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Determining fluid-crystal phase boundaries for a binary hard-sphere
mixture using direct-coexistence simulations

Rinske M. Alkemade,1, a) Alessandro Salo,1 Laura Filion,1 and Frank Smallenburg2

1)Soft Condensed Matter and Biophysics, Debye Institute for Nanomaterials Science, Utrecht University, Utrecht,
Netherlands
2)Université Paris-Saclay, CNRS, Laboratoire de Physique des Solides, 91405 Orsay, France

Determining fluid–crystal phase boundaries via direct-coexistence methods can be challenging due to the fact that the
simulation box can introduce crystal strain. Recently, a direct-coexistence approach was developed which allows one
to easily identify the equilibrium strain-free fluid-crystal coexistence in monodisperse systems. Here, we show that
this approach can be readily extended to binary mixtures forming stoichiometric binary crystals, allowing accurate and
efficient determination of the phase boundaries. Moreover, we examine how the choice of crystal plane in contact with
the fluid affects the accuracy of the phase boundary determination. The method is easy to implement and does not
require prior knowledge of the binary fluid’s equation of state. These results further establish the method as a robust
and practical tool for accurately determining fluid–crystal phase boundaries.

I. INTRODUCTION

When studying the behaviour of colloidal and atomic sub-
stances, it is essential to understand a system’s phase diagram
and its associated phase boundaries. Identifying the condi-
tions under which phase transitions occur is a crucial first step
toward understanding a range of related physical processes,
such as nucleation and interfacial behaviour.

Computer simulations are a powerful tool for determining
phase boundaries1–3. Several methods exist to determine the
thermodynamic conditions under which two or more phases
can coexist, meaning the phases have the same pressure P,
chemical potential µ and temperature T . These methods in-
clude brute-force approaches, which directly explore which
phases occur at specific state points, and free-energy-based
methods2,4–9, which compute the bulk free energy of each
phase to determine coexistence conditions. In this paper, we
focus on a third approach that considers direct-coexistence
simulations10–13. In this class of methods, both coexisting
phases are simulated within a single system such that the inter-
face between the phases is incorporated explicitly. Since parti-
cles, energy, and volume can redistribute between the phases,
the coexistence criteria are automatically satisfied, giving di-
rect access to the equilibrium properties of each phase.

However, identifying fluid-crystal coexistences via direct-
coexistence simulations can be challenging because crystal
strain can be induced by the shape of the simulation box14–16.
To address this, Ref. 17 recently proposed a straightforward
approach to determine the equilibrium fluid-crystal coexis-
tences. In order to identify the unstrained crystal, they per-
form a series of direct-coexistence simulations across crystal
densities. The unstrained equilibrium crystal is then identi-
fied as the one whose associated bulk pressure matches the
pressure as measured normal to the interface in the direct-
coexistence simulation.

The goal of this paper is to extend the approach of Ref. 17,
which was tested on a collection of monodisperse systems,

a)Author to whom correspondence should be addressed: r.m.alkemade@uu.nl

to stoichiometric binary crystals. In comparison to monodis-
perse systems, identifying the coexisting phases in binary sys-
tems presents an additional challenge because the composi-
tion can differ between phases. If the composition of both
phases is unknown a priori, determining the phase bound-
aries via direct-coexistence methods requires extensive sam-
pling over many possible particle mixtures or the use of other
more advanced techniques18. In stoichiometric crystals, how-
ever, the crystal composition is fixed by the crystal struc-
ture (assuming a low defect concentration). During a direct-
coexistence simulation, the fluid can freely exchange particles
with the crystal at the interface, allowing the fluid composi-
tion to adjust until both phases reach equilibrium. As a result,
the simulation naturally converges to the correct coexistence
composition, implying that the method of Ref. 17 can be read-
ily applied to stoichiometric binary crystals.

Here, we test this approach by reconstructing the phase dia-
gram of a binary hard-sphere mixture with size ratio q = 0.58,
which has previously been predicted via free-energy calcula-
tions by Eldridge, Madden, and Frenkel19. We demonstrate
that the method is simple to implement and yields highly ac-
curate phase boundaries. Additionally, we comment on the
effects of the choice of crystal plane in contact with the fluid
on the accuracy of this method.

II. METHODS

A. Binary hard-sphere mixture

As our model system, we use a binary hard-sphere mixture
consisting of particle types A and B. These particles have a
size ratio q = σB/σA = 0.58, where σi denotes the diameter
of species i. Note that these hard spheres interact solely via
excluded-volume interactions, i.e. they cannot overlap, but
otherwise they do not interact. The binary mixture under con-
sideration has been extensively studied19,20 and is known to
form four different crystal phases that can all coexist with a
binary fluid. Fig. 1 shows the observed crystals, which consist
of monodisperse FCC(A/B) crystals of pure A and B particles
and binary crystals, AB2 (atomic analogue AlB2) and AB13
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a) b) c)

FIG. 1. Crystals that can form in a hard-sphere binary mixture at size ratio q = 0.58. a) An FCC(A) crystal consisting of A-particles. Note that
the structure of the FCC(B) crystal (not displayed here) is identical to the FCC(A) crystal. b) An AB2 crystal, consisting of alternating layers
of A and B particles, denoted by respectively the blue and yellow particles. The large particles form hexagonal layers and the small particles
form a planar honeycomb lattice. We denote the lattice spacing associated with the hexagonal plane by a, while c denotes the lattice spacing
between consecutive layers of the same type. c) An AB13 crystal consisting of a cubic lattice of A-particles, with each cubic cell containing an
isocahedral cluster of 13 B-particles. Neighbouring isocahedral structures are rotated by π/2, such that the total unit cell of AB13 consists of
112 particles.

(atomic analogue NaZn13) .
We simulate the system using event-driven molecular dy-

namics simulations21,22 (EDMD) implemented in the canon-
ical ensemble, where the temperature is fixed using an An-
dersen thermostat2. The EDMD code we use is adapted
from Ref. 23 to allow for measurements of pressure ten-
sors and composition profiles. The simulation consists of
N = NA +NB particles placed in a box with periodic bound-
aries, where Ni is the number of particles of species i. Here,
we choose to express the composition in terms of the frac-
tion of small particles, i.e. the global composition is equal to
χG = NB/(NA +NB). During the simulation, the pressure ten-
sor Pkl is measured by tracking the momentum transfer at each
collision21,

βPG
kl

ρ
= δkl −

∑c mδv(k)i r(l)i j

N ∆t
,

where β = 1/kBT with kB Boltzmann’s constant, ρ = N/V
is the number density, and the sum runs over all collisions,
c, occurring within the time window ∆t. At each collision,
ri j = r j−ri is the vector connecting the two colliding particles
i and j, and mδvi is the momentum change of particle i, with m
the particle mass (which we choose identical for all particles).
Additionally, the superscript (s) denotes the s-component of
that vector, with s ∈ {x,y,z}.

B. Direct coexistence

We briefly summarize the method introduced in Ref. 17
for determining fluid-crystal phase boundaries using direct-
coexistence simulations. In such simulations, the coexist-
ing phases are placed in a simulation box that is elongated
along one direction (here chosen to be the z-direction). Due
to free-energy minimization, the fluid-crystal interfaces will
minimize and thus align perpendicular to the z-axis. As a re-
sult, mechanical equilibrium ensures that the normal pressure
in that direction, PG

zz , is unaffected by the interfaces and thus

is the same inside both phases α and β , i.e.

PG
zz = Pα

zz = Pβ
zz ,

with Pα
zz and Pβ

zz the local pressure in phase α and β respec-
tively.

As mentioned, a key challenge in fluid–crystal direct-
coexistence simulations is that the simulation box can impose
strain on the crystal. This strain can arise because periodic
boundaries fix the initial crystal lattice spacing in the x- and y-
directions, which in turn fixes the initial crystal density ρX

0 . If
this ρX

0 does not correspond to the density of the crystal at the
equilibrium melting point, the coexisting crystal will undergo
a uniaxial strain of εzz along the z-axis. Since the pressure
along the z-axis must be spatially uniform, the global pressure
in that direction can thus be written as

PG
zz (ρ

X
0 ,εzz) = PUD(ρX

0 )+Bzzzz(ρ
X
0 ) · εzz,

with PUD(ρX
0 ) the pressure associated with an undeformed

crystal at density ρX
0 , and Bzzzz(ρ

X
0 ) the effective elastic

constant of that same crystal, associated with a compres-
sion/expansion along the z-axis24.

Ref. 17 showed that the unstrained coexistence, which cor-
responds to the situation where εzz = 0, can easily be identified
by finding the density ρ0 for which

PG
zz (ρ

X
0 ) = PUD(ρX

0 ).

In practice, the equilibrium density ρ
X ,UD
0 is determined by

performing a short series of independent direct-coexistence
simulations at varying ρX

0 and identifying the density for
which the measured global pressure in the z-direction matches
the undeformed bulk crystal pressure at the same density.

To apply this method to binary systems, we need to ad-
ditionally consider the composition of the two coexisting
phases. Here, we focus on coexistences involving stoichio-
metric crystals, for which the composition is known a priori.
In other words, we assume a negligible crystal defect concen-
tration, such that the crystal composition, χX , remains fixed
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at its initial value. Note that this also implies that the pres-
sure of the undeformed crystal can simply be determined from
simulations of defect-free crystals. In contrast, the fluid com-
position χF can vary due to crystal melting or growth dur-
ing the direct-coexistence simulation. Therefore, we measure
the average χF(ρX

0 ), and identify the equilibrium composi-
tion as that of the fluid coexisting with the undeformed crystal
χF(ρX ,UD

0 ).

C. Composition measurements

To measure the average χF(ρX
0 ), we monitor the composi-

tion profile, χ(z), along the elongated z-axis during the direct-
coexistence simulations. To avoid artifacts in the crystal com-
position, we partition the simulation box into discrete bins
along the z-axis, where each bin has a width equal to the length
of crystal unit cell in the z-direction. As the box length in z
generally does not accommodate an integer number of unit
cells, we discard the final (incomplete) bin to maintain con-
sistency.

Since the fluid-crystal interface can shift during the simu-
lation, we align the composition profiles before averaging. To
do so, we identify the middle of the high-composition phase
and roughly align its position to z/σA = 0. To compute the re-
quired shift necessary to align a profile, we perform a Fourier
transform of the profile χ(z) using a wavelength equal to the
box length in the z-direction, Lz. Specifically, we compute:

χk =
Nb

∑
i
(χ(zi)−χX )e

−2πi zi
Lz ,

where Nb is the number of integer bins in the box, zi is the
z-coordinate of bin i, χ(zi) is the local composition, and
χX is the composition of the crystal phase. Given the re-
sulting Fourier transform, we compute the associated phase
φ = arg(χk), and shift each profile by an integer number of
bins given by

⌊
φLz

2π·binsize

⌋
. The average composition profile,

⟨χ(z)⟩, is then obtained by averaging over all the aligned pro-
files.

To identify the fluid region of the composition profile, we
first split the profile into two halves, each containing one
fluid–crystal interface. To each interface, a hyperbolic tan-
gent function tanh(z) is fitted. The fluid is then defined as the
region where the fitted function reaches at least 99.5% of its
maximum value (if χF > χX ) or minimum value (if χF < χX ).
Finally, the fluid composition is determined by averaging over
all the composition values within this fluid region.

D. Simulation details

To redraw the phase diagram, we first determined the bulk
equation of state, PUD(ρX ) for all four crystals, using sys-
tem sizes between N = 3000 and N = 4000, where N is the
number of particles in the system. Each simulation ran for

105τ , with τ =
√

βmσ2
A . Special care was required for the

FIG. 2. Demonstration of the direct-coexistence approach for a co-
existence between a binary fluid and an FCC(A) crystal for a sys-
tem with global packing fraction ηG = 0.56 and global composition
χG = 0.3. The upper panel shows the average pressure, Pzz, normal
to the interface as a function of the initial crystal packing fraction ηX

0
(red line). In that same plot we plot the bulk equation of state PUD

(blue line), measured in separate simulations, and the pressure Pxx
parallel to the interface of the direct-coexistence simulation (dashed
grey line). In the plot, Pyy is not shown, as it fully overlaps with Pxx.
The coexistence pressure and crystal packing fraction are determined
by identifying the crossing between PUD and Pzz (yellow dot). In the
lower panel, we show the fluid composition χF as a function of the
initial crystal packing fraction. The coexistence fluid composition is
equal to χF (ηX ,coex).

AB2 crystal, since its unit cell is defined by two lattice pa-
rameters a and c, see Fig. 1. To determine the equilibrium
c/a ratio, we performed a series of bulk crystal simulations
at various c/a ratios for each crystal density, measuring the
pressure tensor in each simulation. For each density, we then
identified the c/a ratio at which the pressure tensor becomes
isotropic. In Appendix A, we show the ratio c/a, correspond-
ing to the strain-free crystal, as a function of packing fraction
η . The resulting fit for c/a as a function of η was used to set
the lattice parameters in all AB2 simulations.

To initialize the direct-coexistence simulations, we se-
lected, by trial and error, global packing fractions ηG and
global compositions χG that lied within a coexistence re-
gion, and that yielded coexistences with approximately equal
crystal and fluid volumes. Note that for the system studied
here, this procedure was relatively straightforward since the
phase diagram was known beforehand. In the absence of prior
knowledge of the phase diagram, it might be necessary to first
perform exploratory bulk simulations over a range of densi-
ties and compositions in order to identify regions where phase
separation could occur. For each state point that we consid-
ered, we picked a range of initial crystal packing fractions ηX

0 ,
where for each value, we selected a corresponding fluid pack-
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a) b)

c) d)

FIG. 3. Phase boundaries between a binary fluid and respectively: a) an FCC(A) crystal, b) an FCC(B) crystal, c) an AB2 crystal, and d) an
AB13 crystal. Plot markers represent results obtained using the direct-coexistence method, while dashed lines indicate the phase boundaries
from Ref. 19. The solid lines are fitted functions through the direct-coexistence measurements (fits can be found in Appendix C). The open
markers denote the coexistence pressure between a monodisperse fluid and the FCC(A) or FCC(B) crystal, based on the results of Ref. 17.
Note that there is a large discrepancy between the location of the fluid–FCC(B) phase coexistence reported in Ref. 19 and that obtained from
the direct-coexistence simulations. Specifically, the phase boundaries in Ref. 19 do not correctly terminate at the monodisperse fluid-crystal
coexistence.

ing fraction ηF and composition χF such that the desired ηG

and χG were achieved. The number of crystal particles, NX ,
was set between 3500 and 5500, depending on the specific
crystal. Given this ηX

0 and NX , we computed the crystal vol-
ume VX and then chose the number of fluid particles such that
the initial fluid volume VF matched VX . To avoid initial over-
lap between the fluid and crystal, the fluid was first initialized
in a box that was slightly smaller than VF . After initialization,
the fluid and crystal were glued together along the z-axis to
form the initial direct-coexistence configuration.

We ran the direct-coexistence simulations for total times
ranging from 106τ to 8 · 106τ , of which one-fourth was used
as equilibration time. After equilibration, we started the mea-
surement of the pressure tensor, and periodically measured the
composition profile at time intervals at ∆t/τ = 1. Shifting and
averaging of the composition profiles were performed during
the simulation.

III. RESULTS

Here, we redraw the phase diagram for a binary hard-sphere
mixture at size ratio q = 0.58 in the pressure-composition rep-
resentation. Results are compared to the phase diagram pre-
dicted by Eldridge, Madden, and Frenkel19, where the data
is extracted from their published phase diagram. Below, we
discuss all four fluid–crystal coexistence branches separately.

A. FCC(A) and FCC(B)

To determine the fluid–FCC(A/B) phase boundaries, we
performed direct-coexistence simulations across the relevant
regions of parameter space. For the fluid-FCC(A) boundary
this meant performing simulations for global packing frac-
tions in the range ηG ∈ [0.51,0.61] and global compositions
in the range χG ∈ [0.005,0.6]. To determine the fluid-FCC(B)
phase boundary, we performed direct-coexistence simulations
for global packing fractions in the range ηG ∈ [0.52,0.53]
and global compositions in the range χG ∈ [0.975,0.998]. In
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FIG. 4. Phase boundaries for a) fluid-FCC(A) and b) fluid-FCC(B),
obtained from free-energy calculations that use the BMCSL EOS for
the binary fluid (FE - BMCSL) and direct-coexistence simulations
(DC). Note that the solid lines correspond to the solid lines plotted
in Fig. 3a) and b). Open markers denote the coexistence pressure
between a monodisperse fluid and the FCC(A) or FCC(B) crystal,
based on the results of Ref. 17

both cases, the number of initial crystal particles was set to
NX = 3840, and the number of crystal unit cells in x- and y-
direction was set to 8. The FCC crystals were oriented with
the (100) plane facing the fluid.

In Fig. 2, we show how we determine the FCC(A) coex-
istence crystal packing fraction, ηX ,coex, pressure, Pcoex, and
composition, χF,coex, using a series of simulations at global
packing fraction ηG = 0.56 and global composition χG = 0.3.
It is noteworthy that, in contrast to the monodisperse system,
the crossing between PUD(ηX

0 ) and PG
zz (η

X
0 ) is not associated

with a minimum in PUD(ηX
0 ). In the monodisperse system, we

see this crossing occur at a minimum because there is only one
fluid and thus one equilibrium coexistence pressure, which
corresponds to an unstrained crystal. Any strained crystal is
by definition less stable, and hence must have a higher coexis-
tence pressure17. However, in a binary system, the crystal can
coexist with a range of fluids, each at different pressures and
compositions. Since varying ηX

0 changes the fluid composi-
tion, the equilibrium crystal is generally not associated with a
minimum in pressure.

In Fig. 3a) and b), we show the fluid–FCC(A/B) phase
boundary obtained from direct-coexistence simulations re-
spectively. For comparison, we include the phase bound-
aries from Ref. 19, obtained via free-energy calculations. In
the figure, the monodisperse limits of the fluid–FCC(A/B)
system17 — which occur at βPσ3

A = 11.5645 and βPσ3
A =

11.5645/q3,respectively — are also included. Note, further-
more, that all binary coexistence points included in Fig. 3b)
correspond to metastable coexistences, as the region where
fluid-FCC(B) coexistences are stable is extremely narrow.

In both figures, we observe that the phase boundaries ob-
tained from direct-coexistence simulations lie consistently be-
low the phase boundaries predicted by Ref. 19. This discrep-
ancy could be partly attributable to digitization errors intro-

duced during data extraction. However, the systematic down-
ward shift of phase boundaries is observed across (almost) all
fluid-crystal pairs we studied. To investigate the origin of this
shift, we recalculated the coexistence lines for FCC(A/B) us-
ing a reference Helmholtz free energy for the FCC crystal ob-
tained by Polson, Trizac, Pronk, and Frenkel7, the FCC equa-
tion of state from Speedy25, and the semi-empirical fluid equa-
tion of state (EOS) by Boublik, Mansoori, Carnahan, Star-
ling and Leland (BMCSL)26,27. Note that the latter EOS was
also used in Ref. 19. As shown in Fig. 9 in Appendix B, us-
ing the BMCSL EOS leads to a systematic underestimation
of both the pressure and Helmholtz free-energy of the fluid
compared to simulations — an observation that is consistent
with earlier findings18,28–30. We plot the coexistence pressures
recalculated using the BMCSL EOS, together with our direct-
coexistence results in Fig. 4. Consistent with our earlier ob-
servations, we see that the free-energy predictions consistently
underestimate the coexistence pressure, even in the monodis-
perse limit. In this limit, it is easy to check the impact of the
inaccuracies in the BMCSL EOS on the coexistence pressure
by recalculating the coexistence again with a more accurate
EOS for monodisperse hard spheres. Using the highly accu-
rate Kolafa–Labík–Malijevský (KLM) EOS, we find excellent
agreement with the direct-coexistence results. This indicates
that the BMCSL EOS underestimates the monodisperse co-
existence pressure by roughly 1%, consistent with the overall
shift shown in Fig. 4.

Finally, we note that care must be taken when selecting the
ηX

0 interval for fluid-FCC(A) coexistences. In our simula-
tions, we observed that crystals that were deformed too much
became distorted and developed many defects. While defects
can occur in all deformed crystals, the effect was especially
pronounced in the FCC(A) crystal. In Appendix D we show
an example of a planar defect that appeared at multiple state
points under large deformation. These issues are avoided by
only considering ηX

0 close to the coexistence packing frac-
tion. Note that by visualizing the simulation, it can easily
be checked by eye whether the crystal contains a significant
number of defects.

B. AB2

To determine the fluid-AB2 phase boundary we considered
direct coexistences for global packing fractions in the range
ηG ∈ [0.56,0.59] and global compositions in the range χG ∈
[0.75,0.85], for systems initially consisting of NX = 3600
crystal particles. In all simulations the number of crystal unit
cells in x- and y-direction was set to 10. We found that the
behavior of the fluid-crystal interface was highly sensitive to
the choice of crystal plane in contact with the fluid. Using an
orientation where alternating particles layers lie parallel to the
interface, see Figs. 5a) and 5b), resulted in a crystal that only
grew or melted in discrete layers.

In Fig. 5c), we show the pressure and fluid composition at
ηG = 0.585 and χG = 0.8 for a direct coexistence with this
crystal orientation. In the figure, we also indicate the number
of crystal layers present during each simulation. These fig-
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a) d)

b) e)

c)
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FIG. 5. The effect of different AB2 crystal orientations on the direct-coexistence simulations. In the first orientation, the crystal is aligned
such that the crystal plane shown in a) is parallel to the interface. A representative snapshot at (ηG,χG) = (0.585,0.8) and ηX

0 = 0.64 is
shown in b). For the same global parameters, c) shows the normal pressure component PG

zz and fluid composition χF as functions of the initial
crystal packing fraction ηX

0 . The numbers on the pressure curves indicate the number of crystal layers in the crystal phase, which remained
constant for most of the simulation. The black line represents the bulk crystal pressure. In the second orientation, the crystal is rotated by π/2
relative to the first case, such that the crystal plane shown in d) is parallel to the interface. A representative snapshot at (ηG,χG) = (0.58,0.8)
and ηX

0 = 0.64 is shown in e), while the corresponding pressure and composition as functions of ηX
0 are shown in f). These results highlight

the difference in interfacial stiffness between the two crystal orientations. Note that the two orientations are associated with slightly different
global packing fractions, which leads to a systematic shift in pressure between the two systems.

ures reveal that the interface is indeed very stiff, with a very
small interfacial width. Consequently, the simulation effec-
tively only samples integer numbers of crystal layers, which
strongly limits the system’s ability to adapt the number of par-
ticles in the crystal phase as necessary to sample the equilib-
rium coexistence. This results in the stepwise behaviour of
both βPzzσ

3
A and χF of Fig. 5c).

As a way of addressing this issue, we found that rotating
the crystal by π/2, such that the planes of alternating parti-
cles lie perpendicular to the interface (see Figs. 5d) and 5e)),
yielded a significantly less stiff interface. Fig. 5f) shows the
pressure and fluid composition in a direct-coexistence simula-
tion at ηG = 0.58 and χG = 0.8 with this crystal orientation.
From the representative snapshot of this system, displayed in
Fig. 5e), we can indeed observe that the interface is much
wider. Hence, to calculate the fluid-AB2 coexistence line, we
use this orientation in all our simulations. In Fig. 3c) we plot
the resulting phase boundary. Again we see that, compared to

Ref. 19, the boundary is shifted downward consistently.

C. AB13

To determine the fluid-AB13 phase boundary we considered
direct coexistences for global packing fractions in the range
ηG ∈ [0.53,0.55] and global compositions in the range χG ∈
[0.94,0.9625], for systems initially consisting of NX = 5376
crystal particles.

Similar to the AB2 crystal, we found that the results are very
sensitive to the crystal plane that is in contact with the fluid.
To illustrate this, we looked at two different orientations of
the AB13 crystal structures, shown in Figs. 6a),b), and 6d),
e). For the first orientation, Fig. 6c) shows the pressure in
the z-direction. Analogous to the fluid-AB2 case, we observe
crystal growth or melting to occur only through the addition or
removal of entire layers. Rotating the crystal by π/4, led to a
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FIG. 6. The effect of different AB13 crystal orientations on the direct-coexistence simulations. In the first orientation, the crystal is aligned
such that the crystal plane shown in a) is parallel to the interface, with alternating particle layers perpendicular to the interface. A representative
snapshot at (ηG,χG) = (0.55,0.95) and ηX

0 = 0.59 is shown in b). For the same global parameters, c) shows the normal pressure component
PG

zz and fluid composition χF as functions of the initial crystal packing fraction ηX
0 . The numbers on the pressure curves indicate the number of

crystal layers in the crystal phase, which remained constant for most of the simulation. The black line represents the bulk crystal pressure. In
the second orientation, the crystal is rotated by π/4 relative to the first case, such that the crystal plane shown in d) is parallel to the interface.
A representative snapshot at (ηG,χG) = (0.54,0.95) and ηX

0 = 0.59 is shown in e), while the corresponding pressure and composition as
functions of ηX

0 are shown in f). These results highlight the difference in interfacial stiffness between the two crystal orientations. Note
that the two orientations are associated with slightly different global packing fractions, leading to a systematic shift in pressure between both
systems.

less stiff interface and a smoother behavior of the pressure, as
shown in Fig. 6f). Hence, we use this orientation in our phase
boundary determinations. In Fig. 3d), we plot the resulting
phase boundary, which again is consistently shifted downward
compared to Ref. 19.

Finally, we note that finite-size effects associated with the
amount of fluid in the simulation box play a noticeable role in
the fluid-AB13 direct-coexistence simulations. We observed
that the addition of a single crystal unit cell occurs very
slowly, particularly in systems containing relatively few A par-
ticles. Because the AB13 unit cell is large, the insertion or re-
moval of even one cell causes substantial changes in both the
fluid density and composition. As a result, the simulations ex-
hibit slow and pronounced fluctuations in pressure and com-
position. Consequently, long simulation times are required
to sample the system sufficiently. Note that these difficulties

are not specific to our implementation, but rather are inher-
ent to direct-coexistence methods in general. Although we
expect that increasing the system size or extending the simu-
lation time would likely further improve the precision of the
extracted phase boundaries, we consider the results presented
here to be sufficiently accurate and reliable.

D. Phase diagram

In Fig. 7, we show the phase diagram obtained using
the direct-coexistence method. The zoomed-in inset of the
same diagram highlights the small but finite region where
fluid–FCC(B) coexistence is stable. In Appendix C, the func-
tions that fit the phase boundaries are given.
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FIG. 7. Phase diagram of a binary mixture with size ratio q = 0.58, obtained from direct-coexistence simulations. The right panel shows a
zoomed-in view of the phase diagram, indicating that there is a small but finite region where the F-FCC(B) coexistence is stable. In Appendix
C, we display the phase boundaries fits.

IV. CONCLUSIONS

In conclusion, we have extended the direct-coexistence
method introduced by Ref. 17 to determine phase boundaries
in binary mixtures that form stoichiometric crystals. It is
worth noting that, in addition to the NV T direct-coexistence
simulations used here, binary mixtures would also yield sta-
ble coexistences in the NPzT ensemble15,16,31. In this ensem-
ble, the pressure in the z-direction, Pz, is fixed to the value
consistent with the lattice spacing imposed by the box dimen-
sions in x and y. In principle, this ensemble has the advan-
tage that only one simulation is required to identify the strain-
free crystal. However, in practice, the requirement of multiple
simulations is not particularly expensive, since they can eas-
ily be performed simultaneously. Moreover, since constant-
pressure simulations often have long correlation times in the
volume fluctuations, it is likely that the simulation in the NPzT
-ensemble would take significantly longer than a single simu-
lation in the NV T -ensemble.

The direct-coexistence method discussed in this paper of-
fers several clear advantages over traditional free-energy
based approaches. As in the monodisperse case, the method
is less prone to numerical error since it does not require inte-
grating over a series of measurements. In addition, the method
is straightforward to implement and to verify. A key advan-
tage specific to binary hard-sphere mixtures, is that it does
not require knowledge of the EOS of state of the binary fluid.
Free-energy calculations either require measuring the EOS
over a wide range of compositions and densities, or require

relying on some semi-empirical expressions like the BMCSL
EOS. As integration over the EOS is required, small errors in
the EOS can lead to significant shifts in the predicted phase
boundaries as we have shown in this paper.

There are certain aspects that require caution when per-
forming direct-coexistence simulations. In general, direct co-
existence simulations will be computationally more expensive
than free-energy calculations, due to the slow relaxation of the
explicit interfaces. Specifically for this system, we observed
that both the AB2 and AB13 crystals are sensitive to the orien-
tation of the crystal in the box: some orientations resulted in
extremely stiff interfaces, where growth or melting only oc-
curred in discrete layers. In this work, we identified crystal
orientations that led to less stiff interfaces. We speculate that
for most crystals, the best choice of crystal plane in contact
with the fluid is a plane that does not show strong layering in
the direction normal to the interface. This may run counter to
the natural inclination to use a “clean” crystal plane as the in-
terface, but — as our result show — could significantly impact
the efficiency and accuracy of sampling in direct-coexistence
simulations.

In short, we conclude that the direct-coexistence method
presented here and in Ref. 17 provides a robust approach that
is simple to implement and that leads to an efficient and accu-
rate determination of phase boundaries in the class stoichio-
metric binary crystals.

   
    

Th
is 

is 
the

 au
tho

r’s
 pe

er
 re

vie
we

d, 
ac

ce
pte

d m
an

us
cri

pt.
 H

ow
ev

er
, th

e o
nli

ne
 ve

rsi
on

 of
 re

co
rd

 w
ill 

be
 di

ffe
re

nt 
fro

m 
thi

s v
er

sio
n o

nc
e i

t h
as

 be
en

 co
py

ed
ite

d a
nd

 ty
pe

se
t. 

PL
EA

SE
 C

IT
E 

TH
IS

 A
RT

IC
LE

 A
S 

DO
I:

10
.10

63
/5.

03
21

59
1



9

ACKNOWLEDGMENTS

L.F. acknowledges funding from the Dutch Re-
search Council (NWO) as part of the Vici ENW pro-
gram with file number VI.C.242.116 and grant ID
https://doi.org/10.61686/PWYNK61282. F.S. acknowl-
edges funding from the Agence Nationale de la Recherche
(ANR), grant ANR-21-CE30-0051.

DATA AVAILABILITY STATEMENT

All simulation codes needed to reproduce the data, as well
as all relevant simulation data and notebooks to analyze the
data and generate the figures are published as a data package
in Ref. 32.

V. REFERENCES

1C. Vega, E. Sanz, J. Abascal, and E. Noya, Determination of phase dia-
grams via computer simulation: methodology and applications to water,
electrolytes and proteins, J. Phys. Condens. Matter 20, 153101 (2008).

2D. Frenkel and B. Smit, Understanding molecular simulation: from algo-
rithms to applications (Elsevier, 2023).

3P. Y. Chew and A. Reinhardt, Phase diagrams—Why they matter and how
to predict them, J. Chem. Phys. 158, 030902 (2023).

4D. Frenkel and A. J. Ladd, New monte carlo method to compute the free
energy of arbitrary solids. application to the fcc and hcp phases of hard
spheres, J. Chem. Phys. 81, 3188 (1984).

5P. Bolhuis and D. Frenkel, Tracing the phase boundaries of hard sphero-
cylinders, J. Chem. Phys. 106, 666 (1997).

6T. Schilling and F. Schmid, Computing absolute free energies of disordered
structures by molecular simulation, J. Chem. Phys. 131, 231102 (2009).

7J. M. Polson, E. Trizac, S. Pronk, and D. Frenkel, Finite-size corrections to
the free energies of crystalline solids, J. Chem. Phys. 112, 5339 (2000).

8C. Vega and E. G. Noya, Revisiting the Frenkel-Ladd method to compute
the free energy of solids: The Einstein molecule approach, J. Chem. Phys
127, 154113 (2007).

9M. Dijkstra, Entropy-driven phase transitions in colloids: From spheres to
anisotropic particles, Advances in chemical physics 156, 35 (2014).

10A. C. L. Opitz, A molecular dynamics investigation of a free surface of
liquid argon, Phys. Lett. A 47, 439 (1974).

11A. Ladd and L. Woodcock, Triple-point coexistence properties of the
Lennard-Jones system, Chem. Phys. Lett. 51, 155 (1977).

12A. Ladd and L. Woodcock, Interfacial and co-existence properties of the
Lennard-Jones system at the triple point, Mol. Phys. 36, 611 (1978).

13J. N. Cape and L. V. Woodcock, Molecular dynamics calculation of phase
coexistence properties: The soft-sphere melting transition, Chem. Phys.
Lett. 59, 271 (1978).

14J. Q. Broughton and G. H. Gilmer, Molecular dynamics of the crystal–fluid
interface. v. structure and dynamics of crystal–melt systems, The Journal of
chemical physics 84, 5749 (1986).

15E. G. Noya, C. Vega, and E. de Miguel, Determination of the melting point
of hard spheres from direct coexistence simulation methods, J. Chem. Phys.
128, 154507 (2008).

16J. R. Espinosa, E. Sanz, C. Valeriani, and C. Vega, On fluid-solid direct
coexistence simulations: The pseudo-hard sphere model, J. Chem. Phys.
139, 144502 (2013).

17F. Smallenburg, G. Del Monte, M. de Jager, and L. Filion, A simple and
accurate method to determine fluid–crystal phase boundaries from direct
coexistence simulations, The Journal of Chemical Physics 160, 224109
(2024).

18A. Castagnède, L. Filion, and F. Smallenburg, Freezing line of polydis-
perse hard spheres via direct-coexistence simulations, J. Chem. Phys. 163,
134121 (2025).

19M. D. Eldridge, P. A. Madden, and D. Frenkel, Entropy-driven formation
of a superlattice in a hard-sphere binary mixture, Nat. 365, 35 (1993).

20M. D. Eldridge, P. A. Madden, P. N. Pusey, and P. Bartlett, Binary hard-
sphere mixtures: a comparison between computer simulation and experi-
ment, Mol. Phys. 84, 395 (1995).

21B. J. Alder and T. E. Wainwright, Studies in molecular dynamics. ii. behav-
ior of a small number of elastic spheres, J. Chem. Phys. 33, 1439 (1960).

22D. C. Rapaport, The art of molecular dynamics simulation (Cambridge uni-
versity press, 2004).

23F. Smallenburg, Efficient event-driven simulations of hard spheres, Eur.
Phys. J. E 45, 22 (2022).

24J. R. Ray, Effective elastic constants of solids under stress: Theory and
calculations for helium from 11.0 to 23.6 gpa, Phys. Rev. B 40, 423 (1989).

25R. Speedy, Pressure and entropy of hard-sphere crystals, J. Condens. Mat-
ter Phys. 10, 4387 (1998).

26T. Boublík, Hard-sphere equation of state, J. Chem. Phys. 53, 471 (1970).
27G. Mansoori, N. F. Carnahan, K. Starling, and T. Leland Jr, Equilibrium

thermodynamic properties of the mixture of hard spheres, J. Chem. Phys.
54, 1523 (1971).
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Appendix A: Ratio lattice constants AB2

The unit cell of an AB2 crystal is defined by two parameters
a and c, see Fig. 1, whose ratio will depend on the density.
To find the equilibrium ratio c/a for which the AB2 crystal is
strain-free, we performed a series of simulations with different
c/a-ratio’s and identified where the pressure was isotropic. In
Fig. 8, we plot these equilibrium c/a-values as a function of
packing fraction. In addition, the figure displays the c/a-fit
that we use throughout all AB2 simulations.

Appendix B: Accuracy BMCSL EOS

Since the BMCSL EOS26,27 is a semi-empirical expression,
it is interesting to examine how well it agrees with data ob-
tained in simulations. For a range of compositions, we there-
fore measured the EOS in EDMD simulations. From this
EOS, we then obtained the free energy, where we fitted the
measured pressures using a polynomial fit that explicitly in-
corporated the exact first and second virial coefficients for a
binary mixture. In Fig. 9a) and b) we plot the difference be-
tween the EOS and the BMCSL EOS and the corresponding
Helmholtz free energies, respectively. From the plot it is clear
that using the BMCSL EOS leads to a small but significant
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FIG. 8. Ratio between the two defining lattice parameters a and c
of the AB2 lattice (see Fig.1) associated with an isotropic crystal
pressure, as a function of the packing fraction. The fitted solid line is
used in all AB2 simulations. Measurements are based on simulations
of an AB2 crystal consisting of N = 1536 particles. Simulations are
run for t/τ = 105.

deviation from the simulations in both the pressure and the
free energy. As mentioned in the main paper, this underes-
timation of the free energy leads to an overestimation of the
coexistence pressure and thus an upward shift in the phase
boundaries.

Appendix C: Fitted functions phase boundaries

Below we provide fitted equations for the coexistence pres-
sure as a function of the fluid composition χF for the four
phases. These fits correspond to the solid lines displayed in
Fig. 3.

βPFCC(A)σ
3
A =

11.5425−2.4829χF −6.9330(χF)2 +6.5686(χF)3 −7.2276(χF)4

(1−χF)1.0933

βPAB2σ
3
A =

−21.7760+158.3203χF −408.5582(χF)2 +457.3318(χF)3 −185.3343(χF)4

(χF)5.8557(1−χF)1.1864

βPAB13 σ
3
A =

521.7075−568.7023χF −990.7700(χF)2 +1376.1094(χF)3 −295.8303(χF)4

(χF)10.2500(1−χF)0.0535

βPFCC(B)σ
3
A =

6.8404+20.7608χF +15.4567(χF)2 +10.4413(χF)3 +5.7010(χF)4

(χF)2.6332

Appendix D: Defects

When the initial crystal density in a direct-coexistence sim-
ulation is far removed from the equilibrium density at coexis-
tence, the most likely outcomes are full melting or full crys-

tallization of the system. However, in some cases, an alterna-
tive response is the formation of large-scale defects due to the
strain imposed on the crystal. In our case, this was most com-
mon in the FCC(A) phase. To illustrate the way these defects
can manifest, in Fig. 10 we show a planar defect that was ob-
served in the fluid-FCC(A) phase coexistence, where an entire
layer of small particles invaded the crystal.
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FIG. 9. a) Difference between the equation of state (EOS) as measured in EDMD simulations and the BMCSL EOS26,27. b) Difference in
Helmholtz free energy using both EOS to calculate the free energy. All simulations consisted of N = 4000 particles and ran for 105τ . The
legends in panel a) also apply to panel b).

FIG. 10. Planar defect observed in a fluid-FCC(A) phase coexistence
at a global packing fraction ηG = 0.58, global composition χG = 0.4
and initial crystal packing fraction of ηX

0 = 0.69. The upper snapshot
displays a top view of the system, while the lower snapshot shows a
cut-through of the system at the position of the defect.
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