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Abstract

Farkas’ lemma is an ubiquitous tool in optimisation, as it provides necessary and sufficient condi-
tions to have b € A(P), where P is a closed convex cone, A is a (continuous) linear mapping and b
is a fixed vector. The standard underlying hypothesis is the closedness of A(P), which is not always
satisfied and can be difficult to check. We devise a new method to generalise Farkas’ lemma, based on
a primal-dual pair of optimisation problems and Fenchel-Rockafellar duality theory. We work under
the sole hypothesis that P be generated by a closed bounded convex set. This hypothesis is weaker
than in previous generalisations of Farkas’ lemma, which almost all require that A(P) be closed, or,
in few cases, that only P be closed. In our case, P (and a fortiori A(P)) is not necessarily closed; we
uncover necessary and sufficient conditions both for b € A(P) and b € A(P). For a given € > 0, we
exhibit constructive characterisations of € P such that ||[Az — b|| < € when it exists, by means of
optimality conditions. For ¢ = 0, these strongly rely on whether the dual problem admits a solution,
and we discuss conditions under which it does. Finally, we also explain how, upon relaxation, we may
apply our method to a nonconvex cone.
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1 Introduction and main results

Let X and Y be two (real) Hilbert spaces, A : X — Y a continuous bounded operator (an element of
L(X,Y)),beY and P C X a cone containing 0. We are interested in the following problem, which is a
variant of Farkas’ celebrated lemma ([I5]): do we have b € A(P), that is, is the vector b in the (somewhat)
implicit cone A(P)?

This problem can also be formulated as a constrained linear equation:

Solving the linear equation Az = b under the constraint = € P. (1)

We let A(P) = {Az, x € P}.
We consider both

(i) the approximate solvability problem,
For any given € > 0, find x. € P such that || Az — by <e, (2)
that is, determining whether b € m
(ii) the exact solvability problem,

Find z € P such that Az = b, (3)

that is, determining whether b € A(P).



1.1 Farkas’ lemma(s): necessary and sufficient conditions for solvability

The original version of Farkas’ lemma [I5] is concerned with the exact solvability problem within the cone
R in R™. It provides a necessary and sufficient condition (often formulated as an alternative):

Lemma 1.1. Let f,vy,--- v, € R™. Then, there exist (f1,..., fm) € R such that

f= Z fivi
=1

if and only if
{d e R", (v;,d) <0, Vie{l,...,m}} C{deR", (d, f) <0}

For a survey on the rich history of Farkas’ lemma and its generalisations, we refer to [I4]. The most
standard and used ones writes as the following alternative, with P° = {x € R", Vy € P, (z,y) < 0}
standing for the polar cone of P.

Lemma 1.2. [Farkas’ lemmal Let A € R™*" b € R™ and P C R™ be a closed convex cone such that
A(P) is closed. Then, given b € R™, the following alternative holds:

1. the exact solvability problem admits a solution,
2. there exists y € R™ such that A*y € P° and (b,y) > 0.

Farkas’ lemma has been generalised in several directions: in particular, it can be stated in very
abstract general infinite-dimensional settings [I3]. However, the hypothesis that A(P) is closed remains
a cornerstone to all these results. In fact, in the above cited work, the authors prove that the Farkas
alternative holds if and only if A(P) is closed. Under this key assumption, let us note that distinguishing
between exact and approximate solvability as we did above is irrelevant.

Up to our knowledge, only the two works [I8, [19] formulate a generalisation without assuming the
closedness of A(P). Let us give one such result, in the particular case of reflexive Banach spaces; here we
translate it into the Hilbertian setting we are interested in.

Theorem 1.1. [Hernandez-Lerma, Lasserre, 1997] Assume that P C X is a closed convex cone. Then,
the following are equivalent for b€ Y :

(a) The equation Az = b has a solution x € P;

(b) There exists M > 0 such that, for ally € Y, p € P°,

(b;y)y + M||A*y +pllx > 0.

Given the equivalence proved in [13], foregoing the restrictive hypothesis that A(P) be closed requires a
stronger characterisation. Accordingly, the above theorem gives a quantified necessary sufficient condition.
The underlying idea is to apply the "usual" Farkas lemma to an augmented system. The corresponding
proof is rather intricate, it is not constructive, and the resulting condition, though quantified, is difficult
to put in use since the inequality hinges on two variables.

1.2 Main contributions

This article presents a generalisation of Farkas’ lemma, close in spirit to Theorem which we state
under hypotheses of increasing generality on the cones involved. As in [I8| 19], we forego the hypothesis
that A(P) is closed, hence our formulation of the two distinct problems and .

Our main contributions are then as follows:

e we recover the results of [I8] [I9] by means of an arguably simpler proof,



e not only do we forego of the assumption that A(P) is closed (which is the usual hypothesis in Farkas’
lemma, see Lemma and [I3]), we also weaken the underlying hypothesis that P itself is closed:
our approach only requires that P can be generated by a bounded closed convex set containing 0,

e contrarily to other proofs, our proof is constructive under general hypotheses, in a sense we shall
make more precise later on,

e the overall technique lends itself to relaxation, i.e., one can consider the approximate or exact
solvability problem in nonconvex cones, and apply our strategy on well-chosen convex cones derived
from them.

Algorithmic viewpoint. A key feature of our approach is that (approximate or exact) Farkas solutions
can be constructed by solving an explicit convex optimisation problem. For a tolerance € > 0, we minimise
an unconstrained convex functional over Y (the dual problem D). Then, under suitable conditions,
we may recover a primal variable . through explicit first-order optimality conditions (projection onto a
cone in the closed-cone case, or a support-function subgradient formula in the general case). This yields
a practical primal-dual procedure to build either a solution € P with Az = b, or approximate solutions
ze € P with ||Aze — b||ly <€, when they exist.

Related literature. Farkas-type statements and theorems of the alternative can be derived from convex
duality in various settings (see, e.g., Farkas-type results for constrained optimisation problems, obtained
via conjugate functions and conic duality in [9] [7], [§]).

In this article however, we address the classical problem of solving a linear equation on a (convex)
cone, by formulating a well-chosen auxiliary optimisation problem. Problems of this form are already
present in the works [24] 25]: given ¢ € X fixed, z — (¢, z)x is maximised under the constraints Az = b
and x € P. A duality framework is then established to prove Farkas-type results on the solvability of the
constrained equation Ax = b, x € P.

In contrast to the above, we provide a unified constructive approach based on Fenchel-Rockafellar
duality in a Hilbertian framework. We propose a different auxiliary optimisation problem (given by ),
for which our approach yields explicit primal minimisers (which are automatically solutions of the solv-
ability problems (2)—(3)) from dual minimisers. Our results cover cones of the form P, = cone(K,) where
the bounded convex generator K, is closed but P, (and thus A(P,)) may fail to be closed.

Let us now introduce our results in full detail. For ease of readability, use and comparison with other
results, we proceed in increasing order of generality.

1.3 Variants of Farkas’ lemma: necessary and sufficient conditions for solv-
ability

Let us first state necessary and sufficient conditions for the existence of solutions. Throughout the paper,
X and Y are real Hilbert spaces, with inner products (-,-)x and (-,-)y (with corresponding norms || - || x
and | - ||y), respectively. We use the Riesz representation theorem so that the adjoint A* of a bounded
linear operator A € £(X,Y) is the Hilbert adjoint A* € L(Y, X) defined by (Az,y)y = (z, A*y)x for all
(z,y) e X xY.

1.3.1 Closed convex cone

Here, we assume that P is closed and convex, and for x € X, we let z1 be its projection onto P.
Note that in this first setting, we already forego the usual hypothesis that A(P) is closed, but retain the
classical assumption of closedness for P, as in [18] [19].

Theorem 1.2. Let A€ L(X,Y),b€Y and P C X a closed convex cone. The following dual character-
isations hold for any b € Y:



(1)

be A(P) <+ VyeVY, (A'y)y =0 = (b,y)y <0.

(i)
be AP) <« 3C>0,VyeY, (by)y <Cl(Ay)+llx-

Remark 1.1. If A(P) is closed, (i) and (ii) are equivalent and the first solvability condition associated
to (i) is clearly equivalent to the negation of item 2. of the standard Farkas’ Lemma because z4 =0
if and only if z € P°.

The second solvability condition, given in (ii), is a more compact and workable form of that uncovered
in [18,[19]. Indeed, one can check that (ii) and Theorem [I.1](b)] are actually equivalent as follows: in a
Hilbert space and for a closed convex cone P, Moreau’s decomposition z = z4 + z_ with z4 € P, z_ € P°
and (z4,z_) = 0 yields

nf s = pll = 141

Applying this identity to z = A*y, the distance-to-P° term that appears in Theorem (b)/ can be
rewritten as ||(A*y)+ ||, leading to (ii).

Remark 1.2. Taking P = X, we recover the well-known fact that
b€ ran(A) <= (A*y —0 = (by)y < 0) — (A*y =0 = (by)y = 0) = b1 ker(A%),

i.e., ker(A*)+ = ran(A).

On the other hand, the necessary and sufficient condition in (i1) corresponds to the well-known condi-
tion of range inclusion in functional analysis (see [20, Lemma 2.4]): denoting by m, the projection onto
Rb, we have

ran(m,) C ran(A) <= beran(A) < 3IC > 0,Vy €Y, (b,y)y < C||A%y|x
— 3C >0,y €Y, [(by)y| < CllA™yl x
< 3C>0,Vy €Y, [|myll < C|A™y|Ix.

Finally, we recover a well-known sufficient condition for the surjectivity of A: if there exists C > 0
such that for y € Y, ||A*y|| > c||yl|, then forbeY,

b *
o1 < ol < 120 any,
which implies b € ran(A) by Theorem [1.3 (it).

1.3.2 Cone generated by a bounded closed convex set

Note that a mandatory hypothesis for all versions of Farkas’ lemma we are aware of is that P is closed:
this follows immediately from the usual assumption that A(P) is closed [I3]. In contrast, from this point
on, we forego this hypothesis: indeed, the fundamental assumptions underlying our approach concern the
choice of a generating set for the cone, rather than the cone itself.

We now assume that the cone P (denoted P, in this case) is generated by a bounded closed convex
set K, containing 0, i.e., we have cone(K,) = P,. P, is then still convex, but it need not be closed. On
the other hand, if P, is closed, setting K, = P, N B(0,1) yields a bounded closed convex set containing 0
that does generate P.. Hence, this hypothesis is indeed weaker than the closedness of P,, and thus also
weaker than the closedness of A(P,.). As hinted at by the following remark, this significantly extends the
class of possible convex cones for which one can formulate a Farkas lemma.




Remark 1.3. A sufficient condition for the closedness of P, = cone(K,) is for 0 to be in the interior of
K, relative to P,, see Lemmal[A.3
As a counterexample (in R?) of a bounded closed convex set containing 0 which generates a nonclosed

cone, note that -
cone (B((1,0),1)) = (R4 x R) U {(0,0)},

and also that

cone (B((1,0), 1) N B((0, 1), 1)) = (R4 )2 U {(0,0)}.

Conversely, these two examples can be generalised to higher dimensions, and show that our approach
can help handle exact and approximate resolution in useful non-closed cones, upon choosing appropriate
generators.

We let o, : x> sup,ck, (z,y)x be the support function of K.

Theorem 1.3. Let A € L(X,Y), b €Y, K, C X a bounded closed convex set containing 0, and
P, = cone(K,.). The following dual characterisations hold for any b € Y :

(1)

be A(P,) <= WyeY ok (Ay)=0 = (by)y <0,
— WyeY, A'ye P = (by)y <0.
(i)
be A(P,) <<= 3C>0,YeY, (byy, <Cog, (A™y).
Remark 1.4. The dual characterisation (i) has two possible formulations due to the fact that ok, (2) = 0 if

and only if z € Py (see Lemma. The second formulation illustrates the direct link between Theorem |1.5
and previous generalisations of Farkas’ Lemma.

Remark 1.5. The two theorems[I.3 and[1.] above_given for a closed and convex cone P, correspond to
choosing K, = P, N B(0,1) and applying Theorem |1.5,

1.4 Constructive characterisations

Our proof of the direct implications = in theorems and above is based on Fenchel-Rockafellar
duality [2I]. We denote by d¢ the indicator of a set C C X, in the convex-analytic sense, and we let
Jk, = inf{a > 0, € aK,} be the gauge function of K.

For ¢ > 0, we introduce the auxiliary functional

Vo€ X, Fo(x):= ik () + Ouex, |Avbly <e} ().

Because jg, (x) < o0 if and only if # € P,, the expression of F, is such that, for a given £ > 0

||A$ — b”y <e

Ve e X, F.zx) <400 <—
() {J;EP,.

A natural way of finding such an z is to minimise F., we thus introduce the auxiliary optimisation
problem

inf F.(z). (Pe)

zeX
We then have
[Az? —blly <e,
x; € P,

2% is a minimiser for = { (4)

Thus, solving the optimisation problem (P.)) for all & > 0 solves , and solving it for ¢ = 0 yields a
solution to (3).



To solve this optimisation problem, we introduce its dual problem, following Fenchel-Rockafellar du-
ality theory. For € > 0, we show that it is given by

nf Je(y),  Jey) = 305, (A"y) = (0, y)y +ellylly- (De)

Remark 1.6. An important feature of this dual problem is that its cost function J. is unconstrained (finite
everywhere), thanks to our choice of the auziliary optimisation problem, which involves the function % 3%
This function has domain P, but its convexr conjugate %O’%(r always has domain X.

This is numerically relevant, and in contrast with the dual problems formulated in [24, [25], which are

linearly constrained.
We establish strong duality between the primal and dual problems, namely:

inf F.(x) = — inf J.(y).
nf =(x) jnf =(y)

The optimality conditions derived for these primal dual pairs of optimisation problems then lead to
constructive characterisations of solutions, when they exist.

Remark 1.7. Ifb € A(P,), the best constant C = C(b) in Theorem[1.3is given by (see Proposition[3.5):
C) :=inf{jk, (z), Ax =b, z € P.}.

If b e A(P,), so is any positive multiple thereof, and C(b) is clearly 1-positively homogeneous.

By strong duality, 202( ) also equals —inf{30% (A*y) — (b,y)y , y € Y}. As an infimum of contin-
uous functions, b — C(b) is upper-semicontinuous on A(P,).

If P, =X and K, = B(0,1), C(b) equals the minimal norm solution for the equation Ax =b. It also
equals || ATb||x, whenever the Moore-Penrose inverse At is well-defined (that is, when Ran(A) is closed).

1.4.1 Closed convex cone

As noted in Remark the case of a closed convex cone P is a particular case of a cone P, generated by
a bounded closed convex set K,.. Taking K, := P N B(0,1), the primal problem (P writes

mlgg( .7:;1(37)7 f;l(-r) = %HJZH?X + 5P(.T) + 6{I€X, | Az—b||y <e} (m)7 ('Pgl)
and its dual problem writes
nf Ty, Je(y) = 51(A )% — (b y)y +elylly (D)

where we recall that z; means the projection of a vector z € X onto P.

As described above, solving this primal-dual pair of optimisation problems leads to solving and ,
thanks to , and yields constructive characterisations of solutions. Since these auxiliary problems involve
elementary functions, the constructive characterisations we obtain are remarkably direct:

Theorem 1.4. Under the hypotheses of Theorem[1.3, for anybe Y,
(i) If b € A(P), then for any e > 0,
= (

PN admits a unique solution xt € P, such that ||Azt — blly <e.
— (DY) admits a unique solution y*, and

= (A"yI)+
(i) If b € A(P), then

— (P§Y) admits a unique solution x* € P, such that Az* = b.
— If furthermore (D§') admits a solution y*, then

= (A%")+



Least-norm (conic) pseudoinverse viewpoint. When ¢ = 0 and b € A(P), problem (P§!) computes
the minimum-norm solution of the conic system Az = b, x € P. In this closed-cone setting, it is hence
natural to define the cone-constrained least-norm pseudoinverse ATP(b) : A(P) — P of A by

Vb e A(P), {ATP(b)} = argmin{||z||x, Az =0b, z € P}.

When P = X and Ran(A) is closed, this coincides with the usual Moore-Penrose pseudoinverse Af on
Ran(A). Thus, Theorem 1.4 does not merely prove solvability: it canonically selects, among all conic
solutions, the least-norm one, and provides the explicit primal-dual representation AL (b) = (A*y* (b)),
whenever a dual minimiser y*(b) exists. This also suggests a practical numerical procedure: solve the
unconstrained dual problem (D§') and recover the primal variable by projecting A*y*(b) onto P.

1.4.2 Cone generated by a bounded closed convex set

In the more general case of a cone P, generated by a bounded closed convex set K, containing 0, the
constructive characterisation is, accordingly, more involved.

Theorem 1.5. Under the hypotheses of Theorem[I1.3, for anybe Y,

(i) If b € A(P,), then for any e > 0,
— (P.) admits a solution x% € P, such that ||Azt — b|ly <ce,
— (D.) admits a unique solution y*, and
wl € ok, (A7) ok, (A™yL). ()
(i) If b € A(P,), then
— (Po) admits a solution x* € P, such that Az* = b,
— if furthermore (Dy) admits a solution y*, then

x* € ok, (A"y*) dok, (A y™). (6)

Remark 1.8. For ¢ > 0, the dual variable yZ can be interpreted as a normal-cone Lagrange multiplier
associated with the feasibility constraint Az € B(b,e). Indeed, from the saddle-point conditions 1)

one has yX € —aém(/lx;) = —Nm(Aa?;), where Nm(Aac:) is the normal cone to B(b,e) at
Axt. In particular, if the constraint is active (and we will show it necessarily is when ||b|] > €), i.e.,

g
|Azr — b|ly = €, then yX = A ﬁ for some A, > 0, which is the usual complementary-slackness

relation for a (Hilbertian)-ball constraint.

Note that the optimality conditions f@ are only necessary: if the subdifferentials involved contain
more than one vector, there is a priori no way to determine which one the actual solution z¥ (or z*) is.
Thus, for the previous result to be more constructive, it is relevant to study tractable sufficient conditions
ensuring that these subdifferentials are reduced to singletons (i.e., actually are gradients). In this case,
the above inclusion then uniquely determines x¥ (or x*).

Singular vectors. Let us introduce the set of singular vectors sing(K,) of K, that is, the set of
vectors z € X such that the above subdifferential dok (z) is not reduced to a singleton. Equivalently,
this corresponds to ok, failing to be differentiable at z. For instance, if K, is a polytope, singular vectors
are exactly those normals that expose a face of dimension > 1 (an edge, a facet, etc).

We are thus led to the hypothesis

YyeY, A*yesing(K,)°UP?, (H)

which can also be written as Ran(A*) C sing(K,)° U P?.
Assumption [H] can be seen as a non-degeneracy condition ensuring that the support-function subgra-
dient used in (B)—(6) for the reconstruction of z* is single-valued along Ran(A*).



Proposition 1.1. Under , conditions (b)) and (@ become, respectively,

{22} = ok, (A"yD) Dok, (A™y), (7)

and
{27} = ok, (A"y") Dok, (A"y"). (8)

That is, these optimality conditions are necessary and sufficient.

Of course, assumption (H]) is a much stronger hypothesis than what is actually needed: we only need
the inclusion underlying (HJ) to hold at a minimiser y* of J..

Remark 1.9. A typical example where holds is given in the previous section, with P, a convexr and
closed cone. As noted in Remark[I.5, the corresponding generator set K, is the intersection of P, with
the unit ball. In this case, we have sing(K,) C P?. Indeed, using Lemmas and for any v € X,
if vy #£0, then ok, (v) = |lvi||x and dok, (v) = vy/||vy|lx. Hence, v € sing(K,) implies vy = 0, i.e.,
ve P
As a result,
sing(K,)°U P = X,

and holds.
This illustrates the importance of the choice of a generator for the convex cone, when this choice is
available, and a generic example thereof.

1.4.3 General cone

We now consider the case where P might also not be convex: we let P be any cone, and let K be a
bounded set containing 0 that generates P, i.e., such that cone(K) = P. We relax the constraints by
defining K, to be the closed convex hull of K, namely K, := conv(K) and P, = cone(K,.), a convex cone
that is not necessarily closed. The diagram below summarises the overall relaxation approach.

P—S P

cone cone

K conv KT

We now apply the previous approach to the cone P, and corresponding generating set K,. The
key question is now whether the constructive characterisations 7@ lead to elements in the original
constraint cone P, and not merely in P,. This motivates the following assumption.

ext(K,) C K, (E)

where ext(K,) refers to extreme vectors of K., i.e., that vectors of K, that cannot be written as a
nontrivial convex combination of vectors in K.

Assumption will often be satisfied in practice. Indeed, since K is assumed to be bounded, so is
the closed convex set K,.; hence the latter set is weakly compact. As a result, an application of Milman’s
theorem (see [23][Theorem 3.24]) with either the strong or the weak topology shows that holds true
as soon as either one of the following hypotheses holds

e K is weakly closed,
e K, is strongly compact and K is strongly closed.

Theorem 1.6. There hold

(i) If b € A(P,), then for any e > 0,



— (Pc) admits a solution xf € P, such that ||Az} —b||y <e,
— (D¢) admits a unique solution y,
— under -, x% is the unique solution to (Pe), % € P and

{22} = ok, (A"yD) Ook, (ATyL).
(i) If b e A(P,),

— (Po) admits a solution x* € P, such that Az* = b,
— if furthermore (Do) admits a solution y*, then under —, z* € P and

{27} = ok, (A%y") Dok, (A7)

Notice that in the above theorem, (i) implies that, as soon as b € A(P,), then b € A(P). Indeed, the
existence of solutions to the auxiliary problem and its dual (D)) holds independently of b € Y. We
have thus obtained the following corollary:

Corollary 1.1. Under (H)-(E), there holds A(P.) = A(P).

Remark 1.10. This type of statement is common in optimal control theory, in the form of so-called bang-
bang principles: in many optimal control problems, the set of reachable states using only controls which
saturate the constraints (bang-bang controls), is equal to the set of reachable states using all admissible
controls [T77]. Controls which saturate the constraints are typically extreme points of the control constraint
set.

1.5 Remarks and perspectives

Uniqueness. In all our results regarding the approximate solvability problem, the minimiser of the
dual functional is unique. In contrast, that is no longer the case for the exact solvability problem, even
in simple cases.
Consider X =Y =R?, P, =R%, K, = P,N B(0,1), A=1d, b= (1,0). Clearly, b € A(P,). The dual
functional Jy then writes
Jo(y) = Jo(yr,y2) = 5lly+1l5 — w1

One easily checks that J reaches its infimum value — on the whole half-line {(1,a), a < 0}. Note however

that the constrained linear equation Ax = b with € P has a unique solution.

Generalisations. The Hilbert space setting we have chosen is sufficiently general to be suitable for
applications requiring infinite-dimensional spaces (e.g., linear control theory), yet sufficiently simple to be
tractable.

We are however fairly confident that the core of our results can be generalised to reflexive Banach
spaces, or at least to uniformly convex Banach spaces, upon using proper generalisations of the relevant
tools (notably, Moreau’s decomposition in Banach spaces [12]).

Constructiveness. In the second parts of Theorems the dual problem for the exact
solvability problem may or may not admit a minimiser. This issue, which plays a central role in the
constructiveness of our method, is discussed in further detail in Section [} where we introduce the notion
of weak constructiveness. We will focus on the existence of an identity characterising the solution of
the primal problem (when it exists), notwithstanding hypotheses of the type 7 guaranteeing that
this identity characterises * uniquely. We obtain some partial results and counterexamples which raise
important questions on the general issue of constructive characterisations for solutions to constrained
equations.

10



Intrinsic condition for the exact solvability problem. In the case of a closed cone, the results we
provide in Theorems and are intrinsic to the cone. This is also the case for the necessary and
sufficient condition we provide in Theorem for the approximate solvability problem.

However, the rest of our results seem to depend strongly on the generator K, of our cone. It would
be interesting to obtain an intrinsic version of these results, e.g. an analog to the identity z* = (A*y*)4,
which would hold for a convex (and not necessarily closed) cone.

Class of cones under consideration. In the general case, we consider convex cones that are generated
by a bounded closed convex set containing 0. It would be relevant to describe this class of cones in a
less indirect way. Going further, and considering a somewhat dual question, can we describe the set of
bounded closed convex generators for such a cone?

This is related to the previous paragraph concerning a possible intrinsic characterisation of exact
solvability. Indeed, the necessary and sufficient condition for exact solvability, and the constructive char-
acterisation of the solution z*, seem to depend on the generator K of the cone. Having a more detailed
description of the class of possible generators, and more knowledge on the properties of the cone P, could
allow us to consider either an “optimal” generator to write these results, or a “generic” one. For example,
in the case where the cone is closed, the generic generator seems to be the intersection of the cone with
the closed unit ball.

Numerical approximations of solutions. Because of its constructive nature and its reliance upon
the Fenchel-Rockafellar Theorem, our approach lends itself to using algorithms that find saddle-points of
the corresponding Lagrangian, such as the Chambolle-Pock algorithm [10].

For applications to control theory or inverse problems associated to ODEs and/or PDEs, at least one
of the Hilbert spaces is infinite-dimensional. This poses the question of how to appropriately discretise
the involved functionals, especially in view of preserving the primal-dual structure at the discrete level.

2 Mathematical framework

2.1 Notations

For the readers’ convenience, let us define the convex analytic tools used in the present work, in some
generic (real) Hilbert space H.

2.1.1 Functions
Let f: H— RU {4o00}.

We let dom(f) := {x € H, f(z) < +o0} be its domain; f is said to be proper when dom(f) # .
We define its convex conjugate by

Ve e H, f*(z):= 516111_)[ ({z,y) — f(y))-

We let T'o(H) be the set of all proper, convex and lower semicontinuous functions on H and recall
Fenchel-Moreau’s identity: if f € I'o(H) then f* € I'o(H) and (f*)* = f.
Finally, for a given f € T'g(H), and for € H, we define the (convex) subdifferential of f at z
through
Of (@) :={pe H,Vy e H, f(y)> f(x)+(py—x)}.

2.1.2 Convex sets

Let C C H be a convex set.

11



We let ¢ be its indicator function, namely dc(z) = 0 if x € C' and +oo otherwise, and oc = §&
be its support function; in other words, oc(x) = sup,cc(z,y). We also define its gauge function jc,
defined for z € H by jo(x) = inf{a > 0, z € aC}.

The set ext(C') of extreme vectors of C' refers to vectors € C' that cannot be written as a non-trival
convex combination of two vectors in C.

If C is closed and bounded, o¢(x) < +oo for all x € C' and the supremum defining o () is a maximum.
In this case, recall that sing(C) denotes the set of singular vectors to C, namely those vectors x € H
for which the set of maximisers associated to the maximum defining o¢(x) is not reduced to a singleton.

Finally, for x € H, we let No(z) = {p € H, Yy € C, (p,x) > (p,y)} be the normal cone to C at x.

For an arbitrary set K C H, we let conv(K) be its closed convex hull, namely the smallest closed
and convex set containing K.

2.1.3 Cones

Let P C H be a cone.

We let P° = {x € H, Vy € P, (z,y) < 0} be the polar cone of P. If P is closed and convex, given
x € H we let x4 be its projection onto P and z_ be its projection onto P°. Moreau’s decomposition
theorem yields = x4 + x_ with (z4,z_) = 0.

Finally, we highlight two useful identities (see [I, Proposition 6.26] and [, Proposition 6.34] respec-
tively): for two nonempty convex cones P; and P, there holds

PPNP;=(Pi+P)°, (AANR) =P +P;. 9)

2.2 Fenchel-Rockafellar duality and constructive characterisation of solutions

Let P, = cone(K,) be a cone, where K, is a closed bounded convex set containing 0. Hence P, is a convex
cone containing 0, and is not necessarily closed. It is straightforward but essential to note the identity

dom(jg,) = Pr. (10)

The purpose of this section is to define the (primal) optimisation problem underlying our results, derive
its dual problem, establish strong duality and make the corresponding saddle-point conditions explicit.

2.2.1 Primal and dual optimisation problems

For any £ > 0, we consider the primal optimisation problem,

me = inf 37%.(x) + Sfzex, | Av—bly <} () = ;g( 30%, (%) + o555 (Ax). (11)

xTE

For a given € > 0 and in view of , note that the functional underlying the primal problem is not
identically equal to o0 if and only if there exists € X such that € P, and |Az — b|ly < e. In other
words, m. < 400 if and only if there exists © € X such that € P, and ||Az — b|ly < e. Consequently,
the case ¢ = 0 amounts to exact solvability.

Proposition 2.1. For any € > 0, the following strong duality holds
s 1.2 .
Te = ;g{ 30k, (%) + 0pg oy (Ax) = ;g£ Je(y), (12)
where the dual functional J. is given by

VyeY, Jo(y) =30k (A%y) — b,y)y +ellyly.

Furthermore, if 7. is finite, it is attained.
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Since K, is bounded, ok, is Lipschitz continuous. The function J. is thus continuous and, in particular,
takes finite values on the whole of Y.
Proof. The primal functional can be written in the form F(z) + G(Axz), where F = j% | G = Boe)
Clearly, G € T'y(Y'), while by Lemma (i), F € T'o(X). Its dual functional, defined on Y, is then given
by

y = F'(A%) + G (—y)

It is standard that G* = 5;(7,5) = (b,")y +¢| - ||y, and Lemma (i) shows that F* = (3j% )* = 0% .

We now apply the Fenchel-Rockafellar Theorem [22]: if there exists y € Y such that G*(—y) < +oo and
F* is continuous at A*y, then strong duality holds and the infimum of the primal optimisation problem
is attained if finite. Here, G* takes finite values on Y, while F'* is continuous on X as already mentioned.
Hence any y € Y can be used to apply the Fenchel-Rockafellar theorem, and the proof is finished. O

2.2.2 Optimality conditions

What follows is standard folklore related to (strong) duality associated to the Fenchel-Rockafellar Theo-
rem [22].

A couple (z*,y*) € X x Y is a primal-dual optimal pair (i.e., * minimises the primal functional, and
y* minimises the dual functional) if and only if (z*, —y*) is a saddle-point of the Lagrangian

(2,2) € X x Y 5 (2, Az)y + F(2) = G*(2) = (2, Ax)y + 37k, (2) = (b, 2)y —ell[ly-

This is also equivalent to the two following first order optimality conditions

{x* € OF (A'y") = 0(30%, )(A™y") = o, (A*y") Do, (A7) 13

y* € —0G(Az*) ’

where the identity used above in the first line is due to the chain rule for subdifferentials, see for in-
stance [I1][Theorem 2.3.9, (ii)].

By the results and the remarks of the previous subsection, given that m. = —infycy J-(y) for alle > 0,
we have

Ve >0, inf J.(y) > -0 = be A(P,),
yey

(14)
inf Jo(y) > —00 = be A(P,).
yey

Combining with the optimality conditions , we immediately obtain:
Lemma 2.1. Let ¢ > 0. If J. admits a minimiser yZ, then there exists
wl € ok, (ATyZ) Ook, (A™YZ),
which is a minimiser for (P). In particular, % € P, and ||Az% —blly <e.

Corollary 2.1. If (x*,y*) is a primal-dual optimal pair such that o, (A*y*) ok, (A*y*) is reduced to a
singleton, then this singleton equals x*.

The proofs of our main results will rely greatly on the above observations,and a careful examination of
the relationship between the Farkas problems and , and the optimisation problems (P.|) and (D.))
for e > 0.
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3 Proofs

Outline of the proofs. We first focus on cones generated by a bounded closed convex set containing

0, i.e., Theorems and
We tackle approximate solvability, then exact solvability. Section provides:

e proof of Theorem (i) - necessary and sufficient conditions for approximate solvability;
e proof of the uniqueness of dual minimisers (Lemma [3.2));

e proof of Theorem (i) - constructive characterisation and uniqueness of solutions in the approxi-
mate case.

In Section B2
e we prove Theorem (#4) - a necessary and sufficient condition for exact solvability;
e we deduce Theorem (1) regarding the characterisation of solutions when they exist.

Section [3.3] derives Theorems [I.2] and which are particular instances of the above theorems, with
a closed cone.
Finally, in Section [3.4] we focus on situations where the solution can be completely characterised:

e in Subsection [3.4.1] we address the case of convex cones, proving Proposition [T.1}
e in Subsection [3.4.2] we turn to general cones using relaxation, and prove Theorem

Within this section, we shall often use the trivial fact that o, is 1-positively homogeneous.

3.1 Approximate solvability

3.1.1 Necessary and sufficient condition for solvability
We begin by proving Theorem (). First, we check that:
Lemma 3.1. Fory €Y, ok, (A*y) =0 if and only if A*y € P?.

Proof. Let us first remark that o, (A*y) = 0 if and only if (A*y,v)x < 0 for all v € K. Given that
P, = cone(K,.), it is equivalent to (A*y,v)x <0 for all v € P,, i.e., A*y € P?°. O

We now have two equivalent formulations of the solvability condition in Theorem (), one that
is intrinsic to P,, and one that depends on the choice of generator K,. We now proceed with the proof,
using the latter.

Lemma 3.2. The following holds:

(Vy €Y, ok, (A"y) =0 = (b,y)y < O) = Ve>0, inf J.(y)=minJ.(y)> —oc0.
yey yeY
Proof. Assume that, for ally € Y, ok, (A*y) =0 = (b,y)y <0.
Since the functionals J.,e > 0 are in I'y(Y'), the result will be proved if we establish that J. is coercive
for all € > 0.
We let ¢ > 0 be fixed. By contradiction, if J. is not coercive there exists a sequence (y,) € Y such

that ||y, ||x — oo with (J(y,)) upper bounded, say J(y,) < M for all n € N. Denoting z, : and

since O'%(T is 2-positively homogeneous, we have

— _Un
Tynlly

sllyall¥ o, (A%z0) = lynlly (0. z0)y +ellynlly = Je(yn) < M.
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Consequently, if liminf, O’%(T (A*z,) > 0, then the left-hand side above diverges to 400 which is not
possible. Let us now treat the remaining case where lim inf,, O’%(T (A*z,) = 0. We may upon extraction
of a subsequence assume both that lim,, . O'%(T(A*Zn) = 0, and owing to the boundedness of (z,), that
zn — z weakly in Y for some z € Y. Since A* € L(Y, X), we have A*z, — A*z weakly in X.

The function afﬂ is convex and strongly lower semicontinuous on E, hence it is (sequentially) weakly
lower semicontinuous, which implies that 0% (A*z) < lim, o 0%, (A*z,) = 0 and enforces 0% (A*z) = 0.
By our assumption, this implies (b, z)y < 0. In this case, we have

[ynlly (=(bs2n)y +€) < Je(yn) < M,
and at the limit we again reach a contradiction. O
Let us now prove Theorem (i), namely the following Proposition.

Proposition 3.1. We have the equivalence

be A(P,) <<= VYyeV, ok (A"y)=0 = (b,y), <0.

Proof. Assume that b € A(P,): we may find (w,) € PY such that the sequence (Aw, ) converges to b. By
contradiction, and using Lemma [3.1] assume that there exists y € Y such that A*y € Py and (b,y), > 0.
Then we should have

0> <A*y7wn>X = <yaAwn>Y — <yvb>Y > Oa
which is impossible.

We now tackle the converse assertion, assuming that, for all y € Y, og, (A*y) =0 = (b,y)y < 0.
By Lemma this implies that infyey J.(y) > —oo for all € > 0. Combined with (14)), this concludes

the proof that b € A(P;).
O

We can sum up the relationship of the auxiliary optimisation problems (P:)—(D,) to the approximate
Farkas problem in this way:

Corollary 3.1. The following propositions are equivalent:
(i) be A(P,);
(i1) For all e > 0, inf ey Jo(y) > —o0;

(i) For alle >0, admits a solution x%.

Proof. The implication (i) = (ii) is a consequence of Proposition [3.1 and Lemma [3.2]
The implication (i) = (i4i) is a direct consequence of the strong duality given in Proposition

m. = —infy J. < 400 and is hence attained at a minimiser z.
Finally, recalling the implication given in the introduction, (é#¢7) implies that for all € > 0 there
exists ¥ € P, such that ||Az} —b|ly <e¢, i.e., b € A(P,). O

3.1.2 Constructive characterisation and uniqueness

We now turn to the proof of Theorem [L.5( (i). The previous section already provides the existence of a
solution =% to (Pc)), and a minimiser for the dual functional J., under the assumption that b € A(P;).
We now prove that this dual minimiser is always unique:

Proposition 3.2. Ifb € A(P,), then J. admits a unique minimiser for all € > 0.
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Proof. Since b € A(P,), Lemma shows that for all ¢ > 0, J. has a finite infimum, which is in fact a
minimum.

Let € > 0 be fixed, and denote by X* the set of minimisers for the primal problem , and by Y*
the set of minimisers for the dual problem . Let (z*,y*) € X* x Y* be a primal-dual optimal pair,
which exists by Corollary [3.1}

If ||b]ly < e, 2* =0 is an optimal primal variable since || A0 — b||y = ||b|ly < e. But jk,.(x) = 0 if and
only if x = 0 by Lemma i), hence 0 is the unique optimal primal variable. In particular, AX* = {0}.

If Iblly > e, 0 ¢ X* so m.>0. By (I2), minJ. < 0 and thus 0 ¢ Y*. Then, the relation y* €

—(%m(Ax*) of , implies that Az* must lie at the boundary of B(b,e). Since X* is convex, so is

AX*. Hence, AX* is a convex subset of the boundary of B(b,¢), i.e., the sphere {y € Y, ||y — b|ly = €}.
The closed ball being strictly convex in the Hilbert space Y, any convex subset of its boundary must be
a singleton. Thus, there exists some b* € B(b,e) with ||b* — b||y = & such that

AX* = {b*}. (15)

Thus, in any case, the set AX™* is always reduced to a single point, which we can denote b* in general.
We now return to the inclusion y* € 785W(Ax*) = faém(b*). First assume |[|b]ly < ¢, then

b* =0 and y* € 735m(0). If ||blly <€, 0 € B(b,¢e), and thus the latter subdifferential reduces to {0},

leading to y* = 0. Otherwise, ||b|ly =&, 0 € 9B(b,¢) and we find

Y e {)\i )\>0} — [\b, A > 0.

Restricting the function J. to the above half-line, using the homogeneities of each of its terms, and the
fact that ||b||y = ¢, we get
Yo(A) := J(Ab) = agA?, A >0,

where ay = %O’%(T(A*b). It is clear that 0 is the unique minimiser of 7. In other words, we have proved
y* = 0 whenever ||b]ly <e.

Now assume ||b||y > e. In this case, note that y* # 0, since otherwise the dual problem would admit
the minimum 0, hence the primal optimisation problem would also be of minimum 0. If so, z = 0 is an
optimal primal variable, which would mean that ||A0 — b|ly = ||b|ly < e, a contradiction.

To prove the uniqueness of y* # 0, we argue as follows. Since b* lies at the boundary of B(b,¢), we
have

y*e{A(b_Eb*>,)\20}{A(bb*),Azo}.

Restricting J. to the above half-line as previously, we find

YA) = oAb — b)) = a1 A\ +as), A >0,

where, using [|b — b*[|y = ¢ and the homogeneities involved a; = 0% (A*(b—b*)) and az = —(b,b —

b*)y + €2. Because J. is bounded below and has negative minimum, we must have a; > 0 and ay < 0.
Consequently, v has a unique minimiser \* := —52 > 0. Hence, y* = A*(b—b), and the dual optimal

variable is unique. O

Combined with Lemma this proves Theorem (¢) regarding the characterisation of minimisers
for (P.).

3.2 Exact solvability

Since we are interested in exact solvability, we set ¢ = 0 and will be using the corresponding dual
functional Jy. We here prove Theorem [L.3| (4¢), and then Theorem [1.5] (i7).
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Lemma 3.3. The following holds:

C>0, vy ey, (by)y <Cox (Ay) = inf Jo(y) > —co.
Y

Proof. A lower bound for Jj is readily derived:

Yy ey, Jo(y) =ik (A*y) — (by)y > Lok (A*y) — Cok, (A™y).

r

2

Since the function z — %z — z is lower bounded on R, so is Jj. O

We can now prove Theorem (1), which we restate in the following proposition:

Proposition 3.3. We have the equivalence
be A(P,) <<= 3C>0,YeY, (by)y, <Cog, (A™y).
If b € A(P,), the best constant C' is given by C = /2.

Proof. Assume that b € A(P,). Let € P, be such that Az = b. Since z € P,., we may write x = jg, (z) v
with v € K, by Lemma [A1|iv). For all y € Y, we write

<b’y>Y = <A‘T7y>Y = <xﬂA*y>Y =Jjk.(x) (v, A%y) < Cok, (A%y),

with C' = jg, (z). By minimising over all possible € P, such that Az = b, we may in fact set C' = /2.
We now assume that the inequality holds. In this case, Lemma 3.3 shows that Jj has a finite infimum,
and we may conclude that b € A(P,) by (L4). O

We can now state the analog of Corollary [3.1] for exact solvability problems:
Corollary 3.2. The following propositions are equivalent:
(i) be A(P);
(ii) infyey Jo(y) > —o0;
(iii) The primal problem (Py) admits a solution x*.

Proof. The implication (i) = (i¢) is a consequence of Proposition and Lemma [3.3]

The implication (i4) = (ii¢) is a direct consequence of the strong duality given in Proposition
w9 = —infy Jy < +00 and is hence attained at a minimiser z*.

Finally, recalling the implication given in the introduction, (i#) implies that Az* = b, i.e., b €
A(PR,). O

To prove Theorem (i1), we now let b € A(P,.). Note that, in contrast to approximate solvability
problems, the associated dual functional Jy does not always admit a minimiser, even though its infimum
is finite. As a result, even though a minimiser x* always exists for (Pp), the constructive characterisation
@ may not be available. However, under the hypothesis that Jy does admit a minimiser, we can apply
Lemma 2] with ¢ = 0 and conclude.

3.3 Closed convex case

We now turn to the particular case of closed convex cones, described by Theorems [I.2] and [I.4] Let P,
be a closed and convex cone containing 0. Then, noting that cone(P. N B(0,1)) = P., we have a natural
generating set P. N B(0, 1) which is a closed, convex and bounded set containing 0.

Lemma 3.4. Let K, := P, N B(0,1). Then for all x € X, there holds

ok, (2) = [lzgllx  and ok, (2) ok, ) () = {wy}.
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Proof. Let us start with the case where zy = 0. In this case x € P?, hence ok, (z) < 0, and since K,
contains 0, we have ox, (z) = 0 = ||z4+| x. Hence, both identities hold.

Now assume that x4 # 0. For all v € K., i.e., v € P, with |jv]|x <1,

(0,2)x = (v,24)x + <v,$7>x < (i) x < [llxllzslx <zl

where equality is attained with the choice v = == H since (z4,2_)y = 0. Hence, ok, (z) = |lz4| x.

Let us show is the unique choice to reach equality. Indeed, if v € P,, ||v]|x < 1 is such that

Ty
M+ 1x
(v,2) 5 = llz-|1x, then

24 lx = (z4,0)x < llegllxlvllx < flegflx-
All these inequalities must be equalities, thus enforcing ||v||x = 1 on the one hand, and nonnegative

linear dependence of v and x, on the other hand, which amounts to v = ”;ﬁ We have proved

0(ok,)(z) = {”“H }, and hence ok, (z) 0(ok,)(z) = {z4}. O

Lemma 3.5. Let K, := P, N B(0,1). If b € A(P,), then for every ¢ > 0, (PS") admits a unique solution.
If b € A(P,), then (P§!) admits a unique solution.

Proof. In both cases, we know that the primal problems reach their infima, which we denote %()\;)2
(resp. £(A*)?). Since the objective functionals are convex, the sets of minimisers are convex, and are
subsets of A*S! (resp. A\*S!) where S* is the unit sphere of X. The latter set being strictly convex, both
sets of minimisers are reduced to a singleton. O

Lemm and combined with Theorem (resp. Theorem [1.5) proves Theorem (resp.
1.4)

Theorem

3.4 Optimality conditions and constructiveness

Recall that, for a given € > 0, a primal-dual optimal pair (z*,y*) satisfies 2* € ok, (A*y*) ok, (A*y*).
Most of what follows is dedicated to analysing this very inclusion in various cases. This will allow us to
prove Proposition [I.1] and Theorem [.6]

3.4.1 Cone generated by a bounded closed convex set

Here, we assume that P, = cone(K,.) with K, a closed convex bounded set containing 0. As a result, P,
is convex but not necessarily closed.

In this general setting, the set o, (z) (oK, )(z) is not necessarily reduced to a singleton for a given
r € X.

Lemma 3.6. Assume that holds. Then,
VyeY, ok, (A"y) 0ok, (A"y) is reduced to a singleton.
Proof. Let x € X. Let us first remark that the latter set is never empty, because
0ok, (x) = {v € K, (z,v)x = sup (x,v)x} ,
veK,

and the weakly continuous function v — (z,v)x is bounded and attains its supremum on the weakly
compact set K.

Since ok, (x) = 0 if and only if z € P,
with the equivalence

and by definition of the cone of singular vectors, we end up

r 7

ok, (x) 0ok, () is reduced to a singleton <= € P? Using(K,)°.
Under , we obtain the result by applying the above to x = A*y for y € Y. O

This Lemma then immediately yields Proposition [T.1]
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3.4.2 General cone

Here, we assume that P is any cone containing 0, K is a bounded set containing 0 such that cone(K) = P.
Then, we let K, := conv(K) and P, = cone(K,). Recall that the assumption refers to the inclusion
Ran(A*) C P? Using(K,)¢, while refers to the assumption ext(K,) C K.

Lemma 3.7. Assume that — holds. Then,
Yy €Y, ok, (A%y)0ok, (A"y) is reduced to a single element in P.

Proof. By Lemma we know that ok (A*y) ok, (A*y) is reduced to a singleton. If ox (A*y) = 0,
this singleton equals 0, which is an element of P. If o, (A*y) # 0, then this singleton is a multiple of
a unique vector v in K, maximising the function v — (A*y,v)x over K,. The set of maximisers of a
convex function over a convex set must contain at least an extreme point. Hence, v is in fact in ext(K,),
and by (E), it is an element of K. Consequently, ok, (A*y) d(ck,)(A*y) contains the single element
ok, (A*y) v, which lies in the cone cone(K) = P. O

This lemma, combined with Corollary [2.1]and Theorems [1.4] and [1.5] respectively, completes the proofs
of Theorem (¢) and (i%) respectively.

4 Dual attainment and shared normal vectors

In this Section, we discuss further the constructive character of our approach. Constructiveness is to
be understood here in the sense that an exact (or approximate) solution z* to can be characterised by

z* € F(y"),

where y* € Y, F is a set-valued mapping on Y, and both y* and F can be approximated numerically. The
situation is even more favorable if the identity above completely characterises z* - i.e., F(y*) is reduced
to a singleton.

Given Theorems|[I.4} [[.5]and [I.6] we will consider the more specific terminology of a weakly construc-
tive solution for situations where the dual problem admits a minimiser, which leads to a constructive
characterisation by Theorems and The more amenable situation where the saddle-point
relation uniquely defines x* corresponds to what we call a constructive solution.

Let us first remark that, by Theorem our method is always weakly constructive for approximate
resolution. We thus focus this section’s study to the problem of exact resolution.

4.1 Conditions for the dual problem to attain its infimum

Recall that Theorems [I.2] and rely on an unusual application of Fenchel-Rockafellar’s duality theorem,
in which regularity conditions on the dual problem are assumed, leading to the solution of the
primal problem being reached at a minimiser z* if the infimum value of the primal problem is finite.
This approach does not, however, tell us whether the dual problem reaches its infimum, as remarked in
Theorem [[.41

Still, it is clear from Theorems and that if the dual problem admits a minimiser y*, then our
method is weakly constructive through the saddle-point condition

" € o (A*y*) Dok (A y™).

It is therefore natural to explore sufficient (potentially necessary) conditions for which the dual func-
tional reaches its infimum. There is extensive literature on this matter. Let us mention, in close relation
to our work, the articles [24] 25], which study the constrained linear equation by considering a linear
auxiliary optimisation problem and its dual. In these works, the author derives sufficient conditions for
the dual to reach its infimum. In particular, one of these sufficient conditions is for to have a solu-
tion, along with a generalised Slater condition. In a more general framework, [6] provides a necessary
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and sufficient condition, but it requires knowing the infimum of the primal problem and hence usually is
intractable from the practical point of view.

Various sufficient conditions have been proposed, relying on appropriate strong duality: under a reg-
ularity condition on the primal problem, the primal and dual problems have the same value and the dual
problem reaches its infimum if it is finite. The idea is thus to formulate weaker regularity conditions
on the primal problem (using weakened notions of the relative interior) that still ensure strong duality
see [16], [4, [B [2, B]. Relying on the notions of quasi-relative interior (and strong quasi-relative interior,
respectively)Eone such rather weak condition is 0 € sqri(P—{z € X, Az = b}) [5]. Some relevant settings
covered by all these works are:

e the case where P = X,
e when X is of finite dimension, the case where P is a subspace of X,
e when Y is of finite dimension, the case where b € A qri(P) provided that qri(P) # 0.

The first two conditions are somewhat restrictive, while the last condition is difficult to check in
practice, since it requires knowledge about the set of solutions to the affine equation Az = b in relation
to the cone P,, which is precisely what we hope to study.

Another possible way to proceed would be to exploit the saddle-point conditions directly:

Lemma 4.1. Let K be a bounded closed convex set containing 0, and P = cone(K). Suppose that
b € A(P), so that the primal problem admits a minimiser x*. Then, y* € Y is a minimiser to the dual
problem if and only if

¥ € og(A"y*) Dok (A™y").

Proof. Given that x* is a minimiser for the primal problem, y* is a minimiser if and only if (z*, y*) fulfill the
saddle-point conditions (13). Given that, by hypothesis, Az* = b, we have 00y (Ax*) = 0oy (b) =Y.
Hence, the second saddle-point condition is always satisfied, and the first saddle-point condition is a
necessary and sufficient condition for y* to be a minimiser for the dual problem. O

A sufficient condition for constructiveness immediately follows:

Lemma 4.2. Let P be a closed convex cone, K :== PN B(0,1).
If P C ran(A*), then for every b € A(P), the solution to s constructive.

Proof. Let b € A(P), and denote z* a solution to . By hypothesis, there exists y* € Y such that
a* = A*y*. Then, * = A*y* = (A*y*); = ok (A*y*) Dok (A*y*) by Lemma [3.4] O

For the remainder of this section, we shall endeavour to study the problem of minimising the dual
functional, by finding vectors that satisfy the saddle-point condition. In the next subsection, we shall see
how this can be understood through a geometric interpretation.

4.2 Geometric interpretation: shared normal vectors
In this section, unless otherwise stated, we operate under the following assumptions:

Assumption 4.1.

e K C X is a bounded, closed and convex set containing 0. We define, as usual, P = cone(K). Recall
that P is not necessarily closed.

e b#O.

IFor a subset C of a Hilbert space H, the quasi-relative interior qri(C) is the set of vectors x € H such that cone(C — x)
is a subspace of X, while the strong quasi-relative interior sqri(C) is the set of vectors z € H such that cone(C — z) is a
closed subspace of X.
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e the primal problem (Py) has a solution x* # 0, i.e., Ax* =b and
. 9 9 )
mo = jinf 3jk(2) = 3k (z) = 3A".

Under the two first assumptions, and if b € A(P), then the last assumption is automatically satisfied

as per Corollary
Note that we thus have A~*(b) = 2*+ker(A). Then, clearly, for any z € A~ (b), we have Ny-1 ) (z) =

(Ker(A))t = ran(A*).
On the other hand, recall that by property of the support function, for any convex set C' C X, and
for any v € X,

OJoc(v) = argmax(z,v) x.
zeC

Moreover, by definition of the normal cone, we have
v € No(z) < z € doc(v). (16)

We now establish a proposition that gives us a necessary, and sometimes sufficient, condition for the
dual problem to reach its infimum. It relies on the notion of shared normal vectors.

Definition 4.1 (Shared normal vector). Let Cy,Co C X be closed convex sets and x € C1 N Cy. Given a
vector v € X, we say that Cy and Cy share the normal vector v at x if v € N, () N Ng, (), i.e., the two
sets admit a common supporting hyperplane at the contact point x with normal v.

Proposition 4.1. Under Assumption [[.1], the properties

(i) the dual problem reaches its infimum at y* €Y,

(ii) the conver sets A~1(b) and \*K share a nonzero normal vector v € X at their contact point x*,
such that the regularity condition holds:

(v,2%)y = or g (V) > 0, (17)
satisfy (i) = (i1). Moreover, if ran(A*) is closed, (i) < (ii).
Proof. We first prove (i) = (4i). Assuming (¢), recall the optimality condition
x* € o (A*y") dox (A" y™).
Strong duality (Proposition implies
L2 = m = —min Jy = ~dox (4G + {by) = ~ o (A7) + (dx*,y).
The optimality condition above clearly implies that (z*, A*y*) = ok (A*y*)? so that we have
L2 = Log (A7),
i.e., , since ok (A*y*) > 0 by property of K,
0 <N =og(A"y").

In particular, this yields the regularity condition .
We can then rewrite the optimality condition as

T* e 80,\*K(A*y*),
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which, thanks to , implies that A*y* € Ny-g(z*). On the other hand, since A*y* € ran(A4*) C
(ker(A))* = Ny—1,(x*), this proves (ii).

To prove the converse under the hypothesis that ran(A*) is closed, first note that (ker(4))t =
ran(A*) = ran(A*). Thus, if A*K and A~'(b) share a normal vector v, then there exists y € Y such
that v = A*y, and we can write, by definition of Ny« (2*),

2% € Bone i (A*y) = N 9ow (A™y).

Moreover, by hypothesis, ox (A*y) = %(A*y,x*)x > 0. We can then define

* A*

A*
o € N 0ok (Ay) = m/w doi (A*y*) = o (A*y*) Do (Ay*).

Using the notations introduced when discussing Fenchel-Rockafellar duality, namely F = % j% and G =
d1py, the above rewrites

Then,

* e 5‘(%0%)(%1*7;*) = OF*(A*y™).
Hence
Az* =be AOF* (A*y™),

which is equivalent to
0 € AOF"(A"y") —0G™(y") = 0 (F" 0 A" + G*(—)) (y") = 0Jo(y").

Note that the above computation on subdifferentials is guaranteed by the sufficient stability condition
used to establish strong duality [22], namely

A*dom G*(—+) Ncont(F*) # 0.

Hence, the dual problem reaches its infimum at y*. O

4.3 On the existence of shared normal vectors

Given the above section, we now focus on the existence of shared normal vectors between the sets \*K
and A~'b. We begin with a counterexample in infinite dimension.

A counterexample in infinite dimension: convex cone (not closed), no shared normal vectors.
We here here heavily draw from [I, Example 6.11 iv].

Let X = (%(N), let {e,}nen be a Hilbert basis of X. We define the following convex, closed, bounded
set:

C:= {x:zxnen, —27"§xn§47n, VnGN}

neN

This set generates a dense cone (see [I]), but not the whole space. Define

T* = g 27 "e,.

neN

Then, —z* € C but 2* ¢ C. Define the following generating set

K::C+x*:{x:anen, 0<x, <47 4277, VnEN},
neN
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which is clearly convex, bounded, closed, and contains 0. Moreover, z* € K, ji(z*) = 1.
Let Z C N such that card(Z) < 4occ. Then, for any A € L(X,Y") such that ker(A) = Span{e,, n € 7},
: 9 9
xEx*l—&I-lker(A) %jK(x) - %jK(x*) - %
Hence, K, A, and 2* satisfy Assumption with \* = 1.
Now, by density of cone(C),
(K —2")° = C° ={0},
i.e.,
Ni(z*) = {0}
Hence,
N (2%) N Na-1)(2%) = {0},

i.e., there are no nontrivial shared normal vectors, even though z* minimises % j% on A=1(b). By Propo-
sition the associated dual problem does not have a minimiser even though its infimum is finite.

An important partial result on the existence of shared normal vectors. The above counterex-
ample precludes any general result on shared normal vectors in infinite dimension. However, in finite
dimension, we are able to prove a positive result:

Lemma 4.3. Suppose that X has finite dimension. Then, under Assumption MK and A7'b share
a nonzero normal vector in x*.

Proof. We proceed by contradiction. Suppose that A*K and A~'b do not share a nonzero normal vector
in z*:
NA—I(b) (I*) N N)\*K(I*) = {O},
i.e.
(MK —2*)° Nran(A*) = {0}.
Taking the cones generated by the sets involved above, we arrive at
cone (K — 2*)°) Nran(A*) = {0}.
By the elementary result @[), we then have
(cone(\*K — z*) + ker(A))° = {0},

i.e.,

cone(\*K — a*) + ker(4) = X.

In finite dimension, it is standard that a dense convex set is the whole space. Indeed, if it were not
the whole space, it would be included in a closed half-space [2I][Corollary 11.5.2], and such a half-space
cannot be dense.

Hence, we obtain that for any v > 0, va* € cone(\*K — z*) + ker(A). That is, there exist p > 0, k €
K, v € ker(A) such that

ve* = p(Nk —2a*) + v,

i.e.,
(v + p)ax* = pA*k + v,
i.e.,
o+ = LNk e ker(A),
v+ p

which implies
AW +v) =b (et +0) = SEoX <N = i jic(a),

we thus arrive at a contradiction.
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4.4 On the regularity condition

Notice that, in Proposition the condition (v,2*) > 0 for the shared normal vector v might not
seem very natural in the context of a geometric interpretation. We now show a simple counterexample,
illustrating how the unfavorable situation (v, z*)x = 0 can in fact occur even in simple settings.

Shared normal vectors, no minimiser for the dual functional (closed cone) Take X = R3,
Y = R?, @ > 0, and let P be the convex closed cone given by

P = {(w1,22,25) €R®, 23>0, 27 +23 <a’a3},

and denote as usual K := PN B(0,1). One easily checks that

P° = {(ml,xg,xg) €ER3 23<0, 22 +23 < ﬁx%}

1 0 - 0
A‘_(a 1+ a? 1)’ b_<1>'

1'* = (H%7071+%) EP7 Ax*:b

Now define

One easily checks that

Moreover, given the set of solutions
A7Y(b) = 2* + ker(A) = {(ﬁ —as,s, 1y —5), s € R} ,
we have
A7) NP = {a*}).

Hence, z* is also a (in fact, the) solution to the primal problem .
Let us here denote \* = ||2*|| x. We have on the one hand

ran(A*) = Span{(1,0, —a); (o, 1 + o?, 1)},
and on the other hand, using Lemma [A74]
Ny« (z*) = cone({2*}) + P° N {z*}*.

Now, it is clear that
P° N {z*}* = cone({(1,0, —a)}) C ran(A*).

Moreover, z* ¢ ran(A*), so that finally
Ny (x*) Nran(A*) = P° N {z*}+.

In particular, all shared normal vectors of A=!(b) and A\*K are normal to z*, which by Proposition
implies that the dual problem associated to b does not have a minimiser, even though its infimum is finite.

A sufficient condition. In the above counterexample, \* K and ran(A*) share nontrivial normal vec-
tors, but they are all orthogonal to x*. We now give a sufficient condition under which this type of
situation cannot arise. Its proof is based on a separation result between two well-chosen convex sets.

Proposition 4.2. We work under Assumption[[.1] and assume furthermore that P is closed, that K =
PN B(0,1), and that ran(A*) is closed.
If for all x € P, Span({z}) + P is closed, then the dual problem always admits a minimiser.
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Proof. Since ran(A*) is closed, by Proposition the dual problem admits a minimiser if and only if
there exists a vector v € Ny~ (2*) Nran(A*) such that (v,2*)x > 0. Proceed by contradiction: suppose

ran(A*) N{v € Nx«x(z*), (v,z*) >0} = 0.
Since, for any v € N« g (z*), (v,2*)x > 0, this also writes
Nk (2%) Nran(A*) = Na«g (%) N N -1 (%) C {Jc*}.l (18)
Recall now that, by Lemma since ||z*]|x = A*,
Ny (z*) = cone({z*}) + P° N {z*}*

S0
{v € Nx+g(z¥), (v,2) >0} = {pz* +v, p>0, ve P°N{z*}+},

and, by linearity, our assumption implies

ran(A*) N (z* + B(0,1) N P° N {z*}1) = 0.

Now since the sets in the above intersection are convex and closed, and z* + B(0,1) N P° N {z*}*+ is
(weakly) compact, we can use a strict separation theorem: there exists h € X, h # 0 and « > 0 such that

Yo e B0,1)NP°N{z*}t, YyeY, (ha*+uv)x < (hAy)x —a. (19)

For the above inequality to hold, one must have h € ran(A*)+ = ker(A), which leads to

VYo e B(0,1)NnP°n{z*}t, (h,a* +v)x < —a.
Since cone(z* + B(0,1) N P° N {z*}1) C Ny~ (x*), this implies that h € Ny« g (2*)°.
Now, using in order Lemma and the identities @ (since P and {z*}* are closed cones),

Ny (2%)° = (cone({z*})+P°N{z*}*)° = cone({z*})°N(P°N{z*}*)° = cone({z*})°NSpan({z*}) + P.
By hypothesis, Span({z*}) + P is closed, so we obtain
h € ker(A) Ncone({z*})° N (Span({z*}) + P).

Now, without loss of generality, we write h = px* + ¢, with p € [-1,1] and o € P. Then, for s € [0, 1],
1+ sp>0and
x* +sh = (1+sp)x* +sxo € PNATL(D),

since P + P C P, by definition of a convex cone. Moreover, considering f : s ~ ||z* + sh||%, we find
that f/(0) = 2(z*,h)x < —a < 0, from (I9). Hence, for s small enough, ||z* + sh|% < [z*|x, and
x* + sh € PN A~1(b), which contradicts the definition of z*.

O

A Elementary results in convex analysis

We here gather several basic results used throughout the work. We do not claim any originality, but
provide them here for completeness and readability.

Throughout this subsection, we let H be a Hilbert space and C' be a non-empty, bounded, closed and
convex set containing 0.

Lemma A.1. For any u € H, one has

(1) jo(u) =0 < u=0,
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(i1) for any o> jo(u), u € aC,
(i) for any a >0, jo(u) <a <= wue€aC,
(v) u € cone(C) <= wu € jo(u)C.

Proof. 1If jo(u) = 0, then we may find (g,) with ¢, > 0, &, — 0 and (c,,) € CY such that for all n € N,
U = €pcy. Since C' is bounded, we uncover u = 0 at the limit n — +oo. The converse assumption is
trivial since 0 € C, so (i) is proved.

Since a > jo(u), we may find jo(u) < 8 < a such that u € SC. Hence there exists ¢ € C such that
u= fec= a(gc) = a(gc +(1- g)O) The vector gc appears as the convex combination of ¢ € C' and
0 € C, which shows that u € aC and proves (ii).

Let « >0 and u € H. If u € aC, then jo(u) < a by definition. Conversely, assume jo(u) < a. We
may find a sequence (o,) with a, > « converging to a. Since a,, > jo(u), (ii) ensures the existence of
¢n € C such that u = ay¢, < ¢, = a;lu. Passing to the limit n — +oo (since a > 0), we find that
(¢n) converges to ¢ := a~lu. By closedness of C, ¢ € C, showing that u € aC and finishing the proof
of (iii).

Let w € H. If w = 0, the equivalence is clear: 0 € cone(C) by the assumption 0 € C, and since
jo(u) =0, any v € C is such that 0 = u = jo(u)v = 0. Now assume that v # 0. By (i), we know that
jo(u) # 0, hence if u = jo(u)v with v € C, we have u € cone(C'). Conversely, if u € cone(C), we use (iii)
with a = jo(u) > 0, showing that u € a«C = jo(u)C, as wanted.

O

Lemma A.2. There hold
(Z) jC S FO(H);
(i) 0% € To(H), Lj2 € To(H) and (5j2)" = Lo2.

Proof. Since jo > 0 and jo(0) = 0, jo is proper. The convexity of jo is standard, see for instance [I]
(Example 8.27). Let us prove that jo is lower semicontinuous. Given a > 0, we shall establish that
{x € H, jo(x) < a}, is closed. let (z,) be a sequence taking values in the previous set, converging
to x € H. By Lemma (iv), we may write x,, = jo(xn)v,, with (v,) € CY. Upon extracting a
subsequence, we may assume that (v, ) converges weakly to some v € C, by sequential weak compactness
of C, and that the bounded sequence (jc(x,)) converges to some A > 0 with A < . Hence, (z,,) converges
weakly to Av, which by uniqueness of the weak limit entails x = Av, showing that jo(z) = A < a, as
wanted.

Let us now address (ii). We rather show that (502)* =
Moreau’s theorem. Since 0 € C, o > 0. If f € T'o(H), f
and 152 € To(H).

Now let us prove the equality. For 2 = 0, it holds true since j(0) = 0 and ($02)*(0) = —1 infycy 02 (y) =

[ I
IV &,

2., which will prove the identity by Fenchel-
0, then f2 € To(H). Hence 202 € I'((H)

0.
We now assume that o # 0. For f € Tg(H) and g € T'g(R) non-decreasing, we recall the composition

formula T
(901" (@) = inf (g"(e) +af" (%)),
with the convention that for a = 0, 0 f*(¥) = 0aom(s)(y). Hence for x € H \ {0}, one finds

(%U?J)*(I) = I;% (%oﬂ —|—a§c(2)) = mf ( a +a5c(9:)>

f ) =152
(a>0H;:€aCa 2jc<£)’

Q -

N

where we discarded o = 0 since

X
060(6) = Udom(ac)(x) = O'H(I) = 5{0}(33) = +00,
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using that dom(o¢) = H, by boundedness of C. O

Lemma A.3. If 0 is in the interior of C' relative to the cone it generates, i.e., if

36 >0, cone(C)N B(0,0) C C,
then cone(C) is closed.

Proof. Let (p,) € cone(C)N be a convergent subsequence, of limit p € H. By Lemma iv), we may
write p, = A\nc, with (c,) € CY and )\, = jo(pn). If p = 0, there is nothing to prove, so we may assume
p # 0. Since (¢,) is bounded by hypothesis, and (p,) converges to p # 0, liminf A,, > 0. Hence, if (A\,) is
upper bounded, then upon extraction we may write A, — A with A # 0. In this case, we find that (c,)
converges to ¢ := £. Since C' is closed, we have ¢ € C' and hence p = Ac € cone(C).

To conclude, we only need to show that ()\,) cannot have a diverging subsequence. By contradiction,
assume that it is the case: upon extraction, we may assume that A\, — +o0o as n — +oo. Then we

may form the sequence w, = A;l/Qpn = /\}/ch. This sequence satisfies w, — 0 as n — 400 as well as

(wy,) € cone(C)N. We also compute jc(w,) = A;l/zjc(pn) = M\/? = 400 as n — +o00. Hence for n large
enough we have both w,, € cone(C) N B(0,d) and w, ¢ C, contradicting the assumption that 0 is the
interior of C relative to cone(C). O

Finally, we prove a technical Lemma which will help us characterise various situations with a closed
cone P.

Lemma A.4. Let P be a closed convex cone, and K := PN B(0,1). For A >0 and x € AK, we have the
following characterisation for the set of normal vectors Nk (x):

cone({x n{z}t i jr(x) =
Nyk(z) = {PO ﬂ(}xil—kp ) oj:f}]zfriuile. )

Proof. Recall that, using the definition of o and Lemma [3.4]

v € Nag(z) < x € dorg(v)
— JAog(v) = {(x,v)x
= Alogllx = (v, @) x + (v—, 2)x.

Now, for v € X, (v_,z)x < 0 because z € P, v_ € P°. Moreover, if x € doxg (v), then ||z||x < A since
K c B(0,1), and

Mlogllx = oax(v) = (v, 2)x = (v4, 2)x + (V- 2)x < AJvg|x + (v—, 2)x < Alloyllx.
Hence, the inequalities above are equalities, which yields
v € Nag(z) <= (v_,2)x =0, Alvillx = (v4,2)x.

Now, jr(xz) < A. If this inequality is strict, then A||vi|x = (v4,2)x <= vy = 0. Otherwise,
lz||x = jx(z) = X and, since vy € P, Mvy||x = (v4,2)x <= Jp >0, v = pz, which concludes the
proof. O
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