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Abstract

Fluctuating hydrodynamics provides a quantitative, large-scale description of many-body
systems in terms of smooth variables, with microscopic details entering only through a
small set of transport coefficients. Although this framework has been highly success-
ful in characterizing macroscopic fluctuations and correlations, a systematic derivation
of fluctuating hydrodynamics from underlying stochastic microscopic dynamics remains
obscure for broad classes of interacting systems. For stochastic lattice-gas models with
gradient dynamics and a single conserved density, we develop a path-integral based
coarse-graining procedure that recovers fluctuating hydrodynamics in a controlled man-
ner. Our analysis highlights the essential role of local-equilibrium averages, which go
beyond naïve mean-field–type gradient expansions. We further extend this approach to
interacting Brownian particles by coarse-graining the Dean–Kawasaki equation, reveal-
ing a mobility proportional to the density and a diffusivity determined by the thermody-
namic pressure.
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1 Introduction

Hydrodynamics is a coarse-grained description of many-particle systems at a macroscopic
scale, formulated in terms of a few slow degrees of freedom [1–8], compared to thermody-
namically many microscopic variables. These slow variables relate to local conservation laws,
such as those of mass, momentum, and energy, which constrain the microscopic dynamics such
that their relaxation occurs over large length and time scales. The hydrodynamic description
expresses the evolution of these slow conserved variables through classical partial differential
equations, obtained by combining continuity equations with constitutive relations that en-
code transport properties. This coarse-grained description captures the average dynamics of
extended many-particle systems at large length and long times without explicit reference to
precise microscopic details.

The deterministic description of classical hydrodynamics, however, does not tell the full
story as residual fluctuations persist even in large systems and over long times. Coarse-graining
the microscopic dynamics by integrating out the fast degrees of freedom leaves a stochastic
imprint on the slow conserved modes. Though typically small compared to the mean, these
fluctuations become particularly relevant in non-equilibrium settings [9–12] and play a crucial
role in generating long-range spatio-temporal correlations [13–17], nonlocal response to per-
turbations [18], anomalous transport [19,20], rare-event phenomena [21–23], and dynamical
phase transitions [12,24–26]. To account for them, classical hydrodynamics must be extended
to include a consistent stochastic description, giving rise to fluctuating hydrodynamics.

The conventional approach for classical hydrodynamics [2,3] already illustrates the foun-
dations of fluctuating hydrodynamics. The simplest route [11,27,28] is to combine local con-
servation laws with phenomenological constitutive relations, such as Fick’s law for diffusion
or Fourier’s law for heat transport. A more systematic derivation comes from kinetic theory,
where one starts from the Boltzmann equation [29, 30] and extracts macroscopic transport
equations and coefficients through controlled expansions. Projection-operator methods [31]
provide yet another formalism by formally separating the slow conserved modes from the fast
microscopic ones. Most earlier discussions [2,13,32] along this direction are confined to small
typical fluctuations around classical hydrodynamics.

Fluctuating hydrodynamics extends these early descriptions by supplementing determin-
istic conservation laws with multiplicative noise terms that describe even large fluctuations
of the slow conserved fields around their mean behavior. The structure of these noise terms
is fixed by the underlying symmetries and conservation laws, while their strength is deter-
mined by equilibrium response functions. A natural perspective on their origin comes from
an intermediate, mesoscopic description: the system is partitioned into cells large enough to
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contain many degrees of freedom yet small enough to disregard fluctuations. The currents of
conserved quantities exchanged between cells then become stochastic variables. This leads
to stochastic conservation laws whose deterministic part reduces to classical hydrodynamics,
while the noisy component encodes the residual fluctuations that persist at this scale.

In this way, fluctuating hydrodynamics serves as a bridge between microscopic models
of many-particle systems and the emergent behavior observed on macroscopic scales. It not
only characterizes the average transport laws of slow conserved modes but also provides a
consistent statistical description of their fluctuations, making it a powerful framework for the
study of a broad class of systems both in and out of equilibrium. This description constitutes
the essence of the Macroscopic Fluctuation Theory (MFT) [9–12,28] that was formulated for
large deviations studies of non-equilibrium dynamics.

Despite immense activities in past decades, a genuinely bottom-up derivation of fluctu-
ating hydrodynamics from the underlying stochastic microscopic dynamics remains largely
obscure [33–36]. In this Article, we propose a systematic coarse-graining method that re-
produces quantitative fluctuating hydrodynamic description [11,12] for the macroscopic evo-
lution of slow conserved fields in extended stochastic many-particle systems. Our coarse-
graining method, relying on Physics toolbox, is conceptually simple, broadly applicable to a
wide range of many-particle systems, and, crucially, provides precise quantitative predictions
for atypical fluctuations, particularly large deviations.

In this Article, we focus on the simplest setting of a class of diffusive systems that conserves
a single quantity locally. Let ρ(x , t) denote the coarse-grained density field of the conserved
quantity. Conservation requires that ρ obeys a continuity equation, with the associated current
consisting of a deterministic diffusive part and a stochastic part. Incorporating both contribu-
tions leads to the stochastic diffusion equation describing the evolution of the density field

∂tρ = ∂x(D(ρ)∂xρ) +
1
p
ℓ
∂x

�
Æ

σ(ρ)η
�

, (1)

where the two transport coefficients, the diffusivity, D(ρ) and the mobility, σ(ρ), encode all
the relevant microscopic details [11, 12, 28, 37]. The parameter ℓ here denotes the coarse-
graining scale and η(x , t) is a zero-mean Gaussian white noise, delta-correlated in space and
time with unit strength. In Table 1, we list the transport coefficients of some well-known
interacting particle systems which we reproduce using our coarse-graining method. For time-
reversible dynamics in the bulk, the transport coefficients are related by fluctuation dissipation
relation 2D(ρ) = σ(ρ) f ′′(ρ), where f (ρ) is the canonical free energy density [11,37] (inverse
temperature β is absorbed in the definition). This draws equivalence of (1) to the stochastic
Model B in the Hohenberg–Halperin classification [38],

∂tρ = ∂x

�

σ(ρ)
2
∂x

d f (ρ)
dρ

�

+
1
p
ℓ
∂x

�
Æ

σ(ρ)η
�

. (2)

Note that f ′′(ρ) = βρ−1P ′(ρ) relates transport coefficients to thermodynamic pressure P(ρ)
and equivalently f ′′(ρ) = βρ−2κ−1 to the isothermal compressibility, κ [2,19,20,39].

In this Article, we present a systematic derivation of (1) for a class of stochastic lattice
gas and overdamped Langevin particles with short-range inter-particle interactions. For the
latter, our discussion is about coarse-graining the associated Dean-Kawasaki equation [40–42].
Our analysis utilizes a path-integral representation [43] of the stochastic partial differential
equation (1) using the Martin-Siggia-Rose-Janssen-De Dominicis (MSRJD) formalism [44–47].
In this representation, the transition amplitude from an initial density profile ρ(x , 0) to a final
one ρ(x , T ) following (1) is

Pr (ρ(x , T )|ρ(x , 0)) =

∫ ρ(x ,T )

ρ(x ,0)
[Dbρ] [Dρ]exp

¨

−ℓ
∫ T

0

dt

�∫

dx (bρ∂tρ)−H [ρ, bρ]

�

«

, (3a)
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Figure 1: SSDEP: A schematic of the dynamics of the symmetric simple double ex-
clusion process (M = 2) on a one-dimensional lattice. Filled circles denote occupied
sites, while open circles represent empty sites. Arrows indicate the allowed particle
hops, each occurring with rate 1.

where bρ is the response field and the effective Hamiltonian

H [ρ, bρ] =

∫

dx
�

∂x bρ

�

σ(ρ)
2
∂x bρ − D(ρ)∂xρ

��

. (3b)

The exponential weight in (3a) defines the ‘hydrodynamic action’. In writing (3) we follow
the Itô convention.

Our coarse-graining method derives the path probability (3a) starting from the micro-
scopic dynamics. This requires constructing a similar path integral representation of micro-
scopic variables [21, 48] (see also [35, 49, 50]) and averaging the corresponding path proba-
bility over a local equilibrium measure where microscopic variables are locally in equilibrium
with respect to a smoothly varying average field ρ(x , t). This local equilibrium averaging of
microscopic variables [2] is an essential step that extends the coarse-graining beyond mere
gradient-expansions.

We explicitly demonstrate our method for a class of exclusion processes [51–53] in which
particles perform symmetric nearest-neighbor hopping subject to extended hard-core or soft
repulsive interactions, highlighting the crucial role played by the gradient-structure of the
hopping rates [54]. We also show that the same coarse-graining method applies to systems of
interacting Brownian particles described on microscopic scales by the Dean-Kawasaki equa-
tion [41]. The coarse graining demonstrates how inter-particle interactions in the Dean-
Kawasaki equation re-normalizes the diffusivity in the fluctuating hydrodynamics description.
This allows us to recover fluctuating hydrodynamics equations [19,20,39,42] that were pre-
viously argued using the fluctuation-dissipation relation.

We organize our Article in the following order. In Section. 2 we introduce the coarse-
graining approach for lattice models and subsequently in Section. 3 we extend the approach
for the Dean-Kawasaki equation. In Section. 4 we present numerical confirmation of the fluc-
tuating hydrodynamics for specific model dynamics. The appendix contains a discussion for
general dynamics emphasizing the importance of the underlying gradient structure and the
appropriate local equilibrium averaging.

2 Lattice models: Exclusion processes

2.1 Symmetric Simple Double Exclusion Process

We consider an extension of the Symmetric Simple Exclusion Process (SSEP) that accounts for
excluded-volume effects of extended hard-core particles on a lattice, known as the Symmetric
Simple Double Exclusion Process (SSDEP). In the SSDEP, as in the SSEP, particles obey on-site
exclusion. In addition, each particle also blocks its immediate neighboring sites from being
occupied. The dynamics is a continuous-time Markov process: at rate 1, a particle hops to
its right or left neighbor, provided that both the target site and the nearest neighbor sites are
vacant. A schematic of the dynamics is given in Fig. 1.
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The microscopic model Diffusivity, D(ρ) Mobility, σ(ρ)
Zero Range Process g ′(ρ) 2g(ρ)

Symmetric Simple Exclusion Process 1 2ρ(1−ρ)

Symmetric Simple Multiple Exclusion Process
1

[1− (M − 1)ρ]2
2ρ(1−Mρ)
1− (M − 1)ρ

Symmetric Simple Partial Exclusion Process N 2ρ(N −ρ)

Symmetric Simple Inclusion Process K 2ρ(K +ρ)

Kipnis-Marchioro-Presutti Model 1 2ρ2

Brownian Hard Rods
1

(1− aρ)2
2ρ

Short-range interacting Brownian particles β
dP(ρ)

dρ
2ρ

Table 1: Transport coefficients for different models of diffusive transport recovered
using our coarse-graining method. The Symmetric Simple Multiple [51,55] and Par-
tial [36, 53] Exclusion Processes generalizes the paradigmatic model of the SSEP.
Setting M = 1 and N = 1 respectively, reduces the models to the SSEP. The Symmet-
ric Simple Inclusion Process [56], on the other hand, is an ‘attractive’ counterpart of
the SSEP. The Zero Range Process [57] and the Kipnis-Marchioro-Presutti model of
heat conduction [58] also allow for an explicit derivation of the fluctuating hydro-
dynamics using the gradient structure of the microscopic current and known local
equilibrium measures [59,60].

We denote by ni(τ) the occupation number of the i-th site at time τ, which, in accordance
with the on-site exclusion rule, takes the value 1 if the site is occupied by a particle and 0 if
it is vacant. Furthermore, we use Yi(τ) to denote the net hopping across the bond connecting
sites i and (i+1) during the infinitesimal time interval from τ to τ+dτ. For the model under
consideration, Yi(τ) takes the values {±1, 0} with the respective probabilities given as follows

Yi(τ) =



















1 with prob. ni(τ)
�

1− ni+1(τ)
� �

1− ni+2(τ)
�

dτ , (4a)

−1 with prob. ni+1(τ)
�

1− ni(τ)
� �

1− ni−1(τ)
�

dτ , (4b)

0 with prob. 1−
�

ni(τ)
�

1− ni+1(τ)
� �

1− ni+2(τ)
�

+ni+1(τ)
�

1− ni(τ)
� �

1− ni−1(τ)
��

dτ . (4c)

Local particle conservation relates the occupation and hopping variables via the discrete con-
tinuity equation

ni(τ+ dτ)− ni(τ) = Yi−1(τ)− Yi(τ) , (5)

valid for all sites i and times τ.
The exact microscopic configuration of the system at time τ is specified by the set of the oc-

cupation variables n(τ)≡
�

. . . , ni−1(τ) , ni(τ) , ni+1(τ) , . . .
	

while the evolution is governed
by the sequence of hopping variables

�

. . . , Yi−1(τ) , Yi(τ) , Yi+1(τ) , . . .
	

. We denote the ini-
tial configuration at τ= 0 by nini ≡ n(0) and the final configuration at τ= T by nfin ≡ n(T ).
We follow [21, 35, 48, 49] and obtain the transition probability determining the microscopic
evolution of the system. It is given by the sum of probabilities of all possible histories between
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nini and nfin which we formally write as a constrained path integral

Pr (nfin|nini) =

∫ nfin

nini

[Dn]

�M−1
∏

k=0

∞
∏

i=−∞
δni(k dτ+dτ)−ni(k dτ) , Yi−1(k dτ)−Yi(k dτ)

�

Y

, (6)

where δa,b is the Kronecker delta function, Mdτ = T with an infinitesimal dτ, and the path
integral measure

∫

[Dn]≡
M−1
∏

k=1

∞
∏

i=−∞

1
∑

ni(k dτ)=0

The angular bracket 〈. . . 〉Y denotes an average over all hopping events {Yi(τ)} in the duration
T . Using an integral representation δa,b = (2πi)−1 ∫ πi

−πi dz e−z(a−b) for integers a and b, we
write

Pr (nfin|nini) =

∫ nfin

nini

[Dbn] [Dn] e−
∑M−1

k=0

∑∞
i=−∞ bni(k dτ) [ni(k dτ+dτ)−ni(k dτ)]

�

e
∑M−1

k=0

∑∞
i=−∞ bni(k dτ) [Yi−1(k dτ)−Yi(k dτ)]

�

Y

, (7)

with the path integral measure on bn defined as

∫

[Dbn]≡
M−1
∏

k=0

∞
∏

i=−∞

1
2πi

∫ πi

−πi

dbni(k dτ)

For a given set of occupation variables, the average over Y can be exactly computed using
the probability of the hopping variables in (4). To proceed, we use a summation by parts and
write for each time-index k

∞
∑

i=−∞
bni

�

Yi−1 − Yi

�

=
∞
∑

i=−∞

�

bni+1 − bni

�

Yi . (8)

Using (4), we then obtain
¬

e(bni+1−bni)Yi
¶

Yi
≃ edτ[(ebni+1−bni−1)ni(1−ni+1)(1−ni+2)+(e−bni+1+bni−1)ni+1(1−ni)(1−ni−1)] , (9)

where ≃ denotes the leading-order term in the dτ→ 0 limit. Using this result for averages in
the path integral (7), we write in the dτ→ 0 limit,

Pr (nfin|nini) =

∫ nfin

nini

[Dbn] [Dn]eK+H , (10a)

where

K = −
∞
∑

i=−∞

∫ T

0

dτ bni(τ)
dni(τ)

dτ
, and (10b)

H =
∞
∑

i=−∞

∫ T

0

dτ
�

�

ebni+1(τ)−bni(τ) − 1
�

ni(τ)
�

1− ni+1(τ)
� �

1− ni+2(τ)
�

+
�

e−bni+1(τ)+bni(τ) − 1
�

ni+1(τ)
�

1− ni(τ)
� �

1− ni−1(τ)
�

�

. (10c)

6
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We propose a systematic way to derive the hydrodynamic path probability (3) of the coarse-
grained density field from the microscopic propagator in (10). Assuming local equilibrium, the
steps shown below are justified in Appendix A through an explicit bottom-up construction of
the path integral (3) for the coarse-grained density field, and the final results are successfully
compared to numerical simulations in Section. 4 and to known results in Table 1.

We denote by ℓ≫ 1 a large hydrodynamic scale — large compared to spatial correlation
lengths in equilibrium — and assume that over lengthscales of order ℓ, the system is described
by a smoothly-varying coarse-grained density field ρ(x , t). To leading order in ℓ, this means
that

〈ni(τ)〉 ≃ ρ
�

i
ℓ

,
τ

ℓ2

�

, (11)

where the average 〈. . . 〉 now denotes a spatial or temporal average over mesoscopic scales—
much larger than the correlation length or time of the microscopic degrees of freedom in
the equilibrium dynamics but much smaller than the hydrodynamic scale given by ℓ. That
the coarse-grained density field varies over timescales of order ℓ2 is expected for diffusion-
dominated dynamics like in the SSDEP. We also assume that local statistics of the occupa-
tion variables ni(τ)—when probed over length- and time-scales small compared to ℓ and ℓ2

respectively—can be approximated using the equilibrium measure at a mean density given
by the local value of the coarse-grained density field ρ(x , t). This is the essence of the local
equilibrium hypothesis [2,3].

To complete our construction of the fluctuating hydrodynamics, we further require that
the conjugate variables bni can be directly approximated by a smoothly-varying response field
as

bni(τ)≃ bρ
�

i
ℓ

,
τ

ℓ2

�

, (12)

so that bni+1(τ)− bni(τ) ∼ ℓ−1 and a gradient expansion of terms involving bni in (10) can be
performed. It is important to stress here that a naive expansion of the microscopic occupation
numbers in terms of gradients of ρ(x , t) would lead to incorrect results due to the existence
of correlations in the local equilibrium measure.

To proceed further, we expand the effective Hamiltonian (10c) of the microscopic action up
to second order in the gradients of the response field. For notational convenience, we define

r+i (τ) = ni(τ)
�

1− ni+1(τ)
� �

1− ni+2(τ)
�

, (13a)

r−i (τ) = ni+1(τ)
�

1− ni(τ)
� �

1− ni−1(τ)
�

, (13b)

the rates at which a particle jumps from site i to i + 1 and from site i + 1 to i respectively. We
get

H ≃
∞
∑

i=−∞

∫ T

0

dτ

�

�

bni+1(τ)− bni(τ)
��

r+i (τ)− r−i (τ)
�

+

�

bni+1(τ)− bni(τ)
�2

2

�

r+i (τ) + r−i (τ)
�

�

. (14)

The first term in (14) can now be expressed in terms of the discrete Laplacian of the response
field, making both terms second order in the gradient expansion. In fact, the average current
between sites i and i + 1 is a discrete gradient as seen from r+i (τ) − r−i (τ) = hi(n(τ)) −
hi+1(n(τ)) with

hi(n) = ni + ni−1ni+1 − ni−1nini+1 . (15)

7
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This allows us to perform an integration by part in (14) and to obtain

H ≃
∞
∑

i=−∞

∫ T

0

dτ

�

�

bni+1(τ)− 2bni(τ) + bni−1(τ)
�

hi(n(τ))

+

�

bni+1(τ)− bni(τ)
�2

2

�

r+i (τ) + r−i (τ)
�

�

. (16)

The action in (10) can now be straightforwardly expressed in terms of the smoothly-varying
response field bρ and its gradients, but the introduction of the coarse-grained density field
requires more care. In (16), both terms inside the sum scale as ℓ−2. Furthermore, the con-
tributions coming from the response field are slowly varying over scales of order ℓ. The law
of large numbers and the local equilibrium hypothesis, see Appendix A, thus allow us to ob-
tain the fluctuating hydrodynamics action to leading order in ℓ by replacing the contributions
coming from the microscopic occupancy numbers by their average over the local equilibrium
measure. In terms of the rescaled space and time coordinates (i,τ)→ (x , t) =

�

i/ℓ,τ/ℓ2
�

, we
thus get the transition probability of the coarse-grained density field as

Pr (ρ(x , T )|ρ(x , 0))≃
∫ ρ(x ,T )

ρ(x ,0)
[Dbρ] [Dρ]e−ℓS[ρ,bρ] , (17a)

with T = T /ℓ2 and where the action is expressed from (10b) and (16) as

S[ρ, bρ] =

∫ T

0

dt

∫ ∞

−∞
dx

�

bρ(x , t)∂t〈n〉x ,t + ∂x bρ(x , t)∂x〈h〉x ,t

−
(∂x bρ(x , t))2

2

�




r+
�

x ,t +



r−
�

x ,t

�

�

. (17b)

Here, the measure 〈. . . 〉x ,t corresponds to equilibrium averages at a mean density ρ(x , t).
Unlike in the SSEP, the two-point correlation does not factorize [55, 61] and the averaging
over the local equilibrium measure is more involved than simply replacing the occupation
numbers by the coarse-grained density field. In fact [55,61],

〈nini+2〉x ,t =
ρ(x , t)2

1−ρ(x , t)
and 〈nini+1ni+2〉x ,t = 0 . (18)

To conclude, we thus get

S[ρ, bρ] =

∫ T

0

dt

∫ ∞

−∞
dx

�

bρ∂tρ +
1

(1−ρ)2
∂x bρ∂xρ −

ρ(1− 2ρ)
1−ρ

(∂x bρ)
2

�

. (19)

The corresponding fluctuating hydrodynamic equation (1) is then explicitly given as

∂tρ = ∂x

�

1
(1−ρ)2

∂xρ

�

+
1
p
ℓ
∂x

�√

√2ρ(1− 2ρ)
1−ρ

η

�

, (20)

where η is a Gaussian noise with mean 〈η(x , t)〉 = 0 and covariance



η(x , t)η(x ′, t ′)
�

=
δ(x − x ′)δ(t − t ′). The expression of D(ρ) and σ(ρ) from (20) agrees with reported values
in [55,61–63].
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1 1 1 1 1 1

Figure 2: SSTEP: A schematic of the dynamics of the symmetric simple triple exclu-
sion process (M = 3) on a one-dimensional lattice. Filled circles denote occupied
sites, while open circles represent empty sites. Arrows indicate the allowed particle
hops, each occurring with rate 1.

2.2 Generalization to Symmetric Simple Multiple Exclusion Process

Next, we generalize our derivation of fluctuating hydrodynamics to a scenario where the vol-
ume exclusion extends to multiple neighboring sites [51,52,55,61] around the site occupied
by a particle. In this model, a particle simultaneously occupies (M − 1) adjacent sites on ei-
ther side of its current site. We refer to this generalization as the Symmetric Simple Multiple
Exclusion Process (SSMEP). The system evolves in continuous time respecting the extended
hard-core constraint where a particle at the i-th site hops to the (i+1)-th site provided that the
sites i + 1, i + 2, . . . , i +M are vacant. Similarly, the particle at i-th site hops to the (i − 1)-th
site provided that the sites i − 1, i − 2, . . . , i − M are all vacant. A schematic of the case for
M = 3 (the Symmetric Simple Triple Exclusion Process) is shown in Fig. 2.

Following the steps outlined previously for the SSDEP, we arrive at the coarse-grained tran-
sition probability and the corresponding fluctuating hydrodynamic equation, respectively

Pr (ρ(x , T )|ρ(x , 0))≃
∫ ρ(x ,T )

ρ(x ,0)
[Dbρ] [Dρ]e−ℓ

∫ T
0 dt

∫∞
−∞ dx

h

bρ∂tρ+
1

[1−(M−1)ρ]2
∂x bρ∂xρ−

ρ(1−Mρ)
1−(M−1)ρ (∂x bρ)2

i

,

(21)
and

∂tρ = ∂x

§

1
[1− (M − 1)ρ]2

∂xρ

ª

+
1
p
ℓ
∂x

�√

√ 2ρ(1−Mρ)
1− (M − 1)ρ

η

�

. (22)

The transport coefficients for the SSMEP thus read,

D(ρ) =
1

[1− (M − 1)ρ]2
and σ(ρ) =

2ρ(1−Mρ)
1− (M − 1)ρ

. (23)

Substituting M = 1, we recover the results for the SSEP, corresponding to the case with no
exclusion beyond the site being currently occupied, while M = 2 leads to our results for the
SSDEP.

Let us trace out the crucial steps in the coarse-graining for the Symmetric Simple Triple
Exclusion Process (SSTEP) which corresponds to the M = 3 case. For the SSTEP, the right and
left hop rates across the (i, i + 1)-bond in (13) modifies to

r+i = ni(1− ni+1)(1− ni+2)(1− ni+3) (24a)

r−i = ni+1(1− ni)(1− ni−1)(1− ni−2) (24b)

This reveals a gradient structure where the average current across the (i, i + 1)-bond is a
discrete gradient as seen by writing r+i − r−i = hi(n)− hi+1(n) with

hi(n) =ni + ni−2ni+1 + ni−1ni+2 + ni−1ni+1 − ni−2ni−1ni+1 − ni−1nini+2

− ni−2nini+1 − ni−1ni+1ni+2 − ni−1nini+1 + ni−2ni−1nini+1 + ni−1nini+1ni+2. (24c)

This gradient structure allows us to write the hydrodynamic action for the SSTEP in a similar
form in (17b) with h and r± given in (24c) and (24), respectively. For computing the local

9
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equilibrium averages in (17b) we use the known local equilibrium state [55, 61] for SSTEP
and write

〈hi〉x ,t = 〈ni〉x ,t + 〈ni−2ni+1〉x ,t + 〈ni−1ni+2〉x ,t =
ρ(x , t)

1− 2ρ(x , t)
(25a)

and




r+i
�

x ,t = 〈ni〉x ,t − 〈nini+3〉x ,t =
ρ(x , t) (1− 3ρ(x , t))

1− 2ρ(x , t)
(25b)




r−i
�

x ,t = 〈ni+1〉x ,t − 〈ni−2ni+1〉x ,t =
ρ(x , t) (1− 3ρ(x , t))

1− 2ρ(x , t)
(25c)

where we used the fact that the rest of the terms in (24) and (24c) contribute zero owing to
the 3-site exclusion. The resulting action (21) with M = 3 gives the associated fluctuating
hydrodynamics for SSTEP.

For SSMEP the crucial step in averaging the microscopic occupation variables with the local
equilibrium measure comes from the fact that the only non-vanishing contribution comes from
terms containing the product of occupation variables of sites separated by exactly (M−1) sites
and are given by [55,61]

〈ni ni+M 〉x ,t =
ρ2(x , t)

1− (M − 1)ρ(x , t)
. (26)

The denominator accounts for the volume exclusion where the sites i and i+M can be simul-
taneously occupied if and only if all (M − 1) intermediate sites are vacant. The rest of the
calculation for arriving at (22) is straightforward.

We now make an important observation. Let us take the lattice spacing to be of unit length.
Then, the SSMEP describes particles of effective length M ≡ a that hop in discrete steps of unit
size. Taking the limit of M ≫ 1, we find that the transport coefficients in (23) reduce to

D(ρ)≃
1

(1−Mρ)2
and σ(ρ)≃ 2ρ , (27)

which coincide with those of a gas of Brownian hard rods [63–65] (see Table 1). This confirms
the intuition that a suitable continuous limit (large-M limit) of the lattice-model of extended
hard-core particles, describes the large-scale dynamics of the continuum model of Brownian
hard rods of finite length.

2.3 Symmetric Simple Partial Exclusion Process

We next consider a variation [36,53,66,67] of the symmetric simple exclusion process, where
the hard-core constraint on at most one particle per site at a given moment is relaxed such
that each site can accommodate as many as N particles. Particles hop to either of its nearest-
neighboring sites at a rate which is proportional to the number of vacancies in the target
site [36, 53, 66, 67]. More precisely, a hopping-event occurs from site i to site i ± 1 at a rate
ni(N − ni±1), i.e.,

r+i = ni(N − ni+1) (28a)

r−i = ni+1(N − ni) (28b)

We refer to this dynamics as the Symmetric Simple Partial Exclusion Process (SSPEP).
Similar to the SSDEP, for this model as well, the average current across the bond (i, i + 1)

exhibits a discrete gradient structure with the local h-function,

hi(n) = Nni . (28c)

10
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Figure 3: SSPEP: A schematic of the dynamics of the Symmetric Simple Partial Exclu-
sion Process for the case where threshold occupation per site is N = 2. Particles are
indicated by filled circles, while the empty circles denote vacancies. Allowed nearest
neighbor hops are indicated by arrows with the corresponding hopping rates for in-
dividual particles.

The coarse-graining is similarly done using the path-integral approach as for the SSDEP in
Section. 2.1 with the changes coming only at the equilibrium averages of the hopping rates.
For the SSPEP, we use the known [68,69] local equilibrium measure to compute

〈hi(n)〉x ,t = N〈ni〉x ,t = Nρ(x , t) (29a)

and



r+
�

x ,t = N〈ni〉x ,t − 〈nini+1〉x ,t = ρ(x , t) (N −ρ(x , t)) , (29b)



r−
�

x ,t = N〈ni+1〉x ,t − 〈ni+1ni〉x ,t = ρ(x , t) (N −ρ(x , t)) . (29c)

This leads to the hydrodynamic action (3b) and subsequently, the fluctuating hydrodynamic
equation (1) with the transport coefficients D(ρ) = N and σ(ρ) = 2ρ(N −ρ) (see Table 1).

Another variation of this model [70] is to set the hopping rate of a particle to 1 irrespective
of the number of vacancies in the target site, which amounts to the rate of hopping from site
i to sites i ± 1 being ni {1− [ni±1(ni±1 − 1) . . . (ni±1 − N + 1)]/N !} with exclusion constraint
incorporated. This choice breaks the gradient structure of the hopping rates [70,71] which is
essential in our coarse-graining method.

3 Langevin dynamics: Interacting Brownian particles

We now consider a system of N Brownian particles moving on the real line and interacting
through a symmetric pairwise potential V (x − y). For our discussion we consider short-range
potentials [72–74] where V (x) is decaying faster than 1/x2 therefore avoiding equilibrium
phase transitions. The stochastic dynamics of the i-th particle in the overdamped limit is given
by the Langevin equation

Ẋ i(τ) = −µ
∑

j ̸=i

∂X i
V
�

X i(τ)− X j(τ)
�

+
p

2D0ζi(τ) , (30)

where µ denotes the particle mobility and D0 is the bare diffusion coefficient, related to µ
via the Einstein–Smoluchowski relation D0 = µ/β at thermal equilibrium. The noise terms
ζi(τ) are independent Gaussian white noises with zero mean 〈ζi(τ)〉= 0 and unit covariance



ζi(τ)ζi′(τ′)
�

= δi,i′δ(τ−τ′).
The Dean-Kawasaki equation [40–42] provides an exact stochastic evolution for the mi-

croscopic empirical density

ϱ(X ,τ)≡
N
∑

i=1

δ(X − X i(τ)) . (31)

11
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It takes the form of a continuity equation

∂τϱ(X ,τ) = −∂X j(X ,τ) , (32a)

where the current is decomposed into a deterministic component, describing average trans-
port, and a fluctuating component, capturing the intrinsic noise from the underlying Brownian
dynamics, j = jdet + jfluc. The deterministic contribution comes from diffusive flux due to the
density gradient, and an interaction-driven drift arising from pairwise forces

jdet(X ,τ) = −D0∂Xϱ(X ,τ)−µϱ(X ,τ)

∫ ∞

−∞
dY ∂X V (X − Y )ϱ(Y,τ) , (32b)

and the fluctuating component

jfluc(X ,τ) =
Æ

2D0ϱ(X ,τ)ξ(X ,τ) , (32c)

where ξ(X ,τ) is a Gaussian white noise having zero mean 〈ξ(X ,τ)〉= 0 and is delta-correlated
in space and time with unit covariance




ξ(X ,τ)ξ(X ′,τ′)
�

= δ(X − X ′)δ(τ − τ′). In writing
(32b) we follow the Itô convention.

A coarse-grained description of the Dean-Kawasaki equation (32) is the fluctuating hydro-
dynamics equation (1) with the diffusivity D(ρ) = βP ′(ρ) and linear mobility σ(ρ) = 2ρ (see
Table 1). It is evident that under coarse-graining the interaction term in (32b) re-normalizes
the bare diffusivity D0 which a simple rescaling of coordinates fails to offer. In the following
we show how this coarse-graining can be systematically performed leading to (1).

We follow a scheme similar to that described in Section. 2 for the lattice model. The
transition amplitude between initial ϱini ≡ ϱ(X , 0) and a final ϱfin ≡ ϱ(X ,T ) following Dean-
Kawasaki equation (32) has a path-integral representation [44–47,75,76]

Pr (ϱfin|ϱini) =

∫ ϱfin

ϱini

[Dbϱ] [Dϱ]e−
∫ T

0 dτ
�

∫∞
−∞ dX (bϱ∂τϱ)−H(bϱ,ϱ)

�

(33a)

with an effective microscopic Hamiltonian

H (bϱ,ϱ) =

∫ ∞

−∞
dX∂X bϱ (D0ϱ∂X bϱ + jdet) . (33b)

In overdamped interacting Brownian systems, the dynamics is diffusive and thus at large
times τ ≫ ℓ2 ≫ 1, fluctuations in regions of length smaller than ℓ effectively reach a local
equilibrium [2, 3]. By construction the length ℓ is much larger than the equilibrium correla-
tion length. The local statistics of ϱ(X ,τ) can thus be approximated by the local equilibrium
measure corresponding to a smoothly varying coarse-grained density profile

〈ϱ(X ,τ)〉 ≃ ρ
�

X
ℓ

,
τ

D0ℓ2

�

. (34)

As in Sec. 2, we further assume that we can take the response field as being smoothly varying

bϱ(X ,τ)≃ bρ
�

X
ℓ

,
τ

D0ℓ2

�

. (35)

In the microscopic action (33a-33b), the only nonlinear term in the density field comes from
the deterministic current jdet. As for the SSDEP, we note that jdet has a gradient structure [2]
since it can be expressed as the divergence of the Irving-Kirkwood tensor [77],

jdet = −∂X

�

D0ϱ(X ,τ)−
µ

2

∫ ∞

−∞
dY V ′(Y )Y

∫ 1

0

dλϱ(X −λY,τ)ϱ(X + (1−λ)Y,τ)

�

. (36)

12
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The gradient structure extends to higher dimensions for isotropic pair-potential [77]. This
structure (36) makes it straightforward to follow the coarse-graining procedure outlined in
Sec. 2.

Re-scaling space and time in (33a) as (X ,τ) → (x , t) =
�

X/ℓ,τ/(D0ℓ
2)
�

, we write the
transition amplitude for the coarse-grained density field

Pr (ρ(x , T )|ρ(x , 0)) =

∫ ρ(x ,T )

ρ(x ,0)
[Dbρ] [Dρ]e−ℓS[ρ,bρ] , (37a)

where we denoted T = T /
�

D0ℓ
2
�

, and with the action

S[ρ, bρ] =

∫ T

0

dt

∫ ∞

−∞
dx

�

bρ∂tρ − ∂ 2
x bρ

�

ρ −
β

2

∫ ∞

−∞
dY
�

V ′(Y )Y

×
∫ 1

0

dλ



ϱ(X −λY,τ)ϱ(X + (1−λ)Y,τ)
�

x ,t

��

−
�

∂x bρ
�2
ρ

�

. (37b)

Equation (37b) features the two-point correlation function ρ(2) at a separation Y of a homo-
geneous equilibrium system at density ρ(x , t),

〈ϱ(X −λY,τ)ϱ(X + (1−λ)Y,τ)〉x ,t = ρ
(2)[ρ(x , t)](Y ) . (38)

We see that the hydrodynamic action (37b) can be written in terms of the equilibrium equation
of state for the pressure [77]

βP(ρ) = ρ −
β

2

∫ ∞

−∞
dY Y V ′(Y )ρ(2)[ρ] (Y ) , (39)

and we get

S[ρ, bρ] =

∫ T

0

dt

∫ ∞

−∞
dx
�

bρ∂tρ + βP ′(ρ)∂x bρ∂xρ −ρ(∂x bρ)
2
�

. (40)

Two comments are in order. First, by comparing the transition probability of the coarse-grained
profile for interacting Brownian particles (37a) with that for arbitrary diffusive systems (3),
we establish a general relation between the pressure, a static equilibrium observable, and the
diffusivity, a dynamic non-equilibrium observable as D(ρ) = βP ′(ρ). Second, we see that the
collective mobility of interacting Brownian particles is given by σ(ρ) = 2ρ regardless of the
specific form of the two-body interaction. These results were previously argued based on the
fluctuation-dissipation relation [19,20,39,42,78].

The fluctuating hydrodynamic equation corresponding to the hydrodynamic action in (37a)
explicitly reads

∂tρ = ∂x

�

βP ′(ρ)∂xρ
�

+
1
p
ℓ
∂x

�p

2ρη
�

, (41)

with 〈η(x , t)〉 = 0 and



η(x , t)η(x ′, t ′)
�

= δ(x − x ′)δ(t − t ′). For Brownian hard-rods of
length a, with interaction potential

V (r) =

(

∞ for |r|< a ,

0 for |r| ≥ a ,
(42)

the thermodynamic pressure for the system βP(ρ) = ρ/(1 − aρ) [79] gives the diffusivity
reported in Table 1.
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The microscopic model



Q2
T

�

c

�p
T




X 2
T

�

c

�p
T

Symmetric Simple Double Exclusion Process
2ρ̄(1− 2ρ̄)
p
π

2(1− 2ρ̄)
p
πρ̄

Symmetric Simple Triple Exclusion Process
2ρ̄(1− 3ρ̄)
p
π

2(1− 3ρ̄)
p
πρ̄

Symmetric Simple Multiple Exclusion Process
2ρ̄(1−M ρ̄)
p
π

2(1−M ρ̄)
p
πρ̄

Brownian hard rods
2ρ̄(1− aρ̄)
p
π

2(1− aρ̄)
p
πρ̄

Short-range interacting Brownian particles
2ρ̄

p

πβP ′(ρ̄)

2
p

πβP ′(ρ̄)ρ̄

Table 2: Variance of time-integrated current and tagged-particle displacement on an
infinite line with uniform average density ρ̄.

4 Numerical confirmation of the fluctuating hydrodynamics

We perform three independent tests to numerically validate the fluctuating hydrodynamics
description of the models discussed in this Article.

The first test compares the numerical integration of the hydrodynamic equation (1) without
the noise term against the evolution of the average density obtained from simulations of the
microscopic stochastic dynamics. For the microscopic dynamics, we use the Gillespie algorithm
for the lattice models, while for the Langevin particles we integrate the stochastic equation on
a periodic geometry. The hydrodynamic equation is solved numerically using the standard
Fourier pseudo-spectral method [80], with nonlinear terms evaluated in real space using the
2/3 dealiasing rule [80]. Time integration is performed in Fourier space using a standard
third-order Runge–Kutta (RK3) method with time step dt = 10−7.

Our second numerical test confirms statistics of macroscopic observables predicted using
the fluctuating hydrodynamics equation (1). We consider two well-known observables: the
time-integrated current QT and the position of a tagged particle XT measured over a time
duration T . On an infinite one-dimensional line with initial uniform density profile, QT is the
net particle flux measured over a duration T across the origin, while XT is the net displacement
of a particle in time T . For a single-file diffusive system, where particles preserve their rank due
to hard-core constraints, the first two non-trivial cumulants of QT and XT were derived using
the fluctuating hydrodynamics description (1). For a system with uniform average density ρ̄,
the mean 〈QT 〉 and 〈XT 〉 are zero, while their variance is [19,20,37]




Q2
T

�

c ≃
σ(ρ̄)

p

πD(ρ̄)

p
T and




X 2
T

�

c ≃
σ(ρ̄)

ρ̄2
p

πD(ρ̄)

p
T , (43)

for large T . A list of explicit results for the models considered in this Article are given in Table
2.

Explicit expressions for higher-order cumulants of QT and XT beyond fourth order are
generally not available [81]. An important exception is the SSEP, for which the full large-
deviation statistics have been computed, allowing a complete validation of the predictions
of fluctuating hydrodynamics [11, 82, 83]. For other models, such as the SSMEP or generic
Langevin gases, analogous large-deviation results are not known.

For the Symmetric Simple Partial Exclusion Process (SSPEP), the transport coefficients are
related to those of the SSEP by a simple rescaling, which enables an explicit determination of
the large-deviation statistics in this case as well. Our third numerical test therefore focuses
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on validating the large-deviation statistics of QT in the SSPEP using a rare-event simulation
method. Details of these numerical tests are presented below.

4.1 Symmetric Simple Multiple Exclusion Process

We examine the two models of SSMEP—the SSDEP (M = 2) and the SSTEP (M = 3)—to
validate their hydrodynamics. Specifically, we compare the evolution of the noiseless hydro-
dynamic equation (1) with microscopic Monte-Carlo simulations on a periodic lattice of size
L = 512. The initial condition is a step density profile with densities ρa = 0.2 and ρb = 0.1 on
the two halves of the system. In the microscopic simulations, we measure the time evolution of
the averaged occupation numbers 〈ni(t)〉 and compare them with the coarse-grained density
field ρ(x , t) obtained via the mesoscopic averaging defined in Eq. (11). The microscopic sim-
ulations agree well with the noiseless hydrodynamics when using ℓ= 64 (ℓ is the mesoscopic
length in (11) with 0 ≪ ℓ ≪ L.), as shown in Fig. 4a and Fig. 5a for the SSDEP and SSTEP
respectively.

Next, to study the variance of the time-integrated current and the tracer position, we con-
sider the infinite-geometry case. The initial configuration is sampled from the steady state: we
prepare a Bernoulli product measure at density ρ, with a length constraint and a designated
tracer particle fixed at the origin x = 0. The numerical results for the variance of the current
Q t are presented in Fig. 4b and Fig. 5b for the SSDEP and SSTEP respectively, and show excel-
lent agreement with the theoretical predictions summarized in Table 2. We also numerically
verify the tracer-position variance in Fig. 4c and Fig. 5c for the two models.

4.2 Brownian gas with WCA interactions

To validate the hydrodynamic equation (41) for the continuum models, we study a Brownian
gas with Weeks-Chandler-Andersen(WCA) interaction [84],

V (r) =







4ϵ
�

�a
r

�12
−
�a

r

�6�

+ ϵ for |r|< 21/6a

0 for |r| ≥ 21/6a
(44)

where ϵ is the strength of the repulsion and a denotes the characteristic interaction length.
The exact equation of state for the pressure is unknown, but it can be approximated at low-
to-moderate densities using the virial expansion. For For β = 1,ε = 1 and a = 1, it reads
as [39,85]

P(ρ) = ρ + 1.01561ρ2 + 1.02977ρ3 , (45)

so the diffusivity D(ρ) = βP ′(ρ) becomes

D(ρ) = 1+ 2.03122ρ + 3.08931ρ2 . (46)

Using these transport coefficients, we first numerically verify the noiseless hydrodynamic equa-
tion (1) against microscopic dynamics given in (30) with (44). The microscopic dynamics are
integrated with the Euler-Maruyama scheme using a timestep dt = 10−4 on a ring of length
L = 1200. Initial configurations are deterministic step profiles with ρa = 0.15 and ρb = 0.1.
The coarse-grained microscopic density matches the hydrodynamic prediction (with meso-
scopic length ℓ= 150) as show in Fig. 6a.

We also verify the theoretical expressions for the variance of the time-integrated current
and of a tracer particle. For these confirmations we simulated a ring of length L = 5000 at
global density ρ = 0.2 using a timestep dt = 10−4 . Initial configurations were sampled from
the steady state. The long-time variances of the current and tracer measured in microscopic
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Figure 4: Symmetric Simple Double Exclusion Process: (a) Time evolution of the
hydrodynamic density ρ(x , t) starting from a step profile ρ(x , 0). The solid lines
represents the noiseless hydrodynamic evolution of (1) and markers represent the
numerical simulations of the microscopic dynamics on a ring of size L = 512. (b)
and (c), the solid line represent the theoretical results for the variance of current and
tracer position in an infinite geometry as given in Table 2 respectively, while the points
represent the numerical simulation. Parameters: ρ = 0.1, and 106 realizations.

simulations closely follow the theoretical predictions, as summarized in Table 2 and shown in
Fig. 6b and Fig. 6c respectively.

4.3 Symmetric Simple Partial Exclusion Process

Using the relation between the transport coefficients of the SSPEP and the SSEP, we show that
for the former, the scaled cumulant-generating function of the time-integrated current

µ(λ,ρa,ρb) = lim
T→∞

ln



eλQT
�

p
T

, (47)

is given via a simple relation

µSSPEP(λ,ρa,ρb) = N3/2µSSEP

�

λ,
ρa

N
,
ρb

N

�

, (48a)
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Figure 5: Symmetric Simple Triple Exclusion Process: (a) Time evolution of the
hydrodynamic density ρ(x , t) starting from a step profile ρ(x , 0). The solid lines
represents the noiseless hydrodynamic evolution of (1) and markers represent the
numerical simulations of the microscopic dynamics on a ring of size L = 512. (b)
and (c), the solid line represent the theoretical results for the variance of current and
tracer position in an infinite geometry as given in Table 2 respectively, while the points
represent the numerical simulation. Parameters: ρ = 0.1, and 106 realizations.

with the scaled cumulant-generating function in the SSEP [82,86] given by

µSSEP(λ,ρa,ρb) =
1
π

∫ ∞

−∞
dk ln

¦

1+
�

(eλ − 1)ρa(1−ρb) + (e
−λ − 1)ρb(1−ρa)

�

e−k2
©

,

(48b)
and where N is the maximal occupancy of each site in the SSPEP (see Fig. 3 for the N = 2
case). Similarly, the large deviations for the density profile in the non-equilibrium steady state
of a boundary-driven SSPEP can be related to that of the SSEP [23, 36]. These results are
remarkable given that the microscopic dynamics of the SSPEP is not integrable via the Bethe
ansatz. Nevertheless, its fluctuating hydrodynamic description remains tractable, underscor-
ing the versatility and robustness of the hydrodynamic framework.

We confirm the result given in (48a) by rare event numerical simulations based on the
continuous-time cloning algorithm [87–89]. To obtain the scaled cumulant-generating func-
tion of the current for the SSPEP for N = 2 on an infinite lattice, we performed numerical
simulations on a finite lattice of length 2L + 1 with reflecting boundary conditions at −L and
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Figure 6: Brownian gas with WCA interactions: (a) Time evolution of the hydro-
dynamic density ρ(x , t) starting from a step profile ρ(x , 0). The solid lines represent
the noiseless hydrodynamics evolution of (1) and markers represent the numerical
simulations of the microscopic dynamics given by (30) with (44) on a ring of size
L = 1200 and averaging over 4000 realizations. (b) and (c), the solid line represent
the theoretical result for the variance of current and tracer position as given in Ta-
ble 2 respectively, while the points represent the numerical simulation for ρ = 0.2,
L = 5000, and 1212 realizations. Remaining simulation parameters (a)-(c): µ = 1,
D0 = 1, β = 1, ε= 1, a = 1.

+L. Initially, the lattice is populated with densities ρa and ρb to the left and right of the ori-
gin, respectively. The net current is measured across the origin over a time period T ≪ L2,
ensuring that the effects of the reflecting boundaries remained negligible.

The scaled cumulant-generating function of the current is obtained on a finite lattice with
L = 75 up to a measurement time of T = 500, using a clone population of Nc = 40000 and
averaging over 10 independent samples. Figure 7 successfully compares these results with the
theoretical expectation for ρa = ρb = 1/2, in a range of parameters λ.

5 Conclusion

In this Article, we present a systematic coarse-graining approach for the fluctuating hydro-
dynamics description in a class of stochastic lattice-gas models with exclusion interactions.
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Figure 7: Scaled cumulant-generating function of the current in the SSPEP with
N = 2: The solid red line represents the theoretical result of (48a) for ρa(b) = 0.5,
with blue circles representing the corresponding simulation result obtained by the
cloning algorithm. The results closely match in the range−1≤ λ≤ 1. The noticeable
deviations from the theoretical results near large λ is due to finite size effects. For
comparison, the scaled cumulant-generating function of the current in the SSEP (N =
1) [82,86] is shown in black dashed line.

Our approach is based on a path-integral formulation of the microscopic stochastic dynamics
and subsequent coarse-graining for obtaining the Martin-Siggia-Rose-Janssen-De Dominicis
(MSRJD) path-integral of the coarse-grained density field. The corresponding stochastic dif-
ferential equation is the fluctuating hydrodynamics describing the large-scale evolution of the
lattice-gas. In this coarse-grained description all the microscopic details of the underlying
dynamics enter only through the two transport coefficients: the diffusivity and mobility.

In the later half of the Article we extend our coarse-graining approach to the continuum
setting of the Dean–Kawasaki equation describing Brownian particles interacting through a
short-range two-body interaction potential. The coarse-graining recovers the fluctuating hy-
drodynamics which was mostly argued earlier on phenomenological ground and sets the basis
of the Macroscopic Fluctuation Theory. Our analysis shows how the interaction potential in
the Dean-Kawasaki equation renormalizes the bare diffusivity, expressing it in terms of the
thermodynamic pressure, while the mobility remains a linear function of the coarse-grained
density.

Note that the coarse-graining of the Dean-Kawasaki equation could be equivalently per-
formed at the level of the stochastic partial differential equation. However, the path integral
approach provides a unifying methodology for both lattice and off-lattice dynamics.

In this Article we have deliberately not addressed the role of external potentials. For a
smoothly varying potential of the form U(x) = u(x/ℓ), its effect can be incorporated within
linear response theory, leading to the fluctuating hydrodynamics

∂tρ = ∂x

�

D(ρ)∂xρ +σ(ρ)u
′(x)

�

+
1
p
ℓ
∂x

�
Æ

σ(ρ)η
�

. (49)

In contrast, a rapidly varying external potential is expected to renormalize the bare trans-
port coefficients. See analogous results in [90, 91]. Explicitly constructing the corresponding
fluctuating hydrodynamics within our framework remains an interesting direction for future
work.
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Building a quantitative fluctuating hydrodynamics for larger class of dynamics, such as
ballistic transport [32, 92] or integrable dynamics [93, 94] remains a challenge. The coarse-
graining scheme presented in this Article may prove useful in this endeavor. For active dy-
namics, which are ballistic at short scales and diffusive beyond, our method proves useful in
constructing a bottom-up fluctuating hydrodynamics for standard active matter models [5,95]
such as the active Brownian particles (ABP) [96] and active Ornstein-Uhlenbeck particles
(AOUP) [97]. A detailed discussion will be presented elsewhere.

Our coarse-graining method crucially depends on the underlying gradient structure [54]
of the particle current at the microscopic scales. For gradient dynamics in higher dimensions,
our method straightforwardly extends. A natural question is to explore whether our approach
could be extended for non-gradient models [70,98,99], particularly recovering the variational
formula à la Spohn and Varadhan [2, 71, 100, 101] for the diffusivity. We emphasize that in
our coarse-graining approach, mobility can still be computed without the gradient structure
(see Appendix A).
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A Further details about coarse-graining

We present here a detailed discussion of our approach for fluctuating hydrodynamics for dif-
fusive lattice gases aiming to clarify the various steps taken in Sec. 2 of the main text. We
particularly emphasize that the response field can be treated as a smooth field and that the
local equilibrium measure enters as a consequence of the law of large numbers.

We follow the notations used in Section 2. We denote the occupation number at site i as
ni . Due to particle conservation, we write the microscopic continuity equation ni(τ+ dτ)−
ni(τ) = Yi(τ)− Yi+1(τ) with

Yi(τ) =











+1, with prob. r+i (τ)dτ ,

−1, with prob. r−i (τ)dτ ,

0, with prob. 1− r+i (τ)dτ− r−i (τ)dτ ,

(A.1)

where r±i (τ) are local functions of the occupation numbers at time τ, as in the SSDEP (13),
SSTEP (24) and SSPEP (28) discussed earlier. We introduce a macroscopic length-scale ℓ and
a mesoscopic coarse-graining length Λ (with eventually ℓ→∞, Λ→∞ and ℓ/Λ→∞). We
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define the coarse-grained density field as

ρ(x ,τ) =
∑

j

KΛ( j)ni+ j(τ) ; i = ℓx ,

where the kernel KΛ is nonzero on scales O(Λ) and is such that
∑

j

KΛ( j) = 1 .

In the following, we take x ∈ [0, 1], dx = 1/ℓ and we use the notation

∑

x

dx f (x) =
ℓ
∑

i=1

1
ℓ

f
�

i
ℓ

�

.

The dynamics of the set of occupation numbers {ni} is Markovian. Here, we show that, on
large scales, the dynamics of the coarse-grained field ρ(x ,τ) also becomes Markovian. To
proceed, we introduce

∆x =
ρ(x ,τ+ dτ)−ρ(x ,τ)

dτ
,

and we evaluate the conditional probability P({∆x}|{ni(τ)}) of the coarse-grained density
field at time τ + dτ knowing the occupation numbers at time τ. We introduce the notation
〈. . . 〉0 for the averages over the initial state at time τ, and denote ρ̄(x)≡ 〈nℓx(t)〉0. We assume
that the function ρ̄(x) varies smoothly over scales of order O(1), meaning that the average
density varies over scales of order O(ℓ). We further assume that the correlation length ξ in
the initial state is small compared to the mesoscopic scale, that is ξ≪ Λ. It then follows from
the law of large numbers that, in the initial state,

ρ(x ,τ)≃ ρ̄(x) , (A.2)

up to small corrections scaling as Λ−1/2. We further assume that the initial state is in a local
equilibrium, meaning that, for any local function of the occupation numbers, the initial state
averages follow

〈 f (nℓx)〉0 = 〈 f (n)〉
eq
ρ̄(x)

where 〈. . . 〉eq
ρ̄(x) denotes a steady-state average in a homogeneous system with mean density

ρ̄(x).
To construct the probability P({∆x}|{ni(τ)}), we follow [21, 35, 48, 49] and the steps

outlined in Sec. 2. We obtain,

P({∆x}|{ni(τ)}) =
∫

∏

x

ℓdxdτ
2π

dbρx exp

�

i dτℓ
∑

x

dx bρx∆x

�

*

exp

 

−iℓ
∑

x

dx bρx

∑

j

KΛ( j)
�

Yℓx+ j(τ)− Yℓx+ j+1(τ)
�

!+

.

We now perform a summation by parts and, neglecting boundary terms, get

−iℓ
∑

x

dx bρx

∑

j

KΛ( j)
�

Yℓx+ j(τ)− Yℓx+ j+1(τ)
�

= −i
∑

x

dx∂x bρ
∑

j

KΛ( j)Yℓx+ j(τ) ,

with the notation
∂x bρ = ℓ

�

bρx+1/ℓ − bρx

�

.
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Using (A.1), we can average over the variables Yi(τ) and obtain, to first order in dτ
*

exp

 

−iℓ
∑

x

dx bρx

∑

j

KΛ( j)
�

Yℓx+ j(τ)− Yℓx+ j+1(τ)
�

!+

= exp

�

dτ
∑

k

r+k (τ)

�

exp

�

−i
∑

x

dx ∂x bρ KΛ(k− ℓx)
�

− 1

�

+ dτ
∑

k

r−k (τ)

�

exp

�

i
∑

x

dx ∂x bρ KΛ(k− ℓx)
�

− 1

��

,

We now note that the sums inside the internal exponentials scale as O(ℓ−1). In fact, the kernel
KΛ(k − ℓx) constrains the sums over x to run over O(Λ) terms, while the kernel itself is of
order O(Λ−1). Therefore, dx = O(ℓ−1) sets the scale of these sums and we can expand the
internal exponentials up to the order O(ℓ−2). With the sum over k, this means expanding the
action up to order O(dτℓ−1) which becomes O(ℓ) after a diffusive rescaling of time τ = ℓ2 t.
To that order, we get

*

exp

 

−iℓ
∑

x

dx bρx

∑

j

KΛ( j)
�

Yℓx+ j(τ)− Yℓx+ j+1(τ)
�

!+

=exp

�

−idt
∑

x

dx ∂x bρ
∑

k

KΛ(k)
�

r+ℓx+k(τ)− r−ℓx+k(τ)
�

�

exp

�

−dτ
∑

x

dx ∂x bρ
∑

k

KΛ(k)

�

∑

x ′
dx ′KΛ(k+ ℓ(x − x ′))∂x ′ bρ

�

r+
ℓx+k(τ) + r−

ℓx+k(τ)

2

�

.

(A.3)

We start by discussing the second term, which is quadratic in the response field. By virtue of
the power counting argument given above, we only need to consider it to leading order in ℓ,
which leads to

∑

x ′
dx ′KΛ(k+ ℓ(x − x ′))∂x ′ bρ =

1
ℓ

∑

k′
KΛ(k

′)∂x bρ
�

x + k/ℓ− k′/ℓ
�

≃
1
ℓ
∂x bρ ,

because both k and k′ are of order Λ. Thus we are left with

− dt
∑

x

dx ∂x bρ
∑

k

KΛ(k)

�

∑

x ′
dx ′KΛ(k+ ℓ(x − x ′))∂x ′ bρ

�

r+
ℓx+k(τ) + r−

ℓx+k(τ)

2

≃−
dτ
ℓ

∑

x

dx (∂x bρ)
2
∑

k

KΛ(k)
r+
ℓx+k(τ) + r−

ℓx+k(τ)

2
.

As in (A.2), we can use the law of large numbers and the local equilibrium hypothesis to obtain
to leading order in the hydrodynamic limit,

∑

k

KΛ(k)
r+
ℓx+k(τ) + r−

ℓx+k(τ)

2
≃
­

r+ + r−

2

·eq

ρ(x ,τ)
.

This sets the noise amplitude in the fluctuating hydrodynamics. Deriving the deterministic part
is more subtle and relies on a next-to-leading order analysis of the terms linear in the response
field appearing in (A.3), as these are formally of order O(ℓ−1). A major simplification arises,
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however, for gradient systems, where there exists a function hi of the occupation numbers such
that the average current can be written as a discrete gradient,

r+ℓx+k(τ)− r−ℓx+k(τ) = hℓx+k+1(τ)− hℓx+k(τ) ,

as studied in this Article. Then, an additional summation by parts can be performed

− idt
∑

x

dx ∂x bρ
∑

k

KΛ(k)
�

r+ℓx+k(τ)− r−ℓx+k(τ)
�

=idt
∑

x

dx
∑

k

KΛ(k) (∂x bρ(x + 1/ℓ)− ∂x bρ)hℓx+k(τ)

=
idt
ℓ

∑

x

dx ∂ 2
x bρ 〈h〉

eq
ρ(x ,τ)

where the last line is obtained using the law of large numbers and the local equilibrium hy-
pothesis. To the considered order, the resulting transition probability between ρ(x ,τ + dτ)
and ρ(x ,τ) thus only depends on ρ(x ,τ) and not upon finer details of the initial state. If we
assume that the local equilibrium hypothesis is preserved under time evolution, this means
that the dynamics of the coarse-grained density field is effectively Markovian. Therefore, after
a diffusive rescaling of time, we get the path integral formulation

P(ρ(x , T )|ρ(x , 0) =

∫ ρ(x ,T )

ρ(x ,0)
[Dρ][Dbρ][Dρ]e−ℓS[ρ,bρ]

with the action

S[ρ, bρ] =

∫ T

0

dt

∫

dx

�

bρ∂tρ + ∂x bρ∂x〈h〉
eq
ρ − (∂x bρ)

2
­

r+ + r−

2

·eq

ρ

�

.

Comparing with (3), we see that

∂x




h
�eq
ρ
= D(ρ)∂xρ and

­

r+ + r−

2

·eq

ρ
=
σ(ρ)

2
.
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