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Numerical example: 2 to 300 dimensions
Reliable approach for dynamical systems:

Tensor regression in m-tensor format

Keywords: multilinear algebra, tensor format, high dimensional regression 

We seek an approximation መ𝑓 x = 𝜑 𝒙 : 𝑪 to a 𝑁 dimensional function 𝑓 evaluated at 𝑚 

arbitrarily sampled points {𝒙1, 𝒙2, 𝒙3, … , 𝒙𝑚} such that መ𝑓 minimizes 𝑓 − መ𝑓
2

2
.

1°) Chose the 1D bases, for example

𝝍 𝑥 = 1., 𝑥, 𝑥2, …    or   𝝍 𝑥 = [1., cos(𝑥), cos2(𝑥), … ].

2°) From points of evaluation {𝒙1, 𝒙2, 𝒙3, … , 𝒙𝑚} ⊂ ℝ𝑁 build 𝑚 × 𝑝i matrices

𝜳1≤𝑖≤𝑁 =

𝝍( 𝒙1 i)

𝝍( 𝒙2 i)
⋮

𝝍( 𝒙𝑚 i)

.

This formulation implicitly gives the m-tensor we work with (row-wise tensor product)

𝜱 = ໆ

𝑖=1

𝑁

𝜳𝑖  ∈ ℝm×𝑝1×𝑝2×⋯×𝑝N .

3°) Solve for coefficients (N-way contracted products between m-tensors)

𝑪 = 𝜱⟙ 𝜱𝜱⟙ −1
𝒚.

We actually use 

𝒛 = 𝜱𝜱⟙ −1
𝒚.

In practice we don’t access 𝑪 but build the approximation መ𝑓 𝑥  as

መ𝑓 𝒙 = 𝜑 𝑥 𝜱⟙, 𝒛 where    𝜑 𝒙 = ۪𝑖=1
𝑁 𝝍([𝒙]𝑖). 

Inference of that approximation has computational complexity 𝒪(𝑚(1 + 𝑁𝑝)).

In general, we work with a 
limited amount of data, 
therefore we constrain the 
structure of the equations 
along a sampling axis.

The linear system to solve is then highly structured

=

𝐴𝑥 = 𝑏

That allows us to prevent the explosion in size of 𝐴 by using a factorization:

1D

2D

3D

3 × 5
9 × 25

27 × 125 3 × (27 × 5)

We demonstrate the robustness of the approach on the example of Lorenz attractor 
(trajectory in fig.2.1). From a set of 500 timesteps to train our model, the system is 
learnt with different regularization approaches over 20 000 timesteps (fig.2.2). This 
result generalizes for 50 randomized initial conditions (fig.2.3).

We demonstrate how m-tensor regression scales with dimension on the example of 

the N-dimensional Rosenbrock function on −5, 10 ⊗𝑁:

We work with surrogates that require an explicit formulation in terms of input 
parameters. No matter how much we reduce the dimensionality of the problem, that 
formulation constitutes a computational bottleneck.

The suggested regression approach only requires the inversion of a 𝑚 × 𝑚 matrix 

𝜱𝜱⟙ which, by construction is symmetric positive definite. The method can be 
regularized by selecting a subset of rows of the m-tensor 𝜱 to speed up the 

regression at a user-selected cost in terms of precision. We call this approach 
the Almost Linearly Independent regression.

We leverage the face-splitting product to cover combinatorial structures in a 
factorized manner. For instance, with polynomial models, we can build from 
separated one-dimensional structures:

1, 𝑥1, 𝑥1
2 □ 1, 𝑥2, 𝑥2

2 = 1, 𝑥1, 𝑥2, 𝑥1
2, 𝑥2

2, 𝑥1𝑥2, 𝑥1
2𝑥2

2 .

The equation we build at each 
sampled point preserves the 
full structure, unreachable by 
sampling in high dimensions.

□ □

We generalize the face-splitting product in as a tensor operation: m-tensor product

Fig.2.1: Lorenz attractor 
trajectory and learnt models

Fig.2.2: Relative error of model 
learnt with 500 timesteps

Fig.2.3: Relative error of model’s trajectories 
for 50 randomized initial conditions

We aim at generalizing those results for higher dimensional dynamical systems and 
provide a ℓ1  or another proxy to ℓ0  norm regularization based on a Khatri-Rao 

leverage score sampling of the mode-1 fibers of the m-tensor.

error error

time time

=

Fig.1.2: Relative error of m-tensor least 
squares model on unseen data for varying 

dimension and size of training samples

Fig.1.3: Computation time (s) 
of 𝒛 for varying dimension and 

size of training samples

Fig.1.4: Unit inference time (s) of m-
tensor least squares model for varying 
dimension and size of training samples

Fig.1.1: Actual vs. predicted values 
for dimension 300 Rosenbrock 

function based on 9000 training points 

M-Tensor Least Squares regression

We build a regression from [5, 10, 20, 30, 40]×N points 

evaluated on a LHS and validate the degree 4 polynomial 
model on unseen points (5 times more than for the 
training). We observe low relative errors (fig.1.1-1.2-
1.5) and a scaling that allows to reach dimensions 
unattainable by common approaches.

Fig.1.5: Relative error of m-tensor ALI 
model on unseen data for varying dimension 

and size of training samples

Fig.1.6: Computation time (s) 
of ALI 𝒛 for varying dimension 
and size of training samples

Fig.1.7: Unit inference time (s) of m-
tensor ALI model for varying 

dimension and size of training samples

M-Tensor Almost Linearly Independent (ALI) Regression
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𝑓 𝒙 = ෍

𝑖=1

𝑁−1

100 𝒙 𝑖+1 − 𝒙 𝑖
2 2

− 𝒙 𝑖 − 1 2 .

The regression computation stage suffers a quadratic dependence on N due to linear 
scaling in sampling size and complexity. The ALI decorrelates the size of the online 
operator from the sampling size. This results in a linear scaling in online call of the 
approximation (fig.1.7). The cost in terms of precision (fig.1.5) is controlled by the 
user. Displayed result require more tuning of hyperparameters at low dimensions. 
ALI regression shows massive time/computational gains (fig.1.3 vs fig.1.6).
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