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Abstract

We consider data initially derived from a homoscedastic linear model that undergoes a change
at an unknown point in time, such as a change in model (not necessarily linear) or heteroscedas-
ticity. Based on an idea of the sum of the squares of the residuals penalized introduced in Bardet
(2025), we propose a new version of this criterion for estimating the change point. In the very
general nonparametric framework we have adopted, we demonstrate that the convergence rate
of this estimator is the same as in the parametric case to within a logarithmic term. To do this,

we use concentration inequalities for sub-exponential variables.

Keywords: Change detection; Linear model; Non-parametric estimator

1 Introduction

We consider the following regression problem: we assume that ((Yl, Z1),..., (YN, Z N)) is observed
with Y; real random variables and Z; vectors of RP, p > 1. Furthermore, we know that for
1 <t < n < N, the relationship between Y; and Z, is linear, i.e., there exists 8 € RP such
that Y; = Z/6 + e, where M’ is the transpose of a matrix M and assuming further that the (g;)
are independent identically distributed and centered random variables. But we do not know n and
we do not know the relationship between Y; and Z; for n +1 <t < N, except that it is no longer
the previous linear model (more details are provided in Assumption A defined below). Our goal is
to detect a break with the estimation of n and, incidentally, the estimation of 6.

This framework of change-point in a linear model can take different forms in literature. The first
and undoubtedly most studied is that of a change in structure (e.g., economic) which implies that
for t > n, we still have a linear model, but this time satisfying Y; = Z/0 + ; with 0 # 0. We can
refer to the work of Chow (1960) and his famous test, and more recently the work of Bai and Perron
(1998) or Lavielle (1999) based on least squares regression, or Bai (1998) based on least absolute
values regression. We are then able to give very precise results on the law of the estimator of the

breakpoint n and the convergence rate, which is in Op(1), even under assumptions of dependence



of the (g;). However, we are here in a very parametric setting that is much more restrictive than
the general non-parametric framework described above.

Non-parametric approaches also exist in the literature. We can mention, in particular, the work
based on a difference in empirical cumulative distribution functions by Carlstein (1988) and Ben
Hariz et al. (2007), or statistical learning approaches such as that of Arlot et al. (2019). However,
this work cannot be applied to data that is not identically distributed according to a linear model
for 1 <t < n, and the nonparametric assumption in Assumption A for ¢ > n + 1 is much more
general than the one presented in this work. The only statistical learning approach we found, based
on the difference in likelihoods of regularized Gaussian processes and use of bootstrap, and which
can be likened to the general framework we considered, is the one developed in Avanesov (2019).
However the framework of a pure linear model for ¢ < n is not taken into account, and the modeling
for t > n + 1 is too restrictive compared to that allowed by Assumption A.

We therefore opted for an approach already studied in Bardet (2025) based on the residual sum
of squares penalized appropriately, i.e., an approach similar to the Rgdjust oq Criterion used for the
selection of exogenous variables. However, we have chosen a new penalty function for this criterion,
which is written as follows:

n = arg min {@(t)} where é;"(t) = (1 +M
t<N

TTodf (7 logﬁ(t)> 5 (t),

where 52 (t) is the usual unbiased estimator of the error variance calculated from ((Y;i, Z;))1<i<t, M
and S are positive real constants.

This new criterion has been shown to significantly improve the results obtained in Bardet (2025).
Firstly, convergence results can now be obtained in the case where errors follow sub-exponential
distributions, whereas previous results and techniques were purely Gaussian. Secondly, we improve
the convergence rate of the estimator: it is possible to estimate n at a rate of Op(log“(N )) with &
being arbitrarily close to 0, which is close to Op(1) obtained in the context of linear model switching
(see above). Furthermore, we also show that an estimator of the parameter 6 satisfies asymptotic
normality at optimal speed under fairly weak assumptions.

Subsequently, we will present the framework and assumptions in detail in Section 2, and we will

obtain the convergence results in Section 3. Finally, all of the proofs will be presented in Section 4.

2 Framework and assumptions

Let (g;)ien be a sequence of random variables such that E[e;] = 0 and E[e?] = 0 < oo for all i € N.
Let p € N*, known, and (ZZ-(j ))lgjgp,ieN a family of known real numbers (deterministic design) such
that rank((Z")1< <, 1<i<p) = p.

Let N > p such that a sample (Yl(N), e ,Y]S,N)) of a triangular array (YZ-(N) )J1<i<N,p<N is observed.



We will use the following notations:

e for any u € R, ||u|? := v/ u where u’ denotes the transpose of u.
o [Z]y:={Z(k)0, 0 € R’} which is a linear subspace of R* for k € {p,--- ,N};
o H(k):=Z(k)(Z'(k) Z(k))le’(k) which is the orthogonal projection matrix on [Z]j for k € {p, -+, N};
e [(t) is the identity matrix of size t;
o Z(t) = (2" N<i<t1<jp forte {1, N}
M) = ()1cie fort e {1,--- ,N};

() :== (€i)1<i<t forte{l,--- N}

~—

™

In the sequel we will also assume:

Assumption A: There exist 0 = (01,--- ,0,)" an unknown vector of RP andp+1<n <N —p an
unknown integer number and a sequence of random variables (8¢)ien+, independent to (e¢)ien, such
that

v = 020 v for-alli e {1,---,n} (2.1)
Y P10 2+ O+ en forallk € {1,--- ,N—n} |

Assumption B: There exists C' > 0 and a positive integer random variable ko, which do not depend
on N, such that for any k > ko

k
1
Ay = ;53 >Ck and 112%}(19 62 < » Ay almost surely. (2.2)
Assumption C: there exists 0 < 7 < 1, an unknown real numbers such that for any N € N*,

n = [t N].

This last assumption, Assumption C, is fairly standard but could be made less strict, for example
by requiring that N7 < n < N — N7; however, this would make the exponential bounds that we

present below much more complex.

The framework of (2.1) under Assumption B is very general and may correspond to:

e A non-parametric change of the trend of (Yi(N))lgig N,NeN+- A typical non-parametric exam-

ple is as follows:

Y;-(N):Qo—l—ell‘i—k& fori=1,---,n
erf,3=90+91xn+k+6n+k+g(k) fork=1,--- ,N—n

where the function g is such that there exists C' > 0 satisfying g?(k) > C for any k € N* and

1

2 25;1 g%(i) for k large enough.

with max;<;<g QQ(i) <

. . N . .
e A non-parametric change of variance of (YZ( ))1§i§ N,NeN+, which corresponds for instance to

an increasing of the volatility. A typical non-parametric example is the following:

(N)

Y;(N):00+91xi+5i fOFl’:l,-w/ﬂ
Y =0 +0 2k +enin+& fork=1,--- N—-n
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where (&;);en is a sequence of independent Gaussian centered random variables such that
Var(&;) = v2 with 2 > 0.

The aim of your study is the estimation of n and 6. For estimating n under the previous assumptions,

we consider a new criterion é\r() such that for any t € {p+1,--- , N},
~ a(t) N 2 . N
Cr(t) = Y™ @) — HE) YN (¢ with  a(t)i=1+M ———, 2.3
1) = 2 [y - HO YO 0 o)

with M > 0 and 8 > 0.

Remark 1. We have used the same approach here for appropriately penalizing the residual sum of
squares as that already introduced in Bardet (2025). However, here we have considered the penalty
function a(t) = 1+ M

«

a(t) = 1+ Mt—ﬂ with M > 0 and B > o« > 0. This new choice will allow us to improve the

3 with M > 0 and 8 > 0, whereas in that paper we considered
t log”(t)
convergence rate of the break estimator (see Theorem 3.1).

Finally, from these definitions and choosing 0 < « which can be arbitrary small, we define the

following estimators:

(2.4)

S

n:= argmin 6'\7“(15) and T :=
[log™(N)]<t<N

1
t—p
ance in a linear model obtained from the residual sum of squares, we see that Cr(t) is defined as

Remark 2. Since

HY(N) t)—H@t) Y™ (1) H2 represents the usual unbiased estimator of vari-

a penalty for this estimator. In Bardet (2025), a detailed heuristic for writing the penalty a(t)
is proposed. To summarize, we can say that a decreasing function a(-) in t is needed so that the
“largest” linear area is selected, but not too much so as not to search too far for the break in the
area where t > n. Finally, the term N allows the probability of choosing a “very small” break-point

to tend towards 0.

Remark 3. In Bardet (2025), the convergence of T was demonstrated by defining n as arg min a"(t)
p<t<N

Since we based our work on exponential concentration inequalities verified by P(é’?(t) < a“(n)),
we were unable to obtain convergence for p < t < [log®(N)]. This is not surprising because in
Bardet (2025), which gives sharper rates but only in the Gaussian framework, the decay towards 0
of P(é\r(t) < a(n)) is also power-law and not only exponential when p <t < [log®(N)].

3 Convergence rate of the estimators

Now, the consistency of the estimators obtain from the criterion can be established:

Theorem 3.1. Suppose that the distribution of 1 is a sub-exponential distribution, i.e., that:
lle1]|y, = inf {K >0 : E[exp (]51\/K)} < 2} < oo with Pi(z) =e" —1.

Then, under Assumptions A, B and C, for any 8’ > 23, the estimators n and T defined in (2.4)

satisfy

P([7 — n| > log” (V) = P(|7 - 7| > bgif(m) — 0.

N—oo
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From this theorem, we deduce that the smaller 8 the smaller 8’ and the more accurate the esti-
mation n. Hence, the convergence rate of n is close to the convergence rates Op(1) obtained in
the parametric framework of Bai and Perron (1998) or Bai (1998), whereas here we have placed
ourselves within the framework of a non-parametric break. It can also be observed that this con-
vergence rate given by Theorem 3.1 is faster than that obtained in Bardet (2025), which was in
Op(N7) for all 4 > 0, thanks to the introduction of the new penalty.

It is also possible to show the asymptotic normality of an estimator of § € RP defined in Assumption

A. It is clear that it is not possible to use the least squares estimator from (YI(N), e ,Y]SN)), and
in the proof of Corollary 1 below, it is also not possible to do so from (YI(N), ces ,Yﬁ(N)). Instead,
let us consider the least squares estimator obtained from (Yl(N), ... ,Yﬁ(]_Vllgw ( N)), ie.

0= (2'm)zm) ' Z@YNM@E)  with 7 =n—log®(N).
However, this requires adding the following assumption:

25, ) 2 0 &0

which means that the maximum diagonal term of the orthogonal projection matrix H(N) must
tend toward 0 as N tends toward infinity. We then show that:

Corollary 1. Under the assumptions of Theorem 3.1 and assumption (3.1), then:

(2@ 2@)*(6-0) = N(0. 0 I(p)). (3.2)

N—oo

From this corollary, we can obtain confidence intervals on 6 or Wald tests on linear combinations
of §. Regarding , if we consider a fairly classic case where s Z'(N) Z(N) N Q with s > 0
N—oo

NS
and @) a definite positive square matrix of size p, then by Slutsky’s Lemma we can show that

1/2

the convergence rate of (3.2) is asymptotically (Z'(n) Z(n))'", i.e., the same as we would have

obtained if we had known the breakpoint.

4 Proofs

Lemma 4.1. Forp+1<t<n-—1,

P(c?«(t) < @«(n))

CQN Cg (n —t)
< exp ( — Oty (N iog P (V)] Wlwbg*ﬁ(m]sqn/m " o () 1[n/2]§t<n) (4.1)

o2 M o2 M

Clz(l—/ﬂ)CHW £ min 1, <
<H€1@12(M + 1)> ( leallz, (M + 1)>
oz M 2
where { Co=(2 — k2) Cyw -
4M<2(1 + M) \|€1H?pl>
o)
C3=C —_—
3T HW (472 Hé—l”fm)

with Cyw a universal constant defined in (4.3), and for any k1,k2 > 0 and for N large enough.
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Proof of Lemma 4.1. In such a case, i.e. for p <t < n but also for ¢ = n, we first notice from
Assumption A that

But H(I(t) - H(t))s(t)”2 = HVtH2 with V; = P51 Py, ,e(n) where Pz)1 and Py, , are respectively
the matrices of the orthogonal projections in R” on [Z]+ and Jtn, where Ji 5, is the subspace of R"
such that J;,, = {(x1, -+ , 24,0, ,0), (21, ,7) € R}

Moreover, since H(I(n)—H(n))z-:(n)H2 = HP[Z]#E(n)HQ and Pz1e(n) = P[Z]#PJtynE(n)—l—P[Z}#PJtL,ns(n),
from the Pythagorean theorem, we obtain that ||((n) — H(n))e(n)H2 = HV}HQ + HWn,tH2 where
Wit = Pz Pye e(n) = Pz e(n).

Then, for any ¢t < n:

a(n)

P(Cr(t) < Cr(n)) = P(t H(t))s(t)”z S (UOR H(m)e(m)||*)

= (2 t,, VAIE < 20 (P + wae]))

(IWadl* = At HVtH >0) with A(t) =

(n—p)af(t)
(t —p)a(n)

I
~

— 1.

It is clear that HWn,tHZ — A(t) HVtHQ is a quadratic form of the vector e(n). Then we can write
that:

P(@(t) < é\r(n)) - P(e(n)’Qms(n) —E[e(n) Qrnc(n)] > —E[g(n)'Qme(n)}) (4.2)

with e(n)' Q¢ ne(n) = HWn tH — At HVtH which is a quadratic form of the vector £(n).

Now we apply the sub-exponential version of the Hanson-Wright inequality (concentration in-
equality for quadratic forms of i.i.d.r.v.), see for instance Hanson and Wright (1971) or Rudelson
and Vershynin (2013). Hence, from (4.2), such inequality can be written as follows: there exists
Cyw > 0 such that for all § > 0,

52 )
P(e(n) Qine(n) — Ele(n) Qine(n)] > §) <exp ( — Cyw min :
(e £ Qune ()] 2.9) < exp <||el|rfm 7 |rel||5,1|@t,n||z)>
(4.3)
with Ele(n)'Qine(n)] = E[e?] t1(Qrn), and |Quallr = (/tr (Qf.n Qi) is the Frobenius norm of
Qt,n, while ||Qyn||2 is its operator (spectral) norm and ||e1ly, = inf{C > 0, E[exp(|€1\/0)} <2}

In the specific context of our work, we have:
5 = -E[m)Q, na< )] = —02(<n 1) = (t—p) AD)
|Qtnll, < max{1,|A®)],|1 - A®)} . (4.4)
[Qenlly = V(n—1)+tA%()

We will try to give bounds for each of these terms in order to simplify the exponential part of (4.3)

a little. A simple computation allows us to write that we also have:

5 =02 (n—p) (Z((th)) 1), (4.5)



e Firstly, we consider the case ¢t € {[n/2],[n/2] +1,...,n}.

From (4.5) and usual Taylor-Lagrange expansion, with h(t) = t~'log™?(t), we have:

o) | a)—aw
a(n) a(n)
_ ﬁg\h'(ct,n)\|n—t| with < ¢pp < 1

> (1—k)MNn 2log™?(N) (n - t)
for any x > 0 when N is large enough and therefore from (4.5),
6> (1—r)o2Mr) log #(N) (n—1t). (4.6)
Moreover, for any x > 0,

_ (n—=pa(t) = (t —pla(n)
A = T e
(n—1) g9(n) —g(t)
13 FMN (n log?(n) t log? (t)
(n—1) SUPy<c<n |9' ()]
AN (n log?(n)t logﬁ(t)> (n=1)
(n—1t) N 5MN
3 n log®(n)

< (1+2x) (”t_t),

IN

(1+ k) ) with g(t) = (t — p) t log®(t)

IN

(1+ k)

< (1+4k)

(n—1t) since t > [n/2]

for N large enough. Therefore, HQMHQ < 2 and for any " > 0 and when N is large enough,
HQMHQF =(n—1t)+tA%t) < (3++')(n—1). As a consequence:

n (e o)
min ,
leally, 1Qunllz lenll?, 1Qenll2

1—r)o2M77 Y (n—1t) . 2(1—k)o2 M 71 1
> CSaE ) erm ™ (C Caroiar ) we)
2 leally, log” (n) (34 r)llell;), log”(n)
2 M2 —t
> () (”2[3 ) )
472 leally, / log? (N)
for N large enough.
e Secondly, we consider the case t € {p+1,...,[n/2] — 1}.
t t) —
In such a case, for any x > 0, at) _ 1= a(t) — aln) > (1 — k)M Nt tlog=?(t) for N large
a(n) a(n)
enough, and therefore from (4.5), for any ' > 0, for N large enough
6> (1 —k)o2M Nt tlogP(t)n. (4.8)
— t) —(t— N
We also have A(t) = (n = palt) = (t — pla(n) < n (1 + Mi), which induces two different
(t —p)a(n) t t log®(t)

behaviors:
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1. Ift € {[N log #(N)],...,[n/2]—1}, then A(t) < (1—}—/{—|—M) " and this implies when N is large

2
enough, that HQMH2 < (1+/{+M) — and HQthF (n— t)+tA2( t) < (2+(1+/<+M)2) n?
Then,

o (1—k)o2M
s = M)Te "
[Qgle = @t )
0 (1—+

N log™?(t) > (1 — &")
2 ( o M? ) N2
2+ (L+r+M)2/ t10g?(1)

As a consequence, for any " > 0, for N large enough,

min ( B )z @-w(; oe M )21ogN' (4.9)

N log=?(N)
ol M )2 N
1+ M/ 10g?®(N)

M
(14 M)
> (2—/-%”)(

e 2
1QnllF

lelly, 1QenllE llealls, [ Qenll2 L+ M) e, 2B(N)
_B N o
2. Ifte{p+1,...,[N log ?(N)] — 1}, then A(t) < (1+ M) . ﬁ and this implies , that
0g
N 2N2
HQt,nH2 < (14 M) D and HQt’”H? = (n—t)+tA%(t) < (1+r+ M)2 n

t t logh(t)

t3 log?(t)
when N is large enough. Then

) S (1-r)o2M Nt 'log ?(t)n

Z(l—/i/)0'3< M )t

Qs =~ (4 2 b
og?(t) 28 9
52 1— K202 M2 N2t"2log 20(t M N2,
7 = ( K)o 2 n20]%2 L Z(l_ﬁﬁ)ag(l ]\4> g
Q¢ (1+r+M) 13 10g2 (1) '

As a consequence, for any k' > 0, for N large enough,

. 52 1)
i (H&H?leQt,nH%’ HeleleQt,nb)
n (1 0 M
e, (M + 1)

e

>(1—+ /)(Hel\ld, e )t. (4.10)

From (4.7), (4.9) and (4.10), we deduce (4.1). O

Lemma 4.2. Letn+1 <t < N. Then, with Cgw and Cp two universal constants respectively
defined in (4.3) and (4.19), withA§ C defined in Assumption B,

P(@“(t) < a“(n)) <exp (—Cpuw Cs(t —n)) +exp (— Cp min (Cs (t —n), Ce vVt —n)), (4.11)

( o2 T C o2
Cy = (1—kry)C—2 min(l,— & )
=) O, =) 1TalE,

with { C5 = ——5—
64 fleal?,

IERRYN.
G = gmin ()

for any kg >0 (md for N large enough.




Proof of Lemma 4.2. Since t > n, based on Assumption A, we can write that:
t
= 0 \(10) — H©)=) + (10) ~ @) DO with D) = (0.+++,0.81,-++ .60

where (0;);>1 is defined in Assumption A.
We therefore have:

IF”(@(t) < @(n)) = P(taft; 1(1(t) — H(t))(e(t) + D)) ||” < ;‘(_"L 1(I(n) — H(n))s(n)H2>
— P(ta_t; (Vo + W) + Py D(B)|* < S(f; 1Vall*)
- P(ta_tL(HVn—i—P[ LD@)|* + [WeenlP) < n(fi? HVnHQ)
= P(BW)[|Vall® + [Wieen|* +2 D) Pz Va + || Py DO < 0)),

(t —p)a(n)
(n—p)a(t)’

As in Lemma 4.1, it is interesting to write:

where B(t) =1 — and V,, and W;_,, defined as in the first part of the proof.

O [Vall* + [Wen* = @)’ B e0),
where R,,; is a symmetric matrix. We can therefore write that:
- - / / 2
IP’(Cr(t) < CT(n)) - ]P’(a(t) Rype(t) +2D(t) Py Vi < —|| Pz D(1) H )
< P(e(t)’Rn,te(t) —E[e(t) Rnse(t)] < —Ele(t) Ruee(t)] — = HP D) )
+P(D(t)’P[ZHVn <-7 HP[Z]#D(t)HQ) (4.12)

We will use conditional probabilities given the random vector D(t). Consider first I such as:

I = P(E(t)’Rn’ts(t) —E[e(t) Ruse(t)] < —E[e(t) Ruse(t)] — HP[ZHD ‘ D(t ) (4.13)

We will again use the the Hanson-Wright concentration inequality (4.3) for quadratic forms of

independent sub-exponential random variables to upper bound this probability. Thus, we have:

a(t) —a(n)

e Ele(t) Rure(t)] = 02 tr (Rnyt) = 02 ((n—p) B(t) + (t —n)) = o2 (t — p) O

o [|Bnll2 < max (1, [B(t)],|B(t) +1]);
o [[Rutllf = (n—p) B(t) + (t —n);
* [P DIt )2 > 3 C (t —n) for N large enough from Lemma 4.1 of Bardet (2025).

With t € {n+1,..., N}, we have from a Taylor-Lagrange expansion, with n < 6,,; <t and for any
k>0

_n—t < M N ¢'(¢)

ithn <c<tand g(t) = (t —p)t log®(¢
nlogﬁ(n)tlogﬁ(t)) w < tand g(t) = (t — p)t log?(t)

n—t n—t

= (1+k) <
n—p n—p
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for N large enough. Moreover, for any x > 0,

/ N 1 !
Ele(t) Roge(t)] = oM a(t) (t log?(t) n log’g(n)>
, MN

12

% log? (n) (n=1)

(1—&)%C(n—t)

IN

1 2
—  —E[e(t) Rose(t)] — 3 | Pz D@
and this implies 3] > (1 — ) % C(t—n) (4.14)

when N is large enough.

Moreover,

|Rpsllz < max((1+;<;)t_7",1)

t
|Budll < (L4 8) = (=)

(4.15)

As a consequence, from (4.14) and (4.15), for any ' > 0, for N large enough,

52 9] )

min( ,

lexlly, 1RenllZ " llenll?, [ Renll2

2 2
T ) o

2 min (1, — ) (t—mn). (4.16)

>(1-+x)C
lexll3, 4(1 =) 4 leally,

And from (4.13), applying an expectation, we deduce:

P(=(t) Ry (1) ~ E[2(t) Ru=(t)] < ~E[£(t) Ruse(t)] - % 1P D)
2 T 2

ag
= min (1, — —= t—n)). (4.17
[edlZ, 0 —7) (13 Hsn@l)< ) @

g

SeXp<—CHW(1—’f/)C
Now, for bounding the term IP(D(t)’ PV < —1 HP[Z]LD @®)| ) (4.12), define

I =P(D(t) Py Vo < HPZ]LD *|pw). (4.18)

Here, we will use a Bernstein Inequality for linear combination of sub-exponential zero-mean i.i.d.
random variables (Z;)1<;<; as it can be found in Chapter 2 of Boucheron et al. (2013). Hence,
there exists a constant C'z > 0 such that for any U € R? and any &’ > 0,

5/ 5/2
P(U' Z < —¢ §exp<—CB min( , )) (4.19)
( ) fexTon 0T Terl2, TUTR
1
Using Assumption (2.2) and from Lemma 4.1 of Bardet (2025), we have &' > 3 Ay and |Ulleo <
k
1
1/%At,n for N large enough, where Ap := 2622 Finally, we also have 6% > 3—2At,n and
i=1

U2 < Ay_p. Therefore, from (4.19),

, VC \/p
Iggexp(—CB mm(S\fH;(le Vt—n, 64” 1H¢ (t—n)))
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Once again, using an expectation, we deduce that

1 2 CB VC /b
P(D(t) PV < —=||[PD@)]|") <exp( — —= min Vit — (t—mn))).
(PO P Vo < =1 1P D) < exo ( T gE ”w )
(4.20)
Using the decomposition (4.12) and exponential concentration inequalities (4.17) and (4.20), we
deduce (4.11). O

Proof of Theorem 3.1. For any 8 > 2 and any a > 0, we have:

P(Iﬁ —n|> logﬁl(N)) < ]P’(max{é\r(t), t € {[log*(N)],..., N} such that |t —n| > logﬁ/(N)} < 6'\7’(”))

n—log? (NV) N
< ¥ P(@(t)<@(n))+ 3 P(é’\r(t)<(/3'\r(n)>.
t=[log™(N)] t=n+log? (N)

Now Lemmas 4.1 and 4.2 can be applied. As a consequence,

n—log’a/(N) . [N log=#(N)]-1 [n/2]-1 Cy N n—log /(N) | O3(n—t)
Z P(Cr(t) < Cr(n)) < Z e 1t Z e log2B(N) 1 Z e log2B(N)
t=[log™ ()] t=[log™ ()] t=[N log=#(N)] t=[n/2]—
e—Cillog®(N)] -~ _ Gy N o—Cs 1ogﬁ/*2B(N)
- _ lo (N)
= 1—e & * 2 Ne * 1 — e—Cslog™??(N)
—C [log™(N)] __CN 92 /
e -~ .7 og28 210028 —Cj (log(N))? =28
S 1*6701 +2N6 log (N)—’—CS ]_0g (N)e 3
— 0 (4.22)
N—oo

for N large enough. Similarly, we have:

N N
Z ]P’(é\r(t) < @T,,(n)) < Z ¢—Ca(t-n) | ,—min (Cs (t-n), Co i)
t=n-+log? (N) t=n-+log? (N)

N—-n
! !
6704 log? (N) + 6705 log? (N) + § : efcﬁ\/E
k=log? (V)

< e Calog” V) 4 ~Cslog” (V) 4 Ci log” /2(N)e~ % log?'/2(N)
6
0, (4.23)

N—oo

IN

using a sum-integral comparison. Therefore, from (4.21), from (4.22) and (4.23), we deduce Theo-
rem 3.1. O

Proof of Corollary 1. From Huber (1981), page 157, the Lindeberg central limit theorem allows us
to write that under Assumption A, for all ¢t < n,

(Z'(t) Z2(1)) 2 (B(t) — 0) = N (0, 01 (p)), (4.24)

t—o00

with 6(t) = (Z'(t) Z(t))le'(t)Y(N) (t) the ordinary least square estimator.
Let € RP and denote UN) = (Z'(n) Z(ﬁ))l/2 (é\— 0). Then, using the notation Fy ) (z) =
P(ﬁ(N) < x) = P(ﬁl(N) <z N (72(]\[) <zoMN---N ﬁISN) < :zp) when = = (z1,...,2p), we obtain:

Fom(@) = PON <z |n<n)P@<n) +POWN <z n a<n).

(4.21)
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But given n < n, then oLy Np(O, O'Ql(p)). Moreover, from the proof of Theorem 3.1,
N—oo

P(7 > n+ N log**(N)) — 0 and therefore

N—oo

P(R<n)=1-PHE<n+Nlog”(N)) — L

N—oo

Moreover P(ﬁ(N) <znn< n) < P(ﬁ < n) — 0. Thus, with U ~ /\/},(O, O'QI(p)), we have for

N—o00
any x € RP
P(ﬁ(N) <z) — Fy(o),
N—oo
and the asymptotic normality of 0 can be deduced. O
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