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ABSTRACT
A novel frequency-domain framework for modeling

fretting wear under oscillatory contact is presented, unifying
friction, separation, and wear within a single formulation.
The classical Signorini and Coulomb conditions are recast
as non-smooth, equality-based expressions that augment
the equations of motion, all of which are efficiently solved
using the harmonic balance method. Wear evolution is
modeled via a dual time scale approach with Archard’s law.
Further integrated within a finite element framework, the
method is demonstrated on a bladed disk model subject
to root contact and harmonic tip excitation. Extended
studies demonstrate the preservation of the non-smooth
contact sets for reasonable harmonic truncation orders
and predict classical friction-dampening effects. Elevated
surface degradation in critically loaded regions is also
observed. Ultimately, these developments enable a
detailed investigation of the complex interplay among
stick-slip, separation, and wear progression, providing a
robust tool for analyzing frictional contact and wear in
turbomachinery applications.

BACKGROUND AND INTRODUCTION
Accurate and efficient modeling of frictional contact is

essential in modern turbomachinery structural dynamics.
Classically, non-smooth impenetrability and friction laws
describe these interactions. Various methods have emerged
to predict blade vibrations in the presence of contact,
notably combinations of penalty- and Lagrangian-based
methods [1]. In the time domain, these approaches are
realized alongside dedicated time integration strategies [2].
Alternatively, accelerative weighted residual techniques,
such as the widely used harmonic balance method,
solve these conditions in a weak sense. Because
of their non-smooth nature, frictional contact conditions
cannot be expressed in a closed form and must employ
alternating frequency/time (AFT) procedures. AFT schemes
iteratively calculate the contact forces in the time-domain
from frequency-domain displacements and velocities, until
convergence is achieved. The most effective AFT-based
strategy is the Dynamic-Lagrangian Frequency Time (DLFT)
method [3]. DLFT has seen notable success in modeling
aeroengine frictional contact in increasingly advanced
contexts; however, its solution strategy is complex and
difficult to implement, which may lead to computational
inefficiencies and integration challenges.

Modeling surface wear and its effects on
turbomachinery dynamics remains an ongoing challenge,
due in particular to the limitations of existing strategies in
capturing repeated contact interactions over large numbers
of loading cycles. While time-domain approaches offer
high-fidelity algorithms for non-smooth contact, they require
a fine discretization, which for rapid vibrations can become
prohibitively expensive. Conversely, alternative weighted
residual techniques are more efficient but often impose
simplified contact conditions, such as regularization, or
incorporate complex solution strategies as in the case
of DLFT. Material removal that occurs as a natural result
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of impact and friction interactions further complicates
the long-term prediction of system behavior, since the
geometry and contact conditions evolve over repeated
loading cycles. Numerically, wear laws parameterize the
rate at which surfaces evolve. Under the small-sliding
assumption, Archard’s wear law [4], which defines wear
as proportional to the product of normal contact force and
sliding distance, is typically used. Coupled dynamic–wear
analyses of aeroengine root contact in a weighted residual
framework were notably carried out by Salles [5] and
Lemoine [6]. Their results highlight intricate contact-wear
effects, which are further examined in the present work.

The developments presented in this paper address
the aforementioned limitations. Specifically, a novel
Equality-based Weighted Residual (E-WR) formulation,
recently developed for periodic solutions of systems
with frictional occurrences [7], is generalized to the
case of impenetrability and friction at multiple contact
points. The formulation is further integrated within a finite
element framework and applied to analyze friction and
impenetrability in the root attachment of a bladed disk
structure subject to fretting.

FRICTIONAL CONTACT MODEL
The governing equations of elasticity define the

equilibrium conditions for the strain response of deformable
bodies. In this context, the balance of linear momentum
is enforced at the contact interface. Impenetrability and
frictional interactions are described by the conditions
of Signorini and Coulomb, respectively. Following an
appropriate finite element spatial discretization and
component mode synthesis, the fundamental equations
can be written as

M¥q+D ¤q+Kq−L𝝀− f = 0 (1)
𝜆𝑇𝑘 −proj(𝐶 ) (𝜆𝑇𝑘 − 𝜌𝑇𝑘 ¤q𝑇𝑘 ) = 0 (2)

𝜆𝑁𝑘
−proj(𝐶 ) (𝜆𝑁𝑘

− 𝜌𝑁𝑘
(q𝑁𝑘

+𝑔0𝑘 )) = 0 (3)

𝜌𝑇𝑘 > 0, 𝜌𝑁𝑘
> 0, 𝑘 = 1, · · · ,𝐾𝑐

where Equation (1) expresses the governing equations of
elasticity in terms of the generalized coordinate vector q,
the mass, damping, and stiffness matrices M, D, and K,
the external forcing vector f, and the frictional contact
load vector 𝝀 ≡ (𝝀𝑁 ,𝝀𝑇 ), where the subscripts 𝑁 and 𝑇

refer to the normal and tangential components of the
mechanical degrees of freedom at the contact interface.
The location matrix L maps the nonlinear contact forces 𝝀
onto the appropriate entries in the global force vector, that is,
aligned with the organization of the generalized coordinates.

Equations 2 and 3 present proximal, equality-based
representations of the Coulomb and Signorini conditions,
respectively, for 𝑘 in 𝐾𝑐 total contact points. Henceforth, the
contact point subscript is omitted for readability. Within this
framework 𝐶 defines the contact sets for variable normal
forcing with separation − that is the true friction cone.

For impenetrability, orthogonality is enforced between
the sum of the normal displacement q𝑁 and the gap
function 𝑔0 with the normal contact force 𝜆𝑁 . Similarly,
for friction, a corresponding relation is imposed between
the tangential velocity ¤q𝑇 and the in-plane contact load 𝜆𝑇 .
This relation further prescribes |𝜆𝑇 | = 𝜇𝜆𝑁 when ¤q𝑇 ≠ 0,
where 𝜇 is the coefficient of friction. Mathematically, the
friction (Ψ𝑐) and impenetrability (Ψ𝑠) sets therefore impose

Ψ𝑐 =

{
¤q𝑇 = 0 ⇒ |𝜆𝑇 | ≤ 𝜇𝜆𝑁
¤q𝑇 ≠ 0 ⇒ |𝜆𝑇 | = 𝜇𝜆𝑁

(4)

Ψ𝑠 =

{
q𝑛 = 𝑔0 ⇒ 𝜆𝑁 ≥ 0
q𝑛 > 𝑔0 ⇒ 𝜆𝑁 = 0 (5)

Figure 1 depicts these relations graphically for a section of
the friction cone. The solution sets for Equations 2 and 3
are preserved in the level-set form of Equations 4 and 5.
It is noted here that there is an imposition on the direction
of the normal contact force. In this respect, 𝜆𝑁 is explicitly
non-negative with positive displacements characterizing
separation. Furthermore, 𝜆𝑇 and 𝜆𝑁 are not necessarily
constant during sliding as they are depicted graphically.
To this end, they evolve along the peripheral surface (with
respect to the normal axis) of the friction cone.

The method used to find the periodic solutions of the
frictional contact problem subject to a periodic external
forcing follows the E-WR strategy developed in [7]. In this
approach, the contact conditions in Equation 2 and 3 are
recast as equivalent non-smooth expressions.

qN − g0

λN

q̇T

λT

−µλN

µλN

FIGURE 1. Signorini (left) and Coulomb (right) solution sets
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For one-dimensional friction, as is explored in this work,
the expression is explicitly that of the original reference

Ψ𝑐 = ¤q𝑇 +min (0, 𝜌𝑇 (𝜆𝑇 + 𝜇𝜆𝑁 ) − ¤q𝑇 )
+max (0, 𝜌𝑇 (𝜆𝑇 − 𝜇𝜆𝑁 ) − ¤q𝑇 ) (6)

which, for the various cases of the min and max functions,
can be expressed in piecewise form as

Ψ𝑐 =



𝜌𝑇 (𝜆𝑇 − 𝜇𝜆𝑁 ) if 𝜌𝑇 (𝜆𝑇 + 𝜇𝜆𝑁 ) − ¤q𝑇 > 0
and 𝜌𝑇 (𝜆𝑇 − 𝜇𝜆𝑁 ) − ¤q𝑇 > 0,

¤q𝑇 if 𝜌𝑇 (𝜆𝑇 + 𝜇𝜆𝑁 ) − ¤q𝑇 > 0
and 𝜌𝑇 (𝜆𝑇 − 𝜇𝜆𝑁 ) − ¤q𝑇 < 0,

𝜌𝑇 (𝜆𝑇 + 𝜇𝜆𝑁 ) if 𝜌𝑇 (𝜆𝑇 + 𝜇𝜆𝑁 ) − ¤q𝑇 < 0
and 𝜌𝑇 (𝜆𝑇 − 𝜇𝜆𝑁 ) − ¤q𝑇 < 0

(7)

Conversely, for impenetrability, the expression is derived
from the theorems presented in [8]

Ψ𝑠 = 𝜆𝑁 +min (0, 𝜌𝑁 (q𝑁 −𝑔0) −𝜆𝑁 ) (8)

which can be expanded as

Ψ𝑠 =

{
𝜆𝑁 if 𝜌𝑁 (q𝑁 −𝑔0) −𝜆𝑁 > 0
𝜌𝑁 (q𝑁 −𝑔0) if 𝜌𝑁 (q𝑁 −𝑔0) −𝜆𝑁 < 0

(9)

Collectively, Ψ𝑐 and Ψ𝑠 describe non-smooth line contact.
Here, friction-impenetrability coupling is demonstrated in
the dependency of Ψ𝑐 on 𝜆𝑁 . For reference an uncoupled
equality-based formulation of planar friction for a singular
contact point can be found in [9].

EQUALITY BASED WEIGHTED RESIDUAL METHOD
The equality-based contact laws in Equations 6 and 8

are resolved for each contact point 𝑘. Alongside the
governing equation of elasticity they are treated in a weak
sense via the harmonic balance method. Thus, the modified

contact problem for one-dimensional friction reads

∀𝑚,
∫ 𝑇

0
𝜙𝑚 (𝑡) (M¥q+D ¤q+Kq−L𝝀− f) d𝑡 = 0 (10)

∀𝑚,
∫ 𝑇

0
𝜙𝑚 (𝑡) (𝜆𝑁 +min (0, 𝜌𝑁 (q𝑁 −𝑔0) −𝜆𝑁 )) d𝑡 = 0

(11)

∀𝑚,
∫ 𝑇

0
𝜙𝑚 (𝑡)

(
¤q𝑇 +min (0, 𝜌𝑇 (𝜆𝑇 + 𝜇𝜆𝑁 ) − ¤q𝑇 )

+max (0, 𝜌𝑇 (𝜆𝑇 − 𝜇𝜆𝑁 ) − ¤q𝑇 )
)
d𝑡 = 0 (12)

where 𝜙𝑚 (𝑡), for 𝑚 = −𝑁𝜙 , · · · , 𝑁𝜙, are the Fourier basis
functions with which the generalized coordinates and
contact forces are approximated by and projected upon,
over the period of interest 𝑇 . Explicitly, one has

q(𝑡) ≈ qℎ (𝑡) =
𝑁𝜙∑︁

𝑚=−𝑁𝜙

q𝑚𝜙𝑚 (𝑡), (13)

𝝀(𝑡) ≈ 𝝀ℎ (𝑡) =
𝑁𝜙∑︁

𝑚=−𝑁𝜙

𝝀𝑚𝜙𝑚 (𝑡) (14)

with 𝜙𝑚 (𝑡) = 𝑒
𝑖𝑚
𝑇
𝑡 indicating the inclusion of all odd-, even-

and zeroth-order harmonics for a truncation order of 𝑁𝜙.
Here, the inclusion of the zeroth-harmonic is understood to
recover non-unique frictional forcing in sticking instances,
as is explored in [10]. To remedy this, all static contributions
to 𝜆𝑇 are nullified. Furthermore, it should be noted that
the omission of a spatial integral in the modified contact
conditions is intentional, as Dirac shape functions are
employed in a node-to-node discretization of the contact
interface. Following substitution of Equations 13 and 14
into Equations 10 − 12 the contact problem is posed as a
function of harmonic coefficients 𝝀𝑚 and q𝑚.

DYNAMIC CONDENSATION
Considering 𝐾𝑠 as the number of generalized

coordinates, the resulting system of equations is of
size (2𝑁𝜙 +1) × (𝐾𝑠 +2𝐾𝑐). In this E-WR based method, the
linearity of Equation 10 in q is leveraged to reduce the order
of this system and remove its dependence on 𝐾𝑠 through a
process known as dynamic condensation. In this procedure,
the displacement harmonics q̂ = [q0,q1, ...,q𝑚] are recast as
explicit functions of the nonlinear force harmonics. Hence,

q̂ =

(
∇̂2 ⊗M+ ∇̂1 ⊗𝑇D+ ∇̂0 ⊗𝑇2K

)−1 (
∇̂0 ⊗𝑇2I

) (
L̂𝝀̂+ f̂

)
(15)
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where ∇̂ denotes the time-derivative matrix and 𝐿̂ the
location matrix, both defined in the frequency domain.
Inherently, Equation 15 is the transformation associated
with the orthogonal projection of 𝜙𝑚 (𝑡) on linear inertial
force terms in governing equation of elasticity.

Ultimately, Equation 15 enables the contact problem
to be solved with residual equations 11 and 12
exclusively as a sole function of 𝝀̂, or otherwise, 𝝀𝑚 for
𝑚 = −𝑁𝜙 , · · · , 𝑁𝜙 at each contact point, 𝑘 ∈ 𝐾𝑐 , as it
is presented in the contact conditions. This represents
a system of nonlinear and necessarily non-smooth
algebraic equations of size (2𝑁𝜙 +1) × (2𝐾𝑐). The solution
strategy hence follows a Newton-Raphson procedure
wherein iterative transformation from the nonlinear force
to displacement harmonics are carried out in minimizing
these residual functions.

WEAR MODELING
The effects of surface wear are realized in the form of an

evolving gap function. Within a finite element context, this is
modeled as increasing permanent separation between the
individual nodes of the discretized surfaces. The evolution
of the magnitude of separation, captured by 𝑔0, with respect
to time is defined according to the prescribed wear law. For
significantly damaging contact, wear influences the dynamic
response over individual loading cycles, necessitating its
discretization as an additional set of unknowns. Conversely,
in less intense regimes as is the case of fretting wear, the
amount of wear may be considered constant over individual
loading cycles. This notion justifies the use of two time
scales: a fast one associated with the dynamics of the
contact problem, imposing a constant gap function, and a
slow one describing the progression of wear.

The use of two time scales in this manner was originally
proposed by Salles [5] and is incorporated in this approach.
In the context of weighted residual methodologies, the
method reduces the generalized dynamic-wear problem into
the resolution of a series of consecutive contact problems.
The incurred wear in this strategy is computed using
Archard’s wear law at each vibration cycle, 𝑛, over a total of
𝑁𝑤 cycles, according to

𝑔
𝑁𝑤

0 =

𝑁𝑤∑︁
𝑛=0

𝑔𝑛0 , with 𝑔𝑛+1
0 =

∫ 𝑇

0
𝑘𝑤 |𝜆𝑛𝑁 | | ¤q𝑛𝑇 | d𝑡 (16)

herein the superscript references the proceeding load cycle
that wear propagates upon that is separate from that of the
dynamics, 𝑡.

INDUSTRY CASE STUDY
The frictional contact and wear methodologies

described above are applied to a bladed-disk model
provided by Safran Helicopter Engines. The geometry,
shown in Figure 2, consists of a single blade and
its corresponding disk sector, connected at the blade’s
fir-tree root. For the simplified 2D model considered here,
both the blade and disk are made of a titanium alloy.
The model is discretized using a quadrilateral-dominant
mesh with approximately 2100 nodes. Moreover, the

 

BLADE TIP 

AXIAL 

TANGENTIAL 

FIGURE 2. Finite element models of a bladed disk sector
with fir-tree attachment: full 3D (left) and simplified 2D (middle)
geometries with first full-stick mode shape (right)

contact interface comprises 40 equally spaced contact pairs
across the four engaged surfaces at the root attachment,
as shown in Figure 3. Each of these contact pairings
imposes impenetrability in the normal direction (𝑁) and
friction in the tangential direction (𝑇). Furthermore, plane
stress conditions are imposed, with the bladed disk
being treated as fully clamped with free-free boundary
conditions on the blade. To establish the point of static
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equilibrium, the rigid body modes of the blade are eliminated
following the approach in [11]. The bladed disk model is
therefore analyzed with respect to the unloaded reference
configuration, in which the blade and disk root interfaces
are coincident.

Periodic responses of the coupled structure are studied
in the frequency range of the first full-stick mode mode of
vibration at 1090 Hz, under harmonic excitation conditions
that induce sliding amplitudes in the range of fretting wear.
The applied forces enforce a static axial load and a
dynamic tangential load at the blade tip, highlighted in
Figure 2. The axial load emulates centrifugal effects and
the dynamic load captures aeroelastic excitations at the
operational conditions of the aeroengine. In these studies,
the coefficient of friction and the excitation frequency
are varied under the assumption that there is no initial
separation at the attachment interface.

FIGURE 3. Contact regions ( ) of the blade at the blade-disk
root joint

CONTACT MODEL VALIDATION
The E-WR formulation is first validated to establish its

accuracy in preserving the impenetrability and friction sets
for the model considered. Herein, wear effects are omitted.
These studies impose a friction coefficient of 0.2 and explore
quasi-static and dynamic loading effects at 500 Hz. In
these investigations 𝑁𝜙 = 15 and 210 discrete time samples
are used in the weighted residual procedure.

The results presented in Figure 4 compare the solution
sets of the truly non-smooth contact conditions with those
obtained using the E-WR method, at one of the top contact
interfaces. These results are broadly representative of
all individual surfaces. Overall, the method demonstrates
strong agreement with the true contact sets. Minute
differences are attributed to the Gibbs phenomenon that
arises as a natural result of the weighted-residual nature of
the method. It should be noted that showing only part of the

friction cone can misrepresent the method’s satisfaction of
the Coulomb condition, since the reference set assumes a
constant normal force. This limitation is, however, partially
mitigated by the quasi-static nature of the analysis. Further
evident in this figure is the distribution of separation, sliding
velocities and contact pressures in the contact interface.
These results reveal that the natural geometry of the
bladed-disk system causes the root interface to exhibit
greater separation near its outer edge. Toward the central,
innermost region, contact pressures and slip velocities
increase, although slip remains largely uniform.

The effects of dynamic loading on the normal contact
forces in the blade–root interface are depicted in Figure 5.
These plots present the maximum normal forces across
the span of the top two contact interfaces and reveal a
symmetry in the force distribution. Moreover, the previously
quasi-static pressure profile becomes increasingly curved,
with elevated magnitudes particularly near the periphery
of the contact zone. Deviations from this trend can be
attributed to both asymmetric tip-root coupling and frictional
effects. Phenomenologically, this behavior arises from the
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FIGURE 4. E-WR impenetrability (left) and friction (right) solution
sets of the top left-left most root interface
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Dynamic

FIGURE 5. Normal contact force distribution of the top contact
interfaces
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oscillatory motion of the blade, which causes the interfaces
to slip and pivot about the central region. In regimes
characterized by largely homogeneous sliding velocities,
it will be shown that this effect most critically governs the
distribution of surface wear.

FRICTION DAMPING
The effects of increased friction are examined in the

absence of wear for a harmonic truncation order of 𝑁𝜙 = 5.
This value is used for all subsequent analyses and was
configured based on the convergence properties of the
contact force and wear distributions at the root interface.
Similar harmonic orders have been employed in related
works [5]. Consistent with the role of contact interactions
at the root interface in enhancing structural damping, these
studies focus on quantifying variations in the dynamic
response at the blade tip as influenced by blade root
stick–slip and separation. To this end, the behavior at the
root is characterized using sliding and separation intensity
indicators, which are defined as

𝐽𝑇 =
1
𝐾𝑐

𝐾𝑐∑︁
𝑘=1

(∫ 𝑇

0

�� ¤𝑞𝑇𝑘 (𝑡)��𝑑𝑡) (17)

𝐽𝑁 =
1
𝐾𝑐

𝐾𝑐∑︁
𝑘=1

(
1
𝑇

∫ 𝑇

0
q𝑁𝑘

(𝑡) 𝑑𝑡
)

(18)

In this manner, the parameters 𝐽𝑇 and 𝐽𝑁 represent the total
amount of sliding and the average separation, respectively,
that occur across the entire contact interface during one
vibration cycle.

Figure 6 presents the normalized root-mean-square
displacement amplitude at the blade tip and the associated
blade root sliding and separation intensity indicators
frequency response functions. These results reveal a
classical friction damping behavior, analogous to that
observed in blades equipped with dry friction dampers.
An optimal coefficient of friction near 𝜇 ≈ 0.4 produces
the greatest reduction in the peak tip response across
the resonance bandwidth. Lower friction values shift the
resonant frequency downward and increase displacement
amplitudes, promoting free sliding. Conversely, higher
friction values elevate the resonant frequency, stiffening the
contact interface and nearing full-stick conditions, thereby
producing larger peak displacements. These trends are
clearly reflected in the frequency responses of the sliding
and separation indicators: peak sliding diminishes with
increasing friction, while separation exhibits a conventionally
damped response, effectively suppressing lift-off effects.

The optimally damped response is hence that with the
greatest amount of slip accommodation that does not
promote excessively detached (frictionless) sliding in the
contact interface.
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FIGURE 6. Normalized blade tip displacement amplitude (top),
sliding intensity (𝐽𝑇 ) (left), and separation intensity (𝐽𝑁 ) (right)
frequency response functions

FRETTING WEAR
In this section, the relationship between surface

wear and the stick-slip motion is examined, together
with its influence on blade tip displacements. Herein,
the dynamic response and wear patterns are obtained
over 3000 vibration cycles. Wear is computed on the
blade root interface at the conclusion of each contact cycle
according to Equation 16 with a wear coefficient 𝑘𝑤 = 10−11.
Fretting wear effects are characterized twofold: Firstly,
for a range of coefficients of friction at a constant
near-resonance frequency of 1000 Hz, and secondly, for
a constant coefficient of friction 𝜇 = 0.2 for sub- near- and
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super-resonance conditions between 500 and 1500 Hz.
The change in geometry of the contact interface over

repeated loading cycles is shown in Figure 7, illustrating the
evolution of a top contact interface under near-resonance,
low-friction conditions together with the final wear patterns
from higher-friction simulations. The repeated effect of
material removal is reflected in the steadily decreasing
wear depth of the colored surface. The surface also
becomes increasingly curved, with greater wear localized
toward the periphery of the contact zone. This behavior is
attributed to the elevated normal loads that arise in these
regions during the blade’s oscillations, as was shown in
Figure 5. Comparing the final wear patterns demonstrates
that low-friction conditions promote higher amounts of
surface wear. Moreover, these wear patterns are too more
intensely worn at the peripherals. Collectively, these trends
are attributed to the greater amounts of homogeneous
sliding that occurs when there are lower amounts of
frictional activity.
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FIGURE 7. Wear-induced surface profile for 𝜇 = 0.2 and final
higher friction wear patterns of the top left blade root contact
interface, at the near-resonance frequency of 1000 Hz

Equivalently, Figure 8 illustrates these effects across
the entire root contact interface. The figure presents
the wear patterns of all four contact interfaces (arranged
physically as in Figure 3) for several vibration cycles. This
comparison highlights wear disparities not only between the
top and bottom surfaces, but also between adjacent ones.
Differences in the form and intensity of wear between the
top and bottom surfaces arise from the geometry of the
contact problem. In particular, the top surfaces closer to the
point of load application experience higher stresses and are
consequently more worn. In contrast, differences between

adjacent contact interfaces are less straightforward.These
dissimilarities result from variations in the distribution of the
normal contact forces. More specifically, they arise from the
asymmetry in peak magnitudes at the periphery, as shown
in Figure 5. These differences are attributed to frictional
asymmetries in the root joint and the coupling between the
blade tip and root; wherein nominally symmetric centrifugal
and harmonic tip-excitation loads induce positionally biased
deformations. In fact, the first mode shape depicted
in Figure 2 closely resembles the mean position of the
blade under symmetric loading. Inherently, these effects
accentuate normal contact loads, thereby increasing wear
severity in the left-most contact interfaces. In practice, this
phenomenon persists when asymmetric loading dominates
the response. This occurs in high-speed aeroengine
applications or when large rigid-body displacements arise,
which are synonymous with intermittent load cycles and
substantial bladed-disk clearance distances.
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FIGURE 8. Wear pattern evolution on all blade root contact
interfaces for 𝜇 = 0.2 at the near-resonance frequency of 1000 Hz
(organized physically as in Figure 3)

The effects of surface wear on the dynamics of the
bladed disk structure are summarized in Figure 9. Herein,
the evolution of the sliding indicator (left) and normalized
tip displacements (right) with respect to wear are presented
for a range of friction coefficients near-resonance (top).
Furthermore, sub-, near-, and super-resonance results
are further presented for low friction conditions (bottom).
Overall, near-resonance sliding distances are generally
observed to increase with wear in a manner that is
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accentuated for higher coefficients of friction. To this end,
the lowest coefficient, 𝜇 = 0.2 exhibits a largely constant
amount of sliding. This phenomenon is intriguing as it was
observed earlier that reduced friction activity elevates wear
magnitudes. Furthermore, the normalized tip displacements
are observed to reduce with the progression of wear for
lower coefficients of friction. This effect is, however, reduced
for higher coefficients of friction and even reversed for the
highest value of 𝜇 = 1. These trends are attributed to the
reduced influence of sliding at higher coefficients of friction
where stick dominates the dynamic response.

Furthermore, the effects of surface wear at sub- and
super-resonance differ markedly from those observed near
resonance. In the off-resonance regimes, sliding and tip
displacements are reduced across all wear magnitudes,
as is classically expected. Notably, sliding remains largely
constant over all vibration cycles, appearing independent
of excitation frequency. These variations, though small
in absolute terms, constitute a larger fraction of the
off-resonance response. This behavior may be specific
to low-friction conditions though, since more pronounced
variations were observed for higher friction levels. For tip
displacements, wear dependence is considerably stronger
near resonance than in the off-resonance cases. This
observation is intuitive, since larger wear magnitudes tend to
coincide with higher response levels; by contrast, it is shown
that sliding distances show a weaker sensitivity. Hence, this
trend is likely associated with differences in root-interface
contact forces.

CONCLUSION
This paper presents a compact Equality-based

Weighted Residual (E-WR) frequency-domain framework
for modeling fretting wear under oscillatory contact,
incorporating both one-dimensional friction with separation
and wear. Frictional contact is modeled through a
non-smooth, equality-based formulation of the Signorini and
Coulomb conditions. These conditions are then resolved
alongside the governing equations of elasticity in a weak
sense using a harmonic balance-based approach, to yield
the periodic forced responses. Wear is introduced within a
dual time scale formulation that computes the evolution of
the gap function on which impenetrability is defined for a
series of successive contact problems.

The new methodology has been applied to the study
of a simplified yet representative bladed disk model subject
to harmonic blade tip excitation. The E-WR method was
first validated in the absence of wear. Then, extended
studies into the coupled effects of friction and wear were
performed across a range of excitation frequencies. These
results focused on the dynamic response at the blade root
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FIGURE 9. Friction-wear dependence at the near-resonance
frequency of 1000 Hz (top) and frequency-wear dependence for
𝜇 = 0.2 (bottom) of sliding distance (left) and blade tip displacement
amplitude (right)

and tip. Without wear, classical frictional-dampening effects
were recovered with an optimally subdued peak response
corresponding to a friction coefficient of 𝜇 ≈ 0.4. At higher
friction levels, the response approaches the free-stick limit,
whereas at lower values it tends toward frictionless sliding.

Wear magnitudes were greater for lower coefficients of
friction as larger sliding distances arose. The peripherals
of the contact interface were also more severely worn
due to increased normal contact forces in these external
regions. Near resonance conditions, wear had a diminishing
effect of reducing sliding distances for lower coefficients of
friction. Conversely, the effect on tip displacements was
non-monotonic. In this manner, lower coefficients of friction
reduced peak displacements while higher coefficients
increased them. At off-resonance excitation frequencies,
wear was observed to reduce sliding and tip displacements.
In comparison, near resonance, the tip response was
more wear-dependent in a manner that is closely linked
to root-interface contact forces. Overall, these results
demonstrate the complex interplay between stick-slip,
separation and wear in a bladed disk structure across a
range of aeroelastic vibration frequencies.
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