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STRONG RATE OF CONVERGENCE IN THE SMOLUCHOWSKI�KRAMERS

APPROXIMATION FOR STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS

CHARLES-EDOUARD BRÉHIER AND ZIYI LEI

Abstract. We consider a class of stochastic damped semilinear wave equations, in the small-mass limit.
It has previously been established that the solution converges to the solution of a stochastic semilinear heat
equation. In this work we exhibit a rate of convergence in this Smoluchowski�Kramers approximation result,
which is shown to depend on the regularity of the noise. For instance, for trace-class noise the strong rate
of convergence is 1, and for space-time white noise (in dimension 1) the strong rate of convergence is 1{2.

1. Introduction

In this work, we are interested in establishing rates of convergence in the Smoluchowski�Kramers approx-
imation for the following class of stochastic partial di�erential equations:

(1) ϵ2Bttu
ϵpt, xq “ ∆xu

ϵpt, xq ´ Btu
ϵpt, xq ` fpuϵpt, xqq ` 9WQpt, xq,

for t ě 0 and x P D Ă Rd (d P N), with homogeneous Dirichlet boundary conditions, and initial values
uϵp0, xq and vϵp0, xq “ Btu

ϵp0, xq. The nonlinearity f is assumed to be a globally Lipschitz continuous
mapping. Finally, the evolution is driven by Gaussian noise which is white in time and possibly colored in
space, with a covariance operator denoted by Q.

As explained below, we consider (1) and other stochastic partial di�erential equations, as stochastic
evolution equations with solutions taking values in Hilbert spaces. We refer for instance to the more rigorous
formulation (21) of (1) in Section 2.2. In that setting, the evolution is driven by a Q-Wiener process.
It is assumed that the covariance operator Q commutes with the linear second-order operator driving the
evolution (∆x with homogeneous Dirichlet boundary conditions for (1) and (2)).

The Smoluchowski�Kramers approximation result provides convergence of uϵ to the solution u0 to the
semilinear heat equation

(2) Btu
0pt, xq “ ∆xu

0pt, xq ` fpu0pt, xqq ` 9WQpt, xq,

for t ě 0 and x P D, with homogeneous Dirichlet boundary conditions and initial value u0p0, xq “ lim
ϵÑ0

uϵp0, xq.

The literature contains many results on such convergence results for various stochastic partial di�erential
equations. We refer to the seminal articles [5, 4] by Cerrai and Freidlin, and to [25, 11, 7, 6, 10, 9, 8, 23, 32] for
more articles on the Smoluchowski�Kramers approximation for stochastic partial di�erential equations and
in�nite dimensional stochastic systems, and to the recent preprint [17]. Many recent works have been devoted
to analyze systems with constraints [2, 15], and systems with non-constant friction [3, 14, 13, 12], following
the works [18, 19, 16] for stochastic di�erential equations. We also refer to the recent articles [1, 27, 29, 22, 28]
and preprints [26, 24, 21, 31, 20, 30] for an overview of recent activity on proving Smoluchowski�Kramers
approximation results for stochastic di�erential equations of di�erent types.

To the best of our knowledge, rates of convergence in the Smoluchowski�Kramers approximation for
stochastic partial di�erential equations have not been exhibited so far. The objective of this work is to
provide strong rates of convergence.

For the system (1), the main result of this work can be described as follows. Let β “ 1 if the equation
is driven by trace-class noise, and β “ 1{2 if the equation is driven by space-time white noise in dimension
d “ 1 (see Assumption 2.3 for a more general version). Under appropriate conditions on the initial values
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and on the nonlinearity, one has the following convergence result: for all T P p0,8q and α P p0, βq, there
exists CαpT q P p0,8q such that one has

(3) sup
tPr0,T s

`

Er}uϵpt, ¨q ´ u0pt, ¨q}2L2pDqs
˘

1
2 ď CαpT qϵα.

We refer to Theorem 1 in Section 3 for a more rigorous and general statement of our main result, using the
notation and assumptions introduced in Section 2.

Therefore, according to the strong error estimates (3), the strong rate of convergence in the Smoluchowski�
Kramers approximation is the parameter β which describes the spatial regularity of the noise.

In the near future, this manuscript will be completed with weak error analysis. Under appropriate
conditions, we will prove that the weak order is equal to 1 for the system (3) driven by either trace-class
noise (β “ 1) or by space-time white noise in dimension d “ 1 (β “ 1{2). More generally, the strong and
weak orders of convergence are equal to β and to minp2β, 1q respestively. The weak error analysis exploits
many of the auxiliary properties obtained below (in Section 5), and additional auxiliary results, especially on
Kolmogorov equations. Note that the situation may di�er from the analysis of the Smoluchowski�Kramers
approximation for �nite-dimensional stochastic di�erential equations, where both strong and weak rates of
convergence are equal to 1.

This manuscript is organized as follows. Section 2 provides the necessary notation and assumptions, and
contains a description of the considered stochastic evolution equations. The main result, Theorem 1, is
stated in Section 3. Section 4 presents technical properties of the semigroup associated with the heat and
the damped wave equations, where the dependence with respect to the parameter ϵ is analyzed carefully.
Section 5 is devoted to present moment bounds and regularity properties of solutions to the stochastic
partial di�erential equations (1) (uniformly with respect to ϵ) and (2). The proof of Theorem 1 is provided
in Section 6.

2. Preliminaries

2.1. Setting.

2.1.1. Notation. Let d P N be a positive integer and let D Ă Rd be an open bounded domain with polygonal
boundary BD, for instance D “ p0, 1qd. De�ne the separable Hilbert space H “ L2pDq. The inner product
and the norm in H are denoted by x¨, ¨yH and } ¨ }H respectively. Owing to the Riesz theorem, the dual space
of H is identi�ed with H.

Let us denote by ´Λ the Laplace operator endowed with homogeneous Dirichlet boundary conditions.
Then Λ is a self-adjoint unbounded linear operator from H to H, with domain DpΛq “ H2pDq XH1

0 pDq, and
there exists a complete orthonormal system

`

en
˘

nPN of H and a nondecreasing sequence
`

λn

˘

nPN of positive
real numbers such that one has

(4) Λen “ λnen.

Note that the eigenvalue λ1 is positive. In addition, there exists cΛ,d P p0,8q such that λn „ cΛ,dn
2{d when

n Ñ 8.
For any nonnegative real number α P r0,8q, de�ne

Hα “ tu P H;
8
ÿ

n“1

λα
nxu, eny2H ă 8u.

Moreover, for all u1, u2, u P Hα, set

xu1, u2yHα “

8
ÿ

n“1

λα
nxu1, enyHxu2, enyH , }u}2Hα “ xu, uyHα “

8
ÿ

n“1

λα
nxu, eny2H .

For any α P r0,8q, the space Hα, equipped with the inner product x¨, ¨yHα and the norm }¨}Hα , is a separable
Hilbert space.

For any nonnegative real number α P r0,8q, the space H´α is de�ned as the closure of the space

tu P H;
8
ÿ

n“1

λ´α
n xu, eny2H ă 8u,
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with inner product x¨, ¨yH´α and norm } ¨ }H´α de�ned as follows: for all u1, u2, u P H´α, set

xu1, u2yH´α “

8
ÿ

n“1

λ´α
n xu1, enyHxu2, enyH , }u}2H´α “ xu, uyH´α “

8
ÿ

n“1

λ´α
n xu, eny2H .

For any α P r0,8q, the space H´α equipped with the inner product x¨, ¨yH´α and the norm } ¨ }H´α is a
separable Hilbert space. It can be identi�ed with the dual space of Hα. Note also that H0 “ H.

For any real number α P R, introduce the product space

Hα “ Hα ˆ Hα´1.

Moreover, for all x1 “ pu1, v1q, x2 “ pu2, v2q, x “ pu, vq P Hα, de�ne

xx1, x2yHα “
@

pu1, v1q, pu2, v2q
D

Hα “ xu1, u2yHα ` xv1, v2yHα´1 ,

}x}2Hα “ xx, xyHα “
@

pu, vq, pu, vq
D

Hα “ }u}2Hα ` }v}2Hα´1 .

For any α P R, the space Hα, equipped with the inner product x¨, ¨yHα and the norm } ¨ }Hα , is a separable
Hilbert space. When α “ 0, the notation H “ H0, x¨, ¨yH “ x¨, ¨yH0 and } ¨ }H “ } ¨ }H0 is used in the sequel.

Observe that if α1 ă α2, one has Hα2 Ă Hα1 and Hα2 Ă Hα1 , with continuous embeddings: for all
u P Hα2 and all x P Hα2 , one has

(5) }u}Hα1 ď λ
´

α2´α1
2

1 }u}Hα2 , }x}Hα1 ď λ
´

α2´α1
2

1 }x}Hα2 .

Let α P R be an arbitrary real number. De�ne the projection operators Πu : Hα Ñ Hα and Πv : Hα Ñ

Hα´1 such that for all pu, vq P Hα one has

(6) Πupu, vq “ u and Πvpu, vq “ v.

The operators Πu and Πv depend on α, however the dependence is omitted to simplify notation. Note that
for all α P R and all x “ pu, vq P Hα, one has

(7) max
`

}Πux}Hα , }Πvx}Hα´1

˘

ď }x}Hα .

For all α P R, let the linear operator Λα be de�ned as follows: for all u P H2α, set

Λαu “
ÿ

nPN
λα
nxu, enyHen.

For any positive real number α P p0,8q, the linear operator Λα is unbounded from H to H, and has domain
DpΛαq “ H2α. Moreover, for all u P H2α, one has }Λαu}H “ }u}H2α .

For any ϵ P p0,8q, the linear operator Aϵ de�ned as follows: for all α P R and for all x “ pu, vq P Hα, set

(8) Aϵx “
`v

ϵ
,´

Λu

ϵ
´

v

ϵ2
˘

P Hα´1.

Note that the linear operator Aϵ can be considered as an unbounded linear operator on H with domain H1.

2.1.2. Semigroups. The linear operator Λ generates a semigroup
`

e´tΛ
˘

tě0
of bounded linear operators,

de�ned as follows:

(9) e´tΛu “
ÿ

nPN
e´tλnxu, enyHen, @ t ě 0, @ u P H,

where for all n P N the mapping t ÞÑ unptq :“ e´tλnxu, enyH is the solution of the linear ordinary di�erential
equation

u1
nptq “ ´λnunptq, t ě 0; unp0q “ xu, eny.

In addition, for any ϵ P p0,8q, the linear operator Aϵ generates a semigroup
`

etAϵ
˘

tě0
of bounded linear

operators, de�ned as follows:

(10) etAϵx “
ÿ

nPN

`

f ϵ
nptqen, g

ϵ
nptqen

˘

, @ t ě 0, @ x “ pu, vq P H,
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where for all n P N the mapping t ÞÑ
`

f ϵ
nptq, gϵnptq

˘

is the solution of the linear two-dimensional system of
ordinary di�erential equations

(11)
d

dt

ˆ

f ϵ
nptq
gϵnptq

˙

“

ˆ

0 1
ϵ

´λn

ϵ ´ 1
ϵ2

˙ ˆ

f ϵ
nptq
gϵnptq

˙

“

ˆ

1
ϵ g

ϵ
nptq

´λn

ϵ f ϵ
nptq ´ 1

ϵ2 g
ϵ
nptq

˙

, t ě 0 ;

ˆ

f ϵ
np0q

gϵnp0q

˙

“

ˆ

xu, enyH

xv, enyH

˙

.

Properties of semigroups
`

e´tΛ
˘

tě0
and

`

etAϵ
˘

tě0
are studied in Section 4.1 and Section 4.2 respectively.

2.1.3. Nonlinearity. The nonlinearity is given by a mapping f : u P H ÞÑ fpuq P H. Given such a function
f , the mapping F : H Ñ H1 is then de�ned as follows: for all pu, vq P H,

(12) F pu, vq “
`

0, fpuq
˘

.

First, the mapping f is assumed to satisfy the following Lipschitz continuity condition.

Assumption 2.1. The mapping f is globally Lipschitz continuous, with Lipschitz constant Lf : one has

Lf “ sup
u1,u2PH,u1‰u2

}fpu2q ´ fpu1q}H

}u2 ´ u1}H
P r0,8q.

In particular, observe that f : H Ñ H has at most linear growth. Moreover, note that under Assump-
tion 2.1, the mapping F : H Ñ H is also globally Lipschitz continuous. Indeed, using the de�nitions of the
norms } ¨ }H and } ¨ }H1 and the inequality (5), for all x1 “ pu1, v1q, x2 “ pu2, v2q P H, one has

}F px2q ´ F px1q}H ď λ
´ 1

2
1 }F px2q ´ F px1q}H1 ď λ

´ 1
2

1 }fpu2q ´ fpu1q}H ď
Lf

?
λ1

}u2 ´ u1}H ď
Lf

?
λ1

}x2 ´ x1}H.

Supplementary regularity conditions are imposed on the nonlinearity f .

Assumption 2.2. The mapping f : H Ñ H is 4 times Fréchet di�erentiable, with bounded derivatives of
order 1 to 4. For all k P t1, 2, 3, 4u, set

~f~k “

k
ÿ

ℓ“1

sup
uPH

sup
h1,...,hℓPHzt0u

}Dℓfpuq.ph1, . . . , hℓq}H

}h1}H ¨ ¨ ¨ }hℓ}H
P r0,8q,

where Dℓf denotes the Fréchet derivative of f of order ℓ.
In addition, it is assumed that fpH1q Ă H1 and that f : H1 Ñ H1 has at most linear growth, i.e., there

exists C1 P p0,8q such that for all u P H1 one has

(13) }fpuq}H1 ď Cα

`

1 ` }u}H1

˘

,

and that for all α P p0, 1q, all ε P p0, 1 ´ αs, there exists Cα,ε P p0,8q such that for all u P Hα`ε one has

(14) }fpuq}Hα ď Cα,ε

`

1 ` }u}Hα`ε

˘

.

Finally, for all α P r0, 1{2q, there exists Cα P p0,8q such that for all u1, u2 P Hα one has

(15) }fpu2q ´ fpu1q}H´1 ď Cα

`

1 ` }u1}Hα ` }u2}Hα

˘

}u2 ´ u1}H´α .

Note that the condition (15) from Assumption 2.2 implies the following additional regularity result: if
β P r 12 , 1s, for all u1, u2 P Hβ , one has

(16) }fpu2q ´ fpu1q}H´1 ď Cβ

`

1 ` }u1}Hβ ` }u2}Hβ

˘

}u2 ´ u1}Hβ´1 .

That result follows from applying (15) with α “ 1 ´ β P r0, 1
2 s, noting that β ě 1 ´ β and using the

inequality (5).
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2.1.4. The Wiener process. Let
`

Ω,F ,Pq be a probability space, where the expectation operator is denoted

by Er¨s. A �ltration
`

Ft

˘

tě0
satisfying the usual conditions is considered. Let

`

βn

˘

nPN be a family of

independent standard real-valued Wiener processes, adapted to the �ltration
`

Ft

˘

tě0
.

Given a sequence
`

qn
˘

nPN of nonnegative real numbers, let us de�ne for all t ě 0

(17) WQptq “
ÿ

nPN

?
qnβnptqen.

The stochastic process pWQptqqtě0 is then a Q-Wiener process, with the covariance operator Q de�ned by

Qh “
ÿ

nPN
qnxh, enyHen.

More precisely, the following conditions are imposed.

Assumption 2.3. The sequence
`

qn
˘

nPN is bounded. Moreover, there exists β P p0, 1s such that, one has

(18)
ÿ

nPN
qnλ

α´1
n ă 8, @ α P r0, βq.

Under Assumption 2.3, the covariance operator Q is a bounded linear self-adjoint operator on H. In
addition, its square root Q

1
2 is de�ned as the bounded linear operator on H given by

Q
1
2h “

ÿ

nPN

?
qnxh, enyHen, @ h P H.

The condition (18) can then be rewritten as

}Λ
α´1
2 Q

1
2 }2L2pHq “

ÿ

nPN
}Λ

α´1
2 Q

1
2 en}2H “

ÿ

nPN
qnλ

α´1
n ă 8

where L2pHq denotes the space of Hilbert�Schmidt operators from H to H, and } ¨ }L2pHq denotes the

associated norm. The condition (18) ensures that the Wiener process
`

WQptq
˘

tě0
takes values in Hα´1 for

all α P r0, βq.
In addition, note that the covariance operator Q commutes with the linear operator Λ.
The stochastic evolution equation considered in this paper is driven by the H-valued Wiener process

`

WQptq
˘

tě0
given by

(19) WQptq “
`

0,WQptq
˘

“
ÿ

nPN

?
qnβnptq

`

0, en
˘

, @ t ě 0.

Under the condition (18), the Wiener process
`

WQptq
˘

tě0
takes values in Hα for all α P r0, βq. Moreover,

for all α P r0, βq and p P r1,8q, there exists Cα,p P p0,8q such that for all t ě s ě 0 one has

(20) Er}WQptq ´ WQpsq}
p
Hαs “ Cα,ppt ´ sq

p
2 .

For instance, one may consider the identity operator Q “ I in dimension d “ 1, in which case the
condition (18) is satis�ed with β “ 1{2. If Q is a trace-class operator, i.e. if

ř8

n“1 qn ă 8, then the
condition (18) is satis�ed with β “ 1.

2.2. Stochastic partial di�erential equations. The aim of this article is to study the behavior when
ϵ Ñ 0 of the solution of the stochastic semilinear damped wave equation driven by additive noise

(21)

$

’

’

’

’

&

’

’

’

’

%

duϵptq “
vϵptq

ϵ
dt, t ě 0,

dvϵptq “

´

´
Λuϵptq

ϵ
´

vϵptq

ϵ2

¯

dt `
fpuϵptqq

ϵ
dt `

1

ϵ
dWQptq, t ě 0,

uϵp0q “ uϵ
0, vϵp0q “ vϵ0.

The linear operator Λ, the mapping f and the Wiener process
`

WQptq
˘

tě0
are described in Section 2.1. For

all ϵ P p0, 1q, the unknowns puϵptqqtě0 and pvϵptqqtě0 are H and H´1-valued continuous stochastic processes,
adapted to the �ltration

`

Ft

˘

tě0
. The initial values uϵ

0 P H and vϵ0 P H´1 are F0-measurable random
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variables and are thus independent of the Wiener process
`

WQptq
˘

tě0
. They are allowed to depend on ϵ,

more precise conditions are given below.
Employing the notation introduced in Section 2.1, the stochastic evolution system (21) can be equivalently

rewritten as the stochastic evolution equation for the unknown Xϵptq “ puϵptq, vϵptqq P H

(22)

$

&

%

dXϵptq “ AϵX
ϵptqdt `

1

ϵ
F pXϵptqqdt `

1

ϵ
dWQptq, t ě 0,

Xϵp0q “ xϵ
0,

with Aϵ given by (8), F given by (12) and the Wiener process
`

WQptq
˘

tě0
given by (19). For all ϵ P p0, 1q,

the initial value is given by xϵ
0 “ puϵ

0, v
ϵ
0q P H. For all ϵ P p0, 1q, the unknown pXϵptqqtě0 is a H-valued

continuous stochastic process, adapted to the �ltration
`

Ft

˘

tě0
.

Recall that a H-valued stochastic process
`

Xϵptq
˘

tě0
(adapted to the �ltration

`

Ft

˘

tě0
and with contin-

uous trajectories) is a mild solution of the stochastic evolution equation (22) with initial value Xϵp0q “ xϵ
0,

if for all t ě 0 almost surely one has

(23) Xϵptq “ etAϵxϵ
0 `

1

ϵ

ż t

0

ept´sqAϵF pXϵpsqq ds `
1

ϵ

ż t

0

ept´sqAϵ dWQpsq,

where petAϵqtě0 is the semigroup generated by the linear operator Aϵ, given by (10), see Section 2.1.2.
For all ϵ P p0, 1q and all t ě 0, set

(24) Zϵptq “
1

ϵ

ż t

0

ept´sqAϵ dWQpsq.

The process
`

Zϵptq
˘

tě0
is called the stochastic convolution. Under Assumption 2.3, it will be seen below

that this process is a Gaussian continuous H-valued stochastic process. In addition, the mapping F : H Ñ H
is globally Lipschitz continuous, therefore by a standard �xed point procedure, it is straightforward to prove
that for all ϵ P p0, 1q, there exists a unique global mild solution (23) of the stochastic evolution equation (22).
More details, in particular regularity properties and moment bounds, are provided in Section 5 below. It is
worth mentioning that properties which are uniform with respect to ϵ P p0, 1q are required, and obtaining
them requires to employ the results presented in Section 4.

When ϵ Ñ 0, assuming that uϵ
0 Ñ u0

0 in H, then for all t ě 0, uϵptq “ ΠuX
ϵptq converges to the solution

u0ptq at time t of the stochastic semilinear heat equation driven by additive noise

(25)

#

du0ptq “ ´Λu0ptqdt ` fpu0ptqqdt ` dWQptq,

u0p0q “ u0
0.

The objective of this article is to provide strong error estimates, see Section 3 for a precise statement.
Recall that an H-valued stochastic process

`

u0ptq
˘

tě0
(adapted to the �ltration

`

Ft

˘

tě0
and with contin-

uous trajectories) is a mild solution of the stochastic evolution equation (25) with initial value u0p0q “ u0
0,

if for all t ě 0 almost surely one has

(26) u0ptq “ e´tΛu0
0 `

ż t

0

e´pt´sqΛfpu0psqq ds `

ż t

0

e´pt´sqΛ dWQpsq,

where pe´tΛqtě0 is the semigroup generated by the linear operator ´Λ, given by (9), see Section 2.1.2.
For all t ě 0, set

(27) Zptq “

ż t

0

e´pt´sqΛ dWQpsq.

The process
`

Zptq
˘

tě0
is called the stochastic convolution. Under Assumption 2.3, it will be seen below that

this process is a Gaussian continuous H-valued stochastic process. In addition, the mapping f : H Ñ H
is globally Lipschitz continuous (see Assumption 2.1), therefore by a standard �xed point procedure, it is
straightforward to prove that there exists a unique global mild solution (26) of the stochastic evolution
equation (25). We refer to Section 5 for additional details, in particular on regularity properties and moment
bounds.
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3. Main results

Before stating the main result, let us provide assumptions in the initial values xϵ
0 “ puϵ

0, v
ϵ
0q.

Assumption 3.1. For all α P r0, βq, there exists Mα P p0,8q such that

sup
ϵPp0,1q

Er}xϵ
0}2Hαs ď Mα,(28)

Er}uϵ
0 ´ u0

0}2H s ď Mαϵ
2α, @ ϵ P p0, 1q, .(29)

Note that under Assumption 3.1, owing to the Fatou lemma, for all α P r0, βq one obtains

(30) Er}u0
0}2Hαs ď Mα.

Theorem 1. Let Assumptions 2.1, 2.3 and 3.1 be satis�ed.
For all T P p0,8q and α P r0, βq (where β P p0, 1s is given by the condition (18) from Assumption 2.3),

there exists CαpT q P p0,8q such that for all ϵ P p0, 1q one has

(31) sup
0ďtďT

`

Er}uϵptq ´ u0ptq}2H s
˘

1
2 ď CαpT qϵα.

4. Auxiliary results

This section presents several auxiliary results which play important roles in the error analysis.

4.1. Properties of the heat semigroup. Let us �rst recall standard properties concerning the heat semi-
group

`

e´tΛ
˘

tě0
de�ned by (9) in Section 2.1.2.

Lemma 4.1. For all α P R, all u P Hα and all t ě 0, one has

(32) }e´tΛu}Hα ď e´tλ1}u}Hα .

In addition, the following smoothing property is satis�ed: for all α ě 0, there exists Cα P p0,8q such that
for all t ą 0 and all u P H one has

(33) }e´tΛu}Hα ď Cαt
´ α

2 }u}H .

The results stated in Lemma 4.1 are standard and the elements of proof below are given for completeness.

Proof of Lemma 4.1. First, owing to the de�nitions (9) of e´tΛu and of the norm } ¨ }Hα on Hα (see Sec-
tion 2.1.1), one obtains

}e´tΛu}2Hα “

8
ÿ

n“1

λα
ne

´2tλnxu, eny2H ď e´2tλ1

8
ÿ

n“1

λα
nxu, eny2H “ e´2tλ1}u}2Hα .

This concludes the proof of (32). In order to prove (33), note that for all α ě 0 the mapping x ě 0 ÞÑ xαe´x

is bounded. As a result, there exists Cα P p0,8q such that for all u P H and all t ą 0 one has

}e´tΛu}2Hα “ t´α
8
ÿ

n“1

tαλα
ne

´2tλnxu, eny2H ď C2
αt

´α
8
ÿ

n“1

xu, eny2H “ C2
αt

´α}u}2H .

This concludes the proof of (33). The proof of Lemma 4.1 is thus completed. □

4.2. Properties of the damped wave semigroup. The objective of this section is to study properties of
the damped wave semigroup

`

etAϵ
˘

tě0
given by (10) in Section 2.1.2. The main di�culty is to obtain upper

bounds which are either uniform with respect to the parameter ϵ P p0, 1q, or which contain terms which
vanish when ϵ Ñ 0. We obtain variants of the smoothing property (33).

First, the semigroup satis�es the following bounds which are uniform with respect to ϵ P p0, 1q and
t P r0,8q.

Lemma 4.2. For all α P R and all x P Hα, one has

(34) sup
ϵPp0,1q

sup
tě0

}etAϵx}Hα ď }x}Hα .
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Proof of Lemma 4.2. Recall that for all x “ pu, vq P Hα and all t ě 0 one has

etAϵx “
ÿ

nPN

`

f ϵ
nptqen, g

ϵ
nptqen

˘

where for all n P N the mapping t ě 0 ÞÑ pf ϵ
nptq, gϵnptqq solves (11).

Let n P N. Observe that f ÞÑ f ϵ
nptq solves the second-order linear di�erential equation

(35) ϵ2pf ϵ
nq2ptq ` pf ϵ

nq1ptq ` λnf
ϵ
nptq “ 0.

It then follows that one has

ϵ2
d

dt
|pf ϵ

nptqq1|2 ` 2|pf ϵ
nptqq1|2 ` λn

d

dt
|f ϵ

nptq|2 “ 2
@

ϵ2pf ϵ
nptqq2 ` pf ϵ

nptqq1 ` λnf
ϵ
nptq, pf ϵ

nptqq1
D

“ 0.

By integration one obtains for all t ě 0

ϵ2|pf ϵ
nptqq1|2 ` 2

ż t

0

|pf ϵ
npsqq1|2 ds ` λn|f ϵ

nptq|2 “ ϵ2|pf ϵ
np0qq1|2 ` λn|f ϵ

np0q|2.

For all t ě 0 one has gϵnptq “ ϵpf ϵ
nptqq1 owing to (11). Therefore multiplying both sides by λα´1

n and omitting
the integral term in the left-hand side, the equality above yields the following inequality: for all n P N and
all t ě 0, one has

λα´1
n |gϵnptq|2 ` λα

n|f ϵ
nptq|2 ď λα´1

n |gϵnp0q|2 ` λα
n|f ϵ

np0q|2.

Finally, using the identity

(36) }etAϵx}2Hα “
ÿ

nPN
λα
n|f ϵ

nptq|2 `
ÿ

nPN
λα´1
n |gϵnptq|2

and the inequality above gives
}etAϵx}2Hα ď }x}2Hα .

This concludes the proof of Lemma 4.2. □

Let us now state two further auxiliary results, which are variants of the smoothing property (33) for the
heat semigroup, but require more attention. Those results play an important role in the analysis below.

Lemma 4.3. For all δ P r0, 1
2 s and ρ P r2δ, 1s, there exists Cδ,ρ P p0,8q such that, for all α P R, all ϵ P p0, 1q,

all t ą 0 and all u P Hα`ρ´2δ´1,

(37) }etAϵp0, uq}Hα ď Cδ,ρt
´δϵρ

´

1 ` ϵ2δ´ρe´ t
2ϵ2

¯

}u}Hα`ρ´2δ´1 .

As stated in Proposition 5.2 below, the result (37) will be used to analyze the moment bounds of stochastic
convolution Zϵ in the moment estimates of Xϵ, with δ “ 1´δ0

2 , ρ “ 1, where δ0 P p0, β ´ αs is arbitrarily
small. In addition to this, for each application of Lemma 4.3, the appropriate values of the parameters δ, ρ
will be speci�ed.

Lemma 4.4. For all α, α1, α2 P r0, 1s and all δ P r0, α
2 s, there exist Cα,δ, Cα1

, Cα2
P p0,8q such that, for all

ϵ P p0, 1q and all t ą 0, one has

}Πue
tAϵp0, vq}H ď Cα,δϵ

αt´δ}v}Hα´1´2δ , @ v P Hα´1´2δ,(38)

}Πue
tAϵpu, 0q}H ď Cα1

t´
α1
2 ϵα1}u}H ` Cα2

t´
α2
2 }u}H´α2 , @ u P H.(39)

The proofs of Lemmas 4.3 and 4.4 are based on a re�ned analysis of properties of the solutions of the
systems (11), depending on the values of ϵ P p0, 1q and n P N. For arbitrary n P N and ϵ P p0, 1q,
let t ě 0 ÞÑ pf ϵ,0,1

n ptq, gϵ,0,1n ptqq and t ě 0 ÞÑ pf ϵ,1,0
n ptq, gϵ,1,0n ptqq denote the solutions of the linear two-

dimensional system of ordinary di�erential equations (11) with initial values pf ϵ,0,1
n p0q, gϵ,0,1n p0qq “ p0, 1q and

pf ϵ,1,0
n p0q, gϵ,1,0n p0qq “ p1, 0q respectively.

Lemma 4.5. There exists C P p0,8q such that the following holds.

‚ If 1 ´ 4λnϵ
2 ă 0, then for all t ě 0,

|f ϵ,0,1
n ptq| ď Cλ´1{2

n e´ t
4ϵ2 , |gϵ,0,1n ptq| ď Ce´ t

4ϵ2 ,(40)

|f ϵ,1,0
n ptq| ď Ce´ t

4ϵ2 .(41)
8



‚ If 1 ´ 4λnϵ
2 ě 0, then for all t ě 0 one has

|f ϵ,0,1
n ptq| ď Cϵe´λnt, |gϵ,0,1n ptq| ď Ce´ t

ϵ2 ` Cλnϵ
2e´λnt,(42)

|f ϵ,1,0
n ptq| ď Ce´tλn .(43)

4.2.1. Proof of Lemma 4.5. A few supplementary ingredients are required for the proof of Lemma 4.5.
First, one can provide the expressions of f ϵ

nptq, for all n P N, all ϵ P p0, 1q, and for all t ě 0, for any
initial value pf ϵ

np0q, gϵnp0qq. The expressions depend on the sign of 1 ´ 4λnϵ
2. In fact, using (35) it is

straightforward to check that the mapping t ě 0 ÞÑ f̃ ϵ
nptq “ e

t
2ϵ2 f ϵ

nptq is solution of the second order linear
di�erential equation

pf̃ ϵ
nq2ptq `

4ϵ2λn ´ 1

4ϵ4
f̃ ϵ
nptq “ 0,

with initial values f̃ ϵ
np0q “ f ϵ

np0q and pf̃ ϵ
nq1p0q “ pf ϵ

nq1p0q ` 1
2ϵ2 f

ϵ
np0q “

2ϵgϵ
np0q`fϵ

np0q

2ϵ2 . Solving the second order

linear di�erential equation above yields the following expressions for f ϵ
nptq “ e´ t

2ϵ2 f̃ ϵ
nptq and for gϵnptq “

ϵ
`

f ϵ
n

˘1
ptq, see (11).

‚ If 1 ´ 4λnϵ
2 ă 0, then for all t ě 0 one has

(44)

$

’

’

’

&

’

’

’

%

f ϵ
nptq “ e´ t

2ϵ2

”

f ϵ
np0q cos

`

?
4λnϵ2 ´ 1

2ϵ2
t
˘

`
2ϵgϵnp0q ` f ϵ

np0q
?
4λnϵ2 ´ 1

sin
`

?
4λnϵ2 ´ 1

2ϵ2
t
˘

ı

,

gϵnptq “ e´ t
2ϵ2

”

gϵnp0q cos
`

?
4λnϵ2 ´ 1

2ϵ2
t
˘

´
2λnϵf

ϵ
np0q ` gϵnp0q

?
4λnϵ2 ´ 1

sin
`

?
4λnϵ2 ´ 1

2ϵ2
t
˘

ı

.

‚ If 1 ´ 4λnϵ
2 “ 0, then for all t ě 0 one has

(45)

$

’

&

’

%

f ϵ
nptq “ e´ t

2ϵ2

”

f ϵ
np0q

´

1 `
t

2ϵ2

¯

`
t

ϵ
gϵnp0q

ı

,

gϵnptq “ e´ t
2ϵ2

”

gϵnp0q

´

1 ´
t

2ϵ2

¯

´
t

4ϵ3
f ϵ
np0q

ı

.

‚ If 1 ´ 4λnϵ
2 ą 0, then for all t ě 0 one has

(46)

$

’

’

’

&

’

’

’

%

f ϵ
nptq “ e´ t

2ϵ2

”

f ϵ
np0q cosh

`

?
1 ´ 4λnϵ2

2ϵ2
t
˘

`
2ϵgϵnp0q ` f ϵ

np0q
?
1 ´ 4λnϵ2

sinh
`

?
1 ´ 4λnϵ2

2ϵ2
t
˘

ı

,

gϵnptq “ e´ t
2ϵ2

”

gϵnp0q cosh
`

?
1 ´ 4λnϵ2

2ϵ2
t
˘

´
2λnϵf

ϵ
np0q ` gϵnp0q

?
1 ´ 4λnϵ2

sinh
`

?
1 ´ 4λnϵ2

2ϵ2
t
˘

ı

.

To prove some inequalities from Lemma 4.5, the following expression of gϵnptq is employed: for all n P N,
ϵ P p0, 1q and t ě 0, one has

(47) gϵnptq “ e´ t
ϵ2 gϵnp0q ´

ż t

0

λn

ϵ
e´

t´s

ϵ2 f ϵ
npsq ds.

The proof of the identity (47) is straightforward: from (11) one obtains

d

dt

´

ϵe
t
ϵ2 gϵnptq

¯

“
d

dt

´

ϵ2e
t
ϵ2 pf ϵ

nq1ptq
¯

“ ´λne
t
ϵ2 f ϵ

nptq,

which yields by integration for all t ě 0

ϵe
t
ϵ2 gϵnptq “ ϵgϵnp0q ´

ż t

0

λne
s
ϵ2 f ϵ

npsq ds,

and the identity (47) then follows.
Finally, for all n P N and ϵ P p0, 1q, let us de�ne the auxiliary parameters

θn,ϵ “ min
´ 1

4ϵ2
, λn

¯

“

#

1
4ϵ2 , if 1 ´ 4λnϵ

2 ď 0

λn, if 1 ´ 4λnϵ
2 ě 0

,

Θn,ϵ “ λn ´ θn,ϵ ` ϵ2θ2n,ϵ.

In addition, for all t ě 0 set
w̃n,ϵptq “ eθn,ϵtf ϵ

nptq.
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By elementary computations, using (11) it is straightforward to check that the auxiliary mapping w̃n,ϵ is
solution of the linear second-order ordinary di�erential equation

(48) w̃2
n,ϵptq `

` 1

ϵ2
´ 2θn,ϵ

˘

w̃1
n,ϵptq `

1

ϵ2
Θn,ϵw̃n,ϵptq “ 0.

with initial values

w̃n,ϵp0q “ f ϵ
np0q, w̃1

n,ϵp0q “ θn,ϵf
ϵ
np0q ` pf ϵ

nq1p0q “ θn,ϵf
ϵ
np0q `

1

ϵ
gϵnp0q.

Two useful identities are obtained using (48). First, one has

1

2

d

dt
|w̃1

n,ϵptq|2 `
` 1

ϵ2
´ 2θn,ϵ

˘

|w̃1
n,ϵptq|2 `

Θn,ϵ

2ϵ2
d

dt
|w̃n,ϵptq|2

“

A

w̃2
n,ϵptq `

` 1

ϵ2
´ 2θn,ϵ

˘

w̃1
n,ϵptq `

Θn,ϵ

ϵ2
w̃n,ϵptq, w̃

1
n,ϵptq

E

“ 0.

One then obtains the following result by integration and using the initial values for w̃n,ϵp0q and w̃1
n,ϵp0q: for

all t ě 0 one has

ϵ2|w̃1
n,ϵptq|2 ` 2p1 ´ 2ϵ2θn,ϵq

ż t

0

|w̃1
n,ϵpsq|2 ds ` Θn,ϵ|w̃n,ϵptq|2 “ ϵ2|w̃1

n,ϵp0q|2 ` Θn,ϵ|w̃n,ϵp0q|2

“ |ϵθn,ϵf
ϵ
np0q ` gϵnp0q|2 ` Θn,ϵ|f

ϵ
np0q|2.(49)

Second, one has

1

2

d

dt

ˇ

ˇϵ2w̃1
n,ϵptq ` p1 ´ 2ϵ2θn,ϵqw̃n,ϵptq

ˇ

ˇ

2
“

A

ϵ2w̃2
n,ϵptq ` p1 ´ 2ϵ2θn,ϵqw̃

1
n,ϵptq, ϵ

2w̃1
n,ϵptq ` p1 ´ 2ϵ2θn,ϵqw̃n,ϵptq

E

“ ´

A

Θn,ϵw̃n,ϵptq, ϵ
2w̃1

n,ϵptq ` p1 ´ 2ϵ2θn,ϵqw̃n,ϵptq
E

“ ´
ϵ2

2
Θn,ϵ

d

dt
|w̃n,ϵptq|2 ´ p1 ´ 2ϵ2θn,ϵqΘn,ϵ|w̃n,ϵptq|2.

One then obtains the following result by integration and using the initial values for w̃n,ϵp0q and w̃1
n,ϵp0q: for

all t ě 0 one has

ˇ

ˇϵ2w̃1
n,ϵptq ` p1 ´ 2ϵ2θn,ϵqw̃n,ϵptq

ˇ

ˇ

2
` ϵ2Θn,ϵ|w̃n,ϵptq|2 ` 2p1 ´ 2ϵ2θn,ϵqΘn,ϵ

ż t

0

|w̃n,ϵpsq|2 ds

“
ˇ

ˇϵ2w̃1
n,ϵp0q ` p1 ´ 2ϵ2θn,ϵqw̃n,ϵp0q

ˇ

ˇ

2
` ϵ2Θn,ϵ|w̃n,ϵp0q|2

“
ˇ

ˇϵgϵnp0q ` p1 ´ ϵ2θn,ϵqf
ϵ
np0q

ˇ

ˇ

2
` ϵ2pλn ´ θn,ϵ ` ϵ2θ2n,ϵq|f ϵ

np0q|2.(50)

Set w̃0,1
n,ϵptq “ eθn,ϵtf ϵ,0,1

n ptq and w̃1,0
n,ϵptq “ eθn,ϵtf ϵ,1,0

n ptq for all t ě 0.
The proof of Lemma 4.5 can now be performed using the auxiliary tools introduced above.

Proof of Lemma 4.5. Let n P N and ϵ P p0, 1q. First, let us assume that 1 ´ 4λnϵ
2 ă 0.

‚ Proof of the inequality (40). It is straightforward to check that for all z P R one has

| sinpzq| ď
|z|

maxp1, |z|q
,

by combining the upper bounds | sinpzq| ď 1 and | sinpzq| ď |z|. Using the expression (44) of f ϵ,0,1
n ptq

and the inequality above with z “
?
4λnϵ2´1
2ϵ2 t, one obtains

|f ϵ,0,1
n ptq|2 “

ˇ

ˇ

ˇ
e´ t

2ϵ2
2ϵ

?
4λnϵ2 ´ 1

sin
`

?
4λnϵ2 ´ 1

2ϵ2
t
˘

ˇ

ˇ

ˇ

2

ď e´ t
ϵ2

t2

ϵ2
1

maxp1, p4λnϵ2´1qt2

4ϵ4 q
.

Then writing
t2

ϵ2
“

1

4λn

4λnϵ
2t2

ϵ4
“

1

4λn

p4λnϵ
2 ´ 1qt2

ϵ4
`

1

4λn

t2

ϵ4
,

10



and the upper bound sup
xě0

p1 ` x2qe´ x
2 ă 8, one obtains the inequality

|f ϵ,0,1
n ptq|2 ď

1

4λn
e´ t

ϵ2
`

1 `
t2

ϵ4
˘

ď
C

λn
e´ t

2ϵ2 .

This concludes the proof of the �rst inequality in (40). To prove the second inequality, note that
due to the assumption 1 ´ 4λnϵ

2 ă 0 one has

θn,ϵ “
1

4ϵ2
ą 0, Θn,ϵ “ λn ´ θn,ϵ ` ϵ2θ2n,ϵ “ λn ´

3

16ϵ2
ą

λn

4
, 1 ´ 2ϵ2θn,ϵ “

1

2
.

As a result, using the inequalities (49) and (50), with the initial values f ϵ,0,1
n p0q “ 0 and gϵ,0,1n p0q “ 1

one obtains for all t ě 0

ϵ|pw̃0,1
n,ϵq

1ptq| ď 1

|ϵ2pw̃0,1
n,ϵq

1ptq `
1

2
w̃0,1

n,ϵptq
ˇ

ˇ ď ϵ,

and using the triangle inequality then gives

|w̃0,1
n,ϵptq| ď 2

´

ˇ

ˇϵ2pw̃0,1
n,ϵq

1ptq `
1

2
w̃0,1

n,ϵptq
ˇ

ˇ ` ϵ2|pw̃0,1
n,ϵq

1ptq|

¯

ď 4ϵ.

Finally, using the identity

gϵ,0,1n ptq “ ϵpf ϵ,0,1
n q1ptq “ ϵe´θn,ϵt

`

pw̃0,1
n,ϵq

1ptq ´ θn,ϵw̃
0,1
n,ϵptq

˘

,

and the value θn,ϵ “ 1
4ϵ2 , one obtains for all t ě 0

|gϵ,0,1n ptq| ď ϵe´ t
4ϵ2 |pw̃0,1

n,ϵq
1ptq| `

1

4ϵ
e´ t

4ϵ2 |w̃0,1
n,ϵptq| ď 2e´ t

4ϵ2 .

This concludes the proof of the second inequality in (40). The proof of (40) is thus completed.
‚ Proof of the inequality (41). Using the expression (44) of f ϵ,1,0

n ptq and the inequalities | cospzq| ď 1
and | sinpzq| ď |z| for all z P R, one has

|f ϵ,1,0
n ptq| “ e´ t

2ϵ2

ˇ

ˇ

ˇ
cosp

?
4λnϵ2 ´ 1

2ϵ2
tq `

1
?
4λnϵ2 ´ 1

sin
`

?
4λnϵ2 ´ 1

2ϵ2
t
˘

ˇ

ˇ

ˇ

ď e´ t
2ϵ2

`

1 `
t

2ϵ2
˘

.

Using then the upper bound sup
xě0

p1 ` xqe´ x
2 ă 8 then gives

|f ϵ,1,0
n ptq| ď Ce´ t

4ϵ2 .

The proof of (41) is thus completed.

Let us now assume that 1 ´ 4λnϵ
2 ě 0.

‚ Proof of the inequality (42). Note that due to the assumption 1 ´ 4λnϵ
2 ě 0 one has

θn,ϵ “ λn ą 0, Θn,ϵ “ λn ´ θn,ϵ ` ϵ2θ2n,ϵ “ λ2
nϵ

2 ą 0, 1 ´ 2ϵ2θn,ϵ ě 2λnϵ
2.

As a result, using the inequalities (49) and (50) with the initial values f ϵ,0,1
n p0q “ 0 and gϵ,0,1n p0q “ 1,

one obtains for all t ě 0

ϵ|pw̃0,1
n,ϵq

1ptq| ď 1
ˇ

ˇϵ2pw̃0,1
n,ϵq

1ptq ` p1 ´ 2ϵ2θn,ϵqw̃
0,1
n,ϵptq

ˇ

ˇ ď ϵ.

Moreover, using the assumption 1 ´ 4λnϵ
2 ě 0, one has the lower bound

1 ´ 2λnϵ
2 ě

1

2
.

Therefore, using the triangle inequality and the two inequalities above, for all t ě 0 one obtains

|w̃0,1
n,ϵptq| ď 2p1 ´ 2λnϵ

2q|w̃0,1
n,ϵptq|

ď 2
´

ˇ

ˇϵ2pw̃0,1
n,ϵq

1ptq ` p1 ´ 2λnϵ
2qw̃0,1

n,ϵptq
ˇ

ˇ ` ϵ2|pw̃0,1
n,ϵq

1ptq|

¯
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ď 4ϵ.

Thus for all t ě 0 one has

|f ϵ,0,1
n ptq| “ e´θn,ϵt|w̃0,1

n,ϵptq| ď 4ϵe´λnt.

This provides the �rst inequality from (42). To prove the second inequality, owing to the equality (47),
recalling that gϵ,0,1n p0q “ 1 and using the inequality proved above for |f ϵ,0,1

n ptq|, one has for all t ě 0

|gϵ,0,1n ptq| ď e´ t
ϵ2 `

ż t

0

λn

ϵ
e´

t´s

ϵ2 |f ϵ,0,1
n psq| ds

ď e´ t
ϵ2 ` 4λn

ż t

0

e´
t´s

ϵ2 e´λns ds

ď e´ t
ϵ2 `

4λnϵ
2

1 ´ λnϵ2
`

e´λnt ´ e´ t
ϵ2

˘

ď e´ t
ϵ2 ` Cλnϵ

2e´λnt,

using the fact that 1 ´ λnϵ
2 ě 3

4 owing to the assumption 1 ´ 4λnϵ
2 ě 0. This concludes the proof

of the second inequality in (42). The proof of (42) is thus completed.
‚ Proof of the inequality (43). Using the inequality (49), with the initial values f ϵ,1,0

n p0q “ 1 and
gϵ,1,0n p0q “ 0, one obtains for all t ě 0

Θn,ϵ|w̃
1,0
n,ϵptq|2 ď pϵθn,ϵq

2 ` Θn,ϵ.

Recalling that θn,ϵ “ λn and Θn,ϵ “ λ2ϵ2 owing to the assumption 1 ´ 4λnϵ
2 ě 0, one has for all

t ě 0
|w̃1,0

n,ϵptq|2 ď 2.

Therefore for all t ě 0 one has

|f ϵ,1,0
n ptq| “ e´θn,ϵt|w̃1,0

n,ϵptq| ď
?
2e´tλn .

The proof of (43) is thus completed.

The proof of Lemma 4.5 is now completed. □

4.2.2. Proofs of Lemma 4.3 and Lemma 4.4.

Proof of Lemma 4.3. Let u P Hα`ρ´2δ´1, then one has the following expression for etAϵp0, uq: for all t ě 0,

etAϵp0, uq “
ÿ

nPN
xu, enyf ϵ,0,1

n ptqpen, 0q `
ÿ

nPN
xu, enygϵ,0,1n ptqp0, enq,

using (10) and the notation introduced above the statement of Lemma 4.5. Alternatively, this may be written
as

Πu

´

etAϵp0, uq

¯

“
ÿ

nPN
xu, enyf ϵ,0,1

n ptqen, Πv

´

etAϵp0, uq

¯

“
ÿ

nPN
xu, enygϵ,0,1n ptqen,

and as a result one has
›

›etAϵ
`

0, u
˘
›

›

2

Hα “
›

›Πue
tAϵ

`

0, u
˘
›

›

2

Hα `
›

›Πve
tAϵ

`

0, u
˘
›

›

2

Hα´1

“
ÿ

nPN
λα
nxu, eny2|f ϵ,0,1

n ptq|2 `
ÿ

nPN
λα´1
n xu, eny2|gϵ,0,1n ptq|2

“
ÿ

nPN
λα`ρ´2δ´1
n xu, eny2λ1`2δ´ρ

n |f ϵ,0,1
n ptq|2 `

ÿ

nPN
λα`ρ´2δ´1
n xu, eny2λ2δ´ρ

n |gϵ,0,1n ptq|2

ď }u}2Hα´2δ`ρ´1sup
nPN

´

λ1`2δ´ρ
n |f ϵ,0,1

n ptq|2 ` λ2δ´ρ
n |gϵ,0,1n ptq|2

¯

.

To proceed, one needs to treat separately the cases 1 ´ 4λnϵ
2 ă 0 and 1 ´ 4λnϵ

2 ě 0: for all n P N,
ϵ P p0, 1q and t P p0,8q, using the inequalities (40) and (42) from Lemma 4.5, one obtains

λ1`2δ´ρ
n |f ϵ,0,1

n ptq|2 ` λ2δ´ρ
n |gϵ,0,1n ptq|2 “

`

λ1`2δ´ρ
n |f ϵ,0,1

n ptq|2 ` λ2δ´ρ
n |gϵ,0,1n ptq|2

˘

11´4λnϵ2ă0

`
`

λ1`2δ´ρ
n |f ϵ,0,1

n ptq|2 ` λ2δ´ρ
n |gϵ,0,1n ptq|2

˘

11´4λnϵ2ě0

12



ď Cλ2δ´ρ
n e´ t

2ϵ2 11´4λnϵ2ă0

` C
´

ϵ2λ1`2δ´ρ
n e´2λnt ` λ2δ´ρ

n e´ 2t
ϵ2 ` λ2δ´ρ`2

n ϵ4e´2λnt
¯

11´4λnϵ2ě0.

On the one hand, using the inequality sup
xě0

x2δe´x ă 8, one obtains

Cλ2δ´ρ
n e´ t

2ϵ2 11´4λnϵ2ă0 ď Cλ2δ´ρ
n

2ϵ4δ

t2δ
11´4λnϵ2ă0

ď Ct´2δϵ2ρ
`

λnϵ
2
˘2δ´ρ

11´4λnϵ2ă0

ď Ct´2δϵ2ρ,

using the conditions 2δ ´ ρ ď 0 and 4λnϵ
2 ą 1 in the last step.

On the other hand, using the inequality sup
xě0

x2δe´x ă 8, one obtains

ϵ2λ1`2δ´ρ
n e´2λnt11´4λnϵ2ě0 ď Ct´2δϵ2λ1´ρ

n 11´4λnϵ2ě0

ď Ct´2δϵ2ρ
`

λnϵ
2
˘1´ρ

11´4λnϵ2ě0

ď Ct´2δϵ2ρ.

Finally, observe that the assumption 1 ´ 4λnϵ
2 ě 0 ensures that

λ2δ´ρ`2
n ϵ4e´2λnt11´4λnϵ2ě0 ď ϵ2λ1`2δ´ρ

n e´2λnt11´4λnϵ2ě0 ď Ct´2δϵ2ρ,

and using again the inequality sup
xě0

x2δe´x ă 8, one obtains

λ2δ´ρ
n e´ 2t

ϵ2 11´4λnϵ2ě0 ď Cλ2δ´ρ
n

ϵ4δ

t2δ
e´ t

ϵ2 11´4λnϵ2ě0

ď Ct´2δϵ2ρλ2δ´ρ
n ϵ2p2δ´ρqe´ t

ϵ2 11´4λnϵ2ě0

ď Ct´2δϵ2ρϵ2p2δ´ρqe´ t
ϵ2 ,

using the condition 2δ ´ ρ ď 0.
Gathering the estimates yields for all t P p0,8q the upper bound

sup
nPN

´

λ1`2δ´ρ
n |f ϵ,0,1

n ptq|2 ` λ2δ´ρ
n |gϵ,0,1n ptq|2

¯

ď Ct´2δϵ2ρ
´

1 ` ϵ2p2δ´ρqe´ t
ϵ2

¯

.

Due to the inequality above, one obtains (37) and the proof of Lemma 4.3 is thus completed. □

Proof of Lemma 4.4. Like in the proof of Lemma 4.3 above, for all v P Hα´1´2δ and for all t ě 0 one has

Πu

´

etAϵp0, vq

¯

“
ÿ

nPN
xv, enyf ϵ,0,1

n ptqen

and as a result one has

}Πv

´

etAϵp0, vq

¯

}2H “
ÿ

nPN
xv, eny2|f ϵ,0,1

n ptq|2

“
ÿ

nPN
λα´1´2δ
n xv, eny2λ1`2δ´α

n |f ϵ,0,1
n ptq|2

ď }v}2Hα´1´2δsup
nPN

´

λ1`2δ´α
n |f ϵ,0,1

n ptq|2
¯

.

To proceed, one needs to treat separately the cases 1´ 4λnϵ
2 ă 0 and 1´ 4λnϵ

2 ě 0: for all n P N, ϵ P p0, 1q

and t P p0,8q, using the inequalities (40) and (42) from Lemma 4.5, one obtains

λ1`2δ´α
n |f ϵ,0,1

n ptq|2 “ λ1`2δ´α
n |f ϵ,0,1

n ptq|211´4λnϵ2ă0 ` λ1`2δ´α
n |f ϵ,0,1

n ptq|211´4λnϵ2ě0

ď Cλ2δ´α
n e´ t

2ϵ2 11´4λnϵ2ă0 ` Cλ1`2δ´α
n ϵ2e´2λnt11´4λnϵ2ě0.
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On the one hand, using the inequality sup
xě0

x2δe´x ă 8, one obtains

λ2δ´α
n e´ t

2ϵ2 11´4λnϵ2ă0 ď Cλ2δ´α
n

ϵ4δ

t2δ
11´4λnϵ2ă0

ď Ct´2δϵ2α
`

λnϵ
2
˘2δ´α

11´4λnϵ2ă0

ď Ct´2δϵ2α,

using the conditions 2δ ´ α ď 0 and 4λnϵ
2 ą 1 in the last step.

On the other hand, using the inequality sup
xě0

x2δe´x ă 8, one obtains

λ1`2δ´α
n ϵ2e´2λnt11´4λnϵ2ě0 ď Ct´2δλ1´α

n ϵ211´4λnϵ2ě0

ď Ct´2δϵ2α
`

λnϵ
2
˘1´α

11´4λnϵ2ě0

ď Ct´2δϵ2α.

Gathering the estimates yields for all t P p0,8q the upper bound

sup
nPN

´

λ1`2δ´α
n |f ϵ,0,1

n ptq|2
¯

ď Ct´2δϵ2α.

Due to the inequality above, one obtains (38).
It remains to prove the inequality (39). Observe that for all u P H and all t ě 0 one has

Πu

´

etAϵpu, 0q

¯

“
ÿ

nPN
xu, enyf ϵ,1,0

n ptqen

and as a result one has

}Πu

´

etAϵpu, 0q

¯

}2H “
ÿ

nPN
xu, eny2|f ϵ,1,0

n ptq|2

“
ÿ

nPN
xu, eny2|f ϵ,1,0

n ptq|211´4λnϵ2ă0 `
ÿ

nPN
xu, eny2|f ϵ,1,0

n ptq|211´4λnϵ2ě0.

On the one hand, using the inequality (41) from Lemma 4.5 and the inequality sup
xě0

xα1e´x ă 8, for all

n P N, ϵ P p0, 1q and t P p0,8q one has

|f ϵ,1,0
n ptq|211´4λnϵ2ă0 ď Ce´ t

2ϵ2 ď Cϵ2α1t´α1 .

On the other hand, using the inequality (43) from Lemma 4.5 and the inequality sup
xě0

xα2e´x ă 8, for all

n P N, ϵ P p0, 1q and t P p0,8q one has

|f ϵ,1,0
n ptq|211´4λnϵ2ě0 ď Ce´2λnt11´4λnϵ2ě0 ď Ct´α2λ´α2

n .

Therefore one obtains for all t P p0,8q and all u P H

}Πu

´

etAϵpu, 0q

¯

}2H ď Cϵ2α1t´α1

ÿ

nPN
xu, eny2 ` Ct´α2

ÿ

nPN
λ´α2
n xu, eny2

ď Cϵα1t´α1}u}2H ` Ct´α2}u}2H´α2 .

This concludes the proof of (39). The proof of Lemma 4.4 is thus completed. □

4.3. Convergence and error bounds on the semigroups. The objective of this section is to provide
precise results to justify the convergence properties

Πue
tAϵpu, 0q Ñ

ϵÑ0
e´tΛu

and

Πue
tAϵp0,

v

ϵ
q Ñ
ϵÑ0

e´tΛv,

and to obtain error bounds, depending on the regularity properties of u and v.
14



Lemma 4.6. For all α P r0, 1s and all δ P r0, α
2 s, there exists Cα,δ P p0,8q such that, for all ϵ P p0, 1q, all

t ą 0 and all u P Hα´2δ one has

(51) }Πue
tAϵpu, 0q ´ e´tΛu}H ď Cα,δϵ

αt´δ}u}Hα´2δ .

Moreover, for all α P r0, 1s and all δ P rα2 ,
1
2 s, there exists Cα,δ P p0,8q such that, for all ϵ P p0, 1q, all t ą 0

and all v P Hα´2δ one has

(52) }Πue
tAϵp0,

v

ϵ
q ´ e´tΛv}H ď Cα,δϵ

αt´δ}v}Hα´2δ .

Notice that one has α ´ 2δ ě 0 for (51) but α ´ 2δ ď 0 for (52).
The proof of Lemma 4.6 is a straightforward consequence of the following auxiliary result. The statement

and the proof of Lemma 4.7 exploit the notation introduced in Section 4.2 for the proof of Lemma 4.5.

Lemma 4.7. For all α P r0, 1s and all δ P r0, α
2 s, there exists Cα,δ P p0,8q such that, for all ϵ P p0, 1q and

all t ą 0 one has

(53) sup
nPN

´

λ2δ´α
n

ˇ

ˇf ϵ,1,0
n ptq ´ e´tλn

ˇ

ˇ

2
¯

ď Ct´2δϵ2α.

Moreover, for all α P r0, 1s and all δ P rα2 ,
1
2 s, there exists Cα,δ P p0,8q such that, for all ϵ P p0, 1q and all

t ą 0 one has

(54) sup
´

λ2δ´α
n

ˇ

ˇ

f ϵ,0,1
n ptq

ϵ
´ e´tλn

ˇ

ˇ

2
¯

ď Ct´2δϵ2α.

Proof of Lemma 4.7. Let us �rst prove the inequality (53), and assume that δ P r0, α
2 s. Let n P N and

ϵ P p0, 1q.
On the one hand, if 1 ´ 4λnϵ

2 ă 0, owing to the inequality (41) and to the lower bound λn ě ϵ2{4, one
has for all t ě 0

|f ϵ,1,0
n ptq ´ e´tλn |2 ď 2|f ϵ,1,0

n ptq|2 ` 2e´2tλn

ď Ce´ t
2ϵ2 .

As a result, using the inequality sup
xPR

x2δe´x ă 8, one obtains for all t ą 0

λ2δ´α
n

ˇ

ˇf ϵ,1,0
n ptq ´ e´tλn

ˇ

ˇ

2
11´4λnϵ2ă0 ď Cλ2δ´α

n

ϵ4δ

t2δ
11´4λnϵ2ă0

ď Ct´2δϵ2αpλnϵ
2q2δ´α11´4λnϵ2ă0

ď Ct´2δϵ2α,

using the conditions 2δ ´ α ď 0 and 4λnϵ
2 ą 1 in the last step.

On the other hand, if 1 ´ 4λnϵ
2 ě 0, recalling that w̃1,0

n,ϵptq “ eθn,ϵtf ϵ,1,0
n ptq with θn,ϵ “ λn, one has for all

t ě 0
f ϵ,1,0
n ptq ´ e´tλn “ e´tλn

`

w̃1,0
n,ϵptq ´ 1

˘

“ e´tλn
`

w̃1,0
n,ϵptq ´ w̃1,0

n,ϵp0q
˘

.

Using the inequality (49) and the Cauchy�Schwarz inequality, one has

ˇ

ˇw̃1,0
n,ϵptq ´ w̃1,0

n,ϵp0q
ˇ

ˇ

2
“

ˇ

ˇ

ˇ

ż t

0

pw̃1,0
n,ϵq

1psq ds
ˇ

ˇ

ˇ

2

ď t

ż t

0

ˇ

ˇpw̃1,0
n,ϵq

1psq
ˇ

ˇ

2
ds

ď t
λ2
nϵ

2

1 ´ 2λnϵ2

ď 2tλ2
nϵ

2,

using the lower bound 1 ´ 2λnϵ
2 ě 1

2 in the last step.

As a result, using the inequality sup
xPR

x1`2δe´x ă 8, one obtains for all t ą 0

λ2δ´α
n

ˇ

ˇf ϵ,1,0
n ptq ´ e´tλn

ˇ

ˇ

2
11´4λnϵ2ě0 ď Ctλ2`2δ´α

n ϵ2e´2tλn11´4λnϵ2ě0
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ď Ct´2δλ1´α
n ϵ211´4λnϵ2ě0

ď Ct´2δϵ2α
`

λnϵ
2
˘1´α

11´4λnϵ2ě0

ď Ct´2δϵ2α,

using the condition 4λnϵ
2 ď 1 in the last step.

Gathering the estimates, one thus obtains for all t ą 0 and all ϵ P p0, 1q

sup
nPN

´

λ2δ´α
n

ˇ

ˇf ϵ,1,0
n ptq ´ e´tλn

ˇ

ˇ

2
¯

ď Ct´2δϵ2α.

This concludes the proof of the inequality (53).
It remains to prove the inequality (54). Assume that δ P rα2 ,

1
2 s and let n P N and ϵ P p0, 1q.

On the one hand, if 1 ´ 4λnϵ
2 ă 0, owing to the inequality (40) from Lemma 4.5, one has for all t ě 0

ˇ

ˇ

f ϵ,0,1
n ptq

ϵ
´ e´tλn

ˇ

ˇ

2
ď

2

ϵ2
ˇ

ˇf ϵ,0,1
n ptq

ˇ

ˇ

2
` 2e´2tλn ď C

1

λnϵ2
e´ t

2ϵ2 ` 2e´2tλn .

As a result, using the inequality sup
xPR

x2δe´x ă 8, one obtains for all t ą 0

λ2δ´α
n

ˇ

ˇf ϵ,0,1
n ptq ´ e´tλn

ˇ

ˇ

2
11´4λnϵ2ă0 ď C

´

λ2δ´α´1
n t´2δϵ4δ´2 ` λ´α

n t´2δ
¯

11´4λnϵ2ă0

ď Ct´2δϵ2α
´

`

λnϵ
2
˘2δ´α´1

`
`

λnϵ
2q´α

¯

11´4λnϵ2ă0

ď Ct´2δϵ2α,

using the conditions 1 ` α ´ 2δ ě 0, α ě 0 and 4λnϵ
2 ą 1 in the last step.

On the other hand, if 1 ´ 4λnϵ
2 ě 0, set

F ϵ,0,1
n ptq “ f ϵ,0,1

n ptq ` ϵgϵ,0,1n ptq.

Note that owing to (11) for all t ě 0 one has

pF ϵ,0,1
n q1ptq “ pf ϵ,0,1

n q1ptq ` ϵpgϵ,0,1n q1ptq

“ ´λnf
ϵ,0,1
n ptq

“ ´λnF
ϵ,0,1
n ptq ` ϵλng

ϵ,0,1
n ptq.

Since F ϵ,0,1
n p0q “ f ϵ,0,1

n p0q ` ϵgϵ,0,1n p0q “ ϵ, one has for all t ě 0

F ϵ,0,1
n ptq “ ϵe´λnt ` ϵλn

ż t

0

e´λnpt´sqgϵ,0,1n psq ds.

Moreover, one has gϵ,0,1n psq “ ϵpf ϵ,0,1
n q1psq for all s ě 0, therefore integrating by parts one obtains

F ϵ,0,1
n ptq ´ ϵe´λnt “ ϵλn

ż t

0

e´λnpt´sqgϵ,0,1n psq ds

“ ϵ2λn

ż t

0

e´λnpt´sqpf ϵ,0,1
n q1psq ds

“ ϵ2λn

´

f ϵ,0,1
n ptq ´ λn

ż t

0

e´λnpt´sqf ϵ,0,1
n psq ds

¯

.

As a result, using the inequality (42) from Lemma 4.5, for all t ě 0 one has

ˇ

ˇ

1

ϵ
F ϵ,0,1
n ptq ´ e´λnt

ˇ

ˇ “
1

ϵ

ˇ

ˇF ϵ,0,1
n ptq ´ ϵe´λnt

ˇ

ˇ ď ϵλn

´

|f ϵ,0,1
n ptq| ` λn

ż t

0

e´λnpt´sq|f ϵ,0,1
n psq| ds

¯

ď Cϵ2λne
´λnt ` Cϵ2λ2

n

ż t

0

e´λnpt´sqe´λns ds

ď Cϵ2λne
´λnt ` Cϵ2λ2

nte
´λnt.
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Finally, using the identity f ϵ,0,1
n ptq “ F ϵ,0,1

n ptq ´ ϵgϵ,0,1n ptq, the inequality above and the inequality (42) from
Lemma 4.5, one obtains for all t ě 0

ˇ

ˇ

1

ϵ
f ϵ,0,1
n ptq ´ e´tλn

ˇ

ˇ

2
ď 2

ˇ

ˇ

1

ϵ
F ϵ,0,1
n ptq ´ e´tλn

ˇ

ˇ

2
` 2|gϵ,0,1n ptq|2

ď C
´

ϵ4λ2
ne

´2λnt ` ϵ4λ4
nt

2e´2λnt ` e´ 2t
ϵ2

¯

.

As a result, using the inequalities sup
xPR

x2δe´x ă 8 and sup
xPR

x2`2δe´x ă 8, one obtains for all t ą 0

λ2δ´α
n

ˇ

ˇ

f ϵ,0,1
n ptq

ϵ
´ e´tλn

ˇ

ˇ

2
11´4λnϵ2ě0 ď Cλ2δ´α

n

´

ϵ4λ2
ne

´2λnt ` ϵ4λ4
nt

2e´2λnt ` e´ 2t
ϵ2

¯

11´4λnϵ2ě0

ď Ct´2δ
´

ϵ4λ2´α
n ` λ2δ´α

n ϵ4δ
¯

11´4λnϵ2ě0

ď Ct´2δϵ2α
´

`

λnϵ
2
˘2´α

`
`

λnϵ
2
˘2δ´α

¯

11´4λnϵ2ě0

ď Ct´2δϵ2α,

using the conditions 2 ´ α ě 0, 2δ ´ α ě 0 and 4λnϵ
2 ď 1 in the last step.

Gathering the estimates, one thus obtains for all t ą 0 and all ϵ P p0, 1q

sup
nPN

´

λ2δ´α
n

ˇ

ˇ

f ϵ,0,1
n ptq

ϵ
´ e´tλn

ˇ

ˇ

2
¯

ď Ct´2δϵ2α.

This concludes the proof of the inequality (54).
The proof of Lemma 4.7 is thus completed. □

Proof of Lemma 4.6. Let us �rst prove the inequality (51). Assume that δ P r0, α
2 s. Let u P Hα´2δ, then for

all t ě 0 one has

Πu

´

etAϵpu, 0q

¯

“
ÿ

nPN
xu, enyf ϵ,1,0

n ptqen

where t ě 0 ÞÑ pf ϵ,1,0
n ptq, gϵ,1,0n ptqq is the solution of (11) with initial values f ϵ,1,0

n p0q “ 1 and gϵ,1,0n p0q “ 0.
As a result, one has

}Πu

´

etAϵpu, 0q

¯

´ e´tΛu}2H “
ÿ

nPN

ˇ

ˇf ϵ,1,0
n ptq ´ e´tλn

ˇ

ˇ

2
xu, eny2

“
ÿ

nPN
λ2δ´α
n

ˇ

ˇf ϵ,1,0
n ptq ´ e´tλn

ˇ

ˇ

2
λα´2δ
n xu, eny2

ď sup
nPN

´

λ2δ´α
n

ˇ

ˇf ϵ,1,0
n ptq ´ e´tλn

ˇ

ˇ

2
¯

}u}2Hα´2δ .

Employing the inequality (53) from Lemma 4.7 then yields the inequality (51).
It remains to prove the inequality (52). Assume that δ P rα2 ,

1
2 s. Let v P Hα´2δ, then for all t ě 0 one has

Πu

´

etAϵp0,
v

ϵ
q

¯

“
ÿ

nPN
xv, eny

f ϵ,0,1
n ptq

ϵ
en

where t ě 0 ÞÑ pf ϵ,0,1
n ptq, gϵ,0,1n ptqq is the solution of (11) with initial values f ϵ,0,1

n p0q “ 0 and gϵ,0,1n p0q “ 1.
As a result, one has

}Πu

´

etAϵp0,
v

ϵ
q

¯

´ e´tΛv}2H “
ÿ

nPN

ˇ

ˇ

f ϵ,0,1
n ptq

ϵ
´ e´tλn

ˇ

ˇ

2
xv, eny2

“
ÿ

nPN
λ2δ´α
n

ˇ

ˇ

f ϵ,0,1
n ptq

ϵ
´ e´tλn

ˇ

ˇ

2
λα´2δ
n xv, eny2

ď sup
nPN

´

λ2δ´α
n

ˇ

ˇ

f ϵ,0,1
n ptq

ϵ
´ e´tλn

ˇ

ˇ

2
¯

}v}2Hα´2δ .

Employing the inequality (54) from Lemma 4.7 then yields the inequality (52).
The proof of Lemma 4.6 is thus completed. □
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5. Properties of the solutions of the stochastic partial differential equations

In Section 2.2, we have introduced stochastic evolution equations and stated well-posedness results for
mild solutions. Using the properties on the semigroups presented in Sections 4.1 and 4.2, it is possible to
prove rigorously these results by standard �xed point approaches, the details are omitted. In this section,
the aim is to provide some moment bounds and regularity properties, for which the properties given by
Lemma 4.1 for

`

e´tΛqtě0 and Lemmas 4.2 and 4.3 for
`

etAϵ
˘

tě0
play an important role.

5.1. Properties of the solutions of the stochastic heat equation. Let u0
0 be H-valued F0-measurable

random variable. Recall that
`

u0ptq
˘

tě0
denotes the unique mild solution of (25) � the mild formulation is

given by (26) � with initial value u0p0q “ u0
0.

Proposition 5.1. Let β P p0, 1s such that the condition (18) from Assumption 2.3 holds. For all T P p0,8q

and all α P r0, βq, there exists CαpT q P p0,8q such that, if the initial value u0
0 is a F0-measurable random

variable, which satis�es Er}u0
0}2Hαs ă 8, then one has

(55) sup
0ďtďT

Er}u0ptq}2Hαs ď CαpT qp1 ` Er}u0}2Hαsq.

The result stated in Proposition 5.1 is standard and may be found in many articles and books. For
completeness and for pedagogical reasons, a short proof is given below.

Proof. We recall that the stochastic convolution Zptq is given by (27).
Using the Itô isometry property, one has, for all t ě 0 and all α P r0, βq,

Er}Zptq}2Hαs “

8
ÿ

n“1

qn

ż t

0

›

›e´pt´sqΛen
›

›

2

Hα ds

“

8
ÿ

n“1

qnλ
α
n

ż t

0

e´2pt´sqλn ds

“
1

2

ÿ

nPN
qnλ

α´1
n p1 ´ e´2tλnq.

Therefore one has for all α P r0, βq

(56) sup
tě0

Er}Zptq}2Hαs ă 8.

Let us �rst prove the inequality (55) for u0ptq, when α “ 0.
Using the mild formulation (26), the inequality (32) from Lemma 4.1 and the Lipschitz continuity of f

(Assumption 2.1, one obtains for all t ě 0

}u0ptq}H ď }e´tΛu0
0}H `

ż t

0

›

›e´pt´sqΛfpu0psqq
›

›

H
ds ` }Zptq}H

ď }u0
0}H `

ż t

0

}fpu0psqq}H ds ` }Zptq}H

ď }u0
0}H ` C

ż t

0

`

1 ` }u0psq}H
˘

ds ` }Zptq}H .

Applying the Minkowski inequality and using the moment bounds (56) obtained above for the stochastic
convolution Zptq, one obtains for all t ě 0

`

Er}u0ptq}2H s
˘

1
2 ď

`

Er}u0}2H s
˘

1
2 ` C

ż t

0

`

1 `
`

Er}u0psq}2H s
˘

1
2

˘

ds `
`

Er}Zptq}2H s
˘

1
2

ď C
`

1 `
`

Er}u0}2H s
˘

1
2

˘

` C

ż t

0

`

Er}u0psq}2H s
˘

1
2 ds.

Finally, applying the Grönwall inequality, there exists C0pT q P p0,8q such that for all t P r0, T s one has
`

Er}u0ptq}2H s
˘

1
2 ď C0pT q

`

1 `
`

Er}u0
0}2H s

˘
1
2

˘

.
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This concludes the proof of the inequality (55) when α “ 0. Let us then deal with the case α P p0, βq. Using
the mild formulation (26), the inequality (32) and the smoothing inequality (33) from Lemma 4.1 and the
Lipschitz continuity property of f (Assumption 2.1), one has, for all t ě 0

}u0ptq}Hα ď }e´tΛu0
0}Hα `

ż t

0

›

›e´pt´sqΛfpu0psqq
›

›

Hα ds ` }Zptq}Hα

ď }u0}Hα ` C

ż t

0

pt ´ sq´ α
2 }fpu0psqq}H ds ` }Zptq}Hα

ď }u0}Hα ` C

ż t

0

pt ´ sq´ α
2

`

1 ` }u0psq}H
˘

ds ` }Zptq}Hα .

Applying the Minkowski inequality and using the moment bounds (56) obtained above for the stochastic
convolution Zptq and the moment bounds for }u0ptq}H proved above in the case α “ 0, one obtains for all
t P r0, T s

`

Er}u0ptq}2Hαs
˘

1
2 ď

`

Er}u0}2Hαs
˘

1
2 ` C

ż t

0

pt ´ sq´ α
2

`

1 `
`

Er}u0psq}2H s
˘

1
2

˘

ds ` Cα

ď
`

Er}u0}2Hαs
˘

1
2 ` C0pT qp1 ` pEr}u0}2H sq

1
2 q

ż t

0

pt ´ sq´ α
2 ds ` Cα

ď CαpT qp1 ` pEr}u0}2Hαsq
1
2 q,

for some CαpT q P p0,8q. This concludes the proof of the inequality (55) when α P p0, βq.
The proof of Proposition 5.1 is thus completed. □

5.2. Properties of the solutions of the stochastic damped wave equation. For all ϵ P p0, 1q let
xϵ
0 “ puϵ

0, v
ϵ
0q be an H-valued F0-measurable random variable. Recall that

`

Xϵptq
˘

tě0
denotes the unique

mild solution of (22), with the mild formulation given by (23), with initial value Xϵp0q “ xϵ
0.

Proposition 5.2. Let β P p0, 1s such that the condition (18) from Assumption 2.3 holds. For all T P p0,8q

and all α P r0, βq, there exists CαpT q P p0,8q such that, if for all ϵ P p0, 1q the initial value xϵ
0 is a

F0-measurable random variable, which satis�es sup
ϵPp0,1q

Er}xϵ
0}2Hαs ă 8, then one has

(57) sup
ϵPp0,1q

sup
0ďtďT

Er}Xϵptq}2Hαs ď CαpT q
`

1 ` sup
ϵPp0,1q

Er}xϵ
0}2Hαs

˘

.

Proof. We recall that the stochastic convolution Zϵptq is given by (24).
Using the Itô isometry property, one has

Er}Zϵptq}2Hαs “
1

ϵ2

8
ÿ

n“1

qn

ż t

0

›

›ept´sqAϵ
`

0, en
˘
›

›

2

Hα ds.

Let α P r0, βq, and let δ0 P p0, β ´ αq. Applying the inequality (37) from Lemma 4.3 with δ “ 1´δ0
2 and

ρ “ 1, one obtains
›

›ept´sqAϵ
`

0, en
˘
›

›

2

Hα ď Cδ0pt ´ sqδ0´1ϵ2
`

ϵ´2δ0e´
t´s

ϵ2 ` 1
˘

}en}2Hα`δ0´1

ď Cδ0pt ´ sqδ0´1ϵ2
`

ϵ´2δ0e´
t´s

ϵ2 ` 1
˘

λα`δ0´1
n .

Owing to the condition δ0 P p0, β ´ αq and to Assumption 2.3, one has
ÿ

nPN
qnλ

α`δ0´1
n ă 8.

As a result, for all t ě 0 one has

Er}Zϵptq}2Hαs ď Cα,δ0

´

ż t

0

pt ´ sqδ0´1ϵ´2δ0e´
t´s

ϵ2 ds `

ż t

0

pt ´ sqδ0´1 ds
¯

ď Cα,δ0

´

ż 8

0

rδ0´1e´r dr `

ż t

0

rδ0´1 dr
¯

.
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Therefore one has for all T P p0,8q, α P r0, βq

(58) sup
ϵPp0,1q

sup
tPr0,T s

Er}Zϵptq}2Hαs ă 8.

Let us �rst prove the inequality (57) for Xϵ,N ptq, when α “ 0.
Using the mild formulation (23), the inequality (34) from Lemma 4.2 and the inequality (37) from

Lemma 4.3 with δ “ 1{2 and ρ “ 1, one obtains for all t ě 0

}Xϵptq}H ď }etAϵPNxϵ
0}H `

1

ϵ

ż t

0

›

›ept´sqAϵ
`

0, fpuϵpsqq
˘
›

›

H ds ` }Zϵptq}H

ď }xϵ
0}H ` C

ż t

0

pt ´ sq´ 1
2 }fpuϵpsqq}H´1 ds ` }Zϵptq}H

ď }xϵ
0}H ` C

ż t

0

pt ´ sq´ 1
2 p1 ` }Xϵpsq}Hq ds ` }Zϵptq}H,

using the Lipschitz continuity of f in the last step, more precisely using the inequalities

}fpuq}H´1 ď C}fpuq}H ď Cp1 ` }u}Hq ď Cp1 ` }x}Hq, @ x “ pu, vq P H.

Applying the Minkowski inequality and using the moment bounds (58) obtained above for the stochastic
convolution Zϵ,N ptq, one obtains for all t P r0, T s

pEr}Xϵptq}2Hsq
1
2 ď pEr}xϵ

0}2Hsq
1
2 ` C

ż t

0

pt ´ sq´ 1
2

`

1 ` pEr}Xϵpsq}2Hsq
1
2

˘

ds ` pEr}Zϵptq}2Hsq
1
2

ď CpT q
`

1 ` pEr}xϵ
0}2Hsq

1
2

˘

` C

ż t

0

pt ´ sq´ 1
2 pEr}Xϵpsq}2Hsq

1
2 ds.

Using that inequality, the Fubini theorem, and a scaling property of the beta function, one has for all t ě 0

pEr}Xϵptq}2Hsq
1
2 ď CpT q

`

1 ` pEr}xϵ
0}2Hsq

1
2

˘

´

1 `

ż t

0

pt ´ sq´ 1
2 ds

¯

` C

ż t

0

ż s

0

pt ´ sq´ 1
2 ps ´ rq´ 1

2 pEr}Xϵprq}2Hsq
1
2 dr ds

ď CpT q
`

1 ` pEr}xϵ
0}2Hsq

1
2

˘

` C

ż t

0

ż t

r

pt ´ sq´ 1
2 ps ´ rq´ 1

2 ds pEr}Xϵprq}2Hsq
1
2 dr

ď CpT q
`

1 ` pEr}xϵ
0}2Hsq

1
2

˘

` C

ż t

0

pEr}Xϵprq}2Hsq
1
2 dr.

Finally, applying the Grönwall inequality, there exists C0pT q P p0,8q such that for all ϵ P p0, 1q and for all
t P r0, T s one has

`

Er}Xϵptq}2Hs
˘

1
2 ď C0pT q

`

1 `
`

Er}Xϵ
0}2H s

˘
1
2

˘

.

This concludes the proof of the inequality (57) when α “ 0, and let us then deal with the case α P p0, βq.
Using the mild formulation (23), the inequality (34) from Lemma 4.2 and the inequality (37) from Lemma 4.3
with δ “ 1{2 and ρ “ 1, one obtains for all t ě 0

}Xϵptq}Hα ď }etAϵxϵ
0}Hα `

1

ϵ

ż t

0

›

›ept´sqAϵ
`

0, fpuϵpsqq
˘
›

›

Hα ds ` }Zϵptq}Hα

ď }xϵ
0}Hα ` C

ż t

0

pt ´ sq´ 1
2 }fpuϵpsqq}Hα´1 ds ` }Zϵptq}Hα

ď }xϵ
0}Hα ` C

ż t

0

pt ´ sq´ 1
2 p1 ` }Xϵpsq}Hq ds ` }Zϵ,N ptq}Hα ,

using the condition α ď 1 to have the inequality

}fpuq}Hα´1 ď C}fpuq}H ď Cp1 ` }u}Hq ď Cp1 ` }x}Hq, @ x “ pu, vq P H
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in the last step. Applying the Minkowski inequality and using the moment bounds (58) obtained above for
the stochastic convolution Zϵptq and the moment bounds for }Xϵptq}H proved above in the case α “ 0, one
obtains for all t P r0, T s

pEr}Xϵptq}2Hαsq
1
2 ď CαpT q

`

1 ` pEr}xϵ
0}2Hαsq

1
2

˘

` C

ż t

0

pt ´ sq´ 1
2 pEr}Xϵpsq}2Hsq

1
2 ds

ď CαpT q
`

1 ` pEr}xϵ
0}2Hαsq

1
2

˘

,

for some CαpT q P p0,8q. This concludes the proof of the inequality (57) when α P p0, βq.
The proof of Proposition 5.2 is thus completed. □

6. Proof of Theorem 1

Proof of Theorem 1. Let T P p0,8q. For all ϵ P p0, 1q, owing to the mild formulation (23) for the solution
`

Xϵptqqtě0 of (22), one has for all t P r0, T s

uϵptq “ ΠuX
ϵptq

“ Πue
tAϵxϵ

0 `
1

ϵ

ż t

0

Πue
pt´sqAϵF pXϵpsqq ds `

1

ϵ

ż t

0

Πue
pt´sqAϵ dWQpsq.

Recall that F pXϵpsqq “
`

0, fpuϵpsqq
˘

. As a result, owing to the mild formulation (26) for the solution
`

u0ptq
˘

tě0
of (25), one obtains the following decomposition of the error rϵptq “ uϵptq ´ u0ptq: for all t ě 0

one has

(59) rϵptq “ uϵptq ´ u0ptq “ rϵ1ptq ` rϵ2ptq ` rϵ3ptq,

with the error terms de�ned by

rϵ1ptq “ Πue
tAϵxϵ

0 ´ e´tΛu0,(60)

rϵ2ptq “
1

ϵ

ż t

0

Πue
pt´sqAϵp0, fpuϵpsqqq ds ´

ż t

0

e´pt´sqΛfpu0psqq ds,(61)

rϵ3ptq “
1

ϵ

ż t

0

Πue
pt´sqAϵ dWQpsq ´

ż t

0

e´pt´sqΛ dWQpsq.(62)

We claim that the following error bounds hold: for all α P r0, βq, there exists C,CαpT q, Cα,βpT q P p0,8q

such that for all ϵ P p0, 1q one has

sup
0ďtďT

`

Er}rϵ1ptq}2H s
˘

1
2 ď CαpT qϵα,(63)

sup
0ďtďT

`

Er}rϵ2ptq}2H s
˘

1
2 ď CαpT qϵα ` C

ż t

0

`

Er}rϵpsq}2H s
˘

1
2 ds,(64)

sup
0ďtďT

`

Er}rϵ3ptq}2H s
˘

1
2 ď Cα,βpT qϵα.(65)

‚ Proof of the inequality (63).
The error term rϵ1ptq de�ned by (60) is decomposed as

rϵ1ptq “ rϵ1,1ptq ` rϵ1,2ptq ` rϵ1,3ptq

where for all ϵ P p0, 1q and all t ě 0 one has

rϵ1,1ptq “ Πue
tAϵpuϵ

0, 0q ´ Πue
tAϵpu0

0, 0q,

rϵ1,2ptq “ Πue
tAϵpu0

0, 0q ´ e´tΛu0
0,

rϵ1,3ptq “ Πue
tAϵp0, vϵ0q.

First, owing to the inequality (34) from Lemma 4.2, one obtains for all t ě 0

}rϵ1,1ptq}H “ }Πue
tAϵpuϵ

0 ´ u0
0, 0q}H ď }etAϵpuϵ

0 ´ u0
0, 0q}H ď }puϵ

0 ´ u0
0, 0q}H “ }uϵ

0 ´ u0}H .
21



Therefore using the condition (29) from Assumption 3.1, for all ϵ P p0, 1q one obtains

sup
tě0

`

Er}rϵ1,1ptq}2H s
˘

1
2 ď Cαϵ

α.

Second, using the inequality (51) from Lemma 4.6 with δ “ 0, one obtains for all t ě 0

}rϵ1,2ptq}H “ }Πue
tAϵpu0

0, 0q ´ e´tΛu0
0}H ď Cαϵ

α}u0
0}Hα .

Therefore using the inequality (30) which follows from Assumption 3.1, for all ϵ P p0, 1q one obtains

sup
tě0

`

Er}rϵ1,2ptq}2H s
˘

1
2 ď Cαϵ

α.

Finally, using the inequality (38) from Lemma 4.4 with δ “ 0, one obtains for all t ě 0

}rϵ1,3ptq}H “ }Πue
tAϵp0, vϵ0q}H ď Cαϵ

α}vϵ0}Hα´1 .

Therefore using the inequality (28) from Assumption 3.1, for all ϵ P p0, 1q one obtains

sup
tě0

`

Er}rϵ1,3ptq}2H s
˘

1
2 ď Cαϵ

α.

Gathering the three estimates obtained above, for all ϵ P p0, 1q one has

sup
tě0

`

Er}rϵ1ptq}2H s
˘

1
2 ď sup

tě0

`

Er}rϵ1,1ptq}2H s
˘

1
2 ` sup

tě0

`

Er}rϵ1,2ptq}2H s
˘

1
2 ` sup

tě0

`

Er}rϵ1,3ptq}2H s
˘

1
2 ď Cαϵ

α.

This concludes the proof of the inequality (63).
‚ Proof of the inequality (64).
The error term rϵ2ptq de�ned by (61) is decomposed as

rϵ2ptq “ rϵ2,1ptq ` rϵ2,2ptq,

where for all ϵ P p0, 1q and all t ě 0 one has

rϵ2,1ptq “

ż t

0

´1

ϵ
Πue

pt´sqAϵp0, fpuϵpsqqq ´ e´pt´sqΛfpuϵpsqq

¯

ds,

rϵ2,2ptq “

ż t

0

e´pt´sqΛ
`

fpuϵpsqq ´ fpu0psqq
˘

ds.

On the one hand, using the inequality (52) from Lemma 4.6 with δ “ α
2 , the Lipschitz continuity of f from

Assumption 2.1 and the inequality (7), one obtains

}rϵ2,1ptq}H ď

ż t

0

}
1

ϵ
Πue

pt´sqAϵp0, fpuϵpsqqq ´ e´pt´sqΛfpuϵpsqq}H ds

ď Cαϵ
α

ż t

0

pt ´ sq´ α
2 }fpuϵpsqq}H ds

ď Cαϵ
α

ż t

0

pt ´ sq´ α
2

`

1 ` }uϵpsq}H
˘

ds

ď Cαϵ
α

ż t

0

pt ´ sq´ α
2

`

1 ` }Xϵpsq}H
˘

ds.

Using the Minkowski inequality, the moment bounds (57) from Proposition 5.2 and the condition (28) from
Assumption 3.1, there exists CαpT q P p0,8q such that for all t P r0, T s and all ϵ P p0, 1q one has

`

Er}rϵ2,1ptq}2H s
˘

1
2 ď CαpT qϵα

´

1 `
`

Er}xϵ
0}2Hs

˘
1
2

¯

ż t

0

pt ´ sq´ α
2 ds

ď CαpT qϵα.

On the other hand, using the inequality (32) from Lemma 4.1 and the Lipschitz continuity of f from
Assumption 2.1, one obtains for all t ě 0 and all ϵ P p0, 1q

}rϵ2,2ptq}H ď

ż t

0

›

›e´pt´sqΛ
`

fpuϵpsqq ´ fpu0psqq
˘
›

›

H
ds
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ď C

ż t

0

}uϵpsq ´ u0psq}H ds

ď C

ż t

0

}rϵpsq}H ds.

Using the Minkowski inequality, one then has for all t ě 0 and all ϵ P p0, 1q

`

Er}rϵ2,2ptq}2H s
˘

1
2 ď C

ż t

0

`

Er}rϵpsq}2H s
˘

1
2 ds.

Gathering the two estimates obtained above, for all ϵ P p0, 1q, one has

sup
tPr0,T s

`

Er}rϵ2ptq}2H s
˘

1
2 ď sup

tPr0,T s

`

Er}rϵ2,1ptq}2H s
˘

1
2 ` sup

tPr0,T s

`

Er}rϵ2,2ptq}2H s
˘

1
2 ď CαpT qϵα`C

ż t

0

`

Er}rϵpsq}2H s
˘

1
2 ds.

This concludes the proof of the inequality (64).
‚ Proof of the inequality (65).
Using the expressions (17) and (19) forWQpsq andWQpsq respectively, the error term rϵ3ptq de�ned by (62)

is written as

rϵ3ptq “
1

ϵ

ż t

0

Πue
pt´sqAϵ dWQpsq ´

ż t

0

e´pt´sqΛ dWQpsq

“
ÿ

nPN

?
qn

ż t

0

´

Πue
pt´sqAϵp0,

en
ϵ

q ´ e´pt´sqΛen

¯

dβnpsq.

Therefore using the Itô isometry property, for all t ě 0 and all ϵ P p0, 1q one has

Er}rϵ3ptq}2H s “
ÿ

nPN
qn

ż t

0

}Πue
pt´sqAϵp0,

en
ϵ

q ´ e´pt´sqΛen}2H ds,

and using then the inequality (52) from Lemma 4.6 with δ “ 1
2 ´

β´α
4 , one obtains for all t P r0, T s

Er}rϵ3ptq}2H s ď Cα,δϵ
2α

ÿ

nPN
qn

ż t

0

pt ´ sq´2δ}en}2Hα´2δ ds

ď Cα,βϵ
2α

ÿ

nPN
qnλ

α`β
2 ´1

n

ż t

0

pt ´ sq´1`
β´α

2 ds

ď Cα,βpT qϵ2α,

using the condition (18) from Assumption 2.3 in the last step.
Therefore for all ϵ P p0, 1q one has

sup
0ďtďT

`

Er}rϵ3ptq}2H s
˘

1
2 ď Cα,βpT qϵα.

This concludes the proof of the inequality (65).
‚ Conclusion.
Recalling the decomposition (59) of the error, applying the Minkowski inequality and the auxiliary error

estimates (63), (64) and (65), one obtains for all ϵ P p0, 1q and all t P r0, T s

`

Er}uϵptq ´ u0ptq}2H s
˘

1
2 “

`

Er}rϵptq}2H s
˘

1
2 ď

`

Er}rϵ1ptq}2H s
˘

1
2 `

`

Er}rϵ2ptq}2H s
˘

1
2 `

`

Er}rϵ3ptq}2H s
˘

1
2

ď Cα,βpT qϵα ` C

ż t

0

`

Er}uϵpsq ´ u0psq}2H s
˘

1
2 ds.

Finally, applying the Grönwall inequality, there exists Cα,βpT q P p0,8q such that

sup
0ďtďT

`

Er}uϵptq ´ u0ptq}2H s
˘

1
2 ď Cα,βpT qϵα.

The proof of Theorem 1 is thus completed. □
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