N

N

Strong rate of convergence in the Smoluchowski-Kramers
approximation for stochastic partial differential equations
Charles-Edouard Bréhier, Ziyi Lei

» To cite this version:

Charles-Edouard Bréhier, Ziyi Lei. Strong rate of convergence in the Smoluchowski-Kramers approximation
for stochastic partial differential equations. 2026. <hal-05552960)

HAL Id: hal-05552960
https://hal.science/hal-05552960v1

Preprint submitted on 14 Mar 2026

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

QoL
Distributed under a Creative Commons CC BY-NC-SA 4.0 - Attribution - Non-commercial use - ShareAlike -
International License


https://hal.science/hal-05552960v1
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://hal.archives-ouvertes.fr

STRONG RATE OF CONVERGENCE IN THE SMOLUCHOWSKI-KRAMERS
APPROXIMATION FOR STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS

CHARLES-EDOUARD BREHIER AND ZIYI LEI

ABsTracT. We consider a class of stochastic damped semilinear wave equations, in the small-mass limit.
It has previously been established that the solution converges to the solution of a stochastic semilinear heat
equation. In this work we exhibit a rate of convergence in this Smoluchowski—-Kramers approximation result,
which is shown to depend on the regularity of the noise. For instance, for trace-class noise the strong rate
of convergence is 1, and for space-time white noise (in dimension 1) the strong rate of convergence is 1/2.

1. INTRODUCTION

In this work, we are interested in establishing rates of convergence in the Smoluchowski—Kramers approx-
imation for the following class of stochastic partial differential equations:

(1) 20uu(t,x) = Agus(t,x) — dpus(t, ) + f(u(t,z)) + WQ(t7.%'),

for t > 0 and z € D < R? (d € N), with homogeneous Dirichlet boundary conditions, and initial values
u®(0,2) and v¢(0,2) = Jwu(0,z). The nonlinearity f is assumed to be a globally Lipschitz continuous
mapping. Finally, the evolution is driven by Gaussian noise which is white in time and possibly colored in
space, with a covariance operator denoted by Q.

As explained below, we consider (1) and other stochastic partial differential equations, as stochastic
evolution equations with solutions taking values in Hilbert spaces. We refer for instance to the more rigorous
formulation (21) of (1) in Section 2.2. In that setting, the evolution is driven by a Q-Wiener process.
It is assumed that the covariance operator ) commutes with the linear second-order operator driving the
evolution (A, with homogeneous Dirichlet boundary conditions for (1) and (2)).

The Smoluchowski-Kramers approximation result provides convergence of u¢ to the solution u° to the
semilinear heat equation

(2) ol (t,2) = Agul(t, ) + f(ul(t, x)) + WO(L, ),

for t > 0 and x € D, with homogeneous Dirichlet boundary conditions and initial value u°(0, z) = liH(l) u(0, x).

The literature contains many results on such convergence results for various stochastic partial differential
equations. We refer to the seminal articles [5, 4] by Cerrai and Freidlin, and to [25, 11, 7, 6, 10, 9, 8, 23, 32| for
more articles on the Smoluchowski-Kramers approximation for stochastic partial differential equations and
infinite dimensional stochastic systems, and to the recent preprint [17]. Many recent works have been devoted
to analyze systems with constraints [2, 15], and systems with non-constant friction [3, 14, 13, 12], following
the works [18, 19, 16] for stochastic differential equations. We also refer to the recent articles [1, 27, 29, 22, 28]
and preprints [26, 24, 21, 31, 20, 30] for an overview of recent activity on proving Smoluchowski—Kramers
approximation results for stochastic differential equations of different types.

To the best of our knowledge, rates of convergence in the Smoluchowski—-Kramers approximation for
stochastic partial differential equations have not been exhibited so far. The objective of this work is to
provide strong rates of convergence.

For the system (1), the main result of this work can be described as follows. Let 8 = 1 if the equation
is driven by trace-class noise, and § = 1/2 if the equation is driven by space-time white noise in dimension
d =1 (see Assumption 2.3 for a more general version). Under appropriate conditions on the initial values
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and on the nonlinearity, one has the following convergence result: for all T € (0,00) and « € (0, ), there
exists C(T') € (0, 0) such that one has

3) sup  (Effu(t,) — u°(t, )72 (p)])
te[0,T]

=

< Co(T)e”.

We refer to Theorem 1 in Section 3 for a more rigorous and general statement of our main result, using the
notation and assumptions introduced in Section 2.

Therefore, according to the strong error estimates (3), the strong rate of convergence in the Smoluchowski—
Kramers approximation is the parameter § which describes the spatial regularity of the noise.

In the near future, this manuscript will be completed with weak error analysis. Under appropriate
conditions, we will prove that the weak order is equal to 1 for the system (3) driven by either trace-class
noise (8 = 1) or by space-time white noise in dimension d = 1 (8 = 1/2). More generally, the strong and
weak orders of convergence are equal to 8 and to min(23, 1) respestively. The weak error analysis exploits
many of the auxiliary properties obtained below (in Section 5), and additional auxiliary results, especially on
Kolmogorov equations. Note that the situation may differ from the analysis of the Smoluchowski-Kramers
approximation for finite-dimensional stochastic differential equations, where both strong and weak rates of
convergence are equal to 1.

This manuscript is organized as follows. Section 2 provides the necessary notation and assumptions, and
contains a description of the considered stochastic evolution equations. The main result, Theorem 1, is
stated in Section 3. Section 4 presents technical properties of the semigroup associated with the heat and
the damped wave equations, where the dependence with respect to the parameter e is analyzed carefully.
Section 5 is devoted to present moment bounds and regularity properties of solutions to the stochastic
partial differential equations (1) (uniformly with respect to €) and (2). The proof of Theorem 1 is provided
in Section 6.

2. PRELIMINARIES
2.1. Setting.

2.1.1. Notation. Let d € N be a positive integer and let D — R¢ be an open bounded domain with polygonal
boundary oD, for instance D = (0,1)?%. Define the separable Hilbert space H = L?(D). The inner product
and the norm in H are denoted by {-, >y and || - |z respectively. Owing to the Riesz theorem, the dual space
of H is identified with H.

Let us denote by —A the Laplace operator endowed with homogeneous Dirichlet boundary conditions.
Then A is a self-adjoint unbounded linear operator from H to H, with domain D(A) = H?(D) n Hg (D), and
there exists a complete orthonormal system (e, ) . of H and a nondecreasing sequence (\,) _. of positive
real numbers such that one has

(4) Ae, = N\ e,.

Note that the eigenvalue A, is positive. In addition, there exists cy 4 € (0,00) such that A, ~ CA,an/d when
n — oo.
For any nonnegative real number « € [0, 00), define

[e0]
H® ={ue H,; Z N, en Yo < o0}
n=1
Moreover, for all uy,us,u € H®, set
0 [e¢]
<u17u2>H"‘ = 2 Ag<ulven>H<u276n>H7 HUH%Q = <u’u>H°‘ = Z A%<uven>§{'
n=1 n=1

For any « € [0, ), the space H®, equipped with the inner product (-, )« and the norm |||z, is a separable
Hilbert space.
For any nonnegative real number « € [0, 00), the space H ™ is defined as the closure of the space

[ee]
{ue H; Y A% u,en)y < o0},

n=1
2



with inner product (-, Y-« and norm | - |-« defined as follows: for all uy,ug,u € H™%, set

0 a0
<u17u2>H*°‘ = Z A;a<ulaen>H<u236n>Hv HUJH%{—W = <u7u>H*°‘ = Z )\’:La<u’ en>%—[
n=1 n=1

For any « € [0,), the space H~“ equipped with the inner product {-, Y-« and the norm |- |-« is a
separable Hilbert space. It can be identified with the dual space of H®. Note also that H® = H.
For any real number a € R, introduce the product space
HY = H* x H* L.

Moreover, for all z1 = (u1,v1), 22 = (ug,v2),z = (u,v) € H*, define

(T1,T2)pe = <(U1a’01), (U2,”02)>Ha = (uy, ugyge + V1, v2) a1,

HxH'QHO‘ = <JJ,.’IJ>’H<1 = <(u,v), (U,’U)>,Ha = HUH%IO‘ + H’UH%{a*L
For any a € R, the space H®, equipped with the inner product {:, )« and the norm | - |y, is a separable
Hilbert space. When « = 0, the notation H = H°, (-, )3 = (-, )0 and | - ||z = | - | o is used in the sequel.

Observe that if a; < ag, one has H*?> < H* and H* < H*', with continuous embeddings: for all
u € H*? and all x € H*?, one has

(5) Jumes < Ay lulges s e <A 2

ag—ag ag—aq
2

(E4 2

Let @ € R be an arbitrary real number. Define the projection operators Il,,: H* — H® and II,: H* —
H*~! such that for all (u,v) € H® one has

(6) I, (u,v) = u and II,(u,v) = v.

The operators II,, and II, depend on «, however the dependence is omitted to simplify notation. Note that
for all @ € R and all = (u,v) € H®, one has

(7) ([T e, [z yro ) < o
For all a € R, let the linear operator A® be defined as follows: for all u € H?*, set
A%y = Z Ao, enypen.
neN

For any positive real number a € (0, ), the linear operator A* is unbounded from H to H, and has domain
D(A%) = H?*. Moreover, for all u € H?*, one has |[A%u|y = |u]g2a.
For any € € (0, 0), the linear operator A, defined as follows: for all a € R and for all = (u,v) € H?, set
A
(®) Aa=(2-—-5

€ € €2

)eHh

Note that the linear operator A, can be considered as an unbounded linear operator on A with domain #!.

2.1.2. Semigroups. The linear operator A generates a semigroup (e*“\)po of bounded linear operators,
defined as follows:
(9) ety = Z e lu ey dpen, Vt=0, VYwueH,

neN

where for all n € N the mapping ¢ — u, (t) := e *»{u, e,y is the solution of the linear ordinary differential
equation

u, (t) = =Apun(t), t=0; un(0) = {u,en).
In addition, for any € € (0, 0), the linear operator A. generates a semigroup (e'<), _ ~of bounded linear
operators, defined as follows:

(10) eter = Y (feen gaten),  V1=0, Va=(u0v)eH,
neN

3



where for all n € N the mapping ¢t — (f5(t),g5(t)) is the solution of the linear two-dimensional system of
ordinary differential equations

o G- (4 )G - (o) oo (B0)-(22)

7tA)

Properties of semigroups (e and (etAE)t> are studied in Section 4.1 and Section 4.2 respectively.

t=0 0

2.1.3. Nonlinearity. The nonlinearity is given by a mapping f : u € H — f(u) € H. Given such a function
f, the mapping F : H — H! is then defined as follows: for all (u,v) € H,

(12) F(u,v) = (0, f(u)).
First, the mapping f is assumed to satisfy the following Lipschitz continuity condition.

Assumption 2.1. The mapping f is globally Lipschitz continuous, with Lipschitz constant Ly: one has

L wp W) =l
u1,u2€H,u1 #uz Hu2 - U1||H

€ [0, ).

In particular, observe that f : H — H has at most linear growth. Moreover, note that under Assump-
tion 2.1, the mapping F' : H — H is also globally Lipschitz continuous. Indeed, using the definitions of the
norms | - | and | - || and the inequality (5), for all 21 = (u1,v1), 22 = (uz2,v2) € H, one has

_1 _1 L L
|wwa—ﬂmwy<a%wua—mﬁmw<Aﬁwwa—ﬂme<7%mrwstV%Mme%

Supplementary regularity conditions are imposed on the nonlinearity f.

Assumption 2.2. The mapping f : H — H is 4 times Fréchet differentiable, with bounded derivatives of
order 1 to 4. For all k € {1,2,3,4}, set

k
|D*f (). (- .., he)|
R ;ueHhh...,heEH\{o} Tl Tl < 0™

where D'f denotes the Fréchet derivative of f of order (.
In addition, it is assumed that f(H') < H' and that f : H' — H*' has at most linear growth, i.c., there
exists C1 € (0,00) such that for all we H' one has

(13) [f @) < Ca(l+ [ufem),
and that for all a € (0,1), all £ € (0,1 — ], there exists Cy e € (0,00) such that for all u e H** ¢ one has
(14) [f )z < Coe (L + ulprase)-

Finally, for all a € [0,1/2), there exists Cy, € (0,00) such that for all uy,us € H* one has

(15) [f(uz2) = fur)| -1 < Ca(L+ [ualre + [uz] o) Juz — ur] o

Note that the condition (15) from Assumption 2.2 implies the following additional regularity result: if
B e [4,1], for all uy,us € H?, one has

(16) [f(u2) = fun)l -+ < Co(L+ lurl o + [uzlprs) [uz — ua ] gro-r.

That result follows from applying (15) with o = 1 — 3 € [0, 3], noting that 8 > 1 — 3 and using the
inequality (5).
4



2.1.4. The Wiener process. Let (Q, F,P) be a probability space, where the expectation operator is denoted
by E[]. A filtration (F;),, satisfying the usual conditions is considered. Let (8),. be a family of
independent standard real-valued Wiener processes, adapted to the filtration (}"t) 0"
Given a sequence (qn)neN of nonnegative real numbers, let us define for all ¢ > 0

(17) WO(t) = 3 V/anBu(t)en-

neN
The stochastic process (W%(t));=0 is then a Q-Wiener process, with the covariance operator @ defined by
Qh = Z Qn<h7 en>Hen~
neN

More precisely, the following conditions are imposed.

Assumption 2.3. The sequence (qn) is bounded. Moreover, there exists B € (0,1] such that, one has

neN

(18) 2 @\ <o, Vael0,3).

neN

Under Assumption 2.3, the covariance operator ) is a bounded linear self-adjoint operator on H. In

addition, its square root Q% is defined as the bounded linear operator on H given by
1
Qh =Y i, (henyen,  ¥heH.
neN
The condition (18) can then be rewritten as
a—1 1 a—1 1 _
A= Q2 N,y = 2 1A Qenllfy = Y, anXi T < o0
neN neN

where L£5(H) denotes the space of Hilbert—Schmidt operators from H to H, and || - |z,(z) denotes the
associated norm. The condition (18) ensures that the Wiener process (W<(t)),., takes values in H*~' for
all a € [0, 8).

In addition, note that the covariance operator () commutes with the linear operator A.
The stochastic evolution equation considered in this paper is driven by the H-valued Wiener process

(WQ(t))t>O given by
(19) W) = (0,WO1) = > \/@nBa(t)(0,en), V1t =0.

neN
Under the condition (18), the Wiener process (W% (t))t>0 takes values in H® for all a € [0, 3). Moreover,
for all a € [0, 8) and p € [1, ), there exists Cy p € (0,00) such that for all ¢ > s > 0 one has

(20) E[[WE(t) = W(s) ] = Caplt = 5)%.

For instance, one may consider the identity operator = I in dimension d = 1, in which case the
condition (18) is satisfied with 3 = 1/2. If Q is a trace-class operator, i.e. if >~ | g, < o0, then the
condition (18) is satisfied with g = 1.

2.2. Stochastic partial differential equations. The aim of this article is to study the behavior when
€ — 0 of the solution of the stochastic semilinear damped wave equation driven by additive noise

dus(t) = =

dt, t =0,

dv(t) = (—AL“) - %t))dt + Mdt + %dWQ(t), t>0,

€
u(0) = ug, v(0) = vg.

(21)

The linear operator A, the mapping f and the Wiener process (W%(t)),_, are described in Section 2.1. For

all € € (0,1), the unknowns (uf(t));=0 and (v¢(t))¢=0 are H and H!-valued continuous stochastic processes,
adapted to the filtration (F;) +>o- The initial values uj € H and vj € H ~! are Fop-measurable random
5



variables and are thus independent of the Wiener process (WQ (t)) They are allowed to depend on e,
more precise conditions are given below.
Employing the notation introduced in Section 2.1, the stochastic evolution system (21) can be equivalently

rewritten as the stochastic evolution equation for the unknown X<(¢) = (u(t),v(t)) e H

t=0"

dX€(t) = AXC(t)dt + 1F(Xf(f))dt + 1dWQ(t), t>0,
€ €
X(0) = =5,

(22)

with A, given by (8), F' given by (12) and the Wiener process (WQ(t))tzo given by (19). For all € € (0, 1),
the initial value is given by x§ = (u§,v§) € H. For all € € (0,1), the unknown (X¢(t));>0 is a H-valued
continuous stochastic process, adapted to the filtration (}-t)tzo'

Recall that a H-valued stochastic process (X(t)),_, (adapted to the filtration (F;),_ and with contin-

20 20
uous trajectories) is a mild solution of the stochastic evolution equation (22) with initial value X¢(0) = x§,

if for all ¢ > 0 almost surely one has

I I
(23) Xe(t) = etAexs + = f e(=)AP(X<(s)) ds + J et=3)4e W9(s),
€ Jo € Jo
where (e?4);>¢ is the semigroup generated by the linear operator A, given by (10), see Section 2.1.2.
For all e € (0,1) and all ¢ > 0, set

t
(24) Z(t) = H et=94 Q).
0

The process (Z¢(t)) i 18 called the stochastic convolution. Under Assumption 2.3, it will be seen below
that this process is a Gaussian continuous H-valued stochastic process. In addition, the mapping F': H — H
is globally Lipschitz continuous, therefore by a standard fixed point procedure, it is straightforward to prove
that for all € € (0, 1), there exists a unique global mild solution (23) of the stochastic evolution equation (22).
More details, in particular regularity properties and moment bounds, are provided in Section 5 below. It is
worth mentioning that properties which are uniform with respect to € € (0,1) are required, and obtaining
them requires to employ the results presented in Section 4.

When € — 0, assuming that u§ — uJ in H, then for all ¢ > 0, u(t) = I, X°(¢) converges to the solution
u®(t) at time t of the stochastic semilinear heat equation driven by additive noise

{duo(t) = —AuC(t)dt + f(u®(t))dt + dW (),

(25) u®(0) = .

The objective of this article is to provide strong error estimates, see Section 3 for a precise statement.

Recall that an H-valued stochastic process (uo(t))t>0 (adapted to the filtration (]:t)t>0 and with contin-
0

uous trajectories) is a mild solution of the stochastic evolution equation (25) with initial value u°(0) = u,
if for all ¢ > 0 almost surely one has

1 i
(26) u’(t) = e Mu + f e (=N £ (u0(s)) ds + f eI g Q(s),
0 0
where (e7*});¢ is the semigroup generated by the linear operator —A, given by (9), see Section 2.1.2.
For all t > 0, set
t
(27) Z(t) = f e~ =D g Q).
0

The process (Z(t)) /0 18 called the stochastic convolution. Under Assumption 2.3, it will be seen below that
this process is a Gaussian continuous H-valued stochastic process. In addition, the mapping f : H — H
is globally Lipschitz continuous (see Assumption 2.1), therefore by a standard fixed point procedure, it is
straightforward to prove that there exists a unique global mild solution (26) of the stochastic evolution
equation (25). We refer to Section 5 for additional details, in particular on regularity properties and moment
bounds.



3. MAIN RESULTS
Before stating the main result, let us provide assumptions in the initial values z§ = (u§, v§).

Assumption 3.1. For all a € [0, 3), there exists M, € (0,0) such that

(28) sup E[|z§[3,.] < Ma,
e€(0,1)
(29) E[Juf — up|H] < Ma€®®, ¥V e€(0,1),.

Note that under Assumption 3.1, owing to the Fatou lemma, for all a € [0, 3) one obtains
(30) EfJuglFre] < M.

Theorem 1. Let Assumptions 2.1, 2.3 and 3.1 be satisfied.
For all T € (0,0) and « € [0,8) (where 8 € (0,1] is given by the condition (18) from Assumption 2.3),
there exists Cy(T) € (0,00) such that for all e € (0,1) one has
1
(31) sup (E[[u(t) —u’(#)|3])* < Ca(T)e™.

0<t<T

4. AUXILIARY RESULTS

This section presents several auxiliary results which play important roles in the error analysis.

4.1. Properties of the heat semigroup. Let us first recall standard properties concerning the heat semi-
group (e_tA)t>0 defined by (9) in Section 2.1.2.

Lemma 4.1. For all a e R, allue H* and all t = 0, one has
(32) le™ ul e < e ul .

In addition, the following smoothing property is satisfied: for all o = 0, there ewists Cy, € (0,00) such that
for allt > 0 and all we H one has

(33) le™ulzra < Cat™% ul -
The results stated in Lemma 4.1 are standard and the elements of proof below are given for completeness.

Proof of Lemma 4.1. First, owing to the definitions (9) of e=**u and of the norm || - | g= on H® (see Sec-
tion 2.1.1), one obtains

0 [ee]
le™ M ullFre = 35 Ane M Cusenyy < €PN Y AT en)y = € e
n=1 n=1
This concludes the proof of (32). In order to prove (33), note that for all & > 0 the mapping z > 0 — x%e™*
is bounded. As a result, there exists C,, € (0,0) such that for all uw € H and all ¢ > 0 one has

0 0
le™ M ulfe =7 Dt Ave T Cu, ey < ot~ Y (uyen)ty = Cat™*|uly

n=1 n=1

This concludes the proof of (33). The proof of Lemma 4.1 is thus completed. O

4.2. Properties of the damped wave semigroup. The objective of this section is to study properties of
the damped wave semigroup (e'<),_ ' given by (10) in Section 2.1.2. The main difficulty is to obtain upper
bounds which are either uniform with respect to the parameter € € (0,1), or which contain terms which
vanish when ¢ — 0. We obtain variants of the smoothing property (33).

First, the semigroup satisfies the following bounds which are uniform with respect to ¢ € (0,1) and
t € [0,0).

Lemma 4.2. For all « € R and all x € H®, one has

(34) sup sup |lef ez < |)|pa.
cc(0,1) t=0

7



Proof of Lemma 4.2. Recall that for all 2 = (u,v) € H* and all ¢ > 0 one has
etea =3 (e (t)en, g (b)en)

neN

where for all n € N the mapping t = 0 — (f<(¢), g5 (t)) solves (11).

n
Let n € N. Observe that f +— f<(t) solves the second-order linear differential equation

(35) E(f2)" (1) + (f2)' () + Anfr(t) = 0.
It then follows that one has
62% (Fr @)1+ 2|(f(0)']* + /\n%lﬂi(t)l2 = 20(f5 ()" + (f5(0) + A S5 (1), (f5(£)") = 0.

By integration one obtains for all ¢t > 0

el + QL (SR ()2 ds + Al £ (O = €[(£7(0) 2 + Anl f7(0) .

For all ¢ > 0 one has g¢(t) = €(f<(t))’ owing to (11). Therefore multiplying both sides by A2~! and omitting
the integral term in the left-hand side, the equality above yields the following inequality: for all n € N and
all t > 0, one has

X Han @ + AN @1 < A7 Hgn (0)F + AR £ (0)]%.
Finally, using the identity

(36) et a3 = X AL + X A gn (0
neN neN
and the inequality above gives
le e Fe < 230
This concludes the proof of Lemma, 4.2. O

Let us now state two further auxiliary results, which are variants of the smoothing property (33) for the
heat semigroup, but require more attention. Those results play an important role in the analysis below.

Lemma 4.3. For all § € [0, 1] and p € [26,1], there eists Cs, € (0,90) such that, for alla € R, all € € (0,1),
allt > 0 and all u e HP=20-1,

(37) let4e (0, )3 < c(;,,,t—%ﬁ(l + 625—%-&) i —

As stated in Proposition 5.2 below, the result (37) will be used to analyze the moment bounds of stochastic
convolution Z¢ in the moment estimates of X¢, with § = %,p = 1, where &y € (0,3 — «] is arbitrarily
small. In addition to this, for each application of Lemma 4.3, the appropriate values of the parameters 6, p
will be specified.

Lemma 4.4. For all o, 1,0 € [0,1] and all 0 € [0, §], there ezist Cy 5,Ca,,Ca, € (0,0) such that, for all
€€ (0,1) and all t > 0, one has

(38) H]‘[uetAE (0,0)]|g < Ca’(ieat_(S”'U“Ha—l—mﬂ Voue Ha—1—267
(39) ITL,et (u,0) | 5 < Coyt™ € ul g + Coant™ % |u|gg-os, Y ueH.

The proofs of Lemmas 4.3 and 4.4 are based on a refined analysis of properties of the solutions of the
systems (11), depending on the values of € € (0,1) and n € N. For arbitrary n € N and ¢ € (0,1),
let t > 0 — (fo0L(1),95% () and t = 0 — (fo1O(¢), 9510 (1)) denote the solutions of the linear two-
dimensional system of ordinary differential equations (11) with initial values (£5%1(0), g5%1(0)) = (0,1) and
(fo19(0), g212(0)) = (1,0) respectively.

Lemma 4.5. There exists C € (0,0) such that the following holds.
o If 1 — 4\, €% <0, then for all t >0,

(40) IFSOL (1) < OA e, g%t (1) < Ce 7,
(41) Ifo10(6)] < Ce 72,



e If1—4)\,e? =0, then for allt = 0 one has
(42) £ 0] < Cee™ !, g™ ()] < Ce™ + Chpele ™,
(43) F910(8)] < Cemthn.

4.2.1. Proof of Lemma 4.5. A few supplementary ingredients are required for the proof of Lemma 4.5.
First, one can provide the expressions of f<(t), for all n € N, all € € (0,1), and for all ¢ = 0, for any

initial value (f<(0),95(0)). The expressions depend on the sign of 1 — 4\,e?. In fact, using (35) it is

straightforward to check that the mapping ¢t > 0 — f<(t) = ez? f£(¢) is solution of the second order linear

differential equation
4€? )\

(Foy'(t) + 20mZ2 fe ) =
with initial values f¢(0) = f<(0) and (f<)'(0) = (f<) ( ) 2 f5(0) = M Solvmg the second order
linear differential equation above yields the following expressions for ffL( ) = e 37 fe(t) and for g€ (t) =
e(£2)'(t), see (11).
o If 1 — 4)\,€? <0, then for all £ > 0 one has

VAN, €2 — 1t) N 2eg5,(0) + £5(0) Sin(\/él)\nez - 1t)],

IO FAOL

(44) 2 AAne" =1 2
o VA2 —1 2Xnef(0) +¢5(0) . VAN 2 —1
g5, (t) = e 22 [gE (0) cos( t) — Z 2 sin ( t)]
n " 2¢? VA, e2 — 1 262
e If 1 —4),e% = 0, then for all ¢ > 0 one has
fet) = e [ £ (14 o) + Las0)],
(45) " " 262 € "
¢ t t
€ — 32 Y Y re
ga®) = e 37 g5 (0) (1= 55) — 7542000,
e If 1 —4),e% > 0, then for all ¢ > 0 one has
. - 2 € € - 2
o(t) = 3 [ fu(0) con (V) 4 2O DI (VIS
(46) 2¢ V1 —4M\, €2 2¢
. 1= 2 e e 1= 2
go(t) = e 22 [g;(O) cosh ( 1= e t) — 20nefu(0) + 91,(0) sinh ( 1~ 4ne t)]
, 2¢2 V1I—4\,e2 2¢2

To prove some inequalities from Lemma 4.5, the following expression of ¢ (¢) is employed: for all n € N,

€ (0,1) and ¢ = 0, one has
‘ (D) s
(47) gn(t) = e Fg,(0) — | —e 7 fuls)ds
0

The proof of the identity (47) is straightforward: from (11) one obtains

@ (cetrgi 1)) = (e (75 (1) = —he Fi(0),

which yields by integration for all ¢ > 0
t
e g (1) = egs 0) = [ Aue fi(5)ds
0

and the identity (47) then follows.
Finally, for all n € N and € € (0, 1), let us define the auxiliary parameters

1 if 1 —4\,e° <
ene :min<77>\n> = 462’1 6 )
i 4e? An,if 1 —4X,e2 =0
®n76 = )\n — 071,6 + 620%,6'

In addition, for all ¢ > 0 set
W (t) = e f£(2).
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By elementary computations, using (11) it is straightforward to check that the auxiliary mapping wy, . is
solution of the linear second-order ordinary differential equation

1 1
(48) wy () + (?2 — 20,,c) b, (1) + 6—2(an,azxn,6(t) =0.
with initial values
~ € ~ € € € 1 €
W, (0) = f(0), @, (0) = Oncf,(0) + (£5)(0) = O £,(0) + ~9a(0).

Two useful identities are obtained using (48). First, one has

1d, ., o 1 e Oned, )
z ) J

S (O + (55 = 200, 0) 18, (OF + 255D (0)
Onse

2
= (1) + (g — 200, ) (1) + i (6, 0, (1))
=0

One then obtains the following result by integration and using the initial values for 1w, (0) and @y, .(0): for
all t = 0 one has

t
el (O +2(1 - 2629n,e)f (@), ()] ds + On e[, e (1)]* = €[], ((0)|* + Op e[, (0)*
0

(49) = lebn,cf3(0) + G (O + On.c| S (0) .
Second, one has
ld, ., 2 ~ 2 2~ 2 ~/ 2~/ 2 ~
5 €4 () + (L= 2620, ) (8)]° = (40, (8) + (1= 26200, T, (), 20, () + (1 = 2626, )i o))
= (Ot o(0), 2, (1) + (1 = 2620, )i (1) )
¢ d, - 2 2 ~ 2
= =5 One B () — (1= 266,000, e[ (D]

One then obtains the following result by integration and using the initial values for 1, (0) and @y, .(0): for
all t > 0 one has

t
|, (1) + (1 — 2629n,6)wn,€(t)|2 + €2Op.e|tn  (H)]* +2(1 — 2629,1,6)@”,61 |0, (8)|? ds
0

= |20, (0) + (1 = 2620, )iy (0)]” + €20y, [t c(0)
€ € 2 €

(50) = ’6971(0) + (1 — 620n,e)fn(0)‘ + 620‘71 — On,e + 620721,6)|fn(0)|2'

Set W) L(t) = efret fO1(t) and Wy 0(t) = efret f10(t) for all t > 0.

The proof of Lemma 4.5 can now be performed using the auxiliary tools introduced above.
Proof of Lemma 4.5. Let n € N and € € (0,1). First, let us assume that 1 — 4\,e2 < 0.

e Proof of the inequality (40). It is straightforward to check that for all z € R one has
, 2]
S —— 7o

BT NE)
by combining the upper bounds |sin(z)| < 1 and |sin(z)| < |z|. Using the expression (44) of f<%1(¢)
and the inequality above with z = 7“”‘2"522*175 one obtains

. e 2¢ . 4hpe2 —1 (|2
OO = o5 e sin ()|
< o—% 2 1
S € < — 2 2
€® max(1 W"ZEZW )

Then writing




x

and the upper bound sup (1 + 2%)e™2 < o0, one obtains the inequality

=0
1 C ¢
€,0,1/41(2 — ot
IO < ——e (14 =) < —e 22,
IO < e F (1 ) <
This concludes the proof of the first inequality in (40). To prove the second inequality, note that
due to the assumption 1 — 4\, < 0 one has

N“*

1 3 A 1
Gne: >O enezAn_ane 292 :)\n_7>7n 1_220n€:7-
<7 e : e e 162~ 4 € Ume= g

As a result, using the inequalities (49) and (50), with the initial values f$%1(0) = 0 and ¢g5%1(0) = 1
one obtains for all ¢t > 0

el (@) ()] <
€ () () +
and using the triangle inequality then gives
k0] < 2(| @3 (6 + Gulhn)] + Iy (1)) < e
Finally, using the identity
gt (t) = e(f201) (8) = ee” et (@) (1) — On,eWye (1)),

and the value 0, . =

1
S0 < e,

—=, one obtains for all ¢ >0

t 1 t t
92 ()] < ee 37 [ 0) (1)) + e T [wpe ()] < 2675
; p .
This concludes the proof of the second inequality in (40). The proof of (40) is thus completed.

e Proof of the inequality (41). Using the expression (44) of f51:9(t) and the inequalities | cos(z)| < 1
and |sin(z)| < |z| for all z € R, one has

VA, €2 — 1t 1

|fo1O)| = e zT cos( )+ sin ( Pne? - lt)‘
" 2¢2 Var,e2 —1 2¢2
t t
<emT(1+-2).
(1)

Using then the upper bound sup (1 + x)e™2 < oo then gives

=0
|F 0] < Cemam.
The proof of (41) is thus completed.
Let us now assume that 1 — 4\,e? > 0.
e Proof of the inequality (42). Note that due to the assumption 1 — 4\,e? > 0 one has
One=An >0, One=Xy—Opct+€0,, =Ae®>0, 1-260,>2\€.
As a result, using the inequalities (49) and (50) with the initial values f5%!(0) = 0 and g5%1(0) = 1,
one obtains for all ¢ > 0
el () (1) <1
| (@00) (t) + (1 — 2620, )byt ()] <.
Moreover, using the assumption 1 — 4\,e? > 0, one has the lower bound

1

2
Therefore, using the triangle inequality and the two inequalities above, for all £ > 0 one obtains

[BE0] < 2(1 = 276 |E ()]
2(|e2(@50) (1) + (1= 20, alk(0)] + |(@h) (1))

11
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< 4e.
Thus for all ¢ > 0 one has

£ = et

This provides the first inequality from (42). To prove the second inequality, owing to the equality (47),
recalling that ¢g&%1(0) = 1 and using the inequality proved above for |f5%1(¢)|, one has for all ¢ > 0

n
t
N, s
n f M =5 101 ()] ds
0 €

WY L(t)| < dee M

mw‘ -

gt ()] < e

m‘“

tfﬁ —AnS
+4)\nfe 2 e s

<e -
0
2
_t 4\ € ot _t
< e €2 PR 6_ nt _ e €2
~
1—\,e2 ( )
_t _
<e @ 4 C\pele Mt

using the fact that 1 — X\,e? > 3 owing to the assumption 1 — 4\,e? > 0. This concludes the proof
of the second inequality in (42). The proof of (42) is thus completed.

e Proof of the inequality (43). Using the inequality (49), with the initial values f$1°(0) = 1 and
g519(0) = 0, one obtains for all ¢ > 0

On |02 (1) > < (€0n.c)* + O

n,e
Recalling that 6, . = A, and 6, = A\?¢? owing to the assumption 1 — 4\, > 0, one has for all
t=0
@y 2(8)7 < 2.

Therefore for all ¢ > 0 one has

Fh0(0)] = et
The proof of (43) is thus completed.
The proof of Lemma 4.5 is now completed. O

U~}1,0(t)| < \/ée—t)\n )

n,e

4.2.2. Proofs of Lemma 4.3 and Lemma 4.4.

Proof of Lemma 4.3. Let ue H**?=20=1 then one has the following expression for e*4<(0,u): for all ¢ > 0,
e (0,u) = D uen) 0 (1) (en, 0) + Y (u en)g ™ (1)(0, €),
neN neN

using (10) and the notation introduced above the statement of Lemma 4.5. Alternatively, this may be written

) T (e49(0,)) = e en, (4 0,0)) = 3 s en)gs (t)en,

neN neN
and as a result one has

2 2
"% (0, ) e = [TTue™ (0,10) [ + [TLoe™ (0, w) s
= 2 M e’ [FR OO + 2 A e g ™ (1)

neN neN

= DA e AR O ()2 ) X, )2 g0 (1)

neN neN

< Julfya-asepasup (AP0 OF + X010 (1)),
ne

2
[3¢e

2

To proceed, one needs to treat separately the cases 1 — 4\,e? < 0 and 1 — 4)\,e? > 0: for all n € N,
€€ (0,1) and t € (0,0), using the inequalities (40) and (42) from Lemma 4.5, one obtains

ALTP PO (0)2 4 X2 |ge0 ()2 = (ALFO P FEOT (1) + X2 lgs O (1)) T a0

n
(AL o0 (1)]2 4 2207 )ge0 1)
12
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26—p ,— sty
S CONY 7 Pem 221 _yy, e2<0

+ 0(62/\,11”5 Pe=2Ant 4 )\i‘s Pe™ 2 4 )\i‘s P2ede 2>\"t>111—4>\ne2>0-
On the one hand, using the inequality sup z2°e~* < o0, one obtains
> g q Yy sup s
=0

2645

20—p,— i3 26—
C)\n Pe 26211—4)\n62<0 < C)"n, p7t26 ]11_4)\n€2<0

—26 2 2\26—p

< Ct € p()\nﬁ ) ]1174)\7L62<0
—26 2

< Ct™ %P,

using the conditions 26 — p < 0 and 4\,e? > 1 in the last step.

On the other hand, using the inequality sup 2*’e™* < o0, one obtains
>0

62)\}1“5_”6_2)‘”15]11,4)\”62;0 < Ct_%ez)\};”]ll,@\nézzo
< Ct=20e2% ()\n62)17p]11_4)\n€2>0
< Ct=2e%r,
Finally, observe that the assumption 1 — 4\,e? > 0 ensures that
)\i‘s_”“e‘le_”‘“t]l1,4,\n6220 < 62)\;+26—pe—2/\nt]l174)\716220 < Ot 2%,
and using again the inequality sup z?°e~% < o0, one obtains

x=0

45
20—p —%4 26-p€ %
AL Pem @ gy, 0 < OAY pt756 L1 ax,e220

_t
< Ct72562p)\72167p62(267p)6 €2 ]].1_4>\n52>0
_t
< Ct725€2p62(267p)e <z,

using the condition 26 — p < 0.
Gathering the estimates yields for all ¢ € (0, 00) the upper bound

en (ALFZP 0 ()2 4+ A2l ()]2) < Ot e (14 @0,
ne

Due to the inequality above, one obtains (37) and the proof of Lemma 4.3 is thus completed. O

Proof of Lemma 4.4. Like in the proof of Lemma, 4.3 above, for all v € H*~'=2% and for all ¢ > 0 one has
I, (e4(0,0)) = Yo, e (Den
neN
and as a result one has

T (4<(0,0) ) I3 = 3o en? 50 ()

neN

_ Z )\g—l—26<v7en>2A:L+25—a‘frel,O,1(t)|2

neN

< olfras-assup (ALF272 11500 (1)2)).
neN

=

To proceed, one needs to treat separately the cases 1 —4\,e? < 0 and 1 — 4\, €2

and t € (0, 00), using the inequalities (40) and (42) from Lemma 4.5, one obtains
AT = NPT FO P L an, <0 + AT TSSO L an, 20
< CAié_ae_ﬁ]ll_4)\7le2<0 + C)\il+26_a626_2)\"t]11_4>\n62>0.

13
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On the one hand, using the inequality sup 2?°e™® < oo, one obtains
=0

(16
26— 26—
ATy, 0 < ON? at%]ll 42, €2<0
C20 20 () (2)207q
€ ( ne) 1—4X,€e2<0

—26 2«
Ct™=%e*,

NN

using the conditions 26 — o < 0 and 4\,€2 > 1 in the last step.

On the other hand, using the inequality sup z2°e~* < o0, one obtains
=0

1420—a 2 ,—2Xnt —28 \1-a 2
An Li_an,e250 < Ct0N, Ti_gn,e220
—25 2 l1-a
< Ct € a(}\nﬁ ) ]].1_4)\77’6220
Ct72562a'

VAN

Gathering the estimates yields for all ¢ € (0, 00) the upper bound
sup ()\711+26_a|f;’0’1(t)|2> < Ct_26€2a.
neN

Due to the inequality above, one obtains (38).
It remains to prove the inequality (39). Observe that for all w € H and all ¢ > 0 one has

11, (e“‘e (u, 0)) = Z (uy ey 10 (t)e,,

neN
and as a result one has
I (€4 (0, 0) ) [ = Y s e 250
neN
= D e’ | f OO P an,e2 <o + (s )’ |00 11, e250-
neN neN

On the one hand, using the inequality (41) from Lemma 4.5 and the inequality sup x*e™® < oo, for all
=0

neN, ee (0,1) and ¢ € (0,00) one has
|f 2P a0 < Ce 37 < O,

On the other hand, using the inequality (43) from Lemma 4.5 and the inequality sup z*2e~* < oo, for all
x=0

neN, ee (0,1) and ¢ € (0,00) one has
FROO)P L1 an, 20 < Cem Mgy 20 < O 20,2,

Therefore one obtains for all ¢ € (0,00) and all ue H

|11, (etA (u, ))HH < O Y (uyen)? + 0102 Y A 02, e)?

neN neN
< Ot ul} + Cto2 ul} o,

This concludes the proof of (39). The proof of Lemma 4.4 is thus completed. a

4.3. Convergence and error bounds on the semigroups. The objective of this section is to provide
precise results to justify the convergence properties

IL,et< (u,0) e e~y
€—>

and
v _
IT,e'< (0, E) — e thy,

e—0
and to obtain error bounds, depending on the regularity properties of u and v.
14



Lemma 4.6. For all a € [0,1] and all § € [0, 5], there exists Co 5 € (0,00) such that, for all € € (0,1), all
t >0 and all w e H*?% one has

(51) [Ty et (u,

0) —
Moreover, for all o€ [0,1] and all § € [%, 3], there exists Cy 5 € (0,90) such that, for all e € (0,1), all t > 0
and all ve H*% one has

v _ _
(52) |TL, et4< (0, E) — e M|y < Cus€t™ 0] gra—2s.

e Mg < Cu st |ul gro—2s.

Notice that one has o — 2§ = 0 for (51) but o — 26 < 0 for (52).
The proof of Lemma 4.6 is a straightforward consequence of the following auxiliary result. The statement
and the proof of Lemma 4.7 exploit the notation introduced in Section 4.2 for the proof of Lemma 4.5.

Lemma 4.7. For all a € [0,1] and all § € [0, §], there exists Co 5 € (0,00) such that, for all € € (0,1) and
allt > 0 one has

(53) sup (A2 fl0(t) — e ) < Cr e,
neN
Moreover, for all € [0,1] and all 0 € 5, %], there exists Cy 5 € (0,0) such that, for all € € (0,1) and all
t > 0 one has

€,0,1 t
(54) sup </\iéfa‘fn ( ) o eft)\n
€

2) < Ot 2%,

o

Proof of Lemma 4.7. Let us first prove the inequality (53), and assume that ¢ € [0,5]. Let n € N and
€ (0,1).
On the one hand, if 1 — 4\, < 0, owing to the inequality (41) and to the lower bound ), > €2/4, one
has for all t = 0

FER0) — 7 < 2 fERO()]? + 2
< Ce 22,

As a result, using the inequality sup 22%¢~® < o0, one obtains for all ¢ > 0
zeR

46

20—«
Ti_4n,e2<0 S CX; *]11 Adne? <0

)\25 a| €1, O(t) _ et 2 5

—26 2 26—

< Ct 22 (\,e2)® Uy ax,e2<0
—25 2

< Ot~ 202

using the conditions 26 —a <0 and 4\pe? > 1 in the last step.
On the other hand, if 1 — 4\, €? > 0, recalling that @,,%(t) = Vet f61.0(¢) with 6,, . = A, one has for all

t>=0
FEAO(t) — e = e (@20(1) — 1) = e (@h0(0) — wL2(0).

Using the inequality (49) and the Cauchy—Schwarz inequality, one has

2

k20— ok = [ @3
fy 5L0) (s) [ ds

/\2 2

<t

1—2\,€2
2 2
< 2tA €7,
using the lower bound 1 — 2),e? > 1 in the last step.
As a result, using the inequality sup z!*?°¢~% < o0, one obtains for all ¢ > 0
zeR

2
/\iéfa ‘f;,l,O (t) o eft)\n Ct)\721+267a62672t/\

Ti_4n,e220 < L1420

15



—20y1—a 2
S Ct N %" L1_4x, 20
25 2 2\ 1-a
Ct € Q(AnG ) ]11_4>\n€2>0

26 2a
Ct™ e,

N

using the condition 4)\,e? < 1 in the last step.
Gathering the estimates, one thus obtains for all £ > 0 and all € € (0,1)

aup (31 00) =

neN

2) < Ot 2020

This concludes the proof of the inequality (53).
It remains to prove the inequality (54). Assume that 6 € [$,4] and let n € N and € € (0,1).

On the one hand, if 1 — 4\, e? < 0, owing to the inequality (40) from Lemma 4.5, one has for all ¢ > 0

}fem t) _e—t)\n|2

5€ T3 4 2e2An,

2
< Slf )P + 267220 < Cy

TL

As a result, using the inequality sup 22%¢~® < o0, one obtains for all ¢ > 0
zeR

20—« (-:01 —tAn 20—a—1,—26 45 2 ay—20
>\n | — € ]11 ANpe2<0 C(A t +)\ t )]11_4>\n€2<0

< Ct_%em(()\neg)%_a_l + (Anez)_a)]l174)\n62<0
< Ct—2562(¥

using the conditions 1 + a — 26 > 0, o > 0 and 4\,€2 > 1 in the last step.
On the other hand, if 1 —4\,€? > 0, set

FpOi(t) = [0 (1) + eg™ (1)
Note that owing to (11) for all ¢ > 0 one has
(ESOY (1) = (£ (1) + el (1)
= _Anf:L’O)l(t)
= —/\nF;’O’l(t) + eAngyy 05 1(t)
Since FS01(0) = £591(0) + €g5%1(0) = ¢, one has for all ¢ > 0

t
FSOL(t) = ee Mt + 6)\nJ. e A7) g0 () ds.
0

Moreover, one has g5%1(s) = e(f&%1)(s) for all s > 0, therefore integrating by parts one obtains

¢
Ffl’o’l(t) —ee Mt = e)\nJ. e_)‘”(t_s)gf;o’l(s) ds
0

t
_ e2/\nJ efAn(tfs)( ;’0’1),(8) ds

0
t
= N (£000) = A [ e 105 ),
0

As a result, using the inequality (42) from Lemma 4.5, for all ¢ > 0 one has

1 1 ¢
[ZFe0(t) = 7| = — [ B0 (e) — e < e (1£2 1O + A j e | f0 (5)] dis )
€ € 0

t
< CeN\e Mt + Cez)\if e An(t=s)g=Ans gg
0

< OEN e Mt 4 OEN2te Mt
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Finally, using the identity f&%1(t) = FS%1(t) — egS%1(t), the inequality above and the inequality (42) from
Lemma 4.5, one obtains for all £ > 0

1
[ SROM) —e T 20gy " ()P
< 0(64/\7216_2)\”t —+ 64/\it26_2/\"t + e_e%>.

As a result, using the inequalities sup z2°e~* < o0 and sup z

zeR zeR
)\25—(1| fr?O,l (t)
" €

1
2 < 2‘*F7€17O’1(t) _ €_t>\"
€

2+20=* < o0, one obtains for all ¢ > 0

(2 _ _ _
—e t’\"| Ty 4y, 250 < C)\,Qf O‘(e4)\ie 2Ant + e\ Pnt 4 o7 )]11 AN, €230
< C't_%( 1)2-a +)\25 o 45)11 20

< Ot 202 (()\n€2)2_a + (Aneg)%_a)]lkAlAne?)o
< Ct—256204

using the conditions 2 — a > 0, 26 — a > 0 and 4\,€2 < 1 in the last step.
Gathering the estimates, one thus obtains for all ¢ > 0 and all € € (0,1)

€,0,1
sup (}\iéfa’ fn (t) . 670\” ‘2> < Ot725€2a.
neN €

This concludes the proof of the inequality (54).
The proof of Lemma 4.7 is thus completed. O

Proof of Lemma 4.6. Let us first prove the inequality (51). Assume that ¢ € [0, §]. Let u € H*=2_then for
all ¢t > 0 one has

I, (e (u,0)) = e f5 0 (t)en

neN
where t > 0 — (f519(¢), g510(¢)) is the solution of (11) with initial values f&1°(0) = 1 and g5°(0) = 0.
As a result, one has

[T (4 (. 0)) = e ulfy = 3 [£50(1) = ™

neN

2
(u, en>2

_ Z )\25 a‘ fe 1 0 67“‘"|2)\%725<u,en>2

neN

< sup ()\i{f—a|f;71,0(t> _ €_t>\"|2) ||U||§{a_25.

neN

Employing the inequality (53) from Lemma 4.7 then yields the inequality (51).
It remains to prove the inequality (52). Assume that 6 € [$,1]. Let v € H*~2, then for all ¢ > 0 one has

Hu(etA ) 2@, n>f€01()

neN

where t = 0 — (fS%1(¢), g5%1(¢)) is the solution of (11) with initial values f%1(0) = 0 and g5%*(0) = 1.
As a result, one has

I (440, 2)) = e Mol = 3 10 - e, 2

neN
€,0,1 t
Z /\26 a|fn (t) —eftA"|2)\${725<v,en>2
neN €
€,0,1
) t
< sup ()\7215—11}]%7() — e_t’\"|2) (] o~y
neN €

Employing the inequality (54) from Lemma 4.7 then yields the inequality (52).
The proof of Lemma 4.6 is thus completed. O
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5. PROPERTIES OF THE SOLUTIONS OF THE STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS

In Section 2.2, we have introduced stochastic evolution equations and stated well-posedness results for
mild solutions. Using the properties on the semigroups presented in Sections 4.1 and 4.2, it is possible to
prove rigorously these results by standard fixed point approaches, the details are omitted. In this section,
the aim is to provide some moment bounds and regularity properties, for which the properties given by
Lemma 4.1 for (e **);>¢ and Lemmas 4.2 and 4.3 for (etAﬁ)t>0 play an important role.

5.1. Properties of the solutions of the stochastic heat equation. Let u) be H-valued Fy-measurable

random variable. Recall that (u°(t)),., denotes the unique mild solution of (25) — the mild formulation is
0

given by (26) — with initial value u°(0) = u).

Proposition 5.1. Let 5 € (0,1] such that the condition (18) from Assumption 2.3 holds. For all T € (0, o)
and all a € [0, 3), there exists Co(T) € (0,00) such that, if the initial value ul) is a Fo-measurable random
variable, which satisfies E[||uf|%.] < oo, then one has

(55) sup Ef|u’(t)[30] < Ca(T)(1 + E[Juo| 7 ])-

0<t<T

The result stated in Proposition 5.1 is standard and may be found in many articles and books. For
completeness and for pedagogical reasons, a short proof is given below.

Proof. We recall that the stochastic convolution Z(t) is given by (27).
Using the Tt6 isometry property, one has, for all ¢ > 0 and all « € [0, 3),

0 t
ENZO%] = Y g f et e, |, ds
n=1

[00)

n=1
1
=3 Z AT (1 — e 2,
neN
Therefore one has for all « € [0, 3)
(56) sup E[| Z(t)[%] < .
=0

Let us first prove the inequality (55) for u°(¢), when a = 0.
Using the mild formulation (26), the inequality (32) from Lemma 4.1 and the Lipschitz continuity of f
(Assumption 2.1, one obtains for all t > 0

[’ @)l < ™ ugla + L lem =N (0 (5)) ]y ds + 12(8) |
t
< [ugle + L | ()l ds + [ Z() |

t
< Jullar + cfo (14 [u®(s) 1) ds + | 2] .

Applying the Minkowski inequality and using the moment bounds (56) obtained above for the stochastic
convolution Z(t), one obtains for all ¢ > 0

(B[ ®)[%]) % < (E[luol%])? + cjo (1+ (E[Ju()[%])?) ds + (B[ Z(1)|3])

1 t 1
<1+ Ellli)?) + ¢ | @) ds
Finally, applying the Gronwall inequality, there exists Co(T") € (0, 00) such that for all ¢ € [0,T] one has

(E[l°@®)21)? < Co(T) (1 + (E[JdIZ]) ).



This concludes the proof of the inequality (55) when o = 0. Let us then deal with the case a € (0, 8). Using
the mild formulation (26), the inequality (32) and the smoothing inequality (33) from Lemma 4.1 and the
Lipschitz continuity property of f (Assumption 2.1), one has, for all ¢ = 0

t
[’ Ol < ™ uf +f le= =% f ()] ds + 1Z(1) 110
0
t
< Juof e + CL (t= )72 f(u®(s) | ds + | Z(#)] o

t
< [uof e + CJ (t =) 2 (1 + [u(s)|rr) ds + [ Z(t) | e
0

Applying the Minkowski inequality and using the moment bounds (56) obtained above for the stochastic
convolution Z(t) and the moment bounds for |u®(t)|x proved above in the case @ = 0, one obtains for all
te[0,T]

(B ®)31)* < (Elluol3e1)* + CJO (t—5)"% (1 + (B[lu’(5)|3])*) ds + Ca

< (EfJuol3e])* + Co(T)(1 + (EfJuol3])?) L (t—s)"2ds+Cq

1

< Cao(T)(1 + (EJuo]7e1)2),

for some C,(T') € (0,0). This concludes the proof of the inequality (55) when « € (0, 3).
The proof of Proposition 5.1 is thus completed. ]

5.2. Properties of the solutions of the stochastic damped wave equation. For all € € (0,1) let
x5 = (u,v5) be an H-valued Fo-measurable random variable. Recall that (X¢(t)),. , denotes the unique
mild solution of (22), with the mild formulation given by (23), with initial value X(0) = .

Proposition 5.2. Let 5 € (0,1] such that the condition (18) from Assumption 2.3 holds. For all T € (0, )
and all oo € [0,0), there exists Co(T) € (0,0) such that, if for all € € (0,1) the initial value x§ is a

Fo-measurable random variable, which satisfies sup E[|z§||%,.] < c©, then one has
e€(0,1)

(57) sup  sup  E[|X(1)|F] < Ca(T)(1 + sup E[|af]F.])-
€e(0,1) O<t<T €c(0,1)

Proof. We recall that the stochastic convolution Z€(¢) is given by (24).
Using the It6 isometry property, one has

1 & b
E[|Z¢(t)]3,.] = = Z n L He(t s)A. (0,€n)||ila ds.
n=1

Let o € [0,0), and let dp € (0,8 — «). Applying the inequality (37) from Lemma 4.3 with ¢ = 1;& and

p = 1, one obtains
He(t—s)Ae (0,en) < O, (t — s)01¢2 (6_2506—‘;—; + 1)||en‘|§{a+50_1

< Caylt = st (e T )z,

2
[3¢e

Owing to the condition dg € (0,8 — «) and to Assumption 2.3, one has
2 guAOTT < oo,
neN

As a result, for all ¢ > 0 one has
t

¢
f (t— 8)6071672606_% ds + J

E[|Z(8) 5] < Cas )

(t— 5)5071 ds)

t
< Cq 5 (J- roo—le=" dr + f poo—1 dr).
0 0
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Therefore one has for all T € (0, ), « € [0, 8)

(58) sup  sup E[|Z2°(t)[F«] < 0.
e€(0,1) te[0,T7]

Let us first prove the inequality (57) for X< (¢), when a = 0.
Using the mild formulation (23), the inequality (34) from Lemma 4.2 and the inequality (37) from
Lemma 4.3 with 6 = 1/2 and p = 1, one obtains for all t > 0

1 ‘ —S € €
IO < e Pl + ¢ | 6073 (0. £ () s + 120
t
< bl +C | (6= )31 () s ds-+ 120

< [l + CL (= )2 (1+ | X(5)]) ds + | Z°(8) e,

using the Lipschitz continuity of f in the last step, more precisely using the inequalities
If(@lg- <Clf)|a < CA+ |uln) < CA+ |z[n), Va=I(uv)el

Applying the Minkowski inequality and using the moment bounds (58) obtained above for the stochastic
convolution Z4V(t), one obtains for all ¢ € [0, T]

E[X®)3D)F < E[|z§2])* + cjo (t— )72 (1+ (B[IX(s)[3,])%) ds + (E[|2°(1)3,])*

<C(M)(1+ E[25]3.0)?) + CL (t— s)"F(E[|X(s)[2,])? ds.

Using that inequality, the Fubini theorem, and a scaling property of the beta function, one has for all ¢ > 0

=

E[X®)3D? < C)(1+ Ell=g D)) (1+ j (t— )" ds)

e f f (t— ) (s — ) L E[X () Z])E drds
< C(T)(1 + (B[J513) ) +CL [ =9t tas @UX OB ar

t
. 1 . 1
<O+ Ell ) +C | EIXWEDE
Finally, applying the Gronwall inequality, there exists Co(T") € (0,00) such that for all € € (0,1) and for all
t € [0, T] one has
(E[X®)5])* < Co(T)(1 + (E[IX5]7]) 7).
This concludes the proof of the inequality (57) when o = 0, and let us then deal with the case « € (0, 5).

Using the mild formulation (23), the inequality (34) from Lemma 4.2 and the inequality (37) from Lemma 4.3
with § = 1/2 and p = 1, one obtains for all ¢ > 0

€ € 1 ’ —S € €
X < e aphoan + 7 [ 1607220, 10 () e s + 12O
t
-1 € €
< latlun +C [ (6= ) 31 (D o s+ 12O

t
€ -1 € €
< [aglae + CL (t =) "2 (1 + | X (s)l) ds + [ 297 (1) e,

using the condition a < 1 to have the inequality

1f (@) ger < Clf()r < CO+ ula) < OO+ [z]s), Vz=(uv)eH
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in the last step. Applying the Minkowski inequality and using the moment bounds (58) obtained above for
the stochastic convolution Z¢(¢) and the moment bounds for | X€(¢)|# proved above in the case a = 0, one
obtains for all ¢ € [0, T

E[X () 3])% < CalT) (1 + (E[|25]31)2) + Ofo (t— ) 2(E[| X (s)[3,])% ds

1

< Ca(T) (1 + (B[|2§31)2),
for some C,(T') € (0,00). This concludes the proof of the inequality (57) when a € (0, 3).
The proof of Proposition 5.2 is thus completed. O
6. PROOF OF THEOREM 1

Proof of Theorem 1. Let T € (0,00). For all € € (0,1), owing to the mild formulation (23) for the solution
(X<(t))i=0 of (22), one has for all ¢ € [0,T]

u(t) = I, X(¢)
1 1
= I,etexf + fj et =94 P(X(s)) ds + - J I, =54 aW2(s).
€ Jo € Jo

Recall that F(X¢(s)) = (0, f(u(s))). As a result, owing to the mild formulation (26) for the solution
(u°(t)),-, of (25), one obtains the following decomposition of the error 7¢(t) = u(t) — u®(t): for all ¢ > 0
one has

(59) re(t) = u(t) —u®(t) = r{(t) + r5(t) + r5(t),
with the error terms defined by
(60) ri(t) = HuetAfxB — ey,
t t
(61) r5(t) = 1J IL,e® =940, f(u(s))) ds —J e~ =IM £(40(s)) ds,
€ Jo 0
1 t t
(62) re(t) — ,J 1, (=94 gUQ(s) — J (=98 gprQ ().
€ Jo 0

We claim that the following error bounds hold: for all « € [0, 3), there exists C,Cy(T),Cqo 5(T) € (0, 0)
such that for all € € (0,1) one has

[N

(63) sup (B[l (01])* < Ca(D)e,

o<st<T
(64 s (B0 < o)+ [ Bl @) ds
(65) sup (Ellr5(0)[F])* < Cap(T)e.

e Proof of the inequality (63).
The error term 7¢(¢) defined by (60) is decomposed as

ri(t) = ri () +71o(t) + 7] 5(t)
where for all e € (0,1) and all ¢t > 0 one has
ri(t) = I, (uf, 0) — M,et e (u, 0),
1 o) = e (u,0) — =",
Ti73(t) = II,et (0,v5).
First, owing to the inequality (34) from Lemma 4.2, one obtains for all ¢ > 0

i 2 ()l = [Tue (uh — g, 0) |z < et (uh — ug, 0l < [[(uf — g, 0) 3¢ = [u§ — uolar-
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Therefore using the condition (29) from Assumption 3.1, for all € € (0,1) one obtains

sup (E[[r{ 1 (1)[7])* < Cae®.
t=0

=

Second, using the inequality (51) from Lemma 4.6 with § = 0, one obtains for all ¢t > 0
175 2Oz = [Tuet (ug, 0) — e~ ug| i < Cae®|ug]sro-
Therefore using the inequality (30) which follows from Assumption 3.1, for all € € (0,1) one obtains
sup (E[[r{ 2(t)]%])? < Cae™.
=0
Finally, using the inequality (38) from Lemma 4.4 with § = 0, one obtains for all ¢t > 0
I3 = [Tue' (0, 05) [ i < Coc® |05 rra-s-

Therefore using the inequality (28) from Assumption 3.1, for all € € (0, 1) one obtains

1
sup (E[r§ 5(t)[3])* < Cae®.
t=0

=

Gathering the three estimates obtained above, for all € € (0,1) one has

sup (B[ (0)31)* < sup (Bl 03D +sup (BLrE20)151)* + sup (Bl1r5a0)))

= =

N|=

< Che”.

This concludes the proof of the inequality (63).
e Proof of the inequality (64).
The error term r§(t) defined by (61) is decomposed as

r5(t) =151 (t) +755(1),
where for all € € (0,1) and all ¢ > 0 one has

6J@)=J¢<1Hu4tgA%Qf0f@D)6“5Mf0f@»)d&

0

@ﬂﬂ=fe*“”%ﬂﬁwn—ﬂwwmd&

0
On the one hand, using the inequality (52) from Lemma 4.6 with § = §, the Lipschitz continuity of f from
Assumption 2.1 and the inequality (7), one obtains

H@Amm<JQ@mAFWHmﬂwwm—eﬁﬂMﬂw@wﬂw
<@wLa—®%wwwmmw
< Cpe® L (t—s)"% (1+ [lus(s)] ) ds

< Caeafo(t—s)_%(l—i- 1X(5) |2) ds.

Using the Minkowski inequality, the moment bounds (57) from Proposition 5.2 and the condition (28) from
Assumption 3.1, there exists C,(T) € (0,00) such that for all ¢ € [0,7] and all € € (0,1) one has

(Ells5, ) < Cale (1+ @153 [ 0=
< Co(T)e”.

On the other hand, using the inequality (32) from Lemma 4.1 and the Lipschitz continuity of f from
Assumption 2.1, one obtains for all ¢ > 0 and all € € (0,1)

uéammsﬁwa“ﬁﬂﬂww»fﬂwwmmws
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<C | (o) — (o) s

t
<C [ 1 )lads
0

Using the Minkowski inequality, one then has for all ¢ = 0 and all € € (0, 1)

1
2

Nl=

(Bl <0 [ @) as

Gathering the two estimates obtained above, for all € € (0,1), one has

t

< Co(T)e+C f B (s)12])

0

1 1
2 2

Nl

sup (E[|r5(t)[3])* < sup (E[I\Té,l(t)llfrf])%+t§£l;] (ELlrs 2 (0)1Z]) ds.

te[0,T7] te[0,T]
This concludes the proof of the inequality (64).
e Proof of the inequality (65).
Using the expressions (17) and (19) for W% (s) and W% (s) respectively, the error term r§(¢) defined by (62)
is written as

1 t t
ri(t) = - L IT,e(t5) 4 aWQ(s) — L e (=M g Q(s)

2 Vi f (Hue<t—8>Ae (0, %") - e_(t_s)Aen> dBo(s).
0

neN

Therefore using the It6 isometry property, for all ¢ > 0 and all € € (0, 1) one has
t
BlIr)] = 3 an | IMLuel’941(0, %) — 0= he, 3 ds,
neN 0

and using then the inequality (52) from Lemma 4.6 with § = 5 — ’BTTCY, one obtains for all ¢ € [0, 7]

1
2

t
E[|r§(®)3] < Case® Y dn L (t — 5) "2 en |3 ss ds

neN
atB t B—a
< Oy pe*® Z GAn® J (t—s)" 't ds
neN 0

< Caaﬂ(T)€2a7

using the condition (18) from Assumption 2.3 in the last step.
Therefore for all € € (0,1) one has

[N

sup_(E[|r5(t)[%])

0<t<T

< Clop(T)e.

This concludes the proof of the inequality (65).

¢ Conclusion.

Recalling the decomposition (59) of the error, applying the Minkowski inequality and the auxiliary error
estimates (63), (64) and (65), one obtains for all € € (0,1) and all ¢ € [0,T]

(E[Jus(t) — w®I%])* = Er<@ LD ? < EIFOI1)? + Elrs®I%])? + ElrsoI1%)
< Cop(T)e® + OL (EfJuc(s) — u(s)|%])? ds.

Nl

Finally, applying the Gronwall inequality, there exists Cy g(T") € (0, 00) such that

sup (E[|u(t) — u’(t)[7])

o<t<T

1
2

< Ca”g(T)ea.

The proof of Theorem 1 is thus completed. O
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