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ABSTRACT
The present study focuses on the turbine transient dynamics

when operating in a standalone mode. In a gas turbine engine, this
state corresponds to the turbine stages being disconnected from
the compressors. As a result, the rotordynamics of the turbine is
governed by two opposing torques: one from aerodynamic forces,
assumed constant, and the other from radial rubbing within a
labyrinth seal on the turbine disc. The primary objective is to
quantify the transient rotational speed and ensure it remains
within the safety limits for motor integrity. Given the anticipated
high levels of heat generation, it is also crucial to evaluate contact
temperatures to identify regions vulnerable to melting wear. This
paper presents an example in which the rotor is modeled using
Timoshenko beam elements, while the stator is represented by
3D finite elements to capture the assembly details of the seal and
housing components. To optimize computation time, reduction
methods are applied to the stator’s thermomechanical model,
simplifying the contact treatment to a 2D problem. The rotor-
stator system is then solved in the time domain using Carpenter
algorithm, which predicts a response in backward precessional
motion with intermittent contact before transitioning to a dry whip
regime. Frequency analysis reveals that this shift is triggered by
resonance in coupled rotor-stator modes. The frictional torque
ultimately reaches levels sufficient to decelerate the turbine, while
also causing temperature rises above the melting point.
Keywords: rotational speed, transient, reduction methods,
thermomechanical, time domain, contact, precessional mo-
tion

NOMENCLATURE
𝑏 Boundary nodes [-]
𝑑 Rotor-stator distance [m]
𝑓 Frequency [Hz]
ℎ Time step [s]

𝜙 Polar coordinate [°]
𝜆 Lagrange multiplier [N]
𝜇 Coulomb friction coefficient [-]
𝜏/M Torque / Moment [N m]
𝑇 Temperature [°C]
Ω Rotational velocity [rad/s]
𝑒𝑟𝑒𝑙 Relative error [%]
𝑔0 Initial gap [m]
(𝑋,𝑌, 𝑍) Fixed frame [-]
𝐼𝑝 Polar second moment of area [m4]
(𝐽𝑑 , 𝐽𝑝) Diametral and polar mass moments of inertia [kg m2]
(𝑢, 𝑣, 𝑤) Displacements in fixed frame [m]
(𝜃𝑢, 𝜃𝑣, 𝜃𝑤) Euler rotation angles
v Generalized velocity coordinates [m/s, rad/s]
q Generalized displacement coordinates [m, rad]
f Efforts/ torque vector [N, N m]
𝑚 / M Mass/ matrix [kg]
𝑘 / K Stiffness / Stiffness or conductivity matrix [N/m,W/°C]
𝑐 / D Damping / Damping or specific heat matrix [N s/kg,

W s/°C]
n, t Normal and tangential unit vectors in contact local frame
Superscripts and subscripts
N, T normal and tangential components
s, t, b, l, c stator, turbine, bearing, labyrinth, contact
D Turbine disc (as point mass)
ext external
fus fusion
lim limit

1. CONTEXT AND BACKGROUND MATERIAL
In gas generator engines, the interlocking of the turbine and

compressor impellers is achieved through a tie rod (i.e., shaft),
secured at both ends with nuts. The shaft may fail, disrupting
the mechanical coupling between the compressor and the turbine
stages. This condition, known as a shaft failure or “loss of load,” [1]
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is an accidental scenario where the system becomes unbalanced.
The turbine continues to gain mechanical energy as it is still driven
by hot gases, which can lead to uncontrolled turbine acceleration.
Various studies have explored ways to limit the turbine’s rotational
speed in such events. Gallar [2] and Soria [1, 3], for instance,
note that reducing aerodynamic efficiency, by inducing surging
or adjusting the angle of incidence at the turbine blade’s leading
edge, can help control the speed transient.

Rotor-stator contacts, due to friction and heat generation, are
other effective means of braking the turbine. Most studied contacts
are axial in nature, such as disc rubbing or blade tangling [1, 3,
4]. Subsequently, other contacts may appear elsewhere in the
turbine, particularly at the blade level, such as blade-casing (radial
direction) and blade-vane (axial direction) contacts. In all these
studies, radial contacts at the shaft level, for instance in the
labyrinth seals, are neglected due to the small leverage available
in comparison with the blading. However, significant contact
efforts and temperatures are still expected, given the gas generator
high speed. Experimental results and theoretical models in the
literature indicate that a rotor confined within a stator can produce
rubbing mechanisms and display a variety of complex dynamical
behaviors [5–8]. Generally, the rotor’s motion is described by
(1) lateral vibrations of the structure (defined by the precessional
speed) and (2) rotation with an angular velocity Ω [6]. When the
structure moves in the same direction as Ω, it is known as forward
precessional motion, where the circumferential or precessional
velocity aligns with Ω. Conversely, when the precessional velocity
opposes Ω, is characteristic of backward precessional motion. In
instances of fully annular rub, backward motion is further divided
into two subcategories:

• Dry whip occurs when the rotor both rolls and slips, meaning
the relative tangential velocity vT (i.e sliding speed) is non-
zero. This type of response is generally undesirable in
rotordynamics due to its instability and the high contact
forces that may damage the contacting structures [6, 9, 10].

• Dry whirl takes place when the rotor rolls without sliding,
implying the kinematic constraint | |vT | | = 0.

In practice, fully annular rub does not always occur. A third type
of response, partial contact, is characterized by a non-circular
trajectory of the rotor and can occur in both forward and back-
ward precessional motions [11, 12]. Based on a previous model
developed by the authors [13], it is anticipated that transition
types involving contact separation will occur. The present paper
proposes a novel combination of transient rotordynamics for a
standalone turbine configuration, radial rubbing contact at the
shaft level, thermomechanical and bending-torsion couplings, and
3D model reduction. These last two aspects are improvements
from the authors previous works [13, 14].

A standalone turbine is a simplified theoretical case where
the turbine operates autonomously. It is no longer connected to
the compressor, implying that the turbine shaft is only supported
by the rear bearing and the rotor-stator contact. In the remainder
of the document, it is assumed that only one labyrinth tooth makes
contact, although in practice, a labyrinth seal consists of several
teeth. For simplicity of vocabulary, the term labyrinth refers to
the annular tooth, while its envelope is defined as the ring.

2. STATOR MODEL
2.1 Geometry and assumptions

The stator consists of several parts to reflect an industrial
assembly as depicted in Figure 1. It includes the T-section ring
that serves as the envelope of the labyrinth (ring) as well as the
diffuser and the distributor of the high pressure stage, to which
the ring is attached. Two bonded contact areas are defined at the
interfaces between the parts. In practice, the three parts assembly
is made by screws, which have been neglected in the model.
Concerning the boundary conditions, the stator does not undergo

(d)

(e)

(f)

(a)

(b)

(c)

Fixed supports

Fixed T°

Contact Circle

FIGURE 1: Rotor-stator system with boundary conditions and contact
zone: (a) ring, (b) diffuser, (c) distributor, (d) turbine, (e) labyrinth, (f) rear
bearing.

any preload. Rigid body movements are eliminated by fixing
the outer faces of the diffuser and the distributor (see Figure 1).
Finite elements approach is used to discretize the stator in space.
The diffuser and the distributor contribute only to the mechanics
of the problem. Once meshed, the nodes of these parts have
three degrees of freedom (dofs) in translation (𝑢, 𝑣, 𝑤). the ring
nodes get an additional thermal degree of freedom 𝑇 . Given
the fast dynamics of the contact (𝑡 < 0.5 s), it is acceptable to
assume fixed temperature far from the contact interface. Therefore,
the temperature is fixed at the end of the ring branch described
in Figure 1. The stator material is standard steel provided in
ANSYS technical data (Structural steel) and is assigned to the
three components. Defining q𝑠 and T as the mechanical and
thermal dofs, the thermomechanical finite element model of the
stator reads(︃

M𝑞𝑞
𝑠 0
0 0

)︃ (︃
q̈𝑠

T̈

)︃
+
(︃
D𝑞𝑞

𝑠 0
0 D𝜗𝜗

)︃ (︃
q̇𝑠

Ṫ

)︃
+
(︃
K𝑞𝑞

𝑠 K𝑞𝜗

0 K𝜗𝜗

)︃ (︃
q𝑠

T

)︃
=

(︃
fc
Q̇c

)︃
(1)

where M𝑞𝑞 ,D𝑞𝑞 and K𝑞𝑞 are the mass, damping, and stiffness
matrices, D𝜗𝜗 and K𝜗𝜗 are the specific heat and thermal con-
ductivity matrices. The coupling between physics is represented
by the thermal expansion matrix K𝑞𝜗 and heat rates vector Q̇𝑐

generated by contact forces f𝑐. The latter includes the normal
force fN and friction force fT (where the index T indicates that
friction acts in the tangential direction). As in many works [15–
18], friction is modeled here by Coulomb’s law only in the sliding
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phase and opposite to the tangential relative velocity vT, giving
fT = −𝜇 | |fN | |

vT
| |vT | | . In this article, the thermal study is conducted

only on the stator. When conductance and wear effects are ignored,
as considered in this paper, it is common to assume that heat is
generated only by friction and is equally partitioned between the
rotor and stator [15, 19, 20]. In this case, the heat rate vector is
computed as the following element-wise product1

Q̇𝑐 = −0.5𝜇vT ◦ fT. (2)

All the vectors above are functions of time in practice but this
dependence is dropped to simplify notations. As a result, the total
energy generated by friction, noted𝑊𝑓 is assessed though

𝑊𝑓 = 2
∫ t

0
1⊤Q̇𝑐dt = −𝜇

∫ t

0
v⊤T fTdt, (3)

where 1 is a column vector filled with ones.

2.2 Thermomechanical reduction of the stator
After applying the boundary conditions, the thermomechan-

ical model has 75120 mechanical dofs and 3390 thermal dofs.
In the scope of further time discretization, a system of this size
requires a very low time step, leading to prohibitive computation
times in an industrial context2. Thus, it is decided to implement
a thermomechanical superelement for the stator. Typically, the
nodal quantities (displacements, temperatures) of a finite element
model are divided into two categories. The first one gathers the
nodes designated as boundary (or master) nodes. These are the
nodes retained in the reduced basis because they are useful for ap-
plication of boundary conditions (contact interface in the present
work). The rest of the nodes are considered internal. Their con-
tribution to the dynamics/thermal behavior of the substructure is
approximated based on responses to specific boundary conditions
and loads. As already mentionned in the introduction, a single
labyrinth tooth is considered on the turbine shaft (cf Figure 1).
When ignoring axial displacement and rotation of the tooth, the
contact interface is limited to a circle on the ring inner radius. The
labyrinth and the contact circle have the same axial position on
the shaft line. This circle thus defines the position of the master
nodes for model reduction. A preliminary step to any reduction
is to rearrange the vector of nodal quantities and the matrices
of Equation (1) between master nodes (subscript 𝑏 for boundary)
and internal nodes (subscript 𝑖). The most commonly used method
in structural dynamics is Craig-Bampton [21]. The associated
reduction matrix is written as:

RCB =

(︃
I𝑏𝑏 0𝑏𝜂

K−1
𝑖𝑖

K𝑖𝑏 Φ𝑖𝜂

)︃
(4)

with K the stiffness matrix and Φ𝑖𝜂 the truncated basis of the first
𝜂 fixed interface modes. However, not all reduction methods are
suitable for all physical phenomena. This can be partly explained
by the different nature of the equations, hyperbolic for vibration
and parabolic for heat. It has been shown that this approach

1The operator ◦ stands for element-wise product.
2The conducted simulations, lasting 120 ms, required up to 5 days of runtime

with reduced models. Without this reduction process, CPU time would be even
longer.

presents poor results for the heat equation, especially for high-
frequency excitation, as in the case of frictional contact [22].
Indeed, achieving convergence with the reduced model requires
retaining a large number of modes, which makes the reduction
inefficient. Recent work [23] proposed a reduction method for a
thermomechanical issue using Craig-Bampton for the mechanical
part and static condensation for the thermal part. However, the
aim of this research was to calculate the steady-state response
in the frequency domain. Heat was considered stationary, and
the specific heat matrix was neglected, which is not suitable
for the objectives of this work. The chosen reduction approach
was developed by Guérin [24] who proceeded with a decoupled
substructuring. Decoupling means that the mechanical modes do
not account for dilatation and that the reduction submatrices can be
created for each physics separately with the most suitable method.
Craig-Bampton method is selected for mechanics and Rational
Craig-Hale (RCH) for heat. The Craig and Hale [25] approach
combines modal reduction and block Krylov methods [26] for
a system whose interface is considered fixed. Without going
into detail, the Craig-Hale method consists of approximating the
transfer function (𝐻 (𝑠) = 𝐹 (𝐶 (𝑡), 𝐾 (𝑡))) of a system by a Taylor
series expansion to order 𝑙 around the Fourier variable 𝑠 = 0. The
matrix terms then form a basis named P of size 𝑖 × 𝑏(𝑙 + 1). For
more information about the method to form the basis, please refer
to [24] . This basis, to be well-conditioned and keep a reasonable
size, undergoes a Singular Value Decomposition (SVD) [27] to
eliminate linearly dependent columns. The resulting matrix is
noted as such and allows constructing the final reduction matrix
and its associated reduction matrix as:

RCH =

(︃
𝐼𝑏𝑏 0

K𝑖𝑏K−1
𝑖𝑖

SVD(P)

)︃
(5)

where we see again the static modes base. The particularity of
the RCH method is that this development is calculated at multiple
𝑠 values. For 𝑝 points of expansion, basis P before SVD is thus
made of 𝑏(𝑙 + 1)𝑝 columns. The interest of this augmentation is a
better characterization of high-frequency thermal behavior, which
is expected in the context of rotor-stator contact. Indeed, in this
case, the heat source frequency is linked to the structure’s vibration
frequency, which can be very high. The present work considers
that the 𝑝 expansion points have a logarithmic distribution in
the frequency range [1, 105] Hz. While this distribution type
can be debated in mechanics due to natural frequencies, it seems
relevant for thermal analysis. Thermal transfer function shapes
are low-pass filter-like, much smoother than those obtained in
dynamics, presenting many resonance and anti-resonance peaks.
In this article, the mechanical reduction by Craig-Bampton is done
using ANSYS’s substructuring tool. The thermal reduction is not
yet available, but it is possible to extract the necessary specific heat
and thermal conductivity matrices to set up the RCH reduction
basis. The master nodes are selected on the circle inside the stator,
which has the same axial position as the labyrinth tooth mounted
on the turbine. In order to obtain the best compromise between
accuracy and computation time, the number of master nodes 𝑏
retained in the model can be modified, and two levels of reduction
are defined where 𝑏 = 36 and 𝑏 = 72.

Once the number of master nodes 𝑏 is fixed, the number
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of fixed-interface modes 𝜂 to be retained in the Craig-Bampton
reduction basis must be defined. The objective is to correctly
reproduce the first 18 modes, which gives a frequency range of
interest from 0 to 3500 Hz. Above this limit, modeshapes are
related to the bending of distributor blades which are not relevant
in the scope of rotor-stator contact. The Frequency Response
Function (FRF) is investigated in Figure 2 to validate the quality
of the reduction outside resonances. The colocalized FRF is
calculated on a master node with excitation on the horizontal
displacement. For both levels of reduction, retaining 𝜂 = 60
does not alter the quality of the reduction. Indeed, the FRFs are
indistinguishable from the full model3. The relative errors 𝑒𝑟𝑒𝑙
are almost identical and remain bounded at 3.2%, see Figure 2.
This relative error is calculated as the absolute value of FRF

FRFfull
− 1.
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FIGURE 2: Craig-Bampton reduction with master nodes refinement
b = 36 ( ) and 72 ( ). (a) Structural FRF, (b) Relative error on FRF.

Eventually, RCH method requires to chose a proper amount of
expansion points 𝑝, the expansion order 𝑙 and the SVD tolerance.
Their values from the parametric study are summarized in Table
1. In contrast to dynamics, the sensitivity of FRF to the number
of master nodes 𝑏 is more pronounced for the thermal part. Given
identical reduction parameters, Figure 3 shows that the model with
𝑏 = 36 is slightly less accurate, with relative error of 4.1%. For
𝑏 = 72, it is found that 𝑒rel < 1.67%. The coarser superelement is
thus expected to provide overestimated temperatures for the same
amount of heat.

Parameters Symbol Value
Expansion points 𝑝 6
Expansion order 𝑙 0
Tolerance SVD 𝜖 10−4

TABLE 1: Parameters of RCH reduction on heat equation

3To avoid costly FRF calculations, a full system is approximated by a reduced
system with high amount of modes, here 𝜂 = 200.
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FIGURE 3: Comparison of RCH reduction with master nodes refinement
b = 36 ( ) and b = 72 ( ): (a) thermal FRF; (b) relative error on FRF

3. SIMPLIFIED TURBINE MODEL
The proposed turbine shaft in Figure 4 has a constant circular

hollowed section in Inconel, and the disk is simplified by a point
mass. The absolute reference frame (𝑋,𝑌, 𝑍) of the turbine is
defined with origin on the rear bearing. The lateral rotations
𝜃𝑢 (𝑧, 𝑡) and 𝜃𝑣 (𝑧, 𝑡) and the rotation 𝜃𝑤(𝑧, 𝑡) follow the Euler
angles formalism [17]. In the following, when not required,
dependency of rotations and displacements with axial position 𝑧
and time 𝑡 are dropped in notations. With 𝑢, 𝑣 and 𝑤 being the
translational dofs, and knowing the cross-sectional moments of
inertia 𝐼𝑑 and 𝐼𝑝 , the integral expression of the kinetic energy for
a constant section beam element is written as

2𝐸𝑐=𝜌

∫ 𝐿

0

[︁
𝑆(𝑢̇2+𝑣̇2+𝑤̇2)+𝐼𝑑(𝜃̇2

𝑢+𝜃̇2
𝑣)+𝐼𝑝𝜃̇2

𝑤+2𝐼𝑝𝜃̇𝑤𝜃̇𝑢𝜃𝑣
]︁
d𝑧.

(6)
The straight beam element model is based on Timoshenko’s

theory, i.e., accounting for shear deformation. For a constant
beam section 𝑆, with shear modulus 𝐺 = 𝐸

2(1+𝜈) determined with
Young’s modulus 𝐸 and Poisson’s ratio 𝜈, the strain energy is
given by

2𝐸𝑑 =

∫ 𝑙

0

[︂
𝐸𝑆

(︂ 𝜕𝑤
𝜕𝑧

)︂2
+ 𝐸𝐼𝑑

(︂(︂ 𝜕𝜃𝑢
𝜕𝑧

)︂2
+
(︂ 𝜕𝜃𝑣
𝜕𝑧

)︂2)︂
+

𝐺𝐼𝑝
𝜕2𝛽

𝜕𝑧2
+ 𝑘𝑥𝑦𝐺𝑆

(︂(︂ 𝜕𝑢
𝜕𝑧

− 𝜃𝑣
)︂2

+
(︂ 𝜕𝑣
𝜕𝑧

+ 𝜃𝑢
)︂2)︂]︂

d𝑧 (7)

where 𝑘𝑥𝑦 is the shear coefficient. The angle 𝛽 corresponds
to the twist angle. The torsion motion is preserved since the
aerodynamic torque 𝜏𝑎 and friction 𝜏𝑓 are not applied at the same
place on the shaft (respectively on the disk and the labyrinth).
Moreover, previous works performed by the authors showed that
𝜏𝑓 can largely exceed 𝜏𝑎 [13]. For each point along the shaft, a
single rotation angle 𝜃𝑤(𝑧, 𝑡) is considered as the sum of the rigid
body rotation 𝜑(𝑡) common to the entire shaft and the torsion
𝛽(𝑧, 𝑡). By denoting 𝜑̇ = Ω, this relation translates at velocity
level as 𝜃̇𝑤(𝑧, 𝑡) = Ω(𝑡) + 𝛽̇(𝑧, 𝑡).
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Nodes n°:

Labyrinth
Disc
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... ... ...

τa(> 0)τf (< 0)
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v1
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θu1

θu2

θv1

θv2

θw1

θw2

FIGURE 4: Simplified turbine model with location of driving and friction
(negative) torques (τa , -τf ) applied on the disc and labyrinth nodes re-
spectively, and space discretization with beam elements

3.1 Finite elements model
A beam element where torsion is taken into account is pre-

sented in Figure 4, and has 10 dofs per element. The vector of
generalized coordinates takes the form

q𝑒 = (𝑢1, 𝑣1, 𝜃𝑢1, 𝜃𝑣1, 𝜃𝑤1, 𝑢2, 𝑣2, 𝜃𝑢2, 𝜃𝑣2, 𝜃𝑤2)⊤. (8)

The dofs can be organized into three vectors: displacements
and rotations in the (𝑋, 𝑍) plane q⊤

𝑥 = (𝑢1, 𝜃𝑣1, 𝑢2, 𝜃𝑣2); degrees
of freedom in the (𝑌, 𝑍) plane q⊤

𝑦 = (𝑣1, 𝜃𝑢1, 𝑣2, 𝜃𝑢2), and proper
rotations q⊤

𝑧 = (𝜃𝑤1, 𝜃𝑤2). The derivation of exact mass and inertia
matrices is identical to the documentation of code_Aster [28, 29].
The shape functions used for bending are the same for mass and
stiffness and involve the shear coefficient. Polar rotation, on the
other hand, is linearly interpolated. The matrix form of the kinetic
energy related to translations and rotations is given by

2𝐸𝑐,𝑟𝑡=q⊤
𝑥

(︁
M𝑒

𝑢+M𝑒
𝜃𝑣

)︁
q𝑥+q⊤

𝑦

(︁
M𝑒

𝑣+M𝑒
𝜃𝑢

)︁
q𝑦+q⊤

𝑧 M𝑒
𝜃𝑤q𝑧. (9)

The expression of these elementary matrices is provided in Ap-
pendix A. Once the five matrices are augmented for the full
element vector q𝑒, their sum is condensed into the elementary
matrix M𝑒

sh.
The rotations are all approximated with shape functions:

𝜃𝑤(𝑧, 𝑡) ≈ N𝑧 (𝑧)q𝑧 (𝑡), 𝜃𝑢 (𝑧, 𝑡) ≈ N𝜃𝑢 (𝑧)q𝑦 (𝑡) and 𝜃𝑣 (𝑧, 𝑡) ≈
N𝜃𝑣 (𝑧)q𝑥 (𝑡). Therefore, the difficulty of accounting for bending-
torsion coupling lies in the integration of the gyroscopic term,
along the element length 𝑙𝑒𝑛𝑒

𝐸𝑐,gyr = 𝜌𝐼𝑝

∫ ℓe

0
N𝑧 (𝑧)q̇𝑧q̇⊤

𝑦 N⊤
𝜃𝑢 (𝑧)N𝜃𝑣 (𝑧)q𝑥d𝑧. (10)

The computation of this term is not trivial and requires integration
by parts [30] but is not developed in this article. By adding
the beam stiffness matrices K𝑒

sh [28] and Rayleigh damping4

4The Rayleigh coefficient 10−6 is a lump sum value fixed by the industrial partner.

D𝑒
sh = 10−6K𝑒

sh, the rotordynamics is governed by

M𝑒
shq̈𝑒+(𝜃̇𝑤2G𝑒

1−(𝜃̇𝑤2− 𝜃̇𝑤1)G𝑒
2+D𝑒

sh)q̇
𝑒

+(𝜃𝑤2A𝑒
1−(𝜃𝑤2−𝜃𝑤1)A𝑒

2+K𝑒
sh)q

𝑒+f𝑒cp (q𝑒,q̇𝑒,q̈𝑒)=f𝑒ext. (11)

Matrices A𝑒
1 and A𝑒

2 do not possess any symmetry property
and are given in Appendix A. The first one corresponds to the
usual angular acceleration (i.e. Coriolis) matrix for a beam
without torsion [29]. The classical gyroscopic matrix is defined
by Ge

1 = A𝑒
1 − A𝑒⊤

1 and the torsion contribution is determined by
the matrix G𝑒

2 = A𝑒
2 −A𝑒⊤

2 . Both are antisymmetric matrices. The
last coupling term is denoted as a coupling vector f𝑒cp (q𝑒, q̇𝑒, q̈𝑒)
which is nonzero only for dofs 𝜃𝑤1 and 𝜃𝑤2 (i.e. on the 5th and 10th

rows, cf Equation (8)). To simplify the notation, the dependencies
of the coupling term on the generalized coordinate vector q𝑒 and
its derivatives are not kept. After assembling all elements, the
turbine’s dofs are grouped into qt, so qt = ∪𝑒q𝑒. Figure 4 shows
that the rigid disk (point mass) is mounted on the 5th node of the
shaftline. The expressions of the mass, gyroscopic and Coriolis
matrices of the rigid disk (resp. M𝐷 , G𝐷 and A𝐷), as well as the
coupling vector fcp,𝐷 , are given in Appendix B. They are added to
the corresponding dof components in Equation (11). Finally, the
bearing is accounted for by adding damping 𝑐𝑏 and stiffness 𝑘𝑏
on the translations of the 9th node. The mass, damping, stiffness
gyroscopic and Coriolis matrices for the turbine are respectively
denoted Mt, Dt, Kt, Gt (q̈t), and At (q̈t). Note that these two
last matrices are not constant because of the torsion dofs. The
equations of motion for the complete turbine in condensed form
are

Mtq̈t + (Gt (q̇t) + Dt)q̇t + (At (q̈t) + Kt)qt + fcp,t = fext,t (12)

where fext,t is a vector of external forces. Gravity is neglected, so
this vector is zero except on the row corresponding to the rotation
𝜃𝑤 of the disk node. This dof undergoes a loading related to the
aerodynamic torque 𝜏𝑎.

4. UNILATERAL CONTACT WITH FRICTION AND HEAT
At this stage, the numerical model includes a reduced stator

representative of the real assembly in the engine, and a flexible
shaft line accouting for flexion-torsion coupling. The present
section describes the rotor-stator interaction through unilateral
frictional contact and heat generation. In what follows, the
dofs of the complete system are separated into mechanical ones
q = (q𝑠 , qt)⊤ and thermal ones T. Unilateral contact conditions
prevent mechanical bodies to penetrate each other and always
create a reaction force of magnitude 𝐹 𝑗

N in direction n normal
to the contact surface at master node 𝑗 = 1, . . . , 𝑏, as detailed
in Figure 5. The distance separating the bodies evaluated at node
𝑗 reads

𝑑
𝑗

N(q)=
√︂
(𝑥 𝑗

𝑠0+𝑢𝑠, 𝑗−𝑢𝑙)2+(𝑦 𝑗
𝑠0+𝑣

𝑗
𝑠−𝑣𝑙)2−𝑅𝑙 (13)

where (𝑥 𝑗
𝑠0, 𝑦

𝑗

𝑠0) and (𝑢 𝑗
𝑠 , 𝑣

𝑗
𝑠 ) are respectively the master node

initial position and displacement (their sum gives (𝑥 𝑗𝑠 , 𝑦 𝑗𝑠)), (𝑢𝑙 , 𝑣𝑙)
is the displacement of the labyrinth node and 𝑅𝑙 the labyrinth
radius. We recall that the last two pairs are indeed components
of q. A classical formulation of unilateral contact constraints is
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given by the Signorini conditions expressed at the displacement
level [31]. They involve the non-penetration constraint 𝑑 𝑗

N ≥ 0,
the non-traction constraint 𝐹 𝑗

N ≥ 0 and 𝑑 𝑗

N𝐹
𝑗

N = 0, enforcing that
both constraints cannot be active simultaneously. The strict
enforcement of the Signorini conditions is possible via Lagrange
multipliers 𝝀.

The complete rotor-stator system is governed by a differential
equation similar to Equation (1):(︃

M𝑞𝑞0
0 0

)︃ (︃
q̈
T̈

)︃
+
(︃
C𝑞𝑞 0

0 C𝜗𝜗

)︃ (︃
q̇
Ṫ

)︃
+
(︃
K𝑞𝑞K𝑞𝜗

0 K𝜗𝜗

)︃ (︃
q
T

)︃
+
(︃
fcp
0

)︃
=

(︃
CNT
C𝜗

)︃
𝝀,

(14)
where C𝑞𝑞 ≡ C𝑞𝑞 (q̇) and K𝑞𝑞 ≡ K𝑞𝑞 (q̈). Nevertheless, several
differences with Equation (1) are noticed:

• the presence of nonlinearities due to the inertial and gyro-
scopic effects of the rotor;

• the introduction of the contribution matrices of the La-
grange multiplier vector 𝝀 to the mechanics and thermal,
respectively noted as CNT and C𝜗 . Their expressions are
developed further in this section.

In this article, the chosen resolution method in time domain,
including contact management with Lagrange multipliers, is the
Carpenter algorithm [32]. The method follows a prediction-
correction approach. It is widely used in the literature [11, 17, 33],
and validated by test data [34]. It should be noted that each
component 𝜆 𝑗 , corresponds to the normal force at node 𝑗 when
solution is converged. Finally, for the specific case of a nonlinear
system, which is the case here, adaptations are available [13, 17]
and require an iteration of the prediction and/or correction steps
in a Newton loop. Note that other approaches were tested such as
Moreau-Jean [35, 36]. Corresponding results are not described as
they are very similar to Carpenter.

For both Carpenter and Moreau-Jean methods, the formu-
lation for matrices CNT and C𝜗 is the same and is described in
the following. Each master node 𝑗 is associated with a local
frame (n, t), see Figure 5. The components of these unit vectors
in the absolute frame (X,Y), i.e. where the thermomechanical
problem is defined, are written C 𝑗

N et C 𝑗

T. It turns out that the first
vector C 𝑗

N = ∇q𝑑
𝑗

N (q) corresponds to the gradient of the normal
distance to node 𝑗 , which is already developed in Equation (13).
Strictly speaking, C 𝑗

N depends on the generalized coordinates q
but the latter has been eliminated from the notation for concise-
ness. Similarly, the vector C 𝑗

T can be defined, which contains

the contributions of tangential forces, i.e., frictional forces, to the
equations of motion and is orthogonal to C 𝑗

N. Vector C 𝑗

T is also
derived from a gradient of a tangential distance C 𝑗

T = ∇q𝑑
𝑗

T with

𝑑
𝑗

T (q) = 𝑟
𝑗 arctan

𝑣
𝑗
𝑠 − 𝑣𝑙
𝑢
𝑗
𝑠 − 𝑢𝑙

− 𝑅𝑙𝜃𝑤𝑙 , 𝑗 = 1, . . . , 𝑏 (15)

where 𝑟 𝑗 = 𝑑 𝑗

N + 𝑅𝑙 is kept constant during the gradient compu-
tation. The vector C 𝑗

T is also involved in the assessment of the
tangential velocity at contact by scalar product v 𝑗

T = C⊤
T q̇. As a

result, CNT = ∪𝑗C 𝑗

N − 𝜇 sign(v 𝑗

T)C
𝑗

T is constructed by concatena-
tion and embeds the Coulomb’s law in sliding phase only. Matrix
C𝜗 is identified in a similar way. Based on Equation (2), heat rate
entering the stator at node 𝑗 reads 𝑄̇ 𝑗 = 0.5𝜇 |𝑣 𝑗T |𝜆

𝑗 . Therefore,
each row of vector C 𝑗

𝜗
is zero except for the 𝑗 th one equal to

0.5𝜇 |𝑣 𝑗
𝑇
|.

5. RESULTS FOR TURBINE WITH CONSTANT SECTION
In what follows, unless otherwise noted, the contact resolution

method used is that of Carpenter. As mentioned in section 2,
two levels of stator reduction are studied: with 36 and 72 master
nodes (b). These nodes are identified by their polar coordinate 𝜙
(=0°on positive 𝑋 axis). For now, thermal expansion is not taken
into account. Finally, the time step ℎ for each model is chosen
to ensure calculation stability: ℎ = 6 × 10−7 s with 36 nodes and
ℎ = 2 × 10−7 s for 72 nodes.

5.1 Mechanical solution
First, it turns out that the rotational speed profiles of the disk

(see Figure 6) are identical when changing the number of master
nodes 𝑏. The rotational speed remains lower than 0.85Ωlim. In the
context of shaft failure, the variable Ωlim is defined to guarantee
the turbine disk mechanical limits. The same goes for the lateral
vibration of the shaft at the labyrinth 𝑢𝑙 illustrated in Figure 7.
The curves overlap perfectly until 55 ms, which corresponds to
the onset of dry whip. Beyond that, a slight phase shift exists
between the responses of the two models, but the vibration levels
in dry whip and dry whirl remain equal. Finally, the transient on
the friction torque 𝜏𝑓 (cf. Figure 7) is perfectly superimposed for
the partial contact phase, which is characterized by an intermittent
torque. These results confirm that the reduced casing model with
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FIGURE 6: Rotational speed response of the disc with 36 ( ) and
72 ( ) a master nodes.

𝑏 = 36 is sufficient to correctly predict the mechanical response.
Other variables, such as torsion, can be studied in more detail
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FIGURE 7: Convergence analysis on (a) labyrinth displacement and (b)
frictional torque for b = 36 ( ) and b = 72 ( ).

with the coarser model (𝑏 = 36). The torsional displacement
can be obtained by differentiating the rotation on element 𝑒:
Δ𝛽𝑒 = 𝜃𝑒+1

𝑤 − 𝜃𝑒𝑤, 𝑒 = 1, . . . , 9. The torsion moment by element
then writes 𝑀𝑒

𝛽
= 𝐺𝐼𝑝Δ𝛽

𝑒/ℓe, where ℓe stands for the element
length.

The torsion transients for the three elements located between
the labyrinth and the disk follow the same time profile as the friction
torque. During the partial contact phase, these angles undergo
successive cancellations and are very small during contacts. The
cumulative torsion angle on these three elements is about 3 ×
10−5 rad as described in Figure 8(a). This value then increases
to reach 10−3 rad for the dry whip see Figure 8(b). Although
these torsion angles are very small, the diagram of moments
in Figure 8(a) indicates that the torsion moment 𝑀𝛽 for the shaft
in Inconel has maximum value of 0.04𝜏𝑎 downstream of the
turbine disk and −0.46𝜏𝑎 between the labyrinth and the disk. The
resulting torsion moment applied on the disc has the same order
of magnitude than the frictional torque 𝜏𝑓 (≈ −0.5𝜏𝑎), see zoom
in Figure 7, during the partial contact phase. At the end of dry
whip, the torsion moment is about 40𝜏𝑎 and is resistive (i.e. < 0)
everywhere downstream of the labyrinth, just like 𝜏𝑓 . It should
also be noted that torsion moments are very low at the shaft
ends, consistent with the free-free configuration of the structure.
In terms of stress, the shear caused by torsion is calculated as
𝜎 = 𝑀𝛽𝑟𝑒/𝐼𝑝, where 𝑟𝑒 and 𝐼𝑝 represent respectively the outer
radius and the polar area moment of the hollow circular section
of the shaft. The stress is then estimated around (3 MPa) in
partial contact and is 100 times higher at the end of dry whip.

Moment
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torsion 
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+

-

- 0.46τa ≈ τf
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β

(a)

Moment 

Angle 
torsion
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- = 40τa ≈ τf

≈ 10−3rad

Mβ
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(b)

FIGURE 8: Torsion rotations and moment diagrams along the shaft line
for (a) partial contact phase and (b) end of dry whip (not scaled)

Although this seems high, the yield strength for Inconel can exceed
(1000 MPa) if heat-treated. Therefore, although the rotorshaft
geometry remains simplified by flexible beams with constant
section, the predicted solution indicates the great torsional rigidity
of the shaft. It is conceivable that torsion can be eliminated
without disturbing the transient rotational speed.

5.2 Full Spectrogram
A frequency analysis is performed for this industrial appli-

cation to characterize the triggering of dry whip. Previous work
by the authors indicated that the main lines of the spectrogram
of the labyrinth vibration corresponded to coupled modes of the
rigid turbine and stator [13]. Defining the rotor-stator coupling
in the complete system modeled with finite elements is more
delicate. Initially, the rotor and stator are connected here by a
common node. Indeed, node 𝑙 on the shaft line corresponding
to the labyrinth is merged with the master node 𝑖 of the housing
arbitrarily chosen at 𝜙 = 270◦. This connection then leads to the
constraints definition 𝑢𝑙 = 𝑢𝑖 and 𝑣𝑙 = 𝑣𝑖 into the equations of
motion. The Campbell diagram in the fixed frame is filtered to
highlight modes dependent to Ω. The direct modes are noted
(FW1, FW2, FW3, FW4, and FW5) and reverse modes (BW1)
in Figure 9. Most of the modes are not double at zero rotational
speed because the simplified coupling breaks the symmetry of
the structure. Thus, some modes are likely missing. Despite
its simplicity, this coupling model provides initial results. As
illustrated in Figure 10, there is already an overlap between the
temporal evolution of the modes and the complete spectrogram of
the labyrinth vibration in the inertial frame (𝑢𝑙 , 𝑣𝑙). Notably, one of
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FIGURE 9: Filtered Campbell diagram of coupled rotor-stator system
by node pairing, illustrating backward mode ( ): BW1 and forward
modes ( ): FW1, FW2, FW3, FW4 et FW5

the main lines in the negative frequency domain corresponds to the
first reverse precession mode BW1. Despite introducing structural
flexibility, the rigid body modes are the most solicited during
rotor-stator contact. This result is expected since the turbine is
more massive than the housing ring and therefore less prone to
bending. However, the Figure 10 shows a second peak in the
backward domain below BW1. It shifts from −420 Hz to −800 Hz
with intensity increasing over time but it is not associated with
any mode from Figure 9. It turns out that this unidentified mode
have more complex topology that cannot be captured by a single
node coupling approach. Additionally, there are overlaps with
direct modes FW3 and FW5, but these lines are secondary, and
their amplitude diminishes over time. This spectrogram confirms
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FIGURE 10: Spectrogram of labyrinth node vibration along with inverse
modes ( ): BW1 and direct modes ( ): FW1, FW2, FW3, FW4 et
FW5

that dynamics of the rotor-stator system consist of a succession of
vibrational regimes:

1. Partial contact, initially in the direct direction but quickly
switching to the reverse direction;

2. Then permanent contact in dry whip;
3. Finally, a transition to dry whirl is established.

5.3 Thermal solution
The total friction energy remains the same for both superele-

ments up to 𝑡 = 80 ms (see Figure 11). This moment marks the
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FIGURE 11: Global friction energy for b = 36 ( ) and b = 72 ( )
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FIGURE 12: Local tangential speed at nodes with polar coordinate φ =
120◦ for mesh with b = 36 ( ) and b = 72 ( )

transition from an unstable dry whip regime to a stable dry whirl,
as indicated by the relative speed shown in Figure 12, which
trends toward zero. The inflection point in friction energy𝑊𝑓 is
still evident. For 𝑏 = 72, the total friction energy asymptotically
approaches 360 kJ, which is half the frictional work produced with
𝑏 = 36 by the end of the simulation. This difference arises from
oscillations in relative tangential speed around zero (see Figure 12
for 𝑏 = 72) with amplitude reduced by a factor of 2 in the finer
mesh.

Temperature profiles on the contact circle are presented for
three moments: 10 ms, 30 ms and 50 ms in Figure 13. With steel
chosen as the material for the ring, the melting temperature 𝑇𝑓 𝑢𝑠
averages 1400 ◦C and is indicated in the three profiles. It turns
out that as early as 10 ms, the temperature exceeds the melting
point in two zones at the top of the ring(𝜙 ≈ 90◦) and at the
bottom (𝜙 ≈ 270◦). Even though these temperatures are very high
(> 4000 ◦C), they decrease very rapidly. At 𝑡 = 30 ms, a few nodal
temperatures have fallen below 2000 ◦C but conduction is too
slow to justify this drop in 20 ms. The system undergoes intense
heating. The slipping speed is around 170 m/s, the contact forces
𝐹𝑁 are on the order of 1000 N, and the friction coefficient 𝜇 = 0.1.
Knowing that the friction power is evenly distributed between the
rotor and the stator, the heat source at the nodes reaches several
tens of kilowatts.

On the other hand, this heating is extremely rapid since the
contact phases last less than 1 ms. The structure thus experiences
very quick temperature rises and falls (see Figure 14), charac-
teristic of so-called flash [37], making the temperature results
quite qualitative. It is difficult to determine at this early stage
of the simulation if melting actually occurs in reality. However,
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time until t = 50ms for b = 72

over time and with each contact, the temperature inevitably in-
creases and eventually exceeds the melting point across the entire
circumference of the contact circle for 𝑡 ≥ 50 ms.

This is why thermal expansion is never considered in the
model. Such high temperatures combined with a model where
displacement by expansion is linearly dependent on temperature
is unrealistic and skews results. The predicted melting point
is exceeded by both models, although the temperature seems
generally overestimated for the coarser mesh. This may seem
paradoxical given that both models provide the same global friction
energy and identical resistive torque 𝜏𝑓 for 𝑡 ≤ 80 ms. The normal
forces are reported for three nodes positioned at 𝜙 = 80◦, 90◦,
100◦ on the contact circle for 𝑏 = 36 and 𝑏 = 72 respectively in
Figures 15 and 16. For 𝑡 ≤ 30 ms, the amplitude of the normal
force at the three nodes averages 4 kN for 𝑏 = 36, while with 72

nodes, 𝐹N barely exceeds 2 kN. Both models predict the onset
of dry whip at the same moment but again, the contact forces
are lower for the refined mesh: they are capped at 100 kN versus
280 kN predicted with 𝑏 = 36. Please note that these nodal forces
represent integral quantities computed on the element surface 𝑆,
which is also decreased by half with the superelement refinement.
This means that, although the nodal forces decrease, the dynamical
response is converged since the contact pressure 𝐹N/𝑆 is the same
for both superelements. The mechanical response is not altered,
but since the nodal force locally drives the source terms of the heat
equation, the thermal solution is affected. Heat and rotordynamics
operate on different time and length scales. The refined mesh
provides a better estimate of the temperature.
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FIGURE 15: Nodal contact efforts with polar coordinates φ = 90◦ ( ),
φ = 100◦ ( ) for b = 72
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FIGURE 16: Nodal contact efforts with polar coordinates φ = 90◦ ( ),
φ = 100◦ ( ) for b = 36

The solution with 𝑏 = 72 briefly presents negative contact
forces at the end of dry whip, unlike the case where 𝑏 = 36.
Although these negative forces are nonphysical, since violating the
Signorini condition 𝜆 𝑗 (= 𝐹 𝑗

N) ≥ 0, they highlight some numerical
limitations in the Carpenter algorithm. A higher number of
constraints (𝑏) may lead to a conditioning problem during the
inversion of bigger matrices containing smaller values. However,
the thermomechanical solution is not questioned. These few
negative forces are negligible compared to the contribution of the
other nodes and occur when the turbine deceleration is completed.
If it is desired to ensure strictly positive forces, the Moreau-

9



Jean algorithm is appropriate as the constraint on the Lagrange
multiplier 𝜆 𝑗 is explicitly treated.

5.4 Sensitivity to torsion
This section considers the particular case without torsion

since it might be possible that torsion has no significant effect on
the solution. If eliminated, each node then only has 4 dofs, and
only a single rigid body rotation 𝜑 needs to be introduced. In the
following, the vector qt groups only degrees of freedom in pure
bending. Gyroscopic (G) and Coriolis (A) matrices are simplified
since they are obtained by concatenations of matrices A𝑒

1 and
G𝑒

1 respectively, and multiplied by the rigid macroscopic rotation
speed 𝜑̇ = Ω and acceleration 𝜑. Additionally, resolving contact
with torsion is time-consuming. For now, with 10 nodes on the
shaft line and 4 dofs/node and 𝑏 = 36 for the casing, computing
120 ms already takes over 1 hour 40 minutes without thermal
effects. In this section, we propose to remove torsion and keep
only the rigid body rotation 𝜑. This simplification reduces the
size of the rotor model by 20% and could notably speed up the
computation of the nonlinear solution. The aim is to obtain a
similar solution, particularly the transient macroscopic rotational
speed from Figure 6, while achieving a computation time gain.
Figure 17(a) confirms that this objective is fulfilled.
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FIGURE 17: Rotational velocity (a) and labyrinth displacement (b) tran-
sients with torsion ( ) and without ( )

Dry whip is triggered less than 2 ms later in the case without
torsion, but the maximum rotational speed Ωlim = 0.852Ωlim
remains unchanged. During the first third of the partial contact
phase (until 15 ms in Figure 18), the torque level is identical, then
it becomes higher for the case without torsion. This explains why
the speed profile without torsion is slightly lower just before the
onset of dry whip.

Finally, the rotor vibration at the labyrinth is also compared
based on the consideration or not of torsion, see Figure 17(b).
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FIGURE 18: Frictional torque transient until 50 ms: with ( ) and with-
out ( ) torsion

Again, the two responses are similar, overlapping for a shorter
duration of 6 ms. They then diverge but maintain the same
amplitude level. Thus, eliminating torsion from the model does
not change the simulation outcome and maintains a satisfactory
solution correspondence while reducing the computation time to
39 minutes, i.e., a division by 2.5.

6. CONCLUSION
Evaluating the turbine speed transient is a complex and

multiphysical topic. If several works demonstrated that axial rub
and/or aerodynamic effects could prevent turbine acceleration in
case of loss of load, few research have been conducted yet on the
management of radial rubbing contact in component mounted on
the shaftline, including labyrinth seals. Given the literature of
radial rotordynamics, it turns out that large contact forces can be
expected in this zone.

The numerical model included a reduced and thermomechan-
ical stator model representative of the real assembly in the engine
and a standalone flexible rotorshaft accouting for flexion-torsion
coupling. The transient response provided for this simplified
application started in backward precessionnal motion under par-
tial contact before turning into a dry whip regime. After the
rotationnal speed drop, sliding speed remained close to zero,
meaning that dry whirl regime was taking place. The mechanical
results have already converged for 36 nodes, which is enough to
predict speed, displacements and torque transients and spectro-
grams. Computation time savings are possible. Nevertheless, the
thermomechanical reduction to 72 master nodes provided local
quantities (relative speed at dry whirl, heat source distribution)
with more precision, which is clearly reflected in the thermal
solution. The high magnitude and frequency of heating cause
a rapid temperature rise, followed by exponential decay in the
absence of contact. The accumulation of contacts occurrences
leads to temperature increase above the melting point asymptoti-
cally. The Carpenter algorithm provides verified numerical results
with mesh refinement but could still present some non-physical
sticking, that were mitigated in the global solution. This problem
can be solved by using other solution methods, like Moreau-Jean.
The case study on the rotor model showed that torsional motion
does not affect the speed transient and could be eliminated from
the problem, reducing calculation time.

Although the results are numerically verified, physical limi-
tations remain due to simplifications. The significant vibration
of the structures questions the structural elasticity law used in
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the model. Secondary contact zones not previously considered
may emerge. Furthermore, all material properties (conductivity,
Young’s modulus but also friction coefficient) were fixed, which
is questionable given the temperature range covered during the
simulation.

The proposed methodology enhances the understanding of
gas turbine engines dynamics in severe operating conditions such
as mechanical decoupling between compressor and turbine stages.
It offers guidance for reduced-order models generation embedding
complex multiphysics.
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APPENDIX A. TIMOSHENKO BEAM FEM MATRICES WITH
TORSION-FLEXION COUPLING

Let us denote ℓe the length of a beam element, the shear
factor Φ = 12𝐸𝐼𝑑/(𝑘𝑥𝑦𝐺𝑆ℓe2) involved in shape functions. The
element mass matrices in translation involved in Equation (9) are
given by

M𝑒
𝑢 =

𝜌𝑆ℓe

840(1 +Φ)2

⎛⎜⎜⎜⎝
𝑀1 𝑀3ℓe 𝑀5 −𝑀4ℓe

𝑀2ℓe
2 𝑀4ℓe 𝑀6ℓe

2

𝑀1 −𝑀3ℓeSym.
𝑀2ℓe

2

⎞⎟⎟⎟⎠
M𝑒

𝑣 =
𝜌𝑆ℓe

840(1 +Φ)2

⎛⎜⎜⎜⎝
𝑀1 −𝑀3ℓe 𝑀5 𝑀4ℓe

𝑀2ℓe
2 −𝑀4ℓe 𝑀6ℓe

2

𝑀1 𝑀3ℓeSym.
𝑀2ℓe

2

⎞⎟⎟⎟⎠
with 𝑀1 = 312 + 588Φ + 280Φ2, 𝑀2 = 8 + 14Φ + 7Φ2, 𝑀3 =

44+77Φ+35Φ2,𝑀4 = 6+63Φ+35Φ2,𝑀5 = 108+252Φ+140Φ2

and 𝑀6 = −(6 + 14Φ + 7Φ2). Also, the element mass matrices
related to inertia read

M𝜃𝑢 =
𝜌𝐼𝑑

30ℓe (1 +Φ)2

⎛⎜⎜⎜⎝
36 −𝑃3ℓe −36 −𝑃3ℓe

𝑃1ℓe
2 𝑃3ℓe 𝑃2ℓe

2

36 𝑃3ℓeSym.
𝑃1ℓe

2

⎞⎟⎟⎟⎠
M𝑒

𝜃𝑣 =
𝜌𝐼𝑑

30ℓe (1 +Φ)2

⎛⎜⎜⎜⎝
36 𝑃3ℓe −36 𝑃3ℓe

𝑃1𝑙
2 −𝑃3ℓe 𝑃2ℓe

2

36 −𝑃3ℓeSym.
𝑃1ℓe

2

⎞⎟⎟⎟⎠

with 𝑃1 = (4𝑙 + 5Φ + 10Φ2), 𝑃2 = (−1 − 5Φ + 5Φ2) and 𝑃3 =

3(1 − 5Φ)
The gyroscopic effect matrices are given for the case of a

Timoshenko beam in bending-torsion, i.e. 10 ddls per element

A𝑒
1 = 𝛼

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0 0
36 0 0 𝑃3ℓe 0 −36 0 0 𝑃3ℓe 0

−𝑃3ℓe 0 0 −𝑃1ℓe
2 0 𝑃3ℓe 0 0 −𝑃2ℓe

2 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

−36 0 0 −𝑃3ℓe 0 36 0 0 −𝑃3ℓe 0
−𝑃3ℓe 0 0 −𝑃2ℓe

2 0 𝑃3ℓe 0 0 −𝑃1ℓe
2 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
and

A𝑒
2 = 𝛼

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0 0
18 0 0 −9Φℓe 0 −18 0 0 𝑃6ℓe 0

9Φℓe 0 0 −𝑃4ℓe
2 0 −9Φℓe 0 0 −𝑃2ℓe

2/2 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

−18 0 0 9Φℓe 0 18 0 0 −𝑃6ℓe 0
−𝑃6ℓe 0 0 −𝑃2ℓe

2/2 0 𝑃6ℓe 0 0 −𝑃5ℓe
2/2ℓe

2 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
with 𝑃4 = 3 + 6Φ + 15/2Φ2, 𝑃5 = 2 − 2Φ + 5Φ2, 𝑃6 = (3 − 6Φ) and 𝛼 =

−𝜌𝐼𝑝/(30ℓe (1 + Φ)2 ) . To deduce these matrices in the absence of
torsion (i.e. 8 ddls/node), delete rows/columns 5 and 10.

The coupling forces is a vector of dimension 10 with zero
components except on the 5th and 10th rows. Recalling the
generalized coordinates vector of the beam element q𝑒, these two
components respectively read f𝑒, (5)cp = q̈𝑒⊤A𝑒

2q𝑒 + q̇𝑒⊤A𝑒
2q̇𝑒 and

f𝑒, (10)
cp = q̈𝑒⊤ (A1 − A2)q𝑒 + q̇𝑒⊤ (A𝑒

1 − A𝑒
2)q̇

𝑒. When torsion is
ignored, there still remains a coupling between the beam flexion
and the macroscopic rotation 𝜑. In that case, the vector fcp is
zero except on the last row and is computed by the matrix product
q̈⊤Aq + q̇⊤Aq̇.

APPENDIX B. GOVERNING EQUATION OF RIGID DISC
Let us consider a rigid disc of mass𝑚𝐷 , polar inertia 𝐽𝑝𝐷 and

diametral inertia 𝐽𝑑𝐷 with 5 dofs q𝐷 = (𝑢, 𝑣, 𝜃𝑢, 𝜃𝑣, 𝜃𝑤)⊤, since
axial displacement 𝑤 is still neglected. Please note that these dofs
also belong to the 5th node of the flexible shaft (see Figure 4).
Matrix assembly with beam elements is simplified when the
mass matrix is written with constant components. Consequently,
angular acceleration effects are reflected by the Coriolis matrix A𝐷

and a coupling vector fcp,𝐷 such that the disc motion is described
by the differential equation

M𝐷q̈𝐷 + 𝜃̇𝑤G𝐷q̇𝐷 + 𝜃𝑤A𝐷q𝐷 + fcp,𝐷 (q𝐷 , q̇𝐷 , q̈𝐷) = 0 (16)

where M𝐷 = diag(𝑚𝐷 , 𝑚𝐷 , 𝑚𝐷 , 𝐽𝑑𝐷 , 𝐽𝑑𝐷 , 𝐽𝑝𝐷) and

A𝐷 =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 𝐽𝑝𝐷 0
0 0 0 0 0 0
0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, fcp,𝐷 = 𝐽𝑝𝐷

⎛⎜⎜⎜⎜⎜⎜⎜⎝

0
0
0
0
0

𝜃𝑢 𝜃𝑣 + 𝜃̇𝑢 𝜃̇𝑣

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.
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