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VISCOUS VORTEX CRYSTALS

MICHELE DOLCE AND MARTIN DONATI

ABSTRACT. We study the solution to the two-dimensional incompressible Navier-Stokes equations arising
from a sum of Dirac masses in a particular co-rotating configuration. This configuration consists of a
polygonal vortex crystal with or without a central vortex. By exploiting the symmetries and stability
properties of the system, we describe and control the solution up to sub-diffusive time scales, prior to the
expected onset of vortex merging.
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1. INTRODUCTION

To understand large-scale atmospheric dynamics, it is essential to characterize the motion and inter-
action of coherent vortices. These vortices can be relatively short-lived and extreme, such as cyclones,
or persistent and somewhat stable, such as Earth’s tropospheric polar vortices. In this paper, we ex-
amine a specific yet not uncommon scenario where a group of vortices organizes into a highly stable
structure, achieving an abnormally long lifetime due to this particular configuration. A striking example
of this phenomenon is currently observed at Jupiter’s poles, where polygonally arranged vortices rotate
collectively in an almost rigid manner around each pole, see [1].

More broadly, relative equilibria of vortices manifest in diverse contexts, including metastable states
in electron plasmas [44], wake structures behind wind turbines, and as outcomes of two-dimensional
turbulence relaxation [19]. In the latter case, the stability of these equilibria is pivotal, as it determines
which structures persist even with turbulent chaos. For a comprehensive mathematical analysis of this
phenomenon, we refer to [17], while [45] provides numerical simulations illustrating the formation
of such vortex structures from turbulence, particularly near the poles of rotating planets. Moreover,
the emergence of large vortex structures following a turbulent phase was explored in [40], where a
finite-dimensional approximation of ideal fluids on a sphere, known as the Zeitlin model, is used. The
authors consistently observed at most four large vortices in the long-time regime (see also [41] for the
mathematical foundations of the matrix hydrodynamic model used in [40]).

Despite the inherent complexity of real atmospheric systems, where multiple physical processes in-
teract, many fundamental stability mechanisms and emergent behaviors can be effectively captured by
even the simplest fluid models. For instance, the point-vortex model pioneered by Helmholtz [29] and
Kirchhoff [31], in which vortices are represented as singularities concentrated at discrete points, pro-
vides an accurate first approximation of the motion of strong, concentrated vortices. Within this model,
polygonally arranged point vortices indeed rotate in a rigid manner. The study of their stability proper-
ties dates back to Thomson’s 1883 foundational result [46]. Since then, the topic has been extensively
studied, with [3, 6] providing modern results and historical accounts.
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2 MICHELE DOLCE AND MARTIN DONATI

Another natural research direction involves the desingularization of the point-vortex model to account
for finite-size effects. In this context, particular exact concentrated solutions can be constructed through
variational methods (e.g. [7, 47]), the study of contour dynamics [27, 28, 30], or the gluing method
introduced in [10], while the control of any non-viscous concentrated solution to the planar incompress-
ible Euler equation can be obtained by the vortex blobs method, e.g. [5, 37]. Furthermore, the second
author [13] proved that non-singular, concentrated vortices also exhibit robust stability properties when
arranged in polygonal configurations. In the present work, we consider these polygonal configurations
in weakly viscous fluid flows.

1.1. Mathematical setting. We consider a two-dimensional incompressible and viscous fluid flow, de-
scribed by a velocity field u with vorticity ω = ∇⊥ · u and viscosity ν > 0. This evolves according to
the Navier-Stokes equations in R2, which in vorticity form are given by:

∂tω(x, t) + u(x, t) · ∇ω(x, t) = ν∆ω(x, t), x ∈ R2, t > 0

u(x, t) =
1

2π

∫
R2

(x− y)⊥

|x− y|2
ω(y, t)dy, x ∈ R2, t ≥ 0

ω|t=0 = ωin,

(1.1)

where the initial datum ωin has to be specified. We aim to describe the evolution of vortices that are very
concentrated in space around their center of mass. It is well known that, at least over some time interval,
if the viscosity of the fluid is small enough, the motion of those vortices (the motion of their center of
mass) is well approximated by the so-called point-vortex dynamics, or Helmholtz-Kirchhoff equations

z′j(t) =
N+1∑
l=1
l ̸=j

Γl

2π

(zj(t)− zl(t))
⊥

|zj(t)− zl(t)|2
, j, l = 1, . . . , N + 1, (1.2)

zj(0) = zinj .

where z1(t), . . . , zN+1(t) ∈ R2 are the positions of the N + 1 point-vortices and Γ1, . . . ,ΓN+1 ∈ R
their circulations. Going back to Helmholtz [29], a rigorous proof of this statement was made for a non-
viscous fluid in [37] (see also [38]). For weakly-viscous fluids, it was done in [21] in the case of a sum of
Dirac masses of vorticity (point-vortices) as initial data, where control of the solution was established on
a non-viscous time scale. In the case of concentrated (but not infinitely concentrated) initial vortices, it
was done by [9, 36] with a viscosity depending on the considered initial data, then by [8] with fixed small
viscosity. In [12], the same study as [21] was conducted, but on a particular configuration of vortices:
the translating pair of opposite vortices. In that case, using the specific symmetries and stability of the
configuration, the control of the solution is obtained on a much larger time scale, nearly reaching what
we call the diffusive time, which is the time after which the diffusive effects become so strong that the
vortices cannot be considered concentrated anymore. In the recent contribution [49], the authors treated
the case of two vortices of any given intensity, obtaining the result on the same large time scales reached
in [12]. For details regarding the ODE system (1.2) itself, we refer to [2].

In this paper, we perform the same analysis but on a configuration consisting of equal vortices placed
at the vertices of a regular polygon, with or without a central vortex of given circulation. We thus
consider equations (1.1) with initial datum

ωin = Γ
N∑
j=1

δzinj
+ γΓδ0, (1.3)

where N ≥ 2, Γ ∈ R \ {0}, γ ∈ R, and the zinj are

zinj = r
(
cos
(2πj
N

)
, sin

(2πj
N

))
, for j = 1, . . . , N, (1.4)

with r > 0. This initial datum is a sum of equal Dirac masses regularly placed on the disk of center 0
and radius r, with (or without if γ = 0) a central vortex, see Figure 1. Note that the cases N = 1, γ ̸= 0
and N = 2, γ = 0 are fully covered by [12, 49], which is why we restrict our attention to N ≥ 2. Let us
recall that existence and uniqueness of a solution to the system (1.1) with a measure as initial data were
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FIGURE 1. Two examples of polygonal vortex configuration as described at (1.4), with
N = 6 and γ = 1 (left), and N = 5 and γ = 0 (right).

proven in [20]. Moreover, the solution of the point-vortex dynamics (1.2) with initial datum (1.4) is well
known (see for instance [3]) to be given by

zj(t) = r
(
cos
(2πj

N + at
)
, sin

(2πj
N + at

))
, for j = 1, . . . , N

zN+1(t) = (0, 0),

a = Γ
4πr2

(N − 1 + 2γ).

(1.5)

This configuration is uniformly rotating around the origin. It is a relative equilibrium of the dynamics,
called in this context a vortex crystal. The stability of this configuration was studied in [6]1, and the result
is recalled in Section 6.3. In the non-viscous case, for a special value of γ and for N ≥ 4, a result of
long-time stability for non-singular vortices concentrated near this initial configuration was obtained in
[13], see also [15] for the same problem on the rotating sphere. In that regard, we now perform a viscous
analysis of this configuration, but we have to first introduce several dimensionless parameters that allow
us to describe the solution precisely. Let LN = 2r sin(π/N) be the length of the sides of our regular
polygon and define the characteristic distance in the system as

d := min{r, LN}. (1.6)

Note that LN = O(rN−1) as N → ∞. We then define our adimensional quantities of interest as

ε(t) :=

√
νt

d
, δ :=

ν

Γ
, Tadv :=

d2

Γ
, Tdiff :=

d2

ν
, (1.7)

where ε(t) is the aspect ratio between the core size of the vortices and their mutual distances, δ the
inverse circulation Reynolds number, Tadv the advection time and Tdiff is the standard diffusive time.
Note that Tadv corresponds to a time where the point vortex polygon rotates by a fixed angle, so that one
can effectively measure the point vortex dynamics at this time. In fact, to actually observe the inviscid
dynamics described by (1.5) in the viscous problem, we need to work in the high Reynolds number
regime δ ≪ 1, which implies Tadv ≪ Tdiff . Note that ε(Tdiff) = 1, and we therefore will only consider
sub-diffusive time scales.

1.2. Main result. We aim to describe the solution of equations (1.1) with initial datum given by (1.3)
up to a large time scale. Applying the result of [21], we know that the solution is well approximated by
Lamb-Oseen vortices moving according to the point-vortex dynamics on a non-viscous time scale. Let
us state this fact precisely. Let

ωPV(x, t) =

N∑
j=1

Γ

4πνt
exp

(
− |x− zj(t)|2

4νt

)
+ γΓ exp

(
− |x|2

4νt

)
where the trajectories t 7→ zj(t) are given by (1.5). We have the following.

Proposition 1.1 (Corollary of [21, Theorem 2.4]). Let K > 0 be a fixed constant. Then there exist
constants δ0 ∈ (0, 1) and C0 > 0 such that for every δ ≤ δ0, the unique solution ω of equations (1.1)
with initial datum (1.3) satisfies

1

|Γ|

∫
R2

∣∣ω(x, t)− ωPV(x, t)
∣∣dx ≤ C0ε

2(t), ∀t ∈ (0,KTadv),

where δ, ε(t) and Tadv are defined in (1.7).

1Let us mention that [33] disagrees with the main result of [6] concerning the case N ≤ 6, γ < 0.
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Fixing Γ and taking ν sufficiently small, we naturally expect that not only the control of the solution
becomes better, as it is already visible in Proposition 1.1, but also that it should hold for a longer time, as
the viscous effects that will eventually destroy the structure are less powerful. As remarked in [14], it is
only possible in all generality to adapt the proof made in [21] to obtain the control of the solution up to a
time of order Tadv| ln δ|, which is also the result obtained in [8]. So far, to the best of our knowledge, the
only known way to push further in time is to take advantage of stability properties arising from special
vortex configurations. This was done in [12] for the pair of counter-rotating vortices and in [49] for any
pair of vortices. We establish an equivalent result for our configuration of polygonally arranged vortices
with (or without) central vortex. We show that for longer times, the angular velocity of the configuration
of vortices starts changing due to viscous effects. We thus introduce corrected approximate positions as
follows. For all j ∈ {1, . . . , N}, let

ζj(t) = R(t)
(
cos
(2πj
N

+ α(t)
)
, sin

(2πj
N

+ α(t)
))
,

where with R(0) = r and α(0) = 0. These quantities act as modulation parameters used to precisely
track the center of each Lamb-Oseen vortex. We then define

ωPVν (x, t) =
Γ

4πνt

(
N∑
j=1

exp
(
− |x− ζj(t)|2

4νt

)
+ γ exp

(
− |x|2

4νt

))
,

ωapp,M (x, t) =
Γ

νt

M∑
m=2

εm(t)

(
N∑
j=1

Ωm

(x− ζj(t)√
νt

)
+ γΩ̂m

( x√
νt

))
. (1.8)

Here, ωapp,M captures higher-order viscous corrections, up to a fixed orderM , to the radial profile close
to the vortex cores. Note that these corrections slowly evolve in a self-similar way. The main result of
this paper is the following.

Theorem 1.2. Let σ ∈ [0, 1) and M > (5 − σ)/(1 − σ). Then there exist constants δ1 ∈ (0, 1),
and C1 > 0 such that for every δ ∈ (0, δ1], there exists Ωm, Ω̂m for m = 2, . . . ,M , and modulation
parametersR(t), α(t) such that the unique solution ω of equations (1.1) with initial datum (1.3) satisfies

1

|Γ|

∫
R2

∣∣ω − (ωPVν + ωapp,M )
∣∣(x, t)dx ≤ C1δε

2(t), ∀t ∈
(
0, Tadvδ

−σ
)
. (1.9)

Furthermore, the radius R(t) and the angular speed α′(t) are smooth functions satisfying

R(t) = r
(
1 + r6ε

6(t) +O(ε7(t))
)
, α′(t) = a

(
1 + α4ε

4(t) +O(ε5(t) + δε4(t))
)
, (1.10)

where α(0) = 0 and the exact values of the constants r6 and α4 are given in Proposition 4.15.

Naturally, as δ → 0, the error in (1.9) is much smaller than that in Proposition 1.12. Moreover,
since Tadvδ−σ ≫ Tadv and Tadvδ−σ ≫ Tadv| ln δ|, Theorem 1.2 controls the solution on a significantly
longer time scale than Proposition 1.1. Regarding the radius and angular speed, (1.10) only highlights
the leading-order viscous corrections to the inviscid Helmholtz-Kirchhoff dynamics. The full, rigorous
characterization of R(t) and α(t) is not entirely captured by (1.10) alone. Their precise definition is one
of the central components of our proof and relies on technical constraints that we will carefully detail
later in the paper. Nonetheless, we emphasize that relation (1.10) implies

1

r
|ζj(t)− zj(t)| = O

( t

Tadv
ε4(t)

)
. (1.11)

Observing that tε4(t)/Tadv ≪ 1 is valid only for t≪ Tadvδ
−2/3, it follows that the point-vortex dynam-

ics in (1.5) remains a good approximation of the viscous vortices up to a time of order O(Tadvδ
−2/3).

Beyond this time scale, the configuration becomes out of phase relative to the inviscid point-vortex
motion, see Remark 4.16 and Corollary 5.10 for more details.

To prove Theorem 1.2, we proceed similarly to [12]. After reformulating the equations in self-similar
variables, the first step is to construct an approximate solution ωapp = ωPVν +ωapp,M that remains close

2In fact, in [21] the final result includes the approximate solution up to order M = 4 with δ−σ replaced by the constant
K in Proposition 1.1. The analogue of Theorem 1.2 is proved with δε2(t) replaced by ε3(t), but on the time scale under
consideration, δ ≪ ε(t) for any t ≥ Tadv and thus the error is still much smaller after the advection time.
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to ω over the time interval (0, Tadvδ−σ) up to any power of ε(t). The construction of such an accurate
approximate solution is essential for the following reason: the control of the configuration over such
long time scales requires an extremely accurate knowledge of the vortex positions, as any positional
error would accumulate in time and eventually invalidate an estimate like in (1.9). In addition, the
controls are obtained in more refined norms. We observe that for the particular choice of γ used in
[13] our approximate solution starts at order ε3(t) rather than the standard ε2(t) found in all previous
constructions [12, 49], see discussion in the next subsection.

Remark 1.3 (Bounds on the time scale). Note that, in this vortex crystal configuration, it is expected
that vortices merge abruptly at a time of order O(Tadvδ

−1) = O(Tdiff), which corresponds to the regime
where the aspect ratio ε(t) becomes of order one. Therefore, approximating ω by ωPVν is only physically
meaningful up to a time of at most t0Tadvδ−1 for some sufficiently small constant t0 > 0. By taking
σ → 1−, we almost reach this limit. However, our method relies on an asymptotic expansion in ε(t),
but one cannot completely decouple the parameters ε(t) and δ, as the construction introduces remainder
terms of size O(δ−2εM+1(t)). On time scales of order O(Tadvδ

−σ), these errors can be made arbitrarily
small by choosing M large enough depending on σ, but this inherently limits the analysis to the regime
ε(t) ≪ δs for some small but strictly positive s. Therefore, even though we control the solution up
to a time that is arbitrarily close to the maximal time at which vortices remain well separated, we are
mathematically far from reaching exactly σ = 1. This limitation is also present in the more structurally
stable configuration of a vortex dipole [12], where no abrupt merging is expected and the dynamics
seem to evolve smoothly for all times [11]. Hence, we believe that reaching the diffusive time scale
is not merely a technical artifact of the proof. Instead, reaching the diffusive time scale requires the
introduction of fundamentally new ideas, as the nonlinearity and the diffusion become of the same order
of magnitude. In essence, prior to the diffusive time, diffusion is treated purely as a perturbative effect
that smoothly changes the shape and position of the vortices.

Remark 1.4 (On the circular vortex sheet limit). If we rescale our initial data in (1.3) as

ωin
N =

Γ

N

N∑
j=1

δzj + γΓδ0, (1.12)

we observe that in the N → ∞ limit, this sequence of measures converges to the circular vortex sheet
with a central point vortex, given by

ωin
∞ :=

Γ

2πr
δ|x|=r + γΓδ0. (1.13)

The study of the evolution and stability of vortex sheets is a classical problem in the inviscid setting,
where Kelvin-Helmholtz instabilities are commonly observed for both flat and circular sheets [32, 35, 42,
48]. Moreover, a desingularization procedure for more general geometries of these singular structures
was established only recently in [18]. A classical numerical approach to simulate the dynamics of vortex
sheets relies on approximating them with a collection of point vortices [32]. In our setting, due to the
specific choice of the initial data in (1.12) and the fact that the Navier-Stokes equations preserve the
N -fold symmetry, one should not see any instability in a suitable limiting regime. Rather, one expects to
effectively carry out the N → ∞ limit for any fixed t > 0 on an appropriate time scale. Indeed, with the
initial data given by (1.13), the unique solution to (1.1) is simply the radial function ω∞(t) = eνt∆ωin

∞.
This coincides with the solution to the 2D heat equation with data (1.13), which can be approximated by
ω̃N (t) := eνt∆ωin

N for any fixed t > 0 as N → ∞.
To formalize the limit N → ∞ in our framework, recall that LN/r = O(N−1), which implies that

the dimensionless parameters defined in (1.7) (with Γ replaced by Γ/N ) now scale as

ε(t) = O(N
√
νt/r), Tadv = O(r2/(ΓN)), Tdiff = O(r2/(νN2)).

Our analysis requires the time scale separation Tadv ≪ Tdiff , which is equivalent to imposing δ ≪ 1/N .
To reach a dynamically relevant conclusion, we must ensure that the upper bound of our time interval,
Tadvδ

−σ, does not vanish as N → ∞, so we require δ ≲ N−1/σ. Under these hypotheses, a careful
tracking of the N -dependence of the constants suggests that it is feasible to take the N → ∞ limit for
any fixed t ∈ (0, Tadvδ

−σ) in Theorem 1.2. Specifically, since ε2(t) ≲ Nδ1−σ, if δ decays sufficiently
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fast with N (for instance, δ = min{N− 1
σ

−
, N− 1

1−σ

−
}), all the higher-order corrections in (1.8) will

vanish as N → ∞. While one must carefully track the N -dependent constants in the definition of
the approximate solution and the bound in Theorem 1.2, we observe for example that the profile Ω2

defined in Proposition 4.8 contains N -dependent constants that precisely balance out to yield a term
of order O(1) (see Remark 4.9), whereas Ω̂m = 0 for m = 2, . . . , N − 1 by the N -fold symmetry.
Furthermore, since the angular speed satisfies a → Γ(1 + 2γ)/(4πr2) as N → ∞, Theorem 1.2 implies
that the solution is well-approximated byN Lamb-Oseen vortices rotating with a constant angular speed.
This describes the evolution of N Dirac masses under the heat equation in a rotating frame. The only
quantitative difference between the Navier-Stokes and the heat equation evolutions then lies in this
rotation of the discrete configuration. However, as N → ∞, the limiting measure (1.13) is purely
radial and thus invariant under continuous rotations. This rotational effect therefore becomes irrelevant
in the limiting process, smoothly reconciling the discrete dynamics with the purely diffusive evolution
of the continuous vortex sheet. Consequently, we expect that our analysis can provide a vanishing
viscosity justification for the point-vortex approximation of a circular vortex sheet, and we emphasize
that reaching time scales of order O(Tadvδ

−σ) is a crucial ingredient to carry out this limiting process.

1.3. Non radial viscous corrections. The original proof of Proposition 1.1 in [21] already requires
constructing an approximate solution that takes into account a non-radial deformation of the vortices
due to viscous effects, specifically corresponding to the case M = 4. This phenomenon of vortex defor-
mation is well known by physicists (see for instance [16, 34]), and was also investigated mathematically
in more detail in [14]. Let us discuss and illustrate it briefly in our particular case. There exists a critical
value for γ, which we denote by

γ∗N :=
(N − 1)(N − 5)

12
, (1.14)

which is a threshold in the behavior of the outer vortices (meaning all except the central one). When
γ > γ∗N , the outer vortices deform in an elliptical shape with their larger radius pointing towards the
central vortex. When γ < γ∗N , the outer vortices deform elliptically with their smaller radius pointing
towards the central vortex. The intensity of this deformation is proportional to ε2(t)(γ − γ∗N ), and in
the critical case γ = γ∗N , there is no elliptical deformation of the outer vortices. This can be observed
in the numerical simulations presented in Figure 2. One can still mathematically compute a non-radial
deformation at order ε3(t) in that case, which happens to be 3-fold symmetric. Please note that this
value γ∗N is the precise choice of γ that leads to the long-time confinement in the non-viscous case as
studied in [13].

The central vortex also deforms due to viscous effects. However, the solution ω of the Navier-Stokes
equations (1.1) with initial data (1.3) is N -fold symmetric at all times. The central vortex thus can
only undergo an N -fold symmetric deformation, at order at least εN (t). Therefore, unless N = 2,
these effects are very weak, and the instabilities inherent to the numerical simulations will destroy the
symmetries before one can hope to see such a subtle deformation become relevant.

These facts are mostly direct consequences of Theorem 1.2 completed with the explicit computation
of the second-order term of the approximate solution that we construct. More examples, with some
details and numerical simulations, with various choices of parameters (N, γ) can be found in Section 6.

1.4. Analogies and differences with previous related results. From a technical point of view, the
proof of Theorem 1.2 relies on the techniques developed to obtain the analogous result in the simpler
configuration of a point vortex dipole in [12]. That result itself builds upon the recent revisitation
of Arnold’s variational viewpoint by Gallay and Šverák [22], which they successfully applied to the
more geometrically involved configuration of a single vortex ring in the 3D axisymmetric Navier–Stokes
equations [23]. The point vortex dipole is arguably the simplest nontrivial configuration to study, in the
sense that it enjoys rigid symmetries that prevent violent instability mechanisms, such as the merging
commonly observed for like-signed vortices [39]. From a mathematical perspective, these symmetries
are reflected in key properties of the operators appearing in the equation governing the dipole evolution.
These properties lead to almost exact symmetries in the approximate solution and crucial cancellations
in the nonlinear problem, which play a fundamental role in justifying the validity of the approximate
solution [12].
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FIGURE 2. Initially radially symmetric concentrated vortices (top) evolve in time (bot-
tom), becoming more elliptical with different orientations in the case γ = 10 (left) and
in the case γ = −10 (middle). In the case γ = γ∗6 = 5

12 (right), the vortices do not
display any clear 2-fold symmetric deformation. The 3-fold deformation happening in
that case, as well as the 6-fold deformation of the central vortices in each case, are too
subtle to be seen here. The bottom pictures are taken in all three cases after the whole
configuration has completed a rotation of angle 2π/3.

In the case of two point vortices with general circulations recently studied by P. Zhang and Y. Zhang
in [49] (corresponding to the case N = 1, γ ̸= −1 in our setting3), one can still construct a very
accurate approximate solution by adapting the methods of [12]. However, it is no longer possible to
reduce the analysis to a single scalar equation (unless γ = 1), and the operators in the equations exhibit
a more complicated dependence on the modulation parameters, such as the radius and angular speed.
Although the configuration still enjoys some key structural symmetries, it is less clear how to exploit
them effectively at certain steps. This becomes a serious obstacle in proving that the full solution remains
close to the approximate one on very long time scales, as in Theorem 1.2. Indeed, a key point in [12]
is the use of the vertical position as a modulation parameter to fix the centers of vorticity, whereas the
horizontal position is automatically fixed by symmetry. For two vortices with general circulations, one
can control the vortex centers by passing to a rotating frame and modulating both the angular speed and
the mutual distance. However, unlike the dipole case, neither of these parameters is automatically fixed
by symmetry. As a consequence, potentially dangerous terms appear in the full nonlinear problem that
are not easily controlled by the symmetry arguments. In [49], the authors introduced a new strategy to
bypass the problems given by some of these terms at the cost of constructing pseudo-momenta, which
are needed to replace standard first-order moments commonly used to control the vortex centers. We
note that these pseudo-momenta are related to the presence of elements in the kernel of the leading-order
operator arising from the linearization around the full approximate solution. These kernel elements are
themselves linked to the symmetries of the configuration (especially the invariance with respect to a
rotation around the origin of the whole configuration). Hence, symmetries still play a key role, but their
use is more subtle in [49].

For the more general configuration of vortex crystals with a central vortex, we are in a situation that
is structurally close to that of [49], but the equations are further complicated by nontrivial interactions
among all exterior vortices. Nevertheless, we are able to fully exploit the only robust symmetries avail-
able, namely the N -fold symmetry and the rotational invariance of the total configuration. This allows

3Note that N = 2 and γ = 0 is equivalent to N = 1 and γ = 1 up to redefining the center and the distance.
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us to avoid the introduction of pseudo-momenta and instead rely on a key quantity that is directly linked
to these symmetries: the total angular momentum. This quantity varies significantly only on diffusive
time scales (see (2.4)), and it can be used to measure viscous changes to the radius of the polygon.
By constructing an approximate radius Rapp(t) that precisely follows the vortex centers of the approx-
imate solution, see (4.2), and modulating the angular speed of the full configuration, see (5.3), we use
the almost-conservation of the total angular momentum to show that the centers of the exterior vortices
can only deviate by a factor of size O(δε3) at most. This is related to a highly nontrivial property of
the Eulerian part of the approximate solution (namely, the part that approximately solves the inviscid
problem), and it relies on suitable cancellations related to the exact conservation of the total angular
momentum in the inviscid case, see Lemma 4.22. This result is a fundamental building block of our
analysis that allows us to fix the radius R(t) as the approximate one Rapp(t). It highlights how robust
symmetries can be used directly and effectively. At the level of the full nonlinear problem, symmetries
continue to play an essential role at several stages of the argument. One key fact is the self-adjointness
of an operator used to define an energy functional. Another one is that a potentially dangerous term
generated by the modulation of the angular speed belongs (approximately) to the kernel of the opera-
tor naturally arising from the linearization around the approximate solution. Both properties are in fact
linked to the rotational invariance of the whole configuration.

1.5. Plan of the paper. The paper is organized as follows. In Section 2, we write the equations in self-
similar variables and start exploiting the symmetries of the problem to reduce some degrees of freedom.
We also introduce the relevant operators and write the equations in a compact form. In Section 3, we
discuss the important properties of these operators and their associated functional spaces that will be of
use later, setting up the analytic framework for our proof. In Section 4, we construct the approximate
solution ωapp and compute explicitly the first few viscous corrections. Then, Section 5 concludes the
proof of Theorem 1.2 by obtaining the control of the difference |ω − ωapp| in the relevant norms, from
which we deduce the desired behavior of ω. In Section 6 we present a comparison of our results with
numerical simulations made with Basilisk. In the appendices, we give the details of some proofs that
are non-trivial but follow by explicit computations related to symmetries, and we also compute terms
for which obtaining an explicit expression is interesting but not necessary to the proofs.

2. REFORMULATION OF THE PROBLEM

In this section we reformulate the problem and we set up the notation and framework used in the rest
of the paper.

2.1. Notations and conventions. With the adimensional parameters introduced in (1.7), we will work
in the asymptotic regime δ → 0 and, fixing Γ once and for all, this is equivalent to the standard vanishing
viscosity regime ν → 0. However, it will be very convenient to perform expansions in terms of ε. Since
ε2 = δ t

Tadv
, we have that ε(t) ≪ 1 ⇐⇒ δ ≪ 1 uniformly on the time interval t ∈ Tadvδ

−σ for any
σ < 1. This leads us to the following notation.

Definition 2.1. Given a map t 7→ f(t) evolving in a space X , we denote by f = OX(ε) the fact that for
any given σ < 1, there exists a constant C not depending on δ and t, and a constant δ0 > 0 such that for
every δ ∈ (0, δ0) and for every t ≤ Tadvδ

−σ, there holds that ∥f(·, t)∥X ≤ Cε(t). When f depends on
t only through ε(t), this definition conveniently coincides with considering ε as an abstract parameter
and taking the asymptotics ε→ 0, hence the use of the notation O(ε).

Note also that, in the definition of δ, Tadv, Tdiff , we could replace Γ with Γmax{1, |γ|}. However, it
would simply change how the parameter γ scales in the subsequent analysis; therefore, we prefer to use
the same conventions that have already appeared in [12].

Relative equilibria in the point vortex system are intimately related to conserved quantities in (1.2).
For the dynamics of (1.1), two important quantities are the mean M(ω) and the linear momentum
m1(ω) = (m1

1(ω),m
1
2(ω)) defined as

M(ω) =

∫
R2

ω(x)dx, m1
j (ω) =

∫
R2

xjω(x)dx, i = 1, 2.

http://basilisk.fr/
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We will perform operations on vectors in R2 as if they were complex numbers. For instance, given
a = (a1, a2) ↔ a1 + ia2 and b = (b1, b2) ↔ b1 + ib2 we identify

ab↔ (a1b1 − a2b2, a1b2 + a2b1) or a−1b↔ 1

|a|2
(a · b, a⊥ · b).

We also identify the rotation matrices

Qj =

(
cos(2πN j) − sin(2πN j)
sin(2πN j) cos(2πN j)

)
, for j = 1, . . . , N. (2.1)

with the complex number ei
2π
N

j . For a vector a = (a1, a2) ∈ R2 we write Re(a) = a1, Im(a) = a2.
Then, with this notation we define the k-th moment vectors as

mk(f) :=

∫
R2

ξkf(ξ)dξ, for k ∈ N.

As an example, we compute that m0(f) = (M(f), 0) which we will identify with M(f) and

m1(f) =

∫
R2

(ξ1, ξ2)f(ξ)dξ, m2(f) =

∫
R2

(ξ21 − ξ22 , 2ξ1ξ2)f(ξ)dξ.

Then, we need to make use of the angular momentum that we define through the operator

L(f) :=

∫
R2

|ξ|2f(ξ)dξ. (2.2)

We denote the L2(R2) inner product as

⟨f, g⟩ =
∫
R2

f(ξ)g(ξ)dξ.

We conclude this section with the introduction of streamfunction and Poisson brackets. The incom-
pressibility condition ∇ · u = 0 implies the existence of a streamfunction ψ such that u = ∇⊥ψ and
∆ψ = ω. To get the expression of ψ in terms of ω, and thus recover the Biot-Savart law in (1.1), one
can invert the Laplacian with the following formula:

ψ(x, t) = [∆−1ω(·, t)](x) := 1

2π

∫
R2

ln |x− y|ω(y, t)dy. (2.3)

We denote by {f, g} = ∇⊥f · ∇g = (∂1f)(∂2g) − (∂2f)(∂1g) the standard Poisson bracket of f and
g and then notice, since we will make extensive use of that notation, that the first two equations in the
Navier-Stokes system (1.1) can be changed to (2.3) and

∂tω + {ψ, ω} = ν∆ω.

2.2. Symmetries and self-similar variables. For the 2D Navier-Stokes equation (1.1), it is well known
that the total angular momentum L(ω(t)), as defined in (2.2), can be computed explicitly and changes
significantly only after diffusive times. This is related to the fact that the equation is rotationally invariant
and that L(ω(t)) is exactly conserved when ν = 0. We then recall the following basic fact.

Lemma 2.2. Let ω be the solution to (1.1) with initial data (1.3). Then

L(ω(t)) = L(ωin) + 4νtM(ωin) = ΓN
(
r2 + 4νt

(
1 +

γ

N

))
. (2.4)

Proof. By testing the equation (1.1) with |x|2, we get

∂tL(ω) = −⟨{ψ, ω}, |x|2⟩+ ν⟨∆ω, |x|2⟩.

Exploiting the identities

⟨{ψ, ω}, |x|2⟩ = ⟨ψ, {ω, |x|2}⟩ = −2⟨ψ, ∂θω⟩ = −2⟨ψ, ∂θ∆ψ⟩ = 0

ν⟨∆ω, |x|2⟩ = 4νM(ω(t)) = 4νΓ(N + γ),

the result follows by integrating in time. □
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The initial data (1.3) is N -fold symmetric and it is well known that the Navier-Stokes equations (1.1)
preserve this symmetry. We can thus decompose the solution of equations (1.1) as

ω(x, t) =

N∑
j=1

ω̃
(
Q−jx, t) + ω̂(x, t)

where ω̃ is the vorticity profile of each exterior vortices and ω̂ is the vorticity profile of the central vortex.
Recalling that the mean M(ω) and the linear momentum m1(ω) are conserved, the N -fold symmetry
has the following consequence on the central blob of vorticity.

Lemma 2.3. For every t ≥ 0, we have that m1(ω̂(t)) = 0.

Proof. By conservation of m1(ω(t)), we have that

0 =

∫
R2

xω(x, t)dx =
N∑
j=1

∫
R2

xω̃(Q−jx, t)dx+

∫
R2

xω̂(x, t)dx.

Then, we compute by change of variables that

N∑
j=1

∫
R2

xω̃(Q−jx, t)dx =

 N∑
j=1

Qj

∫
R2

xω̃(x, t)dx = 0,

hence, ∫
R2

xω̂(x, t)dx = 0.

□

As is usually done in the context of studying solutions arising from Dirac masses in the Navier-Stokes
equations (see [12, 14, 21, 49]), we introduce the rescaled vorticity functions

ω̃(x, t) =
Γ

νt
Ω

(
x− Z(t)√

νt
, t

)
and

ω̂(x, t) = γ
Γ

νt
Ω̂

(
x√
νt
, t

)
,

where
Z(t) = (Z1(t), Z2(t))

is a quantity to choose that acts as the position of the N -th exterior vortex. By N -fold symmetry, the
positions of the other exterior vortices are (QjZ(t))j , and from Lemma 2.3, we choose to define the
position of the central vortex to be 0.

Denoting by ξ and ξ̂ the new variables, namely letting

ξ =
x− Z(t)√

νt
(2.5)

and
ξ̂ =

x√
νt
, (2.6)

and letting for 1 ≤ j ≤ N

ξj =
Q−jx− Z(t)√

νt
= Q−jξ +

Q−jZ(t)− Z(t)√
νt

, (2.7)

we arrive in the end to the following ansatz for ω in the self-similar variables:

ω(x, t) =
Γ

νt

N∑
j=1

Ω(ξj , t) +
γΓ

νt
Ω̂(ξ̂, t). (2.8)
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Then, we also decompose the streamfunction as

ψ(x, t) = Γ

N∑
j=1

Ψ(ξj , t) + γΓΨ̂(ξ̂, t),

where

Ψ = ∆−1Ω and Ψ̂ = ∆−1Ω̂, recalling that ∆−1f(ξ) :=
1

2π

∫
R2

ln |ξ − η|f(η)dη.

For later needs, we observe that we have the following identities to express ξl in terms of ξj for
1 ≤ j, l ≤ N :

ξl = Q−l+jξj +
Q−l+jZ(t)− Z(t)√

νt
(2.9)

ξl = Q−lξ̂ −
Z(t)

νt

ξ̂ = Qjξj +
QjZ(t)

νt
.

We then have the following symmetry result for the central vortex.

Lemma 2.4. The functions Ω̂ and Ψ̂ are N -fold symmetric.

Proof. We know that ω is N -fold symmetric, therefore, for every x ∈ R2 and every l ∈ {1, . . . , N},

ω(x, t) = ω(Qjx, t)

and thus

Γ

νt

N∑
j=1

Ω(ξj , t) +
γΓ

νt
Ω̂(ξ̂, t) =

Γ

νt

N∑
j=1

Ω

(
Q−j+lx− Z(t)√

νt
, t

)
+
γΓ

νt
Ω̂(Qlξ̂, t)

=
Γ

νt

N∑
j=1

Ω(ξj−l, t) +
γΓ

νt
Ω̂(Qlξ̂, t)

with the convention that ξ−k = ξN−k for k ∈ {0, . . . , N − 1}. By reorganizing the terms we get

Γ

νt

N∑
j=1

Ω(ξj , t) +
γΓ

νt
Ω̂(ξ̂, t) =

Γ

νt

N∑
j=1

Ω(ξj , t) +
γΓ

νt
Ω̂(Qlξ̂, t)

namely
Ω̂(ξ̂, t) = Ω̂(Qlξ̂, t).

Thus Ω̂ is N -fold symmetric, and therefore Ψ̂ is too. □

2.3. Expression of the system in self-similar variables and rotating frame. Since we expect the
system to be rigidly rotating with the unknown angular speed α′(t), it is convenient to first reformulate
(1.1) in a rotating frame. Thus, with a slight abuse of notation we keep the same notation for ω(x, t)
and ω(Q−Nα(t)x, t) (with Q−Nα(t) defined as Qj in (2.1) with j = −Nα(t)) and we obtain the Navier-
Stokes equations on a rotating frame with angular speed α′ which are given by

∂tω +
{
ψ − α′

2
|x|2, ω

}
= ν∆ω. (2.10)

We will refer to the extra term involving α′ as the Coriolis term.

Remark 2.5. Note that the identity in Lemma 2.2 is not affected by the presence of the Coriolis term,
since this term does not contribute to the evolution of L(ω(t)) because ⟨{ψ, |x|2}, |x|2⟩ = 0.

To write down the system satisfied by Ω, Ω̂, we need to introduce some operators:
• The (rescaled) diffusion operator

L := ∆ξ +
1

2
ξ · ∇ξ + 1. (2.11)
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• The translation operator

(Tε(t),Z(t),df)(ξ) := (Tε,Zf)(ξ) = f
(
ξ +

1

ε(t)d
Z(t)

)
(2.12)

• The polygon-center operator

(Vε(t),Z(t),d,Nf)(ξ) := (Vε,Zf)(ξ) =

N∑
l=1

f
(
Qlξ −

1

ε(t)d
Z(t)

)
(2.13)

• The polygon-polygon operator

(Qε(t),Z(t),d,Nf)(ξ) := (Qε,Zf)(ξ) =

N−1∑
l=1

f
(
Qlξ +

1

ε(t)d
(Ql − I)Z(t)

)
. (2.14)

We then have the following.

Lemma 2.6. The vorticity ω defined in (2.8) satisfies (2.10) if Ω, Ω̂ solve the following system

t∂tΩ = LΩ− 1

δ

{
(I +Qε,Z)Ψ + γTε,ZΨ̂− δt

εd
ξ⊥ · Z ′ − δt

2
α′∣∣ξ + 1

εd
Z(t)

∣∣2 , Ω} (2.15)

t∂tΩ̂ = LΩ̂− 1

δ

{
γΨ̂ + Vε,ZΨ− δt

2
α′|ξ|2 , Ω̂

}
(2.16)

Ω(ξ, 0) = Ω̂(ξ, 0) =
1

4π
e−|ξ|2/4, ∀ξ ∈ R2. (2.17)

Proof. We first compute the terms associated to the heat-equation part in (2.10). Hence, we observe that

∂tω(x, t)− ν∆ω(x, t) =
Γ

νt2

N∑
j=1

(
t∂tΩ− LΩ−

√
t

ν
Z ′ · ∇Ω

)
(ξj , t)

+
γΓ

νt2
(
t∂tΩ̂− LΩ̂

)
(ξ̂, t).

For the Poisson bracket terms, we compute using relation (2.8) that

{| · |2, ω}x =
Γ

νt

N∑
j=1

{| · |2,Ω(ξj(·), t)}x +
γΓ

νt
{| · |2, Ω̂(ξ̂(·), t)}x,

where we interpreted the ξj as functions of x. We now want to remove the map composition in the
Poisson bracket, namely express it in terms of the maps Ω and Ω̂ with their natural variable ξ, applied in
ξj and ξ̂. To this end, we express |x|2 in terms of ξj using relation (2.7) to get that

x =
√
νtQj(ξj +

1

εd
Z(t)), for j = 1, . . . , N.

Then, to complete this change of variable, we compute using relations (2.6) and (2.7) that for 0 ≤ j ≤ N ,

{(ξj)1, (ξj)2}x =
1

νt
,

and thus, recalling the well-known identity for changing variables inside a Poisson bracket

{f(ξ(·)), g(ξ(·))}x(x) = {ξ1, ξ2}x(x){f, g}ξ(ξ(x)),

we obtain that

α′

2
{| · |2, ω}x =

Γα′(t)

2νt

N∑
j=1

{∣∣Qj

(
·+ 1

εd
Z(t)

)∣∣2,Ω(·, t)}
ξ
(ξj)

+
γΓα′(t)

2νt

{
| · |2, Ω̂(·, t)

}
ξ
(ξ̂).
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Similarly, keeping the notations compact, we have that

{ψ, ω}x(x, t) =
Γ2

ν2t2

N∑
j=1

{ N∑
l=1

Ψ(ξl),Ω

}
ξ

(ξj , t) +
γ2Γ2

ν2t2
{Ψ̂, Ω̂}ξ(ξ̂, t)

+
γΓ2

ν2t2

{ N∑
l=1

Ψ(ξl), Ω̂

}
ξ

(ξ̂, t) +
γΓ2

ν2t2

N∑
j=1

{Ψ̂(ξ̂),Ω}ξ(ξj , t).

One should remember that in this expression, ξl is seen as a function of ξj given by relation (2.9). In
particular, this means that

N∑
l=1

Ψ(ξl, t) = Ψ(ξj , t) +

N∑
l=1
l ̸=j

Ψ
(
Q−l+jξj +

1√
νt

(Q−l+j − I)Z(t), t
)

= Ψ(ξj , t) +

N−1∑
l=1

Ψ
(
Q−lξj +

1√
νt

(Q−l − I)Z(t), t
)

= ((I +Qε,Z)Ψ)(ξj , t)

where we used the definition of the operator Qε,Z in (2.14) and simply reordered the terms in the second
equality. Analogously,

N∑
l=1

Ψ(ξl, t) =
N∑
l=1

Ψ

(
Q−lξ̂ −

1√
νt
Z(t), t

)
= (Vε,ZΨ)(ξ̂, t),

Ψ̂(ξ̂, t) = Ψ̂

(
Qjξj +

1√
νt
QjZ(t), t

)
= Ψ̂

(
ξj +

1√
νt
Z(t), t

)
= (Tε,ZΨ̂)(ξj , t),

where we used that Ψ̂ is N -fold symmetric. Collecting all the identities above, since
√
t/ν = t/(εd)

and Z ′ · ∇Ω = {ξ⊥ · Z,Ω}ξ, we find that we solve (1.1) if

N∑
j=1

(
t∂tΩ− LΩ+

1

δ

{
(I +Qε,Z)Ψ + γTε,ZΨ̂− δt

εd
ξ⊥ · Z ′ − δt

2
α′|ξ + 1

εd
Z(t)|2,Ω

}
ξ

)
(ξj , t)

+ γ

(
t∂tΩ̂− LΩ̂ +

1

δ

{
γΨ̂ + Vε,ZΨ− δt

2
α′|ξ|2, Ω̂

}
ξ

)
(ξ̂, t) = 0.

Therefore, when Ω, Ω̂ satisfy (2.15)-(2.16) we clearly have the identity above. To assign an initial data
to the equations (2.15)-(2.16), we argue as in [12]. By the uniqueness result in [20] we deduce that

Ω0(ξ) = Ω̂0(ξ) = G(ξ), with G(ξ) =
1

4π
e−|ξ|2/4. (2.18)

□

We introduce the notation for the initial velocity and streamfunction as

U0(ξ) :=
1

2π

ξ⊥

|ξ|2
(
1− e−|ξ|2/4

)
, Ψ0(ξ) :=

1

4π

(
Ein
(
|ξ|2/4

)
− γE

)
, (2.19)

where γE ≈ 0, 5772 is the Euler-Mascheroni constant and Ein(x) =
∫ x
0 s

−1(1 − e−s)ds is the expo-
nential integral function. In the sequel, we will need to use also the function

A(ξ) = −∇Ψ0(ξ)

∇Ω0(ξ)
=

4

|ξ|2
(e|ξ|

2/4 − 1). (2.20)
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2.4. Choice of position and angular speed. In the system (2.15)-(2.16), and already in the definition
of the self-similar variables, we introduced Z and α as given quantities to be chosen later. The key point
in the choice of these modulation parameters is to ensure that the center of vorticity of the blobs remains
centered in our new coordinates, namely that

m1(Ω(t)) = m1(Ω̂(t)) = (0, 0), for all t ≥ 0.

This specific choice is necessary for technical needs, but for very concentrated vortices, the center of
vorticity is also a good estimation of the location of most of the mass of the vortex4. Recall that for
the central vortex Ω̂, the condition above is automatically guaranteed from the N -fold symmetry with
N ≥ 2, see Lemma 2.3.

We are thus left with the freedom of choosing three parameters Z1(t), Z2(t), α(t) to fix only two con-
ditions on Ω. This is simply because those three variables are linked by a triangular relation. Therefore,
we choose to set

Z2(t) = 0 for all t ≥ 0,

which we can do without loss of generality by adjusting the choice of α. The quantity Z1(t) is now the
distance to the center of the N -th vortex, meaning that it is the radius of our regular polygon and we
thus call it

Z1(t) = R(t), R(0) = r.

Then, in analogy with [12, 23], the choice that fixes the center of mass is given in the following lemma.

Lemma 2.7. Let Ω, Ω̂ be the solutions to (2.15) to (2.17). Define the radius of the vortex polygon and
the angular speed of the solution to be

tR′(t) := −dε(t)
δ

∫
R2

(
∂2(Qε,(R,0)Ψ+ γTε,(R,0)Ψ̂)Ω

)
(ξ, t)dξ, (2.21)

tα′(t) :=
dε(t)

δR(t)

∫
R2

(
∂1(Qε,(R,0)Ψ+ γTε,(R,0)Ψ̂)Ω

)
(ξ, t)dξ, (2.22)

with α(0) = 0 and R(0) = r. Then, for all t ≥ 0 the following moment identities hold true:

M(Ω(t)) = M(Ω̂(t)) = 1, m1(Ω(t)) = m1(Ω̂(t)) = (0, 0).

Proof. The proof for the mean is straightforward. In the sequel, we need the Poisson bracket identities
{f, g} = −{g, f} and

⟨{f, g}, h⟩ = ⟨f, {g, h}⟩.
Moreover, we have the following identity involving the operator L

⟨L(f), ξj⟩ = −1

2
m1

j (f).

Since
∂1f = {f, ξ2}, ∂2f = −{f, ξ1}

and ∂i commute with ∆−1, it is not hard to verify also that

⟨{∆−1f, f}, ξi⟩ = 0, for i = 1, 2.

Then, since M(Ω) = 1 and Z(t) = (R(t), 0), by testing (2.15) with ξ1 and ξ2 we deduce that

t∂tm
1
1(Ω) = −1

2
m1

1(Ω)−
1

δ

∫
R2

∂2(Qε,ZΨ+ γTε,ZΨ̂)Ω dξ − tR′(t)

εd
+ tα′(t)m1

2(Ω), (2.23)

t∂tm
1
2(Ω) = −1

2
m1

2(Ω) +
1

δ

∫
R2

∂1(Qε,ZΨ+ γTε,ZΨ̂)Ω dξ − tα′(t)
(
m1

1(Ω) +
R

εd

)
.

By the choice of R′, α′ in (2.21) and (2.22), the equation above simplifies to

t∂tm
1(Ω) = −1

2
m1(Ω)− tα′(t)(m1(Ω))⊥.

4In fact, to determine the position of the vortices, one could decide to follow the maximum of vorticity or the stagnation
point. None of these choices are equivalent in general and we prefer to fix the center of vorticity blobs for later convenience.



VISCOUS VORTEX CRYSTALS 15

The identity above readily implies that

t∂t(t|m1(Ω)|2) = 0 =⇒ |m1(Ω(t))|2 = 0, for all t > 0.

Since clearly m1(Ω(0)) = m1(G) = (0, 0) the proof of the lemma is over. □

Remark 2.8. The choice of the modulation parameters R and α as in Lemma 2.7 is fundamental in
the construction of the approximate solution. Indeed, we avoid the iterative construction in [12, 49] by
showing that the choices in (2.21) and (2.22) can be used to fix the first-order moments of the approx-
imate solution. However, in the full nonlinear problem, we do not choose the radius as in (2.21), but
instead fix it to be the one obtained from the approximate solution. This is because the operators depend
in a complicated way on the radius, and a fully nonlinear choice as in (2.21) introduces several technical
difficulties (an issue also present in [49]). Thus, we will drop the requirement that m1

1(Ω(t)) = 0. From
the proof of Lemma 2.7, it is straightforward to see that one can still fix m1

2(Ω(t)) = 0 with the choice

tα′(t) :=
dε(t)

δ(R+ εdm1
1(Ω))(t)

∫
R2

(
∂1(Qε,(R,0)Ψ+ γTε,(R,0)Ψ̂)Ω

)
(ξ, t)dξ,

for any R(t). On the other hand, we now have to guarantee that m1
1(Ω(t)) remains sufficiently small on

the time scale of interest. To this end, we fully exploit a property of the approximate solution related to
the evolution of the angular momentum in Lemma 2.2 (see Lemma 4.22).

2.5. Equations in reduced form. In view of the previous sections, we introduce the operator

Bε,Z(φ, φ̂, φ̃) :=

∫
R2

∇⊥(Qε,Zφ+ γTε,Zφ̂)∆φ̃dξ, (2.24)

and by abuse of notation, define
Bε,Z(φ, φ̂) := Bε,Z(φ, φ̂, φ).

We make once and for all the choice that the parameter Z(t) of the change of variable (2.5) is given
by

Z(t) = (R(t), 0),

and we identify (R(t), 0) ≃ R for notational convenience.
Then, we introduce

Φε,R(Ψ, Ψ̂) = Ψ +Qε,RΨ+ γTε,RΨ̂ + ξ2Re(Bε,R(Ψ, Ψ̂))− dε

2R
Im(Bε,R(Ψ, Ψ̂))

∣∣Tε,Rξ∣∣2(2.25)

Φ̂ε,R(Ψ, Ψ̂) = γΨ̂ + Vε,RΨ− dε

2R
Im(Bε,Z(Ψ, Ψ̂))|ξ|2. (2.26)

When the parameters R,α from the rotating frame are defined by relations (2.21) and (2.22), observe
that

tR′ =
εd

δ
Re(Bε,R(Ψ, Ψ̂)), tα′(t) =

εd

δR
Im(Bε,R(Ψ, Ψ̂))

with Ψ and Ψ̂ the streamfunctions of the solutions to equations (2.15) to (2.17). Equipped with all the
previous notations, and with this specific choice of parameters, we obtain that Ω and Ω̂ are solutions of
the system (2.15) and (2.16) if and only if

t∂tΩ = LΩ− 1

δ

{
Φε,R(Ψ, Ψ̂),Ω

}
, t∂tΩ̂ = LΩ̂− 1

δ

{
Φ̂ε,R(Ψ, Ψ̂), Ω̂

}
, (2.27)

and in that case, by Lemma 2.7, we have that M(Ω(t)) = M(Ω̂(t)) = 1 and m1(Ω(t)) = m1(Ω̂(t)) =

(0, 0). Moreover, when there will be no ambiguity, we even use the notation Φ = Φε,R(Ψ, Ψ̂) and
Φ̂ = Φ̂ε,R(Ψ, Ψ̂), so that we arrive to the compact form

t∂tΩ = LΩ− 1

δ
{Φ,Ω}, t∂tΩ̂ = LΩ̂− 1

δ
{Φ̂, Ω̂}, (2.28)

for the system (2.15) and (2.16). The use of such similar notation in the equations for the vortex at one
vertex Ω and the central vortex Ω̂ is made to stress the structural analogies. Indeed, the construction of
the approximate solution follows a rather general asymptotic expansion scheme, in which the differences
are all encoded in the different expansions for Φ and Φ̂. Therefore, we will often present detailed com-
putations for Ω, which satisfies the most complicated equation, while only highlighting the interesting
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differences for Ω̂ when needed. One has to remember that equations (2.28) are coupled since Φ depends
on Ω̂ and vice versa.

3. FUNCTION SPACES, OPERATORS AND THEIR ASYMPTOTIC EXPANSION

In this section, following [12, 21, 25], we introduce the function spaces needed to construct the
approximate solution, and state some relevant properties of the operators introduced above. As some
facts are either well-known, or simply coming from explicit computations, some details and proofs are
delayed to Appendix A.

3.1. Function spaces. We first define the weighted L2 spaces

Y =

{
f ∈ L2(R2) :

∫
R2

|f(ξ)|2 e|ξ|2/4 dξ <∞
}
,

Z =
{
f : R2 → R : ξ 7→ e|ξ|

2/4f(ξ) ∈ S∗(R2)
}
,

where S∗(R2) denotes the space of smooth functions with at most polynomial growth at infinity. Note
that Z is a dense subset of Y . The space Y is a Hilbert spaces equipped with the inner product

⟨f, g⟩Y =

∫
R2

f(ξ) g(ξ) e|ξ|
2/4 dξ , ∀ f, g ∈ Y.

In view of the Fourier transform in the angular variable in polar coordinates ξ = (r cos(θ), r sin(θ)), we
also have the orthogonal decomposition

Y =
∞⊕
n=0

Yn , (3.1)

where Yn =
{
f ∈ Y : f(ξ) = a(r) cos(nθ) + b(r) sin(nθ) with a, b : R+ → R

}
. We also denote with

Pn the L2-projection operator onto the n-th angular Fourier mode.
Then, we recall the OS∗ and OZ notation introduced in [12, Definition 3.4].

Definition 3.1. Let M ∈ N be a positive integer.
1) If gε ∈ S∗(R2) depends on a small parameter ε > 0, we say that gε = OS∗

(
εM
)

if, for all α ∈ N2

and all m ∈ {0, . . . ,M} there exists C > 0 and Ñ ∈ N such that

|∂αξ ∂mε gε(ξ)| ≤ C(1 + |ξ|)ÑεM−m ∀ ξ ∈ R2 .

2) Similarly, if fε ∈ Z , we write fε = OZ
(
εM
)

if e|ξ|
2/4fε = OS∗

(
εM
)
.

Remark 3.2. In the sequel, we will not explicitly verify the conditions on the derivatives in Definition
3.1. Indeed, in the asymptotic expansions of the operators proved in Appendix A, we either have errors
involving tails of explicit integrals or errors arising by truncating a Taylor series. In both cases, it is
straightforward to check the conditions for the derivatives in Definition 3.1.

3.2. Diffusion and advection operators. We now recall properties of the difussion operator L in (2.11)
and the advection operator arising from the linearization of the Euler equations at the Lamb-Oseen
vortex.

i) The diffusion operator. The diffusion operator L defined by (2.11) is a linear operator in Y with
(maximal) domain

D(L) =
{
f ∈ Y : ∆f ∈ Y, ξ · ∇f ∈ Y

}
.

It is well known, see [24, Appendix A], that L is self-adjoint in Y with compact resolvent and purely
discrete spectrum σ(L) = {−n/2 : n ∈ N} . We have Ker(L) = span(G) where G is the Gaussian
function defined in (2.18). The eigenspace corresponding to the eigenvalue −1/2 is span(∂1G, ∂2G).
Moreover, it is straightforward to verify that if f ∈ Yn ∩D(L), then Lf ∈ Yn. We also recall the result
[12, Lemma 3.5], telling us the following.

Lemma 3.3. For any κ > 0 and any f ∈ Z one has (κ− L)−1f ∈ Z .
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ii) The advection operator. We also need the operator associated to the linearization of the 2D Euler
equation at the Lamb-Oseen vortex. This is denoted by Λ : D(Λ) → Y , and is defined as

Λf =
{
Ψ0 , f

}
+
{
∆−1f , Ω0} , f ∈ D(Λ) ,

where Ω0,Ψ0 are defined in (2.18), (2.19). The operator Λ is considered in its maximal domainD(Λ) ={
f ∈ Y : {Ψ0, f} ∈ Y

}
and we also have that Λ is invariant under rotations about the origin, so that it

commutes with the direct sum decomposition (3.1). Moreover, it is clear that Λf ∈ Z if f ∈ Z . In view
of the definition of A in (2.20), we also note that we can write

Λf = {(A+∆−1)f,Ω0}. (3.2)

We then recall the following properties, that are well known by now, e.g. [21].

Proposition 3.4. The following properties holds true:
(1) The operator Λ is skew-adjoint in the Hilbert space Y with kernel

Ker(Λ) = Y0 ⊕
{
β1∂1G+ β2∂2G : β1, β2 ∈ R

}
.

(2) If h ∈ Ker(Λ)⊥ ∩ Z or h ∈ Z with P0(h) = m1
1(h) = m1

2(h) = 0 the equation Λf = h has a
unique solution f ∈ Ker(Λ)⊥ ∩ Z , and f is an even (odd) function of the variable ξ2 if h is an
odd (even) function of ξ2.

We remark that, in fact, to determine the leading order terms in the construction of the approximate
solution one has to invert Λ on functions of the type h = {φ,Ω0} with φ ∈ S∗. Since Ω0 is radial, there
is the degree of freedom of adding any radial function to φ, and we therefore fix P0φ = 0 to remove
this issue. Then, thanks to the representation (3.2) and Proposition 3.4, we know that

Λf = {φ,Ω0} ⇐⇒ (A+∆−1)f = φ. (3.3)

Properties of the operator A+∆−1 on the space

X =
{
f ∈ L2(R2) :

∫
R2

|f(ξ)|2A(ξ) dξ <∞
}

have been carefully studied in [22, Section 2]. For our purposes, observe that P0({φ,Ω0}) = 0 and
therefore

{φ,Ω0} ∈ Ker(Λ)⊥ ⇐⇒ ⟨φ, ∂iΩ0⟩ = 0 for i = 1, 2, (3.4)

namelyφ is orthogonal to ∂iΩ0 for i = 1, 2 with respect to the standardL2(R2) inner product. Moreover,
solving the second equation in (3.3) in the space X is equivalent to the following problem in L2(R2)(

Id−A− 1
2 (−∆)−1A− 1

2
)
F = ϕ, with F = A

1
2 f and ϕ = A− 1

2φ. (3.5)

Having thatA is radially symmetric, we can as well introduce the angular Fourier decomposition, mean-
ing that we can solve equation (3.5) mode by mode. The problem is then reduced in proving a bound for
the operator Tn := Pn(A

− 1
2 (−∆)−1A− 1

2 )Pn : L2(R2) → L2(R2), which can be represented as

Tn[g] =
1

2n

∫ ∞

0

min
(
r
s ,

s
r

)n√
A(r)A(s)

g(s)s ds, with g ∈ L2(rdr). (3.6)

In [22], it was proved that there exists 0 < c < 1 such that

∥Tn∥Xn→Xn ≤ c

n
, Xn =

{
L2(rdr) n ≥ 2

{g ∈ L2(rdr) : ⟨g,G′A
1
2 ⟩L2(rdr) = 0} n = 1.

(3.7)

When n = 1, the orthogonality condition in (3.7) is equivalent to (3.4). This is related to the fact that
T1[G

′A
1
2 ] = G′A

1
2

5, meaning that G′A
1
2 ∈ Ker(Id − T1). Moreover, one can deduce that 1 is the

largest eigenvalue of T1 on L2(rdr) by Sturm-Liouville theory [22], that is the key point to justify the

5To prove this idendity, recall that in polar coordinates A = −Ψ′
0/Ω

′
0 with (∂rr + r−1∂r)Ψ0 = Ω0. Thus ∆1Ψ

′
0 = Ω′

0

and therefore (−∆1)
−1Ω′

0 = −Ψ′
0 = AΩ′

0, which proves the desired identity after dividing by A− 1
2 .
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bound (3.7) above. By taking the projection onto the n-th angular Fourier mode in (3.5), we see that we
can define

PnF =
(
Id− Tn

)−1Pnϕ =
∞∑
j=0

T j
n(Pnϕ).

With these observations, we have actually proved the following reinterpretation of Proposition 3.4 to
invert Λ on some particular functions.

Proposition 3.5. Let h = {φ,G} ∈ Ker(Λ)⊥ ∩ Z with φ ∈ S∗ and P0φ = 0. Then, the projections on
the n-th angular Fourier mode of the unique solution to Λf = h can be written as

Pnf = A− 1
2

∞∑
j=0

T j
n[A

− 1
2Pnφ], for all n ∈ N.

3.3. Properties and expansions of the configurational operators. As explained in Section 2, we
are only interested in computing the operators Tε,Z , Vε,Z , Qε,Z in Z = (R, 0) so we simply write
Tε,R,Vε,R,Qε,R,Bε,R instead of Tε,(R,0),Vε,(R,0),Qε,(R,0),Bε,(R,0).

i) Expansions. We start by introducing the constants

c0,k = (−1)k−1, cn,k :=

(
n
k

)
(−1)n+k−1 d

n

2πn
for n ∈ N \ {0}, k ∈ N, (3.8)

and

Sn,k =
N−1∑
l=1

Qk
l

(Ql − 1)n
, Ql ↔ e

2πil
N , 0 ≤ k ≤ n. (3.9)

We provide in Appendix A.1 details about the values of the constants Sn,k, and we only note that Sn,k ∈
R as proved in Lemma A.1. The expansion of the operators is encoded in the following.

Lemma 3.6. Assume that f ∈ Z , let φ = ∆−1f and M ∈ N. Then, the translation operator admits the
expansion

Tε,Rφ(ξ) =
M(f)

2π
log
(R
εd

)
+

M∑
n=1

n∑
k=0

εn

Rn
cn,kRe

(
ξn−kmk(f)

)
+OS∗

(
εM+1

)
.

The polygon-center operator admits the expansion

Vε,Rφ(ξ) =M(f)
N

2π
log
(R
εd

)
+N

M∑
n=1

(−1)n
εn

Rn
cn,nRe

(
mn(f)

)
+N

M∑
n=N

∑
ℓ∈N\{0}
ℓN≤M

(−1)n
εn

Rn
cn,n−ℓNRe

(
ξℓNmn−ℓN (f)

)
+OS∗

(
εM+1

)
.

(3.10)

The polygon-polygon operator admits the expansion

Qε,Rφ(ξ) =
M(f)

2π

N−1∑
l=1

log
(R
εd

)
+

M∑
n=1

n∑
k=0

εn

Rn
cn,kSn,n−kRe

(
ξn−kmk(f)

)
+OS∗(ε

M+1).

These expansions are proven in Appendix A, by applying Lemma A.2 in the case Z = (R, 0). Let us
now gather some direct consequences of these expansions that will be of use later.

Proposition 3.7. For any φ ∈ ∆−1Z , the gradient of the operators is always at least of order ε:

∇Qε,Rφ = OS∗(ε), ∇Tε,Rφ = OS∗(ε), ∇Vε,Rφ = OS∗(ε), (3.11)

meaning in particular that for any φ, φ̂ ∈ ∆−1Z ,

Bε,R(φ, φ̂) = O(ε), (3.12)
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and thus that for any f ∈ Z , {
Φε,R(φ, φ̂), f

}
= {φ, f}+OZ(ε). (3.13)

Moreover, let Xε, Yε ∈ C be such that |Xε|, |Yε| ≥ c > 0 for a constant c independent of ε and
|Xε − Yε| = O(εM ) for some M ∈ N. Then

(Tε,Xε − Tε,Yε)φ = OS∗(ε
M+1). (3.14)

The same holds true with Tε,· replaced by Vε,· and Qε,·

Proof. Taking the gradient in the expansions of Lemma 3.6 immediately gives (3.11) and thus (3.12).
Applying those relations to the definition of Φε,R gives in turn relation (3.13). Instead, the relation
(3.14) follows by comparing term by term the expansions in Lemma 3.6, where we gain at least a factor
of ε|Xε − Yε| since the constant term vanishes and |Xε|, |Yε| ≥ c > 0. □

As a consequence of Proposition 3.7, we have the following.

Corollary 3.8. Let φ1, φ̂1, φ2, φ̂2 ∈ ∆−1Z and let n ∈ N. Then

Bε,R(φ1 + εnφ2, φ̂1 + εnφ̂2) = Bε,R(φ1, φ̂1) +O(εn+1).

Proof. It directly follows by the definition of Bε,R in (2.24) and Proposition 3.7. □

ii) Symmetries, commutators and adjoint. We finally characterize useful properties of our operators.

Lemma 3.9. Let T ∗
ε,R, V∗

ε,R and Q∗
ε,R be the L2(R2)-adjoint of Tε,R, Vε,R and Qε,R respectively.

Then the following holds.

(1) T ∗
ε,R = T−ε,R and [Tε,R,∆] = [T ∗

ε,R,∆] = 0. Moreover, if f is even in ξ2 then Tε,R(f) is also
even in ξ2.

(2) The adjoint V∗
ε,R is given by

(V∗
ε,Rf)(ξ) =

N∑
l=1

f
(
Ql(ξ +

(R, 0)

εd
)
)
, (3.15)

and satisfies [Vε,R,∆] = [V∗
ε,R,∆] = 0. Moreover, if f is N -fold symmetric, then

V∗
ε,Rf = NTε,Rf.

(3) The operator Qε,R is self-adjoint, namely Q∗
ε,R = Qε,R, and [Qε,R,∆] = 0. Moreover, if f is

even in ξ2 then Qε,R(f) is also even in ξ2.
(4) The following identities holds true

Qε,R{|Tε,Rξ|2, f} = {|Tε,Rξ|2,Qε,Rf}, (3.16)

Vε,R{|Tε,Rξ|2, f} = {|ξ|2,Vε,Rf}, (3.17)

V∗
ε,R{|ξ|2, f} = {|Tε,Rξ|2,V∗

ε,Rf}. (3.18)

Remark 3.10. The identities in (3.16) to (3.18) reflect the invariance of the vortex polygon with respect
to global rotations. In the shifted frame used for the exterior vortices, the function |Tε,Rξ|2 acts as the
generating function of rotations around the global origin. Consequently, the first identity states that the
polygon-polygon operator Qε,R, describing the interactions between the vortices at the vertices of the
polygon, commutes with the generator of global rotations. Analogously, the second and third identities
show that the operators Vε,R and V∗

ε,R intertwine the rotation of the central vortex with the global rotation
of the exterior vortices.

The proof of Lemma 3.9 follows by direct computations, and we thus postpone it to Appendix A.4.
Finally, we record a key property of the operator Bε,R(·, ·) defined in (2.24).
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Lemma 3.11. If φ, φ̂ are even in ξ2, then

Re(Bε,R(φ, φ̂)) = 0. (3.19)

In general, for any φ, φ̂, φ̃ ∈ S∗, denoting w = ∆φ, ŵ = ∆φ̂ and w̃ = ∆φ̃, we have the expansion

Bε,R(φ, φ̂, φ̃) = i

M∑
n=1

( ε
R

)n n−1∑
k=0

(n− k)cn,k

(
Sn,n−kmk(w) + γmk(ŵ)

)
mn−k−1(w̃) +O(εM+1).

(3.20)

The identity in (3.19) is telling us that, with the radius defined as in (2.21), changes on the radius are
only due to the odd-in-ξ2 part of the solution. In particular, in the approximate solution constructed in
the next section, we will show that the even-in-ξ2 symmetry is lost only through viscous effects, meaning
that one is able to effectively gain a factor O(δ) on the right-hand side of (2.21).

Proof. From the definition in (2.24), we know that

Re(Bε,R(Ψ, Ψ̂)) = −⟨∂2(Qε,RΨ+ γTε,RΨ̂),∆Ψ⟩.

Appealing to Lemma 3.9, since Ψ, Ψ̂ are even in ξ2, we know that ∂2(Qε,RΨ) and ∂2(Tε,RΨ̂) are odd in
ξ2 whereas ∆Ψ is even in ξ2, meaning that the integral above is zero.

The expansion in (3.20) is a consequence of Lemma 3.6. In fact, we show in Lemma A.3 a detailed
proof that holds for any position parameter Z. □

4. THE APPROXIMATE SOLUTIONS

The objective of this section is to construct an approximate solution (Ω
(M)
app , Ω̂

(M)
app ) to the system

(2.15)–(2.16) at any desired order of precision M . Our approach follows the systematic asymptotic
framework initiated in [21] and subsequently refined in [12, 14, 23, 49]. The new aspect of our deriva-
tion is the self-consistent coupling of the modulation parameters: we fix the approximate radius and
angular velocity to be those defined in (2.21) and (2.22), evaluated directly at the M -th order profiles
(Ω

(M)
app , Ω̂

(M)
app ). This technical choice streamlines the construction of higher-order profiles and, more

crucially, leads to improved error bounds in the subsequent nonlinear analysis. Since this specific cou-
pling modifies the recursive hierarchy of the expansion, previous results cannot be applied directly as
a black box. Consequently, while we follow the general strategy established [12], we provide a self-
contained construction to clarify the precise impact of the choice of the modulation parameters in the
full expansion.

4.1. Setting up the construction. We look for approximate solutions of the equations in Lemma 2.6,
using the simplified notation in (2.27). At every order M ≥ 0, we denote the approximate solutions by
Ω
(M)
app , Ω̂

(M)
app and we assume the asymptotic expansion

Ω(M)
app (ξ, t) =

M∑
k=0

εk(t)Ωk(ξ), Ω̂(M)
app (ξ, t) =

M∑
k=0

εk(t)Ω̂k(ξ) (4.1)

where the families of maps (Ωk)k>0 and (Ω̂k)k>0 must be determined. Recall that Ω0 and Ω̂0 are already
defined at relation (2.18), a choice that ensures in particular that for any M ,

Ω(M)
app (ξ, 0) = Ω̂(M)

app (ξ, 0) = Ω0(ξ),

which coincides with the true solution at time 0, see relation (2.17).
We then denote by

Ψk := ∆−1Ωk, Ψ̂k := ∆−1Ω̂k and Ψ(M)
app =

M∑
k=0

εkΨk, Ψ̂(M)
app =

M∑
k=0

εkΨ̂k,

which, by linearity, satisfy Ψ
(M)
app = ∆−1Ω

(M)
app and Ψ̂

(M)
app = ∆−1Ω̂

(M)
app . It is convenient to expand also in

δ as to handle separately viscous effects, since we will be working in the large Reynolds number regime
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δ ≪ 1. We will then expand each approximation at k-th order with the Eulerian and Navier-Stokes
component as

Ωk = Ωk,E + δΩk,NS, Ω̂k = Ω̂k,E + δΩ̂k,NS

and the same expansion for the associated streamfunctions. Accordingly, we also split

Ω(M)
app = Ω

(M)
app,E + δΩ

(M)
app,NS, Ω̂(M)

app = Ω̂
(M)
app,E + δΩ̂

(M)
app,NS.

Then, we fix the radius and angular speed of the rotating frame associated with each approximate
solution as the ones given in Lemma 2.7. Namely, we define R(M)

app , α
(M)
app through the relation (2.21)

and (2.22) as

t(R(M)
app )

′(t) =
dε(t)

δ
Re(B

ε,R
(M)
app

(Ψ(M)
app , Ψ̂

(M)
app )) (4.2)

t(α(M)
app )

′(t) =
dε(t)

δR
(M)
app

Im(B
ε,R

(M)
app

(Ψ(M)
app , Ψ̂

(M)
app )) (4.3)

R(M)
app (0) = r, α(M)

app (0) = 0.

This choice ofR(M)
app , α

(M)
app differs from what was done in previous works [12, 49], where the modulation

parameters are constructed iteratively with an asymptotic expansion. One then needs to justify a posteri-
ori that the formulas (4.2) and (4.3) hold up to small enough errors. We believe it is more intuitive to fix
the approximate modulation parameter from the beginning and verify that it is sufficient to proceed with
the inductive construction of the approximate solution. From a practical point of view, it also matches
better the technical difficulties that we face.

To measure how good of an approximate solution we have constructed, we introduce the remainders

RM = δ(t∂t − L)Ω(M)
app + {Φ(M)

app ,Ω
(M)
app }, R̂M = δ(t∂t − L)Ω̂(M)

app + {Φ̂(M)
app , Ω̂

(M)
app }, (4.4)

where Φ
(M)
app , Φ̂

(M)
app are an abuse of notation for the use of operators (2.25) and (2.26) applied at the

approximate solutions, namely

Φ(M)
app := Φ

ε,R
(M)
app

(Ψ(M)
app , Ψ̂

(M)
app ), Φ̂(M)

app := Φ̂
ε,R

(M)
app

(Ψ(M)
app , Ψ̂

(M)
app ). (4.5)

We now state the existence of a suitable choice of approximate solution.

Proposition 4.1. There exists two families (Ωk)k≥0 and (Ω̂k)k≥0 of functions belonging to the space Z
such that for every k ≥ 0:

C1) m1(Ωk) = m1(Ω̂k) = (0, 0) and, for k > 0, M(Ωk) = M(Ω̂k) = 0,
C2) the functions Ωk,E and Ω̂k,E are even in ξ2,
C3) Ω̂k is N -fold symmetric.
Moreover, for every M ∈ N, the associated approximate solution defined by (4.1) satisfies:
C4) there exists a constant C independent of δ such that for every t ≤ C Tadvδ

−1,

1

2
r ≤ R(M)

app (t) ≤
3

2
r,

where R(M)
app is given by (4.2),

C5) the remainders RM , R̂M defined by (4.4) are of order OZ(ε
M+1+δ2ε2) and satisfy mj(RM ) =

mj(R̂M ) = (0, 0) for j = 0, 1.

The rest of Section 4 is devoted to the proof of Proposition 4.1. The constraints C1) to C3) are
technical constraints ensuring that we can manipulate correctly the functions we construct, and that
the approximate solution has important properties related to symmetries. The constraint C4) is a conse-
quence of the even symmetry of the Eulerian part, and it is necessary to ensure that we can safely expand
our operators. The constraint C5) is the quantitative control of how close to the approximate solution is
the real solution, which is the whole point of the construction.
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Remark 4.2. In the case γ = 0, the choice of the family (Ω̂k)k≥0 is irrelevant. Therefore, while
computing the Ω̂k, we will assume γ ̸= 0. This assumption does not need to be made to construct the
family (Ωk)k≥0, hence our construction is perfectly valid for γ = 0, even if the expression 1/γ appears
in the formula for Ω̂k.

The construction will be done iteratively, meaning that after having constructed Ω0, . . . ,ΩM , and
Ω̂0, . . . , Ω̂M , satisfying constraints C1) to C3), and such that the associated approximate solution Ω

(M)
app

and Ω̂
(M)
app satisfy constraints C4), C5) at order M , then we construct ΩM+1 and Ω̂M+1, satisfying

constraints C1) to C3) such that the next order approximate solution Ω
(M+1)
app and Ω̂

(M+1)
app satisfy con-

straints C4), C5) at order M + 1.
The rest of the present section is organized as follows. In Section 4.2 and 4.3 we present the com-

putations of the first orders, giving both insights and numerically exploitable results on the actual de-
formation of vortices. Then, in Section 4.4, we construct iteratively the whole family (Ωk)k∈N, leading
to the construction of an approximate solution at every order. Then we compute the first corrections to
the point-vortex dynamics in Section 4.5. In Sections 4.6 and 4.7, we establish some important proper-
ties of the Eulerian part of the approximate solution such as the existence of an approximate functional
relationship and remarkable relations for its angular momentum.

4.2. The zero-th and first order. We recall that the choice of the zero-th order is dictated by the initial
data, which is the Lamb-Oseen vortex

Ω0 = Ω̂0 = G,

Therefore, Ω(0)
app = Ω̂

(0)
app = G. Since m1(G) = 0, we have that Ω0 and Ω̂0 satisfy constraints C1) to

C3). Moreover, since G is radially symmetric, Ψ0, Ψ̂0 are radially symmetric as well and thus even in
ξ2. By Lemma 3.11, we readily deduce that t(R(0)

app)′ = 0 and therefore

R(0)
app(t) = r.

With those expressions in hand, we can compute and expand the zero-th order remainders.

Lemma 4.3. For any M ≥ 2 we have R0, R̂0 = OZ(ε
2) with explicit expansion

R0 =
M∑
n=2

εncn,0
rn

(Sn,n + γ){Re(ξn), G}+OZ(ε
M+1),

R̂0 = N
∑

ℓ≤M/N,
ℓ∈N\{0}

εℓNcℓN,0

rℓN
{
Re(ξℓN ), G

}
+OZ(ε

M+1). (4.6)

Proof. We start by observing that since G is a self-similar solution of the heat equation, we have (t∂t −
L)(G) = 0. Thus, for R0 we see that

R0 = {Φ(0)
app,Ω0} =

{
Q

ε,R
(0)
app

Ψ0 + γT
ε,R

(0)
app

Ψ̂0 −
εd

2R
(0)
app

Im(B
ε,R

(0)
app

(Ψ0, Ψ̂0))|Tεξ|2,Ω0

}
.

Since mk(G) = 0 for any k ≥ 1, and R(0)
app = r, applying Lemma 3.6, we have

{Q
ε,R

(0)
app

Ψ0,Ω0} =
εc1,0
r

S1,1{Re(ξ), G}+
M∑
n=2

εncn,0
rn

Sn,n{Re(ξn), G}+OZ(ε
M+1),

and

γ{T
ε,R

(0)
app

Ψ̂0,Ω0} = γ
εc1,0
r

{Re(ξ), G}+ γ

M∑
n=2

εncn,0
rn

{Re(ξn), G}+OZ(ε
M+1).

We now turn to the term involving B
ε,R

(0)
app

. Using Lemma 3.6 combined with the fact that mk(G) = 0

for every k > 0, we get that

εd

2R
Im(Bε(Ψ0, Ψ̂0)) =

ε2d

2r2
c1,0(S1,1 + γ) + o(ε∞),
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and since

{|T
ε,R

(0)
app
ξ|2,Ω0} = {|ξ + 1

εd
(r, 0)|2, G} =

2r

εd
{ξ1, G} =

2r

εd
{Re(ξ), G},

we obtain that

R0 =

M∑
n=2

εncn,0
rn

(Sn,n + γ){Re(ξn), G}+OZ(ε
M+1),

where the term of order ε has canceled out.
Turning our attention to R̂0, the formula (4.6) directly follows by recalling the definition (2.26), using

Lemma 3.6 and the radial symmetry of G. □

Since, R0, R̂0 = O(ε2), one can choose, as in [12, 14, 21, 49], the first order to vanish exactly:

Ω1 = Ω̂1 = 0,

leading in particular to Ω
(1)
app = Ω̂

(1)
app = Ω

(0)
app = Ω̂

(0)
app = Ω0. Indeed, this choice of Ω1 and Ω̂1 satisfies

constraints C1) to C3). In addition, it leads to identical formulas for the remainders: R1 = R0 and
R̂1 = R̂0, so by Lemma 4.3, constraints C4), C5) are satisfied at order M = 1, which concludes the
construction of the first order.

Remark 4.4. Note that if γ = −S2,2 then by Lemma 4.3, R0 = OZ(ε
3), meaning that, as we did for the

first order, one can take Ω2 = 0 and satisfy all the constraints at order 2. This explains the fact observed
in Section 1.3 that for the special value γ∗N = −S2,2 = (N−1)(N−5)

12 , the exterior vortices do not show
any 2-fold symmetric deformation. By the same argument, if N > 2, for any value of γ, the choice
Ω̂k = 0 for k = 2, . . . , N − 1 satisfies all constraints since in that case R̂N−1 = . . . = R̂0 = OZ(ε

N ).

4.3. Construction of the second order. As a propaedeutical way to understanding the iterative scheme,
and in order to get the first non-trivial correction explicitly, we now give in detail the construction of
the second order. The procedure is clearly analogous to the one first proposed in [21] and extended in
[12, 49]. However, here we first need to guarantee some a priori properties of the approximate position
in (4.2). We begin by computing an expression of R(2)

app.

Lemma 4.5. Assume that Ω2, Ω̂2 satisfy constraints C1) to C3). Let T be the first time such that C4)
fails. Then, for every t ∈ [0, T ] we have that,

t(R(2)
app)

′(t) = O(ε6(t)), R(2)
app = r(1 +O(ε6(t))), δt(α(2)

app − α0)
′(t) = O(ε6(t)).

Proof. We start by decomposing Ω2 = Ω2,E + δΩ2,NS, and the approximate solution as

Ω(2)
app = Ω0 + ε2Ω2,E︸ ︷︷ ︸

Ω
(2)
app,E

+ε2δΩ2,NS

and similary, Ω̂(2)
app = Ω̂

(2)
app,E + δΩ̂2,NS. Recalling that B

ε,R
(2)
app

is actually a map in three variables (see
its full definition (2.24)), linear with respect to the third variable, but affine with respect to the other two,
we compute that

B
ε,R

(2)
app

(Ψ(2)
app, Ψ̂

(2)
app) = B

ε,R
(2)
app

(Ψ
(2)
app,E, Ψ̂

(2)
app,E)

+ ε2δ
(
B
ε,R

(2)
app

(Ψ2,NS, Ψ̂2,NS,Ψ
(2)
app,E) + B

ε,R
(2)
app

(Ψ
(2)
app,E, Ψ̂

(2)
app,E,Ψ2,NS)

)
+ ε4δ2B

ε,R
(2)
app

(Ψ2,NS,Ψ2,NS).

Using (3.19) in Lemma 3.11, by the ξ2 symmetry of the purely Eulerian part we get that

Re(B
ε,R

(2)
app

(Ψ
(2)
app,E, Ψ̂

(2)
app,E)) = 0.

For the remaining terms we use (3.20) and we observe the following: since mk(Ω2,NS) = (0, 0) for
k ≥ 0 and m1(Ωapp,E) = (0, 0), the associated sum in (3.20) starts from n = 3. Thus, applying that
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expansion with M = 3, we see that

Re(B
ε,R

(2)
app

(Ω(2)
app, Ω̂

(2)
app)) = O(δε5)

from which we infer

t(R(2)
app)

′(t) =
dε

δ
Re(B

ε,R
(2)
app

(Ω(2)
app, Ω̂

(2)
app)) = O(ε6).

Integrating over time, it yields that
R(2)

app(t) = r +O(ε6).

To control the angular velocity, we do not have the same cancellations for the Eulerian part, but we
observe that

B
ε,R

(2)
app

(Ψ
(2)
app,E, Ψ̂

(2)
app,E) = B

ε,R
(2)
app

(Ψ0, Ψ̂0)

+ ε2
(
B
ε,R

(2)
app

(Ψ2,E, Ψ̂2,E,Ψ0) + B
ε,R

(2)
app

(Ψ0, Ψ̂0,Ψ2,E)
)

+ ε4B
ε,R

(2)
app

(Ψ2,E,Ψ2,E).

Thus, by using again (3.20) in Lemma 3.11, we observe that the first term is of order ε, whereas for the
other ones we again start from the order n = 3, meaning that

B
ε,R

(2)
app

(Ω(2)
app, Ω̂

(2)
app) = i

ε

R
(2)
app

c1,0(S1,1 + γ) +O(ε5).

Thus, using the information on R(2)
app, we infer

δt(α(2)
app)

′(t) =
dε

R
(2)
app(t)

Im(B
ε,R

(2)
app

(Ω(2)
app, Ω̂

(2)
app)) = δtα′

0(t) +O(ε6).

□

Please note that the fact that we cannot recover a δ factor in (α
(2)
app)′ means that the difference |α(2)

app−
α0| may become of order 1 after a time t ≪ Tadvδ

−1. The explicit computation of this difference is
delayed in Section 4.5, since it is not relevant to the construction of the approximate solution. We now
infer from Lemma 4.5 that constraint C4) is satisfied at the second order regardless of the choice of
Ω2, Ω̂2 as long as it satisfies the first three constraints.

Corollary 4.6. Any Ω2, Ω̂2 satisfying constraints C1) to C3) immediately satisfy constraint C4).

Proof. By continuity of R(2)
app, Lemma 4.5 implies that there exists a constant C independent of δ such

that
R

2
= |R(2)

app(T )−R| ≤ Cε6(T ) = C(νT )3

hence

T ≥ 1

Γδ

(
R

2C

)1/3

.

So there exists a constant C ′ independent of δ such that for every t ≤ C ′δ−1,
1

2
R ≤ R(2)

app(t) ≤
3

2
R.

□

Let us compute R2 in terms of Ω2 and Ω̂2 to understand how constraint C5) will dictate the construc-
tion. Many terms are involved, and the important thing is to isolate the main contributions as follows.

Lemma 4.7. We have that

R2 = ε2
(
δ(1− L)Ω2 + ΛΩ2 +H2

)
+OZ(ε

3),

where
H2 :=

c2,0
r2

(S2,2 + γ){Re(ξ2), G}
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is the error at order OZ(ε
2) coming from R0. Similarly,

R̂2 = ε2
(
δ(1− L)Ω̂2 + γΛΩ̂2 +H2

)
+OZ(ε

3),

where

Ĥ2 :=

{
2
c2,0
r2

{Re(ξ2), G} if N = 2

0 if N > 2,

is the error at order OZ(ε
2) coming from R̂0.

Proof. We compute the remainder R2 associated with the second-order approximate function given by
the expression Ω

(2)
app(ξ, t) = Ω0(ξ) + ε2(t)Ω2(ξ):

R2 = δ(t∂t − L)Ω(2)
app + {Φ(2)

app,Ω
(2)
app}.

We look at the first term. Recalling that t∂tε2 = ε2, we get that

δ(t∂t − L)(Ω0 + ε2Ω2) = ε2δ(1− L)Ω2.

For the second term, we isolate the terms already computed (the ones present in the construction of the
previous order) and two different kinds of errors:

{Φ(2)
app,Ω

(2)
app} = {Φ(0)

app,Ω
(0)
app}+ ε2{Φ(0)

app,Ω2}+ {Φ(2)
app − Φ(0)

app,Ω
(2)
app}.

We now observe that
{Φ(0)

app,Ω
(0)
app} = R0 = ε2H2 +OZ(ε

3)

as obtained in Section 4.2, then, using Proposition 3.7 we obtain that

ε2{Φ(0)
app,Ω2} = ε2{Ψ0,Ω2}+OZ(ε

3).

The last term involves Φ(2)
app − Φ

(0)
app, which we recall that properly written is

Φ(2)
app − Φ(0)

app := Φ
ε,R

(2)
app

(Ψ(2)
app, Ψ̂

(2)
app)− Φ

ε,R
(0)
app

(Ψ(0)
app, Ψ̂

(0)
app).

Not only are those maps applied in different functions, but they are also computed at different approx-
imate positions. Beware that Φ is not a linear operator (but an affine one), and the following identity
holds:

Φ(2)
app − Φ(0)

app = ε2
[
(I +Q

ε,R
(2)
app

)Ψ2 + γT
ε,R

(2)
app

Ψ̂2

]
+ ξ2Re

(
B
ε,R

(2)
app

(Ψ(2)
app, Ψ̂

(2)
app)− B

ε,R
(2)
app

(Ψ0, Ψ̂0)
)

(4.7)

− dε

2R
(2)
app

∣∣T
ε,R

(2)
app
ξ
∣∣2Im(B

ε,R
(2)
app

(Ψ(2)
app, Ψ̂

(2)
app)− B

ε,R
(2)
app

(Ψ0, Ψ̂0)
)

(4.8)

+ (Φ
ε,R

(2)
app

− Φ
ε,R

(0)
app

)(Ψ0, Ψ̂0).

From Proposition 3.7 we have that

ε2
{
(I +Q

ε,R
(2)
app

)Ψ2 + γT
ε,R

(2)
app

Ψ̂2 , Ω
(2)
app

}
= ε2{Ψ2,Ω0}+OZ(ε

3).

Then, we compute the last term coming from changing the approximate position:

(Φ
ε,R

(2)
app

− Φ
ε,R

(0)
app

)(Ψ0, Ψ̂0) = (Q
ε,R

(2)
app

−Q
ε,R

(0)
app

)
Ψ0 + γ(T

ε,R
(2)
app

− T
ε,R

(0)
app

)Ψ̂0

+ ξ2Re(Bε,R
(2)
app

(Ψ0, Ψ̂0)− B
ε,R

(0)
app

(Ψ0, Ψ̂0))

− Im
( dε

2R
(2)
app

∣∣T
ε,R

(2)
app
ξ
∣∣2B

ε,R
(2)
app

(Ψ0, Ψ̂0)−
dε

2R
(0)
app

∣∣T
ε,R

(0)
app
ξ
∣∣2B

ε,R
(0)
app

(Ψ0, Ψ̂0)
)
.

Combining Lemma 4.5 and Proposition 3.7, we get that all the terms involved in the last expression are
of order O(ε3) at least. Moreover, for the terms in (4.7) and (4.8) we can apply Corollary 3.8 and see
that indeed

Φ(2)
app − Φ(0)

app = ε2Ψ2 +OS∗(ε
3).
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Therefore, we conclude that

R2 = ε2
(
δ(1− L)Ω2 + {Ψ0,Ω2}+ {Ψ2,Ω0}+H2

)
+OZ(ε

3),

which gives the desired result by recalling that ΛΩ = {Ψ0,Ω}+ {∆−1Ω,Ω0}.
Similar computations, left to the reader, yield the result regarding R̂2. □

With Lemma 4.7, we have a very natural (and, remarkably, somewhat unique) choice of Ω2 and Ω̂2

satisfying constraint C5). This choice is made so that all O(ε2) terms in R2 and R̂2 vanish. We can
now formulate the construction of the approximate solution up to the second order.

Proposition 4.8. Let Ω2 = Ω2,E + δΩ2,NS be defined by the following formulas:

Ω2,E := −Λ−1H2, Ω2,NS := −Λ−1(1− L)Ω2,E.

Similarly, let Ω̂2 = Ω̂2,E + δΩ̂2,NS be defined by

Ω̂2,E := −1

γ
Λ−1Ĥ2, Ω̂2,E := −1

γ
Λ−1(1− L)Ω̂2,E.

Then, Ω2, Ω̂2 and the associated second order approximate solution satisfy all constraints C1) to C5).

Remark 4.9. Note that the dependence on N in the definition of Ω2 is only through the constant
c2,0(S2,2 + γ). As observed in Remark 1.4, we know that d/r = O(N−1), and therefore, by (3.8),
we have c2,0/r2 = O(N−2). Moreover S2,2 = O(N2), meaning that the N -dependent constant hidden
in the definition of Ω2 is indeed of order O(1) as announced in Remark 1.4.

Proof. As explained in Remark 4.4, if γ = −S2,2 then setting Ω2 = 0 satisfies all the constraints, and
so does setting Ω̂2 = 0 in the case N ≥ 3.

Let h(ξ) := {Re(ξ2), G}(ξ) = −ξ1ξ2G(ξ). Since h satisfies that
• h ∈ Ker(Λ)⊥ ∩ Z ,
• h is odd in ξ2,
• h is also two-fold symmetric (hence Ĥ2 is always N -fold symmetric)
• M(h) = 0 and m1(h) = (0, 0),

then, using the properties of Λ gathered in Proposition 3.4, we have that if γ ̸= −S2,2, then Ω2,E is well
defined, and if N = 2, then Ω̂2,E is well defined (else, they are well defined by taking them vanishing
everywhere). Moreover, we also get that so are Ω2,NS and Ω̂2,NS, and that Ω2 and Ω̂2 satisfy constraints
C1) to C3). With these definitions, we compute using Lemma 4.7 that

R2 = ε2
(
δ(1− L)Ω2 + ΛΩ2 +H2

)
+OZ(ε

3)

= ε2
(
δ(1− L)(Ω2,E + δΩ2,NS) + ΛΩ2,NS

)
+OZ(ε

3)

= ε2δ2(1− L)Ω2,NS +OZ(ε
3)

= OZ(ε
3 + ε2δ2).

Similarly, one can compute that R̂2 = OZ(ε
3 + ε2δ2), and thus constraint C5) is now fully satisfied at

order M = 2. Note that these estimates still hold if one (or both) of Ω2, Ω̂2 is vanishing.
This concludes the proof and therefore the construction of the approximate solution at second order.

□

Remark 4.10. Observe that, up to an error of order O(ε3+ε2δ2), Lemma 4.7 ensures the existence of a
unique choice of Ω2 satisfying constraint C5). Furthermore, by defining Ω2 as a higher order polynomial
in δ, namely

Ω2 = Ω2,E +

K∑
k=1

δkΩ2,NS,k,

for some K ≥ 1, one can uniquely choose Ω2,NS,1, . . . ,Ω2,NS,K such that R2 = OZ(ε
3 + ε2δK+1). In-

deed, to define the approximate solution, one could write (Λ+δ(1−L))−1 = Λ−1(Id+δ(1−L)Λ−1)−1
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and then use a truncation of the Neumann series associated with the operator (Id + δ(1 − L)Λ−1)−1,
which essentially corresponds to our approach. However, in our functional setting, rigorously inverting
Id + δ(1 − L)Λ−1 presents significant difficulties due to an accumulation of losses in powers of |ξ| as
|ξ| → ∞.

Finally, a few other remarks on the construction of the third-order approximate solution can be found
in Section 4.5. However, instead of performing the complete computations of the third order, we now
provide the general procedure to construct every order inductively.

4.4. The inductive construction. Recall from Section 3 that P0 is the orthogonal projection in Y onto
Y0 (the average in the angular direction). We now state how to construct iteratively the approximate
solutions at any order.

Proposition 4.11. Assume that for some M ≥ 1, all the maps Ω0, . . . ,ΩM−1 and Ω̂0, . . . , Ω̂M−1 are
constructed satisfying constraints C1) to C5). Then by hypothesis, there exists HM = HM,E + δHM,NS

such that
RM−1(ξ, t) = εM (t)HM (ξ) +OZ(ε

M+1(t) + δ2ε2(t)),

and ĤM = ĤM,E + δĤM,NS such that

R̂M−1(t, ξ) = εM (t)ĤM (ξ) +OZ(ε
M+1(t) + δ2ε2(t)).

Let ΩM = ΩM,E +ΩM,Er + δΩM,NS be defined by

ΩM,E := −Λ−1HM,E

ΩM,Er :=

(
L − M

2

)−1

P0(HM,NS),

ΩM,NS := −Λ−1

(
(1− P0)HM,NS +

(
M

2
− L

)
ΩM,E

)
.

Similarly, let Ω̂M = Ω̂M,E + Ω̂M,Er + δΩ̂M,NS with

Ω̂M,E := −1

γ
Λ−1ĤM,E

Ω̂M,Er := −
(
M

2
− L

)−1

P0(ĤM,NS),

Ω̂M,NS := −Λ−1

(
(1− P0)ĤM,NS +

(
M

2
− L

)
Ω̂M,E

)
.

Then, ΩM , Ω̂M and the associated approximate solution at order M satisfy constraints C1) to C5).

The rest of Section 4.4 is devoted to the proof of Proposition 4.11 and to the proof that it implies
Proposition 4.1. It follows the same plan as the construction of the second order, except for one major
difference which is the need to define a new Eulerian part ΩM,Er which is radially symmetric, since HM

does not necessarily lie within (KerΛ)⊥, a problem that only appears from the fourth order approxima-
tion onward.

Let us now begin with the proof of Proposition 4.11. By definition of RM−1 and R̂M−1 (4.4), since
all the involved operators and maps can be expanded as series in ε and δ, then RM−1 and R̂M−1 can
themselves be expanded as series in ε and δ. Therefore, we have indeed the existence of HM−1 and
ĤM−1 as stated is Proposition 4.11.

Now let us prove that ΩM and Ω̂M given in Proposition 4.11 are well defined and satisfy con-
straints C1) to C3).

Lemma 4.12. We have that M(HM,E) =M(ĤM,E) = 0 and m1(HM,E) = m1(ĤM,E) = 0.

Proof. By definition,

m1(RM−1) = δm1
(
(t∂t − L)Ω(M−1)

app

)
+m1

(
{Φ(M−1)

app ,Ω(M−1)
app }

)
.
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By hypothesis Ω
(M−1)
app satisfies constraint C1), hence m1(Ω

(M−1)
app ) = (0, 0). Then, by the defini-

tion (4.5) of the operator Φ and the choice of R(M−1)
app , α

(M−1)
app , it is not hard to check that

m1
(
{Φ(M−1)

app ,Ω(M−1)
app }

)
= (0, 0).

Note that this identity is exactly what we used to define R(t), α(t) in Lemma 2.7. Thus, we conclude
that

m1(RM−1) = (0, 0)

By the separation of orders in ε, δ, the statement of the lemma follows by the identity above. □

Now, we check that the Eulerian part of the remainders are indeed in the kernel of Λ.

Lemma 4.13. We have that HM,E, ĤM,E ∈ (KerΛ)⊥ ∩ Z and are odd in ξ2.

Proof. From the definition of the operators Φ, Φ̂ in (2.25) and (2.26) and Lemma 3.9, we know that the
only term that does not respect the even symmetry in ξ2 is the one involving Re(Bε,R(Ψ, Ψ̂)). However,
this term vanishishes on the purely Eulerian part of the approximate solution thanks to (3.19). Then,
when we set δ = 0 to define HM,E, ĤM,E we see that we need to only look at Φ(M−1)

app , Φ̂
(M−1)
app in

(4.5) when computed on Ψ
(M−1)
app,E , Ψ̂

(M−1)
app,E , and then take the Poisson bracket with Ω

(M−1)
app,E , Ω̂

(M−1)
app,E .

Since by the constraint C2) the Eulerian part is even in ξ2, we get that HM,E, ĤM,E are odd in ξ2. This
automatically tells us that P0(HM,E) = P0(ĤM,E) = 0 and we can conclude that HM,E, ĤM,E ∈
(KerΛ)⊥ by using Lemma 4.12. The fact that they are in Z is a trivial consequence of properties of the
approximate solution. □

By combining Lemmas 4.12 and 4.13 with the definitions of ΩM and Ω̂M , the properties of the oper-
ators Λ and L in Proposition 3.4 and Lemma 3.3, we conclude that ΩM and Ω̂M satisfy constraint C1)
to C3). We now compute the remainder.

Lemma 4.14. With this choice of ΩM+1 and Ω̂M+1 one has that

RM = OZ(ε
M+1 + ε2δ2), R̂M = OZ(ε

M+1 + ε2δ2).

Proof. By the definition of RM , we have

RM = δ(t∂t − L)Ω(M)
app + {Φ(M)

app ,Ω
(M)
app }

= RM−1 + δ(t∂t − L)(εMΩM ) + {Φ(M)
app ,Ω

(M)
app } − {Φ(M−1)

app ,Ω(M−1)
app }

= RM−1 + εM
(
δ(t∂t +

M

2
− L)ΩM + {Φ(M)

app ,ΩM}
)
+ {Φ(M)

app − Φ(M−1)
app ,Ω(M−1)

app }.

We now compute term by term, only at the required precision. By hypothesis,

RM−1 = εMHM +OZ(ε
M+1 + ε2δ2).

Using Proposition 3.7, we have that

εM{Φ(M)
app ,ΩM} = εM{Ψ(M)

app ,ΩM}+OZ(ε
M+1) = εM{Ψ0,ΩM}+OZ(ε

M+1).

Then, using again Proposition 3.7, and Lemma 4.5, proceeding as done for R2 (see the proof of Lemma
4.7), we deduce that

{Φ(M)
app − Φ(M−1)

app ,Ω(M−1)
app } = εM{ΨM ,Ω0}+OZ(ε

M+1).

Gathering all the previous relations leads to

RM = εM
(
HM + δ

(
t∂t +

M

2
− L

)
ΩM + ΛΩM

)
+OZ(ε

M+1 + ε2δ2),

which is the expression that allows us to determine that the choice made in the statement of Proposi-
tion 4.11 is correct, or if one is searching for such a choice, allows one to find it. Remarkably, this
equation does not depend on Ω̂M , meaning that we can choose ΩM independently of the choice of Ω̂M .
The main Eulerian part is killed by the choice of ΩM,E as

HM,E + Λ(ΩM,E +ΩM,Er) = 0.
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Then, since

εMδ2(t∂t +
M

2
− L)ΩM,NS = OZ(ε

2δ2),

and since ∂tΩM,E = 0, we only need to check that

HM,NS +

(
M

2
− L

)
(ΩM,E +ΩM,Er) + ΛΩM,NS = 0. (4.9)

By construction, we have that

HM,NS +

(
M

2
− L

)
ΩM,Er = (1− P0)HM,NS

and thus relation (4.9) holds true. □

Conclusion of the proof of Proposition 4.1.

Proof. We have constructed the M = 0 order functions Ω0, Ω̂0 (and actually up to the M = 2 order), so
there only remains to apply Proposition 4.11 iteratively. □

4.5. First non trivial corrections. Although it is not necessary to compute the third order Ω3, Ω̂3 maps,
as mentioned in Section 1.3, the third order can be the leading order correction; hence, let us give it
explicitly.

Mostly due to the fact that the zero-th and first order are trivial, the computation of the third order is
actually very similar to the computations of the second order, although estimating all the error terms is
slightly more complicated. One can also directly apply Proposition 4.1 to obtain the expression of the
third-order term Ω3 and Ω̂3, but to do so, one has to compute the OZ(ε

3) term in R2 and R̂2. Going back
to the computation of R2 and making finer use of the properties of Ω2 and the operators Qε,· and Tε,·
one can show that R2 contains no other term of order OZ(ε

3) than the term coming from R0, namely

H3 :=
c3,0
R3

(S3,3 + γ){Re(ξ3), G}, Ĥ3 :=

{
3
c3,0
R3 {Re(ξ3), G} if N = 3

0 if N ̸= 3.

Therefore, Proposition 4.1 gives that

Ω3,E := −Λ−1H3, Ω̂3,E := −1

γ
Λ−1Ĥ3

and

Ω3,NS := −Λ−1

(
3

2
− L

)
Ω3,E, Ω̂3,E := −1

γ
Λ−1

(
3

2
− L

)
Ω̂3,E.

Things get more complicated at the fourth order, as new non trivial error terms at order ε4 come from
the nonlinear interactions of the second order term with itself.

One can now wonder what is the first non trivial term for the associated approximate radiusR(M)
app and

angular velocity (α
(M)
app )′ of the rotating frame.

Proposition 4.15. There exists r6 ∈ R and α4 ∈ R, such that for any M ≥ 5, and any t ≤ Cδ−1Tadv,

R(M)
app (t) = r(1 + r6ε

6(t) +O(ε7(t)))

and
(α(M)

app )
′(t) = a

(
1 + α4ε

4(t) +O(ε5(t) + δε4(t))
)
,

where we recall that a = Γ
4πr2

(N − 1 + 2γ) is the angular velocity of the point-vortex polygonal vortex
crystal configuration defined in (1.5). The constant r6 and α4 are given by:

r6 = − d

3r4

(
3c3,0

(
S3,3 + γ

)
m2

2(Ω2,NS) + c3,2
(
S3,1m

2
2(Ω2,NS) + γm2

2(Ω̂2,NS)
))

and

α4 =
1

r2c1,0(S1,1 + γ)

(
3c3,0(S3,3 + γ)m2

1(Ω2) + c3,2(S3,1m
2
1(Ω2) + γm2

1(Ω̂2)
))
. (4.10)
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Proof. Plugging Lemma B.1 into the definition (4.2) of R(M)
app , we have that

t(R(M)
app )

′(t) = 3r4
r6ε

6

(R
(M)
app )3

+O(ε7).

Denoting by T the maximal time for which |R(M)
app (t)− r| ≤ ε, we have that for t ≤ T ,

t(R(M)
app )

′(t) = 3r6ε
6 +O(ε7).

Recalling that ε2(t) = νt
d2

, by dividing by t and integrating,

(R(M)
app )(t) = r(1 + r6ε

6 +O(ε7)).

The bootstrap assumption is therefore satisfied for as long as ε is small enough, namely for t ≤ cδ−1Tadv
for some small constant c. Plugging this into Lemma B.1 and the definition (4.3) of α(M)

app gives that

δt(α(M)
app )

′(t) = d
ε2

r2
c1,0(S1,1 + γ)

(
1 + α4ε

6 +O(ε7 + δε6)
)
. (4.11)

Recalling that ε2 = δ t
Tadv

, we conclude that

(α(M)
app )

′(t) = a(1 + α4ε
4 +O(ε5 + δε4))

by noticing that a = Γ
4πr2

(N − 1 + 2γ) = d
Tadvr2

c1,0(S1,1 + γ). □

Remark 4.16. Please note that, by integrating in time the formula in Proposition 4.15 we get that
|α(M)

app (t)− at| ≲ atε4(t). In particular, defining

ζ
(M)
app,j(t) = R(M)

app (t)
(
cos
(2πj
N

+ α(M)
app (t)

)
, sin

(2πj
N

+ α(M)
app (t)

))
,

we have that
1

r
|ζ(M)
app,j(t)− zj(t)| ≲

1

r
|R(M)

app (t)− r|+ |α(M)
app (t)− at| ≲ ε6(t) + atε4(t).

Then, since ε6(t) ≪ atε4(t) whenever ν/d2 ≪ Γ/r2, for δ sufficiently small we arrive at
1

r
|ζ(M)
app,j(t)− zj(t)| = O

( t

Tadv
ε4(t)

)
,

where we also used that a is proportional to 1/Tadv. The error above is of order O(1) as soon as t
becomes of order O(Tadvδ

−2/3). This means that although our solution remains a sum of concentrated
vortices for a time of order Tadvδ−σ, its angular position is completely out of phase with respect to the
point vortex dynamics after a time O(Tadvδ

−2/3).
Moreover, the constant α4 can be easily computed numerically6. WhenN = 2 and γ = 0, we observe

that α4 ≈ 8.7362 which is in agreement with the corresponding correction to the vertical speed for a
dipole computed in [26] (and in agreement as well with the numerical value found in [12]). This is
not surprising because the second order correction for the dipole and two equal co-rotating vortices are
exactly the same except for a sign, meaning that the dipole slows down whereas the likely signed vortex
pair increase their angular speed. In the case N = 6, γ = 10 (and γ = −10) in Figure 2 we get that
α4 ≈ 513.496 (and α4 = −1011.1373).

For the special value of γ = γ∗N in (1.14) and N > 2, we know that Ω2 = Ω̂2 = 0 and therefore
the correction to the Helmholtz-Kirchhoff angular speed starts at order ε5, meaning that α4 = 0 and the
next coefficient α5 can be explicitly defined with the formulas provided in Lemma B.1.

Finally, when N → ∞, we know that cn,k = O(Ln
N ) = O(N−n) whereas S3,j = O(N2) and

S1,1 = O(N), meaning that α4 = O(N−1) in view of Remark 4.9. For general N ≥ 3 and γ = 0, see
Figure 3.

6Besides the definition of the constants, we only need to compute numerically m2
1(Ω2,E) as in Proposition 4.8. To define

Ω2,E = −Λ−1H2 we make use of the considerations leading to Proposition 3.5. Namely, looking at H2 in Lemma 4.7, it is
enough to solve (A + ∆−1)f2 = Re(ξ2). To do so, we discretize the integral operator T2 in (3.6) and cut the integral in its
definition, invert the matrix associated to Id− T2 and obtain an approximation for f2.
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N d α4

3 1 7.7655
4 1 2.9121
5 1 0
6 1 4.8535
7 0.8678 13.2101
8 0.7654 20.9846
9 0.6840 27.2031

10 0.6180 31.8650
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FIGURE 3. Values of the distance parameter d in (1.6) and α4 in (4.10) computed for
N = 3, . . . , 10 (left) and plot of α4 as a function of N (right). For N = 5, we have
γ∗5 = 0 and note the behavior α4 = O(N−1) for large values of N .

Finally, let us conclude this section with the following remark on the direction of deformation.

Remark 4.17. As observed in Figure 2, we expect that the direction of deformation changes depending
on the sign of γ − γ∗N = γ + S2,2. Gathering the expressions of Ω2 and H2 obtained in Section 4.3, one
can compute (similarly to what was done in [12, 14, 21]) that there exists a map w : R+ → R+ such
that

Ω2(ξ) =
c2,0
R2

(S2,2 + γ)w(r) cos(2θ),

where (r, θ) denotes the polar coordinates of ξ. With that expression, we see that Ω2 changes sign with
the quantity γ − γ∗N and that it results in Ω0 + ε2Ω2 changing its direction of deformation with the sign
of Ω2 (since it is a π-periodic map in θ).

4.6. The functional relationship. A key point to justify the validity of the approximate solution, is
the construction of an approximate functional relationship between vorticity and streamfunction for the
Eulerian part of the solution, arising when setting δ = 0 in the expansion done in the previous sections.
In particular, this will be a crucial property that allow us to apply the Arnold’s energy method in the
nonlinear problem. In order for that Eulerian part of the solution to make sense in itself, we consider in
this section ε to be a parameter independent of δ, and to define Ω

(M)
app and Ω̂

(M)
app through formulas (4.1)

as a series in this parameter ε.
First of all, by construction (constraint C5)), we know that

lim
δ→0

Ω(M)
app = Ω

(M)
app,E = Ω0 +

M∑
k=2

ε2Ωk,E (4.12)

lim
δ→0

Ω̂(M)
app = Ω̂

(M)
app,E = Ω0 +

M∑
k=2

ε2Ω̂k,E . (4.13)

Then, we recall that by (2.25) and (2.26) that

Φ(M)
app =(I +Q

ε,R
(M)
app

)Ψ(M)
app + γT

ε,R
(M)
app

Ψ̂(M)
app + ξ2Re(Bε,R

(M)
app

(Ψ(M)
app , Ψ̂

(M)
app ))

− dε

2R
(M)
app

Im(B
ε,R

(M)
app

(Ψ(M)
app , Ψ̂

(M)
app ))|Tε,R(M)

app
ξ|2

Φ̂(M)
app = γΨ̂(M)

app + V
ε,R

(M)
app

Ψ(M)
app − dε

2R
(M)
app

Im(B
ε,R

(M)
app

(Ψ(M)
app , Ψ̂

(M)
app ))|ξ|2.
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In the expression above, we now keep only the Eulerian part of the approximate solution but we keep
the radius R(M)

app fixed. By Lemma 3.11 and the constraint C2), note that

Re(B
ε,R

(M)
app

(Ψ
(M)
app,E, Ψ̂

(M)
app,E)) = 0.

Hence, by also shifting the streamfunctions by a constant (that will not be seen in the Poisson brackets),
we define

Φ
(M)
app,E := (I +Q

ε,R
(M)
app

)Ψ
(M)
app,E + γT

ε,R
(M)
app

Ψ̂
(M)
app,E (4.14)

− εd

2R
(M)
app

Im(B
ε,R

(M)
app

(Ψ
(M)
app,E, Ψ̂

(M)
app,E))|Tε,R(M)

app
ξ|2 − 1

2π
log(ε)

Φ̂
(M)
app,E := γΨ̂

(M)
app,E + V

ε,R
(M)
app

Ψ
(M)
app,E − εd

2R
(M)
app

Im(B
ε,R

(M)
app

(Ψ
(M)
app,E, Ψ̂

(M)
app,E))|ξ|

2 − 1

2π
log(ε).

(4.15)

Then, by following the same proof of Proposition 4.11 with δ set to 0 in the definition of the errors
RM , R̂M , it is not hard to show inductively that

RM,E := {Φ(M)
app,E,Ω

(M)
app,E} = OZ(ε

M+1), R̂M,E := {Φ̂(M)
app,E, Ω̂

(M)
app,E} = OZ(ε

M+1).

Hence, from the identities above we are very close to being an exact solution of the Euler equation in a
moving frame, for which one can expect that there is (at least locally) a functional relationship between
Ω
(M)
app,E and Φ

(M)
app,E.

Remark 4.18. Once the even symmetry in ξ2 is guaranteed, the modulation parameter R(M)
app is actually

“free”, in the sense that m1
1(RM,E) = 0 being RM,E odd in ξ2. Thus, R(M)

app enters in the construction
of the Eulerian part only as a multiplicative constant. This reflects a scaling symmetry of the Eulerian
configuration, where a change in the radius corresponds to a scaling of the angular speed.

Unfortunately, it is not possible to justify an exact functional relationship up to errors like Φ
(M)
app,E =

−F (Ω(M)
app,E) + OS∗(ε

M+1). Nonetheless, in [12] the authors introduced a way of defining an approxi-
mate functional relationship that suffices for the scope of the result. The key idea is to define everything
as a Taylor expansion around the Lamb-Oseen vortex Ω0. Indeed, at leading order M = 0 we know
that Ω(0)

app,E = Ω̂
(0)
app,E = Ω0 and Φ

(0)
app,E = γ−1Φ̂

(0)
app,E = Ψ0 where Ω0,Ψ0 are given in (2.18), (2.19)

respectively. Moreover, by the definition in (2.18) and (2.19) we also deduce that

Ψ0 + F0(Ω0) = 0, γΨ0 + F̂0(Ω0) = 0

with

F0(s) =
1

4π

(
γE − Ein(log

( 1

4πs

))
, F̂0(s) = γF0(s), 0 < s ≤ 1

4π
,

Note that A(|ξ|) = F ′
0(Ω0(|ξ|)) with A being defined in (2.20). The functional relationship at leading

order is then our starting point to construct an approximate relationship inductively at order M . To
accomplish this task, we proceed as in [12] and we introduce the following definition.

Definition 4.19. We say that a smooth function F : (0,+∞) → R belongs to the class K if F (Ω0) ∈
S∗(R2).

This class is introduced because it contains all the necessary information we can hope to propagate
from F0, since we clearly have F0 ∈ K. Then, a useful property that we need for functions in this class
is contained in the following lemma, whose proof can be found in [12, Lemma 3.19].

Lemma 4.20. Let F : (0,+∞) → R be in the class K. Then, for all k ∈ N, the k-th order derivative of
F has the property that F (k)(Ω0)Ω

k
0 ∈ S∗(R2). Moreover, if H ∈ S∗(R2), there exists an F ∈ K such

that F (Ω0) = H if and only if {H,Ω0} = 0, namely H is radially symmetric.



VISCOUS VORTEX CRYSTALS 33

Note that the solvability of F (Ω0) = H is not contained in [12, Lemma 3.19], but this is a straightfor-
ward consequence of the change of variables s = Ω0(r). In addition, since H may grow polynomially
at infinity, F can have logarithmic singularity at s = 0 (which is the case for F0).

We finally introduce the Taylor polynomial up to order M associated to a given smooth function
f(ε, s) : (0, 1)× R → R as

ΠMf =

M∑
k=0

εk

k!

dkf

dεk

∣∣∣∣
ε=0

.

This allow us to find a functional relations in the form F (M) = F0 + ε2F2 + . . . εMFM , with Fi ∈ K,
for which the functional relationship holds for the associated Taylor polynomial at order M , safely
computed at Ω0. Note that it is important to compute everything at Ω0 since it is not true that Ωapp,E is
always positive in the whole domain (but this is true locally), which is a condition required to work in
class K. We now have all the ingredients to conclude the construction of the functional relationship and
obtain the desired properties.

Proposition 4.21. Given any integer M ≥ 2, let Ω(M)
app,E, Ω̂

(M)
app,E and Φ

(M)
app,E, Φ̂

(M)
app,E be given as in

(4.12), (4.13) and (4.14), (4.15) respectively. Then, there exists {Fi, F̂i}Mi=2 ∈ K such that for F (M) =

F0 +
∑M

k=2 ε
kFk and F̂ (M) = F̂0 +

∑M
k=2 ε

kF̂k one has

ΠM

(
Φ
(M)
app,E + F (M)(Ω

(M)
app,E)

)
= 0, ΠM

(
Φ̂
(M)
app,E + F̂ (Ω̂

(M)
app,E)

)
= 0

Moreover, there exists σ1 ∈ (0, 1), C > 0 and Ñ ∈ N depending on M such that, for ε > 0 sufficiently
small, the functions

Θ(M) := Φ
(M)
app,E + F (M)(Ω

(M)
app,E), Θ̂(M) := Φ̂

(M)
app,E + F̂ (M)(Ω̂

(M)
app,E)

are well defined for all |ξ| ≤ 2ε−σ1 and satisfy the bound∣∣∇Θ(M)(ξ)
∣∣+ ∣∣∇Θ̂(M)(ξ)

∣∣ ≤ CεM+1(1 + |ξ|)Ñ , for all |ξ| ≤ 2ε−σ1 . (4.16)

Proof. The proof can be reduced to the same arguments done in [12, Proof of Proposition 3.20]. Indeed,
first of all we observe that the construction for the “hats” ·̂ variables is the same and we avoid detailing
this case. Then, we know that by Proposition 4.11 that we can expand

Ω
(M+1)
app,E = Ω

(M)
app,E + εM+1ΩM+1,E,

Thus, in view of the definitions in (4.14) and (4.15), we can expand the Eulerian streamfunction as

Φ
(M+1)
app,E = Φ

(M)
app,E + εM+1ΦM+1,E.

Dropping from now on all the subscripts “app,E”, by construction we know that

{Φ(M+1),Ω(M+1)} = OZ(ε
M+2).

We can then proceed by induction on M as done in [12, Proof of Proposition 3.20]. The case M = 0 is
covered, M = 1 is trivial and we can assume by induction that we are given

F (M) = F0 +
M∑
k=2

εkFi ∈ K

for some fixed M ≥ 1. To construct the function F (M+1) = F (M) + εM+1FM+1, we take Ω(M+1) and
Φ(M+1) as defined before. We can then run the same arguments in [12] (just based on Poisson bracket’s
identities and properties of Taylor polynomials) to deduce that there exists a function HM+1 ∈ S∗(R2)
such that the following holds true:

ΠM+1(Φ
(M+1) + F (M+1)(Ω(M+1))) = εM+1

(
HM+1 +ΦM+1 + F ′

0(Ω0)ΩM+1︸ ︷︷ ︸
EM+1

+FM+1(Ω0)
)
.

and

0 = {HM+1,Ω0}+ {ΦM+1,Ω0}+ {Φ0,ΩM+1} = {EM+1,Ω0}, (4.17)
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where in the last identity we used that Φ0 = −F0(Ω0) and {F ′
0(Ω0)ΩM+1,Ω0} = {ΩM+1, F0(Ω0)}.

The identity (4.17) guarantees that we satisfy the solvability condition in Lemma 4.20 to define FM+1 ∈
K such that FM+1(Ω0) = −EM+1, so that we obtain ΠM+1(Φ

(M+1) + F (M+1)(Ω(M+1))) = 0 as
desired.

The proof of the property (4.16) is the same of [12]. This directly follows by a Taylor expansion in ε
of Θ(M) at Ω0, since by definition we know that ΠMΘ(M) = 0. Thus, cutting the Taylor expansion with
the integral remainder it is not hard to prove (4.16). □

4.7. Eulerian approximation and total angular momentum. To end our analysis of the approximate
solution, we need to deduce a property of the Eulerian part of the approximate solution related to evolu-
tion of the total angular momentum, which is defined through the operator (2.2). First of all, in analogy
with (2.8) we define

ω(M)
app (x, t) =

Γ

νt

( N∑
j=1

Ω(M)
app (ξj(x), t) + γΩ̂(M)

app (ξ̂(x), t)
)
. (4.18)

Then, by the definition of RM , R̂M in (4.4), following the derivation of the equations for Ω, Ω̂ in Lemma
2.6 it is not hard to see that ω(M)

app solves the following forced 2D Navier-Stokes equations{
∂tω

(M)
app + {ψ(M)

app − 1
2(α

(M)
app )′|x|2, ω(M)

app } = ν∆ω + fM ,

ω
(M)
app |t=0 = ωin

,

where ωin as in (1.3) and

fM (x, t) =
Γ

νt2
δ−1
( N∑

j=1

RM (ξj(x), t) + γR̂M (ξ̂(x), t)
)
. (4.19)

Then, as in the proof of Lemma 2.2, a direct computation shows that

L(ω(M)
app (t)) = ΓN

(
r2 + 4νt

(
1 +

γ

N

))
+

∫ t

0
L(fM (τ)) dτ. (4.20)

Using this exact evolution, we are able to deduce the following property that will be crucial in the
nonlinear section.

Lemma 4.22. Let Ω(M)
app , Ω̂

(M)
app be the ones constructed in Proposition 4.11. Then

(R
(M)
app )2 − r2

d2
+ ε2

(
L(Ω

(M)
app,E − Ω0) +

γ

N
L(Ω̂

(M)
app,E − Ω0)

)
= O(δ−1εM+3 + δε4). (4.21)

Remark 4.23. Note that, by Proposition 4.15, (R(M)
app )2 = r2(1 + O(ε6)). Moreover, since L(g) =

L(P0g) for any function g, where P0 denotes the angular average, the explicit form of the second
and third-order approximations defined in Sections 4.3 and 4.5 implies that L(P0(Ω

(M)
app,E − Ω0)) and

L(P0(Ω̂
(M)
app,E − Ω0)) are of order O(ε4). Thus, the left-hand side of (4.21) consists of terms of order

O(ε6) and higher, indicating exact cancellations at each order up the ones needed to validate (4.21).
One could directly verify this condition by hand, but this would be tedious given the number of terms
involved in the iterative construction. Instead, we deduce the identity (4.21) from the exact evolution of
the total angular momentum in the 2D forced Navier-Stokes equations and the fact that our approximate
radius fixes m1

1(Ω
(M)
app ) = 0.

Proof. We omit the superscript (M) in this proof. By (4.18) we know that

L(ωapp(t)) =
Γ

νt

( N∑
j=1

∫
R2

|x|2Ωapp(ξj(x), t)dx+ γ

∫
R2

|x|2Ω̂app(ξ̂(x), t)
)
dx.

Then, by the definition of ξj in (2.7) and ξ̂ in (2.6) we can change variables in each integral as

x = Qj

(√
νtξj + (Rapp(t), 0)

)
, x =

√
νt ξ̂.
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Since |Qjv| = |v| for any vector v, the integrals of each term in ξj are equal and we therefore rename
the dummy variables ξj , ξ̂ as ξ, to obtain that

L(ωapp(t)) = ΓNνt
(∫

R2

|ξ + 1√
νt

(Rapp, 0)|2Ωapp(ξ, t)dξ +
γ

N
L(Ω̂app(t))

)
. (4.22)

Note that ∫
R2

|ξ + 1√
νt

(Rapp, 0)|2Ωapp(ξ, t)dξ

= L(Ωapp(t)) + 2
1√
νt
Rapp(t)m

1
1(Ωapp(t)) +

R2
app

νt
M(Ωapp(t)). (4.23)

Hence, since M(Ωapp) = 1 and m1
1(Ωapp) = 0, combining the identity above with (4.20) and (4.22), we

see that

r2 + 4νt
(
1 +

γ

N

)
+

1

ΓN

∫ t

0
L(fM )dτ = νt

(
L(Ωapp(t)) +

γ

N
L(Ω̂app(t))

)
+R2

app.

Considering only the Eulerian part, since Ω0 =
1
4π e

−|ξ|2/4, we have

L(Ωapp,E) = L(Ω0) + L(Ωapp,E − Ω0) = 4 + L(Ωapp,E − Ω0)

and analogously for Ω̂app,E. Thus, the term 4νt(1 + γ/N) cancels out with the Lamb-Oseen part of the
approximate solution and we arrive at

R2
app − r2 + (εd)2

(
L(Ωapp,E − Ω0) +

γ

N
L(Ω̂app,E − Ω0)

)
=

1

ΓN

∫ t

0
L(fM )dτ − δ(εd)2

(
L(Ωapp,NS) +

γ

N
L(Ω̂app,NS)

)
.

By the definition (4.19) of fM , since M(RM ) = M(R̂M ) = m1
1(RM ) = m1

1(R̂M ) = 0, following the
same computations in (4.22) and (4.23) we deduce that

1

ΓN

∫ t

0
L(fM )dτ = νδ−1

∫ t

0

(
L(RM ) +

γ

N
L(R̂M )

)
dτ = (εd)2O(δ−1εM+1 + δε2),

where in the last identity we used that RM , R̂M = OZ(ε
M+1+ δ2ε2). Having that Ωapp,NS, Ω̂app,NS =

OZ(ε
2), we finally get

R2
app − r2

d2
+ ε2

(
L(Ωapp,E − Ω0) +

γ

N
L(Ω̂app,E − Ω0)

)
= O(δ−1εM+3 + δε4),

which proves the desired result. □

5. THE NONLINEAR CORRECTIONS

The goal of this section is to show that the approximate solutions constructed in Section 4 are close to
the solutions Ω, Ω̂ in (2.15), (2.16) with initial data (2.17). With the simplified notation in (2.25), (2.26)
and (2.28) the equations we need to study are

t∂tΩ = LΩ− 1

δ
{Φε,R(Ψ, Ψ̂),Ω}, t∂tΩ̂ = LΩ̂− 1

δ
{Φ̂ε,R(Ψ, Ψ̂), Ω̂}.

We then split the solution as

Ω = Ω(M)
app + δw, Ω̂ = Ω̂(M)

app + δŵ, (5.1)

Ψ = Ψ(M)
app + δφ, Ψ̂ = Ψ̂(M)

app + δφ̂.

The main objective is to control the solution on a time interval [0, Tadvδ−σ) for a given fixed σ ∈ [0, 1).
To ensure that the remainders RM , R̂M are small enough, we will assume that on the whole time interval
[0, Tadvδ

−σ)

δ−2εM+1(t) ≪ ε2(t) =⇒ M >
5− σ

1− σ
. (5.2)
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Therefore, given any σ ∈ [0, 1), the order of the approximate solution is fixed as a number M ∈ N
satisfying the condition above. We will think to σ and therefore M as fixed parameters from now on.
Thus, we will always omit the superscript (M) in the rest of this section.

5.1. Preliminary considerations on the moments. Before writing down the nonlinear system, we
need to specify the radius and angular speed. Unfortunately, given the complicated dependence of the
operators with respect to changes in the radius, we are not able to fix exactly the first order moments
with the choices made in Lemma 2.7. Thus, we choose

R(t) = Rapp(t)

withRapp(t) defined in (4.2). Since this is fixed, from now on we avoid tracking the explicit dependence
on all the operators on Rapp.

Remark 5.1. With the choice of R(t) = Rapp(t), in view of Proposition 4.15 we automatically satisfy
the expansion provided in (1.10).

Then, as announced in Remark 2.8, we slightly modify the definition of (2.22) to

tα′(t) :=
dε(t)

δ(Rapp + εdm1
1(Ω))(t)

Im(Bε(Ψ(t), Ψ̂(t))), (5.3)

where we need to guarantee that m1
1(Ω(t)) remains sufficiently small on our time-scale. As one can

directly see from (2.23), we know that the choice above guarantees that

m1
2(Ω(t)) = 0 =⇒ m1

2(w(t)) = 0, for all t ≥ 0,

where we used that m1(Ωapp(t)) = (0, 0).Another consequence of the zero first order moment condition
for the approximate solution, is that m1

1(Ω(t)) = δm1
1(w(t)) and we can thus rewrite (5.3) as

tα′(t) := tα′
app(t) + bε(Ψapp, Ψ̂app, φ, φ̂)(t) (5.4)

where, suppressing the explicit t dependence, we define

bε(Ψapp, Ψ̂app, φ, φ̂) :=
dε

Rapp
Im
(
Bε(Ψapp, Ψ̂app, φ)) + Bε(φ, φ̂,Ψapp + δφ) (5.5)

− εdm1
1(w)

Rapp + δεdm1
1(w)

Bε(Ψapp + δφ, Ψ̂app + δφ̂)
)

Having lost one modulation parameter, we can only hope to obtain some bound on the first order
moment m1

1(w). To this end, we crucially use the property of the Eulerian part of the approximate
solution stated in Lemma 4.22 to obtain the following.

Lemma 5.2. Let Ω, Ω̂ be as in (5.1). Then, there exists a constant C > 0 such that

|m1
1(w(t))| ≤ C

(
δ−2εM+2 + ε3 + ε(L(w) +

γ

N
L(ŵ))

)
(t) (5.6)

Proof. We proceed as in the proof of Lemma 4.22, but now our ω(t) solves the 2D Navier-Stokes
equation (2.10) without external force, meaning that Lemma 2.2 holds true. Thus, arguing as done to
obtain the identities (4.22) and (4.23), we see that

r2 + 4νt
(
1 +

γ

N

)
= νt

(
L(Ω(t)) +

γ

N
L(Ω̂(t))

)
+ 2

√
νtRappm

1
1(Ω(t)) +R2

app.

Since m1
1(Ω) = δm1

1(w), using Lemma 4.22 we get

m1
1(w) =

d2

2δεdRapp

( r2 −R2
app

d2
− ε2

(
L(Ωapp,E −G) +

γ

N
L(Ω̂app,E −G)

))
− εd

2Rapp

(
L(Ωapp,NS + w) +

γ

N
L(Ω̂app,NS + ŵ)

)
=O(δ−2εM+2 + ε3)− εd

2Rapp

(
L(w) +

γ

N
L(ŵ)

)
,

where in the last identity we also used that Rapp ≈ r by the constraint C4) and Ωapp,NS = OZ(ε
2). □
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5.2. The nonlinear system. Having fixed R = Rapp and α as in (5.3), we are ready to write down the
nonlinear system for w, ŵ. To simplify the notation, we avoid keeping track of the subscripts α,R since
are fixed from now on, and we will write bε to actually denote the integral operator defined in (5.5).

Then, we observe that

Φε(Ψ, Ψ̂) = Φε(Ψapp, Ψ̂app) + δ((I +Qε)(φ) + γTε(φ̂))−
δ

2
bε|Tεξ|2,

Φ̂ε(Ψ, Ψ̂) = Φ̂ε(Ψapp, Ψ̂app) + δ
(
γφ̂+ Vε(φ)

)
− δ

2
bε|ξ|2.

recalling the definitions of Φapp, Φ̂app in (4.5) and Φapp,E, Φ̂app,E in (4.14) and (4.15) we get

Φε(Ψapp, Ψ̂app) = Φapp = Φapp,E + δΦapp,NS,

Φ̂ε(Ψapp, Ψ̂app) = Φ̂app = Φ̂app,E + δΦ̂app,NS.

Moreover, by construction Φapp,NS, Φ̂app,NS = OS∗(ε
2). Finally, recalling the definitions of RM , R̂M

in (4.4), by a direct computation we find that w, ŵ satisfy

(t∂t − L)w +
1

δ

(
Λapp(w) + Υapp(ŵ)

)
=

1

2δ
bε{|Tεξ|2,Ωapp,E}+ δ−2RM +N (w, ŵ) (5.7)

(t∂t − L)ŵ +
1

δ

(
Υ̂app(w) + Λ̂app(ŵ)

)
=

1

2δ
bε{|ξ|2, Ω̂app,E}+ δ−2R̂M + N̂ (w, ŵ) (5.8)

where we define:
(1) The linear operators arising from the linearization at the Eulerian approximate solution are

Λapp(f) = {Φapp,E, f}+ {(I +Qε)∆
−1f,Ωapp,E},

Υapp(f) = γ{Tε∆−1f,Ωapp,E},

Λ̂app(f) = {Φ̂app,E, f}+ γ{∆−1f, Ω̂app,E},

Υ̂app(f) = {Vε∆
−1f, Ω̂app,E}.

(2) The errors associated to the Navier-Stokes part of the approximate solution and the nonlinear
interactions for the outer vortices are

N (w, ŵ) =

3∑
j=1

Nj(w, ŵ) (5.9)

N1(w, ŵ) = −{Φapp,NS, w} − {(I +Qε)φ+ γTεφ̂, Ωapp,NS} (5.10)

N2(w, ŵ) = −{(I +Qε)φ+ γTεφ̂, w} (5.11)

N3(w, ŵ) =
1

2
bε{|Tεξ|2,Ωapp,NS + w}. (5.12)

For the central vortex we have

N̂ (w, ŵ) =

3∑
j=1

N̂j(w, ŵ) (5.13)

N̂1(w, ŵ) = −{Φ̂app,NS, ŵ} − {γφ̂+ Vεφ, Ω̂app,NS}

N̂2(w, ŵ) = −{γφ̂+ Vεφ, ŵ}

N̂3(w, ŵ) =
1

2
bε{|ξ|2, Ω̂app,NS + ŵ}.

The equations (5.7) and (5.8) are solved with zero initial data. Indeed, Ωapp, Ω̂app → Ω0 as t → 0 and
therefore, by the uniqueness of the solution [20], we know that w, ŵ → 0 as t → 0. Regarding the first
order moments, it is straightforward to see that

M(w(t)) = M(ŵ(t)) = 0, for all t ≥ 0.
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Then, the N -fold symmetry of Ω̂, Ω̂app ensures that

ŵ(Qlξ) = ŵ(ξ) for any l = 1, . . . N, =⇒ m1(ŵ(t)) = (0, 0) for all t ≥ 0,

where in the last identity we usedN ≥ 2. The choice of the angular speed guarantees that m1
2(w(t)) = 0

whereas by Lemma 5.2 we have the a priori bound (5.6) for m1
1(w(t)). We are then ready to state the

main theorem of this section, which implies the main result of the paper Theorem 1.2 as we explain
below.

Theorem 5.3. Fix σ ∈ [0, 1), let M ∈ N be such that (5.2) is satisfied and w, ŵ be the solutions to (5.7)
and (5.8) with zero initial data. Then, there exists positive constants C > 1, δ0 ∈ (0, 1) such that for
any Γ, ν satisfying ν/Γ = δ ≤ δ0 the following holds true:

∥w(t)∥Xε + ∥ŵ(t)∥X̂ε
≤ Cε2(t) for all t ∈ [0, Tadvδ

−σ), (5.14)

where ε, Tadv are defined in (1.7), and the functions spaces Xε, X̂ε ↪→ L1(R2) are defined in (5.25).

The proof of this theorem follows the strategy put forward in [23] and adapted to reach time-scales
arbitrary close to the diffusive one in [12]. The main ideas and difficulties in the proof are explained in
Section 5.3 as a preparation for the technical proof, which is the content of the rest of the paper.

During the proof, we need to propagate a control of the first order moment m1
1(w) that depends on

w as well. Thus, we are going to prove Theorem 5.3 under the bootstrap assumption that there exists a
maximal time T ≤ Tadvδ

−σ such that

∥w(t)∥Xε + ∥ŵ(t)∥X̂ε
≤ 2C⋆ε

2(t) for all t ∈ [0, T ), (B)

where C⋆ > 0 is a constant fixed during the proof 7. This hypothesis can be easily verified by a short
time estimate for T = 1 and with 2 replaced by 1/2. By continuity, we can assume that (B) holds true
up to some time T > 1. If under the bootstrap assumption (B) we are able to show that

∥w(t)∥Xε + ∥ŵ(t)∥X̂ε
≤ C⋆ε

2(t) for all t ∈ [0, T ),

then by a standard continuity argument we can take T = Tadvδ
−σ and thus prove Theorem 5.3. Then

the proof of Theorem 1.2 readily follows.

Proof of Theorem 1.2. Assume that the result in Theorem 5.3 holds true. By rescaling, the bound (5.14)
readily implies (1.9) in Theorem 1.2. The proof of (1.10) is then a consequence of Remark 5.1 and
Corollary 5.10 below, which combines the bounds on w, ŵ with the definition of α′ in (5.4) and the
expansion for α′

app established in Proposition 4.15. □

Further conventions and notations. In this section, we introduce the following conventions. Given an
L2(R2)-based Hilbert space X , we denote

X̂ = {f ∈ X : f is N -fold symmetric}.

Then, for f ∈ X and f̂ ∈ X̂ we write

f = (f, f̂ ) ∈ X × X̂ =: X, (5.15)

∇f = (∇f,∇f̂ ), (5.16)

Lf = (Lf,Lf̂ ), (5.17)

⟨f ,g⟩X = ⟨f, g⟩X + ⟨f̂ , ĝ⟩
X̂
, (5.18)

mk
j (f) = (mk

j (f),m
k
j (f̂)). (5.19)

For a given N -fold symmetric function g, we write gf = (gf, gf̂). When X = L2(R2), we do not write
the subscript in the inner products and norms.

7We can take C⋆ =
√
KC1 with K in Proposition 5.11 and C1 in Proposition 5.15.
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5.3. Main difficulties and key ideas. Looking at the equations (5.7) and (5.8), we isolated explicitly
the most dangerous terms containing a factor δ−1. The key idea to control those terms, is to exploit the
Arnold’s strategy in the viscous setting as recently revisited in [22], which was first applied to control a
viscous vortex ring over a very long-time scale in [23] and then in 2D situations in [12, 49]. To apply
this strategy, one has to understand properties of the operator

Japp :=

(
Λapp Υapp

Υ̂app Λ̂app

)
. (5.20)

In particular, one would like to solve the following problem:
Find a functional space where the operator Japp is skew-adjoint.

For our purposes, it is in fact enough that the operator Japp is skew-adjoint up to errors of order
O(εM+1). Here, we have to crucially exploit Proposition 4.21, that provides us with an approximate
functional relationship between Φapp,E and Ωapp,E in the region |ξ| ≤ 2ε−σ1 . This allow us to heuristi-
cally approximate

Japp ≈

({(
F ′(Ωapp,E) + (I +Qε)∆

−1
)
(·),Ωapp,E

}
γ
{
Tε∆−1(·),Ωapp,E

}
{
Vε∆

−1(·), Ω̂app,E

} {(
F̂ ′(Ω̂app,E) + γ∆−1

)
(·), Ω̂app,E

}) .
(5.21)

Then, exploiting the fact that ŵ is N -fold symmetric, we can restrict our attention to the action of the
second column above to N -fold symmetric functions. Appealing to Lemma 3.9, we know that

Tε∆−1f =
1

N
V∗
ε∆

−1f for any N -fold symmetric f.

To construct a functional space where Japp is skew-adjoint, looking at its structure we define

Mapp =

(
F ′(Ωapp,E) + (I +Qε)∆

−1 γ
N V∗

ε∆
−1

γ
N Vε∆

−1 γ
N (F̂ ′(Ω̂app,E) + γ∆−1).

)
By Lemma 3.9, we know that Mapp is self-adjoint in L2. Moreover, from the definition of Mapp, one
has that Japp is approximately skew-adjoint with respect to the L2 inner product

⟨f , Mapp(g)⟩.
Namely, if we assume that (5.21) holds up to errors of order εM+1, by a direct computation we get〈

Japp(f),Mapp(f)
〉
≈ O(εM+1).

Therefore, if Mapp is a positive operator, we would have a nice inner-product space where we can work
(since Mapp is self-adjoint). Unfortunately, Mapp can have non-trivial elements in its kernel or even be
negative on some functions. Indeed, even by formally setting ε→ 0, one has that Mapp reduces to

M0 :=

(
F ′
0(Ω0) + ∆−1 0

0 γ2

N (F ′
0(Ω0) + ∆−1).

)
For the operator above, one has that ∂1Ω0, ∂2Ω0 are in the kernel8, from which one can deduce that M0

is at most non-negative (see [22]). This implies that we cannot use M0 to define an inner-product space.
On the other hand, one can avoid problems related to these elements in the kernel by assuming that the
first order moments are sufficiently small. Indeed, from [22] it is possible to deduce that

⟨f ,M0(f)⟩ ≥ κ(∥
√
F ′(Ω0)f∥2L2 + ∥

√
F ′(Ω0)f̂∥2L2

)
− C(|M(f)|2 + |m1

1(f)|2 + |m1
2(f)|2) (5.22)

where κ,C > 0 are fixed constant. Therefore, if we can impose the zero first order moments condition,
we would indeed have a nice inner-product space defined through M0. Moreover, once things are well
behaved for M0, following [12, 23] one can essentially see Mapp as a perturbation of M0. Regarding
the first order moments, one possibility is to exploit the modulation of some parameters to set them to
zero. The modulation can however bring new error terms that can be very large on long time-scales,
and usually one has to exploit symmetries to handle them [12] in the time-scale of interest. To avoid
issues related to the modulation parameters (as the radius in our case), the bound (5.22) is enough if

8This is also why ∂iΩ0 = ∂iG are in the kernel of Λ as stated in Proposition 3.4
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one is able to propagate the smallness of the first-order moments by some other arguments, as done for
instance in [23] by using some approximate conservation law in the system or in [49] by controlling
pseudo-momenta.

In our case, we have seen in Lemma 5.2 that with a good enough approximate position we can
guarantee the smallness of m1

1(w) (provided w, ŵ decay sufficiently fast an infinity). However, the
modulation of the angular speed used to guarantee m1

2(w) = 0 is generating the potentially dangerous
term

bε
2δ

(
{|Tεξ|2,Ωapp,E}
{|ξ|2, Ω̂app,E}.

)
(5.23)

The element above is related to the rotation of the Eulerian part of the whole approximate vortex polygon
around the center, because the derivative {|Tεξ|2, ·} is just an angular derivative with respect to the global
origin in the reference frame of an exterior vortex. But the whole Eulerian approximate configuration
is symmetric with respect to rotation around the global origin. This symmetry is reflected in the fact
that the element (5.23) is approximately in the kernel of Mapp. Namely, as we show more precisely in
Lemma 5.8, we expect that

Mapp

(
{|Tεξ|2,Ωapp,E}
{|ξ|2, Ω̂app,E}

)
≈ O(εM+1). (5.24)

This is also a consequence of the existence of the functional relationship between Ωapp,E, Ω̂app,E and
Φapp,E, Φ̂app,E and the commutation properties in Lemma 3.9 (themselves related to symmetries in
the problem). We note that a property analogous to the one above was in fact the starting point in the
construction of the “non-trivial pseudo-momenta” in [49].

The rest of this section is devoted in making the arguments above rigorous, which requires the intro-
duction of many technical tools developed in [12, 23, 24]. In particular, we will use some of the results
in [12] as a black box and we only focus on the novelties and difficulties of our problem.

5.4. The functional setting and basic properties. We introduce two parameters and a constant as
follows

σ1 ∈ (0, 1), σ2 > 1, ς :=
σ1
σ2

< 1.

Here σ1 is a sufficiently small parameter, depending only on the order M , that is implicitly updated
during the proof. A first condition on this parameter is that Proposition 4.21 holds true (namely one can
start with σ1 as the parameter introduced in Proposition 4.21). Instead, σ2 > 1 is sufficiently large, used
to exploit the decay at infinity of some parts of the solution. Then, by Proposition 4.21 in the region
|ξ| ≤ 2ε−σ1 we have the existence of the functional relationship between Ωapp,E and Φapp,E. Therefore,
for the exterior vortices we define three time-dependent (through the parameter ε) regions

Iε = {ξ ∈ R2 : |ξ| < 2ε−σ1 , F ′(Ωapp,E(ξ)) < exp(ε−2σ1/4)}
IIε = {ξ ∈ R2 : ξ /∈ Iε, |ξ| < ε−σ2}
IIIε = {ξ ∈ R2 : |ξ| > ε−σ2}.

For the central vortex, we define Îε, ÎIε by replacing F ′(Ωapp,E) with F̂ ′(Ω̂app,E). The weight functions
are then defined as

Aε(ξ) =


F ′(Ωapp,E(ξ)) in Iε,

exp(ε−2σ1/4) in IIε,

exp(|ξ|2ς/4) in IIIε.

Âε(ξ) =


F̂ ′(Ω̂app,E(ξ)) in Îε,

exp(ε−2σ1/4) in ÎIε,

exp(|ξ|2ς/4) in IIIε.

We introduce the weighted L2 space

Xε =
{
f ∈ L2(R2) : ∥f∥Xε =

√
⟨f,Aεf⟩ <∞

}
. (5.25)

The space X̂ε is defined as Xε with Aε replaced by Âε and restricted to N -fold symmetric functions.
Note that when defining X̂ε as a function space acting only on N -fold symmetric functions, we are
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implicitly using the N -fold symmetry of Ω̂app,E. Then, we denote

Aεw = (Aεf, Âεf̂), X ε = Xε × X̂ε, (5.26)

∥f∥2X ε
= ∥f∥2Xε

+ ∥f̂∥2X̂ε
. (5.27)

Moreover, since as ε→ 0 we formally haveAε(ξ) → A0(ξ) = F ′
0(Ω0) = A(ξ) and Âε(ξ) → F̂ ′

0(Ω0) =
γA(ξ) with A defined in (2.20), we denote

X0 := L2(A(ξ)dξ) X̂0 = {f ∈ X0 : f is N − fold symmetric}.
The important properties of these spaces are summarized in the following.

Lemma 5.4. For any ε > 0 sufficiently small, the following holds true:
i) Y ↪→ Xε, X̂ε ↪→ Lp for any p ∈ [1, 2].

ii) exp(|ξ|2ς/4) ≲ Aε(ξ), Âε(ξ) ≲ A0(ξ) for all ξ ∈ R2.

iii) ∥Aε −A0∥C1(Iε) + ∥Âε − Â0∥C1 (̂Iε)
≲ ες1A0 for any ς1 < 2.

These properties can be proved as in [12, Proposition 4.4], and we thus omit the proof here.

Remark 5.5. By the exponential growth of Aε, we know that for a function f ∈ Xε we can bound any
moment at a fixed order n ∈ N since

∥(1 + |ξ|)nf∥L1 ≲ ∥f∥Xε .

Therefore, under the bootstrap hypothesis (B), we know that for any T ≤ Tadvδ
−σ we get

|m1
1(w(t))| ≲ ε3(t) for any t ≤ T. (5.28)

We also recall the following estimates.

Lemma 5.6. Let f ∈ Xε be such that , |∇f | ∈ Xε and let ϕ = ∆−1f . Then, for all q ∈ (2,∞) there
exists a constant C > 0 such that

∥(1 + | · |)2ϕ∥L∞ + ∥(1 + | · |)−1ϕ∥Lq + ∥(1 + | · |)2∇ϕ∥Lq ≤ C∥f∥Xε (5.29)

∥(1 + | · |)3∇ϕ∥L∞ ≤ C
(
∥∇f∥

1
2
Xε

+ ∥f∥
1
2
Xε

)
∥f∥

1
2
Xε
.

Moreover, if M(f) = m1
2(f) = 0 and |Z| > c > 0 then

∥1IεTε,Zϕ∥Lq + ε−1∥1Iε(1 + | · |)−1∇Tε,Zϕ∥Lq ≤ Cε(ε∥f∥Xε + |m1
1(f)|). (5.30)

The statements remain true true with (Xε, Iε) → (X̂ε, Îε) and Tε,Z → Vε,Z ,Qε,Z (possibly with a
different constant C > 0).

The proof with m1
1(f) = 0 can be found in [12, Section A.4], and the extension to m1

1(f) ̸= 0 is a
straightforward consequence of that proof.

Finally, following the discussion in Section 5.3, we modify the definition of the operator Mapp and
we introduce

Mε =

(
Aε + (I +Qε)∆

−1 γ
N V∗

ε∆
−1

γ
N Vε∆

−1 γ
N (Âε + γ∆−1)

)
. (5.31)

Note that Mε = Mapp in the interior region Iε. It is also often convenient to isolate the “lower-order
entries” of Mε given by

Kε =

(
Qε∆

−1 γ
N V∗

ε∆
−1

γ
N Vε∆

−1 0

)
, (5.32)

so that we have the following splitting

Mε =

(
Aε +∆−1 0

0 γ
N (Âε + γ∆−1)

)
+Kε. (5.33)

We can then exploit Lemmas 5.4 and 5.6 to obtain the following useful properties.
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Lemma 5.7. Let Mε,Kε : X ε → X ε be the operators defined in (5.31) and (5.32). Then, Mε,Kε are
self-adjoint with respect to the standard L2-inner product. Moreover, under the hypotheses of Lemmas
5.4 and 5.6, there exists a constant C > 0 such that

|⟨g,Mε(f)⟩| ≤ C∥f∥X ε∥g∥X ε

|⟨g,Kε(f)⟩|+ ε−1|⟨g,∇Kε(f)⟩| ≤ Cε(ε∥f∥X ε + |m1
1(f)|)∥g∥X ε , (5.34)

for any g ∈ X ε and any f = (f, f̂) with M(f) = m1
2(f) = 0 as in Lemma 5.6.

Proof. The fact that Mε,Kε are self-adjoint in L2 is a direct consequence of Lemma 3.9. To prove the
bound (5.34), we first observe that by Lemma 5.6 and the Hölder inequality with exponents 1/p+1/q =
1 and q > 2, we have

|⟨g,∆−1f⟩| ≲ ∥g∥Lp∥∆−1f∥Lq ≲ ∥f∥X ε∥g∥X ε

where in the last inequality we used also Lemma 5.4 since p < 2. Thus, by the splitting (5.33) we get

|⟨g,Mε(f)⟩| ≲ ∥f∥X ε∥g∥X ε + |⟨g,Kε(f)⟩|.
It remains to control the term involving the operator Kε. Let us consider for instance the term involving
Qε∆

−1, since the others are analogous. Splitting the domain and applying the Hölder inequality, observe
that

|⟨g,Qε∆
−1f⟩| ≲ ∥1Iεg∥Lp∥1IεQε∆

−1f∥Lq +
∥∥1IcεA 1

2
ε g
∥∥∥1IcεA− 1

2
ε Qε∆

−1f∥,

where 1/p + 1/q = 1 with q > 2. To bound the first term on the right-hand side above, we use (5.30)
and Lemma 5.4. For the second term, we bound Qε∆

−1f in L∞ thanks to (5.29) and we use the fast

decay properties of A−1
ε to get that 1IcεA

− 1
2

ε (ξ) ≲ O(ε∞)(1 + |ξ|)−2 . Overall, we have

|⟨g,Qε∆
−1f⟩| ≲ ε∥g∥Xε(ε∥f∥Xε + |m1

1(f)|) ≲ ε∥g∥Xε∥f∥Xε ,

where in the last bound we used Remark 5.5. For the other terms in Kε we can perform analogous
estimates and therefore we deduce that (5.34) holds true. To prove the bound involving ∇Kε, observe
that

|⟨g,∇Qε∆
−1f⟩| ≲ ∥1Iε(1 + | · |)g∥Lp∥∥1Iε(1 + | · |)−1∇Qε∆

−1f∥Lq

+
∥∥1IcεA 1

2
ε g
∥∥∥1IcεA− 1

2
ε ∇Qε∆

−1f∥.
In the first term, we gain an extra factor of ε thanks to (5.30). For the second term, it is enough to

apply Hölder inequality with 1/q+1/p = 1/2 in the term involving A
− 1

2
ε and combine the properties in

Lemma 5.6 with the exponential decay ofA
− 1

2
ε outside the inner region. Hence, it is not hard to conclude

that (5.34) holds true. □

Finally, to end this section let us formalize the property claimed in (5.24) as follows.

Lemma 5.8. Let Mε be defined as in (5.31). Then, for any f ∈ X ε〈
Mε

(
{|Tεξ|2,Ωapp,E}
{|ξ|2, Ω̂app,E}

)
,

(
1Iεf

1
Îε
f̂

)〉
=
〈({|Tεξ|2,Θ}

{|ξ|2, Θ̂}

)
,

(
1Iεf

1
Îε
f̂

)〉
where Θ, Θ̂ are the functions defined in Proposition 4.21.

Proof. We check the identity component wise for the term involving Mε. Since we are looking at the
first component in the interior region Iε and the second on Îε, we know that Aε = F ′(Ωapp,E) and
Âε = F̂ ′(Ω̂app,E). Thus, on the support of the integral we can write

Mε

(
{|Tεξ|2,Ωapp,E}
{|ξ|2, Ω̂app,E}

)
=

(
{|Tεξ|2, F (Ωapp,E)}+ (I +Qε)∆

−1{|Tεξ|2,Ωapp,E}+ γ
N V∗

ε∆
−1{|ξ|2, Ω̂app,E}

γ
N {|ξ|2, F̂ (Ω̂app,E)}+ γ2

N ∆−1{|ξ|2, Ω̂app,E}+ γ
N Vε∆

−1{|Tεξ|2,Ωapp,E}

)
.
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Appealing to Lemma 3.9 and using (3.16) to (3.18), we have that(
(I +Qε)∆

−1{|Tεξ|2,Ωapp,E}+ γ
N V∗

ε∆
−1{|ξ|2, Ω̂app,E}

γ2

N ∆−1{|ξ|2, Ω̂app,E}+ γ
N Vε∆

−1{|Tεξ|2,Ωapp,E}

)

=

(
{|Tεξ|2, (I +Qε)∆

−1Ωapp,E + γ
N V∗

ε∆
−1Ω̂app,E}

γ
N {|ξ|2, γ∆−1Ω̂app,E + Vε∆

−1Ωapp,E}.

)
Recalling the definition of Φapp,E, Φ̂app,E in (4.14) and (4.15), since Tε∆−1Ω̂app,E = N−1V∗

ε∆
−1Ω̂app,E,

we get that on the support of the integral

Mε

(
{|Tεξ|2,Ωapp,E}
{|ξ|2, Ω̂app,E}

)
=

(
{|Tεξ|2, F (Ωapp,E) + Φapp,E}
{|ξ|2, F̂ (Ω̂app,E) + Φ̂app,E}

)
.

The proof of the lemma is then a direct consequence of the definition of Θ, Θ̂ in Proposition 4.21. □

5.5. Bound on the angular speed correction. Our first task is to bound the correction to the approx-
imate angular speed bε defined in (5.5). This bound is reminiscent of what was done in [12, Lemma
4.7], since in that case one fixes the moment m1

2(w) by a nonlinear correction to the vertical speed of the
dipole. In our case, we can obtain better estimates compared to [12, Lemma 4.7] because the approxi-
mate angular speed is exactly the one given by the approximate solution. This is reflected in the fact that
for w = ŵ = 0 we get bε = 0, whereas in the dipole case in [12] there are errors left due to the iterative
construction of the approximate vertical speed.

Lemma 5.9. Let bε(·) be defined as in (5.5). Under the bootstrap hypothesis (B), there exists a constant
C > 0 such that for all t ∈ [0, T )

|bε(Ψapp, Ψ̂app, φ, φ̂)(t)| ≤ C
(
ε3(|m1

1(w)|+ ε∥w∥X ε)(1 + δ∥w∥Xε)
)
(t) ≲ ε6(t).

Proof. We bound the term in bracket in (5.5). To this end, note that

Im(Bε(h, ĥ, h̃)) = Im(Bε(h, h̃)) = ⟨∂1Kε(∆h), (∆h̃, 0)⟩. (5.35)

Then, by Lemma 3.6 we can expand ∂1Kε(Ωapp) and use m1(Ωapp) = (0, 0) to see that

|Im(Bε(Ψapp, Ψ̂app, φ))| ≲ ε|M(w)|+ ε2|m1
1(w)|+ ε3∥w∥Xε

≲ ε2(|m1
1(w)|+ ε∥w∥Xε).

For the second term in bracket in (5.5), we directly combine the identity (5.35) with Lemma 5.7 to get

|ImBε((φ, φ̂,Ψapp + δφ))| ≲ ε2(|m1
1(w)|+ ε∥w∥X ε)(1 + δ∥w∥Xε).

Finally, for the last term we observe that by the constraint C4) and (5.28) we get

|Rapp + δεdm1
1(w(t))| ≳ r

Since also |Bε(Ψapp, Ψ̂app)| ≲ ε, arguing as for the other terms it is not hard to get

εd|m1
1(w)|

|Rapp + δεdm1
1(w)|

|Bε(Ψapp + δφ, Ψ̂app + δφ̂)| ≲ ε2(|m1
1(w)|+ ε∥w∥X ε)(1 + δ∥w∥Xε).

Hence, the proof follows by plugging the bounds above in (5.5) and the bound with ε4 is a consequence
of the bootstrap hypothesis. □

As a corollary of the bound in Lemma 5.9, we can verify the formula for the vertical speed in (1.10).

Corollary 5.10. Under the hypotheses of Lemma 5.9, the formula for α′ in (1.10) holds true.

Proof. Combining the identity (5.4) with (4.11) in the proof of Proposition 4.15, note that

δtα′ = d
ε2

r2
c1,0(S1,1 + γ)

(
1 + α4ε

6 +O(ε7 + δε6)
)
+ δbε.

Using Lemma 5.9, we can include the factor δbε in the O(δε6) term and proceed as in the proof of
Proposition 4.15 to prove (1.10) and (1.11). □
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5.6. Energy and dissipation functionals. In view of the discussion in Section 5.3 and the definition of
the operator Mε in (5.31), we introduce the energy functional that mimics the Arnold quadratic form,
given by

Eε(w) =
1

2
⟨w,Mε(w)⟩, w ∈ X ε, (5.36)

where we have used the notation (5.15) and (5.18). In the formal limit ε→ 0, thanks to Lemma 5.4 note
that Mε → M0. In view of (5.22), we then expect that E0 defines a norm equivalent to X ε, provided
that mk

j (w) = (0, 0) for k = 0, 1 and j = 1, 2. As in [12, 23], we are able to extend this property to any
sufficiently small ε > 0, as stated below.

Proposition 5.11. If ε, σ1 > 0 are sufficiently small, there exist a constant K > 1, independent of ε,
such that the following holds true: let w ∈ X ε be such that M(w) = m1

2(w) = (0, 0) and m1
1(ŵ) = 0.

Then

∥w∥2X ε
≤ K(Eε(w) + |m1

1(w)|2) (5.37)

Remark 5.12. In the bound (5.37), one cannot hope to easily get a small constant in front of m1
1(w).

This is the reason why we need to bound a priori m1
1(w) with Lemma 5.2.

Proof. We first estimate the quadratic form associated to the operator (5.32). In view of Lemma 5.7, we
have

|⟨w,Kε(w)⟩| ≲ ε(|m1
1(w)|+ ε∥w∥X ε)∥w∥X ε .

We then have to control

⟨w, (Mε −Kε)w⟩ =
(
∥w∥Xε + ⟨φ,w⟩

)
+
(
∥ŵ∥X̂ε

+ ⟨φ̂, ŵ⟩
)
.

For these terms we can argue exactly as done in the proof of [12, Proposition 4.9] (see the bounds for
E1

ε (w) in [12, Proposition 4.9]) and easily adapt the proof to include the case where m1
1(w) ̸= 0. We

omit these details and therefore the proof is over. □

With this proposition at hand, we know that it is enough to controlEε(w(t)) to improve our bootstrap
hypothesis (B) and consequently prove Theorem 5.3. Before proceeding with the estimates for Eε, we
introduce the diffusive quadratic form

Dε(w) := −1

2

〈(t∂tAε 0

0 γ
N t∂tÂε

)
w,w

〉
− ⟨L(w),Mε(w)⟩. (5.38)

where we have used the notation (5.15), (5.17), (5.18) and (5.26). To state its properties, we define the
radially symmetric function

ρε(ξ) =


|ξ|, if |ξ| < ε−σ1

ε−σ1 if ε−σ1 ≤ |ξ| < ε−σ2 ,

|ξ|ς if |ξ| ≥ ε−σ2 ,

Then, in analogy with [12, Proposition 4.13], we have the following result.

Proposition 5.13. If ε, σ1 > 0 are sufficiently small and σ2 is sufficiently large, there exist κD, C > 0,
independent of ε, such that the following holds true: let w ∈ X ε be such that ρεw ∈ X ε, |∇w| ∈
Xε, |∇ŵ| ∈ X̂ε, M(w) = m1

2(w) = (0, 0) and m1
1(ŵ) = 0. Then

Dε(w) ≥ κD
(
∥∇w∥2X ε

+ ∥ρεw∥2X ε
+ ∥w∥2X ε

)
− C|m1

1(w)|2

Proof. Using the notation in (5.32), observe that

⟨L(w),Kε(w)⟩ = −⟨∇w,∇(Kε(w))⟩ − 1

2
⟨w, ξ · ∇(Kε(w))⟩.

Hence, appealing to Lemma 5.7 and using properties of the weights in Lemma 5.4, we deduce that

|⟨L(w),Kε(w)⟩| ≲ ε2(|m1
1(w)|+ ε∥w∥X ε)

(
∥∇wε∥X ε + ∥wε∥X ε

)
.
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For the operator

D1
ε(w) = −1

2

〈(t∂tAε 0

0 γ
N t∂tÂε

)
w,w

〉
− ⟨L(w), (Mε −Kε)(w)⟩

we can argue as in the proof of [12, Proposition 4.13] (specifically the control of their terms DWε [w]
and DL,ε[w])), and the arguments are straightforward to adapt to the case where m1

1(w) ̸= 0. Thus, we
obtain the desired lower bound provided ε is sufficiently small. □

5.7. Energy estimates. We now have all the ingredients to prove a priori bounds on the energy defined
in (5.36). Before proceeding with the arguments, we remark that we will be heavily using the notations
in Eqs. (5.15) to (5.19), (5.26) and (5.27) in this section. In particular, recalling the definition of Japp in
(5.20), we rewrite (5.7) and (5.8) as

(t∂t − L)w +
1

δ
Japp(w) =

bε
2δ

(
{|Tεξ|2,Ωapp,E}
{|ξ|2, Ω̂app,E}

)
+ δ−2RM +N (w) (5.39)

where RM = (RM , R̂M ) and N (w) = (N (w, ŵ), N̂ (w, ŵ)) as defined in (5.9) and (5.13).
We are now ready to compute the time-derivative of Eε(w(t)).

Lemma 5.14. Let w = (w, ŵ) with w, ŵ solving (5.7) and (5.8) with zero-initial data and Eε(w) be
defined as in (5.36). Then

t∂tEε(w) +Dε(w) = F + A+N

where Dε(w) is defined in (5.38) and we define:
◦ The forcing term

F :=
bε
2δ

〈({|Tεξ|2,Ωapp,E}
{|ξ|2, Ω̂app,E}

)
,Mε(w)

〉
+ δ−2⟨RM ,Mεw⟩. (5.40)

◦ The advection term

A := −1

δ
⟨Japp(w),Mε(w)⟩. (5.41)

◦ The Navier-Stokes and nonlinear error term

N := ⟨N (w),Mε(w)⟩+ 1

2
⟨w, [t∂t,Kε](w)⟩. (5.42)

Proof. Since Mε is self-adjoint on L2 × L̂2, one has that

t∂t(Eε(w)) =
1

2
⟨t∂tw,Mε(w)⟩+ 1

2
⟨w, t∂t(Mε(w))⟩

= ⟨t∂tw,Mε(w)⟩+ 1

2
⟨w, [t∂t,Mε](w)⟩.

Notice that

[t∂t,Mε] =

(
t∂tAε 0

0 γ
N t∂tÂε

)
+ [t∂t,Kε].

The first term on the right-hand side is included in the definition of Dε(w), and the other one in the
definition of N. All other terms simply arise by using the equation (5.39) to replace the t∂tw, and notice
that the term with L is included in the definition of Dε(w). □

The goal is to estimate each of the terms in (5.40) to (5.42). In view of the key property related to
symmetries in Lemma 5.8, the proof is similar in spirit to [12]. Here we slightly simplify the exposition
and we highlight the structural properties that one can exploit in a system rather than the scalar case
handled in [12]. The strategy in [12] was in fact already adapted in [49] to handle systems, but in
their case they need to decompose the solution to make full use of the pseudo-momenta and choose
appropriately the modulation of the angular speed.

Overall, our objective is to prove the following proposition which is at the core of this section.
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Proposition 5.15. Fix σ ∈ [0, 1), let M ∈ N satisfying (5.2) and w be the solution to (5.39) with
zero initial data. Then, for δ, σ1 > 0 sufficiently small and σ2 > 1 sufficiently large, there exists a
positive constant C1 > 1 such that the following holds true: under the bootstrap hypothesis (B), for any
t ∈ [0, T ) with T ≤ Tadvδ

−σ, the quantities (5.40) to (5.42) satisfy

(|F|+ |A|+ |N|)(t) ≤ (C1ε
4 +

1

2
Dε(w))(t). (5.43)

In the proof of this proposition, it is not hard to deduce that the constant C1 can be explicitly related
to ∥RM∥Xε (see in particular the bound (5.44)). We can now finally prove Theorem 5.3.

Proof of Theorem 5.3. Combining the bound (5.43) with the energy identity in Lemma 5.14, we deduce
that

t∂tEε(w) +
1

2
Dε(w) ≤ C1ε

4.

Dividing by t and integrating in time, we see that

Eε(w) ≤ 1

2
C1ε

4.

Then, by Proposition 5.11 and Lemma 5.2, since on the time-scale under consideration δ−2εM+1 ≪ ε2,
we get

∥w∥2Xε
≤ K(Eε(w) + |m1

1(w)|2) ≤
1

2
KC1ε

4 + C(ε6 + ε2∥w∥2Xε
),

for a suitable constant C > 0 independent of δ and ε. Therefore, if δ is sufficiently small, we can
conclude that

∥w∥2Xε
≤ KC1ε

4,

where we recall that C1,K are the constants in Proposition 5.15 and Proposition 5.11 that do not depend
on the bootstrap hypothesis (B). It is then enough to choose C⋆ =

√
KC1 in (B) and we see that

indeed (B) holds true with 2 replaced by 1. Thus, by a continuity argument this imply that we can take
T = Tadvδ

−σ, thus concluding the proof of the theorem. □

The rest of the paper is then dedicated to the proof of the bound (5.43), which we divide into three
steps below.

Step 1: bound on the forcing term. To handle the forcing term F in (5.40), we use the fact that Mε is
self-adjoint and we split F = F1 + F2 where

F1 := δ−2⟨MεRM ,w⟩,

F2 :=
bε
δ

〈
Mε

(
{|Tεξ|2,Ωapp,E}
{|ξ|2, Ω̂app,E}

)
,w
〉
.

To bound F1, by Lemma 5.7, the bound for RM in Proposition 4.1 and using Proposition 5.13 we readily
get

|F1| ≲ (δ−2εM+1 + ε2)∥w∥X ε ≤ Cε4 +
1

100
(Dε(w) + |m1

1(w)|2),

where we used that δ−2εM+1 ≪ ε2 andC > 0 is a constant independent of δ, ε andC⋆ in (B). Appealing
to the bootstrap hypothesis (B), combining the inequality above with Lemma 5.2 and (5.28), we conclude
that for δ sufficiently small, there exists a constant C̃1 > 0 independent of δ, ε and C⋆ in (B) such that

|F1| ≤ C̃1ε
4 +

1

100
Dε(w). (5.44)

This bound is consistent with (5.43).
For the term F2, from Lemma 5.8 we get

F2 =
bε
δ

〈({|Tεξ|2,Θ}
{|ξ|2, Θ̂}

)
,

(
1Iεw
1
Îε
ŵ

)〉
+

bε
δ

〈
Mε

(
{|Tεξ|2,Ωapp,E}
{|ξ|2, Ω̂app,E}

)
,

(
1Icεw
1
Îcε
ŵ

)〉
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In the interior region, we can combine the properties of Θ, Θ̂ in Proposition 4.21 with properties of the
weight in Lemma 5.4 to see that∣∣∣〈({|Tεξ|2,Θ}

{|ξ|2, Θ̂}

)
,

(
1Iεw
1
Îε
ŵ

)〉∣∣∣ ≲ ε−1∥A− 1
2

ε (1 + |ξ|)∇Θ∥X ε∥w∥X ε ≲ εM∥w∥X ε

Outside the interior region, we can exploit the fact that Ωapp,E,Ωapp,E ∈ Z and argue as in the proof of
Lemma 5.7 to exploit the exponential decay ofA−1

ε and handle the terms involving ∆−1 in Mε. Overall,
we obtain that

|F2| ≲ |bε|δ−1εM∥w∥X ε

Appealing to Lemma 5.9 and the bootstrap hypothesis (B), we see that

|F2| ≲ δ−1εM+8 ≲ δε9,

where in the last bound we used that in the time-scale under consideration δ−2εM+1 ≤ ε2. This bound
is consistent with (5.43) upon choosing δ sufficiently small.

Step 2: bound on the advection term. To handle this term, we make rigorous the arguments sketched
in Section 5.3. To highlight some crucial cancellation, we split

Mε = Md +Mnl, Japp = Jd + Jnl

where we define the “diagonal” terms as

Md =

(
Aε 0

0 γ
N Âε

)
, Jd =

(
{Φapp,E, ·} 0

0 {Φ̂app,E, ·}

)
and the “nonlocal” terms as

Mnl =

(
(I +Qε)∆

−1 γ
N V∗

ε,R∆
−1

γ
N Vε,R∆

−1 γ2

N ∆−1

)
,

Jnl =

(
{(I +Qε)∆

−1(·),Ωapp,E} γ
N {V∗

ε,R∆
−1(·),Ωapp,E}

{Vε,R∆
−1(·), Ω̂app,E} γ{∆−1(·), Ω̂app,E}.

)
Hence

A = −1

δ

(
⟨Mnl(w),Jnl(w)⟩+ ⟨Md(w),Jd(w)⟩+ ⟨Md(w),Jnl(w)⟩+ ⟨Mnl(w),Jd(w)⟩

)
Then, since ⟨{f, g}, f⟩ = 0 and ⟨{f, g}, h⟩+ ⟨f, {h, g}⟩ = 0 for any f, g, h, note that

⟨Mnl(w),Jnl(w)⟩ = 0. (5.45)

Similarly, since ⟨{f, g}, hf⟩ = 1
2⟨{g, h}f, f⟩ we have

⟨Md(w),Jd(w)⟩ = 1

2

〈
{Aε,Φapp,E}w,w

〉
+

γ

2N

〈
{Âε, Φ̂app,E} ŵ, ŵ

〉
. (5.46)

The bound for this term is analogous to the term A1 in [12]. However, we have to be a bit more careful
for the treatment of the exterior region in view a potentially problematic term related to {|ξ|2, ·} and the
fact that ρε only controls |ξ|γ for γ < 1. This problem is easily solved thanks to the radial symmetry of
the weight Aε in the exterior region.

We claim that ∣∣⟨Md(w),Jd(w)⟩
∣∣ ≲ εM+1−σ1Ñ∥w∥2X ε

+ ε1+σ2∥ρεw∥2X ε
. (5.47)

Indeed, consider the first term on the right-hand side of (5.46). Thanks to Proposition 4.21, in the interior
region one has

1Iε{Aε,Φapp,E} = 1Iε{F ′(Ωapp,E),Φapp,E} = 1Iε{F ′(Ωapp,E),Θ} = 1Iε{Aε,Θ}.

In view of Proposition 4.21 and Lemma 5.4, we know that there exists Ñ such that

1Iε |{Aε,Θ}| ≲ 1Iε(1 + |ξ|)ÑεM+1Aε ≲ εM+1−σ1ÑAε,
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meaning that ∣∣〈1Iε{Aε,Φapp,E}w,w
〉∣∣ ≲ εM+1−σ1Ñ∥w∥2Xε

In region IIε the weight Aε is constant and therefore {Aε,Φapp,E} = 0 here. Thus, it remains to study
the exterior region IIIε. Since the weight Aε is radially symmetric in this region, note that

1IIIε{Aε, |Tεξ|2} = 1IIIε

2Rapp

εd
{Aε, ξ1}

Therefore, from the definition of Φapp,E in (4.14) and since 1IIIε |∇Aε| ≲ 1IIIε |ξ|2ς−1Aε we have

1IIIε |{Aε,Φapp,E}| ≲ 1IIIε |ξ|2ς−1Aε

(
|∇(1 +Qε)Ψapp,E|+ γ|∇TεΨ̂app,E|+ |Bε(Ψapp,E, Ψ̂app,E)|

)
.

Since |Bε(Ψapp,E, Ψ̂app,E)| = O(ε) and |ξ|−1 ≲ εσ2 in region IIIε, appealing to Lemma 5.6 we can
control the terms involving the approximate solution and deduce that∣∣⟨1IIIε{Aε,Φapp,E}w,w⟩

∣∣| ≲ εσ2∥ρεw∥2Xε
.

Thus, the desired claim (5.47) is proved since for the second term in (5.46) one can repeat exactly the
same arguments above.

It remains to handle the mixed terms. Integrating by parts, note that

⟨Mnl(w),Jd(w)⟩ =
〈{

(I +Qε)∆
−1w +

γ

N
V∗
ε,R∆

−1ŵ,Φapp,E

}
, w
〉

+
γ

N

〈{
Vε,R∆

−1w + γ∆−1ŵ, Φ̂app,E

}
, ŵ
〉

On the other hand

⟨Md(w),Jnl(w)⟩ =
〈{

(I +Qε)∆
−1w +

γ

N
V∗
ε,R∆

−1ŵ, F (Ωapp,E)
}
,1Iεw

〉
+
γ

N

〈{
Vε,R∆

−1w + γ∆−1ŵ, F̂ (Ω̂app,E)
}
,1

Îε
ŵ
〉

+ ⟨(1IcεMd(w)1,1Îcε
Md(w)2),Jnl(w)⟩.

Thus, by adding the mixed terms we get

⟨Md(w),Jnl(w)⟩+ ⟨Mnl(w),Jd(w)⟩

=
〈{

(I +Qε)∆
−1w +

γ

N
V∗
ε,R∆

−1ŵ,Θ
}
,1Iεw

〉
+
γ

N

〈{
Vε,R∆

−1w + γ∆−1ŵ, Θ̂
}
,1

Îε
ŵ
〉

+
〈{

(I +Qε)∆
−1w +

γ

N
V∗
ε,R∆

−1ŵ,Φapp,E

}
,1Icεw

〉
+
γ

N

〈{
Vε,R∆

−1w + γ∆−1ŵ, Φ̂app,E

}
,1

Îcε
ŵ
〉

+ ⟨(1IcεMd(w)1,1Îcε
Md(w)2),Jnl(w)⟩.

We see that from the functional relationship we gain smallness thanks to the presence of Θ, Θ̂. Outside
the interior regions, we can always gain smallness by the fast growth of the weight Aε. Therefore,
appealing to Proposition 4.21 and Lemma 5.6, it follows that∣∣⟨Md(w),Jnl(w)⟩+ ⟨Mnl(w),Jd(w)⟩

∣∣ ≲ εM+1∥w∥2X ε
. (5.48)

Collecting the bounds (5.45), (5.47) and (5.48), we arrive at

|A| ≲ δ−1
(
εM+1−σ1N∥w∥2X ε

+ ε1+σ2∥ρεw∥2X ε

)
.

Choosing σ1 sufficiently small and σ2 sufficiently large such that σ1 < (M + 1)/(2N) and σ2 >
(M − 1)/2, in the time-scale under consideration the bound above and Proposition 5.13 imply that

|A| ≤ Cδs(Dε(w) + |m1
1(w)|2),

where C > 0 is a large constant and s ∈ (0, 1) is a sufficiently small constant. Hence, in view of (5.28),
the bound above is consistent with (5.43) if δ is sufficiently small.
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Step 3: bound on the Navier-Stokes and nonlinear term. We finally present the bound for the term
N in (5.42). First of all, we control the term involving [t∂t,Kε]. By the definition of Kε in (5.32),
we know that this operator involves only translations and rotations composed with ∆−1, where the time
dependency is only through the functions ε(t) andRapp(t). Therefore, when computing the commutator,
we get terms of the type f(t)Q(∇Tε) ◦ Q̃ where f(t) is related to t∂t derivatives of ε(t) and Rapp(t),
Q, Q̃ are rotation matrices and there is a shift related to rotations of (Rapp, 0). Thus, we can appeal to
properties of Rapp, Lemma 5.7 and use the bootstrap hypothesis (B) to deduce that

|⟨w, [t∂t,Kε]w⟩| ≲ ε2(|m1
1(w)|+ ε∥w∥X ε)∥w∥X ε ≲ ε7.

In the time scale under consideration, this bound is consistent with (5.43) when δ is sufficiently small.
Then, let us control for instance the term arising from N (w, ŵ) defined in (5.9), since the one in

(5.13) can be treated in a completely analogous way. Namely, we aim at controlling
3∑

j=1

⟨Nj(w, ŵ), (Mεw)1⟩ =
3∑

j=1

Nj ,

where N1,N2,N3 are defined in (5.10) to (5.12). The term N1 is similar to the Navier-Stokes error
handled in [12]. Indeed, it is enough to combine Φapp,NS = OS∗(ε

2) Ωapp,NS = OZ(ε
2) with Lemma

5.6 and Proposition 5.13 to infer that

|N1| ≲ ε2∥w∥X ε(∥w∥X ε + ∥∇w∥X ε) ≲ ε4
√
Dε(w) + |m1

1(w)|2

≲ ε6 + ε2(Dε(w) + |m1
1(w)|2) ≲ ε6 + ε2Dε(w),

where in the last bound we used the bootstrap hypothesis (B) (and Remark 5.5). This is again in agree-
ment with (5.43) if δ is sufficiently small.

For the nonlinear term N2, note that

N2 = −
〈
{(I +Qε)φ+

γ

N
V∗
ε φ̂, w}, Aεw + (I +Qε)φ+

γ

N
V∗
ε φ̂
〉

=
1

2

〈
{(I +Qε)φ+

γ

N
V∗
ε φ̂, Aε}w,w

〉
.

Now, we can argue as in the treatment of the nonlinear term in [12] and deduce that

|N2| ≲
√
Eε(w) + |m1

1(w)|2(Dε(w) + |m1
1(w)|2) ≲ ε(Dε(w) + ε6),

where we used the bootstrap hypothesis (B) in the last inequality. Finally, for N3 we have to be a bit
careful for the term involving w. We write

⟨{|Tεξ|2, w}, (Mε(w))1⟩ = ⟨{|Tεξ|2, w}, Aεw⟩+ ⟨{|Tεξ|2, w}, (I +Qε)∆
−1w +

γ

N
V∗
ε∆

−1ŵ⟩

=
1

2
⟨{|Tεξ|2, Aε}w,w⟩ − ⟨{|Tεξ|2, (I +Qε)∆

−1w +
γ

N
V∗
ε∆

−1ŵ}, w⟩. (5.49)

For the first term, we see that since A0 is radially symmetric, we can write

1Iε{|Tεξ|2, Aε} = 1Iε{|ξ|2, Aε −A0}+ 1Iε

2Rapp

εd
∂2Aε

By Lemma 5.4, since |ξ| ≲ ε−σ1 in Iε, we deduce that

1Iε |{|Tεξ|2, Aε}| ≲ 1Iε(εAε + ε−1|ξ|Aε) ≲ 1Iε(ε+ ε−1ρε)Aε.

Similarly, since Aε is constant on IIε and radial on IIIε, we have

1Icε |{|Tεξ|
2, Aε}| = 1Icε

2Rapp

εd
|∂2Aε| ≲ ε−1+σ21IIIερεAε.

For the remaining terms in (5.49) (the ones involving the ∆−1) we can combine (5.28) in Lemma 5.6
with Hölder’s inequality and the fast growth of Aε to get that

|⟨{|Tεξ|2, w}, (Mε(w))1⟩| ≲ ε−1∥w∥Xε(∥w∥Xε + ∥ρεw∥Xε)
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For the terms in N3 involving the Navier-Stokes part of the approximate solution, we can simply use
Ωapp,NS = OZ(ε

2). Thus, appealing to Lemma 5.9, Proposition 5.13 and using the bootstrap hypothesis
(B) we finally see that

|N3| ≲ |bε|(ε∥w∥X ε + ε−1∥w∥X ε(∥w∥X ε + ∥ρεw∥X ε))

≲ ε9 + ε7
√
Dε(w) + |m1

1(w)|2 ≲ ε9 + ε2Dε(w).

This bound is also in agreement with (5.43) if δ is sufficiently small. Therefore, recalling that the terms
involving N̂ (w, ŵ) can be handled similarly, we conclude that the whole N satisfy a bound consistent
with (5.43) and therefore the proof is over. □

6. NUMERICAL SIMULATIONS

The aim of this section is to present numerical simulations with various combinations of parameters
N and γ and check that the behaviour of the deformation of vortices matches what is predicted by the
computation of Ω2 and Ω̂2.

All the following simulations, as well those presented in Figure 2 are made using the centered Navier-
Stokes solver of the free software Basilisk. We use δ = 2·10−4, and instead of Dirac masses, we consider
the initial vortices to be concentrated Gaussian functions, so that at time 0 we have that, depending on
the exact choice of parameters for each simulation, 0.02 ≲ ε(0) ≲ 0.05 (except when N ≥ 10 where d
becomes small, increasing the value of ε(0)). Let us recall from [14] that it is expected that the solution
of the Navier-Stokes equation with such initial data relaxes quickly to the solution of the problem with
Dirac masses as initial datum. Except for the initial time, where vortices are radially symmetric, the
pictures shown below are always taken after that transient process is completed.

6.1. Different situations when N = 2. We start with displaying the simulation of the pair of co-
rotating vortices, corresponding to N = 2 and γ = 0, in Figure 4. The expected two-fold symmetric
deformation is visibly clear.

FIGURE 4. The pair of initially Gaussian vortices rotates and deforms.

Taking now γ = 1, we see a similar behaviour, with the central vortex also deforming heavily due to
the strain, see Figure 5.

FIGURE 5. Three identical vortices rotate and deform.

Let us recall that only when N = 2 can Ω̂2 be non-vanishing. Moreover, unlike Ω2, no value of γ
can ensure Ω̂2 = 0 either (except γ = 0). This means that for N = 2 and γ ̸= 0, we expect the central
vortex to always display 2-fold symmetric deformation. For the outer vortices, the deformation changes
direction at the critical value γ∗2 = −1

4 . All three cases are displayed in Figure 6.

http://basilisk.fr/
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FIGURE 6. Initial configuration (top) evolves in time (bottom). In the cases γ = −3
(left), γ = γ∗2 = −1

4 (middle) and γ = 3 (right), after half of a rotation, we see the
deformation of the outer vortices in the non-critical cases (left and right) with different
orientations depending on the case, and a less visible but present deformation of the
central vortex. In the critical case, after just a fraction of rotation, the central vortex has
largely deformed while the outer vortices have not.

6.2. The N = 5 case. An interesting particular situation is taking N = 5, as in that case the critical
value γ∗5 = 0. This means that we expect the pentagonal vortex crystal, without central vortex, to not
display any clear 2-fold symmetric deformation. This is visible in Figure 7. Even after a full rotation of
the configuration, and although the diffusive effects have significantly spread the vortices, they remain
mostly radially symmetric. Only after the third, and last before vortex merging, rotation the next order
deformation becomes clearly visible.

FIGURE 7. The pentagonal vortex crystal does not display any clear 2-fold symmetric
deformation. After a very long time, close to the beginning of vortex merging, the 3-fold
symmetric deformation starts to be visible. Each picture is taken after a full rotation of
the configuration. It is interesting to compare the shape of these vortices with the ones
found in [16] for a pentagonal configuration.

6.3. Stability of the polygonal vortex crystal. Before going further, let us quickly discuss the stability
of these polygonal vortex crystal. For general details on how to compute the stability properties of
configurations of point-vortices, we refer the reader to [43]. The stability of our particular vortex crystal
of interest has been studied in [6], which states the following result.

Theorem 6.1 ([6, Theorem 5.1]). If the intensity of the central vortex satisfies that

N2 − 8N + 8

16
< γ <

(N − 1)2

4
if N is even,

N2 − 8N + 7

16
< γ <

(N − 1)2

4
if N is odd,
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then this equilibrium is nonlinearly stable to perturbations that preserve A.

We mention that according to [33], the equilibrium is nonlinearly stable only under the additional
assumption to the hypotheses of Theorem 6.1 that γ ≥ 0, which makes a difference in the case N ≤ 6.
Notice that changing γ changes the angular velocity of the configuration, so in general this equilibrium
can only be orbitally nonlinearly stable. If γ = 0, then the Theorem 6.1 states that the equilibrium is
nonlinearly stable only for N ≤ 6. The case N = 7 is a degenerate equilibrium (see [6, Section 7])
and for N ≥ 8, the configuration is unstable. See also the results in [3, 4] for other interesting relative
equilibria with N + 1-vortices.

In Theorem 1.2, which is the main result of the paper, we prove in particular that the vortices remain
close to the point-vortex solution at least for times t ≪ Tadvδ

−2/3 (see Remark 4.16), and orbitally
close for times t ≤ Tadvδ

−σ, for any value of γ. The mechanism that prevents possible point-vortex
instabilities from appearing is theN -fold symmetry. With the additional assumption that the perturbation
should preserve the N -fold symmetry, the point vortex stability problem is completely trivialized, and
the configuration is always orbitally stable, for any value of γ. However, this means that Theorem 1.2
strongly relies on the N -fold symmetry, and necessarily fails to be true when γ is outside of the stability
range, if for instance one changes the initial position of the vortices in an unstable 2(N+1)-dimensional
direction.

6.4. Larger values of N . The result and behaviour does not change in principle for larger values of N .
For N = 10 for instance, we compute that γ∗10 = 3, and thus for various values of γ compared to γ∗10
we see the deformation of the outer vortices changing direction, see Figure 8. However, one has to be
more careful with instabilities. Recall from Theorem 6.1 that for N = 10 one has a threshold γmin = 7

4 ,
which does not leave much room to observe the deformation for γ < γ∗10 without triggering instabilities.
In particular, for γ = 0, we see in Figure 9 that the instability kicks in very early, the symmetry is broken
and vortices start merging by pairs. Taking even larger values of N , the same applies, and in particular,
we recover the vortex sheet instability as discussed in Remark 1.4.

FIGURE 8. With N = 10, in the case γ = 5 (right) the deformation towards the center
is well visible, more than in the case γ = 3

2 which is close to γ∗ = 3, but already below
the stability threshold γmin = 7

4 .
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FIGURE 9. For N = 10 (top) or N = 18 (bottom) with γ = 0, the expected de-
formation happens, then the typical vortex sheet instability develop very fast. Taking
more concentrated vortices would delay this instability, and this is related to the joint
N → ∞ and δ → 0 limit discussed in Remark 1.4, corresponding essentially to the first
two columns above. However, fixing δ while taking N → ∞ the Kelvin-Helmholtz
type instability, visible in the third and fourth column above, is the expected behavior
as soon as t > 0.

APPENDIX A. FUNCTION SPACES AND OPERATORS

In this appendix we give the details of the proofs in Section 3.

A.1. Preliminary: relevant constants and roots of unity. We first establish formulas to compute the
constants Sn,k explicitly, which we recall are defined in (3.9).

Lemma A.1. For any 0 ≤ k ≤ N , there holds that

S0,0 = N − 1, Sn,0 = − 1

(n− 1)!

(p(z)′
p(z)

)(n−1)∣∣∣
z=1

∈ R for n ≥ 1

where p(z) = 1−zN

1−z , and

Sn,k =
k∑

j=0

(
k

j

)
Sn−k+j,0.

Proof. We rewrite the polynomial p(z) as

p(z) =
1− zN

1− z
= 1 + z + · · ·+ zN−1 = (z −Q1) . . . (z −QN−1),

and thus
p′(z)

p(z)
=

N−1∑
l=1

1

z −Ql
.

Differentiating, we have that (p(z)′
p(z)

)(m)
= (−1)mm!

N−1∑
l=1

1

(z −Ql)m+1
.

Therefore, for n ≥ 1, we have

Sn,0 = (−1)n
N−1∑
l=1

1

(1−Qℓ)n
= − 1

(n− 1)!

(p(z)′
p(z)

)(n−1)∣∣∣
z=1

∈ R.



54 MICHELE DOLCE AND MARTIN DONATI

Moreover
S0,0 = N − 1.

To compute the value of Sn,k, we first observe that for 1 ≤ k ≤ n,

Sn,k =
N−1∑
l=1

Qk
l

(Ql − 1)n
=

N−1∑
l=1

Qk−1
ℓ

(Ql − 1)n−1
+

N−1∑
l=1

Qk−1
ℓ

(Ql − 1)n
= Sn−1,k−1 + Sn,k−1.

We recognize a Pascal’s triangle-type formula, and one can prove by induction that for every 0 ≤ k ≤ n,

Sn,k =

k∑
j=0

(
k

j

)
Sn−k+j,0.

□

In view of Lemma A.1, we can compute recursively every value of Sn,k for 0 ≤ k ≤ n. Let us give
the result for some relevant values.

S1,0 = −p
′(1)

p(1)
= −N − 1

2
,

S1,1 =
N − 1

2

S2,0 =
(p′(1)
p(1)

)2
− p′′(1)

p(1)
= −(N − 1)(N − 5)

12

S2,1 = S1,0 + S2,0 =
1−N2

12
S2,2 = S0,0 + 2S1,0 + S2,0 = S2,0.

A.2. Expansion of the configurational operators. Recall the definition of Tε,Z , Vε,Z and Qε,Z defined
in (2.12) to (2.14). We then prove a more general version of Lemma 3.6.

Lemma A.2. Let f ∈ Z , φ = ∆−1f , 0 < zmin ≤ |Z| and M ∈ N. Then, the translation operator
admits the expansion

Tε,Zφ(ξ) =
M(f)

2π
log
( |Z|
εd

)
+

M∑
n=1

n∑
k=0

εncn,kRe
(ξn−k

Zn
mk(f)

)
+OS∗

(
εM+1

)
.

The polygon-center operator admits the expansion

Vε,Zφ(ξ) =M(Ω)
N

2π
log
( |Z|
εd

)
+N

M∑
n=1

(−1)nεncn,nRe
( 1

Zn
mn(f)

)
+N

M∑
n=N

∑
ℓ∈N\{0}
ℓN≤M

(−1)nεncn,n−ℓNRe
(ξℓN
Zn

mn−ℓN (f)
)
+OS∗

(
εM+1

)
.

The polygon-polygon operator admits the expansion

Qε,Zφ(ξ) =
M(Ω)

2π

N−1∑
l=1

log
( |Zl|
εd

)
+

M∑
n=1

n∑
k=0

εncn,kSn,n−kRe

(
ξn−k

Zn
mk(f)

)
+OS∗(ε

M+1).

Proof. By (2.3) and the definition (2.12), we have

Tε,Zφ(ξ) = Φ
(
ξ +

1

εd
Z
)
=

1

2π

∫
R2

log
∣∣(ξ + 1

εd
Z
)
− η
∣∣ f(η) dη

=
M(f)

2π
log
( |Z|
εd

)
+

1

2π

∫
R2

log
(∣∣∣1 + εd

Z
(ξ − η)

∣∣∣) f(η) dη .
We thus have to study the last integral. Since Tε,zφ ∈ S∗(R2), it is enough to consider ξ ∈ Brε

with rε := |zmin|/(4εd). Indeed, for ξ ∈ Bc
rε the function is automatically of order εM+1. This

follows because for any f ∈ S∗(R2) we know that there exists an N such that for all |ξ| ≥ rε we have
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|f(ξ)| ≤ (1 + |ξ|)N ≤ (1 + |ξ|)N+M+1r−M−1
ε , which implies that f |Bc

rε
= OS∗(ε

M+1). Similarly, we
can restrict the domain of integration so that η ∈ Brε , up to negligible errors. Hence, if ξ, η ∈ Brε , we
have |(εd/Z)(ξ − η)| < 1. We can then use the expansion

log |1 + x| = Re log(1 + x) =
∞∑
n=1

(−1)n−1

n
Re(xn) valid if |x| < 1 ,

to get

Tε,Zφ(ξ) =
M(f)

2π
log
( |Z|
εd

)
+

M∑
n=1

(−1)n−1

n

(εd)n

2π

∫
Brε

Re
(
Z−1(ξ − η)

)n
f(η) dη +OS∗

(
εM+1

)
Since f ∈ Z , |Z|−1 ≤ 1/zmin and ξ ∈ Brε , we can replace

∫
Brε

with
∫
R2 up to an error of size

OS∗(ε
M+1), thus completing the proof for the translation operator by expanding the n-th power in the

integral.
By the definition of Vε,Z and the expansion in Lemma 3.6, we have

Vε,Zφ(ξ) =
N∑
l=1

T−ε,Z(φ)(Qlξ)

= M(Ω)
N

2π
log
( |Z|
εd

)
+

M∑
n=1

n∑
k=0

N∑
l=1

(−1)nεncn,kRe
((Qlξ)

n−k

Zn
mk(f)

)
+OS∗

(
εM+1

)
.

(A.1)

Then, we rewrite a part of the sum as
N∑
l=1

Re
((Qlξ)

n−k

Zn
mk(f)

)
= Re

(
ξn−k

Zn
mk(f)

N∑
l=1

Qn−k
l

)
.

By the properties of the roots of unity, we know
N∑
l=1

Qn−k
l =

N∑
l=1

e
2πil
N

(n−k) =

{
0 if n− k ̸= 0 mod N

N if n− k = 0 mod N.
.

Therefore, we can first simplify the sum in (A.1) by isolating the case k = n, which gives the second
term on the right-hand side of (3.10). Then, we need 0 ≤ n − k = ℓN with ℓ ∈ N \ {0} since
0 ≤ k ≤ n − 1, meaning that we have a nontrivial contribution only for n ≥ N . Thus, summing in ℓ
instead of k, we finally get
M∑
n=1

n−1∑
k=0

N∑
l=1

(−1)nεncn,kRe
((Qlξ)

n−k

Zn
mk(f)

)
= N

M∑
n=N

∑
ℓ∈N\{0}
ℓN≤n

(−1)nεncn,n−ℓNRe
(ξℓN
Zn

mn−ℓN (f)
)
,

and the proof for the polygon-center operator is over.
We finally consider the operator Qε,Z , which is more convenient to rewrite as

Qε,Z(f) =

N−1∑
l=1

f
(
Qlξ +

1

ε(t)d
Zl

)
, Zl(t) = (Ql − I)Z.

Using the expansion of Tε,Z , we get that

Qε,Zφ(ξ) =
M(Ω)

2π

N−1∑
l=1

log
( |Zl|
εd

)
+

M∑
n=1

n∑
k=0

N−1∑
l=1

εncn,kRe
((Qlξ)

n−k

Zn
l

mk(f)
)
+OS∗

(
εM+1

)
.

Recalling that Zl = (Ql − 1)Z, in view of the properties of Sn,k in Lemma A.1, we readily find that
N−1∑
l=1

Re
((Qlξ)

n−k

Zn
l

mk(f)
)
= Re

(
ξn−k

Zn
mk(f)

N−1∑
l=1

Qn−k
l

(Ql − 1)n

)
= Sn,n−kRe

(
ξn−k

Zn
mk(f)

)
,

which concludes the proof.
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□

A.3. Expansion of the integral quantities. We now compute expansions of integral quantities involv-
ing the operators Tε,Z and Qε,Z . Indeed, in view of the definitions of the radius and angular speed, these
computations are necessary to rigorously establish their asymptotic expansions as stated in (1.10). The
following lemma also establishes the expansion (3.20).

Lemma A.3. Let f, h ∈ Z , φ = ∆−1f and assume that 0 < zmin ≤ |Z|. Then, for all M ∈ N one has
the expansions∫

R2

∇⊥(Tε,Zφ)hdξ =
M∑
n=1

εn
Z⊥

|Z|2
1

Zn−1

n−1∑
k=0

(n− k)cn,kmk(f)mn−k−1(h) +O(εM+1) (A.2)

and∫
R2

∇⊥(Qε,Zφ)hdξ =
M∑
n=1

εn
Z⊥

|Z|2
1

Zn−1

n−1∑
k=0

(n− k)cn,kSn,n−kmk(f)mn−k−1(h) +O(εM+1).

Proof. Appealing to Lemma A.2, we know that

∇⊥Tε,Zφ =
M∑
n=1

n∑
k=0

εncn,k∇⊥Re

(
ξn−k

Zn
mk(f)

)
+OS∗(ε

M+1).

To compute the orthogonal gradient, we pass to polar coordinates ξ = reiθ (keeping the complex number
notation) and we note that

∇⊥ = i(∂1 + i∂2) → ieiθ(∂r + i
1

r
∂θ).

Then, denoting

Z = |Z|eiϕZ , mk(f) = |mk(f)|eiϕk ,

we get

Re

(
ξn−k

Zn
mk(f)

)
→ |mk(f)|

2|Z|n
rn−k

(
ei(n−k)θ+i(ϕk−nϕZ) + e−i(n−k)θ−i(ϕk−nϕZ)

)
.

Thus, applying the ∇⊥ we see that the right-hand side becomes

i(n− k)
|mk(f)|
2|Z|n

rn−k−1
(
ei(n−k+1)θ+i(ϕk−nϕZ) + e−i(n−k−1)θ−i(ϕk−nϕZ)

)
− i(n− k)

|mk(f)|
2|Z|n

rn−k−1
(
ei(n−k+1)θ+i(ϕk−nϕZ) − e−i(n−k−1)θ−i(ϕk−nϕZ)

)
= i(n− k)

|mk(f)|
|Z|n

rn−k−1e−i(n−k−1)θ−i(ϕk−nϕZ).

Going back to Cartesian coordinates, note that

rn−k−1e−i(n−k−1)θ → ξn−k−1, |mk(f)|e−iϕk → mk(f)

and

i
1

|Z|n
einϕZ = i

|Z|
|Z|n+1

einϕZ → Z⊥

|Z|2
1

Zn−1
.

Therefore, we have computed that

∇⊥Re

(
ξn−k

Zn
mk(f)

)
= (n− k)

Z⊥

|Z|2
1

Zn−1
mk(f)ξn−k−1.

Since h ∈ Z , we then easily deduce that∫
R2

(∇⊥Tε,Zφ)hdξ =
M∑
n=1

εn
Z⊥

|Z|2
1

Zn−1

n−1∑
k=0

(n− k)cn,kmk(f)mn−k−1(h) +O(εM+1),

which proves (A.2). The proof for Qε,Z is now straightforward using the same arguments. □
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A.4. Commutators and adjoints. We now prove Lemma 3.9. Most of the properties hold for any
vector Z, but we rely on the specific choice Z = (R, 0) to prove the preservation of parity in ξ2 for
Qε,Z . Therefore, we present the proof for a general Z, explicitly restricting to Z = (R, 0) only when
necessary.

Proof of Lemma 3.9. The identity for T ∗
ε,Z is a direct computation using the definition of Tε,Z . Regarding

the commutation property with ∆, we simply exploit that a translation commutes with spatial derivatives.
By the definition of Vε,Z , since Ql are rotation matrices we have

⟨Vε,Zg, f⟩ =
∫
R2

N∑
l=1

g
(
Qlξ −

1

εd
Z
)
f(ξ)dξ

=

∫
R2

g
(
η)
( N∑

l=1

f
(
Q−l(η +

1

εd
Z)
))

dξ = ⟨g,V∗
ε,Zf⟩.

The commutation properties with ∆ follow by the fact that Vε,Z ,V∗
ε,Z are compositions with a rotation

operator (Rf)(ξ) = f(Qlξ) and translations T(f) = f(ξ + z) for a fixed vector z ∈ R2. Indeed, since
clearly [R,∆] = 0 and [T,∆] = 0 then also [RT,∆] = [TR,∆] = 0 as desired. The property about
N -fold symmetric functions is a direct consequence of the first identity in (3.15).

For Q∗
ε,Z , it is enough to observe that

Qlξ +
1

εd
Zl = η =⇒ ξ = Q−ℓη +

1

εd
Z−l,

which readily imply that Qε,Z is self-adjoint in L2(R2) by the identification of Q−l = QN−l. The com-
mutation property with the Laplacian follows since Qε,Z is a combination of translations and rotations.
Finally, the property for even functions can be seen as follows: identify (ξ1,−ξ2) with the complex
conjugation ξ, Z with the real number R and Ql = exp(2πil/N). Then, observe that

QN−lξ + (εd)−1(QN−l − 1)R = Q−lξ + (εd)−1(Q−l − 1)R = Qlξ + (εd)−1(Ql − 1)R.

Hence, if f is even we can combine the identity above with the fact that we are summing over l =
1, . . . , N − 1 to conclude the proof.

It remains to show (3.16) to (3.18). First of all, we denote Zε = Z/(εd) and we introduce

ηl(ξ) = Ql(ξ + Zε)− Zε.

In this way, we can rewrite

Qε,Zf(ξ) =

N−1∑
l=1

f(ηl(ξ))

Then we observe that
1

2
{|Tε,Zξ|2, f} = (ξ + Zε)

⊥ · ∇f.

Thus

1

2
(Qε,Z{|Tε,Zξ|2, f})(ξ) =

N−1∑
l=1

(ηl(ξ) + Zε)
⊥ · (∇f)(ηl(ξ))

=

N−1∑
l=1

(Ql(ξ + Zε))
⊥ · (∇f)(ηl(ξ)), (A.3)

where in the last identity we used the definition of ηl(ξ). On the other hand

1

2
{|Tε,Zξ|2,Qε,Zf} = (ξ + Zε)

⊥ · ∇(Qε,Zf) =
N∑
l=1

(ξ + Zε)
⊥ · ∇(f(ηl(ξ)))

=

N∑
l=1

(ξ + Zε)
⊥ ·QT

l (∇f)(ηl(ξ)). (A.4)
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Then, by the property of the dot product v ·(MTw) =Mv ·w andQlv
⊥ = (Qlv)

⊥ sinceQl is a rotation
matrix, we see that indeed (3.16) holds true by combining (A.3) with (A.4).

To prove (3.18), we denote yl(ξ) = Ql(ξ + Zε) and, in view of (2.13), we have that

1

2
V∗
ε,R({|ξ|2, f}) =

N∑
l=1

yl(ξ)
⊥ · (∇f)(yl(ξ)).

Instead

1

2
{|Tε,Zξ|2,V∗

ε,Rf} =
N∑
l=1

(ξ + Zε)
⊥ · ∇(f(yl(ξ))) =

N∑
l=1

(ξ + Zε)
⊥ ·QT

l (∇f)(yl(ξ))

N∑
l=1

(Ql(ξ + Zε))
⊥ · (∇f)(yl(ξ)) =

N∑
l=1

yl(ξ)
⊥ · (∇f)(yl(ξ)),

meaning that (3.18) is proved. Finally, (3.17) directly follows by taking the L2 adjoint of the identity in
(3.18) (or it can be proved directly as before). □

APPENDIX B. VISCOUS DEVIATIONS FROM THE POINT-VORTEX DYNAMICS

Let the family of approximate solutions be constructed as in Section 4. We establish the following
result, which provides the necessary tools to compute the first-order perturbations to R(M)

app and α(M)
app

relative to the point-vortex dynamics.

Lemma B.1. For every M ≥ 5 and ε small enough, there holds that

Im(B
ε,R

(M)
app

(Ψ(M)
app , Ψ̂

(M)
app )) =

ε

R
(M)
app

c1,0(S1,1 + γ)

+
ε5

(R
(M)
app )3

(
3c3,0(S3,3 + γ)m2

1(Ω2) + c3,2(S3,1m
2
1(Ω2) + γm2

1(Ω̂2)
))

+O(ε6 + δε5)

and

Re(B
ε,R

(M)
app

(Ψ(M)
app , Ψ̂

(M)
app ))

= −δ ε5

(R
(M)
app )3

(
3c3,0

(
S3,3 + γ

)
m2

2(Ω2,NS) + c3,2
(
S3,1m

2
2(Ω2,NS) + γm2

2(Ω̂2,NS)
))

+O(δε6).

Proof. We first split the Euler and Navier-Stokes part, with the cross-interactions being denoted with the
three-variable definition of B

ε,R
(M)
app

:

B
ε,R

(M)
app

(Ψ(M)
app , Ψ̂

(M)
app ) = B

ε,R
(M)
app

(Ψ
(M)
app,E, Ψ̂

(M)
app,E) + δB

ε,R
(M)
app

(Ψ
(M)
app,E, Ψ̂

(M)
app,E,Ψ

(M)
app,NS)

+ δB
ε,R

(M)
app

(Ψ
(M)
app,NS, Ψ̂

(M)
app,NS,Ψ

(M)
app,E) + δ2B

ε,R
(M)
app

(Ψ
(M)
app,NS, Ψ̂

(M)
app,NS).

We recall the expansion (3.20) to be:

B
ε,R

(M)
app

(φ, φ̂, φ̃) = i

M∑
n=1

(
ε

R
(M)
app

)n n−1∑
k=0

(n−k)cn,k
(
Sn,n−kmk(w) + γmk(ŵ)

)
mn−k−1(w̃)+O(εM+1),

(B.1)
Now, we recall from the construction of the first orders that

Ω
(M)
app,NS = O(ε2), Ω̂

(M)
app,NS = O(ε2),

M(Ω
(M)
app,NS) = M(Ω̂

(M)
app,NS) = 0,

m1(Ω
(M)
app,NS) = m1(Ω

(M)
app,E) = m1(Ω̂

(M)
app,NS) = m1(Ω̂

(M)
app,E) = 0.
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We deduce from plugging these identities into the expansion (B.1) that

δ2Bε(Ψ
(M)
app,NS, Ψ̂

(M)
app,NS,Ψ

(M)
app,NS) = O(δ2(ε9 + εM+1)), (B.2)

since to produce no vanishing terms, it must hold that n− k − 1 ≥ 2 and k ≥ 2. This can happen only
if n ≥ 5, while we also have two factors ε2 from Ω

(M)
app,NS itself. Following the same reasoning, since

M ≥ 5, we have that

δB
ε,R

(M)
app

(Ψ
(M)
app,E, Ψ̂

(M)
app,E,Ψ

(M)
app,NS) = O(δε5), δB

ε,R
(M)
app

(Ψ
(M)
app,NS, Ψ̂

(M)
app,NS,Ψ

(M)
app,E) = O(δε5)

(B.3)
with 3 powers of ε coming from εn and 2 from Ω

(M)
app,NS or Ω̂(M)

app,NS.

We now compute the imaginary part of the purely Eulerian part B
ε,R

(M)
app

(Ψ
(M)
app,E, Ψ̂

(M)
app,E). To obtain

an expansion of this expression, we plug into (B.1) the fact that Ω(M)
app,E and Ω̂

(M)
app,E are even in ξ2 by

construction (constraint C2)), meaning that for every k ≥ 1,

mk
2(Ω

(M)
app,E) = mk

2(Ω̂
(M)
app,E) = 0. (B.4)

This gives the following expansion:

Im(B
ε,R

(M)
app

(Ψ
(M)
app,E, Ψ̂

(M)
app,E))

=

M∑
n=1

(
ε

R
(M)
app

)n n−1∑
k=0

(n−k)cn,k
(
Sn,n−km

k
1(Ω

(M)
app,E)+γm

k
1(Ω̂

(M)
app,E)

)
mn−k−1

1 (Ω
(M)
app,E)+O(εM+1).

We now compute the first terms in that expression. The n = 1 term is non vanishing, equal to c1,0(S1,1+
γ) since

M(Ω
(M)
app,E) = M(Ω̂

(M)
app,E) = 1,

and is the term giving the point-vortex dynamics angular velocity as the first-order value. The n = 2
terms vanish due to the facts that the first moments vanish, as in that case, either k = 1 or n−k−1 = 1.
We now turn to the case n = 3, computing for each value of k the terms in the sums:

k = 0 → 3c3,0

(
S3,3 + γ

)
m2

1(Ω
(M)
app,E),

k = 1 → 0

k = 2 → c3,2

(
S3,1m

2
1(Ω

(M)
app,E) + γm2

1(Ω̂
(M)
app,E)

)
.

Since m2
1(Ω

(M)
app,E) = O(ε2) and m2

1(Ω̂
(M)
app,E) = O(ε2), these terms give rise to terms of order O(ε5)

in Im(B
ε,R

(M)
app

(Ψ
(M)
app,E, Ψ̂

(M)
app,E)). Let us now observe that there are no other lower-order terms. For

n = 4, since we already have 4 powers due to εn, to obtain a term of order 5 or less it would require
a contribution from the moments of order at most 1. However, Ω(M)

app,E = Ω0 + O(ε2) and Ω0 has only
vanishing moments except M(Ω0). Since k = 0 and n − k − 1 = 0 can not be realized at the same
time, no such term can exist. The same applies to the terms n = 5, and higher terms are at least of order
εn. In conclusion, we have shown, using in addition that m2

1(Ω
(M)
app,E) = ε2m2

1(Ω2) +O(ε3 + δε2) and

m2
1(Ω̂

(M)
app,E) = ε2m2

1(Ω̂2) +O(ε3 + δε2), that

Im(B
ε,R

(M)
app

(Ψ
(M)
app,E, Ψ̂

(M)
app,E)) =

ε

R
(M)
app

c1,0(S1,1 + γ)

+
ε5

(R
(M)
app )3

(
3c3,0(S3,3 + γ)m2

1(Ω2) + c3,2(S3,1m
2
1(Ω2) + γm2

1(Ω̂2)
))

+O(ε6 + δε5).
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Gathering this expansion with the estimates (B.2) and (B.3), gives that

Im(B
ε,R

(M)
app

(Ψ(M)
app , Ψ̂

(M)
app )) =

ε

R
(M)
app

c1,0(S1,1 + γ)

+
ε5

(R
(M)
app )3

(
3c3,0(S3,3 + γ)m2

1(Ω2) + c3,2(S3,1m
2
1(Ω2) + γm2

1(Ω̂2)
))

+O(ε6 + δε5).

Notice that applying the expansions for M ≥ 5 is actually necessary to conclude with that precision,
although all terms of order ≤ 5 are induced only by Ω2 and Ω̂2.

We now turn to the real part of B
ε,R

(M)
app

(Ψ
(M)
app , Ψ̂

(M)
app ). By Lemma 3.11, the purely Eulerian term

has no real part. To compute the first terms of the expansion, one thus has to look to a more precise
expansion of (B.3). Using again relation (B.4) into (B.1), we compute that

Re
(
B
ε,R

(M)
app

(Ψ
(M)
app,E, Ψ̂

(M)
app,E,Ψ

(M)
app,NS) + B

ε,R
(M)
app

(Ψ
(M)
app,NS, Ψ̂

(M)
app,NS,Ψ

(M)
app,E)

)
= −

M∑
i=1

(
ε

R
(M)
app

)n n−1∑
k=0

(n− k)cn,k

[(
Sn,n−km

k
1(Ω

(M)
app,E) + γmk

1(Ω̂
(M)
app,E)

)
mn−k−1

2 (Ω
(M)
app,NS)

+
(
Sn,n−km

k
2(Ω

(M)
app,NS) + γmk

2(Ω̂
(M)
app,NS)

)
mn−k−1

1 (Ω
(M)
app,E)

]
+O(εM+1).

To produce non vanishing terms, one needs in the first part of the sum that n−k−1 ≥ 2, namely n ≥ 3,
and in the second part that k ≥ 2, which again, requires n ≥ 3. We thus compute the terms n = 3,
which are of order ε5:

k = 0 → 3c3,0

(
S3,3 + γ

)
m2

2(Ω
(M)
app,NS),

k = 1 → 0

k = 2 → c3,2

(
S3,1m

2
2(Ω

(M)
app,NS) + γm2

2(Ω̂
(M)
app,NS)

)
.

Terms with n ≥ 4 are of order at least ε6 due to the presence of Navier-Stokes pieces. In conclusion,

Re(B
ε,R

(M)
app

(Ψ(M)
app , Ψ̂

(M)
app ))

= δ
ε5

(R
(M)
app )3

(
3c3,0

(
S3,3 + γ

)
m2

2(Ω2,NS) + c3,2
(
S3,1m

2
2(Ω2,NS) + γm2

2(Ω̂2,NS)
))

+O(δε6).
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[18] A. ENCISO, A. J. FERNÁNDEZ, AND D. MEYER, Desingularization of vortex sheets for the 2d
euler equations, arXiv:2505.18655, (2025).

[19] K. S. FINE, A. C. CASS, W. G. FLYNN, AND C. F. DRISCOLL, Relaxation of 2D turbulence to
vortex crystals, Phys. Rev. Lett., 75 (1995), pp. 3277–3280.

[20] I. GALLAGHER AND T. GALLAY, Uniqueness for the two-dimensional Navier-Stokes equation
with a measure as initial vorticity, Math. Ann., 332 (2005), pp. 287–327.

[21] T. GALLAY, Interaction of vortices in weakly viscous planar flows, Arch. Ration. Mech. Anal.,
200 (2011), pp. 445–490.
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