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One of the main reasons for the Doyle-Fuller—Newman (DFN) model’s success in simulating lithium-ion batteries is also one of its
main limitations—its hybrid micro/macro formulation. On one hand, this captures the slow diffusion of lithium within the active
material particles. On the other hand, it makes the retention of realistic particle geometries computationally prohibitive, thereby
provoking strongly simplifying assumptions on their shape. Dual-continuum models employ a fully macroscale description of the
battery, and thus can potentially circumvent these challenges. Despite their widespread use in other fields, they have seen little
application in battery modelling. In this work, we derive a dual-continuum model for lithium-ion batteries using the volume-
averaging technique. A novel mapping between the volume-averaged and surface-averaged active material concentrations is
introduced, based on the microscale source terms that generate concentration fluctuations. Unlike the DFN model, this approach
makes no assumptions about particle shape but instead relies on a closure problem solved on the electrode microstructure. The
resulting model is validated against a detailed microscale model, the DFN model, a recent dual-continuum formulation, and
experimental data. Across all cases considered, our dual-continuum model reproduced cell-voltage data more accurately than the
DFN approach while requiring 70-80% less computation time.
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The Doyle-Fuller—Newman (DFN) model is considered the
industrial and academic standard for physics-based modelling of
lithium-ion batteries at the cell scale, and has prevailed now for
about 30 years." One can find it referred to under various other
names—the Newman model, porous electrode theory, P2D, etc.—
and various extensions or simplifications of the original model have
come about since its inception.>”> From the perspective of upscaling
theories,ﬁ’7 the DFN can be considered a hybrid model,8 since all
transport equations are solved on the macroscale, except the mass
balance within the active material (AM), which is solved on the
microscale. This hybrid micro/macro formulation is one of the key
strengths of the DFN, as it captures the slow transport of lithium
within the AM and thus allows an accurate estimate of surface
concentration for use in the Butler-Volmer (BV) Equation.

Although the DFN model has found tremendous success,
adopting a hybrid approach comes with drawbacks. One is strongly
compelled to make some simplifying assumptions on the mor-
phology of the microscale domain to reduce computational cost. In
theory, the full complexity of the microstructure can be kept in a
hybrid model (see the “homogenised model” in Brosa-Planella’s
review®), but the resulting calculation will be almost as computa-
tionally expensive as the direct numerical simulation (DNS); we use
the term DNS here in the sense found in the volume-averaging
literature,'!! to refer to the solution of microscale model (described
below) on the entire battery microstructure. In the case of the DFN,
the AM particles are almost always assumed to be isolated spheres.
Evidently, this is a strong assumption, and the geometry of real
battery electrodes may be far from this ideal case. In tandem with the
assumption that all variables do not vary over the surface of these
spheres, the concentration field becomes spherically symmetric,
allowing the AM mass conservation equation to be solved in 1D
along the particle radius—when coupled with a single macroscale
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dimension along the electrode thickness, this gives rise to the
ubiquitous “pseudo 2-dimensional” case. Despite these simplifica-
tions, the DFN remains too computationally expensive for certain
applications, such as battery management systems,'> thus motivating
a large research effort to develop lighter models. These include
several variants of the Single Particle Model (SPM),>*'? attempts to
approximate the concentration profile within AM particles to avoid
numerically solving a partial-differential equation (PDE),**'*%2 or
further reduction to a phenomenological equivalent-circuit model.>*
Therefore, an interesting alternative to the DFN would be a model
that improves its accuracy and/or reduces computational cost.

Amongst the vast upscaling literature, another family of models
can be found alongside the hybrid approach: “dual-continuum” (DC)
models. These offer a fully-macroscale description of the problem,
and thus do not require solution on a microscale domain, reducing
computational load relative to a hybrid model. They can be found
under various names, such as multi-equation,®>** multi-rate mass
transfer®>° or dual porosity/region.”’*® Such models rely on a phase
decomposition approach, where each ‘continuum’ describes the
behaviour of intrinsic phase averages, and they are coupled via
exchange terms—here, we are specifically interested in one phase for
the electrolyte and one for the AM.

Although DC models have proven effective in a wide range of
applications, such as heat-transfer®* and petroleum engineering, ="
they have scarcely appeared in the battery-modelling literature. To
the best of the authors’ knowledge, only two instances can be
found.?®>? The first instance of a DC model for Li-ion batteries was
presented by Arunachalam and Onori.** The authors showed that
their model outperforms the DEN in certain conditions, such as at
high temperatures. They used the intrinsic volume average of lithium
concentration within the AM particles, {c;)¥, for calculating the
reaction rate via the BV equation (where k € {n, p}, denoting the
concentration in either the negative or positive electrode). However,
in many cases, the volume averaged concentration may be far from
the surface-averaged concentration, (ci)s, thus yielding a poor
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estimate of reaction rate (since reaction takes place at the AM-
electrolyte interface). Yang and Tartakovsky®® improved this model
by introducing the concept of a boundary layer in the AM particles
and a mapping between (c; )* and {c; )4. Within the boundary layer,
they use a second-order polynomial to describe ¢, and thus better
approximate the surface concentration. They validated their model
by comparison with the DFN and the microscale model on an
academic electrode composed of slab-like AM, showing a significant
improvement of their DC model compared to the DFN. This scenario
is designed to violate the DFN’s assumption of spherical particles,
thus illustrating one of the strengths of DC models: their ability to
describe a broad range of different AM geometries.

In this work, we use the volume-averaging technique (VAT) to
develop a DC model, proposing a mapping between {c; }* and (c; )4
based on the source terms that cause concentration fluctuations on
the microscale—this is notably different to Yang’s model, as we do
not assume the existence of a boundary layer or a polynomial
concentration profile, but instead solve a closure problem on
microstructure geometry to relate (c;)* and {c;)s. In Part I of this
work, we introduce the theory of the model, then we validate it on
several electrodes by comparison with the DNS, DFN, and Yang’s
model. Finally, we parameterise and validate the model using
experimental data. In Part II, several extensions of the model are
presented. For the reader unfamiliar with the VAT, it may be
preferable to skip to the Model Differences Section initially, so as to
first understand the appeal of the model before investing time in the
details of its derivation.

Microscale

The reference used to evaluate the DC models and the DFN
throughout this work is the numerical solution of the microscale
model, herein referred to as the DNS. We consider an electrode
composed of two phases, electrolyte and AM, that are at a constant
and uniform temperature. The electrolyte domain is denoted as 2.,
whilst that of the AM as €2, where k € {n, p} to denote the negative
or positive electrode respectively. The AM-electrolyte interface is
defined as 9€) ., and the domain encompassing both phases is called
Q =Q,U Q. Overall, two balance equations are required in each
phase—a mass and charge balance, each accompanied by a boundary
condition (BC) at the internal interface to describe the electroche-
mical reaction. The system of equations for mass conservation, valid
in both the negative and positive electrodes, is summarised below,

dice + V-N, =0 in Q,, [1a]
oy + V-N, =0 in Qy, [1b]
n-N, = F‘ljk at 0€2 ., [1c]
n-N, = F7Yj, at 0Qy . [1d]

On the other hand, conservation of charge gives,

Vi, =0 inQ,, [2a]
Vi =0 in Q, [2b]
ni, =j, at 0Q ., [2¢]
ni = j at 08, [2d]

where n is the normal vector pointing outwards from the AM domain
and F is Faraday’s constant. To complete the model above,
expressions for N,, Ny, i., i, and j; are needed. The electrolyte
flux and current density equations are provided by concentrated-

solution theory. Mass transport within the AM phase is modelled by
Fickian diffusion, and charge transport by Ohm’s law,

0

N, = —D, Ve, + *i,, [3a]
F

iy = —0, V4, — 6,0V Inc,, [3b]

N, = =Dy Vey, [3c]

iy = —o; Vo, [3d]

where c¢,, ¢., D., 0., and tf are the electrolyte concentration,
potential, diffusivity, conductivity, and transport number (respec-
tively). The AM potential and conductivity are ¢, and o; respec-
tively, whilst

2RT(1 — 12
_2RT( t+)(1
F

0= + 6o, (4]

where R is the gas constant, 7 is temperature, and (1 + &,) is the
thermodynamic factor. Finally, the reaction rate, j;, is assumed to
follow a BV expression,

F
i (@D, i Cor k) = 2jy sinh| ——17, |, 5
jk(¢e ¢k Ces Cr) Jio SI (2RT"Ik) [5]

where

M = ¢k - 479 = U(cp), [6]

Jro = Fhic Jexce(Cmax — ¢, [71

and jio is the exchange current density, 7, is the reaction over-
potential, U, is the open-circuit potential (OCP), k; is the rate
constant, and ¢ max is the maximum concentration of lithium in the
AM. Whilst various forms of the expression for j;, can be found in
the literature,” we have chosen this form since it is common,**~® and
is the form employed in the sources we use for k; in the model
validation below. The above choices for describing transport and
kinetics have become a standard approach to microscale modelling in
the literature.”>*37—%

Upscaling the AM Mass Balance Using the VAT

Introduction and definitions.—The DFN consists of 3 macro-
scale equations—describing mass and charge conservation in the
electrolyte, and charge conservation in the AM—completed by a
microscale equation, modelling mass transport in the AM. The 3
macroscale equations present in the DFN take an identical form in
the DC model developed here, and will therefore be relegated to the
supplementary material (SM). The crucial difference between our
DC model and the DFEN is the homogenisation of the AM phase,
presented below. An averaging set centred at position x € ) is
defined as V(x) C Q, whilst the subset of phase v within this volume
is V,(x) C V(x). Phase-intrinsic volume-averaged quantities are
defined as,

1
4 = dV; 8
(w0 = s L 1 DAY (8]

where V, (x) = -/geV(x)
4

the averaging operator, and that the general definition employs a
spatial convolution.*'** The phase-intrinsic average can describe
either the electrolyte or the AM, y € {e, k}, and the phase volume
fraction is defined as,

dV;. Note that we use a simplified version of
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V,
e, = yéx), [9]

where V =
CEV(X)

surface-average operator is defined as,

dV is the volume of the entire averaging set. The

(Walx, 1) = .

dA 1
A(x) Z:e_Ay(x) M(C’ t) C» [ O]

where A(x) = fgeA @
4

electrolyte and AM in the averaging set is A(x) C 0Q; .. We will
assume that V, (x) and A (x) do not vary significantly with x—in other
words, the total phase volume and interface area within an averaging
set do not change significantly when the centroid of the averaging set
is moved. The following theorems, which are classical in the VAT,’
are employed throughout this section (see Plett’s work'? for their
derivation),

dA;, and the internal boundary between

(Vau)yr = V(u)r + i/ (n-u)dA Theorem 1,
V, J Aw)

(Vuyr = V{uy + L‘/ (nu)dA Theorem 2.
V, J Aw)

Note that a more general form of the above theorems can be found in
the VAT literature,® and they have been simplified here with the
assumption that V,(x) does not vary significantly with x (which is
commonly written as Ve, = 0).

Averaging the AM mass balance—We begin by decomposing
the microscale AM domain €); into subdomains for each AM
particle, Q;,, where i is the particle index—this is illustrated in
Fig. 1. Writing Eqs. 1b and 1d in this form and inserting the flux
expression (Eq. 3c) gives,

a,ckl. = V-(Dy Vck,-) in Qk,-’ [11a]

—n-Dy Vey, = F7Y,. at 0Qy .. [11b]

Now, an extra BC is required to describe transport at the boundary
between Particle i and Particle j (a neighbouring particle), 9€2, ,—

we consider two options for this. Option 1 uses the exact BCs that
exist between particles in the microscale model,

n-NkI. = n-Nkj at ()Qki,kj, [123]

Ck; = Ci; at an,-,k,-» [12b]
where n is the normal vector pointing outwards from Particle 7 in
this context. In Option 2, we instead argue that in a real electrode,
high transport resistance at grain boundaries largely prevents
lithium diffusion between particles.”***> We therefore assume
that

n-Ni, ~0 at 0Qy, k- [13]
The advantage of this approach is that it greatly simplifies the closure
problems developed below, which can consequently be solved
independently for Particles i and j. Continuing with the VAT, we
homogenise Eq. 11a (unlike in the DFN) by applying the definition
in Eq. 8,

(0rckY* = (V-(Dy Ver))k. [14]

We assume that the boundaries within the averaging volume (992, .
and 0dQy ) do not evolve temporally. Since the limits of the

averaging volume integration are also independent of time, integra-
tion and differentiation can be exchanged in the first term, and thus

(0ic1, )¢ = 0,(cy,)*. Using Theorem 1 gives,
di{cr )t = V(D Ve, )f
+%,./A,- (n-Dy Ver,)dA, [15]
and the integral in the above equation can be substituted using

Eq. 1d and subsequently written using the surface average notation
(Eq. 10),

A.
0,k Y = V(D Ver Yo — ——(j, )a. 16
(ki) (Dy Ver,) FVk,-<]ki>A [16]

Neglecting the variation of Dy over the scale of the averaging volume
and applying Theorem 2,

Figure 1. An illustration of the decomposition of €2, (a) into subdomains for each AM particle (b), €, where each particle is shown in a different colour.
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()r<Ck/.>k = V'|:Dk(V<Ckl>k + L f l’le/.dA):I
Vki A;

A

i )A- 17
FV,, <‘]ki YA [17]

The concentration in the above equation will be decomposed into an
average and a deviation from the average, ¢y, = {cx, )* +

difei) = V'Dk(v<ck,->k + Lf ncy,*dA
Ve, J 4,
_ A

G [18]

+ L nEkidA
Vi, J A

One term will be neglected using the following logic, which is a
standard approach in the VAT,’

1 1
o [ mler) da = (o)l — [ naa

Vk,‘ Ai skiV,- Aj
V:‘,‘k1
= —(cx, ) Ix ~ 0, [19]
Ek;

where g, V; = Vj,, giving,

di{cr) = V’Dk(v<cki>k + L _/ "Ek;dA)
Vi, S Ai
A.
FV;, (g 24 [20]

Finally, we use the following order of magnitude comparison,
VDl Vie )+ f nédA| < 2y [21]
' Vi J Ai ' FV, ™™

This says that the macroscale diffusion flux within the AM is
negligible compared to the reaction source term. Although the DC
model could easily be developed without this assumption (a
demonstration is given in the SM), this reflects the argument
(introduced above) that high transport resistance largely prevents
lithium diffusion across inter-particle boundaries.”**** Inserting this
assumption gives

A;
FV,

oier ) = === (ji, - [22]

i

We now have a homogenised equation for {cy,)*, which is a function
of the macroscale source term (j; )4. Nonetheless, the micro and
macroscale problems are still coupled at this point, as j,, depends on
all microscale variables.

The closure problem.—To decouple the micro and macroscale
problems (obtain “closure”), we seek to approximate j;. as a function
of macroscale variables. To estimate a macroscale surface concen-
tration, {cy,)a, we will define a mapping between {cy,)* and {cy,)a
using a closure problem. As per the VAT, the process begins by
finding a PDE on &, in order to identify source terms causing
deviations in concentration across the averaging volume. To do so,
we first insert the assumption used above, Dy V(ck,.)" ~ 0 into
Eq. 11a, and then Eq. 22 is subtracted from the result,

A.
0,6, = V-(Dy V&) + ——(j . 23
(Ck; (Dy Vg, VL, (g, 2 [23]

An important assumption is made at this point—that the closure
problem is quasi-steady,6 and thus 0,6y, % 0. We revisit this
assumption in Part II of this work. Equation 23 may subsequently
be written as,

LA

Ady, = ———
FD; V;

(g - [24]

i

The BC at d€), is now considered, with the assumption that
Dy V{ci,)* =~ 0 as in the PDE (discussed in the SM). However, an
additional approximation is required to describe &, as a function of
macroscale source terms exclusively, as Eq. 11b still contains j;.. We
therefore employ the hypothesis that the reaction rate does not vary
significantly over the surface of any given particle, j,. =~ (ji, )a,

e
—n-Dy Véki = ki

at 0Q.,. [25]

Depending on the option used for inter-particle flux (discussed
above), two different closure problems are reached.

Inter-particle flux option 1.—For Option 1, the BC at 0Qy, s, (Eq.
12) becomes

l’l~Dk VCk’. = n~Dk Vij at aniskj’ [26&]

Cr; = Ci; at an[,kjw [26Db]

We use the argument of high transport resistance at grain boundaries
(introduced above) to justify the following assumptions,

V{cr Y < VE, [27a]

(cr ) =~ (ckj)k, [27b]
where a € {i, j}. Employing these assumptions in the BCs gives,

n~Dk Vék,. = n-Dk VEkj at ani-kj’ [28&]

Cr. = Ek_,» at anth,. [28b]

This couples the closure problems for different particles, and leads us
to suggest the following closure,

i = i (i da =+ 55 das [29a]

Cr; = 8ji (g, a + 855, 0as [29b]

where s;;, ;. Sj;, and s;; are mapping/closure variables. Finally, we
argue that the average reaction rates for two neighbouring particles
are relatively similar, and thus (j;, Ja ~ ( jk/, M, giving

Ei = i, s [30a]

¢y = 8 (g, s [30b]

where s; = s;; + s;; and s; = 5;; 4 5;;. This reduces the strength of the
coupling between the closure for Particles i and j, and the final
problem for s; is
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As; = —Li in Qy,, [31a]
FD, V;
n-Vs; —L at 0Q [31b]
i — FDk ki.es
n-Vs; = n-Vs; at 6le.,kj, [31c]
N at anhk/. [31d]

Note that the closure can also be cast in dimensionless form (provided
in the SM), which removes the dependency on D, and thus the
problem solely depends on electrode geometry. For more discussion
on the coupling of closure problems for s; and s;, see Davit’s work.*0

Inter-particle flux option 2.—For Option 2, the BC at d€y, 1, (Eq. 13)
becomes

n-VEk,. =0 at ani’kj, [32]
after the introduction of Dy, V(cki)k ~ 0. From inspection of the PDE
and BCs on &, (Eqs. 23, 25 and 32), it is evident that the only
macroscale source term causing deviations in ¢y, from its average
value is (j;, }a. We therefore propose the following closure,

&, = iy, a- [33]

When inserted in Eqgs. 23, 25, and 32 this gives the following closure
problem,

As; = —Li in Qy,, [34a]
FDy Vi,
1
n-Vs; = —— at 0Qy, ., [34b]
FD,
n-Vs;=0 at 691{‘.,,(].. [34c]

Macroscale—We seek to develop a macroscale equation on
(ci )* rather than (cy,)*. To do so we make the assumption that the
AM particles within each averaging volume can be represented by
the population of AM particles across the entire electrode. Returning

to Eq. 22 (describing (cy,)¥), this can be written as,

Vi A;
at<cki>k =-—
Vi FV,

<jki ) [35]

By summing across the population of particles we obtain

I < .
eyt = W > A s [36]
i=1

since o(cx ) = X, ka’

in 2. Finally, we recognise that Z:': 1 Ai (i da = A )a, thus giving

0,{(c,)*, where n is the number of particles

A
0r{cr ) = —F—Vk<jk>A. (37]

As above, j still depends on all microscale variables, ¢,, c., ¢, and
¢y For the former three variables, we will employ the same

assumption that is used in the DFN® and both DC models found in
the literature,zg’32

e ® (Co), [38a]
b, ~ (). [38b]
b = (Pt [38c¢]

The treatment of ¢, is the defining factor that separates the models.
Two options are considered below.

Zeroth-order macroscale model (DC®).—A crude approximation
of (¢ )4, which will herein be referred to as the zeroth-order model,
DC?, could be made by assuming,

(ex)y = (e (39]

This produces the model used by Arunachalam and Onori,** which
does not provide a correction between {c; )* and {c; )4. Here, this is
referred to as a zeroth-order DC model, DC",

A .
di{cr )k = —ﬁjf, [40]
k

where jk0 ((c)e, {h, ), (), (e ))) is defined precisely in Eq. 53.

First-order macroscale model (DC').—With knowledge of the
mapping variable developed above, the zeroth-order model can be
improved. To illustrate an assumption, the definition of ¢, will be
written as

= (et + (er)* = () + s da- [41]

We argue that ((cy,)* — (cx)*) << 5;(jj, )a- This is in line with the
undergirding philosophy of the model—that the surface reaction
drives microscale deviations in ¢, and is much more dominant than
flux between particles. Thus,

Ci; & (Ck>k + Si(jki )A- [42]

The surface average over all particles within the averaging volume
can be written as,

<Ck>A = % ,=Zl /;1[- Ck,.dA. [43]

We build a first-order approximation of surface concentration, {c; )\,
by substituting Eq. 42 into Eq. 43, and employing the assumption
that (j, )4 does not vary significantly across the population of

particles within an averaging volume, (ji )4 ~ (ji)a,

(e = Cee)* + (ialoas [44]

where,

(s)a %Z fvs,'dA. [45]

This improved estimate of the surface concentration can be used in
the reaction rate expression giving the final PDE,

A .
0i{c )k = —ﬁ;k', [46]
k
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where jkl((ce)e, ()¢, (B ), ()l is defined precisely in Eq. 53.
Finally, since we do not know (ji)a a priori, we assume that
(i = jk] (an alternative approach is given in the SM),

(el = (ex)* + (- [47]

This model is the centerpiece of this work, and will be referred to as
the first-order DC model, DC'. We highlight that Eq. 46 is not an

ordinary differential equation, since jk1 is a function of spatial
position.

Yang’s model (DC¥).—Yang and Tartakovsky’s DC model®®
(introduced above and herein referred to as DC”) used boundary-

layer theory to approximate the surface concentration, in which the
thickness of the boundary layer is given by,

I = ag~Dyt,
=
s

where /; is the characteristic particle length, a, is a dimensionless

0 <1< tyla,

) [48]
otherwise,

2
fitting parameter, and #; = [l)ik. Within the boundary layer, they use a

second-order polynomial to describe c;, and assume that it is uniform
outside this layer. The resulting relationship for surface concentra-
tion, (¢ )}, 18

(cx)y = (e) + v [49]
where
2 I;) |
r="5 -5 |5 [50]
612 2l ) DiF

and the precise definition of j) ((c. ), {(¢,)°, (¢, )*, (cc)}) is given in
Eq. 53.

The DFN.—Since the AM mass balance is not homogenised in
the DFN (as in the DC models), we have ¢ (x, r, ) rather than
{ciY(x, t). The AM mass balance solved on the radial (microscale)
dimension is given by,

d,ck = _in(erk) for0 < r < Ry, [51a]
r< or

]'d
Ny ==% atr = Ry, 51b
k= r k [51b]
N, =0 atr =0, [51c]

where,
N = D, 2% [52]
or

The DFN in its standard form implicitly requires the assumption that
¢ does not vary over a particle surface. Nonetheless for consistency
of notation, we will define a surface average (cy )f, = cklg,. The

precise definition of jk‘[ (e ), (), {p YK, (cx)%) is given in Eq. 53.

Model differences.—The way in which j, is calculated gives rise
to key differences between each model. To be explicit, four
approximations are defined, all using the BV equation and differing
only in their estimate of surface concentration, {c )4,

Table 1. The surface concentration definitions for each model.

Model Surface concentration
DC? () = (e)F
DC! ()l = ()t + (st
Pe (k= et + (g - )i
DEN (e = el
it =2 sinn( S ) (53]
2RT
where m € {0, 1, d, y} and
n =Pk = (4,)° = Ue{e)), [54a]
= FlinJ ()i (ce ) (Comax — (i )R) - [54b]

The surface concentration definitions are summarised in Table I—
note that in all models, the functions ;" and {(c; ) are coupled. The
remaining equations for all models are identical, and thus are
provided in the SM.

Validation Using DNS

Methodology.—To validate the first-order DC model developed
above (DC"), we compare its cell-voltage prediction to that of the DNS,
DFN, DC° and DC’. In all cases explored, the AM is made of nickel
manganese cobalt oxides (NMC). We first compare four 2D electrodes:
overlapping particles with a uniform radius of 4.95 pm (A), fractured
particles (B), a distribution of particle radii (C), and an artificial
electrode slice (D). The motivation for this choice will become clear in
the discussion section. The resulting half-cells and the solutions to the
closure problem for each electrode are shown in Fig. 2. Following this,
the models were compared for a 3D electrode constructed from a
tomographic image—a crop of 190 x 190 x 190 voxels was taken
from the center of the “Cal-2” data set published by Usseglio-Viretta
et al.*’ (see Fig. 4 for the structure and closure solution). Our primary
simulation protocol is a 1C discharge to 3.0 V, followed by a 15-minute
relaxation period (see the SM for C-rate calculation details). All models
are solved across all electrodes for this baseline case. To illustrate key
model behaviours, we also consider two additional scenarios. In both of
these, the upper voltage limit is increased to 3.5 V. In the second, the
AM diffusivity is reduced by a factor of five. We arbitrarily chose
Electrode B to demonstrate these additional cases.

One of the purposes of the 2D electrodes is to facilitate
comprehension of the mapping variable, since it is straightforward
to visualise. In all cases, Option 1 was used to solve the closure
problem, although the values of {s)4 obtained using Option 2 were
not strikingly different (see the SM for comparison). The primary
appeal of Option2 is that it decouples the closure problems for
different particles, significantly reducing computation time.

Electrode B was built by manually adding fractures to Electrode
A—note that for Electrode B, the length scale parameter used in the
DFN and DC” models is smaller than that for Electrode A (1.83 um
vs 4.95 pm), since the fractures significantly reduce the mean length
scale over which diffusion occurs. For Electrode C, 30 radii were
randomly sampled from a normal distribution with a mean of
3.75 pm and a standard deviation of 2.25 pm (which is a plausible
distribution for NMC particles35 ). For D, a field of random noise was
generated, to which Gaussian smoothing was then applied, followed
by a global threshold to separate particles from the background—this
mimics the “blobby” like structure of real NMC electrodes.
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Figure 2. The half-cells (left) and corresponding solutions for s with units of mol-m'A ™" (right). Electrodes A, B, C, and D are shown from top to bottom. The
effective separator is on the left of each half cell, whilst electrolyte is shown in blue, AM in red, and the current collector in dark blue. The lithium foil is not

shown here, but is on the leftmost boundary of the separator.

All DNS results were obtained using an in-house code which
solves the microscale model exactly as outlined in Egs. 1 through 5
using a finite-volume scheme and a voxel-based mesh, and has been
validated against BEST*** and COMSOL Multiphysics.>® The DFN
and all DC models were solved using PyBaMM.”' The material
properties and effective properties are given in Tables II and III
respectively, and further solver details are given in the SM.

An initial AM concentration of 25,000 mol-m—> was used,
corresponding to a lithium stoichiometry of ~0.5. This is slightly
higher than values used in other articles (e.g. 0.37°%%). Effectively,
this corresponds to discharging a battery which is initially at a lower
state of charge. We do not expect this to influence the conclusions
drawn from our results, since the principal differences between
models are seen toward the end of the discharge and during the
relaxation.

Effective transport properties were calculated directly from the
microstructure, by solving Laplace’s equation using Taufactor.>*
Additionally, the calculations were validated using the in-house code
introduced above, following the method outlined by Kehrwald
et al.>® The surface area for reaction, A was also calculated directly

from the electrode images, summing the area of voxel faces at 9§ .
To solve the closure problem, and also to define a particle radius for
the DFN and DC”, particle boundaries must be defined—a watershed
approach was used to do so (see the SM). The length scales of all
particles were averaged using an arithmetic mean to set R; and /; for
the DFN and DC” respectively,

Ri=li=-- 3 b (551
i=1

where [; is the length scale of Particle i. Finally, the closure problems
(Egs. 31 or 34) were solved using OpenFOAM’s chtMultiRegionFoam
solver. A Python model, “solveclosure”, was developed to automate the
solution of the problem, allowing the user to obtain results for s; by
simply providing an electrode image. This has been made publicly
awailable,56 to make DC! accessible and our results reproducible. Whilst
articles using the VAT often solve the closure problem on a
“representative” subsection, we choose to solve it for the entire
electrode domains, to capture the statistical properties of the geometries
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Table II. The material properties and initial conditions used.

Property Name Symbol Value Ref.
Thermodynamic factor 1+ 6. 1 52
Transference number L(r) 0.4 52
Electrolyte conductivity [Sm™Y o, 1 52
Electrolyte diffusivity [m*s '] D, 1x1071° 52
Initial electrolyte concentration Cep 1000 36
[mol-m ™3]
Initial AM concentration Cro 25000 n/a
[mol-mfs]
Temperature [K] T 298.15 n/a
Maximum AM concentration Ck,max 50400 34
[mol-m ™3]
AM conductivity O 2.8 34
AM diffusivity [m%s~"] Dy 4x 107 34
Separator tortuosity Tes 2.28 53
Separator porosity Ees 0.4 53
Separator surface porosity gsut 1 n/a
Positive electrode rate constant Fk;, 4.824 x 107® 33,35

[Am~*(m*mol )"
Exchange-current density for
lithium foil [Am~?]

Jiio 10 11

as accurately as possible. Indeed, a study could be performed on the
correlation length of each geometry® ° to define a representative sub-
volume, thus reducing the computational cost of the closure problem.

Discussion of DC'.—The cell-voltage profiles for all models on
all 2D electrodes are shown in Fig. 3, whilst the results for the 3D
electrode are in Fig. 5. The correction offered by DC' is able to
considerably improve the voltage prediction compared to DCP,
particularly towards the end of the discharge and during the
relaxation. DC' also offers a superior voltage prediction compared
to the DEN for all electrodes. The accuracy of DC' is greater than
that of DC” for all electrodes except Electrode A, where DC” has a
slight advantage—nonetheless, both DC' and DC” are very precise
for this case.

The improved voltage prediction offered by DC' is essentially a
result of its enhanced estimate of AM surface concentration
compared to the DFN—an example of this is illustrated in Fig. 5b.
Since the cell voltage can be decomposed into the equilibrium
potential plus a sum of overpotential contributions (see Schmidt’s
work>® for an example), improving the estimate of (¢ )4 affects the
cell-voltage output by refining the diffusion overpotential prediction.
We argue that this improved estimate of surface concentration
primarily results from eliminating the assumption that particles are
isolated spheres, and instead incorporating the transport character-
istics of the real microstructure via the closure problem.

Towards the end of the discharge in Figs. 3 and 5a, the AM is
highly lithiated and thus a steep region of the OCP curve is
encountered (see Fig. 10 in the SM). Therefore, a small change in
stoichiometry causes a large change in voltage, explaining the
significant differences in cell voltage observed during the relaxation
period (stoichiometry at the end of discharge is provided in the SM,
Tables 6 and 7). To demonstrate a scenario where this steep region of
the OCP curve has less influence, a case was solved in which the
discharge was terminated at 3.5 V (Fig. 6a). Differences still exist
between the relaxation voltages for each model, albeit less pro-
nounced. However, this simulation highlights the subtle differences
between the cell-voltage for each model throughout the discharge,
which were less clear in Figs. 3 and 5a.

Since DC"’s improved cell-voltage prediction results from its
approach to modelling diffusion in the AM microstructure, we
expect its advantage to be accentuated for cases where diffusion is
more limiting. To confirm this, we reduced the AM diffusivity by a
factor of five—results are shown in Fig. 6b. Here, we indeed observe
larger differences between the discharge termination time (and thus
final lithiation) for each model. Likewise, the difference between
voltage for DC' and DC” throughout the discharge is also high-
lighted. Although DC"'s accuracy is lower at the start of the
discharge for this case, this phenomenon is studied in Part II, and
we present an extension which resolves the problem very well.

One potential criticism of our methods is the use of constant
material properties for the AM and electrolyte, since these can
depend strongly on ¢, and c, respectively. We consider constant
values a good starting point, as they demonstrate the performance of
the models whilst minimising complexity, and numerous articles in
the literature employ this approach for the electrolyte and/or the
AM 8347366061 Nonetheless, to confirm that the use of non-constant
material properties does not alter our conclusions, an extra case is
included in the SM, in which D,, ., and the thermodynamic factor
(1 + 6,) are functions of c,, and D, is a function of ¢;. These results
support the claim that our conclusions (most importantly regarding
the performance of DC') will still be valid when material properties
are non-linear functions of state variables.

The primary challenge faced when using DC' is the solution of
the closure problem, which can be a relatively large computation.
However, we highlight that the user need only perform this
calculation once per electrode—the closure problem is independent
of discharge rate, material properties, operating conditions, etc.
Furthermore, if desired, one can simply treat (s), as a fitting
parameter, avoiding the solution of a closure problem (discussed in
more detail below). The time required to solve the closure problem
for each electrode is provided in the SM (Table 9). For the 2D
electrodes, this is generally in the order of one minute, with the
exception of Electrode D since it contains more particle boundaries.
For the 3D case, ~12 hours are required. Nonetheless, this
computation time could likely be reduced significantly by optimising
the OpenFOAM parallelisation, workflow and solver choices—this
has not been pursued yet.

Table III. Geometry information and effective properties for each electrode.

Parameter A B C D 3D
Length [pm] 57.3 57.3 75 75 75.62
Height [pm] 15 15 60 429 75.62
Depth [pm] — — — — 75.62
Particle radius [pm] 4.95 1.826 3.75 0.971 3.405
AM volume fraction 0.572 0.543 0.360 0.483 0.493
Effective conductivity, 65" [Sm™'] 1.415 0.964 166.8 60.0 0.420
Electrolyte transport efficiency, B, , 0.394 0.394 0.445 0.160 0.291
Specific surface area, a, [m~!] 206806 488132 200533 736526 391290
(s)a [mol-m~'A™"] —492.3 —451.4 —388.0 —190.7 —416.7
v [mol'm'A™1) —427.5 —157.7 —323.9 —83.9 —294.1
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Figure 3. Cell-voltage profiles for 1C discharge-relaxation simulations on Electrodes A, B, C, and D.

(a)

Figure 4. The 3D electrode (a) and the solution to the closure field over a slice arbitrarily taken from the centre of the electrode (b).

Discussion of DC*.—As with DC', the correction for surface
concentration offered by DC” gives significant improvements com-
pared to the model with no correction, DC°. Similarly, DC”
consistently predicted cell-voltage better than the DFN. As for
DC!, we argue that DC” is able to improve on the DEN by avoiding
the assumption of isolated spherical particles.

The key challenge with DC” is that it assumes the existence of a
boundary layer, and thus relies on a particle length-scale parameter
—the electrodes in this work have been chosen so as to highlight this

54

'h -‘_‘,

(b)

complication. For Electrode A, DC” performs very well, as a clear
particle length scale exists. For Electrode B on the other hand, the
performance of DC” drops significantly, as there are now several
length scales at play, due to the introduction of fractures. Likewise
for Electrodes C, D and also the 3D case, we no longer have a clear
definition of particle length scale. This challenge is not relevant for
DC!, as it does not assume the existence of a boundary layer.

The equation for surface concentration in DC” takes a similar
form to DC', in that a correction is calculated by multiplying the
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Figure 5. Cell-voltage results for all models on the 3D half cell (a) and AM surface concentration (b) at an arbitrary time (840 s) into the discharge (the DNS
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Figure 6. Cell-voltage profiles for 1C discharge terminated at 3.5 V followed by a relaxation of 15 minutes on Electrode B, with D, = 4 x 107" m%~! (a) and

D; =8 x 107 m%~! (b).

reaction rate by a parameter—y in the former (Eq. 50) and (s)4 in the
latter. The magnitude of these parameters for each electrode is shown
in Table III. Indeed, it would be possible to “tune” the length-scale
parameter (and in turn the value of «) so that DC” matches the
performance of DC'. However, we would no longer be comparing
the predictive ability of the models. Rather, our goal is to evaluate
the accuracy of the models without relying on any form of
optimisation, and keeping their parameterisation as similar as
possible.

A second challenge concerning DC” is the parameter a,, which is
described as a “fitting” parameter in the original work—this appears
to introduce a semi-empirical nature to the model. Nonetheless, DC”
is clearly a reliable yet intuitive model. The simulations in this work
serve as a further validation of DC”, since in the original publication
only a single microstructure was simulated.

Discussion of the DFN model.—The DFN’s primary limitation
is its assumption on particle shape, which is made to ease computa-
tional cost—it assumes the AM particles can be represented by
isolated spheres, which may be far from reality. Furthermore, in the
standard formulation of the DEN,” only a single sphere radius exists.
Even for Electrode A, which contains a single radius, significant
errors are seen in the DFN results largely due to two factors: the
particles are not spherical but circular, and the particles are not
isolated but overlap. For all other electrodes, the error becomes more

pronounced, since the DFN’s single particle radius is not able to
capture the range of length scales present. Although modifications to
the DFN exist which may improve performance, such as using a
different specific surface area (a;) value rather than the typical value

of %,3 8 using cylindrical rather than spherical particles, or defining
k

multiple particle sizes,’ we have not considered these here for two

reasons. Firstly, they are relatively rare in the literature, and thus we
prefer to benchmark against a “standard” DFN model. Secondly, this
work is not intended to be a review of the various possible
formulations of the DFN.

A second important challenge which the DFN faces is similar to
that of DC’—it requires a radius parameter. For electrodes that are
not composed of perfect circles/spheres, which is of course the case
in a real battery, the definition of a particle radius becomes
ambiguous. Contrastingly, DC' makes no assumption on the
geometry of the microstructure, and solves a transport problem as
close as possible to the initial microscale model. Similarly to our
discussion above on the modifications of the DEN, various methods
could be used to define a radius parameter for the model, but it is
beyond the scope of this work to compare these—the reader is
referred to Goldin’s®® work for such an analysis.

As for DC”, the DFN’s parameter set could also be “tuned” to
better match the DNS data, but we would no longer be studying its
predictive ability. With this in mind, we keep the parameterisation of
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Figure 7. The computation time for each model averaged across the four
electrodes.

each model as similar as possible—effective properties are identical,
material properties are taken directly from the DNS parameter set,
and the same length scale is used for DFN and DC”.

Computation time.—The total computation time was compared
for the simulations above, with results shown in Fig. 7 (see the SM
for more details on the calculations). The absolute time taken for
each simulation is not of interest, since this depends heavily on the
system used and the numerical approach, but rather the time relative
to other models. The DC models require between 70% and 80% less
computation time than the DFN. This is because they are genuinely
1D, compared to the (pseudo) 2D description of the DFN. Thus, for a
half-cell modelled using a typical DFN with 20 nodes in the
separator, 40 nodes in the positive electrode, and 20 nodes in the
radial dimension, the total number of mesh nodes will be 860,
compared to a mere 60 nodes for the equivalent DC model.

One potential criticism foreseen is that the DFN computation time
is already only a fraction of a second, and thus reducing this further
is relatively futile. However there are several applications where
such a reduction in computation time is significant. Within battery
management systems, where resources are limited and time require-
ments are strict, the DFN is widely considered too computationally
heavy,”'? and thus more lightweight (yet still physics-based) models
are desired. Likewise in parameter optimisation or ageing studies, a

very large number of simulations must be completed and thus the
complexity of the DFN becomes burdensome.

Validation Using Experimental Data

Knowledge of the battery microstructure is not always available,
and thus the closure variable required for DC' cannot be calculated
as shown in the previous sections. In such a case, (s)4 can simply be
treated as another parameter, and the model inputs can be optimised
to accurately reproduce experimental cell-voltage data, as is routi-
nely done for the DFN.2832353762 1p this section, we perform a
validation similar to that for Yang’s DC model—both the DFN and
DC model parameter sets are optimised to reduce the root-mean
squared error (RMSE) between model predictions and experimental
data at a certain C-rate. Then, the resulting parameter sets are tested
at different C-rates.

Chen’s experimental voltage data® is used as a reference, which
was measured on a commercial cell (LGM 50) with a graphite-SiOx
negative electrode and an NMC 811 positive electrode. For the DFN,
the degrees of freedom in the optimisation problem are identical to
those chosen by Yang, and are summarised in Table IV. The values
for all parameters not shown in Table IV were taken from Chen’s
work.*® Note that the parameter sets are the exact same size for the
two models, since there are 4 parameters that appear in the DFN that
do not appear in DC', and vice versa. The parameterisation was
performed using the discharge data at 1C, and the parameter sets
were then validated using experimental data at 0.5C and 1.5C.
Scipy’s Differential Evolution algorithm was used with the following
cost function,

1 n
RMSE = \/; Zi:l (Vexp - Vmodel)2 5 [56]

where 7 is the number of data points, whilst Vox, and Viyeqer are the
experimental and model voltage readings respectively. During the
optimisation procedure, certain extreme parameter inputs may be
trialled, causing models to fail—in such cases, a high RMSE value
was returned to penalise the trialled parameter set.

For the optimisation at 1C, the resulting parameter sets for both
models are shown in Table IV, and the cell-voltage profiles are
shown in Fig. 8. For the 1C discharge rate, both models have a
similar prediction accuracy, and are able to recreate the experimental
voltage measurements well; this is unsurprising, as the optimisation
was performed using this data. However, at both other discharge
rates, the models capture the experimental discharge well. What’s
more, DC' shows a slight improvement in accuracy compared to the
DFN, especially at 1.5C.

Table IV. The optimised parameter sets for DFN and DC’.

Parameter DFN DC!
Initial concentration in negative electrode [mol-m ] 29541.5 29901.3
Initial concentration in positive electrode [mol-m 3] 16842.2 18051.3
Maximum concentration in negative electrode [mol-m ™3] 32694.2 33304.8
Maximum concentration in positive electrode [mol-m~3] 62266.0 57399.3
Negative electrode reaction-rate constant [Am *(m’mol )] 4908 x 1077 9.480 x 1077
Positive electrode reaction-rate constant [Am~2(m*mol~!)'?] 4414 x 107 2.053 x 107
Negative electrode tortuosity (electrolyte) 2.738 2.735
Positive electrode tortuosity (electrolyte) 2.802 1.944
Negative electrode diffusivity [m?s '] 1332 x 10713 —
Positive electrode diffusivity [m%s~'] 5.126 x 1079 —
Negative particle radius [m] 6.401 x 107° —
Positive particle radius [m] 5.266 x 107 —
Negative electrode specific surface area [m~'] — 441818.3
Positive electrode specific surface area [m™!] — 412729.1
Negative electrode (s)4 [mol-m 'A™"] — —335.06
Positive electrode (s)4 [mol-m 'A~"] — —500.38
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Figure 8. Experimental cell-voltage readings alongside the DFN and DC' predictions for 0.5C (a), 1C (b), and 1.5C (c).

Conclusions

In this work, we employed the volume-averaging technique to
develop a dual-continuum (DC) model that incorporates a closure
problem to capture the influence of electrode microstructure on mass
transport within active material (AM) particles. From this closure,
we derived an estimate of AM surface concentration, enabling a
more accurate calculation of the reaction rate. Importantly, the
closure depends solely on the microstructure and is independent of
material properties or operating conditions.

We first validated the DC model against a detailed microscale model
by simulating four 2D electrode structures and a 3D electrode
reconstructed from tomographic imaging. In this validation, the ubiqui-
tous Doyle-Fuller—-Newman (DFN) model' and another DC model
recently published by Yang and Tartakovsky®® were also included. The
electrodes were chosen so as to highlight difficulties encountered in the
DFN model—namely, non-spherical particles, an ambiguous definition
of particle radius, and a large particle size distribution. We then
parameterised the DC model and compared its predictions with experi-
mental cell-voltage data. For all electrodes considered, our DC model
reproduced cell voltage more accurately than the DFN model while
requiring 70-80% less computation time. This work also serves as further
validation of Yang and Tartakovsky’s DC model, since only a single
microstructure was simulated in the original publication. Their model
was found to be more accurate and faster than the DFN in all cases.

The volume-averaging technique used in our derivation gives physical
insight into important assumptions made in the DC model. In Part II, we
revisit the derivation, and propose four extensions to the model.
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