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Abstract

We consider data initially derived from a homoscedastic linear model that undergoes a change

at an unknown point in time, such as a change in model (not necessarily linear) or heteroscedas-

ticity. Based on an idea of the sum of the squares of the residuals penalized introduced in Bardet

(2025), we propose a new version of this criterion for estimating the change point. In the very

general nonparametric framework we have adopted, we demonstrate that the convergence rate

of this estimator is the same as in the parametric case to within a logarithmic term. To do this,

we use concentration inequalities for sub-exponential variables.

Keywords: Change detection; Linear model; Non-parametric estimator

1 Introduction

We consider the following regression problem: we assume that
(
(Y1, Z1), . . . , (YN , ZN )

)
is observed

with Yi real random variables and Zi vectors of Rp, p ≥ 1. Furthermore, we know that for

1 ≤ t ≤ n < N , the relationship between Yt and Zt is linear, i.e., there exists θ ∈ Rp such

that Yt = Z ′
tθ + εt, where M

′ is the transpose of a matrix M and assuming further that the (εi)

are independent identically distributed and centered random variables. But we do not know n and

we do not know the relationship between Yt and Zt for n+ 1 ≤ t ≤ N , except that it is no longer

the previous linear model (more details are provided in Assumption A defined below). Our goal is

to detect a break with the estimation of n and, incidentally, the estimation of θ.

This framework of change-point in a linear model can take different forms in literature. The first

and undoubtedly most studied is that of a change in structure (e.g., economic) which implies that

for t > n, we still have a linear model, but this time satisfying Yt = Z ′
tθ + εt with θ ̸= θ. We can

refer to the work of Chow (1960) and his famous test, and more recently the work of Bai and Perron

(1998) or Lavielle (1999) based on least squares regression, or Bai (1998) based on least absolute

values regression. We are then able to give very precise results on the law of the estimator of the

breakpoint n and the convergence rate, which is in OP(1), even under assumptions of dependence
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of the (εi). However, we are here in a very parametric setting that is much more restrictive than

the general non-parametric framework described above.

Non-parametric approaches also exist in the literature. We can mention, in particular, the work

based on a difference in empirical cumulative distribution functions by Carlstein (1988) and Ben

Hariz et al. (2007), or statistical learning approaches such as that of Arlot et al. (2019). However,

this work cannot be applied to data that is not identically distributed according to a linear model

for 1 ≤ t ≤ n, and the nonparametric assumption in Assumption A for t ≥ n + 1 is much more

general than the one presented in this work. The only statistical learning approach we found, based

on the difference in likelihoods of regularized Gaussian processes and use of bootstrap, and which

can be likened to the general framework we considered, is the one developed in Avanesov (2019).

However the framework of a pure linear model for t ≤ n is not taken into account, and the modeling

for t ≥ n+ 1 is too restrictive compared to that allowed by Assumption A.

We therefore opted for an approach already studied in Bardet (2025) based on the residual sum

of squares penalized appropriately, i.e., an approach similar to the R2
adjusted criterion used for the

selection of exogenous variables. However, we have chosen a new penalty function for this criterion,

which is written as follows:

n̂ = argmin
t≤N

{
Ĉr(t)

}
where Ĉr(t) =

(
1 +M

N

t logβ(t)

)
σ̂2(t),

where σ̂2(t) is the usual unbiased estimator of the error variance calculated from ((Yi, Zi))1≤i≤t, M

and β are positive real constants.

This new criterion has been shown to significantly improve the results obtained in Bardet (2025).

Firstly, convergence results can now be obtained in the case where errors follow sub-exponential

distributions, whereas previous results and techniques were purely Gaussian. Secondly, we improve

the convergence rate of the estimator: it is possible to estimate n at a rate of OP
(
logκ(N)

)
with κ

being arbitrarily close to 0, which is close to OP(1) obtained in the context of linear model switching

(see above). Furthermore, we also show that an estimator of the parameter θ satisfies asymptotic

normality at optimal speed under fairly weak assumptions.

Subsequently, we will present the framework and assumptions in detail in Section 2, and we will

obtain the convergence results in Section 3. Finally, all of the proofs will be presented in Section 4.

2 Framework and assumptions

Let (εi)i∈N be a sequence of random variables such that E[εi] = 0 and E
[
ε2i
]
= σ2 <∞ for all i ∈ N.

Let p ∈ N∗, known, and (Z
(j)
i )1≤j≤p, i∈N a family of known real numbers (deterministic design) such

that rank
(
(Z

(j)
i )1≤j≤p, 1≤i≤p

)
= p.

Let N ≥ p such that a sample (Y
(N)
1 , · · · , Y (N)

N ) of a triangular array (Y
(N)
i )1≤i≤N, p≤N is observed.
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We will use the following notations:

• for any u ∈ Rk, ∥u∥2 := u′ u where u′ denotes the transpose of u.

• [Z]k :=
{
Z(k) θ, θ ∈ Rp

}
which is a linear subspace of Rk for k ∈ {p, · · · , N};

• H(k) := Z(k)
(
Z ′(k)Z(k)

)−1
Z ′(k) which is the orthogonal projection matrix on [Z]k for k ∈ {p, · · · , N};

• I(t) is the identity matrix of size t;

• Z(t) := (Z
(j)
i )1≤i≤t, 1≤j≤p for t ∈ {1, · · · , N};

• Y (N)(t) := (Y
(N)
i )1≤i≤t for t ∈ {1, · · · , N};

• ε(t) := (εi)1≤i≤t for t ∈ {1, · · · , N}.

In the sequel we will also assume:

Assumption A: There exist θ = (θ1, · · · , θp)′ an unknown vector of Rp and p+1 ≤ n ≤ N − p an

unknown integer number and a sequence of random variables (δt)t∈N∗, independent to (εt)t∈N, such

that {
Y

(N)
i =

∑p
j=1 θj Z

(j)
i + εi for all i ∈ {1, · · · , n}

Y
(N)
n+k =

∑p
j=1 θj Z

(j)
n+k + δk + εn+k for all k ∈ {1, · · · , N − n}

. (2.1)

Assumption B: There exists C > 0 and a positive integer random variable k0, which do not depend

on N , such that for any k ≥ k0

∆k :=
k∑
i=1

δ2i ≥ C k and max
1≤i≤k

δ2i ≤
1

2p
∆k almost surely. (2.2)

Assumption C: there exists 0 < τ < 1, an unknown real numbers such that for any N ∈ N∗,

n = [τ N ].

This last assumption, Assumption C, is fairly standard but could be made less strict, for example

by requiring that Nγ ≤ n ≤ N − Nγ ; however, this would make the exponential bounds that we

present below much more complex.

The framework of (2.1) under Assumption B is very general and may correspond to:

� A non-parametric change of the trend of (Y
(N)
i )1≤i≤N,N∈N∗ . A typical non-parametric exam-

ple is as follows:{
Y

(N)
i = θ0 + θ1 xi + εi for i = 1, · · · , n
Y

(N)
n+k = θ0 + θ1 xn+k + εn+k + g(k) for k = 1, · · · , N − n

where the function g is such that there exists C > 0 satisfying g2(k) ≥ C for any k ∈ N∗ and

with max1≤i≤k g
2(i) ≤ 1

2p

∑k
i=1 g

2(i) for k large enough.

� A non-parametric change of variance of (Y
(N)
i )1≤i≤N,N∈N∗ , which corresponds for instance to

an increasing of the volatility. A typical non-parametric example is the following:{
Y

(N)
i = θ0 + θ1 xi + εi for i = 1, · · · , n
Y

(N)
n+k = θ0 + θ1 xn+k + εn+k + ξk for k = 1, · · · , N − n
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where (ξi)i∈N is a sequence of independent Gaussian centered random variables such that

Var(ξi) = γ2 with γ2 > 0.

The aim of your study is the estimation of n and θ. For estimating n under the previous assumptions,

we consider a new criterion Ĉr(·) such that for any t ∈ {p+ 1, · · · , N},

Ĉr(t) =
a(t)

t− p

∥∥Y (N)(t)−H(t)Y (N)(t)
∥∥2 with a(t) := 1 +M

N

t logβ(t)
, (2.3)

with M > 0 and β > 0.

Remark 1. We have used the same approach here for appropriately penalizing the residual sum of

squares as that already introduced in Bardet (2025). However, here we have considered the penalty

function a(t) = 1 + M
N

t logβ(t)
with M > 0 and β > 0, whereas in that paper we considered

a(t) = 1 + M
Nα

tβ
with M > 0 and β > α > 0. This new choice will allow us to improve the

convergence rate of the break estimator (see Theorem 3.1).

Finally, from these definitions and choosing 0 < α which can be arbitrary small, we define the

following estimators:

n̂ := argmin
[logα(N)]≤t≤N

Ĉr(t) and τ̂ :=
n̂

N
. (2.4)

Remark 2. Since
1

t− p

∥∥Y (N)(t)−H(t)Y (N)(t)
∥∥2 represents the usual unbiased estimator of vari-

ance in a linear model obtained from the residual sum of squares, we see that Ĉr(t) is defined as

a penalty for this estimator. In Bardet (2025), a detailed heuristic for writing the penalty a(t)

is proposed. To summarize, we can say that a decreasing function a(·) in t is needed so that the

”largest” linear area is selected, but not too much so as not to search too far for the break in the

area where t > n. Finally, the term N allows the probability of choosing a ”very small” break-point

to tend towards 0.

Remark 3. In Bardet (2025), the convergence of τ̂ was demonstrated by defining n̂ as argmin
p≤t≤N

Ĉr(t).

Since we based our work on exponential concentration inequalities verified by P
(
Ĉr(t) < Ĉr(n)

)
,

we were unable to obtain convergence for p ≤ t < [logα(N)]. This is not surprising because in

Bardet (2025), which gives sharper rates but only in the Gaussian framework, the decay towards 0

of P
(
Ĉr(t) < Ĉr(n)

)
is also power-law and not only exponential when p ≤ t < [logα(N)].

3 Convergence rate of the estimators

Now, the consistency of the estimators obtain from the criterion can be established:

Theorem 3.1. Suppose that the distribution of ε1 is a sub-exponential distribution, i.e., that:

∥ε1∥ψ1 = inf
{
K > 0 : E

[
exp

(
|ε1|/K

)]
≤ 2

}
<∞ with ψ1(x) = ex − 1.

Then, under Assumptions A, B and C, for any β′ > 2β, the estimators n̂ and τ̂ defined in (2.4)

satisfy

P
(∣∣n̂− n

∣∣ ≥ logβ
′
(N)

)
≃ P

(∣∣τ̂ − τ
∣∣ ≥ logβ

′
(N)

N

)
−→
N→∞

0.
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From this theorem, we deduce that the smaller β the smaller β′ and the more accurate the esti-

mation n̂. Hence, the convergence rate of n̂ is close to the convergence rates OP(1) obtained in

the parametric framework of Bai and Perron (1998) or Bai (1998), whereas here we have placed

ourselves within the framework of a non-parametric break. It can also be observed that this con-

vergence rate given by Theorem 3.1 is faster than that obtained in Bardet (2025), which was in

OP(N
γ) for all γ > 0, thanks to the introduction of the new penalty.

It is also possible to show the asymptotic normality of an estimator of θ ∈ Rp defined in Assumption

A. It is clear that it is not possible to use the least squares estimator from (Y
(N)
1 , . . . , Y

(N)
N ), and

in the proof of Corollary 1 below, it is also not possible to do so from (Y
(N)
1 , . . . , Y

(N)
n̂ ). Instead,

let us consider the least squares estimator obtained from (Y
(N)
1 , . . . , Y

(N)

n̂−log3β(N)
), i.e.

θ̂ =
(
Z ′(ñ)Z(ñ)

)−1
Z ′(ñ)Y (N)(ñ) with ñ = n̂− log3β(N).

However, this requires adding the following assumption:

max
1≤i≤N

(
H(N)

)
i,i

−→
N→∞

0, (3.1)

which means that the maximum diagonal term of the orthogonal projection matrix H(N) must

tend toward 0 as N tends toward infinity. We then show that:

Corollary 1. Under the assumptions of Theorem 3.1 and assumption (3.1), then:(
Z ′(ñ)Z(ñ)

)1/2(
θ̂ − θ

) L−→
N→∞

Np

(
0 , σ2 I(p)

)
. (3.2)

From this corollary, we can obtain confidence intervals on θ or Wald tests on linear combinations

of θ. Regarding , if we consider a fairly classic case where 1
Ns Z ′(N)Z(N)

P−→
N→∞

Q with s > 0

and Q a definite positive square matrix of size p, then by Slutsky’s Lemma we can show that

the convergence rate of (3.2) is asymptotically
(
Z ′(n)Z(n)

)1/2
, i.e., the same as we would have

obtained if we had known the breakpoint.

4 Proofs

Lemma 4.1. For p+ 1 ≤ t ≤ n− 1,

P
(
Ĉr(t) < Ĉr(n)

)
≤ exp

(
− C1 t1p<t<[N log−β(N)] −

C2N

log2β(N)
1[N log−β(N)]≤t<[n/2] −

C3 (n− t)

log2β(N)
1[n/2]≤t<n

)
(4.1)

where



C1=(1− κ1)CHW

( σ2εM

∥ε1∥2ψ1
(M + 1)

)
min

(
1 ,

σ2εM

∥ε1∥2ψ1
(M + 1)

)
C2=(2− κ2)CHW

( σ2εM

(1 +M) ∥ε1∥2ψ1

)2

C3=CHW

( σ4εM
2

4 τ2 ∥ε1∥4ψ1

)
with CHW a universal constant defined in (4.3), and for any κ1, κ2 > 0 and for N large enough.
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Proof of Lemma 4.1. In such a case, i.e. for p ≤ t < n but also for t = n, we first notice from

Assumption A that

Ĉr(t) =
a(t)

t− p

∥∥(I(t)−H(t)) ε(t)
∥∥2.

But
∥∥(I(t) −H(t))ε(t)

∥∥2 =
∥∥Vt∥∥2 with Vt = P[Z]⊥n

PJt,nε(n) where P[Z]⊥n
and PJt,n are respectively

the matrices of the orthogonal projections in Rn on [Z]⊥n and Jt,n, where Jt,n is the subspace of Rn

such that Jt,n = {(x1, · · · , xt, 0, · · · , 0), (x1, · · · , xt) ∈ Rt}.
Moreover, since

∥∥(I(n)−H(n))ε(n)
∥∥2 = ∥∥P[Z]⊥n

ε(n)
∥∥2 and P[Z]⊥n

ε(n) = P[Z]⊥n
PJt,nε(n)+P[Z]⊥n

PJ⊥
t,n
ε(n),

from the Pythagorean theorem, we obtain that
∥∥(I(n) − H(n))ε(n)

∥∥2 =
∥∥Vt∥∥2 + ∥∥Wn−t

∥∥2 where

Wn−t = P[Z]⊥n
PJ⊥

t,n
ε(n) = P[Z]⊥n∩J⊥

t,n
ε(n).

Then, for any t ≤ n:

P
(
Ĉr(t) < Ĉr(n)

)
= P

( a(t)
t− p

∥∥(I(t)−H(t))ε(t)
∥∥2 < a(n)

n− p

∥∥(I(n)−H(n))ε(n)
∥∥2)

= P
( a(t)
t− p

∥∥Vt∥∥2 < a(n)

n− p

(∥∥Vt∥∥2 + ∥∥Wn−t
∥∥2))

= P
(∥∥Wn−t

∥∥2 −A(t)
∥∥Vt∥∥2 > 0

)
with A(t) :=

(n− p) a(t)

(t− p) a(n)
− 1.

It is clear that
∥∥Wn−t

∥∥2 − A(t)
∥∥Vt∥∥2 is a quadratic form of the vector ε(n). Then we can write

that:

P
(
Ĉr(t) < Ĉr(n)

)
= P

(
ε(n)′Qt,nε(n)− E

[
ε(n)′Qt,nε(n)

]
> −E

[
ε(n)′Qt,nε(n)

])
(4.2)

with ε(n)′Qt,nε(n) =
∥∥Wn−t

∥∥2 −A(t)
∥∥Vt∥∥2 which is a quadratic form of the vector ε(n).

Now we apply the sub-exponential version of the Hanson-Wright inequality (concentration in-

equality for quadratic forms of i.i.d.r.v.), see for instance Hanson and Wright (1971) or Rudelson

and Vershynin (2013). Hence, from (4.2), such inequality can be written as follows: there exists

CHW > 0 such that for all δ ≥ 0,

P
(
ε(n)′Qt,nε(n)− E

[
ε(n)′Qt,nε(n)

]
≥ δ

)
≤ exp

(
− CHW min

( δ2

∥ε1∥4ψ1
∥Qt,n∥2F

,
δ

∥ε1∥2ψ1
∥Qt,n∥2

))
(4.3)

with E[ε(n)′Qt,nε(n)] = E[ε21] tr(Qt,n), and ∥Qt,n∥F =
√

tr
(
Q′
t,nQt,n

)
is the Frobenius norm of

Qt,n, while ∥Qt,n∥2 is its operator (spectral) norm and ∥ε1∥ψ1 = inf{C > 0, E
[
exp(|ε1|/C)

]
≤ 2}.

In the specific context of our work, we have:
δ = −E

[
ε(n)′Qt,nε(n)

]
= −σ2ε

(
(n− t)− (t− p)A(t)

)∥∥Qt,n∥∥2 ≤ max
{
1 , |A(t)| , |1−A(t)|

}∥∥Qt,n∥∥F =
√

(n− t) + t A2(t)

. (4.4)

We will try to give bounds for each of these terms in order to simplify the exponential part of (4.3)

a little. A simple computation allows us to write that we also have:

δ = σ2ε (n− p)
( a(t)
a(n)

− 1
)
. (4.5)
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• Firstly, we consider the case t ∈ {[n/2], [n/2] + 1, . . . , n}.

From (4.5) and usual Taylor-Lagrange expansion, with h(t) = t−1 log−β(t), we have:

a(t)

a(n)
− 1 =

a(t)− a(n)

a(n)

=
M N

a(n)

∣∣h′(ct,n)∣∣ |n− t| with t ≤ ct,n ≤ n

≥ (1− κ)M N n−2 log−β(N)
(
n− t

)
for any κ > 0 when N is large enough and therefore from (4.5),

δ ≥
(
(1− κ)σ2εM τ−1

)
log−β(N)

(
n− t

)
. (4.6)

Moreover, for any κ > 0,

A(t) =
(n− p)a(t)− (t− p)a(n)

(t− p)a(n)

≤ (1 + κ)
(n− t)

t
+M N

( g(n)− g(t)

n logβ(n) t logβ(t)

)
with g(t) = (t− p) t logβ(t)

≤ (1 + κ)
(n− t)

t
+M N

( supt≤c≤n |g′(c)|
n logβ(n) t logβ(t)

)
(n− t)

≤ (1 + κ)
(n− t)

t
+

5M N

n logβ(n)
(n− t) since t ≥ [n/2]

≤ (1 + 2κ)
(n− t)

t
,

for N large enough. Therefore,
∥∥Qt,n∥∥2 ≤ 2 and for any κ′ > 0 and when N is large enough,∥∥Qt,n∥∥2F = (n− t) + t A2(t) ≤ (3 + κ′) (n− t). As a consequence:

min
( δ2

∥ε1∥4ψ1
∥Qt,n∥2F

,
δ

∥ε1∥2ψ1
∥Qt,n∥2

)
≥

((1− κ)σ2εM τ−1

2 ∥ε1∥2ψ1

) (n− t)

logβ(n)
min

(
1 ,

(2 (1− κ)σ2ε M τ−1

(3 + κ′)∥ε1∥2ψ1

) 1

logβ(n)

)
≥

( σ4εM
2

4 τ2 ∥ε1∥4ψ1

) (n− t)

log2β(N)
, (4.7)

for N large enough.

• Secondly, we consider the case t ∈ {p+ 1, . . . , [n/2]− 1}.

In such a case, for any κ > 0,
a(t)

a(n)
− 1 =

a(t)− a(n)

a(n)
≥ (1 − κ)M N t−1 log−β(t) for N large

enough, and therefore from (4.5), for any κ′ > 0, for N large enough

δ ≥ (1− κ′)σ2εM N t−1 log−β(t)n. (4.8)

We also have A(t) =
(n− p)a(t)− (t− p)a(n)

(t− p)a(n)
≤ n

t

(
1 +M

N

t logβ(t)

)
, which induces two different

behaviors:
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1. If t ∈ {[N log−β(N)], . . . , [n/2]−1}, thenA(t) ≤
(
1+κ+M

) n
t
and this implies whenN is large

enough, that
∥∥Qt,n∥∥2 ≤ (

1+κ+M
) n
t
and

∥∥Qt,n∥∥2F = (n−t)+t A2(t) ≤
(
2+(1+κ+M)2

) n2
t
.

Then,
δ

∥Qt,n∥2
≥ (1− κ′)σ2εM

(1 + κ+M)
N log−β(t) ≥ (1− κ′′)

σ2εM

(1 +M)
N log−β(N)

δ2

∥Qt,n∥2F
≥ (1− κ′)2

( σ4εM
2

2 + (1 + κ+M)2

) N2

t log2β(t)
≥ (2− κ′′)

( σ2εM

1 +M

)2 N

log2β(N)

.

As a consequence, for any κ′′ > 0, for N large enough,

min
( δ2

∥ε1∥4ψ1
∥Qt,n∥2F

,
δ

∥ε1∥2ψ1
∥Qt,n∥2

)
≥ (2− κ′′)

( σ2εM

(1 +M) ∥ε1∥2ψ1

)2 N

log2β(N)
. (4.9)

2. If t ∈ {p+ 1, . . . , [N log−β(N)]− 1}, then A(t) ≤
(
1 +M

) n
t

N

t logβ(t)
and this implies , that∥∥Qt,n∥∥2 ≤

(
1 +M

) n
t

N

t logβ(t)
and

∥∥Qt,n∥∥2F = (n − t) + t A2(t) ≤
(
1 + κ +M

)2 n2N2

t3 log2β(t)
when N is large enough. Then

δ

∥Qt,n∥2
≥ (1− κ′)σ2εM N t−1 log−β(t)n(

1 +M
)
n
t

N
t logβ(t)

≥ (1− κ′)σ2ε

( M

1 +M

)
t

δ2

∥Qt,n∥2F
≥ (1− κ′)2 σ4εM

2N2 t−2 log−2β(t)n2(
1 + κ+M

)2 n2N2

t3 log2β(t)

≥ (1− κ′′)σ4ε

( M

1 +M

)2
t.

.

As a consequence, for any κ′ > 0, for N large enough,

min
( δ2

∥ε1∥4ψ1
∥Qt,n∥2F

,
δ

∥ε1∥2ψ1
∥Qt,n∥2

)
≥ (1− κ′)

( σ2εM

∥ε1∥2ψ1
(M + 1)

)
min

(
1 ,

σ2εM

∥ε1∥2ψ1
(M + 1)

)
t. (4.10)

From (4.7), (4.9) and (4.10), we deduce (4.1).

Lemma 4.2. Let n + 1 ≤ t ≤ N . Then, with CHW and CB two universal constants respectively

defined in (4.3) and (4.19), withÃ§ C defined in Assumption B,

P
(
Ĉr(t) < Ĉr(n)

)
≤ exp

(
− CHW C4 (t− n)

)
+ exp

(
− CB min

(
C5 (t− n) , C6

√
t− n

))
, (4.11)

with



C4 = (1− κ4)C
σ2ε

∥ε1∥2ψ1

τ

4(1− τ)
min

(
1 ,

C

4

σ2ε
∥ε1∥2ψ1

)
C5 =

C

64 ∥ε1∥2ψ1

C6 =
1

8
min

( √
C
√
p

√
2 ∥ε1∥ψ1

)
for any κ4 > 0 and for N large enough.
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Proof of Lemma 4.2. Since t > n, based on Assumption A, we can write that:

Ĉr(t) =
a(t)

t− p

∥∥(I(t)−H(t)) ε(t) + (I(t)−H(t))D(t)
∥∥2 with D(t) =

(
0, · · · , 0, δ1, · · · , δt−n

)′
where (δi)i≥1 is defined in Assumption A.

We therefore have:

P
(
Ĉr(t) < Ĉr(n)

)
= P

( a(t)
t− p

∥∥(I(t)−H(t))
(
ε(t) +D(t)

)∥∥2 < a(n)

n− p

∥∥(I(n)−H(n))ε(n)
∥∥2)

= P
( a(t)
t− p

∥∥(Vn +Wt−n
)
+ P[Z]⊥t

D(t)
∥∥2 < a(n)

n− p

∥∥Vn∥∥2)
= P

( a(t)
t− p

(∥∥Vn + P[Z]⊥t
D(t)

∥∥2 + ∥∥Wt−n
∥∥2) < a(n)

n− p

∥∥Vn∥∥2)
= P

(
B(t)

∥∥Vn∥∥2 + ∥∥Wt−n
∥∥2 + 2D(t)′ P[Z]⊥t

Vn +
∥∥P[Z]⊥t

D(t)
∥∥2 < 0

)
,

where B(t) = 1− (t− p) a(n)

(n− p) a(t)
, and Vn and Wt−n defined as in the first part of the proof.

As in Lemma 4.1, it is interesting to write:

B(t)
∥∥Vn∥∥2 + ∥∥Wt−n

∥∥2 = ε(t)′Rn,t ε(t),

where Rn,t is a symmetric matrix. We can therefore write that:

P
(
Ĉr(t) < Ĉr(n)

)
= P

(
ε(t)′Rn,t ε(t) + 2D(t)′ P[Z]⊥t

Vn < −
∥∥P[Z]⊥t

D(t)
∥∥2)

≤ P
(
ε(t)′Rn,t ε(t)− E

[
ε(t)′Rn,t ε(t)

]
< −E

[
ε(t)′Rn,t ε(t)

]
− 1

2

∥∥P[Z]⊥t
D(t)

∥∥2)
+ P

(
D(t)′ P[Z]⊥t

Vn < −1

4

∥∥P[Z]⊥t
D(t)

∥∥2). (4.12)

We will use conditional probabilities given the random vector D(t). Consider first I1 such as:

I1 = P
(
ε(t)′Rn,t ε(t)− E

[
ε(t)′Rn,t ε(t)

]
< −E

[
ε(t)′Rn,t ε(t)

]
− 1

2

∥∥P[Z]⊥t
D(t)

∥∥2 ∣∣∣ D(t)
)
. (4.13)

We will again use the the Hanson-Wright concentration inequality (4.3) for quadratic forms of

independent sub-exponential random variables to upper bound this probability. Thus, we have:

� E
[
ε(t)′Rn,t ε(t)

]
= σ2ε tr

(
Rn,t

)
= σ2ε

(
(n− p)B(t) + (t− n)

)
= σ2ε (t− p)

a(t)− a(n)

a(t)
;

� ∥Rn,t∥2 ≤ max
(
1 , |B(t)|, |B(t) + 1|

)
;

� ∥Rn,t∥2F = (n− p)B2(t) + (t− n);

� ∥P[Z]⊥t
D(t)∥2 ≥ 1

2 C (t− n) for N large enough from Lemma 4.1 of Bardet (2025).

With t ∈ {n+1, . . . , N}, we have from a Taylor-Lagrange expansion, with n ≤ θn,t ≤ t and for any

κ > 0

B(t) =
n− t

(n− p) a(t)

(
1 +

M N g′(c)

n logβ(n) t logβ(t)

)
with n < c ≤ t and g(t) = (t− p) t logβ(t)

=⇒ (1 + κ)
n− t

n− p
≤ B(t) ≤ (1− κ)

n− t

n− p
,
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for N large enough. Moreover, for any κ > 0,

E
[
ε(t)′Rn,t ε(t)

]
= σ2εM

N

a(t)

( 1

t logβ(t)
− 1

n logβ(n)

)
≃ σ2ε

M N

n logβ(n)
(n− t)

=⇒ −E
[
ε(t)′Rn,t ε(t)

]
− 1

2

∥∥P[Z]⊥t
D(t)

∥∥2 ≤ (1− κ)
1

4
C (n− t)

and this implies |δ| ≥ (1− κ)
1

4
C (t− n) (4.14)

when N is large enough.

Moreover,  ∥Rn,t∥2 ≤ max
(
(1 + κ)

t− n

n
, 1

)
∥Rn,t∥2F ≤ (1 + κ)

t

n
(t− n)

(4.15)

As a consequence, from (4.14) and (4.15), for any κ′ > 0, for N large enough,

min
( δ2

∥ε1∥4ψ1
∥Rt,n∥2F

,
|δ|

∥ε1∥2ψ1
∥Rt,n∥2

)
≥ (1− κ′)C

σ2ε
∥ε1∥2ψ1

τ

4(1− τ)
min

(
1 ,

C

4

σ2ε
∥ε1∥2ψ1

)
(t− n). (4.16)

And from (4.13), applying an expectation, we deduce:

P
(
ε(t)′Rn,t ε(t)− E

[
ε(t)′Rn,t ε(t)

]
< −E

[
ε(t)′Rn,t ε(t)

]
− 1

2

∥∥P[Z]⊥t
D(t)

∥∥2)
≤ exp

(
− CHW (1− κ′)C

σ2ε
∥ε1∥2ψ1

τ

4(1− τ)
min

(
1 ,

C

4

σ2ε
∥ε1∥2ψ1

)
(t− n)

)
. (4.17)

Now, for bounding the term P
(
D(t)′ P[Z]⊥t

Vn < −1
4

∥∥P[Z]⊥t
D(t)

∥∥2) of (4.12), define

I2 = P
(
D(t)′ P[Z]⊥t

Vn < −1

4

∥∥P[Z]⊥t
D(t)

∥∥2 ∣∣∣D(t)
)
. (4.18)

Here, we will use a Bernstein Inequality for linear combination of sub-exponential zero-mean i.i.d.

random variables (Zj)1≤j≤t as it can be found in Chapter 2 of Boucheron et al. (2013). Hence,

there exists a constant CB > 0 such that for any U ∈ Rt and any δ′ > 0,

P
(
U ′ Z < −δ′

)
≤ exp

(
− CB min

( δ′

∥ε1∥ψ1 ∥U∥∞
,

δ′2

∥ε1∥2ψ1
∥U∥22

))
. (4.19)

Using Assumption (2.2) and from Lemma 4.1 of Bardet (2025), we have δ′ ≥ 1

8
∆t−n and ∥U∥∞ ≤√

1
p ∆t−n for N large enough, where ∆k :=

k∑
i=1

δ2i . Finally, we also have δ′2 ≥ 1

32
∆t−n and

∥U∥22 ≤ ∆t−n. Therefore, from (4.19),

I2 ≤ exp
(
− CB min

( √
C
√
p

8
√
2 ∥ε1∥ψ1

√
t− n ,

C

64 ∥ε1∥2ψ1

(t− n)
))
.
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Once again, using an expectation, we deduce that

P
(
D(t)′ P[Z]⊥t

Vn < −1

4

∥∥P[Z]⊥t
D(t)

∥∥2) ≤ exp
(
− CB

8
min

( √
C
√
p

√
2 ∥ε1∥ψ1

√
t− n ,

C

8 ∥ε1∥2ψ1

(t− n)
))
.

(4.20)

Using the decomposition (4.12) and exponential concentration inequalities (4.17) and (4.20), we

deduce (4.11).

Proof of Theorem 3.1. For any β′ ≥ 2β and any α > 0, we have:

P
(
|n̂− n| ≥ logβ

′
(N)

)
≤ P

(
max

{
Ĉr(t), t ∈ {[logα(N)], . . . , N} such that |t− n| ≥ logβ

′
(N)

}
< Ĉr(n)

)
≤
n−logβ

′
(N)∑

t=[logα(N)]

P
(
Ĉr(t) < Ĉr(n)

)
+

N∑
t=n+logβ

′
(N)

P
(
Ĉr(t) < Ĉr(n)

)
. (4.21)

Now Lemmas 4.1 and 4.2 can be applied. As a consequence,

n−logβ
′
(N)∑

t=[logα(N)]

P
(
Ĉr(t) < Ĉr(n)

)
≤

[N log−β(N)]−1∑
t=[logα(N)]

e−C1 t +

[n/2]−1∑
t=[N log−β(N)]

e
− C2 N

log2β(N) +

n−logβ
′
(N)∑

t=[n/2]−1

e
−C3 (n−t)

log2β(N)

≤ e−C1 [log
α(N)]

1− e−C1
+
τ

2
N e

− C2 N

log2β(N) +
e−C3 logβ

′−2β(N)

1− e−C3 log
−2β(N)

≤ e−C1 [log
α(N)]

1− e−C1
+
τ

2
N e

− C2 N

log2β(N) +
2

C3
log2β(N) e−C3 (log(N))β

′−2β

−→
N→∞

0 (4.22)

for N large enough. Similarly, we have:

N∑
t=n+logβ

′
(N)

P
(
Ĉr(t) < Ĉr(n)

)
≤

N∑
t=n+logβ

′
(N)

e−C4 (t−n) + e−min
(
C5 (t−n) , C6

√
t−n

)

≤ e−C4 logβ
′
(N) + e−C5 logβ

′
(N) +

N−n∑
k=logβ

′
(N)

e−C6

√
k

≤ e−C4 logβ
′
(N) + e−C5 logβ

′
(N) +

2

C6
logβ

′/2(N)e−C6 logβ
′/2(N)

−→
N→∞

0, (4.23)

using a sum-integral comparison. Therefore, from (4.21), from (4.22) and (4.23), we deduce Theo-

rem 3.1.

Proof of Corollary 1. From Huber (1981), page 157, the Lindeberg central limit theorem allows us

to write that under Assumption A, for all t ≤ n,(
Z ′(t)Z(t)

)1/2(
θ̂(t)− θ

) L−→
t→∞

Np

(
0 , σ2I(p)

)
, (4.24)

with θ̂(t) =
(
Z ′(t)Z(t)

)−1
Z ′(t)Y (N)(t) the ordinary least square estimator.

Let x ∈ Rp and denote Û (N) =
(
Z ′(ñ)Z(ñ)

)1/2(
θ̂ − θ

)
. Then, using the notation F

Û(N)(x) =

P
(
Û (N) ≤ x

)
= P

(
Û

(N)
1 ≤ x1 ∩ Û (N)

2 ≤ x2 ∩ · · · ∩ Û (N)
p ≤ xp

)
when x = (x1, . . . , xp)

′, we obtain:

F
Û(N)(x) = P

(
Û (N) ≤ x | ñ ≤ n

)
P
(
ñ ≤ n

)
+ P

(
Û (N) ≤ x ∩ ñ ≤ n

)
.
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But given ñ ≤ n, then Û (N) L−→
N→∞

Np

(
0 , σ2I(p)

)
. Moreover, from the proof of Theorem 3.1,

P(n̂ ≥ n+N log3β(N)) −→
N→∞

0 and therefore

P
(
ñ ≤ n

)
= 1− P

(
n̂ ≤ n+N log3β(N)

)
−→
N→∞

1.

Moreover P
(
Û (N) ≤ x ∩ ñ ≤ n

)
≤ P

(
ñ ≤ n

)
−→
N→∞

0. Thus, with U ∼ Np

(
0 , σ2I(p)

)
, we have for

any x ∈ Rp

P
(
Û (N) ≤ x

)
−→
N→∞

FU (x),

and the asymptotic normality of θ̂ can be deduced.
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