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Abstract

Large-dimensional Markov chains appear in many models and many appli-
cations. In this paper, we introduce the Multidimensional Approximative
Regenerative Block Bootstrap (MARBB), a bootstrap algorithm designed
for high-dimensional Markov chains. We focus, in this paper, on a vector
autoregressive (VAR(1)) process with a low-rank structure. We first use a
reduction algorithm that transforms the original high-dimensional time se-
ries into a lower-dimensional Markov chain. Once the chain is reduced, we
leverage the regenerative properties of Harris recurrent Markov chains within
a general state space, using the Nummelin splitting technique to extend ex-
isting results from the one-dimensional settings to the multidimensional case.
This approach enables the identification of approximate regeneration times
of the lower-dimensional Markov chain, which in turn leads to the splitting
of the original high-dimensional Markov chain into approximate regenerative
blocks. These blocks are then used to bootstrap relevant statistics based on
regenerative blocks. Finally, we give the MARBB consistency results, and
we apply our algorithm to simulation data.
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1. Introduction and motivations

Markov chains are widely used in stochastic modelling due to their mathe-
matical elegance, computational feasibility, and broad applicability [2, 9, 16].
Markov chains are particularly useful in many practical areas, such as queu-
ing theory, manufacturing processes, and inventory management.

In this paper, we focus on multidimensional Markov chains. The high-
dimensional settings are particularly important because they arise naturally
in many applications. For example, in the case of studying multiple time
series simultaneously, which is crucial in areas such as macroeconomics, elec-
tricity load and price forecasting, linguistics (e.g., word2vec models), elec-
troencephalogram (EEG), and social media data.

One goal of this paper is to introduce a tailor-made bootstrap method
for multidimensional Markov chains. In the case of dependent data, we
can apply one of the well-known block bootstrap methods, for example, the
Moving Block Bootstrap (MBB), Nonoverlapping Block Bootstrap (NBB)
or Circular Block Bootstrap (CBB) (see [14]). Unfortunately, these methods
have some drawbacks: they require the choice of a block length, which can be
difficult in practice. An alternative approach is to use bootstrap algorithms
specifically designed for Markov chains (see [5, 14]). In the sequel, we will
focus on the method proposed in [5], which uses the regenerative properties
of Harris recurrent Markov chains. Indeed, for such chains, there always
exists an extension of the process with a set of states called an atom such
that the process becomes independent of its past after each visit to this set
(see [4] and [8]).

The method of [8] was improved by [5], who proposed the Regenerative
Block Bootstrap (RBB), a sequential algorithm achieving higher-order accu-
racy close to the rate O(n−1). Moreover, the extension of the RBB method
to the general state of space was proposed in [5], and is called the Approx-
imate Regenerative Block Bootstrap (ARBB). A key feature of both RBB
and ARBB is the construction of approximate regeneration times, which en-
ables the decomposition of the Markov chain trajectory into blocks that are
asymptotically independent. Unlike MBB, NBB, and CBB, the RBB and
ARBB methods do not require the choice of block lengths, since the block
sizes are determined by the data itself.
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The bootstrap method proposed in this paper can be viewed as a multi-
dimensional extension of the ARBB. While ARBB was originally developed
for one–dimensional Markov chains, its direct application to high-dimensional
settings faces significant challenges. To illustrate these difficulties, we briefly
recall the idea of the ARBB method. The ARBB algorithm divides the
trajectory into blocks using a constructive version of the so-called Nummelin
splitting trick (see [18]), based on an estimate of the transition density. These
blocks are then used to perform the ARBB by drawing them independently
with replacement (see [5]).

However, when Markov chain takes values in high-dimensional space, this
constructive splitting trick may become difficult or even infeasible to imple-
ment. In particular, the estimator of the transition density may converge very
slowly, and identifying an appropriate regeneration set may be challenging
(see Subsection 2.3).

The main idea of the proposed MARBB procedure is therefore to combine
the ARBB framework with a dimension reduction step. More precisely, we
project the original high-dimensional process onto a lower-dimensional space
using the Truncated Singular Value Decomposition. This transformation
yields a reduced Markov chain for which the Nummelin splitting technique,
with estimated parameters, can be applied more efficiently. In this way, we
are able to determine approximate regeneration times of the reduced Markov
Chains, which appear to be also regeneration times of the original process.
It is worth noting that the reduced Markov chain does not need to be one-
dimensional. Consequently, the ARBB method must be extended to handle
a multidimensional process with a low-rank structure. To the best of our
knowledge, this setting has not been previously studied. The paper there-
fore makes two main contributions. First, we develop a practical method for
identifying approximate regeneration times in high-dimensional settings, in-
cluding the estimation of transition probabilities in reduced dimensions (see
Subsection 3.2) and the construction of multidimensional small sets. Second,
we establish the asymptotic theory of the resulting procedure: we prove a
central limit theorem and its bootstrap counterpart for the sample mean,
derive the asymptotic validity of the MARBB, and provide a consistent esti-
mator of the covariance matrix for functionals evaluated along the trajectory
of the Markov chain.

In this paper, we consider the Vector AutoRegressive model of order one
(VAR (1)), under a low-rank assumption on the coefficient matrix.. However,
our ideas may be extended to more general single/multiple-index models (see
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Section 5). Recall that VAR(1) processes are widely used for multidimen-
sional time series analysis (see [1, 17]). A natural bootstrap method in this
context is the residual bootstrap. However, in high-dimensional VAR pro-
cesses, the number of parameters to estimate grows significantly, so standard
methods, such as mean square estimation, become ineffective. To overcome
this issue, regularization methods, such as LASSO, ridge-based VAR estima-
tion, or other shrinkage procedures are often used (see [10]). In this case, the
residual bootstrap is no longer consistent due to the dependence between the
estimated residuals and the penalized coefficient estimates (see [7]). Our goal
is to show that the regenerative bootstrap can still be adapted successfully
to high-dimensional settings.

The paper is organized as follows. Section 2 introduces the notations
and key definitions. Section 3 presents the main theoretical results and
the MARBB algorithm. Section 4 describes the empirical implemenation
of MARBB method. Section 5 discusses possible extensions of the proposed
approuch approach. All proofs and additional materials can be found in the
Appendix. A simmulation study performed on simululated data is provided
in Section 4 in the Supplementary material.

2. Markov chains

In this section, we recall the main definitions and properties of Markov
chains used throughout the paper. Then we describe the splitting tech-
nique underlying the ARBB algorithm and the regenerative properties of the
Markov chains.

2.1. Regenerative Markov chains
We begin with several basic definitions and properties regarding Markov

chains. For more details, we refer to [2, 9, 16].
Consider a countably generated state space (E, E). By capital letters

A,B,C, . . . , we denote elements of the σ-algebra E , and we call them sets or
sets of states. The states in E are denoted by small letters x, y, z, . . . . Each
state is represented as a vector x = (x1, . . . , xd)

⊤, where d ∈ N is fixed and
(·)⊤ denotes the transposition. We write I{·} for an indicator function.

Let X = (X1, X2, . . . , Xn, . . . ) = (Xt)t∈N, with Xt = (X1,t, . . . , Xd,t)
⊤, be

a homogeneous d - dimensional, positive recurrent Markov chain on (E, E)
with initial distribution ν, transition probability Π and stationary distribu-
tion µ. For every t ∈ N and every measurable set B ∈ E , the Markov property
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states that

Pν (Xt+1 ∈ B|X0, . . . , Xt) = Π(Xt, B) almost surely. (1)

We write Pν to denotes the probability measure under which the initial
state X0 is drawn from the distribution ν, while Px represents the proba-
bility measure where X0 = x ∈ E with probability one. The corresponding
expectations are denoted by Eν(·) and Ex(·), respectively.

Additional definitions used later in the paper (such as irreducibility, ape-
riodicity, atoms, and Harris recurrence) are collected in the Supplementary
Material; see Definition 1.1.

Below, based on [5], we recall some standard results for atomic Markov
chains to explain the relation between the regenerative structure of the pro-
cess and the way of creating the blocks used to obtain bootstrap samples.

Let Xn = (X1, . . . , Xn) be a realisation of an aperiodic, atomic, and
Harris reccurent d-dimensional Markov chain. Such a chain possesses a re-
generative structure, that is, there exist regeneration times at which the
process forgets about the past and "renews" (see [16]). This regenerative
structure plays a crucial role in bootstrap procedures for dependent data.
Indeed, regeneration times allow the trajectory of the Markov chain to be
decomposed into blocks that are i.i.d. In the atomic case, these regenera-
tion times correspond to the instants when the Markov chain hits the atom
A. Let us define the sequence of regeneration times as (τA(j))j≥1. Let
τA = τA(1) = inf {t ≥ 1 : Xt ∈ A} be the first time when the chain hits
the regeneration set A and τA(j) = inf {t > τA(j − 1), Xt ∈ A} , for j ≥ 2
are the consecutive visiting times to the regeneration set A. From the strong
Markov property (1) and the definition of the atom (see Definition 1.1), given
any initial law ν, the sample paths Xn can be divided into i.i.d. blocks corre-
sponding to the consecutive visits of the chain to the atom A. The segments
of data, also called cycles, are given by

Bj =
(
X1+τA(j), . . . , XτA(j+1)

)
, for j ≥ 1

and take values in the torus ∪∞
k=1E

k.
Let ln =

∑n
i=1 I{Xi ∈ A} be the total number of consecutive visits to the

regeneration set A up to time n. We make the convention that B
(n)
ln

= ∅,
whenever τA(ln) = n. Furthermore, we denote the length of j-th regeneration
block by l (Bj) = τA(j + 1) − τA(j), j ≥ 1, and EA(τA) be the mean inter-
renewal time.
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2.2. Splitting technique for general Harris recurrent Markov chains
When the chain is not atomic, it is always possible for Harris recurrent

chains, including nonstationary ones, to extend the original time series to ob-
tain an atomic Markov chain and to approximate regenerative blocks via the
notion of a small set (see [18]). The idea is known as the splitting technique.
It extends the probabilistic structure of the chain by creating an artificial
regeneration set in the general Harris recurrent case. Below, we recall the
crucial definition of the small set.

Definition 2.1 (Small set). Consider an aperiodic, ψ-irreducible Markov chain
on a general state space (E, E) with transition probability Π. A set S ∈ E
is said to be small, if there exist m ∈ N, δ > 0 and a probability measure Φ
supported by S such that, for all x ∈ S, B ∈ E ,

Πm(x,B) ≥ δΦ(B), (2)

where Πm is the m-th iterate of Π.

When (2) holds, we say that the chain satisfies the minorization condition
M(m,S, δ,Φ). Thus, if the Markov chain starts in a small set S, then it will
return in m-steps with nonzero probability. It is worth mentioning that such
a construction of a small set is always possible because an accessible small
set always exists for irreducible Markov chains (for details, see Proposition
2.6 in [2]).

Remark 2.1. Throughout the remainder of the paper, we assume that the
minorization condition (2) holds with m = 1. In this case, the regeneration
blocks constructed via the splitting technique are i.i.d., which simplifies both
the bootstrap procedure and the theoretical analysis. If the condition (2) is
satisfied for some m > 1, then the resulting blocks are 1-dependent. In that
case, two approaches may be considered. The first is to use only odd or only
even blocks, which restores independence (see [15]). The second is to work
with the vectorized process {Wt, t ∈ N}, whereWt =

(
Xmt, . . . , X(t+1)m−1

)⊤
,

for which a one-step minorization condition is satisfied (see [16]). However,
this latter approach increases the dimension of the process, which is exactly
the difficulty we aim to avoid in high-dimensional settings.

Assumption 1. Minorization condition M(1, S, δ,Φ) holds for some set S
such that ϕ(S) > 0.
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The aim of the splitting technique is to enlarge the state space so that the
extended chain becomes atomic (for more information, see Section 2 of the
Supplementary Material ). To simplify the implementation of the splitting
technique, we make the following

Assumption 2. Assume that the initial distribution ν, the transition prob-
ability Π and measure Φ are absolutely continuous with respect to a σ-finite
measure λ, with ν(dy) = f(y)λ(dy), Π(x, dy) = p(x, y)λ(dy) for each x ∈ E
and Φ(dy) = ϕ(y)dy.

Under Assumptions 1 and 2, the minorization condition (2) can be rewrit-
ten equivalently as

p(x, y) ≥ δϕ(y) λ(dy)− a.s. (3)

Remark 2.2. Assumption 2 is imposed primarily for notational convenience.
It allows the minorization condition to be expressed in terms of densities,
which leads to a more transparent formulation of the splitting method. The
original Nummelin splitting technique (see [18]) can also be stated directly
in terms of probability measures, without requiring the existence of densi-
ties. However, such a formulation would result in substantially more involved
notation.

Then the Nummelin splitting trick may be implemented as follows (see
[5]). Let Yn = (Y1, . . . , Yn) be a binary random sequence such that the
distribution of Yn conditionally to Xn+1 = (X1, . . . , Xn+1) is a tensor product
of Bernoulli distribution given, for θ̄n = (θ1, . . . , θn) ∈ {0, 1}n, by

Pν

(
Yn = θ̄n|Xn+1 = xn+1

)
=

n∏
i=1

Pν (Yi = θi|Xi = xi, Xi+1 = xi+1) ,

where xn+1 = (x1, . . . , xn+1) ∈ Rd×(n+1) is a vector of states corresponding
to Xn+1 = (X1, . . . , Xn+1). More precisely, for i ∈ 1, . . . , n we have

Pν (Yi = 1|Xi = xi, Xi+1 = xi+1) = δ, if xi /∈ S,

Pν (Yi = 1|Xi = xi, Xi+1 = xi+1) =
δϕ(xi+1)

p(xi, xi+1)
, if xi ∈ S.

We denote this conditional distribution by L(n) (p, S, δ, ϕ,xn+1).
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2.3. Curse of dimensionality
In this paragraph, we describe the main problems arising in high-

dimensional settings and explain why generalising the ARBB algorithm from
the 1-dimensional case to the multidimensional one is non-trivial.

In a countable state space, we are looking for a d-dimensional atom of
the form A = (a1, . . . , ad)

⊤. When d is large, the probability of returning
exactly to the same state decreases significantly, making regenerative blocks
larger and limiting the opportunities to split the process.

In a general state space, constructing the split chain may be practically
impossible. This is because we need to construct the split chain, with dis-
tribution L(n) (p, S, δ, ϕ,xn+1). In practice, the transition probability is un-
known and must be estimated. For this purpose, one can use a multivariate
kernel density estimator. However, the convergence rate of this estimator in
a Besov space with regularity s, under some additional regularity conditions,
is typically of the order

(
logn
n

) s
(2s+d) (see [19]). This makes the algorithm quite

inefficient when the transition has a low regularity and/or the dimension d
is large. Moreover, choosing the small set in this case can be very difficult.

A solution to these challenges is to transform the process from a high-
dimensional space to a lower-dimensional setting.

3. Main results and algorithms

In this section, we describe the main results of this paper, that is, the
dimensionality reduction procedure for the VAR(1) process (see the Sup-
plementary material for more information), and introduce the algorithm to
bootstrap a multidimensional Markov chain in a general state space. Addi-
tionally, we show how to adapt the Nummelin splitting technique to high-
dimensional settings. Finally, we derive consistency results for our method.

3.1. Reduced Markov Chain
We consider a d-dimensional VAR(1) process of the form

Xt = FXt−1 + ϵt, t ∈ Z,

where F is a (d×d) coefficient matrix and (ϵt)t∈Z is an i.i.d. sequence of error
vectors with mean zero and covariance matrix Ω. It is well known that the
VAR(1) process is second-order stationary and causal when all eigenvalues of
F have modulus strictly smaller than one. In what follows, we assume that
the VAR(1) process satisfies the following condition.
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Assumption 3. The VAR(1) process Xt = FXt−1 + ϵt, satisfy the following
conditions:

1. it is a second-order stationary and causal process. Thus, it is a positive
recurrent Markov chain,

2. the residuals of the model ϵ⊤t ’s, for t = 1, . . . , n are i.i.d., and have a
non-degenerate distribution with an absolutely continuous part (thus,
X is a ψ-irreducible Markov chain),

3. the covariance matrix Ω of the innovation term ϵt is invertible,
4. the matrix F is a low-rank matrix with known rank k.

Point 2 excludes purely discrete innovation distributions, which may cause
difficulties in verifying irreducibility and mixing properties (see [3]). More-
over, the assumption in point 4, that the reduced dimension k is known is
mainly adopted for technical convenience. In practical applications, the effec-
tive rank is typically unknown and must be estimated from the observed data.
For the class of VAR(1) processes considered in this paper, a data-driven es-
timation procedure for k is described in Section 3.2 of the Supplementary
Material.

The idea of dimensionality reduction is based on the Truncated Singular
Value Decomposition (TSVD) (see [11], page 535), which we adapt to our
setting. Let F = αβ⊤, where α = UD

1/2
k and β = VD

1/2
k are matrices of

the size (d × k) and Dk is a diagonal matrix (k × k) of singular values
arranged in decreasing order. Here, U and V are (d × k) matrices that
contain the left and right singular vectors, respectively, associated with D

1/2
k .

We define the reduced process as X̃n =
(
X̃1, . . . , X̃n

)
= β⊤Xn. Note that

X̃n is by construction a k - dimensional Markov chain since we have X̃t =
β⊤αX̃t−1 + β⊤εt.

In practice, the matrix F is unknown, but can be estimated by F̂n using
the Ordinary Least Squares (OLS) method. Thus, we use the TSVD to
decompose F̂n = ÛD̂kV̂

⊤. Taking α̂n = ÛD̂
1/2

k and β̂n = V̂D̂
1/2

k we have

F̂n = α̂n

(
β̂n

)′
.

Using the estimated
(
β̂n

)′
we construct an estimated k - dimensional

process X̆n =
(
X̆1, . . . , X̆n

)
=
(
β̂n

)′
Xn. Since we assumed that k is much

smaller than d, the process X̆ can be seen as an "estimated" reduced Markov
chain.
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3.2. Estimating β and reducing dimension
Due to the identifiability problem of β, we assume that for j = 1, . . . , k

we have standardized the estimator such that

[(
β̂n

)′]
1,1

> 0 and

∥∥∥∥∥
[(
β̂n

)′]
j

∥∥∥∥∥ =

√√√√ d∑
i=1

∣∣∣∣∣
[(
β̂n

)′]
i,j

∣∣∣∣∣
2

≤ 1, (4)

where
[
β̂⊤
n

]
i,j

is the element (i, j) of
(
β̂n

)′
and

[(
β̂n

)′]
j

is a j-the column

of
(
β̂n

)′
.

The following Theorem 3.1 gives a rate of convergence of
(
β̂n

)′
Xn to

β⊤Xn for the Frobenius norm given by ∥A∥F =
√∑n

i=1

∑m
j=1 a

2
i,j, for the

general (n×m)-matrix A, with running elements ai,j.

Theorem 3.1. Let Xn be a realisation of the VAR(1) process satisfying
Assumption 3 and having finite fourth moments, that is, E |εitεjtεltεmt| <∞,
for all i, j, l,m. In addition, assume that E ∥Xn∥2F < ∞, and the estimator(
β̂n

)′
is obtained by the OLS method under condition (4). Additionally, let

F has singular values σ1 ≥ · · · ≥ σmin{k,n}. Assume that for some fixed
m, l ∈ {1, 2, . . . , k} with m ≤ l, we have min(σ2

m−1 − σ2
m, σ

2
l − σ2

l+1) > 0,
where σ2

0 := ∞ and σ2
rank(F )+1 := −∞ . Then we have

E

∥∥∥∥β⊤Xn −
(
β̂n

)′
Xn

∥∥∥∥
F

= OP (n
−1/2).

It should be mentioned that the condition min(σ2
m−1−σ2

m, σ
2
l −σ2

l+1) > 0 in
Theorem 3.1 means that there are at least two gaps between the eigenvalues.
Thus, at least three eigenvalues have to be different.

It is worth noting that the proof of Theorem 3.1, which can be found
in Appendix, is non-trivial due to the challenge of matrix rotation under
perturbation when several eigenvalues are equal. Specifically, the matrix F̂n

is a perturbed version of F, meaning that small changes in the estimated
matrix can affect both its singular values and singular vectors. Especially,
the singular vectors of matrix F̂n may not have the same direction as singu-
lar vectors of matrix F. This phenomenon is known as a rotation problem
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(for more details, see [20]). To address this issue, we use the Davis-Kahan
theorem, which was originally formulated to quantify the rotation of eigen-
vectors under perturbations of Hermitian matrices and extend it to estimate
the rotation of singular vectors in the context of singular value decomposition
([21], page 7, Theorem 4).

The next theorem ensures that the Nummelin splitting technique can be
applied to the reduced Markov chain X̃n.

Theorem 3.2. Under Assumptions 1, 2, and the assumptions of Theorem
3.1, the reduced k-dimensional reduced Markov chain X̃n derived from Xn is
ψ-irreducible and positive recurrent.

By Theorem 3.2 and since every ψ-irreducible Markov chain possesses
a small set (see [16], Theorem 5.2.2, page 105), the k-dimensional Markov
chain X̃n satisfies a minorization condition of the form M(1, S̃, δ̃, ϕ̃), with
some parameters S̃, δ̃ and ϕ̃.

Hence, after reducing the dimension from d to k ≪ d, we overcome the
large dimensionality problem, described in Subsection 2.3. Therefore, we can
now apply the splitting technique (see Section 2.2) to split the Markov chain

X̃n. We construct the split chain X̃M(n) =

((
X̃1

Y1

)
,

(
X̃2

Y2

)
, . . . ,

(
X̃n

Yn

))
,

which has a distribution L(n)
(
pβ, S̃, δ̃, ϕ̃, x̃n+1

)
, with an atom AM and the

corresponding theoretical regeneration times τAM
.

Note that the reduced k - dimensional Markov chain X̃n depends on the
unknown parameter β. Thus, in practice, we consider the reduced k - dimen-
sional chain X̆n, constructed with the estimator

(
β̂n

)′
. Additionally, we con-

sider the transition probability kernel P β(x, y) = P
(
β⊤Xt+1 ≤ y|β⊤Xt = x

)
for (x, y) ∈ (Rk)2. We estimate the density pβ(x, y) by Nadaraya-Watson
estimator pβn(x, y). For a fixed β, it is given by

pβn (x, y) =
fβ
n (x, y)

fβ
n (x)

where, (5)

fβ
n (x, y) =

1

nh2kn

n−1∑
i=1

K
(
β⊤Xi+1 − y

hn

)
K
(
β⊤Xi − x

hn

)
,

fβ
n (x) =

1

nhkn

n∑
i=1

K
(
β⊤Xi − x

hn

)
.
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Here, K(·) is a multiplicative Gaussian kernel and hn ∼ n−1/(4+k) is an op-
timal bandwidth (see [12], page 102). Since the estimator of the transition
kernel depends on the parameter β, which is in practice unknown, we also
consider the estimator of the transition probability based on

(
β̂n

)′
Xn, of

the form

pβ̂n (x, y) =
f β̂
n (x, y)

f β̂
n (x)

, (6)

where (6) is defined analogously to the estimator (5) with the difference that

we replace the unknown parameter β by its estimator
(
β̂n

)′
.

The following lemma establishes the convergence rate of the estimator (6)
relative to the quantity (5).

Lemma 3.3. Under the assumptions of Theorem 3.2 the following mean
square error (MSE), measured by the L∞ loss over the small set S̃ × S̃,
satisfies

E sup
x,y∈S̃

∣∣∣pβ̂n(x, y)− pβn(x, y)
∣∣∣ = OP

(
n−1/2

)
. (7)

This lemma ensures that we can apply the Nummelin splitting trick
with the estimated transition. For this, we generate an "approxi-
mated" random binary vector Ŷn =

(
Ŷ1, . . . , Ŷn

)
from the distribution

L(n)
(
pβ̂n, S̃, δ̃, ϕ̃, x̆n+1

)
.

In the following subsection, we present the MARBB for high-dimensional
Markov chain with fixed parameters (δ̃, S̃, γ̃).

3.3. MARBB algorithm
Algorithm 3.1 (Multidimensional Approximate Regenerative Block Boot-
strap).

1. Pick a small set S̃ satisfying condition M
(
1, S̃, δ̃, ϕ̃

)
, typically a cuboid

in Rk. In the special case where ϕ̃ is the uniform distribution, an
optimal data-driven choice of S̃ is given later in Algorithm 4.1.
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2. Based on the projected values X̆n =
(
β̂n

)′
Xn, construct an estimator

pβ̂n(x, y) according to the formula (6), satisfying the following conditions
(which, in the case of the uniform measure, essentially mean that the
small set should be chosen in a region where there is some data):

pβ̂n(x, y) ≥ δ̃ϕ̃(y), for λ(dy)-almost everywhere, (8)

pβ̂n(Xi, Xi+1) > 0, for i ∈ {1, . . . , n− 1}. (9)

3. From L(n)
(
pβ̂n, S̃, δ̃, ϕ̃, x̆n+1

)
generate a binary vector Ŷ1, . . . , Ŷn condi-

tionally to the trajectory, that is,

Pν

(
Ŷi = 1|Xi = xi, Xi+1 = xi+1

)
= δ̃, if x̆i =

(
β̂n

)′
xi /∈ S̃

Pν

(
Ŷi = 1|Xi = xi, Xi+1 = xi+1

)
=

δ̃ϕ̃ (Xi+1)

pβ̂n (Xi, Xi+1)
, otherwise. (10)

4. Compute l̂n =
∑n

i=1 I{X̆i ∈ S̃, Ŷi = 1}, the number of visits of the
"estimated" reduced Markov chain to the small set AM = S̃ × {1} up
to the time n. Then divide the original trajectory Xn = (X1, . . . , Xn)
into l̂n+1 approximate regeneration blocks, which are constructed every
time the approximate split chain

(
X̆n, Ŷn

)
visits S̃ × {1}, that is,

B̂0 =
(
X1, . . . , Xτ̂AM

(1)

)
, B̂1 =

(
Xτ̂AM

(1)+1, . . . , Xτ̂AM
(2)

)
, . . . ,

B̂l̂n−1 =
(
Xτ̂AM

(l̂n−1)+1, . . . , Xτ̂AM
(l̂n)

)
, B̂

(n)
ln

=
(
Xτ̂AM

(l̂n)+1, . . . , Xn

)
.

where τ̂AM
(1) = inf{t ⩾ 1, X̆t ∈ S̃, Ŷt = 1} and, for j ⩾ 1, τ̂AM

(j+1) =

inf{n > τ̂AM
(j), X̆t ∈ S̃, Ŷt = 1}.

5. Drop the non-regenerative blocks i.e., the first block B̂0, and also the
last block B̂

(n)
ln

if τ̂AM
(l̂n) < n. Sample randomly with replacement

independent blocks B∗
1, . . . ,B

∗
k from the empirical distribution L̂n =

(l̂n−1)−1
∑l̂n−1

j=1 δB̂j
, until l∗(k) =

∑k
j=1 l(B

∗
j) ≥ n. Define l∗n = inf{k ⩾

1, l∗(k) ≥ n}.
6. Construct the bootstrap pseudo-trajectory X∗

n =
(
B∗

1, . . . ,B
∗
l∗n−1

)
by

concatenating the resampled blocks B∗
1, . . . ,B

∗
l∗n

.
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Remark 3.1. We aim to clarify why the approximate regeneration times
of the split chain

(
X̆n, Ŷn

)
also determine the approximate regeneration

times of the original process X. Observe that Xt = αβ⊤Xt−1 + ϵt =

g
(
X̃t−1

)
+ ϵt, for t = 2, . . . , n, where g : Rk → Rd is a linear map. Hence,

the dynamics of X are driven by the reduced process X̃. Therefore, if the
trajectory X̃n is divided into i.i.d. blocks, then the resulting blocks of X are
also i.i.d. Thus, the proposed procedure constructs (asymptotically) i.i.d.
blocks for the original high-dimensional process through regeneration of its
lower-dimensional representation.

In the next subsection, we prove that the approximated regeneration
times obtained by this approximated Nummelin splitting technique converge
to the true regeneration times. This result is fundamental for the asymptotic
validity of the proposed bootstrap procedure.

3.4. Coupling of estimated Markov chain X̃n and the true one Xn

In this section, we demonstrate that the probability of an incorrect split
using

(
X̆n, Ŷn

)
is small and bounded by the rate of convergence of the

estimator pβn(x, y).

Theorem 3.4. Assume that:

1. the assumptions of Theorem 3.2 hold;
2. the small set S̃ satisfies the minorization condition M

(
1, S̃, δ̃, ϕ̃

)
for

some δ̃ and measure ϕ̃;
3. the transition density is estimated by pβn(·, ·) and satisfies (8), (9).

Moreover, its uniform MSE measured by the L∞ loss over the small
set S̃ × S̃, has a rate κn → 0 as n→ ∞, that is,

Eν

 sup
(x,y∈S̃2)

∣∣pβn(x, y)− pβ(x, y)
∣∣2 = O(κn).

Then, the probability that we cut the trajectory at the wrong places can be
bounded as follows

Pν

(
Ŷn ̸= Yn | Xn+1 = xn+1

)
≤
(
δ̃ inf
x∈S̃

ϕ̃(x)

)−1 (
(κn)

1/2 + n−1/2
)
.
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Theorem 3.4 shows that the probability of splitting the "estimated" re-
duced Markov chain at incorrect time points is of order Op

(
n−1/2 + κ

1/2
n

)
.

This rate depends on the uniform rate of convergence of pβn(x, y) to the true
transition density pβ(x, y) in the reduced space, as well as on the parameters
of the minorization condition. Note that κn is the convergence rate of the
transition density for the reduced Markov chain. Hence, it is substantially
faster than the corresponding convergence rate for the original d-dimensional
Markov chain.

3.5. Asymptotic properties of the MARBB
Once we split the realisation Xn into regeneration blocks using Algorithm

3.1, the asymptotic properties of the MARBB are analogous to the asymp-
totic results of the ARBB (see [5], Section 3.5).

3.5.1. Estimators of the mean and variance
In this subsection, we introduce estimators for the mean and variance,

together with their counterparts obtained using the MARBB method.
Let f : Rd → Rq be a µ-integrable function. We are interested in esti-

mating

µ(f) = EAM (τAM)−1E

τAM∑
i=1

f (Xi)

and the covariance matrix of size (q × q)

Σ2
f = EAM(τAM)−1EAM

( τAM∑
i=1

(f(Xi)− µ(f))

)( τAM∑
i=1

(f(Xi)− µ(f))

)⊤ ,
where τAM = inf{t ⩾ 1, (Xt, Yt) ∈ S×{1}} and EAM(·) denotes expectation
conditional on (X0, Y0) ∈ AM = S × {1}. Since the true regeneration times
are unknown, we consider the estimators of asymptotic mean and asymptotic
variance based on the pseudo-regeneration times (i.e., times i when (X̆i, Ŷi) ∈
S̃×{1}), eliminating the first and last approximate blocks. This leads to the
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estimators

µ̂n(f) = n̂−1
AM

l̂n−1∑
j=1

f
(
B̂j

)
, (11)

Σ̂2
n(f) = n̂−1

AM

l̂n−1∑
j=1

(
f(B̂j)− µ̂n(f)l(B̂j)

)(
f(B̂j)− µ̂n(f)l(B̂j)

)⊤
(12)

of µ(f) and Σ2
f , respectively, where n̂

AM
= τ̂AM

(l̂n)− τ̂AM
(1) =

∑l̂n−1
j=1 l(B̂j)

and f(B̂j) =
∑τ̂A(j+1)

i=1+τ̂A(j) f(Xi). In the case where there are no blocks or only
one block (i.e., l̂n ⩽ 1), we assume that both µ̂n(f) and n̂

AM
are equal to 0.

We do not use the observations from the first block to construct these
estimators because the initial block may depend on the initial distribution,
which can introduce significant bias into the computed statistics. Similarly,
the last block, B̂(n)

ln
, may not end within a small set, which could also create

bias due to the discontinuity in the constructed pseudo-trajectory. Never-
theless, the effect of including the first and last block on the statistics is
asymptotically negligible (for further details, see [5]).

3.5.2. Asymptotic results for mean and variance estimator
We now state the asymptotic properties of the estimators introduced in

Subsection 3.5.1. To proceed, we first impose the following assumptions:
H1(f, ρ, ν) : The small set S̃ satisfies

sup
β⊤x∈S̃

Ex

 ∑
i=1,...,τ

S̃

∥f(Xi)∥


ρ

<∞ and Eν

 τ
S̃∑

i=1

∥f(Xi)∥

ρ

<∞.

H2(ρ, ν) : The set S̃ is such that supβ⊤x∈S̃ Ex

(
τ ρ
S̃

)
< ∞ and Eν

(
τ ρ
S̃

)
<

∞. The conditions H1(f, ρ, ν) and H1(ρ, ν) are independent of the specific
choice of the small set S̃. If these assumptions hold for some accessible
small set S̃, then they also hold for all accessible small sets of the chain.
Furthermore, when H1(k, ν) is satisfied, then H1(f ,k, ν) is automatically
fulfilled for any measurable bounded function f (see [5]).

Below, we state the asymptotic properties of the estimators (11) and (12).
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Theorem 3.5. Let the assumptions of Theorem 3.4 hold. Moreover, assume
that H1(f, ρ, ν), H2(ρ, ν) are satisfied for some ρ ≥ 4. Then, we have

Σ̂2
n(f)

Pν−→ Σ2
f and n̂1/2

AM
(µ̂n(f)− µ(f))

d−→ N (0,Σ),

as n→ ∞. If in addition Σ2
f is invertible, then

n̂AM
(µ̂n(f)− µ(f))⊤ Σ̂−1

n (µ̂n(f)− µ(f))
d−→ χ2(q),

as n→ ∞.

3.6. Validity of MARBB
In this subsection, we define the bootstrap versions of the mean and

the variance introduced in Subsection 3.5.1, computed from reconstructed
pseudo-trajectories X∗

n (see Algorithm 3.1). Recall that
(
B∗

1, . . . ,B
∗
ln−1

)
is

a pseudo-trajectory obtained by resampling the approximate regenerative
blocks B̂1, . . . , B̂l̂n−1. Let n∗

AM
=
∑ln−1

j=1 l
(
B∗

j

)
be a length of X∗

n. Then

µ∗
n(f) = n∗−1

AM

l∗n−1∑
j=1

f(B∗
j),

Σ∗2
n (f) = n∗−1

AM

l∗n−1∑
j=1

(
f(B∗

j)− µ∗
n(f)l(B

∗
j)
) (
f(B∗

j)− µ∗
n(f)l(B

∗
j)
)⊤ (13)

are the bootstrap counterparts of the mean and variance estimators, re-
spectively. Define now respectively the distributions of the standardised and
studentized sample means

HU
ν (x) = Pν

(
n̂
1/2
AM

(µ̂n(f)− µ(f)) ≤ x
)
,

HS
ν (x) = Pν

(
n̂
1/2
AM

Σ̂n(f)
−1 (µ̂n(f)− µ(f)) ≤ x

)
.

Using the bootstrap estimators, we derive the corresponding MARBB distri-
butions:

HU
MARBB(x) =P

∗
(
n∗1/2

AM
(µ∗

n(f)− µ̂n(f)) ≤ x | Xn+1

)
,

HS
MARBB(x) =P

∗
(
n∗1/2

AM
Σ∗

n(f)
−1 (µ∗

n(f)− µ̂n(f)) ≤ x | Xn+1

)
.

The following Theorem establishes the asymptotic validity of the MARBB
method, extending the results of ARBB to high dimensions.
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Theorem 3.6. Under the assumptions of Theorem 3.5, we have the following
convergence in Pν-probability

∆U
n = sup

x∈R
|HU

MARBB(x)−HU
ν (x)| → 0, as n→ ∞,

∆S
n = sup

x∈R
|HS

MARBB(x)−HS
ν (x)| → 0, as n→ ∞.

Once we have shown that the approximate regenerative times of the split-
ting chain converge to the true regenerative times (see Theorem 3.4), Theo-
rem 3.6 follows as a natural generalization of the one-dimensional result (see
Theorem 3.3 in [5]) to the multidimensional setting.

It is worth mentioning that the regenerative blocks obtained from the
MARBB algorithm may also be used to derive the distribution of general
statistics, not only the sample mean, which we considered here.

4. Empirical algorithm for choosing a small set

Since the performance of the MARBB algorithm strongly depends on the
choice of a small set for the reduced chain X̃, in this subsection, we propose a
practical data-driven method to select these parameters. A standard choice of
the small set is the hyper-rectangle Vx0(ϵ) =

∏k
j=1

[
x
(j)
0 − ϵ(j), x

(j)
0 + ϵ(j)

]
for a

well-chosen x =
(
x
(1)
0 , . . . , x

(k)
0

)
and ϵ =

(
ϵ(1), . . . , ϵ(k)

)
sufficiently small. As

a minorization measure, we may choose the uniform distribution on Vx0(ϵ)
denoted by UVx0 (ϵ)

. We make the following assumption to ensure that the
process visits the neighbourhood of x0 many times.

Assumption 4. Assume that there exists x0 ∈ Rk, such that pβ(x0, x0) > 0,
and that pβ(x, y) is continuous at (x0, x0).

This assumption is automatically satisfied when the residuals of the
VAR(1) process have a continuous density. The following lemma ensures
that the reduced process satisfies a minorization condition.

Lemma 4.1. Let X̃n be the reduced VAR(1) process satisfying the assump-
tions of Theorem 3.1, and assume that pβn(x, y) satisfies Assumption 4. Then
there exists some δ̃ ∈ (0, 1) such that, for (x, y) ∈ V 2

x0

pβn(x, y) ≥ δ̃

(
k∏

i=1

2ϵ(i)

)−1

. (14)
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The main challenge is to choose x0 and ϵ so as to obtain a large number
of i.i.d blocks. Let us note that if ϵ is too small, then the small set is narrow
and only few visits by the chain occur. On the other hand, increasing the
size of Vx0(ϵ) lowers the uniform lower bound on the transition density (14),
resulting in a decreasing number of pseudo-regeneration times. A strategy,
following [5], is to choose the parameters x0, ϵ, and δ(ϵ) which maximise the
expected number of pseudo-regenerative blocks conditionally to the given
trajectory of the process, that is,

Nn(ϵ) = δ̃

(
k∏

i=1

2ϵ(i)

)−1 n∑
i=1

I
{(
X̃i, X̃i+1

)
∈ Vx0(ϵ)

2
}

pβ (Xi, Xi+1)
.

Since pβ(Xi, Xi+1) and δ̃ are unknown, we replace them by pβ̂n(x, y) and
δ̃(ϵ) = inf(x,y)∈Vx0 (ϵ)

2 pβ̂n(x, y)
∏k

i=1 2ϵ
(i) in the preceeding expression. The

following algorithm summarizes the empirical selection of the small set.

Algorithm 4.1 (MARBB algorithm with empirical choice of the small set).

1. Choose the mean or the median (of each row) for x0.
2. Construct a grid of the sizes of the hyper-rectangle, used for

searching the optimal values of ϵ =
(
ϵ(1), . . . , ϵ(k)

)⊤. Let
G

(i)
ϵ =

{
ϵ(i)(j) : 0 ≤ ϵ(i)(j) ≤ J i, j = 1, . . . , Lϵ} for i = 1, . . . , k,

where Lϵ is the discretisation size and J i are some bounds de-
pending on the range of component i. Then consider Gϵ ={(
ϵ(1), . . . , ϵ(k)

)
, ϵ(i) ∈ G

(i)
ϵ , for i = 1, . . . , k

}
which can be represented

as a matrix of size (Lϵ × k).
3. Compute the estimator pβ̂n(x, y) over the grid (see (6)) and estimate the

minorization parameters δ̃ using Lemma (4.1). Compute the estimated
expectation number of the pseudo-regenerative blocks.

4. Select x∗0 and ϵ∗ which maximise the expected number of the pseudo-
regenerative blocks and keep the corresponding minorization constant
δ∗n = δn(x

∗
0, ε

∗).

5. Future directions

This section discusses the possible extension of our method to semipara-
metric settings. Specifically, we would like to generalize our methodology to
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nonlinear models, with a focus on multiple-index models of the form:

Xt = g
(
β⊤Xt−1

)
+ εt, (15)

where t ∈ N, Xt s a d-dimensional vector, β is (d× k) matrix, g : Rk → Rd,
k ≪ d, and ϵ is a d-dimensional noise vector with distribution Nd (0,Ω).

For this model, our objective remains the same, that is, to estimate the
unknown function g and the matrix β and, then to use β to achieve dimen-
sionality reduction and obtain a k-dimensional Markov chain, X̃ = β⊤Xt

satisfying

β⊤Xt = β⊤g
(
β⊤Xt−1

)
+ β⊤εt.

A particular case of (15) is the single-index model, which has received
considerable attention in the literature (see for example, [13]. The single-
index model is based on β, which is a vector of length d, and g : R → Rd. In
this setting, the vector β enables the construction of a 1- dimensional Markov
chain.

In an ongoing work, we investigate a slight modification of the algorithm
considered here and prove the validity of the regenerative block bootstrap
for both single-index and multiple-index models. The underlying ideas and
the structure of the algorithm remain the same but the proofs are different.

Appendix A. Proofs of the main results

Proof of Theorem 3.1. Throughout the prood, let ∥F∥op = σmax (F), where
σ denotes the largest singular value of F, and ∥·∥op is the operator norm.
Using the property of the Frobenius norm, we bound the MSE

E

∥∥∥∥β⊤Xn −
(
β̂n

)′
Xn

∥∥∥∥
F

≤ E

[∥∥∥∥β⊤ −
(
β̂n

)′∥∥∥∥
F

∥Xn∥F
]
.

By the Cauchy- Schwarz inequality, we obtain that

E

[∥∥∥∥β⊤ −
(
β̂n

)′∥∥∥∥
F

∥Xn∥F
]2

≤ E

∥∥∥∥β⊤ −
(
β̂n

)′∥∥∥∥2
F

E ∥Xn∥2F .

Under the assumptions that E ∥Xn∥2F < ∞, it is enough to show that

E

∥∥∥∥β⊤ −
(
β̂n

)′∥∥∥∥2
F

< ∞. To achieve this, let us recall that
(
β̂n

)′
= V̂D̂

1/2

k ,
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α̂n = ÛD̂
1/2

k and α = UD1/2, β⊤ = VD
1/2
k (see Subsection 3.1). By the Sin-

gular Value Decomposition, there exist orthogonal matrices Ô1, Ô2 ∈ Rd×d

(see [21], page 10), such that Ô⊤
1 V̂

⊤VÔ2 = diag (cos θ1, . . . , cos θd), where
θ1, . . . , θd are the principal angles between the column space of V and V̂.
Let Ô = Ô1Ô

⊤
2 and from the property of orthogonality, we can write(

β̂n

)′
= V̂Ô

⊤
1 Ô1D̂

1/2
k = V̂1D̂1 and β⊤ = VÔ

⊤
2 Ô2D

1/2
k = V̂2D̂2,

where V̂1 = V̂Ô
⊤
1 , D̂1 = Ô1D̂

1/2
k , V̂2 = VÔ

⊤
2 and D̂2 = Ô2D

1/2
k . Then, we

have that∥∥∥∥β⊤ −
(
β̂n

)′∥∥∥∥
F

=
∥∥∥V̂1D̂1 − V̂2D̂2

∥∥∥
F
=
∥∥∥V̂1ÔÔ

⊤
D̂1 − V̂2D̂2

∥∥∥
F

≤
∥∥∥(V̂1Ô− V̂2

)
Ô⊤D̂1 + V̂2Ô

⊤D̂1 − V̂2D̂2

∥∥∥
F

≤
∥∥∥V̂1Ô− V̂2

∥∥∥
F

∥∥∥Ô⊤
∥∥∥
F

∥∥∥D̂1

∥∥∥
F
+
∥∥∥V̂2

∥∥∥
F

∥∥∥Ô⊤D̂1 − D̂2

∥∥∥
F
.

(A.1)

Let us note, that
∥∥∥Ô⊤

∥∥∥
F
= 1 and

∥∥∥V̂2

∥∥∥
F
≤ 1. For the first term of (A.1)

we use Theorem 4 from [21] and the assumption on singular values assumed
in Theorem 3.1. This gives us the result for c := l − m + 1, where m, l ∈
{1, 2, . . . , k} are fixed such that m ≤ l and min

(
σ2
m+1 − σ2

m, σ
2
l − σ2

l+1

)
> 0

that∥∥∥V̂Ô− V̂2

∥∥∥
F

(A.2)

≤
23/2

(
2σ1 +

∥∥∥F− F̂n

∥∥∥
op

)
min

(
d1/2

∥∥∥F− F̂n

∥∥∥
op
,
∥∥∥F− F̂n

∥∥∥
F

)
min

(
σ2
m−1 − σ2

m, σ
2
l − σ2

l+2

) . (A.3)

From the CLT for the F̂n (see, Proposition 2, point 4), we have that∥∥∥F− F̂n

∥∥∥
op

= OP

(
n−1/2

)
and

∥∥∥F− F̂n

∥∥∥
F

= OP

(
n−1/2

)
. Under the as-

sumptions on singular values given in Theorem 3.1 there exists some positive
constant C4, such that min

(
σ2
m+1 − σ2

m, σ
2
l − σ2

l+1

)
= C4 > 0. Thus,∥∥∥V̂Ô− V̂2

∥∥∥
F
=
C1(C2 +OP (n

−1/2))C3OP (n
−1/2)

C4

= OP

(
n−1/2

)
,
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where Ci, i = 1, . . . , 4 are some positive constants. Furthermore, using the
fact that the Frobenius norm of any orthogonal matrix is equal to 1 and
using the definition of the Frobenius norm, the TSVD decomposition of the

matrix F̂n = ÛD̂kV̂
⊤ satisfies

∥∥∥F̂n

∥∥∥2
F
=
∥∥∥D̂k

∥∥∥2
F
. Thus, the second term of

(A.1) is equal to∥∥∥D̂1

∥∥∥
F
=
∥∥∥Ô1

∥∥∥
F

∥∥∥D̂1/2
k

∥∥∥
F
=
∥∥∥F̂n

∥∥∥
F

=
∥∥∥F̂n − F+ F

∥∥∥
F
≤
∥∥∥F̂n − F

∥∥∥
F
+ ∥F∥F ≤ OP

(
n−1/2

)
+ C5,

where C5 is some positive constant. Since the process Xn is second-order
stationary and the matrix F has all singular values smaller than 1, then
∥F∥F ≤ C5 <∞. Finally, the last term of (A.1) is equal to∥∥∥Ô⊤D̂1 − D̂2

∥∥∥
F
=
∥∥∥Ô2Ô

⊤
1 Ô1D̂

1/2
k − Ô2D̂k

∥∥∥
F

=
∥∥∥Ô2

∥∥∥
F

∥∥∥D̂1/2
k − D̂k

∥∥∥
F
=
∥∥∥F̂n − F

∥∥∥
F
= OP

(
n−1/2

)
.

Therefore, we obtain E

∥∥∥∥β⊤ −
(
β̂n

)′∥∥∥∥
F

= OP

(
n−1/2

)
.

Proof of Theorem 3.2. We have to prove that the k-dimensional Markov
chain X̃ = β⊤Xt = β⊤αβ⊤Xt−1+β

⊤ϵt is ψ-irreducible and positive recurrent.
Notice that X̃ is now a VAR(1) model of the form X̃ = β⊤αX̃t−1 + β⊤ϵt.
To prove irreducibility and positive recurrence, we essentially have to prove
that the residuals here are non-degenerate and that the eigenvalues of β⊤α
are smaller than 1.

Firstly, recall that under Assumption 3 the ϵt has a continuous distri-
bution fϵ, satisfying fϵ(y) > 0, where y ∈ Rd. Thus, the β⊤ϵt also has a
non-degenerate distribution with a continuous part, else it would mean that
the components are linked, and hence the covariance matrix is not invertible.

Secondly, we demonstrate that if the characteristic polynomial associated
to the matrix F = αβ⊤ has roots outside the unit circle, this is equivalent to
the fact that the characteristic polynomial of the matrix G = β⊤α also has its
roots outside the unit circle. Let us note that if the polynomial det (Id − Fλ)
has roots outside the unit circle, then equivalently 1

λ
∈ σ (F), where σ (·) is

a spectrum of the matrix.
Therefore, we need to show that 1

λ
∈ σ (F) ⇔ 1

λ
∈ σ (G) .
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(⇒) There exists vector v ̸= 0, such that αβ⊤v = 1
λ
v. Consequently, we

have β⊤αβ⊤v = 1
λ
β⊤v. Note that ṽ = β⊤v is a nonzero vector. If β⊤v = 0,

then the previous equation would become 0 = 1
λ
β⊤v, which implies v = 0 or

β⊤ = 0. Both cases lead to a contradiction. Then, we have Gṽ = 1
λ
ṽ. Thus,

1
λ
∈ σ (G). Now let⊤sprovethereverseimplication.Thereexistsvectorw̸= 0,

such that β⊤αw = 1
λ
w. Consequently, αβ⊤αw = 1

λ
αw. Let w̃ = αw

be a nonzero vector. Then, we get Gw̃ = 1
λ
w̃. Finally, we obtain that

det (Id − λF) = 0 ⇔ det (Id − λG) = 0. Therefore, the process X̃t is irre-
ducible, positive recurrent (and thus causal) and second-order stationary.

Proof of lemma 3.3. We now derive L2 uniform bound estimation for
pβ̂n(x, y) − pβn(x, y) over the small set S̃ × S̃ using the mean value theorem.
We have by the Cauchy-Schwarz inequality

E sup
x,y∈S̃

∣∣∣pβ̂n(x, y)− pβn(x, y)
∣∣∣ ≤ E sup

x,y∈S̃

∥∥∥∥∂pβn∂β
|β=β̃

∥∥∥∥
F

∥∥∥β̂ − β
∥∥∥
F

≤

E

(
sup
x,y∈S̃

∥∥∥∥∂pβn∂β
|β=β̃

∥∥∥∥
F

)2
1/2(

E
(∥∥∥β̂ − β

∥∥∥
F

)2)1/2

,

where β̃ ∈
(
β, β̂n

)
, what can be understood as β̃i,j ∈

(
βi,j, β̂ij

)
for i =

1, . . . d, j = 1, . . . , k and where (·)i,j denotes the element from the i-th row

and j-th column. Since we assumed in (4) that
∥∥∥∥[β̂⊤

n

]
j

∥∥∥∥ ≤ 1, for j = 1, . . . , k,

then ∥∥∥β̃∥∥∥2
F
≤

k∑
j=1

∥∥∥∥[β̃]
j

∥∥∥∥2
2

≤
k∑

j=1

∥∥∥∥[β̂]
j

∥∥∥∥2 ≤ k,

where k is a fixed number. Moreover, since (x, y) ∈ S̃2, which is a com-
pact set and the kernel function is a Gaussian kernel, which is an absolutely
continuous function, then the derivative ∂pn

∂β
is bounded by some constant.

From Theorem 3.1, the second term E
∥∥∥β̂ − β

∥∥∥2
F

is OP (n
−1). Finally, we

have E
(
supx,y∈S̃

∣∣∣pβ̂n(x, y)− pβn(x, y)
∣∣∣) = OP

(
n−1/2

)
.

Proof. Proof of Theorem 3.4
The proof is similar to the proof of Theorem 3.1 in [6], although we use
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pβ̂n(x, y) instead of pβn (x, y). By τS = τS(1) = inf{t ≥ 1, Xt ∈ S} and τS(j) =
{t > τS(j − 1), Xt ∈ S} we denote the first and subsequent visiting times to
the small set S. Let us take Xn =

(
X1, . . . , XτS , . . . , XτS(Ln), . . . , Xn

)
, where

Ln =
∑n

i=1 I {Xi ∈ S} is the number of visits to the small set by the chain.
Let us write the distribution of (Yi) when the Markov chain is in small set
as follows

YτS(k) ∼ Ber
(
δϕ
(
XτS(k)+1

)
/pβ

(
XτS(k), XτS(k)+1

))
,

ŶτS(k) ∼ Ber
(
δϕ
(
XτS(k)+1

)
/pβ̂n

(
XτS(k), XτS(k)+1

))
, for i ∈ [1, n]

Let us consider two cases. Firstly, if pβ
(
XτS(k), XτS(k)+1

)
⩽

pβ̂n
(
XτS(k), XτS(k)+1

)
, then we have

P (ŶτS(k) = 0, YτS(k) = 1 | Xn+1) =
δϕ
(
XτS(k)+1

)
pβ
(
XτS(k), XτS(k)+1

) − δϕ
(
XτS(k)+1

)
pβ̂n
(
XτS(k), XτS(k)+1

) ,
P (ŶτS(k) = 1, YτS(k) = 0 | Xn+1) = 0, for k ∈ {1, . . . , Ln}.

In the second case, if pβ
(
XτS(k), XτS(k)+1

)
≥ pβ̂n

(
XτS(k), XτS(k)+1

)
, we have

P (ŶτS(k) = 1, YτS(k) = 0 | Xn+1) =
δϕ
(
XτS(k)+1

)
pβ̂n
(
XτS(k), XτS(k)+1

) − δϕ
(
XτS(k)+1

)
pβ
(
XτS(k), XτS(k)+1

) ,
P (ŶτS(k) = 0, YτS(k) = 1 | Xn+1) = 0, for k ∈ {1, . . . , Ln}.
Following Nummelin⊤sconstruction, ifthechainisnotinthesmallset, thentakei ∼
Ber(δ). Therefore, by combining the two cases considered above, we can
compute the probability of missing the true generation times as follows

P
(
ŶτS(k) ̸= YτS(k) | Xn+1

)
=

∣∣∣∣∣ δϕ
(
XτS(k)+1

)
pβ
(
XτS(k), XτS(k)+1

) − δϕ
(
XτS(k)+1

)
pβ̂n
(
XτS(k), XτS(k)+1

)
∣∣∣∣∣ a.s., for 1 ⩽ k ⩽ Ln.

Let us note that if we are in the next step k+1 in the small set, then we can
obtain the following approximation∣∣∣∣∣ δϕ (Xk+1)

pβ (Xk, Xk+1)
− δϕ (Xk+1)

pβ̂n (Xk, Xk+1)

∣∣∣∣∣
≤ I {Xk+1 ∈ S}

∣∣∣∣∣pβ̂n
(
Xk, Xk+1)− pβ(Xk, Xk+1

)
pβ (Xk, Xk+1)

∣∣∣∣∣ ,
24



since δϕ(Xk+1)

pβ̂n(Xk,Xk+1)
> 1. Next, from Lemma 3.3 and the condition 3 from the

Assumption 3 of Theorem 3.4 we obtain

sup
(Xk,Xk+1)∈S̃2

∣∣∣pβ̂n (Xk, Xk+1)− pβ (Xk, Xk+1)
∣∣∣

≤ sup
(Xk,Xk+1)∈S̃2

∣∣∣pβ̂n (Xk, Xk+1)− pβn (Xk, Xk+1)
∣∣∣

+ sup
(Xk,Xk+1)∈S̃2

∣∣pβn (Xk, Xk+1)− pβ (Xk, Xk+1)
∣∣ ≤ (κn)

1/2 + n−1/2.

Moreover, under the condition (8), we obtain the desired bound, which ends
the proof.

Proof. Proof of Lemma 4.1
Since pβ(x0, x0) > 0 for some x0 ∈ Rk (Assumption 4), the transition
density function is positive in a neighbourhood Vx0(ϵ) = [x0 − ϵ, x0 + ϵ]k,
where ϵ > 0 is small. Thus, there exists some δ ∈ (0, 1), such that
inf(x,y)∈Vx0 (ϵ)

2 pβ(x, y) ≥ δ. Consequently, for fixed small set Vx0(ϵ) we get

pβ(x, y) ≥ δ. Therefore, pβ(x, y) ≥ δ̃
(∏k

i=1 2ϵ
(i)
)−1

I {(x, y) ∈ Vx0(ϵ)
2} ,

where, for a fixed ϵ and x0, we put δ̃ = δ
∏k

i=1 2ϵ
(i) and choose the mi-

norization condition M
(
1, Vx0(ϵ), δ̃,UVx0 (ϵ)

)
.
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