhomogeneity in these spaces is governed by a Hélder capacity £, which can be
interpreted as a measure with strongly location-dependent mass distribution. This framework
naturally captures the multifractal behavior observed in empirical data.

This paper deals with the multifractal analysis of traces of functions in inhomogeneous
Besov spaces B§7q(RD ) on d-dimensional affine subspaces of RP, when ¢ is the product of
Gibbs measures on RP. Let 0 < d < D be two fixed integers and d’ := D — d. For a € R?
we denote C, := {(z,a) : * € R?} the horizontal d-dimensional affine subspace of R” passing
by (0%,a). The trace of a function f on C, is defined by

fom fle: & F (L9
x — f(z,a).

This notion has been considered for functions in standard Besov spaces by Aubry-Maman-
Seuret and Jaffard [4, 43, 32, 12| and weighted Besov spaces by Besoy-Haroske-Triebel [10]
for example. Universal and generic results in the sense of prevalence and Baire categories
on the pointwise regularity of traces of functions belonging to classical spaces have been
obtained by Aubry, Maman and Seuret [4, 43]. This article presents two main results: first,
for any function f in an inhomogeneous Besov space ng(]RD ), we establish that all its traces
fa belong to another specific inhomogeneous Besov space, which we characterise explicitly,
while simultaneously demonstrating that most traces exhibit higher regularity than anticipated
(Theorem 1.12). Second, we prove that for a prevalent set of functions in Bf,,q(RD ), the
multifractal properties of the traces f, can be determined (Theorem 1.14). Notably, unlike
in standard Besov spaces—where a unique singularity spectrum is typically observed for most
traces f,—inhomogeneous spaces admit a richer structure: depending on the choice of a
(within large parameter sets that we describe), the traces may display distinct multifractal
behaviors.

The present article describes two kinds of result: first, for any function f in an inhomoge-
neous Besov spaces, we show that all its traces f, belong to an inhomogeneous Besov spaces
that we identify, and simultaneously that most traces are more regular than expected (Theo-
rem 1.12 ). Second, we prove that for a prevalent set of functions, the multifractal properties of
the traces can be explicitly determined (Theorem 1.14). In particular, contrarily to standard
Besov spaces where there is only one well-identified singularity spectrum for most of the traces
fa, in inhomogeneous spaces, depending of the choice of a (in large sets of parameters that we
describe), the traces may have distinct multifractal behaviors.

Let us now give precise statements. Let B(R”) stand for the Borel sets in R”.
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Definition 1.1. Let D > 1. The set of Hélder set functions on RP is
H(RP) = {¢: BRP) - RyU{+oo}:3C,s >0, VE,F € BRP),¢(E) < CIE]*}.
The set of Hélder capacities is then
C(RP) = {¢: H(RP) - RLU{+o0}:VE,F e B(RP),EC F=¢FE)<&F)})

When £(F) < C|E|® for all E, ¢ is said to be s-Holder. The topological support supp(v) of
v € H(RP) is the set of points x € RP for which v(B(z,7)) > 0 for every r > 0. A capacity v
is fully supported on A when supp(v) = A. We mainly look at capacities supported on [0, 1]7,
but our results can be extended to R”.

For £ € B(RP), s > 0, and E € B(RP), define the set functions £, £(+%) and £(-%) by

¢ (E) =&(E)* and €79)(B) = ¢(B)|E),
0 if |E| =0,
EE)E|™ if0<|E| < oo

Observe that if £ € C(RP), then ¢° and £(+%) are still Holder capacities.
Recall that & € C(RP) is doubling if for some C¢ > 1, for every x € RP and r > 0,

and when ¢ is so-Holder, set for all s € (0,s9), £9(E) =

§(B(x,2r)) < C¢ £(B(,1)). (1.5)
Remark 1.2. A doubling s-Hélder capacity ¢ € C([0,1]%) satisfies, for C' > 0, for all 7 > 0,
C1rloeCe) < ¢(B(x,r)) < Cr. (1.6)
The multifractal properties of a set function are based on local dimensions. The convention
09 = 0 is adopted.
Definition 1.3. Let £ € H(RP). The lower local dimension of & at x € supp(€) is

he(z) = lim inf M.

r—0+ log(r) (1.7)

The singularity spectrum of & is given by
o¢ : he€ R dimpy E¢(h) where E¢(h) ={x € supp(§) : he(x) = h}.

For every integer j > 1, let AjD be the set of dyadic cubes of side length 277 in [0,1]7.
The scaling function of & € H(RP) with supp(&) N[0, 1]P # () is defined by

N |
Te(q) = 1]1§+1£1§ = log, ; EAD L)Y,
€4

The minimal and maximal local dimension and the dimension of £ are defined by

h?‘in = min{he(z) : z € supp(§)}, g™ = max{he(z) : = € supp(§)}, (1.8)
dim(§) = inf{dimy(F) : £(E) = 1}. (1.9)
This paper considers capacities ¢ and v defined as powers of Gibbs measures. Let £P

stand for the D-dimensional Lebesgue measure. Let us recall how they are defined, see [53].
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Definition 1.4. Let ¢ : RP? — R be a ZP-periodic Hélder continuous function (called a

potential). The sequence of measures defined on RP whose densities are given by

v, X)) = exp(Sncp(x)) D X wnere X —nil k(lf
w(dz) = f[o’uDeXp(Sngp(t))ED(dt)ﬁ (dzx), where Spe( )—kZ_Oso@ ),

converges weakly to the ZP -invariant Gibbs measure Vv, associated with @.

These measures have been extensively studied [30, 50, 51, 53, 52, 56]. We recall in Section
2 their main multifractal properties. For the moment, we need the following ones: Given a
fixed potential ¢ : RP — R:

1. The Gibbs measure v, is doubling, and supp(v,,) = RD.
2. For every h > 0, 0, (k) = 7;_(h) := infrer(rh — 7, (r)).

3. For every r € R, setting
hlr,q; =7 (r), (1.10)

Ve

one has oy, (h;, ) = rhy,_ — 7, (r). Also, hg;i“ = hj;o and hp®* = h;, >

4. For every r € R, the Gibbs measure v, is called the auxiliary measure associated with ¢
and r (the auxiliary measure is associated with the potential r¢), and enjoys multifractal

properties similar to those of v,. Then

vro(E,,(hy,)) =1, ie forvygae x, h, (z)=h],. (1.11)

Item (2) is referred to as the multifractal formalism for measures, and is analog to the
formalism (1.3) for functions. Item (3) follows from (1.10) and simple considerations on the
Legendre transform. Item (4) states that the auxiliary measure v, is concentrated on those
points z whose local dimension for v, equals hj;(p, see Theorem 2.7 for details on auxiliary
measures. Since v, is ZP-periodic, we identify v, with its restriction to [0, 1]7.

Definition 1.5. The set of Gibbs capacities &p C C(RP) is
&p = {v° : v a Gibbs measure,s > 0}.

To state our results, we recall the definition of inhomogeneous Besov spaces. Write LP =
{0,1}P\ {0P}, and consider the family {¢, )y := ¢!(27 - —k)Ia=(jki)ezxzpx Lo generated by
a collection of wavelets (¢,9!),c.p (see Section 2.4 for details), such that every f € L2(RD)
can be written

1.2

f > oy with ¢y =2 /RD f(@)Ya(z)dz.

AEZXZLP x LP
For k = (ki,...,kp) € ZP, j € Z, we often identify A = (j, k,l) with the dyadic cube
Hi’;l[kﬂ_j, (k; +1)277), and in particular we write £()\) for 5(1_[1-’;1[14112_3', (k; +1)277)).
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For any f € LP(RP), 1 < p < oo, f can be written
f= Y Ao -H+Y Y e with )= [ f@ole—Kdr. (112)
kezZD 520 Ae{j} xZP x LD R

Without loss of generality, we consider functions supported in [0, 1]” and write

F=B800+> > ctn (1.13)
JZ0 XeAP xLP

Indeed, any function f € L?(RP) can be written as a sum f = g+ > ,cpp fo(- + £),
where g is a function as regular as the wavelets and f; can be written as (1.13). Since we are
interested only in local and multifractal properties, and using that the Hausdorff dimension

of a countable union is the supremum of the dimension of all sets, the singularity spectrum of

a locally bounded function f € L?(RP) is obtained as the supremum of those of the f;.

So, from now on, we will work with functions defined on [0, 1]” written as (1.13)
and with a set function ¢ with supp(¢) = [0, 1]”. By a slight abuse of notation, we write
#([0,1]7) = {& € H(RP) : supp(¢) = [0,1]”} and €([0,1]7) = H([0,1]”) NC(RP).

Barral and Seuret introduced the following inhomogeneous Besov spaces.
Definition 1.6. Let &€ € H([0,1]P) satisfying that for some C >0 and 0 < 51 < 2,
for allz € (0,11, forallr >0, C™'r%2 <&(B(x,r)) < Cr. (1.14)

Let p € [1,+00], consider an integer n > |sy + D/p+ 1| and wavelets (¢,9");cp € C™(R?)
compactly supported, having at least n vanishing moments (see Section 2.4). A function f
written as (1.13) belongs to Bf;,q([o, 1) if and only if f € LP([0,1]%) and |f|¢pq < +00, where

flepa = H(Ej )geNng(N), with €37 = H(&(A))AeAf’xLD p(APxLD) (1.15)
Then define
5 (—9)
Bp (0.17) =" [ By, (0.1"). (1.16)

0<e<min(L,s1)

Formula (1.15) implies that |cy| < C&(N), for every cube A. Recalling that the Holder
spaces C?([0,1]7) are characterised by the fact that |cy| < C|A|® for every A, the spaces
Bg,q([O, 1]P) can be understood as an inhomogeneous generalisation of C%([0, 1]?), since the
value of £(A) varies a lot depending on A. This interpretation justifies the term environment
for &.

Taking & = (£P)D 75 with s > D/p, it implies that BS4([0,1]°) = B3 ([0,1]P). Also,
when p = ¢ = oo, Bégf’oo([o, 1]P) is the space of those functions f for which

C= sup M < 400.

AEZXZP x LP 5(/\)

It is proved in [8] that the definition of ng([o, 1P) and B5,4(]0,1]?) is independent of the
choice of 1) as soon as £ is a doubling, and that the norms ||-||z» +|- ¢ p,q are equivalent for any

choice of 1. Since this will be our situation, we omit the dependence on 9 in the notations.
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o¢(h)

Ofa

......
v

hy,(a)

h

min 7 (o) pmin 0 —oc
h,, h,,(u)h( h“ h,,

Figure 1.1: Upper-bound for o, (h) for all a € [0,1] in grey, for v-almost all a € [0,1] in
red.

Remark 1.7. By construction, the family of Banach spaces {Bgfq_e)([(), 1]D)}0<€<min(1 o)

satisfies that, for 0 < ¢ < &’ < min(1, s1), Bgf;s)([(), 1]P) — Bgf;e )([0, 1]P). Hence, in (1.16),
the intersection can be taken on any interval of the form (0, ) with ¢ < min(1, s1).
Also, B54([0,1]%) is a Fréchet space [8], and a translation-invariant complete metric induc-

ing the same topology as {|| - ||B§(q_s> =1 ee +1- |£(—5)7p’q}0<€<min(1’81) is

1 = gll jec-1/m

vhee B, (0.0, 2(f9= > 27y + 17 —gIT’qgm/m ’ (L17)
prq

n>max(1,sl_1)

We recall the multifractal properties of prevalent functions in B 4([0, 1)) [54]. We will come
back soon to the notion of prevalence, for the moment the reader shall have in mind that this

is a natural substitute for "almost every element" in infinite dimensional spaces.

Definition 1.8. The capacity & € C([0,1]P) is said to satisfy the strong multifractal formalism
(SMF) if for every h > 0, o¢(h) = 7 (h) = dimpy E¢(h), where E¢(h) is the set of points x
where the local dimension (1.7) is a limit and equals h.

Theorem 1.9 ([54]). If € € C([0,1]P) is doubling and satisfies the SMF, then there exists a
prevalent set of functions f € B 4([0,1]P) such that of =17 =0¢.

Our objective is to study the multifractal properties of the traces of f & qu(]RD ) when
€ is a product of Gibbs measures. More precisely, if D = d + d', for pu, € &y (resp. vz € &y)
associated to a potential  : R* — R, (resp. @ : R — R), we consider the capacity on RD

£ =y X V3
i.e. for A € B([0,1]%), B € B([0,1]*), £(A x B) := p,(A) - v5(B). We omit the mention to ¢
and @, and write simply u, v, and also v, for the auxiliary measures associated with v.

Theorem 1.9 applies to & = p x v: there is a prevalent set of functions f € qu([o, 11P)

for which oy = 7'£* . The spectrum of £ is determined in terms of p and v, see Section 2.3.

7
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Proposition 1.10. Let p € &; and v € &y with D = d+d'. Let £ = p X vbe the product
capacity on [0,1]P. The product capacity ¢ satisfies the SMF and verifies Te =Ty +Ty.

For standard Besov spaces, the trace operator f — f, maps Bj (RP) to B;;d,/ P(RY),
reflecting a loss of regularity when taking traces. However, for £%-a.e. a, f, € B;’q(Rd). Our

first result shows that the same phenomenon occurs for inhomogeneous spaces.

Theorem 1.11. Let p,q € [1,+00]. Let p € & and v € &y with D = d+ d'. Let & be the
product capacity on [0,1]P defined by &€ = p x v.

For all f € B54([0,1]°) and all r € R, for ve-almost all a € [0,1]%, one has

g I/,T) . .
fa € B;;’(;F ([0,1]%)  with D, = h;, + dim(v,)/p.

By convention /oo = 0. Observe that f, belongs to a space whose regularity depends on
the local regularity of v at a, since by (1.11), v,-a.e. points a are such that h,(a) = hl,.

For the next results, we focus on the case p = oco. First, an upper-bound for the

singularity spectrum of traces of all functions f € Ego,q([o, 1]P) is obtained.

Theorem 1.12. For all f € quq and a € [0,1]%, one has for every h € Ry
ou(h — Iy f b < hg + pming

of,(h) < , .
d if h > hO + hin,

(1.18)

For all f € Eéo,q, for every r € R and v,-almost all a € [0, 1]d/, one has for every h € Ry

ou(h—hy) if h < hg + hy,

| he (1.19)
d if h > hO + h,.

of,(h) <
These upper bounds can be sharpened and turned into equalities for prevalent sets of
functions in Eéo,q. As quickly mentioned above, prevalence theory is used to supersede the
notion of Lebesgue measure for Borel sets in any real or complex topological vector space
E endowed with its Borel o-algebra B(FE). Christensen [15] and Hunt, Sauer and York [29]
proposed this notion independently. In our article, all Borel measures ¥ on (E, B(E)) will be
automatically completed, i.e. for every set A C E, one sets J(A) := ¥(B) if B € B(E) and
the symmetric difference AAB is included in some D € B(F) with ¥(D) = 0.

Definition 1.13. A set A C E is universally measurable if it is measurable for any (completed)
Borel measure on E. A universally measurable set A C E is Haar-null if there exists a finite

completed measure ¥ that is positive on some compact subset K of E and such that
for everyx € E, 9(A+x)=0. (1.20)

The measure ¥ used to show that some subset is Haar-null is called transverse. More generally,
a set that is included in a Haar-null universally measurable set is also called Haar-null.

Finally, the complement in E of a Haar-null subset S, denoted SC, 18 called prevalent.
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o¢(h)

h

min 7 (o) pmin 0 —oc
h,, h,,(u)h( h“ h,,

Figure 1.2: Spectrum o, (h) for almost all f and v,-almost all a € [0,1]%".

Hunt pioneered the use of prevalence in function spaces [28]. More recently, Bayart and
Heurteaux [9] and Balka, Darji and Elekes [5] studied the dimension of images of continuous
function, Fraysse, Jaffard and Kahane |23, 22] and then Aubry, Maman and Seuret [4] studied,
respectively, the prevalent regularity of functions and the trace function f, of function f in
Besov spaces. Olsen studied the multifractal and L?%-dimension of prevalent measure on a
compact of R? [49, 48].

Our theorem regarding the prevalent multifractal behavior in Eéo,q([o, 1]P) is the following.
It depends on the existence of a wavelet satisfying a property that we call (R), we come back

to this after the statement.

Theorem 1.14. Let u € &, v € &y. Consider the product measure & = pu x v € C([0,1]P),
with D =d+d'. Call C,s1,s2 the real numbers such that (1.14) is satisfied.

Let n > \:92 + %J + 1. Assume that there exists a compactly supported wavelet 1 € C™(R)
having (at least) n vanishing moments and satisfying the property (R).

Let (1n)n>nN be a countable sequence of real numbers. There exists a prevalent set of function
fe Egqu([o, 11P) such that for every n € N, for v, -almost all a € (0,1]%
ou(h —hyr) if h € supp(oy,) + hy»

of,(h) =
—00 else.

Recalling that for r = 0 the auxiliary measure v, is the Lebesgue measure Ed,, Theorem
1.14 gives that for £¢-almost every a, the singularity spectrum of f, is o(-—hY). This is exactly
similar to the result of [4] for standard Besov spaces. Here, in addition to what happens in
standard Besov spaces, the traces do not all exhibit the same multifractal properties, and
we are able to compute the singularity spectrum of many other traces: r being fixed, for v,.-
almost every a, the singularity spectrum oy, of the trace f, coincides with that of u shifted
by h;,. This is somehow expected since the environment £ is not spatially homogeneous, but it
remains surprising nonetheless to be able to precisely describe this variety of regularity. Our

work follows in the tradition of standard theorems in geometric measure theory, such as those
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of Marstrand-Mattila [44], where one studies the dimension of the slices of a set £ C R of
dimension « along affine subsets of dimension strictly less than D. In most of these results,
there is a single almost-sure behavior, and the set of exceptional behaviors is often small, or
even of dimension 0. Here, by focusing on traces, we undertake a comparable analysis, but
the inhomogeneity of the initial function implies that the regularity of the traces is highly
dependent on the specific trace considered.

It is not entirely satisfactory that the result is proved only for a countable sequence (7, )nen,
that can be dense in R. We conjecture that Theorem 1.14 holds for every r € R simultaneously
on a prevalent set. Similarly, it is a natural question to investigate the situation where p < oo.

Theorem 1.14 depends on the existence of wavelets enjoying the following property.
Definition 1.15. A function 1) : R — R satisfies the property (R) if:
(R1) v € CH(R) and there exists Ky, € N* such that supp(v) = [0, Ky).

(R2) The cardinality of the set Z(0,0) := 1~ 1({0}) N0, Ky] of zeros of ¢ is finite.

(Rs) Forallz €[0,1], S(z) := Y0 [(x +p)| > 0.

This property holds for Daubechies’ wavelets up to order 45; see [55]. Since db45 € C1O(R),
Theorem 1.14 applies whenever the local dimensions of £ do not exceed 10. Proving that broad
wavelet classes, including Daubechies’, satisfy (R) is a relevant question, which we intend to
address in future work. Property (R) will be crucial for estimating the pointwise regularity
of prevalent traces, especially when proving Theorem 5.1 and the lower bounds for pointwise

Holder exponents derived therein.

Section 2 provides the necessary material to work with capacities that are product of
Gibbs measures, as well as the notions related to wavelet decompositions. Section 3 contains
the proof of Theorem 1.11 and compares it to those in standard Besov spaces. In Section
4, we prove Theorem 1.12. , the upper bounds for the singularity spectrum of functions in
quq([o, 1]P). In Section 5, we introduce and study the regularity properties of a saturating
function in Eéo,q([o, 1]P). Intuitively, such a function has the largest possible wavelet coef-
ficients in quq([o, 1]P). This function is the cornerstone of the rest of the paper. Finally,
Theorem 1.14 is proved in section 6. We construct a prevalent set on which the multifractal
behavior of functions is controlled by finding suitable measures and probe sets based on the
analysis of the saturating functions. One of the delicate issues consists in establishing the

analyticity of the sets involved in our proofs.

2 Capacities, wavelets and multifractal formalism

2.1 Capacities and multifractal formalism

For j € N, recall that AJD is the set of dyadic cube of side length 277 on [0,1]”, i.e. the
dyadic cube Hzpzl[k:ﬂ_j, (k; +1)277) where k = (k1,...,kp) € {0,...,27 — 1}P. We denote

10
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AP = Ujen A;j the set of dyadic cubes in [0, 1].

For j e N, A e AjD and N € N* we denote N the cube with the same centre as A and
radius equal to N -2~ in (R, || - ||o). For instance, 3\ is the union of those \' € AjD such
that A N AN # () where O\ is the boundary of the cube .

For z € R?, denote )\? (x) the dyadic cubes of side length 27/ containing x.

For any Borel set A C R” and capacity v with v(A) > 0, we will denote v, =v(.NA).

In addition to the lower and limit local dimension and already defined in Definition 1.3,

one also needs the upper local dimension of set functions.

Definition 2.1. Let v € H([0,1]P). For x € supp(v), the lower and upper local dimension of
v at x are respectively defined by
1 B — 1 B
h,(z) = liminf log v(B(z, 1)) and hy(x) = limsup log v(B(z, 1))
PO+ log(r) r—0+ log(r)
Whenever h,(z) = h,(x), the common limit is called h,(x). Then, for h € R,
E,(h) = {z € supp(v) : hy(w) =B}, By(k) = {x € supp(v) : () = h)
and E,(h) = E,(h) N E,(a).

Remark 2.2. Note that the local dimensions are sometimes defined as

1 A — 1 s
() = iminf 282D ) = limsup 082V (@))
Jree —J Jj—r+too —J
1 A — 1 s
or h,(z)=liminf w and  h,(z) = lim sup M.
J—+o0 —7 oo —

However, this paper only considers doubling capacities for which all previous notions of local
dimensions, level sets, singularity spectrum and scaling function do not depend on whether

dyadic cubes or centred balls are considered.
Let us introduce the notation for € > 0, h € R and I = [a, b] an interval
hte=[h—¢c,h+e] and [te=[a—eb+¢] (2.1)
Definition 2.3. For v € H([0,1]”), I C R and j € N*, set
D,(j, 1) = {re AP bg?_;w e1}.
By Remark 2.2 for the almost doubling capacities, the level sets E, (h) can be rewritten as
Em= U U A (2.2)
meN* JEN j>J A\eD, (j,h+1/m)

which are Borel sets as, for all m € N*|
log, V()

Dy(j,hil/m):{)\eAJD : ehil/m}

is a finite set of dyadic cubes at generation j.
A classical result on capacities states that for every v € C([0, 1]”), one always has 7, (h) <
7x(h) (see [11, 35, 41]). Proposition 2.4 can be deduced from [6, 7, 11, 41, 47, §].

14
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Proposition 2.4. Let v € C([0,1]P) with supp(v) # 0, such that v obeys the SMF. Then:
(i) For every h € RY, one has 0, (h) = dimy(E, (k) = dimp(E,(h)) = 7;(h).
(it) For every h < 7,(01), dimy Eg(h) =7, (h).
(#i1) For every h > 1,,(07), dlmHE (h) = 7;(h).
(iv) For every 7,(07) < h < 7/,(07), ou(h) = D.

(v) Denote dom(7)) = {a € R : 75(a) > 0}. If dom(7)}) is compact, then dom(7)}) =
(R, h;;>°] and there exists a positive decreasing sequence (€;);>0 tending to 0 when j

tends to infinity, such that for all j € N and X\ € AJD,

1 A
hio® —n; < OgZZ;,() < h,*> +n;. (2.3)

Remark 2.5. (1) Direct computations show that for any s > 0, v € C([0,1]P), t € R,
7us(t) = 7,(st), and by Legendre transform, for h € R, 75 (h) = 75 (h/s).

(2) Let v € C([0,1]P) satisfying (1.14). One can check that the set functions v*, v(**) and,

when s is small enough, v(79) satisfy the same property with different exponents, and
e E,.(a)=E,(a/s), Eys(a) = E,(a/s), and E,s(a) = E, (a/s),
e the singularity spectrum of v® is h — o, (h/s).
2.2 Gibbs measure and related capacity
We gather classical properties satisfied by the Gibbs capacities &p (see |30, 51, 50, 53, 52, 56]).
Property 2.6. Let v be a Gibbs measure. Then for every s > 0:
(i) The capacity v® € &p is doubling (1.6) and satisfies the SMF of Definition 1.8.
(ii) The dimension of v* (1.9) equals 7,(1) = 17/.(1/s). Hence, dim(v*) = dim(v).
(11i) The mapping T,s is strictly concave, real-analytic.

(iv) The mapping 7, has dom(7}s) = [R5, h,>°] C R* and is strictly concave, real-analytic
on (h>, h;, ).

(v) The capacity v*® satisfies a quasi-Bernoulli property: there is a constant C > 1 such that
for every ji,jo € N, for every dyadic cube )‘jD1,k1 e AP and )\D ks € AP,

1

D D
C ()\.71: ) (AJQ k2) — (A]1+]2,(232k1+k )) < C /"L(Ajl kl) ()\]2 kg) (24)

12
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au(h)

d

dim(v)

0 : i h
hmin dim(v) ho h;, >

v

Figure 2.1: Spectrum o, for a Gibbs measure v.

D D
In (2.4), the cube )\j1+j2,(2j2k1+k2) ok

sends [0, 1]D to )\ﬁ K This quasi-Bernoulli property means that v is almost multiplicative.

is the image of A by the canonical affine mapping that
Figure 2.1 illustrates the typical shape of o, when v is a Gibbs measure. Observe that the
smallest local dimension of v is A" = A} > and the largest one is A = h;°°. Using item
(iii), one has that h2 = 7/(0%) = 7/,(07) is the unique maximum of the spectrum.
As explained earlier, auxiliary measures of Gibbs measures play a key role in our analysis.

Let us regroup some important results about them, see [24, 26, 11, 47, 27].

Theorem 2.7 (Auxiliary measure). Let v be a Gibbs measure associated to a potential ¢ on
RP and r € R. There exists a probability measure vy, called auxiliary measure, satisfying for
a constant C' > 1 and for all cubes I € AP

1
e v(D)'I]7™) < v (1) < C v(I)T )17, (2.5)

The measure v, has the following properties (recall the definition (1.10) of hj,):
(i) vy is a Gibbs measure associated to the potential r¢ and satisfies the SMF,

(ii) One has hy,, = o,(r},) and v, (Eyr(hw)) =v(E,(hy)) =1

(i1i) o, (h)) = dim(v,) = rh], —1,(r) < hl,.
Remark 2.8. If we consider a capacity v satisfying the SMF, one sees from the definition
that E,(h],) = E,, (o,(h],)). Indeed, using (2.5),

1 (A5 1 ;
hy () = lim logy vr(Ai(#)) _ lim logy v(Ai(@)) _ 7 (r) = rhY, — 7, (r) = oy ().
J—+00 -7 Jj—+too —J

Remark 2.9. Consider a Gibbs measure v and p := v* € &; with s > 0. Then using Remark

2.5, the auxiliary measure p, = v, satisfying (2.5) and the properties of Theorem 2.7:

(i) pr = vps is a Gibbs measure and satisfies the SMF,
(i) pr (Eur (O.H(Tll,(r)))) = Urs (El/rs (UU(TL(TS)))) =1,

13
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(iii) dim(p,) = dim(vps) = 0, (7,(rs)) = o, (7,,(r)).

The following result introduces quantities important for what follows. It states that, up
to a restriction onto some set A;r,, of large v-measure, the v-mass and v,-mass of the dyadic

cubes intersecting the neighborhood of Ay, can be very precisely controlled.

Proposition 2.10. Let v € &p, n,m € N* and r € R. For any fired constant K € N*, there

exist an integer Jp7,, € N and a set Ajr,, satisfying the following properties :

1 v (Ay,) 2 1—=1/n,

2. for every a € Ayr,,, for every j > Jpn., and for AP e A]D such that a € K\P,

9—i(h+1/m) < v(\P) < 9—i(hy=1/m) (2.6)
2—j(dim(w)+1/m) < Vr()\D) < Q—j(dim(l’r)—l/m)_ (27)

Proof. Consider v € &p and its associated auxiliary measure v,.. Using Definition 2.3, for all
€ N*, D, (j, h+1/i) = {)\ C0,1)P, A e AP : ot ¢ py 4 1/%} is a finite set of dyadic
cubes at generation j. Applying (2.2), v and v, being doubling, one has
w-NUN U »
mEN* JEN j>J AeD, (j,h+1/m)

and from Theorem 2.7, vy (E,, (0,(h}))) = vy(Ey(h})) = 1. One deduces that for every

m € N*
w(UN U A)=1

JENj=J AeDy (j,h]£1/m)

The fact that ( N > Uxen, (,hr 1 /) )\) J>1 is an increasing sequence of Borel sets implies that
im0 I/r(ﬂjzj U/\epy(j’hrﬂ/m) )\) =1, so there is .J,, 5 € N such that the Borel set
Aro =) U A (2.8)
32y, A€Dy (4,hy+1/m)
satisfies v,.(A;"-) > 1 —1/n. Using item (iii) of Theorem 2.7, dim(v;) = o,(h},) < h,. From
(2.8), for n,m € N*, there is an integer .J,, 7 such that for every a € A”"— and j > J,, 5,
9 (hy+1/m) < ,,()\JD(G)) < 9~ i(hy—1/m) (2.9)

where we recall that )\]D (a) is the dyadic cube )\f € AJD such that a € /\jD :
Fix K € N*. For )\jD € AJ-D such that a € K)\JD, lcallz; o the centre of )\jD(a) € AJD and T
the center of /\]D. From the definition of KAP, we have that ||a — Z|s < 2777 1Fl082(K) 50

AP © B0, 2 IO and AP(a) € B(F, 27+ lomli)+),

Using the doubling property (1.5) of v, one gets

1

1
s (@) <v09) < GO0 @)

J

14
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and the same result holds for v, as it is also doubling. Hence, one has from (2.9)
9—d(hi+1/m;) < y()\jD) < 9-i(hy—1/m;)

log, (K| +{2) log,(Cy)
J

with m% = % + . Moreover, by (2.5), for every r € R, there is C, > 1 such
that .
o PO < w(O) < Gv )P

One deduces that, for every /\JD € AjD such that a € K)\jD,

i r_ —~ | loga(Cr) s r_ _ 1/ loga(Cr)
g IR R TETE) < (WD) < g2 =T

g I mun FU MRS ), (\DY ¢ g (dimive) 1/ (2.10)
One concludes that, for mij = % + (L10g2(K)J';2) log,(Cv) + logz}or)’ by (29) and (210)’
9—i(hy+1/mj) < 1/()\jD) < 9 i(hy=1/m;)
2fj(dim(yr)+1/mj) < Vr()\JD) < 2fj(dim(yr)71/mj).
For m € N*, there exists an integer J,, € N large enough such that for all j > J,,,
(Llogy(K)] +2) logy(Cy) | logy(Cr) - 1
J J T 2m
and considering J;,, := max(Jy2m, Jm) (With m = 2m), one sees that 1/m; < 1/m and
1/m; < 1/m, inducing the second item. O

Proposition 2.10 reads as: if KA% N Apr, # 0, then (2.6) and (2.7) hold true.

Also, m being fixed, one sees that (A}, )nen+ is an increasing sequence.

2.3 Product capacity on [0, 1]

Fix D=d+d. Let ¢ : R - R and & : RY — R be respectively a Z%-invariant and Z® -
invariant real valued Holder function. Then ¢+ & : (2%, 2%) € R4 x RY — o(z%) + 3(z%) € R

is a ZP-invariant real valued Holder function. Next lemma is immediate.

Lemma 2.11. Let p and v be Gibbs measures respectively on [0,1]% associated to ¢ and on
0,1]% associated to & as above. The product measure &€ = ju x v is a Gibbs measure on [0,1]°

associated to the Holder continuous potential ¢ + @.
The Hélder index of € is deduced from that of p and v.

Lemma 2.12. Let pu € & on [0,1]% be s,-Hélder and v € &y on (0,117 be s,-Holder with
Sy+ s, >0. Then & = p x v is (s, + s,)-Holder.

Proof. Since, p is s,-Hélder, there is C,, > 0 such that u(E9) < C,|E?* for all B¢ €
B([0,1]%). Similarly, v is s,-Holder, and v(E¥) < C,|E¥ |*» for all EY € B([0,1]*) and some
C, > 0.

15
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Let EP € B([0,1]P). There exist a 2 € R and 2/ € R? such that EP ¢ By(z,|EP|) x
Bg(z',|EP|). One obtains that for some constant C' > 0,

E(EP) < &(Ba(w, |EP|) x By(«',|EP|)) = u(Ba(x, |E))) - v(Ba (2, |EP]))
< C|BPpw - |EP,
proving that £ is (s, + s, )-Holder. O

From the previous lemma and Remark 2.16, one sees that, for s := s, + s,

D D_D

BS,(10,117) = Byo? ([0,1]°) = Bk * (10,117) = C*([0,1)7). (2.11)

Lemma 2.13. Let ju and v be doubling capacities in C([0, 1]¢) and C([0, 1]d/), respectively. The
product capacity & = p X v is doubling.

Proof. Let us prove (1.5) for . For #P = (24, z%) € (0,1)? x (0,1)% = (0,1)?, for all > 0,
Bp(z”,2r) € By(z?,2r) x By(z?,2r) and By(z? 1/2) x By(a®,r/2) € Bp(zP,r).
So, using (1.5) for p and v (with the constant C,, and C, respectively),
EBp(”,20) < p(Ba(®,2r)) - v(Ba e, 2r))
< CRCJ p(Ba(a,r/2)) - v(Ba(x?,7/2)),
hence §(BD(:UD, 27“)) < C¢ &(Bp(zP,r)) and the lemma is proved. ]
Proposition 2.14. Let y € & and v € &y. The capacity £ = p X v verifies the SMF and
Jorallr € R, o¢(h), +hy) =0u(hy,) +ou(hi). (2.12)

Proof. We begin with the lower bound o (h; + h;) > oy (hz) +oy (h;) Observe that for every
0 <« < h, one has E,,(a) x E,(h—a) C E¢(h) C E¢(h). Indeed, for 2P = ( d 24y e [0,1)P,
one has hy,(z%) + h,(2%) = he(2P) using that

log p(Af(z%)) logr(XY («¥)) - log E(AP (7))
jotoo  log277 log2=7  jS4c  log2-i

since all the limits exist. Hence (Jy<, < Eu(@) X Ey(h — a) C Eg¢(h), from which we deduce

o¢(h) = dimg(E¢(h)) > Jnax, dimp(E, (o) X Ey(h — ))

> Jnax, dimp(E, () + dimp(E, (h — a)) = Jnax, ou(a) + o, (h — ),
the last equality coming from the fact that u and v satisfy the SMF. Taking h = hy, + h;, for
some 7 € R and a = hj,, we get o¢ (hL +hl) > oy (hz) + 0, (hy).

Observe also that when r ranges in [—o0o, +00], hj, 4 h;, covers the whole interval [h;7> +
htoe h;oo+hj°°], which contains all possible values of the local dimensions of £, hence formula
(2.12) describes entirely the values of o¢.

We finish by the converse inequality. It is known that for every h € R, o¢(h) < 77 (h).
Since p € &; and v € &y satisfy (2.4), it is standard that the scaling function of x4 and v is a
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limit by Fekete’s Subadditive Lemma, as used in [11]. As a Cartesian product of such objects,
1

¢ is quasi-Bernoulli as well, and 7¢(q) = lim;_ 1 —; log, ZIEAJD &(I)?. One then computes

that
10g Y yaxaareap E(A? x AY)
7elq) = jginoo log ;—j
. log ZAdeAg (A ZAd'eA?’ v(A)
j—+oo log 2~
= lim 108 e H(Ad)q + lim 08 2aveny ,V(Adl)q = 7u(q) + 1(q).
jotoo log(277) j—=4oo log 27 “ v

Observe then that, for a fixed r € R, 7{(r) = 7/,(r)+7,(r) = hj,+hj,. Also, one knows by the
properties of the Legendre transform of concave functions that the infinimum infteR(tTé(r) —

7¢(t)) is reached at ¢ = r, hence, using the SMF for ;1 and v,
Tg(Té(r)) = T’Té(T) —1¢(r) = rhy, — 7u(r) + by, — 7,(r) = 7, (h},) + 7 (h’,;)
=ou(hy,) + o, (h,,).

One deduces that o¢(hj, + hy) < 77 (hy, + hy)) = ou(hy) + 0y (hy), hence the result. O

2.4 Multi-resolution wavelet analysis

Let D=d+d € Nand 1 < p,q < +oo. A mapping ¢ : RP® — R has n + 1 vanishing
moments when for every multi-index a € N? such that 32 o < n, / it xRy (r)de =
0. e

For an arbitrary integer N > 1, one can construct compactly supported functions 10 €
CN(R) (called the scaling function) and 1! € CN(R) (called the mother wavelet), with
having at least N + 1 vanishing moments (see [16, 17]) and such that the set of function
w}’k cx > (272 —k) for j € Z and k € Z form an orthogonal basis of L?(R). In this case, the
wavelet is said to be N-regular. We set 0P := (0,...,0), 17 := (1,...,1), LP = {0,1}P\0P.
An orthogonal basis of L2(RP) is obtained by tensorisation as follows (see [45, Chapters 2-3]
for a general construction): for AP = (4, k,1) € Z x ZP x {0,1}?, define the tensorised wavelet
Uap (@1, oy ) = 1124 W0y (23) with k = (ky,... kp) and I = (Ih,...,Ip) € {0,1}7.

Similar notations are used with d and d’ (e.g. L¢ = {0, 1}4\0%).

For M = (j,k,1) € AY x {0,1}% and A = (j,k',1) € AY x {0,1}%, we will write AP =
A T for AP = (j, (k, k'), (1,1)) € Af x {0,1}P. We will also alternatively use Cxdxd’ = CpD
depending on the need to make the notation simpler.

Thus, with these notations, and recalling (1.13), we will consider functions written as

[ = coop opthoopor + Z cxpPrp = oo oY 0 o0 + Z Z C,\;?”(/’/\;?

APeAD x LD 720 \PeAPx LD

17
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Proposition 2.15. [31, 37] Suppose that v > 0 and N = |y+1|. Consider a wavelet
Y € CN(R) having at least N + 1-regular. Let f : [0,1]° — R be a locally bounded function
with wavelet coefficients {cx}reapx o, and let x € [0,1]7.

If f € C7(x), then there exists a constant > 0 such that for all X = (j, k,1) € AP x LP,

leal < M 2777 (14 272 — k). (2.13)
Conversely, if (2.13) holds true and if f € |J.,C*([0, 1)P), then f € C7~"(z), ¥ n > 0.

Remark 2.16. [8, Remark 2.17] Let ¢ € C([0,1]P) be s-Holder with s > 0, the embedding
s+ D
Bg,q([O, 11P) — Bp:gp ([0,1]7) holds. When ¢ satisfies (1.14) for C > 0 and 0 < 81 < so,
S D S D @
one has Bp?qup ([0,1]P) = BS4(RP) — Bp}(;” ([0,1]P). Also, when a > 8, Bgf; )([O, 1]P) —

(+8) ~¢(+a) ~¢(+8)
Bsg ([0,1]) and BSq " ([0,1]P) = Bs,  ([0,1]7).

3 Traces and inhomogeneous Besov spaces

3.1 Wavelet characterisation of traces

Observe that, by Lemma 2.12, every function in this paper is continuous, which implies
that the trace f, in (1.4) is well-defined for every a € RY. Observe that for every a € R, the
trace f, : 2 € R — f(x,a) € R can be explicitly written in terms of wavelet expansion (1.13)
as

fa(@) = ¢y 90 900 a,0a(2)Yg g7 gar (@) + Z cxpWya(T)Yyar (a). (3.1)
AD:= dx A4 €AD x LD

We then decompose fq as f, = Go + Fy where Go () = D yacpdxod d§d<a)w>\d (x) with

Z Cra ¥y (@), for j =0,

A eAd x {0,134

d¥(a) = (3.2)
A .
J Z C)\d,)\d/qv/})\d/ (a), for J Z 1,
A? A <L
and Fo(z) =35 Z)\?eA;‘de d%(a)w&; (x) with
df;l(a) = > etz Uy (@) (3.3)
A eAd x{0,1}
Formula (3.3) yields a wavelet decomposition of Fy, as the wavelets (1/1;@) Ndepdy d form &

wavelet basis of L2([0,1]?) when completed by the scaling function 4 g4 a. On the contrary,

the decomposition G, in (3.2) only involves the scaling functions 9); ; 4« and not wavelets.
So, to find out whether f, belongs to some inhomogeneous space Bj 4([0,1]¢), one cannot

directly use the definition (1.15), which involves only wavelet coefficients computed with ¢y (a)

for A € A4 x L?. Fortunately, Jaffard proved the following result for standard Besov space:
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Proposition 3.1. [32, Proposition 1] Let s > 0 and a function g = Y yacprdxod drya¥pa. If
SUp;>1 2i(p Z)\deAdXOd |dya|” < +00, then g € Bs . ([0,1]%).

Proposition 3.1 is extended to inhomogeneous Besov spaces.

Proposition 3.2. Let 1 < p,q < oo, k € C(][0, 1]d) a doubling capacity and a function g =
2oadendxod Dratya If

dAd
Py, < oo, where &P = ] , 3.4
15 serllasy ! H (H()‘?)>A¢EA4XO‘1 (A9 04) (34)
J J J
then g € Bpy ,(10,1]%).
To prove that f, € Bf ([0,1]), using (3.1), it is enough to check that

— (5P . ko _ [ )

| falkpq = H(Ej )JeNng(N) < 0o, where £;”" = H (H()\) AeAdx {0,134 ller(Adx{0,1}9) (3:5)

The difference between (3.5) and the original characterisation (1.15) is that the sum is now
taken on all cubes A% x {0,1}¢. We keep this characterisation throughout the Section 3.

Proof. The idea is to decompose 9; , oa on the wavelets ¢ i) for [ € L% such that j > J.
First, let us show that g € LP([0,1]¢). Remark that, as x € C([0,1]9), s is s-Holder for
some s > 0. Thus, for some constant K > 0, for every )\? € A;l x {0,1}4, /ﬁ}()\;l) < K275,

Hence,

lgllr < Z

7>0

Z dyatha

)\deAd x0d

<KZQ is

3>0

(3.6)

deAd s (yd gz
)\jEAjXO

Each 14 is compactly supported, with support included in 279 [— My, My]¢ +277k. In addi-
J
tion,
CW)i=sup > ()] < @AMy +1)P ] e

d
vERT \dend o

When p = oo, one sees that

d)\d d d d d
PO VIC R D e (VBT e B RN
Medxod AeAx0d £ Mendxod
which is smaller than C(v)) &7 ] . This induces that
d ~,00
> (Ad)w . < C(y) . (3.7)

AeAdx0d
When p € [1,00), let g € (1, 00] be such that 1/p+ 1/¢ = 1. The Holder inequality gives
d d}\d p 1/p 1/q

R @) (X @)

Adend xod /\jeA;.l x 04 ,\geAg x 0
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d)\d

J

1/p
’ / e ]dm)
,\d Ad 0d

C) |7 &5 (3.8)
by combining (3.7), (3.8) and (3.6), it gives that

p|w<x>|)1/p.

J

< O(wl/q( >

depAd s d
/\jeijO

One deduces that

Z T)\Z)?ﬁ)\j

depAd s d J
)\jEAjXO

< cw)l/q(

Lp

Since lg?’p\ < Hg?pHZQ(N)’

lgllze < K 279°CE" < K 277°C[E77 ||y < C'lIE

j7pH£q(N) <0
Jj=0 Jj=0

and g € LP([0,1]%).
We show that the seminorm (1.15) of g is finite. Applying (1.13) to g € LP([0, 1]9),
g= Co,od,odi/}(),od,od + Z CrdPyd, (3~9)
MeAdxLd

where for (J, K,1) € A% x L4

coonon = | 9la)ig0son(@)da

/ Z Z j,k,od¢(j,k,od) (x)%b(o,od,od) (z)dz,

720 ke{0,1,...,27 —1}4

and C]7Kl_2 /Dg( )w(JKl)( )dm

]>Jk6{0,1, ,20 — 1}d
The sum goes over j > J since ¢ ) is orthogonal to all ¢ ey with j < J. Also,
only wavelets coefficients indexed with dyadic cubes in [0,1]¢ are considered, hence k €
{0,1,...,27 — 1}4.

One sees that for any fixed j and .J, there is a finite number of & € {0,1,...,2/ — 1},
such that the support of ¢;; g¢) is included in the support of ¢k ). Since Y0 and 1! are
compactly supported, their support is included in an interval [—My, My]. Denote, for every
j K,

SiK = {k €{0,1,...,27 —1}% . supp(Y(jk,04)) N supp(Y(sx,1)) # @}.
This set contains the dyadic cubes )\? € A;l x 0% such that the associated dya appears in the
J
computation of Cxd for /\ﬁ € Ag x L above. Observe that for every j,J € N,

#S: 5 < (2My, + 1) 240=0), 3.10
75, P
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To establish that g € Bf ([0,1]?), we use (1.15). First, one has

CJK,l dJ
/i()‘zK‘ ’ Z Z

7>J ke{0,1,...,27 —1}d

dj,k,od
(AT [k

A?K ‘/ (G e,04) (X)) V(i 1) (T x)|dx.

Hence, using the definition of S; j k, for some constant C'y, depending on % only,

CJKl k0% ( )
‘ 2dJ Z Z J)\d )\d / ‘w(j,k,()d) (x)‘dl‘
go j>TkeS; G) 1A ( JK)
d
< C’¢2d‘722—jd Z dj,kéod “()‘i',k) '
57 kesy e FAGRTENGK)

The Holder inequality gives, for % + % =1

<c 2‘“22 ]d( Z ‘:(jfélod)

>J keSj,(LK gk

CIK| p> 1/p< Z ’f()‘?,k) T> Lr
H()\EJIK kJES]‘“}’K K(AEJI’K)
Observe that for all k € S; j i, )\;{k C (4My +1) )&K. Thus by the doubling inequality (1.5)
for k with the constant C; > 0, one has, for all £ € 5 ; k,

k(A\}) B k(L) R((4My +1) A k) -c |logy (4My+1) | +1 (3.11)

R(/\?,K) k((4My +1) A%,K) R(/\iK)

Applying (3.10) and (3.11) to the second sum above, one gets

. p\ 1/p
| < cw,nngZde( 2 ‘d]ffd ) e
K:( J7K> i>J kESij’K KZ( j,k)
, d. 0 og P\ VP
d(j—J) (-1 ,k,0
=y 3 206 /p>< > W ) ,
i>J kGS]',‘],K Jik
It is immediate that €77 = H( CLEKL ) satisfies
(A% 1 (K)efo,...27 —1ydx Laller
A d. p\ 1/p
§>J keS; 5k ’i()‘j,k) (KDE{0,....27 —1}dx L llep

In the last norm, the elements do not depend on I € L%, hence
1/p
, (- kot |”
< Cona T2 (5 [Tal)
§>J kES; jx H( ]Jg) Ke{0,...,27 —1}dl¢ep

Recalling that 1° and ¢! have their support in [—My, My], for a fixed J € N and [ € L4 a
point z € [0,1]¢ is included in the support of (at most) (2My, + 1)¢ wavelets V(k,1)- Thus,

(3.12)

for j > J, a scaling function t;; o4y has a support intersecting that of ¢k ;) for at most
(4M,;, +1)? multi-integer K. One deduces that, for j, J fixed with j > J, a k € {0,...,27 —1}4
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is in at most (4My + 1) sets S; s for K € {0,...,27 — 1}, One sees that

DI C RIS

Ke{0,...,27 -1} k€S j K ke{0,...,29 —1}d

djgod |”
R(A‘J{k)

— =H,P\p
—Cw,d(ffj )P

9750 7‘])54; P and by the Holder inequality, for a constant C' that changes

q) (ZQ_, _ )l/l 1/q) C<Z2_%(j_J)|g;7p|q>1/q.

J>J

So e}’ < Cyrdd sy
along the computations,

d-
5P| < 0(22—5(J—J)|g;,p
j>J

Hence, for C depending on 9, k,d and g,
d(.; dy-
Z e"Pe < C Z ZQ*;(J*J)E}WW < CZ ’g;,p‘qZQ*;(J*J) < CZ |gjﬁp|q_
JeN JeENj>J JEN J<g JEN

One concludes by (3.4) that g € By ([0, 1]9). O

3.2 Proof of Theorem 1.11

The product capacity £ = p X v is fixed. Recall that T}, = hl, + dlmp(w) with TP, = hj,.

Proposition 3.3. Letpe[l,+ox], T <TV,, f € Ef;,q([o, 1]P) and r € R. Then for v,-almost
alla € [0,1)7, f. € B ([0,1]9).

Proof. Since f is continuous, each trace f, (1.4) is also continuous and f, € L?(]0,1]%).
We start with the case p < 4-00. Consider I' < T, f € B54([0,1]P) and r € R. To prove
Proposition 3.3, one needs to show that ]fa\#@rr)’m < 00. Recalling (3.5), and since p, v and

).p

. . . . +r . .
f are fixed, we introduce a more convenient notation for the quantity 5? associated with

S%(a,T) = Z

AeA]x{0,1}4

fa: we rewrite
dya(a)
(A28

(+)
(= ). (3.13)

In S?(a, I'), the coefficients dya(a) are either dfd (a) if X € A% x 09 or dfd(a) if \ e Al x L9
Let us show an upper bound for the Sf(a, ).
First, for j > 1, for the wavelet coefficient (3.2) of G,

dfd (a) |7
Z = Z : ‘ Z de’)\d’ ¢)\d’ (a)

p(AF)278 ;
AeAdx0d AdeAdx0d pXa end x Ld’

1 p

pu(AF)2-7T

p

By the compactness of the supports of ¢)* and 1, for each a, there is a finite number (bounded
independently of j or a) of non-zero terms ¢, s (a) in the sum on A?/ x L% . Hence, for some

constant C), ;, > 0 depending on p, 0 and !,

Z Cxd zd! Uy (a) ' <Cpy Z ’C)\d,)\d’ Yy (a)’p

A4 eA;l’ x L4 pYA eAg’ x L4

< Cpp Z |exapartoyar (@)[7.

A €A x{0,1}
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Using that €A% x A\¥) = u(A) - v(AY), one deduces that

dfd(a) P 1 )
2 pOdgTr| <O 2 1(Ad)2-ir > lowte(a)

)\dGA?XOd )\dGA?XOd

P Z

AP AP x (04x{0,1}")

DY Z

AP AP x(04x{0,1}")

A eAd x {0,137

p
}C/\Dq/})\d’ (a) |p

1
p(A)2-9T
C\D b

§(AP)

v d'y|p
ﬁjr)‘ |1y (a)]”. (3.14)

When j = 0, using that
P
‘ Z Cad &/ Yyt (a)‘ < Cpy Z ‘C,\d,,\d’%\d’(a)}p»
A eAd x{0,1}4 A eAd x{0,1}

the same computations give that

de(a> P b )\d/
Z W < Cou Z gE,A\D) P |y (@)]”. (3.15)

AeAdx0d AP EAP x (09x{0,1}4")

The same computations hold for the wavelet coefficients (3.3) of F, and, for every j € N,

dfd(a) P C\D )\d,
Z (AT < Cpy Z g()\D) 5T |y (@)]” (3.16)

AeAdx Ld AP eAP x(Ldx{0,1}4")

Noticing that L% U 0% = {0,1}%, we obtain from (3.14), (3.15) and (3.16) that

C\D P

Sf(a,F) < Cpy Z 5()\D)

DepD D
APeA? x{0,1}

\%d |7 (3.17)

2 JF

Recall that as a Gibbs capacity, & satisfies (1.14) for some s; > 0. Let us choose M,, large
enough that for every m > M, ,

m > [1/s1]+1 and ' <I? . —(2p+2)/pm. (3.18)

Let n € N*, m > M,, and A", be the set and J;, m, the integer from Proposition 2.10.

Using (3.17) and integrating Sf(a, ') over Ayr,, yields

[ Simnt = [ siaTin, @

0,14

P d'y|p
C\D v(A") / »
< E : LASAND)
>~ Cpﬂlf f()\D) 9—4T 0 1}(1’ a/)‘ dVT|AzT7m (a)
APeAP x{0,1}P )
P d'y|p
3 axp |7|v(AY) &
= OIM/’ é(AD) 9—jT /[0 ||'¢}|| p]lK,\d’( )dyrlAZT,m (a)

DeAD D
APeA? x{0,1}
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with [[¢]]oo = max{[[1?]|co, [|1/}]|oc }. Hence there is C' > 0, depending also on d, such that

/V Sf(a,f‘)dur(a)
Anlm
<c >

DeAD D
APeA? x{0,1}

D>
APEAD x{0,1}P
v P~
<c ) ‘z_jr ve(KXY) >
A end x{o,13¢ XA x{0,1}
AL AR £

p

Ply(ad) (A I?)\d/)

2-JT

C\D

§(AP)

!/

p V()\d )
2l

p =~ U
VT(K)\d )]1

C\D

§(AP)

AV NE Y )

Crapa [P

EQT X AT

(3.19)

as Ay, N KX c KA7. Applying the doubling property (1.5) of v, to pass from v, (IN()\d,) to
v (M%), the last inequality gives that, for C' > 0 depending on v and r, that

d'\p d’ , P
P v(AT)P v (A7) Cxd xd
/AW ST du(@)<C S o D T
o A end {0,114 AeAdx{0,1}d
KA n AV, #£0
Recalling that T, = hj, + 90¢2) (2.6) and (2.7) give
/U Sf(a,F) dvy(a)
An":m
. Cyd vd/ p
< 9—i(PLy,r—(p+1)/m—pl) A%A
S N 2 |gron
A e x {0,134 AdeAdx{0,1}4
Kad'n Y, £0
. Cyd vd/ p
< ¢ 9~ 3(Plv,r—(2p+1)/m—pl) A%
=02 Z Z 5(—1/m)()\d % )\d’)

A e x {0,134 ATEATx{0,1}
Kxd'n A%, 20
By (1.13), observe that:

e for j > 1, f has no wavelet coefficient associated with the index I = 0P, hence the sum

of AP over AJD x {0,1}? is the same as the sum over AjD x LP and, by (1.15),
de’)\d’

Z Z g(—l/m)()\d % )\d’) - Z

Ad’eAg’x{o,l}d’ ATeAdx{0,1}4 APeAPx LD

C\D p

ECTm(3D)

)

e for j =0, since [c(gp gpy| < o0,

C\D P 1
Z 5(1/2)()\1))‘ - £=1/m)(]0,1]P) <|C(0,0D,0D)‘P+ Z ]c/\D‘P>

APeAp x{0,1}P APeAPx LD

(=1/m)
< C(leopomy " + (5 )P).
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The choice (3.18) for m ensures that 1/m < s; and f € Eﬁf;”m)([o, 1]7). This implies
that (sg(_l/m))j ey € [7(N), and in particular that this sequence is bounded. Hence

/ Sf(a, I) dvy(a) <C 9=3(PT'v,r—(2p+1)/m—pl'). (3.20)
Am
Let

AZ:;EJ = {a €Ay, ¢ Sf(a, r)>C j? 2—j(pFw—(2p+1)/m—pF)}. (3.21)
Markov’s inequality using (3.20) gives that VT(A;;’;,]Z]) < 22 gj(;?(szyrzr@fz:ir)l/;mp?r> — 2 So

> jeN VT(A;'L”;Q ;) converges and the Borel-Cantelli lemma ylelds that

vr(limsup AP ) = 0. (3.22)

n,m,j
j—o0

So, for every a € AL .= Apr \limsup; . A7, there is J, ,, € N such that for j > J}, ,

n,m,j’

) < 2 It _ i 250 250 )
< CQ*J (pFu,r*%pr) ’

that last inequality being true for large integers j. Remark that for all j < Jj ,,, Sf (a,T)
2p+2

is bounded. By our choice (3.18) for m, one has I < I',, — o implying that the sum
di>1 Sf(a, I') converges and f, € ng(;rl“) ([0,1]%) by the characterisation (3.5).~

For every n € N*, one has v,(A7h) = 1 — L by (3.22). So vp(U,en+ Aniin) = 1 and
Unen- AYrP has full v,-measure. So, for every a € Unen- Ak f. e B;L’(;F) ([0,1]%), hence the
conclusion.

Let us now explain how to adapt the proof to the case p = oco. Consider I' < I'J5. = hy,

fe Eg,q([O, 1]P) and r € R. The inequality (3.17) with the infinity norm gives S;O(a,F) =

SUP \depdx (0,1} |%’ is bounded above by Cy, SUPADEAD x{0,1}P ’5(/\,3 H 55T | By (2.6),
Kxi’m AL 20

$%(a,T) < Cy 9—j(hy—2/m-T) SUD)DEAD 0,1} }W| for every a € A}r,,. Then (3.20)

is replaced by S*(a,I') < C 2—j(hr—2/m—F)’ which in turn changes (3.21) into AZT;ZC; =

{a € Ay, = SV(a,T) > C 4% 27 i(hi=2/m=T)} " Using Ay, with m large enough that

' < hl, — 2/m, the same Markov and Borel-Cantelli argument shows that for v,-almost all

a 0,17, f.e B ((0,1)%). O

We explain how Proposition 3.3 implies Theorem 1.11. Theorem 1.11 can be reworded as
follows: for f € B54([0,1]P) and r € R fixed, there is a set A,(f) of full v,-measure such that
for every a € A,(f),

forall 0<T <T2,. f,€BL((0,1)9).

v,
Proof of Theorem 1.11. Fix p € [1,40c] and f € B54([0,1]P). For every r € R and n € N*,
by Proposition 3.3 for I'), — 1/n, call A,,, C [0, 1]% a set of full v.-measure such that for

(+ v,r— 1/m)
every a € Apn, fo € By, ([0,1]%). Since the sets BZ(;F)([O, 1]¢) are decreasing with
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I', taking the countable intersection [, oy Arn of full v,-measure gives that for v,-almost all
a € [0,1]%,

g,r) = (+qu),r)

(+1) ~ D) ~ (+T
foe () By (010 =B,, (0,19 c By, T (0,1]%) € By

0<T'<IZ,

([0, 1]%).

As a consequence of the previous proof, one gets the following proposition.

rann>

Proposition 3.4. For every f € B5,([0,1]P), every a € [0,1]%, f, € E;ff;h ([0, 1]%).

Proof. Let m > |2/h"|. Using (2.3) and (3.17), there exists a positive sequence (7;);n
tending to 0 such that

SP(a, W™ —2/m) < Cpyy Y
APeAP x{0,1}P

C\D

ECT/m(3D)

2 Pl @)

—jp(1/m—n;) (£ ™ \p
<C?2 7 (&5 )P.

Let J,, be such that for all j > Jp,, n; < 1/m. As f € Ef,,q([O, 1]P), the sequence (€§<—1/m))j

belongs to 19(N) and is bounded. Hence (S;(a, h™™ — 2/m)'/?); € I'(N). One deduces that

QR =1/m) (+hM)

fa€ BY, ([0,1]%). This holds for all m, so f, € BY, "~ ([0,1]%). O

As a consequence, for every f € BS4([0,1]P) every a € [0,1]7, f, can be written

fa = C0,0dﬁd (a)¢070d70d + Z Z C)\;_l (a)d)/\;i <323)

jZOAgeAngd

Remark 3.5 (Link to the standard Besov spaces). Let £? be the d-dimensional Lebesgue
measure. Let D = d+d, 0 < p,s < oo, with s > D/p, and ¢ € (0,p). Consider p =
(Ed)S/D_l/p and v = (Ed,)s/D_l/p. and E =puxv= (ED)S/D_I/p. One immediately checks
that Bf;,q = B, ,. We recover the result of [4] by applying Theorem 1.11 to these capacities,
ie.

Let D € N*, 0 < p,s < oo, with s — D/p >0, and let g € (0,00]. If f € B3 ,([0,1]7), then
for Lebesgue-almost all a € [0,1]%, f, € E;}l([O, 1]4) = No<e<asp Bpa ([0, 1]9).

Indeed, for all » € N, v, = £4 and ry, = d’(s/D - 1/p) + d'/p. One can check that

s/d—1 .. (+1) 5—
W) = (£9) VP giving Moopar, BEY (10,119 = Mocewap Bir ([0, 1]

4 Upper bound for the spectrum of traces of Egovq functions

Let € & on [0,1]% and v € & on [0, 1] with D = d+d'. Let £ be the product capacity
on [0,1]P, € := u x v. The local behavior of elements of ng([O, 1]P) and Ef;q([o, 1]P) is

described via their pointwise Holder exponent, characterised by wavelet leaders [37].
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Definition 4.1 (Wavelet Leaders). Let (¢!),c.p be a family of wavelets that form an orthog-
onal basis of L*(RP). For f € LY (RP) with p € [1,+00], call (cxp)apeanxrp the wavelet
coefficients of f. The wavelet leader of f associated with \P € AP is defined as

L], = sup{lex|: N = (j, k,1) € AP x LP AP, 3AP}. (4.1)

Notation. Consider f € Ego,q([o, 11°) and, for a € [0,1]%, the associated trace f, with
wavelet coefficients denoted by (cya(a))yicpdxrd. Following Definition 4.1, we denote the
wavelet leader of f,, the trace of f in a, associated with AY € A% by (notice the dependance
in a)

L{,(a) = sup{|dr(a)| : A = (j, k,1) € A® x L4, X, C 3%, (4.2)

The mention of f on leaders is omitted when the function is obvious from the context.
The pointwise Holder exponent (1.1) is characterised by wavelet leaders |37, Prop. 4].

Proposition 4.2. Let N € N* and assume that the wavelets belong to CN (RP) with at least
N +1 vanishing moments. If f € C5(RP) for some e > 0, then for every o € RP, hy(xg) < N
log LiD

7 (z0)

if and only if liminf;_, W < N, and in this case

f
h¢(xo) = liminfbgl/w
S0 e log(279)
Let us start with an intermediate result key for proving Theorem 1.12 in Sections 5 and 6.
Lemma 4.3. For all f € quq, for every z € [0,1]¢ and a € [0,1]%, hs,(x) > h,(z) + pin,
Proof. Let f € Ego,q and a € [0,1]¢. Consider the wavelet decomposition (3.23) of f,
fa = Co7od’0d (a)w070d70d + Z Cyd (a)’l/J)\d. (43)
AdeAdx L4
Pay attention that cya(a) does not have an explicit formula like for dfd(a) in (3.2) and dfd(a)
n (3.3). Using Proposition 3.4, one has f, € B )([O, 1]). Then, for every m > |1/h2"],

00,1
Cyd (a)

— dd | < (.
Ly oy | S C. As a consequence, for

there is C' > 0 such that sup;cy SUP e pdx Ld
every x € [0,1]4,

L{d( )(a) = sup ‘C)\((I)’ < C sup |M()\j/) 2_j/(h{/nin_%)‘
e AC3A Y (z) Ay CN ()

< Clp(EAY(x) 2774 =5)).
The doubling property (1.5) of u yields, for a constant C' > 0,

_ s(pmin__ 1
Laay(@) < Clu¥j(2)) 277057 =), (4.4)

Hence, for all j € N, log Lid(x) (a) <logC + log ,u()\;-l(x)) + log (2*j(h5ﬂn*1/m)). Dividing by
. i .
log(277) and taking the liminf on both sides gives hy, (z) > h,(z) + hp"" — 1/m. This holds

for every large m, hence the conclusion. ]
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Lemma 4.4. Letr € R. For all f € Eéo,q, for every z € [0,1)¢ and vp-almost all a € [0,1]%,
hfo(2) = by (2) + by

Proof. The arguments are identical to those of Lemma 4.3. Theorem 1.11 gives for v.-almost
all a € [0,1)%, fa € Eg;ff”([o, 1]%). Then, for every m > |1/h’,|, there exists a constant
C > 0 such that

TR sderdy g | pCHRE=Tm) (hdy | =

JEN AeAGx Ld
Thus, for all z € [0,1]%, as in (4.4),

Lf\cd( )(a) = sup |ea(a)] <C sup |u(/\j/)2*j/(h5*i){ < C‘M(A?(az)ﬂ*j(%*%))‘.
A AC3XY (2) X C3AY (x)

As previously, one concludes that for v,-almost all a € [0,1]%, hy, (z) > h,(z) + hi,. O
We are now ready to prove Theorem 1.12.

Proof of Theorem 1.12. Considering a function in Eéo,q without any further hypothesis, one
can only get an upper bound of the spectrum of the trace of such a function. Having both
Lemma 4.3 and 4.4, we now prove the upper bound for oy, .

Let us start by (1.18). Using Lemma 4.3, one has that, for a € [0,1] and h € RT,
{z eRY: hy (z) <h} C{zeR:: h,(z) < h— h}™}. Hence

Ef,(h) c{z e R hy,(z) <h} C {z € R by () < h— R} = E5(h— hp™).

When h < hY + b, item (ii) of Proposition 2.4 gives dimp(E5; (b — hp™)) = 75 (h — h'™™).
As p1 verifies the SMF, for every h < hY+Rh21, one has 7 (h—h2") = ¢, (h—h2™). Moreover,

I
for every h > h0 +p0n {2 € RY: h,(z) < h-— R} has dimension d. This induces the result

as o1, (h) = dimp(Ey, (h)).
Let us finish with the proof of (1.19). Let f € B4 and r € R. By Lemma 4.4, for
vpe-almost all a € [0, l]d/, one has, for all h € RT,

Ef,(h)C{z eR? : hy(x) <h} C{x eR:h,(x) <h—h)} = E5(h—h).

Then one concludes in the same way as for (1.18). O

5 A saturating function in Eé‘o,q

From now on, we focus on p = +00. For the rest of the paper, the wavelet family considered
will be constructed as in Section 2.4 with ¢! verifying the property (R) of Definition 1.15.
In order to compute the singularity spectrum of ¢,, this property (R) of the wavelet 1) is

necessary. Indeed, in [55], the following theorem is proved.

Theorem 5.1. Let 1) : R — R satisfy property (R), with supp(v)) = [0, Ky]. Let

G:xGRHZ¢(x7an). (5.1)

neZ
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There exists o > 0 such that , for every d’ € N*, there exists an integer N(d') and a sequence of
multi-integer (p; = (pj1,---,Pjd))jen € ({0,..., Ky — 1}“”)N enjoying the following property:
for every J = 0 (mod N(d')) and = € R, there is an integer £ € {0,...,N(d') — 1} that
verifies [T1, |G(27 w; — pris)| > o

In other words, (R) ensures that dilated and translated transforms of tensor products of
periodised versions of ¥ cannot all vanish at the same point, and even more, they are non-zero
very regularly. This is key to prove that the traces of well-chosen saturating functions cannot
be zero too often, and is key is our proof of the prevalence Theorem 1.14.

Consider the integer N(d’) and the sequence (pj = (pj1,---,Pjd))jen given by Theorem
5.1.

Definition 5.2. The map G?/ :RY — R is given by
for every « = (z1,...,za) € RY, Gd/ HG (22 — pji)- (5.2)

To establish generic or prevalent properties of traces of function in Eoo,q([o, 1]D ), a classical
approach consists in perturbing a set of functions by a saturating function in B 4([0,1]2)

whose multifractal structure exhibits the property claimed to be generic.

5.1 Construction of the saturating function ¥,

Definition 5.3. Let us define, for every \§ € AP x {0,1}, 9o = 0, and for every )\jD =
(, (b, K), (1)) € AY x L7 with j = 1,
FT e x A ST S ke i 1# 0 and =17,
gp = nez (5.3)
0 ifl=0% or I #£1¢,

with the convention 2/0co = 0. The saturating function is Gy := 3 \pcaD 1,0 G\DYAD.

The idea is that ¢, has the largest possible wavelet coefficients to maximise 66 *in (1.15),
while ensuring that the non-zero wavelet coefficients are sparse and Well—separated, to easily

compute the wavelet coefficients of its traces.

Proposition 5.4. The function 9, belongs to Eéo,q([o, 1]P).

<ex 2| (g )| <
J
Hence ¥, is a bounded function. Next, recall (1.15). As for every j > 1 and )\f € Af X

LP, gap < j72/a¢(A\P), one has 55’ = H( PR ))\DHEOO(ADXLD) < j~2/4. This implies that

1%l pe, , < 00 and &, € BSo4([0,1]P) € BSo4([0,1]7). 0

Proof. First, since £ is s-Holder, one has

[EAPRED 3 DS aplar|

j>1 A?EAJDXLD

DN

j>1
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For a = (ay,...,aq) € [0,1]%, the trace 9, : « € [0,1]¢ — %,(x,a) € R has a convenient
wavelet decomposition. Indeed, because of our choice (5.3), for the trace ¥, ,, all the coeffi-
cients (3.2) are zero since gyp = 0 when )\jD = )\? X /\‘f with /\;l € A;l x 0¢. Hence, only the

J
coefficients (3.3) remain. Writing then
D= Y @i,
720 XdeAdx Ld
the coefficients of (3.3) can be written (recall (3.3)) as
e,\?(a) - Z Irdsxd 7/’,\31’ (a). (5.4)
AdleA;i/xld'

In addition, these remaining coefficients have a fairly simple expression. To see this, for every
)\d (g, ka,la) € Ad x L%, consider the integer k;(a) defined by

2ay — pja Yag — pja
P P
Since w/\d/ has a support of length N2~ 3 and since the coefficients g/\d «d  are zero except

I,k
when k" = p; mod Ny, the only non-zero wavelet coefficient N in the sum (5.4) is the one

at )\D (4, (ka, k;(a)), (Ig,1%)). Observe that as soon as j is so large that Ny277 < a/2, then
ki(a ) has strictly positive entries. One concludes that a € (0, 1]‘1/ being fixed, when j is large,

one has
exi(@) = j (A (A, (o)) G (a). (5.6)

This formula is key for the rest of the paper, and justifies our choice for the saturation function
Gq. One can now understand the relevance of Theorem 5.1, which allows us to to ensure that
the coefficients |e A (a)| are not too small - this will be used to bound by above the pointwise
Holder exponent of the traces.

Regarding the multifractal properties, Theorem 1.11 applied to ¥, gives:

Corollary 5.5. For every r € R, for v,-almost all a € [0,1]%, “Gya € B (L 2

([0, 1)9).

5.2 Singularity spectrum of the traces ¥, , of the saturating function

Proposition 5.6. For every r € R, for every x € [0,1]% and for v.-almost all a € (0,1]%

hy,(z) = h,(x) + hy, = by, o) (@) (5.7)
Hence
09, = T;(+h5),oo = 7’:( —hy). (5.8)

Proof. Let m,n € N* be such that m > M, = [1/h;] + 1. Let A}, and J,m be the
set and integer obtained in Proposition 2.10. Let a € Ajr, N (0, 1], By (2.6), one has

2 i H1/m) < (AP < 279 =1/m) for all XY € AY such that a € (2Ky)AY and j > Jp .
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We first bound above Lya(a) (4.2) of 4, ,. Consider j =0 (mod N(d')). Using (5.6), for
| <

/\? =(j,k) € A?, and that \G?,/(a) max{|[¢||%w, 1}, one has

1 ! !
Lyi(a) =sup  sup — (M) (g . G4 (a)
7 iziadeadeand | ()Y (5 50)

<sup sup |u(AH)277 Y™ max{ ¢, 1}
J'>j A‘;,aAj/C?))\;l

< Cg—j(h’;—l/m)‘u(g)\?”_

For every x € R? since 3)\‘;(3:) C B(z,2 x 277), one has that L)\;;(I)(a) < ¢2-9h=1/m)
pu(B(x,2 x 277)). The doubling property (1.5) of u then yields for some C' > 0 depending on
i, and d’'

Lysoy (@) < G270/ (B (e, 279)). (5.9)

We now bound by below Lyi(a). Consider j so large that kj(a) contains only positive integers.
Let 2 € [0,1]%. By Theorem 5.1, for every j = 0 mod N(d'), there is J € {0,...,N(d') — 1}
such that G?;J(x)‘ > o, By (5.6) and (2.6) one deduces that

1 d dl dl
mu(/\j+J(x))y()‘j+J,kj+J(a)) ‘ij(a)‘
> 97 2lom i+ )/ aq @' 9=+ (h+1/m) (\d ().

Lya(y(a) 2

Denoting by y»; the center of the cube );, observe that )\?Jrj(w) = B(y)\;;
Hence, using the constant C), appearing in (1.5), one gets

(a) > 27 2log2U+N(d))/apd 9= N(@)(hy+1/m)g—j(hy+1/m) ’2—(j+J+1)))

—21o ; 4 —3(h" m 1 A
> (022108 (I +N(d)/ag—i(hi+1/ )WM(B(ij+J(x)’2 J+1))
w

(4.2 o2+ N (d)) ,
> O (MRS m) (i 9d)). (5.10)
Last equation (5.10) holds only when j = 0 mod N(d'). Since the wavelet leaders Lya(,)(a)
J
are decreasing in 7, the liminf of the above quantities when j — 400 equals the liminf restricted
to j =0 mod N(d'). Hence, Proposition 4.2 combined with (5.9), (5.10) and the lower local
dimension hu(a:) together yield that

(hy, =1/m) + h,(z) < hg,(x) < (hy, +1/m) + h,(2).
These inequalities hold for a € A}, N(0, 1] and remain true for every a € Unen- Anmm (0, 1]
and m > M, as they do not depend on n. Using that the sets (J,cn- A

vp-measure for all m, (Nysaz, Unen Aiim) N (0, 1]7 is of full v,-measure as a countable
d/
Y

mm are of full

intersection of full v,-measure sets. Hence for every a € (ﬂszV Unen= Af{’m) N (0,1]
hg,(z) = h,(x) + h;,. (5.11)
Then by definition of p(+5), hyconpy (@) = hy, (@) + by, giving (5.7). Since p satisfies the SMF,
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one concludes that for v.-almost all a € (0,1]%, o4, = o) = Tu(- = hy). O

6 Prevalent singularity spectrum of traces

6.1 Prevalence property of an auxiliary set

The key result to obtain the prevalent value of the singularity spectrum of functions in
B%.4([0,1)P) in Theorem 1.14 is the following:

Proposition 6.1. Let r € R. The set

Fr=A{f¢€ Ego,q([o, 1P : A(S) of full vp-measure in (0,1]F
such that a € A(f) = Vz € [0,1]%, hy,(z) < hu(z) +h}} (6.1)
is prevalent in Eéo,q([o, 1P).

The proof of Proposition 6.1 is postponed to Sections 6.3 and 6.4. For the moment, we

admit it and explain how to deduce Theorem 1.14.

Proof of Theorem 1.14. Using Lemma 4.4 and Proposition 6.1, for all f € F", there is a set
A(f) of full v,-measure in (0,1]% such that for every z € [0,1]%,

hy () + by, < hy, () < (@) + by (6.2)
Let us begin with the upper bound oy, < 0,(- — hj,). For all h € R,

E,(hyc{zeR? : hy(z) <h}C{zeR? : h,(x)+hy, <h}=E5(h—h}),

Ej,(h) C{z €R? : hy () >h} C {z €R? : Ry(e)+hl, > h} = B, (h— hD).

Items (i7) and (ii7) of Proposition 2.4 give:

e for every h < 7/(0) + hy, dimp(E5(h — h)) = 7 (h = hy),
e for every h > 7,,(0) + hy, dimy(E; (h — hy)) = 75 (h — h})).

Additionally, p1 verifies the SMF, so for all h € Ry, 7,;(h) = 0, (h). Hence, oy, < ou(- — hy).

To prove the lower bound oy, > o,(- — h},), consider h € Ry and x € E,(h). Recalling
Definition 2.1, h,(z) = hu(z) = hyu(z), and (6.2) implies that h,(z) = hy,(z) — k. So,
for every h € Ry, E,(h) C Ey (h + hj) and item (i) of Proposition 2.4 gives oy, (h) =
dimy(Ey, (h) > dimp(E, (h — 1)) = o,(h — ).

This holds for a given r € R. Now, given any countable sequence (ry,)nen, the set F'™ is
prevalent in Ego,q([O, 1]7), and so is their intersection (o F™™. This concludes the proof of
Theorem 1.14, since for every n € N, for v, -a.e a € (0,1]%, o4, (h) = o, (h — hI»). O
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6.2 A useful decomposition of F”"

The objective is to show that, 7 being fixed, (F")t = Ego,q([O, 1]%)\F" is shy. For this, we
include (.7-"7)B in a countable union of simpler ancillary sets. For n,m,p, M € N* and v > 0,
let

OR = {f € BL (0.1« v (ALY (£)) > 0}
with
3o € [0, 114,904 = (j, k,1) € A x L¢,
A = {ae A, 0007 [y <M 2P Re k) b (63)
' i
Vi > Ma, p(Aj(z)) > 2770—h—-1/p)
The sets O5;M contains those functions f € BS 4([0,1]2) such that, for a set of a € (0,1]%

of v,-positive measure, for a given z € [0,1]¢, f, € C7(z) and simultaneously the p(+")-mass

of all small dyadic cubes )\;l(x) is bounded by below. These two properties will allow us to
leya(a)l

pHRD) (A (2))
. M
Proposition 6.2. We have (F7)¢ C Upens Ninens Unens Usea, Uneeyz Onm -

Proof. We begin by observing that (]-"’”) can be written as

control the ratio

)C = {f € §§o,q([0, l]D) : VA(f) of full v,-measure,
Ja € A(f), 3z € [0,1]% hy, (v) > hyu(z) + bl ).
We write (F7)0 = = Upen(F )€, where

Fr={f¢€ Eg,q([o, 117) : JA(f) of full v,-measure,
Va € A(f), ¥z € [0,1]% hy, () — (hu(@) + L) < 2/p}.
Suppose that f € (F7)C. There exists p € N* such that f ¢ Fp- The set N'= {a € [0, 17
Jz € [0,1)4, hy,(z) — (hu(z) + h) > %} has positive v,-measure. Recall from Proposition
2.10 that ), cn+ Unen+ An, has full v-measure in (0, 1]%. Considering
Nn,m = {a S Azr,m N (07 l]d, cdr e [07 1]da hfa ((E) - (E#(x) + h;;) > 2/p}7
one has the following decomposition

(N UNaw) =( N UAZim)D

meN* neN* meN* neN*

U{ae N U Az, " vz e [0, 1] hfa($)—(ﬁu(x)+h2)§2/p}.

meN* neN*
Since ((Ven+ Upens An" )F has zero v,-measure, f ¢ J, implies that the set

fae N U 4z "V € 0,1)%, by, (@) — (hu(e) + L) < 2/p)

meN* neN*

cannot have full v,-measure. Hence, if f ¢ FJ, then (), n U, en- Nnm must have positive
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vy-measure. Thus, for every m € N*, |, ey« Npm must have positive v,-measure, and there
exists n,, € N* such that Nnm,m has positive v,.-measure.

Suppose a € Ny, m, there exists v € Q4 and z € [0,1]¢ such that hy,(z) > 7 and
hu(z) +hi, < ~v—2/p. Using (2.13) of Proposition 2.15, if k¢, (z) > 7, then f, € C7(z) , which
implies that

IM, € N,VA; = (5, k,1) € A x LY, }c a)| < M2 (1+ 272 — K|)7.

Using Definition 2.1, hy () 4+ hj, <~ — 2/p yields that sup;- bglég% <~ —hl, —1/p for

some integer My large enough. This implies that
My € N,Yj > My, p(Aj(x)) > 2770~ m=1/p),

This precisely means that a belongs to the set AL (f) given in (6.3) with M = (M, My).
So Npum € Uyeq, Unreav)z o AR (£) and since Vr(Npm) > 0, one of the APy must
have positive v,-measure. One concludes that f € Oﬁg’m, for every integer m.

To conclude, every f € (F7)¢ belongs to Nimen Unens Uyeq, Unee)2 Onim PaM for some

p > 0. This proves the claim. ]

6.3 Analyticity of 077"

To show that F" is prevalent, it remains to prove the universal measurability of Oh7; M
and that these sets are all shy. This is the purpose of the rest of the article.

We will actually prove that OL7; Mg an analytic set, which implies its universal measura-
bility. Analytic sets in Polish spaces are defined as continuous images of Borel sets. Unfortu-
nately, as we work with Eﬁo,q([o, 1]¢) which is not separable, we cannot use the Polish spaces
characterisation of analytic sets and have to consider a more general definition valid for any
Hausdorff topological space X endowed with a Borel o-algebra B(X). More precisely, Cho-
quet’s capacitability theorem [14, Theorem 30.1] with the following definition of analyticity
[14, Theorem 5.1] offers the right setting for our situation.

Definition 6.3. For a compact topological space K, the collection of its closed subsets is
written K. Let (B(X) x K)q5 be the collection of countable intersections of countable unions
of sets that are Cartesian products of a Borel set in X and a closed set in K.

Call m: X x K — X the canonical projection map w(xz,y) = x. A set A C X is analytic
when there is a compact space K and T € (B(X) x K)gs such that A =m(T).

The famous Choquet’s capacitability theorem is the following.
Theorem 6.4. An analytic set of a Hausdorff topological space is universally measurable.
We finally prove the analyticity of O%Z%M, and so its universal measurability.

Proposition 6.5. Let n,m,p € N*, M € (N*)2 and v € Q. The set (’)p’% is universally

measurable in §§o,q([0, 11P).
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Proof. We are going to prove the analyticity of OZ%M by taking the right sets X, K and T in
Definition 6.3, and then writing it as (7). Denote X := (E&,q([o, 2% (0, 1%, 2(-, )+l 00)
with 2 defined in (1.17) and K := ([0,1]%,]| - ||c). The proof follows some ideas of [4].

Step 1: For every )\? = (j,k,1) € A x L% every c{d(a) (3.23), let us introduce the maps
$ya,6: X x K — R defined as ’
J

Gt (f,a,2) = M277 (14 |22 — k)7 — }c{?(a)‘

¢:(f,a,x)— inf  oy\(f,a,z).

AEADX L
We introduce the set of dyadic cubes

log pu(;)
=Lk S VAPV A
loga—s =7 1/p}

and Di(fy —hl,—1/p) := ﬂ U A (6.4)
J2M2 \eDg (j,y—hy,—~1/p)

d: r — d .
DM(],'y—hV—l/p) = {)\jEAj :

Also, let
o:fove(faeAr, 00107 30 eD(y—hy—1/p), 6(f,a,2) > 0}).
With these definitions, one sees that OZ’,%M = q~5_1 (((), +oo)).

Lemma 6.6. The map (f,a) € X — f, € (C°([0,1]%),]| - ||lz) is continuous.

Proof. Let e > 0, and fix f, g € X such that 2(f,g) < e. By (1.17), for n := |max(1, sfl)J +1,
If=9ll c—1/m)
B

one has 27" < e. This impies || f — gHBg(_l/m < 2"¢, hence ||f — gllpe < 27e.
0,49

2,9
1+”f_gHB§£:11/n)
Then, the uniform continuity of f on [0,1]” shows the existence of 6 > 0 such that if
a,b e [0,1]% verify ||a—b||so < 8, then || f(-,a)—f(-,b)||r= < e. One concludes by the triangular
inequality that [|f(-,a) — g( )| < [[f(- a) = f(,0)|[zee + [If = gllLe < (C2" +1)e. D

Lemma 6.7. Fach ¢,a is continuous on X x K.
J

Proof. Indeed, we deal with continuous functions f and Lemma 6.6 shows that (f,a) — f, is

continuous and f, — c{d(a) is continuous as a scalar product between f, and a fixed wavelet
i

P Ad- So as a composition of continuous functions, the mapping (f, a, x) — C{d (@) is continuous
J

and so if ¢4 as a sum of continuous functions. O
J

Step 2: Let us introduce
T :=¢ ([0, 400)) N (X x D7 (v — h}, — 1/p)). (6.5)

Proposition 6.8. The set T belongs to (B(X) x K)gs.
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Proof. e One first shows that the set ¢~1([0, +0)) € (B(X) x K),5. Observe that, as compo-
sition of continuous mappings, the mapping
X — @O0 =) — R
(f’ a’) — Jfa — C)‘?<a)

is continuous. So, for n € N and m € Z, the set
Fya(n,m):={(f,a) € X : c{d(a) € 27" [m,m+1]}.
J j
belongs to B(X) as the inverse of a Borel set by a continuous mapping. Let us then define

X/\?(n,m) = {x € [0,1]": sup (ﬁ)\? (f.a,z) >0}.
(f,a) EFA?(n,m)

Observe that when f ranges in Eéo,q([o, 11P) and a in (0,1]%, all possible values of ¢/, (a) €

d
Aj

27"[m,m + 1] are reached. Hence, one can rewrite X,4(n,m) as
J

_ d. il e — kN = || >
XA;;(n,m) {x € [0,1] .062*17%7?1{(771—&—1] My 27971+ (22— k[)" — || > 0}

={ze0,1]":Jce2™mm+1], Mi2797(1+ |2z — k|)" — |¢| > 0}.
Using the mappings v : (z,¢) € R xR — M 2797 (1+ |2 — k|)7 —|c| € R and the projection
on the first coordinate 7(z, c) = x, one sees that
X)\C.l(n7m) = 7FF(U_lGR"!‘) n ([07 1]d X 2_n[m7 m + 1])) N [07 l]d
J

Since v and 7 are continuous, X,a(n,m) is thus compact.
J

Lemma 6.9. One has ¢;;}([0, +00)) = Nyeny Umez F)\]d, (n,m) x X)\;z (n,m).

Proof. First, let us prove that gi);\dl([(), +00)) C Mheny Umez Fra(n,m) x Xya(n,m).
¥ J J
Let (f,a,z) € qs;}([o, +00)). Then for every n € N, there is an integer m € Z such that
J
cig(a) € 27"m,m + 1] and (f,a) € F/\?(n,m). In addition, (Z)A? (f, a,x) > 0, so we have

SUD (g b)eF, 4 (n,m) ¢A§; (g, b,m) >0and z € X/\?(n,m). Hence (f,a,x) € F/\;_z(n,m) X X)\? (n,m).
J

Next, we show the inclusion qb;dl([O, +00)) D Mneny Umez Faa(n,m) x Xya(n,m).
¥ J J
Let (f,a,2) € Npen Umez Fra(n,m) x Xya(n,m). For a fixed n € N, there is m € Z
J J
such that (f,a) € Fy¢(n,m) and = € X,4(n, m), meaning that cid(a) € 27"m,m + 1] and
J J ¥
SUP (g.b)e 7, 4 (n,m) (25)\;_1 (g, b,x) > 0. One deduces that
J

dya(fya,z) > sup byal(g, b,z) — sup dva(g,0,2) — dya(f,a,
il ) (9)EFya (nm) i )‘@mgﬁmm i ) — ol )‘

> - sup |¢)\‘€l(gab7x) _¢Ad(f7aa$)|
(g,b)GF/\? (n,m) 7 7
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> — 9 (| = f S _g-n
> (gb):ﬁ?(n’m) 2] = |fa@]] 2

Since this holds for all n € N, one deduces that ¢ya (f, a, m) > 0, hence the result. O
J

Lemma 6.9 ensures that (1))_\(}([0, +00)) € (B(X) x K)ys5, which implies that
i
o (0, +00)) = [ 3 (10,+00) € (B(X) x K)os.
AeAdx Ld
e To prove Proposition 6.8, it remains to show that in (6.5), the second term defining 7 also
belongs to (B(X) x K)gs. By (6.4), the set Dz (y — hl, — 1/p) is closed in [0, 1]¢ as countable

intersection of closed sets. Thus X x DE (y—hl,—1/p) is a countable intersection of countable

unions of closed sets, and so belongs to (B(X) x K)4s.

e Finally, 7 is the intersection of two sets belonging to (B(X) X K)4g, hence the conclusion. [

Step 3: By Definition 6.3, the canonical projection map 7 : (z,y) € X x K — z € X gives
that

#(T) = {(f,0) € X : 30 € D2(y— , — 1/p), (f,0,2) € 671([0, +00))
is analytic in the space (X, B(X)).
Step 4: To conclude, notice that b Eéo,q([o, 1]P) — [0,1] can be rewritten as
o(f) =ve({a € A7, N (0,117 : 30 € DF(y = B, = 1/p), ¢(f,a,2) > 0})
— /A,”g"m ]l,r(T)(f, a)dvy(a).
Since w(7T) is then 8 ® v,-measurable, Fubini’s theorem gives that ¢ is B-measurable, for any

complete Borel measure 3 on Eéo,q([o, 1]P). This yields that QLM = 5_1((0, +00)) is also

B-measurable, for any complete Borel measure 8 on B, 4([0,1]2). O

6.4 Shyness of O:Y

The standard method to prove the shyness of a set is to focus on a finite dimensional probe
space P C quq([o, 1]P) and the Lebesgue measure restricted to P as a transverse measure.

Recall the integer N(d’) and the sequence of multi-integer (p; = (pj1,-.-,Pjd))jen Ob-
tained in Theorem 5.1. Let m > p(d + 2) and d; be the integer given by

dy = p(d+1). (6.6)

Definition 6.10. The probe space P is the subspace of E&,q([o, 11P) spanned by the functions
(i) .— > ADEAD X LD gf\%wp, forie{l,...,di}, whose wavelet coefficients g/(\% are defined in
the following way: for every AP = (j,k,1) € AP x {0,1}7,

’ g ifj (mod diN(d')) €{0,...,N(d) — 1} + (i — 1) x N(d"),

0 else.
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Observe that Z?;l () = & . The intuition is that %, is sampled into d; — 1 functions 4
whose wavelet coefficients are non-zero only on a regular subsequence of generation j. More
precisely, for a € [0,1]%, by (5.3) and (5.6), the trace %SZ) can be expressed as

@ =31 3 ela)in) (6.7)

i>0 \dcAds T d
J= )\]-GA].XL

where, recalling (5.6) , for every \% = (j, k,1) € A,

; eya(a) if j mod diN(d') € {0,...,N(d') =1} + (i — 1)N(d'),
eg\g(a) = 7 (6.8)
J 0 else.
For any arbitrary f € Eéo,q([o, 1]P), define
R%
— f+P (6.9)

B A= 690

The trace of f? is denoted ff , the wavelet coefficients of the trace and the associated
wavelet leaders are respectively c’?\)d (a) and Lfd (a). Similarly, cya(a) and Lya(a) are the wavelet

coefficient and the associated leader of f,. For a € (0,1]%, let also
By = {8 e R" : ALTM(f7)}

0,1 xR" — R
(aaﬁ) — ]]-Ba(/B)

Proof. Let @ : (a, B, z) — infyacpay pa (ﬁ)\d(fﬁ, a, ). The map ® is Borel on [0, 1]d/ xR % [0,1]%
J J
as an infimum of countably many continuous functions. Writing explicitly B, under the form
Az € 0,14, VAY = (4, k,1) € A% x L9,
Ba — ﬂeRdl : ‘cf(_i(a)‘ < My 2*37(1+]2jx—k|)7
J
and Vj > Mo, ,LL()\?(CL‘)) > 2-i(y—hy=1/p)

one sees that 15,(3) = 1g(a, 3), where

Lemma 6.11. The mapping { s measurable.

Y

G ={(a,B) € (0,1]" xR" : 3z € DZ(y— hl, —1/p), ®(a,B,z) > 0}.

This set can be rewritten as

G =7(®7([0,400)) () ((0,1]" x R x D (y — hl, — 1/p))), (6.10)
where 7(a,3,x2) = (a,) is the canonical projection on the first two coordinates. The set
between brackets in (6.10) being a Borel set, G is analytic by Definition 6.3. By Theorem 6.4,
it is also Lebesgue-measurable. Since 15,(3) = 1g(a, 8), the conclusion follows. O

Lemma 6.12. Fora € A7, N (0, 1%, the dy-dimensional Lebesque measure Lq, of By is zero.
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Proof. For any Ao := (jo, ko, lo) € A¢, denoting
Ja € Mo, VAL = (j, k1) € A4 x LY,
Bap, =4 B€RM: |CA;.! a)| < My 2797 (1 + 2z — k)"
and Vj > Mo, u()\?(as)) > 2-1(y=h;~1/p)

B, = limsup U Bax, = ﬂ U U Ba - (6.11)

—00 . *
T (o ko lo) A TEN* Go=J (jo ko lo)EAS

one has

We show that L4, (B,) = 0 by bounding above each L, (Ba’ ,\0), and conclude with the Borel-
Cantelli lemma.

One can ensure that jo is large enough that jo > Mo + dyN(d'), jo — daN(d') = 0
(mod diN(d')) and kj(a) > 0 (recall (5.5)). Suppose § and 3 belong to a same B, Ao~ There
exist g, 7€ Ao C R? such that for every j € N*, if k; g and k 15 the multi-integer associated
to )\?(335)

X, (o) (@] < My 277 (14 |25 — Kyp])” (6.12)

and similarly for ¢ (a) with its associated k. .
/\J(x,(g) 7.8 _

For every j € {jo — le(d’),...,jO}, one has /\;-l(xg) = )\;l(acg): call \; this cube, for
short. For every i € {1,...,d;}, set j® = (i — 1)N(d') (mod dyN(d')) with ;@ € {jo —
d\N(d'),...,j50} (remark that 5V = jo — d; N(d')). We make use of Theorem 5.1. For every
i€ {l,...,d}, for every a € R, there exists an integer J@ € {0,..., N(d’) — 1} such that
G;.lgi)JrJ(i)(a) > a® > 0. One sees that j() + JO e {jo — diN(d'),...,jo}. Using 8,5 € Ao
and (6.12), one deduces that there is a constant C' > 0 depending on My, jo,d1,v,y and D

such that, for every j € {jo — diN(d'),...,jo}, |0~_ ’ < 02797 and ’c ‘ < 02797, From
all this, one deduces that
|(5: = 52) exjmﬂu)(a)' B ‘ij<i)+1<i>(a) MY Ol (CX]@)H@)(&) +h exj(mm(am
< |8 (a)‘ + ’cé (a)] <2C- 9~ o—diN(d))y,
A0 4 (0) A0 400

So, recalling (5.6), one has

~ 9—(jo—d1N(d"))y
|8; — Bi] < 2C5%/

d d’ ’
2 )\j(i)+J(i))V()\j(i)+J(i)7k_(i) e (a)>Gj(i)+J(i) (a)

When j € {jo — diN(d'),...,jo}, j > Ma, so u(X;) > 2790~/ from which we deduce
that M(Xj) > 2=90(v=h,=1/p)  Agq e AV

nrm, this gives

)4 (AT 41 oo
()‘]( D4 J6) k. SOIRG )(a)) > 27 G It /m) > 9 Jo( /m)

So for every i € {1,...,d;}, recall that G JOMRTC o(a) > o, and one has

—(jo—d1 N(d'
9—Go—diN(d))y < Cj2/9-300 /p=1/m),

_ B i2/q
|8 = Bil < 203 i gt o S
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The distance between two elements of B, ), is at most jg/qQ_jO(l/p_l/m) up to a constant.
Hence L4, (Bay,) < C de/q2_j0'd1(1/p_1/m) Summing over all the 290 dyadic cubes for kg €
Zd at scale jo glves L, ( Ukoezd B, )\0) < Cde/q230(d+d1/m 4/p) Because of our choice (6.6)

and dy/m < p g 1, d+ dl/m d1/p < 0. The Borel-Cantelli lemma implies Ly, (B ) =
L, (hm SUPj, 00 Ukoezd Ba,A()) = 0, which proves the claim. O
o

Proposition 6.13. For any f € B%4([0,1]7), the set {8 € RN : f# ¢ OWLMY has Lq, -

Lebesgue measure 0.

Proof. By Lemma 6.12, [ _ v (0,1 Jserar 18.(B) dBdvy(a) = 0. Applying Fubini’s theorem
(measurability being guaranteed by Lemma 6.11),

/ / 15,(8) dvr(a)dB = 0.
BeRM JaeAY,,N(0,1]7

In other words, for Lebesgue-almost any 8 € R, there exists a set A(f?) C Apr, with same
such that A(f) N AZLM(f) = 0. Recalling that ApA/M(f) C Avr

~-measure as AYr

n,m? n,m?
this implies that v, (AN TM(B)) = 0, and fP ¢ Oﬁ}nM which yields the result by taking
complement. O

Finally, we are now ready to prove the shyness of the sets (9512,;]”.

Proposition 6.14. For every n,m € N with m > p(d +2), M = (My, M) € (N*)? and
vy>h+hl, (’)p'YM is shy.

Proof. Let ¥ = Gu L4, be the push-forward measure of the L4, onto P by

G:{ [0’;]d1 : s [ (6.13)
i=1 i

This measure is supported by a compact in P C Boo,q([O, 1]P). Fix any f € Eﬁo,q([o, 1]P). Us-
ing Proposition 6.13, for ¥-almost all F € P, f+F ¢ Ob M. Hence for any f € BS 4(]0,1]P),
the set {f + O2%MY has ¥-measure equal to 0, i.e., 9({f + OL%M}) = 0. Since it is true for
any f € Eéo,q([o, 1]P), the set OF3M is shy. O

Using Proposition 6.2, the set (.7-"’“)[: is shy as it is a subset of countable unions and

intersections of shy sets. This yields that F" is prevalent, proving Proposition 6.1.

7 Further investigations

A first natural extension consists in investigating the case where p < oo, for which new
and interesting phenomena may arise, as was observed in [8]. One would then like to explore
situations where £ is not a product of measures, or, as a preliminary step, to consider capacities
that are not Gibbs capacities associated with &;. For instance, a natural extension consists

in taking for £ either 2- or 3-dimensional Mandelbrot cascades or Castaing cascade models,
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and to see whether the same conclusion hold. However, this scenario will be significantly more

intricate and will likely depend on the behavior of the marginals of ¢ on R and RY'.

Finally, in all cases, it would be valuable to study traces not only on affine subspaces but

also on general submanifolds.
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