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A Convex Formulation of the Multi-Commodity Dynamic Traffic

Assignment

Davide Sipione, Giacomo Como, Gustav Nilsson

Abstract— We consider a multi-commodity Dynamic Traffic
Assignment (DTA) problem formulated as a network flow con-
trol problem on the Cell Transmission Model (CTM). The ob-
jective is to design optimal control policies using variable speed
limits, ramp metering, and dynamic routing to regulate traffic
evolution over time on a given limited-capacity transportation
network. Even simple instances of DTA problems on the CTM
are known to give rise to non-convex optimal control formu-
lations. Nevertheless, a single-commodity DTA formulation has
recently been proposed that admits a tight convex relaxation,
thereby enabling tractable optimal control synthesis. The single-
commodity formulation, however, is structurally restrictive, as
it effectively allows only a single destination. To address this
limitation, we develop a multi-commodity CTM model in which
each commodity is associated with potentially distinct sets of
off-ramps. By extending the convexification approach developed
for the single-commodity case, we establish a tight convex
relaxation of the multi-commodity DTA problem on the CTM
model. This relaxation relies on concave, commodity-specific
demand functions and concave aggregate supply functions for
every cell, which ensure convexity of the resulting optimal con-
trol problem. Our proposed formulation requires commodity-
dependent implementation of variable speed limits and dynamic
routing policies.

I. INTRODUCTION

The Dynamic Traffic Assignment (DTA) problem, first

introduced in [1], has become a cornerstone of transportation

research [2]. While originally proposed for planning pur-

poses, with the technological development, it has increas-

ingly been leveraged in the context of optimal real-time

feedback control [3].

A macroscopic, first-order traffic model suitable for ad-

dressing the DTA problem is the celebrated Cell Transmis-

sion Model (CTM) [4]. Straightforward formulations of the

DTA problem with CTM dynamics are known to yield non-

convex formulations, which is mainly caused by congestion

effects [5]. However, in [6] a linear program is obtained by

relaxing the supply and demand constraints of the CTM.

Then, in [7], a similar relaxation is found for the link-node

cell transmission model by design of variable speed limits

and ramp metering, when the demand functions are linear

and the supply functions are affine. These results are further
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extended in [8] where a tight and convex relaxation of the

DTA problem is formulated, for arbitrary network topology,

arbitrary concave demand and supply functions, and convex

cost functions.

However, none of these studies account for the inherent

heterogeneity of traffic flows. As autonomous vehicles be-

come increasingly more common and with the ever-growing

traffic demand, a shift in how freeway networks are managed

and optimized has become necessary. Several studies have

attempted to solve a multi-class/multi-commodity DTA prob-

lem. In fact, in [9] the population is split into controllable and

selfish agents. Intuitively, the control action can be applied

only to the former. The resulting nonlinear optimal control

problem is then solved using the discrete adjoint method and

a multi-start approach. Similarly, in [10], [11] the population

is again split into the sets of compliant and non-compliant

users, where the former follow the imposed routing blindly,

and the latter employ a logit choice function at diverge

junctions. However, these studies lack theoretical optimality

guarantees.

In this paper, we employ a macroscopic model for het-

erogeneous traffic flows, based on the CTM. We focus

on dynamical multi-commodity flow networks, modeled as

dynamical systems led by mass conservation laws on di-

rected multigraphs. The model is then leveraged to im-

prove traffic performance through optimal control techniques.

Specifically, we formulate a Multi-Commodity Dynamic

Traffic Assignment (MC-DTA) problem where the control

action —variable speed limits, ramp metering, and dynamical

routing— can be applied separately to every commodity. As

mentioned before, straightforward formulations of the MC-

DTA problem lead to non-convex instances. To tackle this

issue, we extend single-commodity results [8], to provide

a tight and convex relaxation of the Dynamic Traffic As-

signment in a multi-commodity setting, by assuming both

concavity of the demand and supply functions and convexity

of the cost function. Hence, we adapt the approach in

[12], where the control is actuated only through variable

speed limits and ramp metering. In this paper dynamical

routing becomes part of the control action and, moreover,

we draw insights from Pontryagin’s Maximum Principle for

the optimality of the proposed solution. Furthermore, it is

possible to solve the proposed MC-DTA employing available

convex optimization solvers, such as CVX [13].

The rest of the paper is organized as follows. The dynam-

ical multi-commodity flow network model is introduced in

Section II. In Section III, we formalize the Multi-Commodity

Dynamic Traffic Assignment problem and provide a tight
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convex relaxation. In Section IV we present some examples.

Notation The sets R, R+, and R++ represent the sets of

real, non-negative real, and positive real numbers, respec-

tively. For non-empty finite sets A and B, R
A is the |A|-

dimensional of real vectors and R
A×B is the set of |A|× |B|

real matrices, whose entries are indexed by elements of A
and A and B, respectively.

II. A CONTROLLED DYNAMICAL MULTI-COMMODITY

CTM-BASED FLOW NETWORK MODEL

In this section, we introduce a macroscopic model for

dynamic multi-commodity traffic flows on directed multi-

graphs, borrowing insights from the celebrated Cell Trans-

mission Model (CTM) [4].

A. Multi-Commodity Flow Network Model

We model a transportation network as a finite directed

multigraph G = (V , E), where V and E denote the set of

nodes and edges, respectively. From a physical point of view,

edges —referred to as cells— represent sections of roads,

while nodes correspond to junctions that connect subsequent

cells. For every cell i in E , let σi, τi in V ∪ {w} denote its

tail and head node, respectively. Here w is a virtual node

representing the external world. We assume that there are no

self-loops, i.e., σi 6= τi for every cell i in E . The sets of on-

ramps and off-ramps are denoted by O = {i ∈ E : σi = w}
and S = {i ∈ E : τi = w}, respectively. Moreover, we

denote by A = {(i, j) ∈ E × E : τi = σj 6= w} the set of

adjacent pairs of cells.

The network is shared by a nonempty finite set of com-

modities K, who may be restricted to different subgraphs

of G. To every commodity k in K we associate a set Ek ⊆ E
of utilizable cells. We assume that, for every commodity

k in K, the sets of utilizable on-ramps Ok = O ∩ Ek
and off-ramps Sk = S ∩ Ek are nonempty and that every

utilizable cell i in Ek belongs to a path from some on-ramp

o in Ok to some off-ramp r in Sk. To each commodity is

associated its own set of adjacent pairs of cells Ak, i.e.,

Ak = {(i, j) ∈ Ek × Ek : τi = σj 6= w}.

The state space of the system is

X :=
{

x ∈ R
E×K
+ : xik = 0 , ∀i ∈ E \ Ek

}

.

Every entry x
(k)
i of a state x in X represents the traffic

volume of commodity k on cell i. Borrowing from the funda-

mental diagram of traffic flows, two families of functions are

introduced. The maximum possible outflow d
(k)
i (x

(k)
i ) from a

cell i depends on the traffic volume x
(k)
i through a demand

function d
(k)
i : R+ → R+. The maximum possible inflow

si(
∑

k∈K
w

(k)
i x

(k)
i ) into a cell i depends on a weighted

sum of all traffic volumes in cell i through a shared supply

function si : R+ → R+. Note that w
(k)
i > 0 is a positive

weight for the traffic volume in cell i that is allowed to be

dependent on the commodity, in case different commodities

will occupy different amount of space in the cell.

Assumption 1. (i) The supply function of every non-

onramp cell i in E \ O is continuously differentiable,

concave, and non-increasing.

(ii) The demand function of every cell i in Ek and com-

modity k in K is continuously differentiable, concave,

non-decreasing, and such that d
(k)
i (0) = 0 for every k

in K and i in Ek.

Example 1. Linear demand and affine supply functions

d
(k)
i (ξ) = min

{

v
(k)
i

Li

ξ, q
(k)
i

}

, si(ξ) = max{0, Ci−wiξ} ,

where vi ≥ 0 is the speed at which flow travels through the

cell, Li > 0 is the length of the cell, q
(k)
i > 0 is the maximum

out-flow of type-k flow from the cell, Ci is the capacity of

the cell, and wi > 0 the congestion wave speed.

B. Controlled FIFO Dynamical Multi-Commodity Flow Net-

works

The flow entering the network is modeled as an exogenous

time-varying inflow λ
(k)
i (t) ≥ 0 at each on-ramp i in Ok. For

every cell i in Ek \Ok the exogenous inflow is identically set

to 0, i.e., λ
(k)
i (t) ≡ 0. We denote by λ(k)(t) = (λ

(k)
i (t))i∈E

the vector of exogenous inflows of commodity k across all

cells.

In this setting, control is actuated both through dynamical

routing and variable speed limits combined with ramp me-

tering. The former controls how type-k flow splits at diverge

junctions, while the latter limits the rate at which flow leaves

a cell.

Intuitively, routing must satisfy some physical constraints.

To this end, let us call M (k) the routing matrix of commodity

k, whose entries are 0 ≤ M
(k)
ij ≤ 1, called turning ratios,

denote the fraction of flow of commodity k routed from cell

i to cell j. Hence, every routing matrix M (k) must satisfy

the following constraints:

∑

j∈E

M
(k)
ij =

{

1 i ∈ Ek \ Sk

0 i ∈ Sk

; (1)

M
(k)
ij = 0, ∀(i, j) ∈ E × E \ Ak . (2)

Equation (1) ensures that only off-ramps are allowed to

send flow to the external world, while Equation (2) implies

that flow can only travel through adjacent cells.

Hence, for every commodity k in K we can define the set

of routing matrices that satisfy these constraints as R(k) =
{

M (k) ∈ R
E×E
+ : (1), (2)

}

. Moreover, we define the set of

admissible variable speed limits and ramp metering as Ω =
[0, 1]E×K, since they limit the outflow of every commodity

and cell. Before proceeding notice that the set Ω and R(k)

are both compact and convex.

In the following definition, we formally introduce the

control actions.

Definition 1. The control actions considered are



(i) Dynamical routing, which is modeled through a family

of piecewise continuous functions R(k) : [0, T ] → R(k)

for all k ∈ K;

(ii) Variable speed limits and ramp metering, which are also

modeled through a piecewise continuous function α :
[0, T ] → Ω.

In our setting, variable speed limits and ramp metering

decrease the maximum allowed outflow of commodity k

from cell i from d
(k)
i (x

(k)
i ) to α

(k)
i d

(k)
i (x

(k)
i ). It is important

to note that this allows distinct control parameters to be

assigned to each commodity, enabling separate control.

The dynamical systems is driven by mass conservation

laws, stating that the variation of commodity k in K traffic

volume in a cell i in E is equal to the difference between

the total inflow to and the total outflow from that cell, i.e.,

ẋ
(k)
i = λ

(k)
i +

∑

j∈E(k)

f
(k)
ji (x)− z

(k)
i (x) , (3)

where f
(k)
ji (x) denotes the flow sent from cell j to cell i and

z
(k)
i (x) denotes the total outflow from cell i as

z
(k)
i (x) =







∑

j∈E(k)

f
(k)
ij (x) i ∈ E(k) \ S(k)

α
(k)
i d

(k)
i (x

(k)
i ) i ∈ S(k) ,

(4)

both expressed as functions of the current state x. Let

ẋ(k) = (ẋ
(k)
i )i∈E and ẋ = (ẋ

(k)
i )i∈E,k∈K denote the vector

of commodity k traffic variation and the matrix of traffic

variation, respectively.

The only step left is to model the relationship between

the cell-to-cell flow f
(k)
ij and the state x. In spite of this, we

employ a First-In-First-Out (FIFO) allocation rule. Formally,

f
(k)
ij (x(k)) = γi(x, α,R)R

(k)
ij α

(k)
i d

(k)
i (x

(k)
i ) , (5)

where γi = max{τ ∈ [0, 1] : (6)},

τ · max
j∈E ,R

(k)
ij

>0

∑

k∈K

(

∑

h∈Ek

R
(k)
hj α

(k)
h d

(k)
h (x

(k)
h )

)

≤ sj

(

∑

k∈K

w
(k)
j x

(k)
j

)

. (6)

Equation (6) implies that in a diverge junction, if for a

commodity k in K a downstream cell i in Ek is congested

then the flow directed to every downstream cells in Ek is

limited accordingly. Moreover, in ordinary junctions, the flow

is split proportionally among commodities that share that cell

when congestion downstream occurs.

Given these considerations, it is now possible to formally

state the Controlled Dynamical Multi-Commodity Flow Net-

work model.

Definition 2. Given a nonempty finite directed multigraph

G = (V , E), supply functions si and demand functions

d
(k)
i satisfying Assumption 1, exogenous inflow array λ =

(λ
(k)
i )i∈E,k∈K, and control actions R(k)(t) and α(t), a

Dynamical Multi-Commodity Flow Network (DMFN) is a

dynamical system satisfying equations (3)–(6).

We then establish the well-posedness of the initial value

problem, as already proven in [14], in the special case when

α
(k)
i ≡ 1.

Lemma 1. For every initial condition x(0) in X , there exists

a unique solution x(t) of the DMFN at time t ≥ 0.

Proof. First, let ẋ = g(t, x) and notice that g(t, x) is

piecewise continuous in t (since the functions R(k) and α are

piecewise continuous) and globally Lipschitz continuous in

x, according to Assumption 1. Hence, from Picard-Lindelöf

theorem [15] it follows that every initial condition x(0)
there exists a unique solution of the DMFN at every time

t ≥ 0.

C. Optimal Multi-Commodity Dynamic Traffic Assignment

In this section we are interested into optimizing the time-

integral of a cost function ϕ(x, z), which depends on the

traffic volume x and cell outflow z, over a finite time interval

[0, T ], where T denotes the time horizon. The following

standard assumption is made:

Assumption 2. The cost function ϕ(x, z) is convex and

differentiable in (x, z) and such that ∂
∂x

ϕ (x, z) ≥ 0 ,
∂
∂z
ϕ (x, z) ≤ 0 , and ϕ(0, 0) = 0, i.e., non-decreasing in

x, non-increasing in z and equal to 0 when (x, z) = (0, 0).

With the introduction of the cost function, it is now

possible to formally state the optimal control problem under

investigation.

Problem 1 (Continuous time MC-DTA).

J(α∗, R∗) = minimize
α(t)∈Ω,R(k)(t)∈R(k)

∫ T

0
ϕ(x(t), z(t))dt

subject to (3), (4), (5), (6)
(7)

Note that this optimal control problem yields a non-convex

formulation, mainly given by congestion handling at diverge

junctions [5]. Moreover, we will let J(α,R) denote the cost

of a feasible solution of Problem 1.

As a standard result, we prove the existence of the optimal

control for Problem 1.

Proposition 1. Given a cost function satisfying Assump-

tion 2, for any initial condition x0 in X the Problem 1 admits

an optimal solution.

Proof. Let ẋ = g(x, α,R) and let x̃ =
∫ T

0
ϕ(x(t), z(t))dt,

so that the augmented dynamics read

˙̂x =

(

ẋ
˙̃x

)

=

(

g(t, x)
ϕ(x(t), z(t))

)

.

We are then left to prove that the assumptions of Filippov’s

theorem [16] hold for our augmented system. First, as

previously noted the sets Ω and R(k) are compact, so that

we are left to prove that the set

G(x) =

{

(

g(x, α,R)
ϕ(x(t), z(t))

)

∣

∣

∣

∣

∣

α ∈ Ω , R(k) ∈ Rk

}



is convex for every x in X . Since g(x, α,R) is affine in α

and R and the sets Ω and R are convex, this is immediate.

Finally, the existence of a solution for every t > 0 is verified

by Lemma 1. Hence, the reachable set from (x0, x̃0) is

compact and thus admits a minimum.

III. TIGHT CONVEXIFICATION OF THE MC-DTA

PROBLEM

To tackle the non-convexity of the optimal control prob-

lem, we shall now introduce a relaxed formulation and

proceed to prove that it is both convex and tight, as similarly

done for the Freeway Network Control in [12]. The key

insight behind this relaxation is to shift the optimization

variables from the control parameters α
(k)
i (t) and the turning

ratios R
(k)
ij (t) to the traffic volume variables x̄(k)(t) in R

Ek

+

and the traffic flow variables f̄ (k)(t) in R
Ak

+ and µ
(k)
i in

R
Ek

+ , such that µ
(k)
i = 0 for every i in Ek \Sk. Regarding the

traffic flow variables, f̄ is the flow between cells within the

network, while µ captures the flow that leaves the network

through the off-ramps

The relaxation should be consistent our model, which

is inspired from the fundamental diagram of traffic flows,

so that these new optimization variables must satisfy the

demand and supply constraints, i.e.,

(i) demand constraints

µ
(k)
i (t) +

∑

j∈Ek

f̄
(k)
ij (t) ≤ d

(k)
i (x̄

(k)
i (t)) , (8)

(ii) supply constraints

∑

k∈K

∑

j∈Ek

f̄
(k)
ji (t) ≤ si

(

∑

k∈K

w
(k)
i x̄

(k)
i (t)

)

, (9)

Let ū(t) be the concatenation of vectors (f̄(t), µ(t)), then it

is possible to write the demand and supply jointly in compact

vector form as Dū(t) ≤ h(x̄(t)), where D ∈ R
r×m
+ with

r =
∑

k∈K
|Ek|+ |E| and m =

∑

k∈K
|Ak|+ |Sk|.

Once the new variables and constraints are introduced, we

are ready to state the relaxation of the MC-DTA problem:

Problem 2 (Relaxation of the continuous time MC-DTA).

J̄(x̄∗, ū∗) = minimize
x̄(t),ū(t)

∫ T

0 ϕ(x̄, ū) dt

s.t. ˙̄x
(k)
i = λ

(k)
i (t) +

∑

j∈Ek

f̄
(k)
ji (t)−

∑

j∈Ek

f̄
(k)
ij (t)

−µ
(k)
i (t) ,

Dū(t)− h(x̄(t)) ≤ 0,

µ
(k)
i (t) = 0 , ∀i 6∈ S

x̄(k)(0) = x̄(k),0 ,

∀k ∈ K , ∀i ∈ Ek .
(10)

Similarly, we shall call J̄(x̄, ū) the cost achieved by a

feasible solution of Problem 2. In the following proposition,

we shall then prove that Problem 2 is a convex relaxation of

Problem 1.

Proposition 2. Problem 2 is convex, and every feasible

solution of Problem 1 is also feasible for Problem 2.

Proof. Firstly, notice that for every choice of control parame-

ters α
(k)
i (t) in [0, 1] and turning ratios R

(k)
ij (t) the demand (8)

and supply constraints (9) are inevitably satisfied. Moreover,

every feasible solution of (7) is also feasible for the relaxed

problem (10). Then, we are left with proving the convexity of

(10). Notice that this would mean that if both
(

x̄0(t), ū0(t)
)

and
(

x̄1(t), ū1(t)
)

satisfy the constraints, then for every β in

[0, 1], also
(

x̄β(t), ūβ(t)
)

does, where x̄β = (1−β)x̄0+βx̄1

and ūβ = (1− β)ū0 + βū1. This implies that

∫ T

0

ϕ(x̄β(t))dt ≤ (1−β)

∫ T

0

ϕ(x̄0(t))dt+β

∫ T

0

ϕ(x̄1(t))dt

(11)

Since ϕ(x̄, ū) is convex by assumption, then inequality (11)

is always satisfied. Moreover, the concavity of the demand

and supply functions implies the convexity of the constraints

(8) and (9), while constraint (4) is a linear equality.

It remains to establish the tightness of the above convex

relaxation. In particular, we will prove that for every solution

of the relaxed convex optimal control problem (10), there

exists a corresponding selection of control parameters α
(k)
i

and turning ratios R
(k)
ij such that equations (3), (4), (5),

and (6) are satisfied. To this end, consider a solution (x̄, ū)
and let the control parameters α(k) and the dynamical routing

R(k) be given by

α
(k)
i (t) =

µ
(k)
i (t) +

∑

j∈Ek
f̄
(k)
ij (t)

d
(k)
i (x̄

(k)
i (t))

, ∀i ∈ Ek , (12)

R
(k)
ij (t) =







f̄
(k)
ij

(t)
∑

j∈E
f̄
(k)
ij

(t)
∀(i, j) ∈ Ak

0 ∀(i, j) ∈ E × E \ Ak

, (13)

with the convention that α
(k)
i = 1 if

∑

j∈E
f̄
(k)
ij =

d
(k)
i (x̄

(k)
i ) = 0. If

∑

j∈E
f̄
(k)
ij = 0, then the turning ratios

are supposed uniform over the set of outgoing cells, i.e.

R
(k)
ij = | {l ∈ Ek : (i, l) ∈ Ak} |−1.

Proposition 3. For every feasible solution (x̄(t), ū(t)) of the

convex MC-DTA (2), it is possible to set the entries of α(t)
and R(t) as defined in (12) and (13), respectively. Then,

(i) (α,R) is a solution of problem (1);

(ii) J(α,R) ≤ J̄(x̄, ū).

Proof. Let (x̄(t), ū(t)) be a feasible solution. It follows from

the demand constraints (8) that the outflow is less than or

equal to the demand, i.e., µ
(k)
i +

∑

j∈E
f̄
(k)
ij ≤ α

(k)
i d

(k)
i (x̄

(k)
i ).

Hence, when selecting the control parameters as in (12), the

outflow of every cell corresponds exactly to the demand.

Formally, µ
(k)
i +

∑

j∈E
f̄
(k)
ij = α

(k)
i d

(k)
i (x̄

(k)
i ) for all i ∈ Ek.

Moreover, for every non off-ramp cell, it follows that f̄
(k)
ij =

R
(k)
ij

∑

j∈E
f̄
(k)
ij = R

(k)
ij α

(k)
i d

(k)
i (x̄

(k)
i ), for all (i, j) ∈ Ak,



which implies that for every cell j in Ek \ Sk,

∑

k∈K

∑

j∈Ek

R
(k)
ij α

(k)
i d

(k)
i (x̄

(k)
i ) ≤ sj

(

∑

k∈K

w
(k)
j x̄

(k)
j

)

The last inequality follows from the supply constraint (9),

which implies that there is no congestion, i.e., γF
i = 1, for

every k in K and i in Ek. After that it is easy to verify that the

choice of routing matrices R(k)(t) is in R(k) for every k and

t. Hence, x = x̄, f = f̄ for every cell, and z = µ for every

off-ramp cell. Moreover, the equations (3), (4), (5), (6), are

satisfied so that (α,R) is a solution of the original Problem 1.

To prove (ii), notice that setting α and R as in (12), (13)

induces the same values of traffic volumes and flows to the

original problem, which implies J(α,R) ≤ J̄(x̄, ū).

Theorem 1. Suppose the cost function satisfies Assumption 2

and for every initial condition x0 in X set α∗ and R∗ as

in (12) and (13), respectively. Then the following statements

are equivalent.

(i) (α∗, R∗) is an optimal solution of Problem 1;

(ii) (x̄∗, ū∗) is an optimal solution of Problem 2;

(iii) there exists χ, η : R+ → R
r
+ such that (x̄∗, ū∗) satisfy

the PMP conditions

H(x, u, χ) = −ϕ(x, z) + 〈χ, ẋ〉
η⊤ (Du∗ − h(x∗)) = 0

χ̇
(k)
i = −∂ϕ(x∗,u∗)

∂x
(k)
i

− ∂h(x∗)

∂x
(k)
i

⊤

η

∂
∂f

H(x∗, u∗, χ) = D⊤η

max
f

H(x∗, u, χ) = H(x∗, u∗, χ)

χ
(k)
i (t) 6= 0 , ∀0 ≤ t < T

χ
(k)
i (T ) = 0

Proof. We first focus on proving that (i) and (ii) are equiv-

alent. Let (α∗, R∗) be the optimal control solution for the

original problem. By Proposition 2 this is also feasible for the

relaxed problem, such that inf J̄(x̄, ū) ≤ J(α∗, R∗). Then

from Proposition 3 we know that we can map any solution

(x̄, ū) of the relaxed problem to a solution (α,R) of the

original one, such that J(α,R) ≤ J̄(x̄, ū). By taking the

infimum on both sides we get J(α∗, R∗) ≤ inf J̄(x̄, ū),
which combined with the previous inequality gives the

identity J(α∗, R∗) = inf J(x̄, ū) = J(x̄∗, ū∗). Hence, the

relaxed problem also admits an optimal solution (x̄∗, ū∗).

We are now left to prove that (ii) is equivalent to (iii).

This reduces to proving that the PMP conditions are both

necessary and sufficient for optimality. As far as necessity is

concerned, since the demand and supply functions are C1 we

easily satisfy the continuity assumptions of the Pontryagin

Maximum Principle with mixed constraints [17]. However,

we still need to verify regularity condition in [17, Definition

2]. Hence, let Bn
a be the ball of dimension n and radius a

with center at the origin, we need to prove that there exists

δ > 0 such that Br
δ ⊆ DBm

1 +Du∗− h(x∗)+R
r
+. To verify

this, it is sufficient to prove that Im(D)∩ R
r
++ 6= ∅. Indeed,

if this is the case then ∃v ∈ (Rr
++ ∩ DBm

1 ), so that it is

sufficient to take δ = mini vi > 0. When D ∈ R
r×m
+ , as is

1 2 6 10
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4 5 8
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Fig. 1: Synthetic network 2 on-ramps and 2 off-ramps

our case, it is sufficient to verify that D1 > 0, namely that

every constraint involves at least one control variable, which

is true in our setting. To prove sufficiency we exploit the

convexity of our problem. Given this property, sufficiency

follows easily by noting that the PMP conditions are the

same provided in [18, Corollary 1.(c)].

IV. EXAMPLES

A. An Analytical Example

In this section we shall then exploit the PMP conditions

just proposed in a simple setting to understand how the

optimal controller behaves. To this end, consider the diverge

junction composed by cells 1, 2, and 3 in Figure 1, and

assume that in this example cells 2 and 3 are off-ramps.

The network is shared by two commodities, namely a and

b, but commodity b is restricted to cells 1 and 2, while

commodity a can travel freely through the network. For

simplicity, we shall consider linear demand functions, i.e.,

d
(k)
i (x

(k)
i ) = x

(k)
i for every i, and affine supply functions,

i.e., si(
∑

k∈K
x
(k)
i ) = γ − x

(a)
i − x

(b)
i . Let χ ∈ R

5 denote

the adjoint state and focus on maximizing the following

Hamiltonian, with objective function ϕ(x) =
∑

i∈E
x
(a)
i +

x
(b)
i .

H(x, f, χ) = −
∑

i∈E

(

x
(a)
i + x

(b)
i

)

+ χ1

(

−f
(a)
12 − f

(a)
13

)

+ χ2

(

−f
(b)
12

)

+ χ3

(

f
(a)
12 − x

(a)
2

)

+ χ4

(

f
(b)
12 − x

(b)
2

)

+χ5

(

f
(a)
13 −x

(a)
3

)

= c(x, χ)+κ
(a)
12 f

(a)
12 +κ

(b)
12 f

(b)
12 +κ

(a)
13 f

(a)
13

where κ
(a)
12 = χ3−χ1, κ

(b)
12 = χ4−χ2, and κ

(a)
13 = χ5−χ1.

However, this optimization is constrained by the demand

and supply functions. Hence, let η : R+ → R
4
+ denote the

Lagrange multipliers associated with the constraints, so that

η1
(

f
(a)
12 + f

(a)
13 − x

(a)
1

)

= 0 , η2
(

f
(b)
12 − x

(b)
1

)

= 0

η3
(

f
(a)
12 + f

(b)
12 − γ + x

(a)
2 + x

(b)
2

)

= 0 ,

η4
(

f
(a)
13 − γ + x

(a)
3

)

= 0 ,

Moreover, the adjoint dynamics read

χ̇1 = 1− η1 , χ̇1 = 1− η1 , χ̇3 = 1 + χ3 + η3 ,

χ̇4 = 1 + χ4 + η3 , χ̇5 = 1 + χ5 + η4 ,

with transversality condition (χ(T ))5i=1 = 0 and

(χi(t))
5
i=1 6= 0 for every 0 ≤ t < T . Notice that this

implies that χ3 < 0, χ4 < 0, and χ5 < 0, because if

they were positive their derivative would also be positive,

which would prevent them from satisfying the transversality

condition. Lastly, we consider the stationarity condition, i.e.,

η1 + η3 = max{0,−χ1 + χ3} = max{0, κ
(a)
12 } ,



η1 + η4 = max{0,−χ1 + χ5} = max{0, κ
(a)
13 } ,

η2 + η3 = max{0,−χ2 + χ4} = max{0, κ
(b)
12 } ,

where the max operator comes from the non-negativity of the

Lagrange multipliers. This implies that χ1 < 0 and χ2 < 0
since otherwise the multipliers would be identically zero.

We then proceed to study the sign of κ
(a)
12 . To this end,

consider κ̇
(a)
12 = χ̇3 − χ̇1 = χ3 + η1 + η3 ≤ max{0, κ

(a)
12 },

where the last inequality follows from the negativity of

χ3 and the condition of stationarity. Combining this with

κ
(a)
12 (T ) = 0 we conclude that κ

(a)
12 ≥ 0, and with a similar

argument κ
(b)
12 ≥ 0, and κ

(a)
13 ≥ 0.

Since the Hamiltonian is linear with respect to f , the

maximum will be attained when f itself is maximized,

considering the demand and supply constraints. In particular,

it always holds that f
(a)
13 = min{x

(a)
1 , γ−x

(a)
3 }, so we shall

consider each case separately:

(i) if f
(a)
13 = x

(a)
1 , then f

(a)
12 = 0, because the demand

of commodity a has already been fully satisfied, and

f
(b)
12 = min{x

(b)
1 , γ − x

(a)
2 − x

(b)
2 }.

(ii) if f
(a)
13 = γ − x

(a)
3 and 2γ − x

(a)
2 − x

(a)
3 ≥ x

(a)
1 + x

(b)
1 ,

i.e., the sum of the supplies is bigger than the sum of

the demands, then f
(a)
12 = x

(a)
1 − f

(a)
13 and f

(b)
12 = x

(b)
1 .

(iii) if f
(a)
13 = γ−x

(a)
3 and 2γ−x

(a)
2 −x

(a)
3 < x

(a)
1 +x

(b)
1 , i.e.,

the sum of the supplies is smaller than the sum of the

demands, then the only non-zero Lagrange multipliers

are η3 and η4. Hence, κ
(a)
12 − κ

(b)
12 = η3 − η3 = 0,

which implies that any control such that f
(a)
12 + f

(b)
12 =

γ− x
(a)
2 − x

(a)
3 is optimal. Hence, one optimal strategy

is to block one of the commodities.

B. A Numerical Example

We conclude this section with an example on a synthetic

network. Consider the traffic network in Figure 1 shared by

the two commodities a and b, where O(a) = {1}, O(b) =
{1, 4}, S(a) = {9, 10}, and S(b) = {10}, and cell 3 is not

accessible by commodity b. Moreover, set the demand and

supply functions such that d
(a)
i (x

(a)
i ) = 4x

(a)
i , d

(b)
i (x

(b)
i ) =

2x
(b)
i , and si(4x

(a)
i +2x

(b)
i ) = 4−4x

(a)
i −2x

(b)
i . Furthermore,

the exogenous inflows are set such that λ
(a)
1 = λ

(b)
1 = λ

(b)
4 =

1, the initial conditions are x
(k)
i = 0.5 for every i and k and

the chosen cost function is
∑

i∈E
x
(a)
i +x

(b)
i . The trajectories

of the simulation is shown in Figure 2, where it is clear

that the optimal control action reduces the cost function.

Moreover, in cell 1, the simulation indicates that it is optimal

to block one of the flows, which is not unexpected as the

optimality of similar behavior has been observed in part (iii)

of the analytical example above.. In fact, at the start, the

supply constraint of cell 1 is met with equality, and the flow

of commodity b gets blocked until the constraint is inactive.

V. CONCLUSIONS

In this paper we leveraged a dynamical multi-commodity

flow network model to formulate a tight convex relaxation of

the Multi-Commodity Dynamic Traffic Assignment problem,

which can be solved using available convex optimization
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Fig. 2: Left: Total traffic volume over time, in blue uncontrolled dynamics
and in red the optimal control one. Right: Cell 2 Outflow over time: in blue
commodity a and in red commodity b.

solvers. Future research should aim at developing a dis-

tributed algorithm to solve the problem and also account for

implementation issues such as discretized control actions.
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