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Abstract

This paper is dedicated to the global existence of entropy weak solutions for the Poisson-
Nernst-Planck-Compressible Navier-Stokes system in a periodic domain Πd when the shear
viscosity µ(ρ) = µρ with µ to be constant and λ(ρ) = 0 assuming a pressure state law singular
close to vacuum and a γ power elsewhere with γ > 1. It is important to recall that recently
D. Marroquin and D. Wang (Arxiv 2024) have proved global existence of weak solutions in
the spirit of P.–L. Lions and E. Feireisl when the shear and bulk viscosities are assumed to
be constant without singular pressure part close to vacuum namely p(ρ) = aργ having in
hand (from the energy estimate) u ∈ L2(0, T ;H1(Πd)). Here the main difficulty is double
first because of the possible degeneracy of the shear viscosity we have to derive a formal
mathematical entropy generalizing the BD entropy equality: Up to the authors knowledge this
is completely new. With this energy equality and the generalization of the BD entropy, it is
then possible to prove global existence of entropy weak solutions for the system. An extra
difficulty from a physical point of view remains namely if the density vanishes the compressible
Navier-Stokes equations provides no information on the velocity field but the velocity itself is
required in the equation related to the concentration. This explain why a singular pressure
state law is needed close to vacuum in the spirit of what has been done in different papers see
for instance D. Bresch, B. Desjardins [JMPA 2007], E. Zatorska [J. Diff. Eqs 2012], D. Bresch,
B. Desjardins and E. Zatorska [JMPA 2015] and references cited therein.

Keywords. Poisson-Nernst-Planck-Navier-Stokes, compressible flows, entropy weak solutions,
weak sequential stability, density dependent viscosity, vacuum, singular pressure close to zero.

1 Introduction and Modeling

Let us present the Poisson-Nernst-Planck-Compressible Navier–Stokes system (PNPCNS) which
models the transport of charged particles under the influence of an electrostatic potential in a
compressible fluid with shear viscosity µ(ρ) = µρ and bulk viscosity λ(ρ) = 0 with µ > 0 constant.
More precisely, we will consider the following system:

∂tρ+ div(ρu) = 0, (1)
∂t(ρu) + div(ρu⊗ u) + ∇p(ρ) − 2µdiv(ρD(u)) = ε∆ψ∇ψ −∇(c+ + c−), (2)
∂tc

+ + div(c+u) = div(A+∇c+) + div(A+ec+∇ψ), (3)
∂tc

− + div(c−u) = div(A−∇c−) − div(A−ec−∇ψ), (4)
−ε∆ψ = e(c+ − c−) (5)
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with µ, e, A+, A−, ε strictly positive given constants and where ρ, u and p = p(ρ) denote the
density, the velocity field and the pressure of the fluid. We denote D(u) the usual symmetric tensor
D(u) = (∇u + T∇u)/2 and we focus on the pressure state law p′(ρ) = c1ρ

γ−1 for ρ > 1 with γ > 1
and p′(ρ) = c2ρ

−4k−1 for ρ ≤ 1 with k > 1 and c1, c2 > 0 two given constants. Moreover the
positive quantities c+ and c− are respectively the concentrations of cations and anions and ψ is the
electrostatic potential. The system is also endowed with initial boundary conditions namely

ρ|t=0 = ρ0 ≥ 0, (ρu)|t=0 = m0, c+|t=0 = c+0 ≥ 0, c−|t=0 = c−0 ≥ 0. (6)

We will consider a periodic domain Ω = Πd with d = 3 (Note that the result holds for d = 2). As
mentioned in [5], from the mathematical point of view, a singular pressure close to vacuum has some
stabilizing properties. Such singular pressure has been introduced in [2] and has been used in [18]
to investigate the model of compressible mixture. Steady compressible Navier–Stokes system with
pressure singular at vacuum was also investigated by [14]. For studies on doubly singular pressure
in the context of mixtures we refer to paper by [10]. See also the work [13] where they study
lubrication equations in the presence of strong slippage.

The Poisson-Nernst–Planck system is a simplified continuum model for a wide variety of chemi-
cal, physical and biological applications. It is used to describe the ionic transport and electrostatic
interactions. This model couples the Poisson equation for the electrostatic potential with the
Nernst-Planck equations that describe the fluxes of ionic species under the influence of both electri-
cal and concentration gradients. Such system may be coupled to Navier-Stokes or Stokes systems if
we are interested by the dynamic of a viscous conductive fluid with the crowded charged particles.

As described in [7], there is a lot of literature on the incompressible version of the PNPNS
equations (see [8] and references cited therein) but regarding the compressible case of the system,
the literature is more limited, mostly focusing on smooth solutions in the whole space, which are
either local or small; see the works in [19], [23], [24] and [21]. In this paper we investigate the
global weak solutions to the initial-boundary value problem of the compressible PNPNS system
with density dependent viscosities in a periodic domain. This is some sense extend to this case
the nice paper by [7] which was dedicated to the constant viscosities case. Note that this case is
completely different from the mathematical point of view: The constant viscosities case corresponds
to the framework defined in [17], [11], [9]. See also [6] if interested by non-monotone pressure laws or
constant anisotropic viscous coefficients. The density dependent case corresponds to the framework
initiated in [1], [2] with a full mathematical understanding with [22], [4], [16].

In this paper, we first start with Section 2 to precise the definition of the entropy weak solutions
for the system and the main result. Then in Section 3, we recall how to get the formal energy equality
and then we provide a non-trivial extension of the BD entropy equality for the Poisson–Nernst–
Planck compressible Navier–Stokes equations with the density dependent viscosities µ(ρ) = µ ρ and
λ(ρ) = 0. In Section 4, we present the approximate system for which we may construct regularized
solutions. Note that we explain the method of construction without proof since it follows a standard
method. In Section 5, we explain how to let the regularized parameters tend to zero to prove the
main result announced in Section 2. Having in hand the Energy estimates coupled with the BD
entropy generalization is the cornerstone.
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2 Definition and main result

We consider problem (1)–(5) posed on a periodic domain and assume that the initial data satisfy
the following conditions

ρ0 e(ρ0) ∈ L1(Πd), ∇√
ρ0 ∈ L2(Πd) with ρ0 ≥ 0 (7)

m0 ∈ L1(Πd) with m0 = 0 if ρ0 = 0 and |m0|2/ρ0 ∈ L1(Πd) (8)

c±0 ≥ 0, c±0 ∈ L1(Πd), σ(c±0 ) ∈ L1(Πd), ρ0σ(c±0 /ρ0) ∈ L1(Πd). (9)

where σ(s) = s ln s − s + 1 and ρ2de/dρ = p(ρ) where we choose the following pressure state law
defined by

p(ρ) = −c1ρ−4k for ρ ≤ 1

= c2ρ
γ for ρ > 1 (10)

with c1, c2 > 0 given with γ > 1 and where the constant k ≥ 1 (note that e is piecewise defined with
a constant reference state 1). We say that (ρ, u, c+, c−, ψ) is a κ entropy weak solution of System
(1)–(5) with (10) with the initial conditions (6) (assuming (7)–(9)) for t ∈ [0, T ] with T > 0 a given
constant and x ∈ Πd (periodic boundary condition) if

• The density ρ is nonnegative and

ρ ∈ C ([0, T ];Lγ(Πd)) weak ,
√
ρ ∈ L∞((0, T );H1(Πd)) ∩ L∞(0, T ;Lγ(Πd)),

with ρ|t=0 = ρ0.

• The velocity field u satisfies

√
ρ∇u ∈ L2((0, T )×Πd), ρu⊗u ∈ L∞(0, T ;  L1(Πd)), ρu ∈ C ([0, T ];L2γ/(γ+1)(Πd) weak)

with (ρu)|t=0 = m0 and the following bound

u ∈ Lp(0, T ;W 1,q(Πd))

with 1/p = 1/2 + 1/8k and 1/q = 1/2 + 1/24k.

• The ion densities c+ and c− are nonnegative and

c± ∈ L∞(0, T ;L1(Πd)) ∩ L1(0, T ;W 1,3/2(Πd)), ∇
√
c
± ∈ L2((0, T ) × Πd).

• The electrostatic potential ψ satisfies

ψ ∈ L∞(0, T ;H1(Πd)) ∩ L1((0, T );W 3,3/2(Πd)) ∩ C ([0, T ; ]Lp(Πd) weak ) for p ∈ [1, 6)

• The continuity and momentum equations are satisfies in the distributions sense.

• The equations on c+ and c− and the initial condition are satisfied in the distribution sense .

• The function ψ is a strong solution of the electrostatic equation .
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• The solution satisfies the following energy inequality for all t ∈ [0, T ]

E1(t) +

∫ t

0

∫

Πd

A+c+|∇(ln c+ + eψ)|2dx+

∫ t

0

∫

Πd

A−c−|∇(ln c− − eψ)|2dx

+ 2

∫ t

0

∫

Πd

µ ρ|D(u)|2 dx ≤ E1(0) (11)

with

E1(t) =

∫

Πd

(

ρ

(

1

2
|u|2 + e(ρ)

)

+ σ(c+) + σ(c−) +
ε

2
|∇ψ|2

)

dx. (12)

where σ(c) = c ln c− c+ 1 and ρ2de(ρ)/dρ = p(ρ).

• The solutions satisfies also the following BD entropy inequality for all t ∈ [0, T ]

E2(t) + 8µ

∫ t

0

∫

Πd

|∇
√
c+|2 + 8µ

∫ t

0

∫

Πd

|∇
√
c−|2 + 2µ

∫ t

0

∫

Πd

ε|∆ψ|2

+ 2

∫ t

0

∫

Πd

µ ρ|A(u)|2 + 2µ

∫ t

0

∫

Πd

p′(ρ)

ρ
|∇ρ|2 (13)

+

∫ t

0

∫

Πd

A+c+|∇(ln c+ + eψ)|2 +

∫ t

0

∫

Πd

A−c−|∇(ln c− − eψ|2 ≤ E2(0)

where

E2(t) =
1

2

∫

Πd

ρ|u+ 2µ∇ ln ρ|2 +

∫

Πd

ρe(ρ) +

∫

Πd

ε
|∇ψ|2

2
(14)

+

∫

Πd

(

σ(c+) + σ(c−)
)

+ 2µ

∫

Πd

(

1

A+
ρσ(c+/ρ) +

1

A−
ρσ(c−/ρ)

)

with σ(c) = c ln c− c+ 1 and ρ2de(ρ)/dρ = p(ρ).

Remark 1. This is important to observe that for our density dependent case, we have a new

mathematical entropy generalizing perfectly the BD entropy. In the constant viscosities case, an

estimate exists (see [7]: Estimate (1.16) in Theorem 1) but not such a kind of precise formal equality.

This is a nice property for instance to propose a relative entropy based on the energy and the BD

entropy. This is really helpful to precise singular limit such as the electro-neutral asymptotic: See

for instance the forthcoming paper [20]. This may be also used to design appropriate numerical

schemes.

Theorem 2. (Existence of global entropy weak solutions). Let γ > 1 and let the initial data satisfy

(7)–(9). Then, for any T > 0, there exists a finite entropy weak solution of (1)–(5) with initial

conditions (6) and the pressure state law (10) in the sense of the definition given just above.

We prove the existence of global entropy weak solutions as a limit of solutions of a regularized
system of equations by combining the theory for the Navier-Stokes equations with density dependent
viscosities with results regarding the Poisson-Nernst-Planck (PNP) subsystem following in some
sense some arguments that may be found in [7] for this part. The a prioriestimates coming from
the energy coupled strongly with the apriori estimates coming from the generalization of the BD
entropy allow to perform the nonlinear weak stability process for the Poisson-Nernst-Planck density
dependent compressible Navier-Stokes system.
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3 Some important equalities at formal level

3.1 Energy equality at formal level

Let us provide a formal energy equality for the system. This equality may be proved in similar
manner than the one for the Poisson-Nernst-Planck-Compressible Navier-Stokes system for constant
viscosities as derived for instance by D. Marroquin and D. Wang: See [7]. We will recall the
derivation for reader’s convenience because it is not straightforward at the first time.

Proposition 3. Let (u, ρ, c±, ψ) a smooth solution of (1)–(5) with initial conditions (6) then it

satisfies the following energy equality

d

dt
E1(t) +

∫

Πd

(

2µ ρ|D(u)|2 +A+c+|∇(ln c+ + eψ)|2 +A−c−|∇(ln c− − eψ|2
)

= 0 (15)

with

E1(t) =

∫

Πd

(

ρ

(

1

2
|u|2 + e(ρ)

)

+ σ(c+) + σ(c−) +
ε

2
|∇ψ|2

)

and σ(c) = c ln c− c+ 1.

Proof. The compressible Navier-Stokes contribution: Let us take the scalar product of the
momentum equation with u and use the mass equation to write

u · (∂t(ρu) + div(ρu ⊗ u)) = u · ∂t(ρu) + ((ρu · ∇)u) · u+ div(ρu) · u2

= u · (ρ∂tu+ u∂tρ) + (ρu · ∇)u2 + div(ρu) · u2

= ρ∂t
|u|2
2

+ ((ρu · ∇)u) · u

= ∂t

(

ρ
|u|2
2

)

− 1

2
|u|2∂tρ+ div(ρu

1

2
|u|2) − 1

2
|u|2div(ρu)

= ∂t

(

ρ
|u|2
2

)

+ div(uρ
1

2
|u|2).

Let us recall that formally

∂tπ(ρ) + div(uπ(ρ)) + p(ρ)divu = 0.

choosing π such that π′(ρ)ρ− π(ρ) = p(ρ). This is equivalent to write

π(ρ) = ρ

(
∫ ρ p(s)

s2
ds

)

:= ρe(ρ).

Moreover
u · ∇p = div(up(ρ)) − pdiv(u).

In that way, summing we get

∂tπ(ρ) + div(uπ(ρ)) + div(up(ρ)) − u · ∇p(ρ)

= ∂t(ρe(ρ)) + div(uρe(ρ)) + div(up(ρ)) − u · ∇p(ρ).
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therefore

u · [∂t(ρu) + div(ρu⊗ u) + ∇p(ρ)] = ∂t

(

ρ(
1

2
|u|2 + e(ρ))

)

+ div

(

u(ρ(
1

2
|u|2 + e(ρ)) + p(ρ))

)

with e(ρ) =
∫ ρ p(s)

s2 ds. Then it comes

∂t

(

ρ(
1

2
|u|2 + e(ρ))

)

+ div

(

u(ρ(
1

2
|u|2 + e(ρ)) + p(ρ))

)

= u · [div(2µ ρD(u))] + u · [ε∆ψ∇ψ] − u ·
[

∇c+ + ∇c−
]

.

Therefore integrating in space and by parts, we get

∂t

∫

Πd

(

ρ(
1

2
|u|2 + e(ρ))

)

+ 2µ

∫

Πd

ρ|D(u)|2

=

∫

Πd

u · [ε∆ψ∇ψ] −
∫

Πd

u ·
[

∇c+ + ∇c−
]

.

The Poisson-Nernst-Planck contribution: We define the functions σj such that sσ′
j(s) −

σj(s) = ϕj(s) (where ϕ+(c+) = c+ and ϕ−(c−) = c−). Let us multiply the equation on c+ by

σ
′

+(c+) + eψ, we get :

∂tc
+(σ

′

+(c+) + eψ) + div(c+u)(σ
′

+(c+) + eψ) = div(A+∇c+ +A+ec+∇ψ)(σ
′

+(c+) + eψ)

which gives,

∂tσ+(c+)+e∂tc
+ψ = −div(c+u)(σ

′

+(c+)+eψ)+div(A+∇ϕ+(c+)+A+ec+∇ψ)(σ
′

+(c+)+eψ) := α+β

Let us remark that ∇ϕ+(c+) = ∇
(

σ
′

+(c+)c+ − σ+(c+)
)

= c+∇σ′

+(c+), thus

β = div(A+∇ϕ+(c+) +A+ec+∇ψ)(σ
′

+(c+) + eψ)

= div
(

A+c+∇(σ
′

+(c+) + eψ)(σ
′

+(c+) + eψ)
)

−A+c+|∇(σ
′

+(c+) + eψ)|2

and

α = −div(c+u)(σ
′

+(c+) + eψ)

= −div
(

c+(σ
′

+(c+) + eψ)u
)

+ c+∇(σ
′

+(c+) + eψ) · u

= −div
(

c+(σ
′

+(c+) + eψ)u
)

+ ∇ϕ+(c+) · u+ ec+∇ψ · u.

We then get

∂tσ+(c+) + e∂tc
+ψ = −div

(

c+(σ
′

+(c+) + eψ)u
)

+ ∇ϕ+(c+) · u+ ec+∇ψ · u (16)

+ div
(

A+c+∇(σ
′

+(c+) + eψ)(σ
′

+(c+) + eψ)
)

−A+c+|∇(σ
′

+(c+) + eψ)|2.
(17)
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In the same manner, we multiply the equation on c− by σ
′

−(c−) − eψ, we get:

∂tσ−(c−) − e∂tc
−ψ = −div

(

c−(σ
′

−(c−) − eψ)u
)

+ ∇ϕ−(c+) · u− ec−∇ψ · u (18)

+ div
(

A−c−∇(σ
′

−(c−) − eψ)(σ
′

−(c−) − eψ)
)

−A−c−|∇(σ
′

−(c−) − eψ)|2.
(19)

Summing the equations (16) and (18), we get

∂t
(

σ+(c+) + σ−(c−)
)

+ e∂t(c
+ − c−)ψ +A+c+|∇(σ

′

+(c+) + eψ)|2 +A−c−|∇(σ
′

−(c−) − eψ)|2

= −div
(

c+(σ
′

+(c+) + eψ)u
)

− div
(

c−(σ
′

−(c−) − eψ)u
)

+
(

∇ϕ+(c+) + ∇ϕ−(c−)
)

· u+ e(c+ − c−)∇ψ · u

+ div
(

A+c+∇(σ
′

+(c+) + eψ)(σ
′

+(c+) + eψ)
)

+ div
(

A−c−∇(σ
′

−(c−) − eψ)(σ
′

−(c−) − eψ)
)

.

Note that e∂t(c
+ − c−) = −ε∆∂tψ and −∆∂tψψ = 1

2∂t(|∇ψ|2) − div(ψ∇∂tψ), thus we get

∂t
(

σ+(c+) + σ−(c−)
)

+
ε

2
∂t(|∇ψ|2) +A+c+|∇(σ

′

+(c+) + eψ)|2 +A−c−|∇(σ
′

−(c−) − eψ)|2

= εdiv(ψ∇∂tψ) − div
(

c+(σ
′

+(c+) + eψ)u
)

− div
(

c−(σ
′

−(c−) − eψ)u
)

+
(

∇ϕ+(c+) + ∇ϕ−(c−)
)

· u

− ε∆ψ∇ψ · u+ div
(

A+c+∇(σ
′

+(c+) + eψ)(σ
′

+(c+) + eψ)
)

+ div
(

A−c−∇(σ
′

−(c−) − eψ)(σ
′

−(c−) − eψ)
)

.

We recall that

∂t

(

ρ(
1

2
|u|2 + e(ρ))

)

+ div

(

u(ρ(
1

2
|u|2 + e(ρ)) + p(ρ))

)

= u · div(2µ ρD(u)) + u · [ε∆ψ∇ψ] − u ·
[

∇c+ + ∇c−
]

.

Thus, summing the last two equalities, we get :

∂t

(

ρ

(

1

2
|u|2 + e(ρ)

)

+ σ+(c+) + σ−(c−) +
ε

2
|∇ψ|2

)

+A+c+|∇(σ
′

+(c+) + eψ)|2 +A−c−|∇(σ
′

−(c−) − eψ)|2

= −div

(

u(ρ(
1

2
|u|2 + e(ρ)) + p(ρ))

)

+ u · div(2µ ρD(u)) + εdiv(ψ∇∂tψ)

− div
(

c+(σ
′

+(c+) + eψ)u
)

− div
(

c−(σ
′

−(c−) − eψ)u
)

+ div
(

A+(∇ϕ+(c+) + c+eψ)(σ
′

+(c+) + eψ)
)

+ div
(

A−(∇ϕ−(c−) − c−eψ)(σ
′

−(c−) − eψ)
)

.

Integrating on Πd, considering periodic boundary conditions, we get

d

dt
E(t) +

∫

Πd

(

A+c+|∇(ln c+ + eψ)|2 +A−c−|∇(ln c− − eψ)|2
)

dx =

∫

Πd

u · div(2µ ρD(u))dx

with

E(t) =

∫

Πd

(

ρ

(

1

2
|u|2 + e(ρ)

)

+ σ+(c+) + σ−(c−) +
ε

2
|∇ψ|2

)

dx.
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Finally, integrating by parts, we have

∫

Πd

u · div(2µ ρD(u))dx = −2

∫

Πd

µ ρ|D(u)|2dx

and therefore the energy equality (15).

Remark 4. We could at the level of Energy estimates consider the particular case div(ρD(u)) or

the general case 2div(µ(ρ)D(u)) + ∇(λ(ρ)div(u)). The particular case div(ρD(u)) summarizes to

choose µ(ρ) = ρ and λ(ρ) = 0.

3.2 Extension of the BD entropy at formal level

We will do the calculation for µ(ρ) = µ ρ and λ(ρ) = 0. We want to get an extra estimate
allowing to bound derivative in space for the density ρ as required for the compressible Navier-Stokes
equations with density dependent viscosities and to bound derivative in space for the concentration
c± as in papers by D. Maroquin and D. Wang [7]. The main novelty here is that we really get a
new mathematical entropy for Poisson-Nernst-Planck Compressible Navier-Stokes equations with
a degenerate shear viscosity that seems to be not known. Note that this BD entropy type equality
does not applied in the constant viscosities case where only estimates may be obtained.

Remark 5. For the density dependent viscosity case, we really need an extension of the BD entropy

which provides appropriate bounds on ρ and derivatives. Therefore, we follow the calculations made

for the degenerate compressible Navier-Stokes equation and see what would happen with the new

quantities linked to c±, ψ. Magically, we will see that everything goes well and that we will get a

precious supplementary estimate which will provide new estimates on the density, the velocity field

and the concentrations.

More precisely let us prove the following proposition

Proposition 6. Let (u, ρ, c±, ψ) a smooth solution of (1)–(5) with initial conditions (6) then

d

dt
E2(t)+ + 8µ

∫

Πd

|∇
√
c+|2 + 8µ

∫

Πd

|∇
√
c−|2 + 2µ

∫

Πd

ε|∆ψ|2 + 2

∫

Πd

µ ρ |A(u)|2 + 2µ

∫

Πd

p′(ρ)

ρ
|∇ρ|2

+

∫

Πd

A+c+|∇(ln c+ + eψ)|2 +

∫

Πd

A−c−|∇(ln c− − eψ|2 = 0 (20)

where

E2(t) =
1

2

∫

Πd

ρ|u+ 2µ∇ log ρ|2 +

∫

Πd

ρe(ρ) +

∫

Πd

ε
|∇ψ|2

2

+

∫

Πd

(

σ(c+) + σ(c−)
)

+ 2µ

∫

Πd

(

1

A+
ρσ(

c+

ρ
) +

1

A−
ρσ(

c−

ρ
)

)

(21)
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Proof. The compressible Navier-Stokes contribution: Taking the gradient of the mass equa-
tion, we get

∂t(∇ρ) + div(∇ρ⊗ u) + div(ρt∇u) = 0

that we can write
∂t(ρv) + div(v ⊗ u) + div(µρt∇u) = 0

where v = µ∇ log ρ. Multiplying by 2 and adding to the momentum equation on u, we get

∂t(ρ(u+2v))+div(ρu⊗(u+2v))−2div(µρA(u))+∇p(ρ) = −c+∇(ln c++eψ)−c−∇(ln c−−eψ) (22)

where A(u) = (∇u− t∇u)/2. Then, taking the scalar product of (22) with (u + 2v) and using the
mass equation tested by |u+ 2v|2/2, we get

(u+ 2v) · ∂t(ρ(u+ 2v)) + (u+ 2v) · div(ρu⊗ (u + 2v)) − 2(u+ 2v) · div(µρA(u)) + (u+ 2v) · ∇p(ρ)

− |u+ 2v|2
2

∂tρ−
|u+ 2v|2

2
div(ρu)

= −c+∇(ln c+ + eψ) · (u+ 2v) − c−∇(ln c− − eψ) · (u + 2v)

so,

∂t

(

ρ
|u+ 2v|2

2

)

+ div

(

ρu⊗ |u+ 2v|2
2

)

− 2(u+ 2v)div(µρA(u)) + (u+ 2v)∇p(ρ)

= −c+∇(ln c+ + eψ) · (u+ 2v) − c−∇(ln c− − eψ) · (u+ 2v)

Integrating this equality over Ω, we have

d

dt

∫

Πd

ρ
|u+ 2v|2

2
− 2µ

∫

Πd

(u+ 2v) · div(ρA(u)) +

∫

Πd

(u+ 2v) · ∇p(ρ)

= −
∫

Πd

c+∇(ln c+ + eψ) · (u+ 2v) −
∫

Πd

c−∇(ln c− − eψ) · (u+ 2v) (23)

Let consider the pressure term,

(u+ 2v) · ∇p(ρ) = u · ∇p(ρ) + 2µ∇ ln ρ · ∇p(ρ)

= u · ∇p(ρ) + 2µ
1

ρ
∇ρ · ∇p(ρ)

= u · ∇p(ρ) + 2µ
p′(ρ)

ρ
|∇ρ|2

Thus,

∫

Πd

(u+ 2v) · ∇p(ρ) =

∫

Πd

u · ∇p(ρ) + 2µ

∫

Πd

p′(ρ)

ρ
|∇ρ|2

=

∫

Πd

u · ∇(π′(ρ))ρ+ 2µ

∫

Πd

p′(ρ)

ρ
|∇ρ|2

= −
∫

Πd

π′(ρ)div(ρu) + 2µ

∫

Πd

p′(ρ)

ρ
|∇ρ|2
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=

∫

Πd

π′(ρ)∂tρ+ 2µ

∫

Πd

p′(ρ)

ρ
|∇ρ|2

=
d

dt

∫

Πd

π(ρ) + 2µ

∫

Πd

p′(ρ)

ρ
|∇ρ|2

where Π(ρ) = ρ
∫ ρ

ρ̄
p(s)
s2 ds = ρe(ρ) with ρ̄ a constant reference density. For the viscous term,

∫

Πd

v · div(µρA(u)) = 2

∫

Πd

∇ ln ρdiv(µρA(u)) = 0

as ∇ ln ρ is a gradient. Moreover
∫

Πd

u · div(µρA(u)) = −
∫

Πd

∇u : (µρA(u))

= −µ
∫

Πd

ρ|A(u)|2

Finally we obtain the equality

1

2

d

dt

∫

Πd

(

ρ|u+ 2µ∇ ln ρ|2 + 2ρe(ρ)
)

+ 2µ

∫

Πd

ρ|A(u)|2 + 2µ

∫

Πd

p′(ρ)

ρ
|∇ρ|2

= −
∫

Πd

c+∇(ln c+ + eψ) · (u + 2µ∇ ln ρ) −
∫

Πd

c−∇(ln c− − eψ) · (u+ 2µ∇ ln ρ) (24)

Let’s see how to write the terms of the right hand side

−
∫

Πd

c+u · ∇(ln c+ + eψ) =

∫

Πd

div(c+u)(ln c+ + eψ)

=

∫

Πd

(ln c+ + eψ)
[

div(A+c+∇(ln c+ + eψ) − ∂tc
+
]

= −
∫

Πd

A+c+|∇(ln c+ + eψ)|2 −
∫

Πd

∂tc
+(ln c+ + eψ)

= −
∫

Πd

A+c+|∇(ln c+ + eψ)|2 −
∫

Πd

(

∂t(c
+ ln c+ − c+ + 1) − eψ∂tc

+
)

.

Doing the same for −
∫

Πd c
−u∇(ln c− − eψ), and combining, we have

−
∫

Πd

c+u · ∇(ln c+ + eψ) −
∫

Πd

c−u · ∇(ln c− − eψ) = −
∫

Πd

A+c+|∇(ln c+ + eψ)|2 −
∫

Πd

A−c−|∇(ln c− − eψ)|2

− d

dt

∫

Πd

[

(c+ ln c+ − c+ + 1) + (c− ln c− − c− + 1)
]

−
∫

Πd

eψ∂t(c
+ − c−).

Using the Poisson equation,

−
∫

Πd

eψ∂t(c
+ − c−) =

∫

Πd

εψ∂t(∆ψ)

= −
∫

Πd

ε∂t

( |∇ψ|2
2

)
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Then, (24) writes as

1

2

d

dt

∫

Πd

ρ|u+ 2µ∇ ln ρ|2 +
d

dt

∫

Πd

ρe(ρ) + 2µ

∫

Πd

ρ|A(u)|2 + 2µ

∫

Πd

p′(ρ)

ρ
|∇ρ|2 +

d

dt

∫

Πd

ε
|∇ψ|2

2

+
d

dt

∫

Πd

(

σ(c+) + σ(c−)
)

+

∫

Πd

A+c+|∇(ln c+ + eψ)|2 +

∫

Πd

A−c−|∇(ln c− − eψ)|2

= −2

∫

Πd

c+∇(ln c+ + eψ)∇ ln ρ− 2

∫

Πd

c−∇(ln c− − eψ)∇ ln ρ. (25)

We now have to express the two remaining terms differently to obtain the desired inequality wanted.
The Poisson-Nernst-Planck contribution: The Nernst-Planck equations for the concentra-

tions may be written as

∂tc
+ + div(c+u) = div(A+c+∇(ln c+ + eψ)) (26)

∂tc
− + div(c−u) = div(A−c−∇(ln c− − eψ)) (27)







and so, up to the constant A+ and A−, we recognize the term we want to express. We get

[

1

A+

(

∂tc
+ + div(c+u)

)

+
1

A−

(

∂tc
− + div(c−u)

)

]

=
[

div(c+∇(ln c+ + eψ) + div(c−∇(ln c− − eψ)
]

So, multiplying by µ ln ρ and integrating over Πd, we obtain after integrating by parts

∫

Πd

[

1

A+

(

∂tc
+ + div(c+u)

)

+
1

A−

(

∂tc
− + div(c−u)

)

]

µ ln ρ

= −
∫

Πd

[

(c+∇(ln c+ + eψ) + (c−∇(ln c− − eψ)
]

µ∇ ln ρ (28)

Then, dividing the mass equation by ρ, we have

∂t ln ρ+ u · ∇ ln ρ+ divu = 0

Multiplying this, respectively by µc+

A+ and µc−

A−
and taking the sum, we get

1

A+

(

µc+∂t ln ρ+ µc+u · ∇ ln ρ+ µc+div(u)
)

+
1

A−

(

µc−∂t ln ρ+ µc−u · ∇ ln ρ+ µc−div(u)
)

= 0

Integrating over Πd and adding this equality to (28), we get

∫

Πd

[

1

A+

(

∂t(c
+µ ln ρ) + div(c+uµ ln ρ+ µc+div(u)

)

+
1

A−

(

∂t(c
−µ ln ρ) + div(c−uµ ln ρ+ µc−div(u)

)

]

= −µ
∫

Πd

[

(c+∇(ln c+ + eψ) + (c−∇(ln c− − eψ)
]

· ∇ ln ρ (29)

Then, (25) can be written

1

2

d

dt

∫

Πd

ρ|u+ 2µ∇ log ρ|2 +
d

dt

∫

Πd

ρe(ρ) + 2µ

∫

Πd

ρ|A(u)|2 + 2µ

∫

Πd

p′(ρ)

ρ
|∇ρ|2 +

d

dt

∫

Πd

ε
|∇ψ|2

2
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+
d

dt

∫

Πd

(

σ(c+) + σ(c−)
)

+

∫

Πd

A+c+|∇(ln c+ + eψ)|2 +

∫

Πd

A−c−|∇(ln c− − eψ|2

= 2

(

µ

A+

d

dt

∫

Πd

c+ ln ρ+
µ

A−

d

dt

∫

Πd

c− ln ρ

)

+ 2

∫

Πd

(

µc+div(u)

A+
+
µc−div(u)

A−

)

(30)

We are looking for another expression to sum with this one, to simplify the terms with c+div(u)
and c−div(u).
We write the equations for the concentrations

1

A+

(

∂tc
+ + div(c+u)

)

= div(2
√
c+∇

√
c+ + ec+∇ψ)

1

A−

(

∂tc
− + div(c−u)

)

= div(2
√
c−∇

√
c− − ec−∇ψ)

We multiply the first one by µ ln c+ and we integrate, we have

2µ

∫

Πd

div(
√
c+∇

√
c+) ln c+ = −2µ

∫

Πd

2
√
c+∇

√
c+ · ∇c

+

c+

= −
∫

Πd

4µ|∇
√
c+|2

∫

Πd

µdiv(ec+∇ψ) ln c+ = −
∫

Πd

µc+e∇ψ · ∇c
+

c+

= −
∫

Πd

µe∇c+ · ∇ψ

1

A+

(

∂tc
+ + div(c+u)

)

µ ln c+ =
µ

A+

(

∂tc
+ ln c+ + (u · ∇c+) ln c+ + c+divu ln c+

)

=
µ

A+

(

∂t(c
+ ln c+) − c+

∂tc
+

c+
+ u · ∇(c+ ln c+) − c+u · ∇c

+

c+
+ c+divuln(c+)

)

=
µ

A+

(

∂t(c
+ ln c+) + div(uc+ ln c+) −

(

∂tc
+ + u · ∇c+

))

Combining these three computations, we get for c+,

d

dt

∫

Πd

µ

A+

(

c+ ln c+ − c+ + 1
)

+

∫

Πd

µdivuc+

A+
+ 4µ

∫

Πd

|∇
√
c+|2 = −

∫

Πd

µe∇c+ · ∇ψ

Doing the same for c−, we have

d

dt

∫

Πd

µ

A−

(

c− ln c− − c− + 1
)

+

∫

Πd

µdivuc−

A−
+ 4µ

∫

Πd

|∇
√
c−|2 =

∫

Πd

µe∇c− · ∇ψ

Multiplying the Poisson equation by µ∆ψ, we get
∫

Πd

µε|∆ψ|2 = −
∫

Πd

µe(c+ − c−)∆ψ =

∫

Πd

µe∇(c+ − c−) · ∇ψ

12



So, summing the equations for c+ and c−, we obtain

d

dt

∫

Πd

( µ

A+
(c+ ln c+ − c+ + 1) +

µ

A−
(c− ln c− − c− + 1)

)

+

∫

Πd

(

µc+div(u)

A+
+
µc−div(u)

A−

)

+ 4µ

∫

Πd

|∇
√
c+|2 + 4µ

∫

Πd

|∇
√
c−|2 +

∫

Πd

µε|∆ψ|2 = 0 (31)

We multiply (31) by 2 and add it to (30), we get

1

2

d

dt

∫

Πd

ρ|u+ 2µ∇ log ρ|2 +
d

dt

∫

Πd

ρe(ρ) +
d

dt

∫

Πd

ε
|∇ψ|2

2
+
d

dt

∫

Πd

(

σ(c+) + σ(c−)
)

+
d

dt

∫

Πd

(

2µ

A+
(c+ ln c+ − c+ + 1) +

2µ

A−
(c− ln c− − c− + 1)

)

+ 8µ

∫

Πd

|∇
√
c+|2 + 8µ

∫

Πd

|∇
√
c−|2 + 2µ

∫

Πd

ρ|A(u)|2 + 2µ

∫

Πd

p′(ρ)

ρ
|∇ρ|2

+ 2µ

∫

Πd

ε|∆ψ|2 +

∫

Πd

A+c+|∇(ln c+ + eψ)|2 +

∫

Πd

A−c−|∇(ln c− − eψ|2

=
2µ

A+

d

dt

∫

Πd

c+ ln ρ+
2µ

A−

d

dt

∫

Πd

c− ln ρ (32)

As all the terms on the l.h.s are all positive, we only have to control the terms on the r.h.s.
Noticing that

c+ ln c+ − c+ + 1 − c+ ln ρ = c+(ln c+ − ln ρ) − c+ + 1

= ρ

(

c+

ρ
ln(

c+

ρ
) − c+

ρ
+ 1

)

+ 1 − ρ

Finally, we get the conclusion plugging everything together.

Remark 7. We note that we have considered here the case µ(ρ) = µ ρ and λ(ρ) = 0. The more

general case with λ(ρ) = 2(µ′(ρ)ρ− µ(ρ)).

4 The approximate system.

We have now in hand the energy and an extension of the BD entropy as possible tools. This is now
time to construct approximate solutions which will satisfy the bounds given by these two quantities
uniformly with respect to the parameters we will introduce to allow to pass to the limit with respect
to all the parameters. Namely we want to build solution of the following regularized system

∂tρ+ div(ρu) = ξ∆ρ, (33)
∂t(ρu) + div(ρu⊗ u) − 2µdiv(ρD(u)) + ∇p(ρ)

+η∆2u− δρ∇∆2s+1ρ+ ξ∇ρ · ∇u = ε∆ψ∇ψ −∇(c+ + c−) (34)
∂tc

+ + div(c+u) = div(A+∇c+) + div(A+ec+∇ψ), (35)
∂tc

− + div(c−u) = div(A−∇c−) − div(A−ec−∇ψ), (36)
−ε∆ψ = Ψ with (1 − ζ∆)Ψ = e(c+ − c−). (37)






































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Remark that the main ingredients for regularization in the PDE above at the level of the density
dependent viscosities compressible Navier-Stokes equations has been firstly proposed in [1] and
developed in [18] with a part of cold pressure. For more general density dependent viscosities with
also some singular pressure close to vacuum, this has been extended in [5] using the augmented
formulation and a κ mathematical entropy that will not be discussed here in our paper since we
only consider the case µ(ρ) = µρ, λ(ρ) = 0.

Remark 8. Note that for the density dependent viscosities compressible Navier-Stokes equations,

the introduction of a singular pressure close to vacuum has been removed in [22] for µ(ρ) = µ ρ with

µ > 0 constant and in [4] for more general density dependent viscosities such that λ(ρ) = 2(µ′(ρ)ρ−
µ(ρ)) and λ(ρ) + 2µ(ρ)/d ≥ εµ(ρ) for some ε > 0. Note that in the present Poisson-Nernst-

Planck system coupled by the compressible Navier-Stokes equations with degenerate viscosity, we are

concerned how to define the velocity field which involves in the equations of the two concentrations

c±. A singular pressure seems thus needed as already noticed in works on chemical reacting gaseous

mixture, see [18] and [25].

The first thing to prove is a result concerning the regularized system. Namely to prove the
following theorem.

Theorem 9. Let (ξ, η, δ, ζ) be fixed positive parameters. Assume the initial data satisfy

∫

Πd

[1

2

|m0|2
ρ0

+ ρ0e(ρ0)
]

+

∫

Πd

ε
|∇Ψ0|2

2
+

∫

Πd

µ2|∇√
ρ0|2 +

∫

Πd

εζ
|∆ψ0|2

2
(38)

+

∫

Πd

ρ0

[

σ(c+0 /ρ0) + σ(c−0 /ρ0)
]

+

∫

Πd

[

σ(c+0 ) + σ(c−0 )
]

+
δ

2

∫

Πd

|∇∆sρ0|2 < +∞.

Then there exist (ρ, u, c+, c−, ψ) solutions of System (33)–(37) where the first equation holds a.e.

on (0, T ) × Πd together with the initial condition ρ|t=0 = ρ0 and the remaining ones are satisfied

in the sense of distributions on (0, T ) × Πd with the initial conditions ρu|t=0 = m0, c
±|t=0 = c±0

satisfies in the sense of distributions on Πd. Moreover, we have

ρ ∈ L2(0, T ;W 2s+2,2(Πd)) ∩ L∞(0, T ;W 2s+1,2(Πd)) ∂t∇ρ ∈ L2((0, T ) × Πd), (39)
ρ−1 ∈ L∞((0, T ) × Πd) with the bound depends on δ (40)
u ∈ L2(0, T ;W 2,2(Πd)) ∩ L∞(0, T ;L2(Πd)) (41)√
c
± ∈ L∞(0, T ;L2(Πd)) ∩ L2(0, T ;H1(Πd)) (42)

ψ ∈ L2(0, T ;H3(Πd)) ∩ L∞(0, T ;H2(Πd)). (43)































Note that as it was in [18] it is important to remark that this theorem is the first step in the proof
of our main result namely the existence of entropy-weak solutions because with such regularity, we
can prove that the following estimates is true

1

2

∫

Πd

ρ|u+ 2µ∇ ln ρ|2 +

∫

Πd

ρe(ρ) +

∫

Πd

ε
|∇ψ|2

2
+

∫

Πd

εζ
|∆ψ|2

2
+

∫

Πd

(

σ(c+) + σ(c−)
)

+

∫

Πd

[

2µ

A+
ρ

(

c+

ρ
ln(

c+

ρ
) − c+

ρ
+ 1

)

+
2µ

A−
ρ

(

c−

ρ
ln(

c−

ρ
) − c−

ρ
+ 1

)]

+
δ

2

∫

Πd

|∇∆sρ|2

+ µ

∫ T

0

∫

Πd

ρ|A(u)|2 + µ

∫ T

0

∫

Πd

p′(ρ)

ρ
|∇ρ|2
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+ 2δ

∫ T

0

∫

Πd

|∆s+1ρ|2 + µε

∫ T

0

∫

Πd

|∆ψ|2 + δξ

∫ T

0

∫

Πd

|∆s+1ρ|2 + η

∫ T

0

∫

Πd

|∆u|2 ≤ C. (44)

Let us outline the strategy of the proof for the existence result of such regularized system that we
will not do because it follows the works in [18] and also in some sense in [7] for the density equation
and the equation on c± and ψ :

• For a given velocity field, solve the density equation with diffusion then solve the Poisson-
Nernst-Planck equation and through a Faedo-Galerkin approximation for the weak formula-
tion of the momentum equation find the new velocity.

• For sufficiently small time interval, we find as usually the unique solution to the momentum
equation applying the Banach fixed point theorem. Then we extend the existence result for
the maximal time interval.

• We recover the full system using a version of the Leray–Schauder fixed point theorem.

Important remarks. We observe that the energy estimates and the BD entropy provides the
following bounds on ρ

ρ−2k ∈ L∞(0, T ;L2(Πd)) ∩ L2(0, T ;H1(Πd))

uniformly with respect to the parameters. Assuming δ to be fixed, as introduced in [2] and developed
also in [18], taking s sufficiently large in (34) we can show that the density is separated from 0
uniformly with respect to all approximation parameters except for δ. Indeed, since by the Sobolev
embedding ‖ρ−1‖L∞ ≤ C‖ρ−1‖W 3,k(Πd) for some k > 1 and

‖∇3ρ−1‖Lk(Πd) ≤ (1 + ‖∇3ρ‖L2k(Πd))
3(1 + ‖ρ−1‖L4k(Πd))

4

is bounded on account of the energy estimate and the mathematical entropy; provided that 2s+1 ≥
4, we have

‖ρ−1‖L∞((0,T )×Πd) ≤ c(δ) a.e. in (0, T ) × Πd.

In some sense, we work with no vacuum for the approximate system. Recall that from the energy and
BD entropy, the bound on ρ−2k is uniform with respect to the parameters. This information allows
to get a bound on u and ∇u from the bound

√
ρ∇u ∈ L2((0, T )× Πd) and

√
ρu ∈ L2((0, T )× Πd).

More precisely, we can write

‖∇u‖Lp(0,T ;Lq(Πd)) ≤
(

1 + ‖∇ρ−2k‖L2((0,T )×Πd)

)

‖ρ1/2∇u‖L2((0,T )×Πd)

where
1/p = 1/2 + 1/8k, 1/q = 1/2 + 1/24k.

Moreover using the Sobolev embedding, we get

u ∈ Lp(0, T ;Lq⋆(Πd))

with p = 8k/(4k + 1) and q⋆ = 24k/(4k + 1). Note that when k tends to ∞ then p = 2, q = 2 and
q⋆ = 6. This information on u and ∇u will be used to prove the nonlinear weak stability. We will not
perform the asymptotic limits (First ζ tend to zero then η, ξ to zero and finally δ tend to zero) from
the approximate system to the Poisson-Nernst-Planck compressible Navier-Stokes system since this
follows a combination of what is done for the compressible Navier-Stokes equations with degenerate
viscosities for instance in [1,18,25] and an adaptation of what is done in [7] for the Poisson-Nernst-
Planck system with appropriate bounds on the velocity field using the singular pressure. We focus
on the weak nonlinear stability which is the most difficult part to prove.
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5 Stability / proof of the main Theorem

In this section, we prove the weak nonlinear stability for the Poisson-Nernst-Planck compressible
Navier-Stokes system with the shear viscosity µ(ρ) = µ ρ and λ(ρ). More precisely we assume to
have a sequence (ρn, un, c

±
n , ψn) of global entropy weak solutions of the system satisfying uniformly

the energy estimates and the BD entropy given in Section 2. We want to prove that there exists a
subsequence converging to (ρ, u, c±, ψ) in a sense to be precised where this limit is a global entropy
weak solution of the Poisson-Nernst-Planck compressible Navier Stokes system. This is important
to note that the limit passage in the mass and momentum equations except the term c±n∇ψn is
the same than from the compressible Navier-Stokes equations with density dependent viscosities.
In the equation related to c±, the non-linear quantities we have to pass to the limit are unc

±
n and

c±n∇ψn. Note that, as in [7], we have

∇
√
c
±

n ∈ L2((0, T ) × Πd),
√
c
±

n ∈ L∞(0, T ;L2(Πd)).

Therefore
c±n ∈ L1(0, T ;L3(Πd))

By interpolation ‖ · ‖Lr(Πd) ≤ ‖ · ‖θL3(Πd)‖ · ‖
1−θ
L1(Πd)

where 0 ≤ θ ≤ 1, we get

c±n ∈ L1/θ(0, T ;Lr(Πd)) where r = 3/(3 − 2θ) and 0 < θ ≤ 1.

Recall (sse the section before) that we have

un ∈ Lp(0, T ;Lq⋆(Πd)) uniformly with respect to n

where p = 8k/(4k+ 1), q⋆ = 24k/(4k+ 1).

Remark 10. Remark that due to the degeneracy of the viscous quantity, we cannot prove that

un ∈ L2((0, T ) × Πd) even with the singular pressure.

Let us adapt the lines proved in [7] on ∂t
√

c±n + 1 showing that we have enough integrability on

un and ∇un to prove compactness on c±n . First let us prove compactness on
√

c±n observing that

we already know that
√

c±n ∈ L2((0, T ) ×H1(Πd)). As proved in [7], we have

2∂t
√

1 + c±n = − div
(

( c±n
1 + c±n

)1/2
√

c±n un

)

− (c±n )3/2

(1 + c±n )3/2
un · ∇(c±n )1/2

+ div
(

( c±n
1 + c±n

)1/2(
2∇

√

c±n ±
√

c±n∇ψn

)

)

+
c±n

(1 + c±n )3/2
|∇

√

c±n |2 ±
( c±n

1 + c±n

)3/2

∇
√

c±n · ∇ψn

= J1 + J2 + J3 + J4 + J5 (45)

where compared to [7], we need to write J2 as

(c±n )3/2

(1 + c±n )3/2
un · ∇(c±n )1/2 = un · ∇(1 + c±n )1/2 + un · ∇(1 + c±n )−1/2
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= div
(

un((1 + c±n )1/2 + (1 + c±n )−1/2)
)

− ((1 + c±n )1/2 + (1 + c±n )−1/2)divun. (46)

Let us observe that J3 ∈ L2(0, T ;H−1(Πd)) since
√

c±n belongs to L2(0, T ;H1(Πd)) and ∇ψ belongs

to L∞(0, T ;L6(Πd)). We also have J4 ∈ L1((0, T )×Πd) because
√

c±n ∈ L2((0, T );H1(Πd)). More-

over ∇ψ ∈ L2(0, T ;H1(Πd)) and ∇
√

c±n ∈ L2((0, T ) × Πd) thus J5 ∈ L1(0, T ;L3/2(Πd)). Note also

that c±n
1/2
un ∈ L2((0, T )×Πd) (idem (c±n )1/2divun ∈ L1((0, T )×Ω) because c±n ∈ L∞(0, T ;L6(Πd))

and
‖un‖Lp(0,T ;W 1,p(Πd)) ≤ C uniformly with respect to n

where
1/p = 1/2 + 1/8k, 1/q = 1/2 + 1/24k.

Therefore we conclude that

∂t
√

c±n + 1 ∈ L1(0, T ;H−1(Πd)) ∩ L1((0, T ) × Πd)

Thus using the Aubin-Lions-Simon Lemma, this provides
√

c±n + 1 compact in L1(0, T ;Lp(Πd))
for all 1 < p < 6. Then there exists a function c± such that c±n strongly converges to c± in
L1(0, T ;Lp(Πd)) for all 1 < p < 3 recalling that we have more integrability on c±. Therefore we
conclude as in [7] that

∇c±n = 2
√

c±n∇
√

c±n

converges weakly to 2
√
c±∇

√
c± = ∇c± in L2(0, T ;L1(Πd)) ∩ L1(0, T ;Lq(Πd)) for all q < 3/2.

Moreover we know that ∇ψn is uniformly bounded in L∞(0, T ;H1(Πd)). Using the strong conver-
gence on c±n coupled with the weak convergence in ∇ψn, we can pass to the limit in c±n∇ψn. Finally
using the uniform bound on un we have given in the previous section and the strong convergence
on c±n , we can pass to the limit in the term c±n un. This ends the proof related to the weak nonlinear
stability.
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