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Abstract

We study the problem of finding an acyclic orientation of an undirected graph with constrained
in-degree parities specified by a subset T of vertices. An orientation is called T -odd if a vertex v has
odd in-degree if and only if v P T . While the unconstrained parity orientation problem is polynomial
(Chevalier et al. (1983)), imposing acyclicity makes it more challenging, and its complexity remains
an open question. Szegedy and Szegedy (2006) proposed a randomized polynomial-time algorithm
for this problem, but it is not known whether it belongs to co-NP. Furthermore, Gravier et al.
(2025) showed the problem becomes NP-complete on partially directed graphs, even when restricted
to planar cubic graphs.
We identify three necessary conditions for the existence of acyclic T -odd orientation: a global
parity condition P, and two conditions S and S ensuring the existence of potential sources and
sinks. Following the work of Frank and Kiraly (2002), we define graph classes containing the graphs
for which a given subset of the necessary conditions P, S and S is also sufficient for the existence
of an acyclic T -odd orientation. We establish the inclusion relationships between these classes.
We complete the study of these classes by a characterization of the solvable instances for Cartesian
products of paths and cycles. The proofs of these results are all constructive, so that acyclic T -odd
orientations can be built in polynomial time whenever they exist. We use these families, along with
cliques, to demonstrate the strictness of the class inclusions in our hierarchy.
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1 Introduction
In this paper, we study an orientation problem with parity constraints on simple graphs. We first
consider a local constraint on the parity of the in-degree of vertices. For a graph G and a subset
T Ď V pGq, an orientation of G is called T -odd if any vertex v P V has an odd in-degree if and only
if it is in T . Chevalier, Jaeger, Payan, and Xuong (1983) [1] demonstrated that finding a T -odd
orientation of an undirected graph G can be solved in polynomial time. Specifically, they showed
that such an orientation exists if and only if T satisfies |E| ` |T | ”2 0. In the following, we call this
property P.

Frank and Király (2002) [2] later considered adding a k-connectivity global constraint. They
provided a characterization of undirected graphs G “ pV,Eq for which there exists a k-arc-connected
T -odd orientation if and only if T Ă V satisfies P. This work also raised questions about other
global constraints such as acyclicity, which can be seen as another type of connectivity constraint.
This leads to the following problem:
Problem 1 (Acyclic Orientation with Parity Constraints).
Instance: A pair pG,T q with G an undirected graph and T Ď V pGq a subset of its vertex set.
Question: Does G have an acyclic T -odd orientation?
The characterization of the satisfying instances of this problem is referenced on the Egres platform1

and is known as the "Acyclic orientation with parity constraints" problem. The complexity of this
decision problem remains an open question. Szegedy (2005) [3] proposed a randomized polynomial
algorithm to answer Problem 1, it is closely related to results on matroïds presented also in Szegedy,
Szegedy (2006) [4]; however, it is not known whether it belongs to co-NP, and the problem becomes
NP-complete on partially directed graphs, even restricted to graphs being both planar and cubic [5].

Following the work of Frank and Kiraly (2002) [2], an associated problem considering acyclicity is
also introduced on the Egres platform:
Problem 2.
Find a good characterization for undirected graphs G “ pV,Eq which, for every possible T Ĺ V
satisfying P, have an acyclic orientation T -odd orientation.
The condition P remains a necessary condition for the existence of an acyclic T -odd orientation.
Note also that the acyclicity constraint gives rise to two other necessary conditions: the existence of
a potential source and a potential sink. Any acyclic orientation of a finite graph G must have at least
one vertex with in-degree 0 and one vertex with out-degree 0. These vertices are respectively called
a source and a sink. In the context of T -odd orientations, a vertex is called a potential source
if it belongs to SourcepT q “ V zT and a potential sink if it belongs to SinkpT q “ tv P T, dpvq ”2

1uYtv P V zT, dpvq ”2 0u. These names arise from the fact that, in any acyclic T -odd orientation of
G, the sources and sinks must be potential sources and potential sinks, respectively. It is also worth
noticing that if SourcepT q “ SinkpT q “ tvu for some vertex v, then no acyclic T -odd orientation
exists unless the graph is a singleton. This last necessary condition is relatively weak; indeed,
any odd degree vertex in T belongs to SinkpT qzSourcepT q and any odd degree vertex in V zT
belongs to SourcepT qzSinkpT q, while even degree vertices in V zT belong to SourcepT q XSinkpT q,
so SourcepT q “ SinkpT q if and only if the graph has no odd degree vertex. Thus, we do not
consider it apart from the other conditions, and for symmetry reasons, we consider it in both the
source condition S and sink condition S. This leads to the following necessary conditions for
the existence of an acyclic T -odd orientation:
P: |E| ` |T | ”2 0.

S: SourcepT q ‰ H and if |SourcepT q| “ 1 then either

$

’

&

’

%

|V | “ 1,

or
SourcepT q ‰ SinkpT q.

S: SinkpT q ‰ H and if |SinkpT q| “ 1 then either

$

’

&

’

%

|V | “ 1,

or
SinkpT q ‰ SourcepT q.

1https://lemon.cs.elte.hu/egres/open/Acyclic_orientation_with_parity_constraints
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We now define the classes CP , CS , CS , CPS , CPS , CSS , CPSS as the sets of graphs for which the indexed
necessary conditions are also sufficient for the existence of an acyclic T -odd orientation. Specifically,
a graph belongs to CN for N Ď tPSSu if it admits an acyclic T -odd orientation for any subset
T satisfying all necessary conditions in N , thereby implying that all the necessary conditions in
tPSSuzN are always satisfied for all such such T . In particular, this gives straightforward inclusions
between these classes: if N 1 Ď N Ď tPSSu, then CN 1 Ď CN .
Our first result is the description of all the classes mentioned above. The proof of this theorem is
the object of Section 3.

Theorem 1.1.
paq CS “ CS “ t , u,
pbq CSS “ t , , u,
pcq CP “ t u Y tG P CPSS | G is connected, non-Eulerian, and |V pGq| ` |EpGq| ”2 1u,

pdq CPSzCP “ CPSzCP “ t , u Y tG P CPSS | G is Eulerianu,

peq CPSSzCPS Ă t u Y tG | G is connected, non-Eulerian, and |V pGq| ` |EpGq| ”2 0u.

With this new formalism, Problem 2 is essentially asking if G belongs to CPS . To put it in
perspective, let us recall a result from Kiraly and Kisfaludi-Bak:

Theorem 1.2 (Theorem 1.8 in [6]).
Let G “ pV,Eq be a graph.
G admits an acyclic T -odd orientation for all T Ď V satisfying |EpGq| ` |T | ”2 0 if and only if G
admits an acyclic T 1-odd orientation with T 1 “ V ztvu for some vertex v P V .

Note the distinction between Theorem 1.2 and the question in Problem 2: Theorem 1.2 gives a
characterization of graphs in CP while Problem 2 asks for an analogous characterization restricted
to sets T Ĺ V . This difference is of importance, indeed, as we shall see later, there exist graphs
that are not in CP but admit acyclic T -odd orientations for every T Ĺ V satisfying P.
Moreover, the constraint T Ĺ V guarantees the existence of a source but breaks the symmetry with
the existence of sinks. We restore this symmetry with the study of the classes CPS , CPS and CPSS .

In a second section, we study classes of instances defined from the Cartesian product of cycles
and/or paths. We define the grid, torus, and cylinder as the Cartesian product of two paths,
two cycles, and a cycle and a path, respectively (see Figures 1 and 2). We then give a complete
characterization of sets T satisfying all three necessary conditions PSS such that G admits an
acyclic T -odd orientation, where G is either a grid, a torus, or a cylinder. In particular, as a second
main result, we prove the following two theorems:

Theorem 1.3. Let G “ Cp ˝ Hq be a graph where Cp is a cycle on p vertices and Hq is a path or
a cycle on q vertices. Let T Ă V pGq be a subset that satisfies PSS.

If Hq is a path or if p, q ě 4, then G has an acyclic T -odd orientation.

Theorem 1.4. Let G “ Pp ˝Pq be a graph where Pp and Pq are paths with vertex sets tv1, . . . , vpu

and tw1, . . . , wqu, respectively. Let T Ă V pGq be a subset that satisfies P.

Pp ˝ Pq has no acyclic T -odd orientation if and only if p, q ”2 0 and V zT satisfies that:

• pv2k, wjq P V zT if and only if pv2k`1, wjq P V zT for all k P t1, . . . , p
2 ´ 1u and j P t1, qu.

• pvi, w2kq P V zT if and only if pvi, w2k`1q P V zT for all i P t1, pu and k P t1, . . . , q
2 ´ 1u

symmetrically.

As a corollary of these characterizations, we show that the inclusions between the classes CP , CPS ,
and CPSS are actually strict (see Figure 3):

Corollary 1.5. Let p, q, k ě 1 be three integers.
(c)’ The Cylinders C2p`1 ˝ P2q, the Grids P2p`1 ˝ Pq, and Trees are in CP .
(d)’ The Tori Cp ˝ Cq with p, q ě 4 and Cycles are in CPSzCP .
(e)’ The Cylinders C2p ˝ Pq, C2p`1 ˝ P2q`1 are in CPSSzCPS .
Moreover,
(c)” The Cliques K4k`2 P tG connected and non-Eulerian | |V pGq| ` |EpGq| ”2 1uzCP .
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Cylindre

Figure 1: Cylinder graph C4 ˆ P5

Tore

Figure 2: Torus graph C4 ˆ C5
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Figure 3: Theorem 1.1.

(d)” The Cliques K2k`1 P t˝ ˝u Y tG | G is EulerianuzCPS .
(e)” The Cliques K4k P tG connected and non-Eulerian | |V pGq| ` |EpGq| ”2 0uzCPSS .

The paper is structured in three major sections. Section 3 is dedicated to the proof of Theorem 1.1
on graph classes. In Section 4 we prove Theorem 1.3 and 1.4 on graphs obtained from the Cartesian
product of paths and cycles. Finally, Section 5 is for the proof of this last corollary.

2 Definitions and preliminaries
A graph G is a pair pV pGq, EpGqq where V pGq is a non-empty set of vertices and EpGq is a
set of edges. We only consider simple graphs i.e., loopless and without multi-edges. For a sub-
set X Ď V pGq, the subgraph GrXs is the graph whose vertex set is X and whose edge set is
EpGrXsq “ tpu, vq | u P X, v P X, pu, vq P EpGqu. For subsets X,Y Ď V pGq, the cut set δpX,Y q

is the set of edges with one endpoint in X and the other in Y . When Y “ V pGqzX, we simply
write δpXq. The degree of a vertex v, denoted dpvq, is the number of edges incident to v, i.e. |δpvq|.

Let G and H be two graphs. The Cartesian product of G and H, denoted by G ˝ H, is the
graph whose vertex set is V pG ˝Hq “ V pGq ˆ V pHq “ tpu, vq | u P V pGq, v P V pHqu. Two vertices
pu, vq and pu1, v1q in V pG ˝Hq are adjacent if and only if [u “ u1 and pv, v1q P EpHq] or [v “ v1 and
pu, u1q P EpGq].

A directed graph D consists of a non-empty set of vertices V pDq and a set of arcs ApDq, where
an arc is an ordered pair of vertices. An arc is denoted ÝÑuv or ÝÑvu according to the ordering. For
subsets X,Y Ď V pDq, the cut set δDpX,Y q is the set of arcs with one endpoint in X and the
other in Y . For a vertex v P V pDq, we define the out-degree d`

Dpvq and the in-degree d´
Dpvq
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to be the number of arcs directed outward and inward from v, respectively. The degree dDpvq is
d`
Dpvq ` d´

Dpvq. The subscript can be omitted when there is no ambiguity on the concerned graph.

Given a graph G and a set S Ă EpGq, an orientation O of S is a set of arcs such that for every
edge uv P S, either ÝÑuv P O or ÝÑvu P O, but not both. An orientation O of a graph G is an
orientation of EpGq, and we denote by GO “ pV pGq, Oq the associated directed graph. A set of
arcs A is said to be acyclic if the subgraph induced by A does not contain any directed cycle. By
extension, a directed graph D is acyclic if its arc set ApDq is acyclic.

For the figures, given pG,T q an instance of Problem 1, we refer to vertices in T as black vertices
and vertices in V pGqzT as white vertices. The gray vertices symbolize vertices that can be either
black or white. The blue sets are sets of vertices of the same color; hence, a blue set of gray
vertices is a set whose vertices are either all white or all black.

3 Classes of necessary conditions: proof of Theorem 1.1
First, we prove the following useful lemma. Let Gď3 be the set of graphs with at most 3 vertices.

Lemma 3.1. The following holds:

CS X Gď3 “ CS X Gď3 “ t , u

CSS X Gď3 “ t , , u

CP X Gď3 “ t , , u

CPS X Gď3 “ CPS X Gď3 “ t , , , , , u

CPSS X Gď3 “ t , , , , , , u

Proof.
( ) The one-vertex graph admits an acyclic T -odd orientation if and only if T “ H; this is already
imposed if either P, S, or S is satisfied. Thus, it belongs to CP , CS , CS and by inclusion, to CSS ,
CPS , CPS , and CPSS .

( ) This graph admits an acyclic T -odd orientation if and only if |T | “ 1. Hence, it does not
belong to CS or CS since a set T 1 with |T 1| “ 0 would satisfy S but not S, and |T 1| “ 2 would
satisfy S but not S. But it indeed belongs to CSS as any set T 1 satisfying both S and S has to
be of size 1. It also belongs to CP as any set T 1 satisfying P verifies |T 1| ”2 |E| ”2 1. Hence, by
inclusion, it also belongs to CPS , CPS , and CPSS .

( ) This graph admits an acyclic T -odd orientation if and only if |T | “ 0. Hence, it does not
belong to CP since a set T 1 with |T 1| “ 2 would satisfy P but not S. But it indeed belongs to CS
and CS as T “ H satisfies both conditions, but the set T 1 where |T 1| ě 1 would not satisfy S nor
S as |V zT 1 Y tv P T 1, dpvq ”2 1u| ą 1 would not be satisfied. By inclusion, it also belongs to CSS ,
CPS , CPS , and CPSS .

( ) This graph admits an acyclic T -odd orientation if and only if |T | is even. This graph does
not belong to CS nor CS since a set T 1 containing only a vertex of degree 1 would satisfy both
S and S but not P. However, it does belong to CP as any set T 1 satisfying P precisely satisfies
|T 1| ”2 |E| ”2 0. By inclusion, it also belongs to CPS , CPS , and CPSS .

( ) This graph admits an acyclic T -odd orientation if and only if |T | “ 1. This graph does
not belong to CS nor CS since a set T 1 with |T 1| “ 0 would satisfy both S and S. It also does not
belong to CP since a set T 1 with |T 1| “ 3 would satisfy P but not S nor S. However, it does belong
to CPS and CPS because if a set T 1 satisfies P, it verifies |T 1| ”2 1, and if it satisfies either S or S,
it verifies that |V zT 1| ą 1. Thus, it imposes that |T 1| “ 1. By inclusion, it also belongs to CPSS .

( ) This graph admits an acyclic T -odd orientation if and only if |T | “ 0. This graph does not
belong to CSS since the set T 1 with |T 1| “ 1, would satisfy both S and S. It also does not belong to
CP since a set T 1 with |T 1| “ 2 would satisfy P. However, it does belong to CPS and CPS because if
a set T 1 satisfies P, it verifies |T 1| ”2 0, and if it satisfies either S or S, it verifies that |V zT 1| ą 1.
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Thus, it imposes that |T 1| “ 0. By inclusion, it also belongs to CPSS .

( ) This graph does not belong to CSS since any set T 1 with |T 1| “ 2 would satisfy both S and
S but not P. It also does not belong to CPS since a set T 1 with |T 1| “ 3 would satisfy P and S
but not satisfy S. It does not belong to CPS since the set T 1 composed only of the isolated vertex
would satisfy both P and S but not S. However, it does belong to CPSS as the only possible sets T 1

satisfying PSS are the ones containing only a single vertex of degree one. Such sets always admit
an acyclic T 1-odd orientation. l

Lemma 3.2. Let G P CPSS with |V pGq| ě 4. Then G is connected.

Proof.
By way of contradiction, suppose that G is not connected.
a. Assume first that every vertex in G has even degree. Let H be the smallest connected com-
ponent, either it is of size one, or it has as least 3 vertices since the graph is simple and all
degrees are even. By minimality of H and because |V pGq| ě 4, we have |V zH| ě 3. Select any
A Ă V zH with |A| “ 2 if |V pGq| ` |EpGq| ”2 0 else |A| “ 3. This choice of A implies that
|A| ”2 |V pGq| ` |EpGq| and in particular that the set T “ V pGqzA satisfies P. Moreover T satisfies
S and S since A Ď SourcepT q X SinkpT q and |A| ě 2. Nevertheless, G has no acyclic T -odd
orientation since all vertices of H are in T , hence T pHq violates S in GrHs.

b. Assume now that there exist two vertices u, v P V pGq with odd degree.
- If |V pGq| ` |EpGq| is odd, then choose T “ V pGqztxu for any vertex x ‰ u, v. Now, T satisfies
P. It also satisfies S and S since txu “ SourcepT q, u, v P SinkpT q and SourcepT q ‰ SinkpT q.
However, there is at least one other connected component than the one containing x, and all its
vertices are in T , hence it fails to satisfy S, and G has no acyclic T -odd orientation.

- If |V pGq| ` |EpGq| is even, choose T “ V pGqztu, xu with x in the same connected component as
u (x is guaranteed to exist since u has odd degree). Note that T satisfies P. If x is different from v,
then T also satisfies S and S since tu, xu “ SourcepT q, tvu P SinkpT q and SourcepT q ‰ SinkpT q.
But any other connected component different from the one containing u has all its vertices in T
and contains no potential source, so G has no acyclic T -odd orientation.
Otherwise, if x “ v, then we may finally assume that u and v form by themselves a connected
component of two vertices. We now take T “ V pGqzty, zu with both y, z different from u, v (they
are guaranteed to exist since |V pGq| ě 4). This choice of T ensures that it satisfies PSS since
ty, zu P SourcepT q, tu, vu P SinkpT q. Nevertheless, G has no acyclic T -odd orientation since
u, v P T and the connected component composed of u, v fails to satisfy S. l

The following subsections are dedicated to prove the different items of Theorem 1.1.

3.1 Proof of (a) and (b)
From Lemma 3.1, we have t , u “ CS X Gď3 “ CS X Gď3 and t , , u “ CSS X Gď3. In fact,
we show those are the only graphs in CS , CS , CSS .
Let G be any graph with |V pGq| ě 4. We find T that satisfies S and S but not P. Consider
T Ĺ V pGq such that |T | “ 2 if |EpGq| ”2 1, and |T | “ 1 otherwise. By construction, T does
not satisfy P. Since T ‰ V pGq, and because |V pGq| ě 4, we have |SourcepT q| “ |V pGqzT | ě 2,
therefore T satisfies S. If all vertices are of even degree, then SourcepT q “ SinkpT q and S is also
satisfied. Otherwise, T can be chosen to contain a vertex of odd degree, so that S is satisfied.
Hence:

CS “ CS “ t , u Ĺ CSS “ t , , u.

3.2 Proof of (c)
This part of Theorem 1.1 could be proved using Theorem 1.2, instead, we give an independent proof.

We first prove:

CP Ď t u Y tG P CPSS | G is connected, non-Eulerian and |V pGq| ` |EpGq| ”2 1u

Let G P CP . By Lemmas 3.1 and 3.2, G is connected.
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Assume that |V pGq| ` |EpGq| ”2 0. Let T “ V pGq. Since |EpGq| ` |T | ”2 0, then T satisfies P.
Moreover, T does not satisfy S. Hence G satisfy |V pGq| ` |EpGq| ”2 1.

By contradiction, suppose that G is an Eulerian graph with |V pGq| ą 1. Set T “ V pGqztvu for
some vertex v P V pGq. This choice ensures that T satisfies P.
But notice that SourcepT q “ SinkpT q “ tvu in this case, but since |V pGq| ą 1 neither S nor S are
satisfied. Thus, graphs G P CP cannot be Eulerian.
We now show the other inclusion.

CP Ě t u Y tG P CPSS | G is connected, non-Eulerian and |V pGq| ` |EpGq| ”2 1u.

Clearly, P CP . Let G P CPSS be a connected non-Eulerian graph with |V pGq| ` |EpGq| ”2 1
and |V pGq| ě 1. We will show that G P CP . Consider any set T Ď V pGq satisfying P, i.e.
|EpGq| ` |T | ”2 0. This implies |SourcepT q| “ |V pGqzT | ”2 1. Note that, G being non-Eulerian,
G has a non-null even number of vertices of odd degree, therefore, SourcepT q ‰ SinkpT q. If T
contains at least one vertex of odd degree, then SinkpT q ‰ H. Otherwise, SourcepT q contains all
vertices of odd degree (non empty set), and at least one vertex of even degree, which belongs to
SinkpT q. In both cases, SourcepT q ‰ H, SinkpT q ‰ H and SourcepT q ‰ SinkpT q proving that S
and S are satisfied.
Since G P CPSS , then G admits an acyclic T -odd orientation. Hence G P CP .

3.3 Proof of (d)
We show:

CPSzCP “ t , u Y tG P CPSSzCP | G is Eulerianu “ CPSzCP .

Proof.
From Lemma 3.1, we have CPS X Gď3 “ CPS X Gď3 “ t , , , , , u. Furthermore, by
pcq, t , , u Ď CP . Hence Gď3 X CPSzCP “ Gď3 X CPSzCP “ t , u

Let G P CPSzCP with |V pGq| ě 4. Clearly, G P CPSSzCP .
By contradiction, assume that G is non-Eulerian. By Lemma 3.2, G is connected. So, G has a
non-null even number of vertices of odd degree. Let us denote by OpGq the set of vertices of odd
degree. We show that G does not belong neither to CPS nor to CPS . Set T1 “ V pGqzOpGq and
T2 “ V pGq.
The set T1 satisfies S but not S as SourcepT1q “ OpGq but SinkpT1q “ H, while T2 satisfies S
but not S as SourcepT2q “ H but SinkpT2q “ OpGq . Since |OpGq| ”2 0, |T1| ”2 |T2| ”2 |V pGq|.
Moreover, since G R CP , and keeping in mind that G is supposed to be connected and non-Eulerian,
by item (c) of Theorem 1.1, we have |V pGq| ` |EpGq| ”2 0. So |T1| ”2 |T2| ”2 |EpGq| and P is
satisfied. Hence T1 satisfies P and S but not S and T2 satisfies P and S but not S, reaching a
contradiction.

For the other inclusion, we show that any graph G P CPSS that has only vertices of even degree
(not necessarily connected) belongs to CPSzCP and CPSzCP . Let T Ď V pGq. Since all vertices are
of even degree, we have that SourcepT q “ SinkpT q and thus:

T satisfies S ðñ T satisfies S.

Since Eulerian graphs have only vertices of even degree, we conclude that t , u Y tG P

CPSSzCP | G is Eulerianu Ď CPSzCP X CPSzCP . l

3.4 Proof of (e)
All graphs with at most three vertices belong to CPSS by Lemma 3.1. Let G P CPSSzCPS with
|V pGq| ě 4. By Lemma 3.2, G is connected. Moreover, by point (d) of Theorem 1.1, G is non-
Eulerian and by point (c) of Theorem 1.1, we have |V pGq| ` |EpGq| ”2 0. Hence

CPSSzCPS Ď t u Y tG connected and non-Eulerian | |V pGq| ` |EpGq| ”2 0u.
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4 Cartesian product of path and/or cycle
This section is dedicated to the proofs of Theorems 1.3 and 1.4. In the first subsection, we present a
general method, called T -decomposition, used in all the proofs. Then, we study basic cases (namely
trees and cycles), prior to addressing grids, cylinders, and finally torii.

4.1 Proofs methods and overview
We present here the main tools used in the proofs of the next section subsections. Let us first
introduce an equivalent formulation of Problem 1.

Problem 3 (Game).
Instance: A pair pG,T q where G “ pV,Eq is a graph and T Ă V is a subset of vertices colored
black, the other vertices are colored white.
Rules: This is a single-player game. At each turn, the player must removes a white vertex; upon
doing so, the player flips the color of the vertex’ neighbors: a black neighbor becomes white, and a
white neighbor becomes black.
Question: Is it possible to remove all vertices of G while respecting the rules of the game?

Lemma 4.1. Problem 3 is equivalent to Problem 1.

Proof.
Let G “ pV,Eq be a graph and T Ă V a set of vertices.
ñ ) Let v1 ą ¨ ¨ ¨ ą vn be an elimination order of the vertices that solves Problem 3. Define an
acyclic orientation o of the edges of G as follows: for every vi ą vj , orient the edge vivj from vi to
vj . This orientation is clearly acyclic, and moreover, it is T -odd. Indeed, each vertex is white when
it is removed; thus, a vertex initially black (resp. white) has changed color an odd (resp. even)
number of times, meaning that an odd (resp. even) number of its neighbors were removed before
it. That is, it has an odd (resp. even) in-degree in o. Therefore, from an elimination order of the
vertices, one can construct an acyclic T -odd orientation of G in linear time.

ð ) Conversely, let o be an acyclic T -odd orientation of G. Since o is acyclic, there exists a total
order v1 ą ¨ ¨ ¨ ą vn on the vertices such that for every vi ą vj , the edge vivj is oriented from vi
to vj . We consider this elimination order in Problem 3 and notice that a vertex color is flipped as
many times as its in-degree in o. Hence, each vertex is white when it is removed and it is a valid
elimination order for Problem 3. Thus, from an acyclic T -odd orientation of G, one can construct
an elimination order of the vertices of G in linear time via a topological sort of the orientation. l

This game understanding of Problem 1 is very useful in the proofs, mainly because it allows fo-
cusing on the structure of the graph, and on the set T without considering the orientation. It also
provides a constructive way to build an acyclic T -odd orientation by giving an elimination order
of the vertices. We often recognize some subgraphs that can be removed from G in the sense of
Problem 3, usually thanks to an induction argument, and this leaves a smaller graph that can be
handled more easily.

Now, more formally, a T -decomposition of a graph G with T Ď V pGq is an ordered decomposition
xV0, . . . , Vky of V pGq. To each Vi, we associate a set Ti “ Zi T pViq where the set Zi is defined
as the set of vertices of Vi that have an odd number of neighbors in V0 Y ¨ ¨ ¨ Y Vi´1, and de-
notes the symmetric difference between two sets (i.e. X Y “ pXzY qYpY zXq for sets X and Y ).

We say that a T -decomposition satisfies P if Ti satisfies P in GrVis for all i P t0, . . . , ku, meaning
that |Ti| ”2 |T pViq| ´ |Zi| ”2 |EpGrVisq|. We say that the decomposition is good if for each Vi

the induced subgraph GrVis admits an acyclic Ti-odd orientation. In particular, every good T -
decomposition satisfies P.

Good T -decompositions provide a structured way to construct acyclic T -odd orientations of G by
orienting each GrVis sequentially. In the sense of Problem 3, this decomposition corresponds to an
elimination order where all vertices in V1 are removed first, then all vertices in V2, and so on. More
generally, we claim that:

Theorem 4.2. G has an acyclic T -odd orientation if and only if G admits a good T -decomposition.
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Proof.
First, suppose that G admits a good T -decomposition xV0, . . . , Vky. For all 0 ď i ď k, let Oi be an
acyclic Ti-odd orientation of GrVis where Ti “ Zi T pViq. Consider the orientation O of G defined
as follows. For any edge uv P EpGq with u P Vi, v P Vj and j ě i:

• if j “ i then ÝÑuv P O if and only if ÝÑuv P Oi,
• else ÝÑuv P O.

We claim that O is an acyclic T -odd orientation of G.
Combining the facts that, in the orientation O, all arcs are directed from Vi to Vj for all i, j P

t0, . . . , ku, and each Oi is acyclic, we obtain that O is acyclic. Now, let v P Vi, for some i P t0, ..., ku.
By definition of O, we have:

• if v P Zi then d´
GO

pvq ” d´
GrVisOi

pvq ` 1 mod 2,

• else d´
GO

pvq ” d´
GrVisOi

pvq mod 2.

Moreover, by definition of Ti, we have

• if v P Zi, then v P Ti if and only if v R T ,
• else v P Ti if and only if v P T .

From these last remarks and since each Oi is a Ti-odd orientation of GrVis, O is a T -odd orientation
of G.

Second, let us show that any acyclic T -odd orientation induces a good T -decomposition. Let O be
an acyclic T -odd orientation of a graph G. Since O is acyclic, there exists a total ordering of the
vertices v1, . . . , vn such that for any edge vivj P EpGq, O contains the arc ÝÝÑvivj if i ă j and ÝÝÑvjvi
otherwise. Moreover, since O is a T -odd orientation, vi P T if and only if d´

GO
pviq is odd.

We define the trivial decomposition where Vi “ tviu for all i P t0, . . . , |V pGq| ´ 1u. For each i, note
that d´

GO
pviq “ |tv1, . . . , vi´1u XNpviq|. Thus, vi P T if and only if vi P Zi. This implies Ti “ H for

all i, as Ti “ pZi T qXVi. Since each Vi is a single vertex, it trivially admits an H-odd orientation.
Therefore, the decomposition tV0, . . . , Vn´1u is a good T -decomposition. l

In the proofs of the following sections, we will often want to prove that some chosen T -decomposition
xV0, . . . , Vky is good. To make things easier, we will try to ensure as often as possible that, for each
Vi in the decomposition, GrVis belongs to CP , CPS or CPSS . Hence, to show that a T -decomposition
is good we always prove first that it satisfies P and then prove that Ti satisfies PSS in GrVis for
every i P t0, ..., ku. The following lemma will be helpful in this task:
Lemma 4.3. Let G be a graph and let T Ď V pGq be a subset of vertices satisfying P. Let A “

xV0, . . . , Vky be a T -decomposition of G and let i be any integer in t0, . . . , ku:
If Tj satisfies P in GrVjs for every j P t0, . . . , kuztiu then A satisfies P.

Proof.
Let G be a graph and let T Ď V pGq be a subset of vertices satisfying P. Let A “ xV0, . . . , Vky be a
T -decomposition of G and let i be any integer t0, . . . , ku. Assume Tj satisfies P in GrVjs for every
j P t0, . . . , kuztiu, then:

|Ti| ”2 |T pViq| ´ |Zi| (by definition)

”2

˜

|T | ´
ÿ

jPSi

|T pVjq|

¸

´ |Zi|

”2

˜

|EpGq| ´
ÿ

jPSi

p|EpGrVjsq| ` |Zj |q

¸

´ |Zi| (by P)

”2 |EpGq| ´
ÿ

jPSi

|EpGrVjsq| ´

k
ÿ

j“0

|Zj |

”2 |EpGrVisq| `

k
ÿ

j“0

|δpV0 Y ¨ ¨ ¨ Y Vj´1, Vjq| ´

k
ÿ

j“0

|Zj |

”2 |EpGrVisq| `

k
ÿ

j“0

p|δpV0 Y ¨ ¨ ¨ Y Vj´1, Vjq| ´ |Zj |q (by definition of Zj)

”2 |EpGrVisq|.
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Therefore, Ti satisfies P in GrVis, thus Tj satisfies P in GrVjs for every j P t0, . . . , ku and A satisfies
P. l

4.2 Basic cases
Lemma 4.4. Trees belong to CP .

Proof.
From [1], we know that a tree admits a T -odd orientation for a subset T Ď V pGq if and only if
|EpGq| ` |T | ”2 0. l

Remark. Because trees (and in particular paths) verify |V pGq|`|EpGq| ”2 1, the condition |EpGq|`

|T | ”2 0 is equivalent to |V pGqzT | ”2 1, which is consequently also necessary and sufficient for the
existence of an acyclic T -odd orientation.

Lemma 4.5. Cycles belong to CPSzCP .

Proof.
Let C be a cycle. Since |V pCq| “ |EpCq|, then, by point (c) of Theorem 1.1, C R CP .
Let T be a subset of V pCq satisfying P and S. By S, there exists a vertex u P V pCqzT . Let v be
a neighbor of u in C. The graph P “ C ´ uv is a path with dpuq “ 1. Let T 1 “ tvu∆T , and note
that T 1 satisfies P in P . Moreover P is a tree, then, by Lemma 4.4, P admits an acyclic T 1-odd
orientation O. Observe that d´

PO
puq “ 0, since u P V pP q ´ T 1 and dP puq “ 1. One can get an

acyclic T -odd orientation of C by completing O with the arc ÝÑuv. l

Remark. In fact, this proves that for any vertex v R T , there exists an acyclic T -odd orientation of
C where v is a source.

4.3 Grids
In this section, we provide a characterization of the instances I “ pG,T q of Problem 1, where G is
a grid, for which G admits an acyclic T -odd orientation.

We prove Theorem 1.4 recalled here:
Theorem 1.4:
Let G “ Pp˝Pq be a graph where Pp and Pq are paths with vertex set tu0, . . . , up´1u and tv0, . . . , vq´1u

respectively. Let be a subset T Ă V pPp ˝ Pqq that satisfies PSS.

Pp ˝ Pq has no acyclic T -odd orientation if and only if p, q ”2 0 and V zT satisfies that:

• pu2k´1, vjq P V zT if and only if pu2k, vjq P V zT for all k P t1, . . . , p´2
2 u and j P t0, q ´ 1u.

• pui, v2k´1q P V zT if and only if pui, v2kq P V zT for all i P t0, p ´ 1u and k P t1, . . . , q´2
2 u

symmetrically.

Preliminaries

A path H of length h is a graph with vertex set V pHq “ tw0, . . . , wh´1u and edge set EpHq “

tpwi, wi`1q | 0 ď i ă h´1u. We define for any path H, the set PairspHq “ trw2k´1, w2ks Ă V pHq |

k “ 1, . . . , p´2
2 u. Let Hrěks and Hrďks be the graph induced by twk, . . . , wh´1u and tw0, . . . , wku

respectively.

A bad path instance of Problem 1 is an instance pH,T q where H is a path of even length h,
and T Ď V pHq satisfies the following conditions: first, both endpoints of the path, w0 and wh´1,
belong to T ; and second, for any pair of vertices rw,w1s P PairspHq, w P T if and only if w1 P T .
An example of this construction is illustrated in Figure 4.

A notable property of path instances is that, as long as it is not a bad path instance, it is always
possible to find a subpath of odd length including one of the endpoints such that it has an even
number of T ’s vertices.

In particular we claim:
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bad path instance

Figure 4: (Top) Generic bad path instance, along with an example (bottom)

Claim 4.6. Let pH,T q be an instance of Problem 1 such that H is a path of even length h.

If pH,T q is not a bad path instance of Problem 1, then there exists k P t0, . . . , h´2
2 u and

L P tHrď2ks,Hrě2k`1su such that |T pLq| is even.

Proof.
Let pH,T q be an instance of Problem 1 where H is a path.
Suppose pH,T q is not a bad path instance. If w0 R T or wh´1 R T , choose L “ Hrw0s or
L “ Hrwp´1s respectively. In either case, |T pLq| is even.
Otherwise, if w0, wp´1 P T , then since pH,T q is not a bad path instance, there exists a pair of
vertices pw2k´1, w2kq P PairspV pHqq of smallest index k P t1, . . . , h´2

2 u such that w2k´1 P T if and
only if w2k R T . Then, |T pHrď2ksq| is even. l

Note in fact that the equivalence holds. Indeed, for any bad path instance pH,T q, we have that for
all k P t0, . . . , h´2

2 u, both |T pHrď2ksq| and |T pHrě2k`1sq| are odd.

We now focus on grids G “ Pp ˝Pq, where Pp and Pq are paths of length p and q, respectively, with
vertex sets V pPpq “ tu0, . . . , up´1u and V pPqq “ tv0, . . . , vq´1u. Define also Xj “ tpui, vjq | i “

1, . . . , p ´ 1u for all j P t0, . . . , q ´ 1u, and Yi “ tpui, vjq | j “ 1, . . . , q ´ 1u for all i P t0, . . . , p ´ 1u.
Additionally, we note Xďk “

Ťk
j“0 Xj and Xěk “

Ťq´1
j“k Xj and similarly for Y . A grid instance

is an instance pG,T q of Problem 1 where G is a grid. It is worth noticing that for any grid:

|V pGq| ”2 p ˆ q, |EpGq| ”2 p ` q (G0)

For any grid G, we note PairspGq “ PairspGrX0sqYPairspGrXq´1sqYPairspGrY0sqYPairspGrYp´1sq.
A bad grid instance of Problem 1 is an instance pG,T q where G “ Pp ˝ Pq is a grid with
p ”2 q ”2 0, and T satisfies the following conditions:

1. pGrU s, T pUqq is a bad path instance of Problem 1 for all U P tX0, Xq´1, Y0, Yp´1u .
2. For all i P t1, . . . , p ´ 2u and j P t1, . . . , q ´ 2u we have that pui, vjq P T .

Note that condition 1. is equivalent to say that for any pair rpu, vq, pu1, v1qs P PairspGq, we have
that pu, vq P T if and only if pu1, v1q P T . So in essence, Theorem 1.4 states that for any grid
instance pG,T q with T satisfying the parity condition P, G admits an acyclic T -odd orientation if
and only if pG,T q is not a bad grid instance.

It is also worth noticing the following:

Claim 4.7. Let pG,T q be a grid instance of Problem 1 such that T satisfies the parity condition
P.
If pG,T q is not a bad grid instance of Problem 1, then T also satisfies S and S.

Proof.
Let pG,T q be a grid instance of Problem 1 such that T satisfies the parity condition P.
If G has an odd dimension, then, by (a), |V pGqzT | ”2 |V pGqzEpGq| ”2 1. Furthermore, any
grid with an odd dimension admits at least two vertices of odd degree. Hence, T does satisfy the
conditions S and S.
Suppose now that both p and q are even. If T does not satisfy condition S, then T “ V pGq. And
if it does not satisfy condition S, then V pGqzT “ tv P V pGq | dpvq ”2 1u. In both cases, pG,T q is
a bad grid instance of Problem 1. l

Thanks to this claim, when considering grid instances, we can focus on the parity condition P and
on checking if the instance is a bad grid instance or not. Hence, we drop further reference to the
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bad grid instance

Figure 5: Generic bad grid instances along with an example

conditions S and S in this section.

In the next proofs, we use multiple T -decompositions of a grid instance pG,T q that we shall describe
carefully here. We always assume that T satisfies condition P.

(i,j)-corner T-decomposition xV0, V1, V2y is defined as follows (see figure 6a):

V0 “ tpua, vbq | 0 ď a ă i, 0 ď b ă ju “

i´1
ď

k“0

Y
răjs

k ‰ H

V1 “ tpua, vbq | i ď a ă p, 0 ď b ă qu “ Yěi

V2 “ tpua, vbq | 0 ď a ă i, j ď b ă qu “

i´1
ď

k“0

Y
rějs

k

By Lemma 4.3, this T -decomposition satisfies P if and only if: (G1)

|T0| ”2 |EpGrV0sq| i.e. |T pV0q| ”2 |EpGrV0sq| ”2 i ` j

|T1| ”2 |EpGrV1sq| i.e. |T pV1q| ”2 |EpGrV1sq| ´ |Z1| ”2 pp ´ i ` qq ´ j

Inner-grid T-decompositions: We define here two different T -decompositions xVout, Viny and
xVin, Vouty of a grid instance pG,T q (see figure 6b), where Vout, Vin are as follows:

Vout “ X0 Y Y0 Y Xq´1 Y Yp´1

Vin “ V zVout

By Lemma 4.3, xVout, Viny satisfies P if and only if |T0| ”2 |EpGrVoutsq| i.e. |T pVoutq| ”2 0.

And by Lemma 4.3, xVin, Vouty satisfies P if and only if |T1| ”2 |EpGrVoutsq| i.e. |T pVoutq ”2

|EpGrVoutsq| ´ |Z1| ”2 0.

Hence, for both inner-grid T -decompositions we only have to check whether |T pVoutq| ”2 0 to check
if the decomposition satisfies P. (G2)
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ij-corner T-decomposition

i

j
V0

V1V2

0 p− 1

q − 1

i

j

0

(a) pi, jq-corner T -decomposition satisfying P

inner decomposition

V1 = VinV0 = Vout

0 p− 10

q − 1

(b) An inner-grid T -decomposition satisfying P

Figure 6

Proof of Theorem 1.4

The proof is split in three lemmas, the first two (Lemma 4.8 and Lemma 4.9) proving the sufficient
condition, and the last one (Lemma 4.10) the necessary condition.

Lemma 4.8. Let pG,T q be a grid instance of Problem 1 such that T satisfies the parity condition
P.
If there exists U P tX0, Xq´1, Y0, Yp´1u such that pGrU s, T pUqq is not a bad path instance of Problem
1 then G admits an acyclic T -odd orientation.

Proof.
Let pG,T q be a grid instance of Problem 1 such that T satisfies the parity condition P.
a. Suppose G has an odd dimension, say q ”2 1. In this case, both pGrY0s, T pY0qq and
pGrYp´1s, T pYp´1qq are not bad path instances. We proceed by induction on p. For p “ 1, G is a
path and the result follows from Lemma 4.4. For p ą 1, since T satisfies P and |EpGq| ”2 p ` 1,
we have |T | ”2 p ` 1. Thus, |V pGqzT | “ pq ´ pp ` 1q is odd, so there exists k P t0, . . . , p ´ 1u

such that |YkzT pYkq| is odd. Let k be the smallest such index and up to symmetry, we can suppose
k ă p´1. We now consider the pk`1, qq-corner T -decomposition xV0, V1,Hy “ xYăk`1, Yěk`1,Hy

(see Figure 7a). We prove that this decomposition satisfies P. Thanks to Lemma 4.3 we only get
to check wether |T0| “ |T pV0q| ”2 |EpGrV0sq|. Recalling that q ”2 1, we have:

|T pV0q| “
ÿ

0ďiăk`1

|T pYiq| ”2 qk ` q ` 1 ”2 k ` 1 ` q

Moreover, each Vi induces a grid with an odd dimension, so by induction, each GrVis admits an
acyclic Ti-odd orientation. Therefore, xV0, V1,Hy is a good T -decomposition and G admits an
acyclic T -odd orientation by Theorem 4.2.

b. Suppose both p and q are even, and there exists U P tX0, Xq´1, Y0, Yp´1u such that pGrU s, T pUqq

is not a bad path instance. Without loss of generality, let U “ Y0. Since T satisfies P, |T | is even.
b.1. If |T pY0q| is odd, consider the p1, qq-corner T -decomposition xV0, V1,Hy “ xY0, Yě1,Hy (see

Figure 7b).
We prove that this decomposition satisfies P and thanks to Lemma 4.3 we only get to check wether
|T0| “ |T pV0q| ”2 |EpGrV0sq|. But by hypothesis:

|T pV0q| “ |T pY0q| ”2 1 ` q
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b.2. If |T pY0q| is even, because pY0, T pY0qq is not a bad path instance of problem 1, by Claim 4.6,
there exists k P t0, . . . , q´2

2 u such that |T pY
rď2ks
0 q| is even. In this case, consider the p1, 2k ` 1q-

corner T -decomposition xV0, V1, V2y “ xY
ră2k`1s
0 , Yě1, Y

rě2k`1s
0 y (see Figure 7c). To prove that

this decomposition satisfies P we refer to (G1):

|T pV0q| “ |T pY
ră2k`1s
0 q| ”2 1 ` 2k ` 1

|T pV1q| “ |T pYě1q| ”2 |T | ´ |T pY0q| ”2 p ` q ´ 0 ”2 p ´ 1 ` q ´ p2k ` 1q (by (G0))

In both cases, each Vi induces a grid with an odd dimension, so by Case 1, each GrVis admits an
acyclic Ti-odd orientation. Thus, xV0, V1, V2y is a good T -decomposition and G admits an acyclic
T -odd orientation by Theorem 4.2.

l

not bad path case1

V0 V1

k + 1

V (G) \ T (Y<k+1) ≡2 1

0 p− 1
0

k

q − 1

(a) Case a: q odd

not bad path case2a

V1V0

V (G) \ T (Y0) ≡2 1

0 p− 1
0

q − 1

(b) Case b.1: p, q even,
pGrY0s, T pY0qq is not a bad
path instance and |T pY0q| is odd

not bad path case2b

V1

V0

V2

0 p− 1
0

q − 1

2k + 1

(c) Case b.2: p, q even,
pGrY0s, T pY0qq is not a bad
path instance and |T pY0q| is even

Figure 7: Illustration of the three decompositions used in the proof of Lemma 4.8.

Lemma 4.9. Let pG,T q be a grid instance of Problem 1 such that T satisfies the parity condition
P.
If pG,T q is not a bad grid instance of Problem 1, then G admits an acyclic T -odd orientation.

Proof.
Let pG,T q be a grid instance of Problem 1 such that T satisfies the parity condition P. Lemma
4.8 covers the cases where G has an odd dimension, thus we assume p, q ”2 0 and since T satisfies
P, we have that |T | ”2 0.

We proceed by induction on the size of the grid.
Init case: p “ 2 and q ě 2. If pG,T q is not a bad grid instance, then there exists i P t0, 1u such
that pGrYis, T pYiqq is not a bad path instance. Thus, Lemma 4.8 applies and G admits an acyclic
T -odd orientation. We take care of the case p ě 2 and q “ 2 by symmetry.

Induction: We suppose p ě 4 and q ě 4 and every non-bad grid instance pG1 “ Pp1 ˝ Pq1 , T 1q of
Problem 1 such that p1 ă p or q1 ă q and T 1 satisfies P in G1 admits an acyclic T 1-odd orientation.
From Lemma 4.8, if there exists U P tX0, Xq´1, Y0, Yp´1u such that pGrU s, T pUqq is not a bad path
instance of Problem 1, then G admits an acyclic T -odd orientation. So, in what follows, we can
assume such a U does not exist. Note that this implies |T pUq| ”2 0 for all U P tX0, Xq´1, Y0, Yp´1u.

Define Vout “ X0 Y Y0 Y Xq´1 Y Yp´1 and Vin “ V pGqzVout. The rest of the proof is split into
two parts in which we prove that G admits an acyclic T -odd orientation. In the first part, we
suppose pGrVins, T pVinqq is not a bad grid instance of Problem 1. In the second part, we suppose
pGrVins, T pVinqq is a bad grid instance of Problem 1 such that T pVinq ‰ Vin. The only remaining
case not considered here corresponds to T pVinq “ Vin, which is precisely the case where pG,T q is a
bad grid instance.
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Part a. We suppose here that pGrVins, T pVinqq is not a bad grid instance of Problem 1. Recall
that, in a T -decomposition, Ti “ Zi T pViq where Zi is the set of vertices of Vi that have an odd
number of neighbors in V0 Y ¨ ¨ ¨ Y Vi´1.

We distinguish two cases illustrated in Figures 8a, 8b and 8c.

bad grid part1 case1 V1 = Vout, T (Vout) = Vout

V0 = Vin

(a) Case a.1: T pVoutq “ Vout

bad grid part1 case2a V0 = Vout, T (Vout) ̸= Vout

V1 = Vin

V1 \ Z1 ̸⊂ T

(b) Case a.2.i: T pVoutq ‰ Vout

and V1zZ1 Ć T

bad grid part1 case2b V0 = Vout, T (Vout) ̸= Vout

V1 = Vin

V1 \ Z1 ⊂ T

(c) Case a.2.ii: T pVoutq ‰ Vout

and V1zZ1 Ă T

Figure 8: Illustration of the three decompositions used in the proof of Lemma 4.9 Part a.

a.1. If T pVoutq “ Vout, we prove that the inner-grid T -decomposition xV0, V1y “ xVin, Vouty is good
(see figure 8a) and apply Theorem 4.2. Since |T pVoutq| “ |Vout| ”2 0, the decomposition satisfies
P by (G2). By hypothesis pGrV0s, T0q is not a bad grid instance of Problem 1, so GrV0s admits
an acyclic T0-odd orientation by induction. And GrV1s is a cycle with T1 “ Vout Z1 ‰ Vout since
Z1 ‰ H. So T1 also satisfies S in GrV1s and GrV1 admits an acyclic T1-odd orientation by Lemma
4.5.

a.2. Otherwise, we prove that the inner-grid T -decomposition xV0, V1y “ xVout, Viny is good (see
figure 8b and 8c) and then apply Theorem 4.2. First, the decomposition satisfies P: indeed,
since pGrU s, T pUqq is a bad path instance of Problem 1 for all U P tX0, Xq´1, Y0, Yp´1u, we
have |T pVoutq| ”2 0 and (G2) ensures that P is thus satisfied. Moreover, GrV0s is a cycle with
T0 “ T pVoutq ‰ Vout, so GrV0s admits an acyclic T0-odd orientation by Lemma 4.5. It remains to
check that pGrV1s, T1q is not a bad grid instance of Problem 1, so that it admits an acyclic T1-odd
orientation by induction. Recall V1 “ Vin and T1 “ T pVinq Z1.

a.2.i If there exists a vertex pu, vq P V1zT that is not in Z1, then pu, vq is not in T1, which ensures
that pGrV1s, T1q is not a bad grid instance (see Figure 8b).
a.2.ii Else, since pGrVins, T pVinqq is not a bad grid instance, there must exist rpu, vq, pu1, v1qs P

PairspGrVinsq such that pu, vq P T pVinq if and only if pu1, v1q R T pVinq (see Figure 8c). But since
both pu, vq and pu1, v1q belong to Z1, they also satisfy pu, vq P T1 if and only if pu1, v1q R T1. Thus,
pGrV1s, T1q is not a bad grid instance.

Part b. Suppose now that pGrVins, T pVinqq is a bad grid instance of Problem 1 such that T pVinq ‰

Vin. Note that it implies that p ě 6 or q ě 6 and that it must exist rx, x1s P PairspGrVinsq such
that x, x1 R T pVinq. Up to symmetry, we can assume that q ě 6 and rx, x1s “ rpu1, v2kq, pu1, v2k`1qs

for some k P t1, . . . , q´4
2 u.

We distinguish three cases illustrated in Figures 9a, 9b and 9c (gray vertices in the same green set
are either all black or all white).

b.1. Assume that the pair ry, y1s “ rpup´2, v2kq, pup´2, v2k`1qs is such that y, y1 P T .
We prove that the pp, 2k ` 1q-corner T -decomposition xV0,H, V2y “ xXă2k`1,H, Xě2k`1y is good
(see figure 9a) to apply Theorem 4.2. From the current hypothesis and (G1), the decomposition
satisfies P: indeed, T pV0q ”2 1 ”2 p ` 2k ` 1.
Moreover, V0 and V2 induce grids with an odd dimension, so Lemma 4.8 ensures that GrV0s and
GrV2s admit an acyclic T0-odd and T2-odd orientation respectively.
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bad grid part2 case1

V0

V2
2k + 1

0 p− 1
0

q − 1

x

x′

y

y′

(a) Case b.1: y, y1 P T

bad grid part2 case2

V0

V1

V2

0 p− 1
0

q − 1

2k + 1

x

x′

w0

wq−1

(b) Case b.2: w0 P T , wq´1 R T

bad grid part2 case3

V0 V1

w0

wq−1

x

x′

y

y′

(c) Case b.3: y, y1 R T and ei-
ther both w0, wq´1 P T or both
w0, wq´1 R T

Figure 9: Illustration of the three decompositions used in the proof of Lemma 4.9 Part b.

b.2. Assume that w0 “ pu1, v0q P T and wq´1 “ pu1, vq´1q R T .
We now prove that the p2, 2k`1q-corner T -decomposition xV0, V1, V2y “ xY

ră2k`1s
0 YY

ră2k`1s
1 , Yě2, Y

rě2k`1s
0 Y

Y
rě2k`1s
1 y of G is good (see Figure 9b). Similarly, our current hypothesis and (G1) certify that the

decomposition satisfies P:

T pV0q ”2 1 ”2 2 ` 2k ` 1

T pV1q ”2 |T pYě2q| ”2 1 ”2 p ´ 2 ` q ´ p2k ` 1q

Notice also that GrV0s and GrV2s are grids with an odd dimension. Hence, by Lemma 4.8 they
admit an acyclic T0-odd and T2-odd orientation respectively. To show that the T -decomposition
is good, it is now enough to check that GrV1s is not a bad grid instance of Problem 1 and apply
induction. Since pu1, v0q P T and rpu1, v0q, pu2, v0qs P PairspGrV1ss, we deduce that pu2, v0q P T .
Notice also that pu2, v0q P Z2. Hence, pu2, v0q R T2, which implies that pGrV1s, T1q is not a bad grid
instance of Problem 1. So by Theorem 4.2, G admits an acyclic T -odd orientation.

The case where pu1, vq´1q P T and pu1, v0q R T is symmetrical.

b.3. Finally, assume that y, y1 are not in T and either both w0, wq´1 P T or both w0, wq´1 R T . We
prove that the p2, qq-corner T -decomposition xV0, V1,Hy “ xYă2, Yě2,Hy of G is good (see figure
9c) and conclude by applying Theorem 4.2. To show that the decomposition satisfies P, we only
need to check that |T pV0q| ”2 |EpGrV0sq| thanks to Lemma 4.3:

T pV0q ”2 0 ”2 2 ` q ”2 |EpGrV0sq| by (G0)

Now, to show that the T -decomposition is good, it is enough to check that pGrV0s, T0q and
pGrV1s, T1q are not bad grid instances of Problem 1 and apply induction:
- Let us show that pGrV0s, T0q (with V0 “ Yă2) is not a bad grid instance.
Since pGrVins, T pVinqq is a bad grid instance of Problem 1, note that pu1, v1q P T and rpu1, v2jq,
pu2, v2j`1qs P PairspGrVinsq for all j P t1, . . . , q´4

2 u. However, since pu1, v2kq R T , there must exist
1 ď k1 ď k such that pu1, v2k1´1q P T if and only if pu1, v2k1 q R T . Thus, pGrY1s, T pY1qq is not a bad
path instance and by Lemma 4.8, GrV0s admits an acyclic T0-odd orientation.

- Let us show that pGrV1s, T1q (with V1 “ Yě2) is not a bad grid instance. We distinguish two cases:
If p “ 4, since Z1 “ Y2, we deduce that pu2, v1q R T1 and pup´2, v2k´1q, pup´2, v2kq “ pu2, v2kq, pu2, v2k`1q P

T1. Moreover, since pGrVins, T pVinqq is a bad grid instance of Problem 1, we have that rpu2, v2jq,
pu2, v2j`1qs P PairspGrYě2sq for all 1 ď j ď

q´4
2 . Hence, there must exist 1 ď k1 ď k such that

pu2, v2k1´1q P T1 if and only if pu2, v2k1 q R T1. Thus, pGrY2s, T1pY2qq is not a bad path instance of
Problem 1 and by Lemma 4.8, GrV1s admits an acyclic T1-odd orientation.
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If p ě 6, note that pup´2, v2k´1q, pup´2, v2kq R T1, so pGrV1s, T1q is not a bad grid instance of
Problem 1 and by induction, GrV1s admits an acyclic T1-odd orientation.
Combining parts 1 and 2 concludes the induction. Thus, if pG,T q is not a bad grid instance of
Problem 1 such that T satisfies the parity condition P, then it admits an acyclic T -odd orientation.
l

Lemma 4.10. If pG,T q is a bad grid instance of Problem 1, then G does not admit an acyclic
T -odd orientation.

Proof.
Let pG,T q be a bad grid instance of Problem 1 with G “ Pp ˝Pq. We show that G does not admit
any acyclic T -odd orientation.

The proof proceeds as follows. We construct a new instance pG, T q, where |T | “ |V pGq| ´ 1, and
we show that any acyclic T -odd orientation of G would imply the existence of an acyclic T -odd
orientation of G. Next, we recall the following theorem of Kiraly and Kisfaludi-Bak (Theorem 1.40
in [6]). It provides a key characterization for acyclic T -odd orientations in planar graphs. To cite
this theorem, we give some quick intuitive definitions; for formal ones, we refer to [7]. A planar
embedding is a drawing of a graph in the plane such that no edges cross each other. A graph
that admits a planar embedding is called planar. The dual of a planar embedding of G is the
graph where the faces of this embedding are its vertex set, and two faces are adjacent whenever
they share an edge of G. A graph is factor-critical if, after removing any vertex, the remaining
graph has a perfect matching.

(Theorem 1.40 in [6]) The dual of a planar graph G “ pV,Eq having an acyclic
V ztvu-odd orientation for some vertex v P V is always factor-critical. (So if there are
multiple dual graphs depending on the planar embedding of G, then all of them are
factor-critical.)

From the contrapositive of this theorem, to show that G does not admit any acyclic T -odd orien-
tation, it is enough to show that the dual of some planar embedding of G is not factor-critical. To
do so, we show that some planar embedding ϕpGq of G contains r

f
2 s pairwise independent faces,

where f is the number of faces in ϕpGq and two faces are independent if they do not share an edge.
Indeed, this implies that the dual of ϕpGq contains an independent set of size rn2 s and hence that it
is not factor-critical.

Construction of pG, T q:
Define G from G by adding a vertex s connected to every vertex in V zT as follows:

• V pGq “ V pGq Y tsrootu

• EpGq “ EpGq Y twsroot | w P V pGqzT u

Set T “ V pGqztsrootu.

Correctness of pG, T q:
Suppose that G admits an acyclic T -odd orientation O. We construct an orientation O1 of G as
follows:

• a P O1 for all arcs a P O.
• For each w P V pGqzT , ÝÝÝÝÑsrootw P O1.

By construction, O1 is a T -odd orientation of G. Furthermore, O1 remains acyclic sroot is a source
in GO1 . Hence, any acyclic T -odd orientation of G implies an acyclic T -odd orientation of G.

Planar Embedding ϕpGq:
We now describe a planar embedding ϕpGq of G. We first map the vertex pui, vjq P V pGq to the
point pi, jq P Z2 for all i P t0, . . . , p ´ 1u and j P t0, . . . , q ´ 1u. Each edge is drawn as a straight
line segment between its endpoints. We say that a vertex pvi, vjq is on the border of the grid if
i P t0, p ´ 1u or j P t0, q ´ 1u. The additional vertex sroot is adjacent only to vertices of V pGqzT .
Because pG,T q is a bad grid instance, all those vertices lie on the border of the grid. Hence, we
embed sroot in the external face of the grid, at the point pp, qq, and for each vertex w P V pGqzT ,
we draw a curve from sroot to w. These curves can be chosen so that they do not cross each other,
nor any edge of G, except at their endpoints (see Figure 10).
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Independent faces of ϕpGq:
First, note that |V pGq| “ pq`1 and |EpGq| “ qpp´1q `ppq´1q ` |V pGqzT |, so by Euler’s formula,
ϕpGq contains f “ pp ´ 1qpq ´ 1q ` |V pGqzT | faces.

We select the following faces of ϕpGq defined by the cycles:
1. pu2i, v2jqpu2i, v2j`1qpu2i`1, v2j`1qpu2i`1, v2jq for all i P t0, . . . , p´2

2 u and j P t0, . . . , q´2
2 u

2. pu, vqpu1, v1qsroot for all rpu, vq, pu1, v1qs P PairspGq such that pu, vq, pu1, v1q P V pGqzT .

Note that all selected faces of ϕpGq are independent. Also, we selected precisely r
pp´1qpq´1q

2 s faces
in 1. and |V pGqzT |

2 faces in 2.. This makes a total of r
pp´1qpq´1q

2 s `
|V pGqzT |

2 “ r
f
2 s independent faces

(see Figure 10).

general bad grid instance

sroot

Figure 10: Chosen faces on the planar embedding of G associated with the bad grid instance of
Figure 5.

l

Combining Lemma 4.9 and Lemma 4.10, we obtain the following theorem:

Theorem 4.11. Let pG,T q be a grid instance of Problem 1 such that T satisfies the parity condition
P.
G admits an acyclic T -odd orientation if and only if pG,T q is not a bad grid instance of Problem
1.

4.4 Cylinders and Tori
In this section, we prove Theorem 1.3 which solves Problem 1 for graphs G ˝H when G and H are
a path or a cycle. Let us recall this second result on cylinders and tori:

Theorem (1.3). Let G “ Cp ˝ Hq be a graph where Cp is a cycle on p vertices and Hq is either a
path or a cycle on q vertices. Let T Ď V pGq be a subset that satisfies PSS.

If Hq is a path, or if p, q ě 4, then G has an acyclic T -odd orientation.

As for grids, the proof of Theorem 1.3 works by construction and induction. We decompose the
proof into three lemmas (Lemmas 4.12, 4.13 on cylinders and 4.15 on tori) from which this theorem
is a direct consequence. We now give some preliminary results and definitions.

Preliminaries
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Let p ě 3 and q ě 1. Let G be Cp ˝ Hq with Hq P tPq, Cqu. If Hq “ Cq, then q ě 3.
We denote the vertex sets by V pCpq “ tu0, . . . , up´1u and V pHqq “ tv0, . . . , vq´1u. We fix the edge
sets as follows: EpCpq “ tuiui`1 mod p | i “ 0, . . . , p ´ 1u and EpHqq “ tvjvj`1 | j “ 0, . . . , q ´ 2u if
Hq is a path; else EpHqq “ tvjvj`1 mod q | j “ 0, . . . , q ´ 1u.
For every j P t0, . . . , q ´ 1u, let X

rěis
j “ tpuk, vjq | k “ i, . . . , p ´ 1u and X

rďis
j “ tpuk, vjq |

k “ 0, . . . , iu. We drop the superscript rě is and rď is when i “ 0 or p ´ 1 respectively, and
in those cases, the graph induced by Xj is Cp; we call Xj a row. By extension, we denote
Xďj “ Y

j
k“0Xk, Xăj “ XďjzXj and Xěj “ Y

q
k“jXk, Xąj “ XějzXj . In particular, the graph

induced by Xďj is a cylinder.
For every i P t0, . . . , p´1u, let Y rějs

i “ tpui, vkq | j ď k ď q´1u and Y
rďjs
i “ tpui, vkq | 0 ď k ď ju.

We drop the superscript rě js and rď js when j “ 0 or q ´ 1 respectively, and in those cases, the
graph induced by Yi is Hq; we call Yi a column. We also denote similarly Yďi “ Yi

k“0Yk, Yăi “

YďizYi and Yěi “ Y
p
k“iYk, Yąi “ YěizYi. In particular, the graph induced by Yďi is a grid whenever

Hq “ Pq but a cylinder whenever Hq “ Cq.

Cylinders

This part is dedicated to the proof of Theorem 1.3 for cylinders. For any cylinder G “ Cp ˝ Pq, it
is useful to remind that:

|V pGq| ”2 p ˆ q, |EpGq| ”2 p (C0)

Let be a subset T Ď V pGq. Recall that SourcepT q “ V pGqzT and SinkpT q is the set of vertices in
T that have an odd degree and vertices in V pGqzT that have an even degree. Hence, in cylinders,
SourcepT q ‰ H if and only if T ‰ V pGq and SinkpT q ‰ H if and only if T ‰ V pGqztX0, Xq´1u.
Moreover there is no need to check whether SourcepT q ‰ SinkpT q as it is always the case for non
Eulerian graphs.

Note that T does not satisfy S if and only if T “ V pGq and does not satisfy S if and only if
T “ V pGqztX0, Xq´1u (see Figure 11). In the proof, to show that a cylinder instance pG,T q

satisfies S or S we show that SourcepT q and SinkpT q are non empty.cyl bad instance

0 p− 1
0

q − 1

Figure 11: A cylinder with T satisfying P and S, but violating S

In the next proofs, we use multiple T -decompositions of a cylinder instance pG,T q that we shall
describe carefully here. Using Lemma 4.3, we give the necessary and sufficient conditions we use
to prove that these T -decompositions satisfy the parity condition P.

first-row T-decompositions. We define here two different T -decompositions xV0, V1y “ xX0, Xě1y

or xXě1, X0y of pG,T q (see Figure 12a). By Lemma 4.3, these two T -decompositions satisfy P if

19



and only if:

|T pV0q| ”2 |EpX0q| ”2 |EpXě1q| ”2 p (C1)

ith-column T-decomposition. It is defined as xV0, V1y “ xYi, V pGqzYiy for i P t0 . . . p ´ 1u (see
Figure 12b):

V0 “ Yi, V1 “ V pGqzYi

By Lemma 4.3, this T -decomposition satisfies P if and only if:

|T0| ”2 |EpGrV0sq| i.e. |T pV0q| ”2 |EpYiq| ”2 q ´ 1 (C2)

ith-column & first-row T-decompositions. We define here two different T -decompositions (see
Figure 12c).
The first one is xV0, V1, V2y “ xY

rě1s
i , X0, V pGqzpY

rě1s
i Y X0qy. By Lemma 4.3, it satisfies P if and

only if:

|T0| ”2 |EpGrV0sq| i.e. |T pV0q| ”2 |EpY
rě1s
i q| ”2 q (C3a)

|T1| ”2 |EpGrV1sq| i.e. |T pV1q| ”2 |EpX0q| ´ |Z1| ”2 p ´ 1

The second one is xV0, V1, V2y “ xV zpY
rě1s
i Y X0q, X0, Y

rě1s
i y. By Lemma 4.3, it satisfies P if and

only if:

|T1| ”2 |EpGrV1sq| i.e. |T pV1q| ”2 |EpX0q| ´ |Z1| ”2 p ´ pp ´ 1q ”2 1 (C3b)

|T2| ”2 |EpGrV2sq| i.e. |T pV2q| ”2 |EpY
rě1s
i q| ´ |Z2| ”2 q ´ 1

cyl first row decomposition

V0

V1

0 p− 1

0

q − 1

(a) A first-row T -decomposition
satisfying P

cyl i-column decomposition

V0 V1

i
0

q − 1

(b) An i-column T -decomposition
satisfying P

cyl i-column first-row decomposition

V1

V0

V2

i

0

q − 1

(c) An i-column & first-row T -
decomposition satisfying P

Figure 12: T -decompositions used in the proofs of Lemmas 4.13 and 4.12.

Lemma 4.12. Let G be a cylinder Cp ˝ Pq with p ě 3 odd and q ě 1. The graph G admits an
acyclic T -odd orientation for any subset T Ď V pGq satisfying:

• P if q is even.
• PSS if q is odd.

Proof.
Let G “ Cp ˝ Pq with p ě 3 odd and q ą 1 (for q “ 1, refer to Lemma 4.5).
a. Suppose that q ”2 0, so that |V pGq| ”2 0. Let T be a subset of V pGq satisfying P and recall

we suppose p odd. By (C0), this implies |T | ”2 1 and |V pGqzT | ”2 1. This implies that T also
satisfies S and S (T ‰ V pGq and T ‰ V pGqztX0, Xq´1u since |V pGqztX0, Xq´1u ”2 0). By (C0),
we have that |V pGq| ` |EpGq| ”2 1 so T must verify whether |V pGqzT | ”2 1 and hence satisfies S
and S as well. Also, since |V pGqzT | ”2 1, there must exist i P t1, . . . , pu such that |YizT pYiq| ”2 1.
Let us consider the ith-column T -decomposition A1 “ xV0, V1y “ xYi, V pGqzYiy (see Figure 13a).
It satisfies P (see (C2)):

|T pV0q| ”2 q ´ 1 ”2 |EpGrV0sq|
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Now, GrV0s is a path and has an acyclic T0-odd orientation by Lemma 4.4. GrV1s is a grid with
even dimensions, hence, if pGrV1s, T1q is not a bad grid instance, it has an acyclic T1-odd orientation
by Lemma 4.9 and A1 is good.
Otherwise, if pGrV1s, T1q is a bad grid instance in A1, we have in particular that pui`1, v0q and
pui`1, vq´1q are not in T . In this case, we define A2 “ xV0, V1y “ xV pGqzYi, Yiy. To show it satisfies
P it is enough by Lemma 4.3 to check that |T1| ”2 |EpGrV1sq| or equivalently that |T pV1q| ”2

|EpGrV1sq| ´ |Z1|. But |Z1| ”2 0 hence:

|T pV1q| ”2 |T pYiq| ”2 q ´ 1 ”2 |EpGrV1sq| ´ |Z1|

Now, the subgraph induced by V0 in A2 is a grid with even dimensions but in this case pGrV0s, T0q

is guaranteed to not be a bad grid instance in A2 as its corner vertices pui`1, v0q and pui`1, vq´1q

are not in T0. Hence, GrV0s has an acyclic T0-odd orientation by Lemma 4.9. Furthermore, GrV1s

is a path and has an acyclic T1-odd orientation by Lemma 4.4, achieving to prove that A2 is good.

b. From now on, suppose that q ”2 1 and let T be a subset of V pGq satisfying PSS.
b.1. Suppose that there is a column Yi such that T pYiq satisfies P in GrYis for some i P

t0, . . . , p ´ 1u. Then the ith-column T -decomposition B “ xV0, V1y “ xYi, V pGqzYiy satisfies P
(refer to (C2) and Figure 13b):

|T pV0q| ”2 |T pYiq| ”2 q ´ 1

We now show it is a good decomposition. The subgraph GrV0s is a path and has an acyclic
T0-odd orientation by Lemma 4.4. The subgraph GrV1s is a grid with an odd dimension, hence
it has an acyclic T1-odd orientation by Lemma 4.8.

b.2. Assume that for all i P t0, . . . , p ´ 1u, T pYiq does not satisfy P in GrYis, i.e. |T pYiq| ”2 1.
b.2.i. Suppose that T pX0q ‰ X0 and T pX0q ‰ H. If T pX0q satisfies P in GrX0s, we consider
the first-row T -decomposition C1 “ xV0, V1y “ xX0, Xě1y; otherwise if T pX0q does not satisfy
P in GrX0s, then T pXě1q satisfies P in GrXě1s. Indeed :

|T | “ |T pX0q| ` |T pXě1q|

”2 |EpGrX0sq| ` |EpGrXě1sq| ` |δpX0, Xě1q|

”2 |EpGrX0sq| ` |EpGrXě1sq| ` 1

where δpX0, Xě1q denotes the set of edges with one endpoint in X0 and the other in Xě1.
In this case, we consider the first-row T -decomposition C2 “ xV0, V1y “ xXě1, X0y (see Figure
13c) and either C1 or C2 satisfies P by Lemma 4.3.
For i P t0, 1u, if the subgraph GrVis is either a cylinder with p odd and q even or a cycle (with
Ti verifying S since Ti ‰ Vi), then it has an acyclic Ti-odd orientation by case a. or Lemma 4.5,
respectively. Hence, either C1 or C2 is good. We take care of the case where T pXq´1q ‰ Xq´1

and T pXq´1q ‰ H by symmetry.

b.2.ii. Suppose that T pX0q “ X0 and T pXq´1q “ Xq´1. We consider an ith-column & first-
row T -decomposition D1 “ xV0, V1, V2y “ xV zpY

rě1s
i YX0q, X0, Y

rě1s
i y for some i P t0, . . . , p´1u

such that T pV zpY
rě1s
i YX0qq ‰ V zpY

rě1s
i YX0q (see Figure 13d). This decomposition satisfies

P (refer to (C3b)):

|T pV1q| ”2 |T pX0q| ”2 p, |T pV2q| ”2 |T pY
rě1s
i q| ”2 0 ”2 q ´ 1

The subgraph GrV0s is a grid with even dimensions. If pGrV0s, T0q is a bad grid instance
of Problem 1, we consider symmetrically the ith-column & first-row T -decomposition D2 “

xV0, V1, V2y “ xV zpY
rďq´2s
i Y Xq´2q, Xq´1, Y

rďq´2s
i y (see Figure 13d) which satisfies P as well.

Now, pGrV0s, T0q cannot be a bad grid instance in both D1 and D2. Indeed, this would imply
that T pV zYiq “ V zYi, which is not possible because V zYi Ą V zpY

rě1s
i Y X0q and we supposed

T pV zpY
rě1s
i YX0qq ‰ V zpY

rě1s
i YX0q. By Lemma 4.9, GrV0s has an acyclic T0-odd orientation.

The subgraph GrV1s is a cycle with T1 satisfying P and S since T1 ‰ V1, so it has an acyclic
T1-odd orientation by Lemma 4.5. The subgraph GrV2s is a path and has an acyclic T2-odd
orientation by Lemma 4.4. We deduce that at least one decomposition among D1 or D2 is good.
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b.2.iii. Suppose that T pX0q “ H and T pXq´1q “ Xq´1. We consider the ith-column & first-
row T -decomposition E “ xV0, V1, V2y “ xY

rě1s
i , X0, V zpY

rě1s
i YX0qy for some i P t0, . . . , p´1u

(see Figure 13e). This decomposition satisfies P (refer to (C3a)):

|T pV0q| ”2 |T pY
rě1s
i q| ”2 1 ”2 q, |T pV1q| ”2 |T pX0q| ”2 0 ”2 p ´ 1

We now show that E is good. The subgraph GrV0s is a path and has an acyclic T0-odd ori-
entation by Lemma 4.4. The subgraph GrV1s is a cycle and T1 satisfies S since T1 ‰ V1 from
the hypothesis, so it has an acyclic T1-odd orientation by Lemma 4.5. The subgraph GrV2s is
a grid with even dimensions, but pGrV2s, T2q is not a bad grid instance of Problem 1 as the
corner vertex pui`1, vq´1q P T2, so we are done using Lemma 4.9.

b.2.iv. Suppose that T pX0q “ H and T pXq´1q “ H, so that all vertices of odd degree
are not in T . Thus, since T satisfies S, we have T ‰ V pGqztX0, Xq´1u and there exists a
vertex in u P V pGqztX0, Xq´1u that does not belong to T (otherwise it would precisely be the
instance described in Figure 11). But because T satisfies P we also have that |V pGqzT | ”2

p ˆ q ´ |EpGq| ”2 0. Thus, there exist in fact two distinct vertices u, v P V pGqztX0, Xq´1u

such that u, v R T . Moreover, because we assumed that for all i P t0, . . . , p ´ 1u, |T pYiq| ”2 p,
there must exist a k P t0, . . . , p ´ 1u such that |YkzT pYkq| ě 4. We now consider an ith-
column & first-row T -decomposition F1 “ xV0, V1, V2y “ xY

rě1s
i , X0, V zpY

rě1s
i Y X0qy for some

i P t0, . . . , p´1uztku (see Figure 13f). It is essentially the same decomposition as in case b.2.iii.
and it satisfies P for the same reason. The subgraph GrV2s is a grid with even dimensions and
T2 verifies both S and S in GrV2s: indeed, since Yi ‰ Yk it is enough to look at vertices in
Yk, to find either two vertices of degree 4 not in T2 (i.e. in SourcepT2q X SinkpT2q of GrV2s)
whenever k ‰ i´1 and k ‰ i`1, or two vertices of degree 3 in T2 (i.e. in SinkpT2qzSourcepT2q

of GrV2s) and a vertex of degree 3 not in T2 (i.e. in SourcepT2qzSinkpT2q of GrV2s) whenever
k “ i ´ 1 or k “ i ` 1. Now, if pGrV2s, T2q is a bad grid instance, we consider symmetrically
the decomposition F2 “ xV0, V1, V2y “ xY

rďq´2s
i , Xq´1, V zpY

rďq´2s
i Y Xq´1qy which satisfies P

as well (see Figure 13f).
We now show that either F1 or F2 is good. The subgraph GrV0s is a path and has an acyclic
T0-odd orientation by Lemma 4.4. The subgraph GrV1s is a cycle and T1 satisfies S since
T1 ‰ V1 from the hypothesis, so it has an acyclic T1-odd orientation by Lemma 4.5.
We now notice that pGrV2s, T2q cannot be a bad grid instance in both F1 and F2. Indeed,
this would imply that YjzT pYjq “ tpuj , v0q, puj , vq´1qu for all j P t0, . . . , p ´ 1uztiu, which is
a contradiction as |YkzT pYkq| ě 4 with k P t0, . . . , p ´ 1u and i ‰ k by hypothesis. From this
observation, we deduce that GrV2s has an acyclic T2-odd orientation by Lemma 4.9 in either
F1 or F2. Consequently, either F1 or F2 is good which ends the proof.

l

22



cyl odd a

V1

i

V0

A1

V0

i

V1

A2

0

q − 1

0

q − 1

(a) Case a: q is even

cyl odd b.1

i

V1V0

B
0

q − 1

(b) Case b.1: q is odd and T pYiq sat-
isfies P in GrYis

cyl odd b.2.i

V0

V1

V1

V0

C1 C20 p− 1

0

q − 1

0 p− 1

0

q − 1
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(f) Case b.2.iv: q is odd, T pX0q “ H and T pXq´1q “ H

Figure 13: T -decompositions used for the proof of Lemma 4.12 in which p is odd by hypothesis.
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Lemma 4.13. Let G be a cylinder Cp ˝ Pq with p ě 4 even and q ě 1.
Then G admits an acyclic T -odd orientation for any subset T Ď V pGq satisfying PSS.

Proof.
Let G be a cylinder Cp ˝ Pq with p ě 4 even and q ą 1 (for q “ 1, refer to Lemma 4.5) and let
T Ď V pGq such that it satisfies PSS. We go through multiple cases:
a. Suppose that T pX0q does not satisfy P in GrX0s i.e. |T pX0q| ”2 1 ı2 |EpGq| by (C0). Then
there must exist a subpath of 3 adjacent vertices w1, w2, w3 in X0 such that |T ptw1, w2, w3uq| ”2 0.
Indeed, suppose it is not the case, then:

3|T pX0q| “

p´1
ÿ

i“0

|T ptpui, v0q, pui`1, v0q, pui`2, v0quq| ”2 p

But p is even, so |T pX0q| ”2 0 and it satisfies P in GrX0s, a contradiction. Let w P tw1, w2, w3u

such that w R T . We consider the decomposition A1 “ xV0, V1, V2y “ xtwu, Xě1, X0ztwuy (see
Figure 14a). T pV0q trivially satisfies P in GrV0s, and we have |T1| “ |T pV1q| ` 1 “ |T | ´ |T pV0q| `

1 ”2 0 ”2 |EpGrV1sq|, so using Lemma 4.3 it shows that A1 satisfies P. If T1 does not satisfy
either S or S in GrV1s, then, instead of A1, we consider the decomposition A2 “ xV0, V1, V2y “

xtw1, w2, w3u, Xě1, X0ztw1, w2, w3uy (see Figure 14a) which also satisfies P. Indeed, by Lemma
4.3, it is enough to check the following:

|T0| ”2 |T pV0q| ”2 0 ”2 |EpGrV0sq|

|T2| ”2 |T pV2q| ´ |Z2| ”2 1 ´ 1 ”2 0 ”2 |EpGrV2sq|

Now, in both partitions, V0 and V2 are paths and admit an acyclic T0-odd and T2-odd orienta-
tion respectively by Lemma 4.4. Moreover, V1 induces a non empty cylinder (as q ą 1) and we
show that it admits an acyclic T1-odd orientation by induction on Lemma 4.13 in at least one
of the partitions. First, if we consider A1 then T1 satisfies both S or S in GrV1s by hypothesis.
Second, if we consider A2, then we define w1

1, w
1
2, w

1
3 P V1 as the three neighbors of w1, w2, w3

in V1, and we denote w1 P tw1
1, w

1
2, w

1
3u the neighbor of w. By hypothesis, T pV1q tw1u does not

satisfy either S or S in GrV1s i.e. T pV1q tw1u “ V1 or T pV1q tw1u “ V1zpX1 Y Xq´1q. But then
T pV1q tw1

1, w
1
2, w

1
3u “ T1 is different from both V1 and V1zpX1 YXq´1q and as such satisfies S and

S in GrV1s (see Figure 11). Hence, either A1 or A2 is good.

b. From now on, we assume that T pX0q satisfies P in GrX0s. This implies that |T pXě1q| ”2 p, so
that T pXě1 also satisfies P in GrXě1s. And up to symmetry, we can assume that T pXq´1q and
T pXďq´2q satisfy P as well in GrXq´1s and GrXďq´2s respectively.

b.1. Suppose that neither T pXě1q nor T pXďq´2q satisfies both S and S in GrXě1s and GrXďq´2s

respectively. Then either T “ V pGq in which case T does not satisfy S which is a con-
tradiction, or q “ 3 and T “ H. In this case, we define the ith-column T -decomposition
B “ xV0, V1y “ xYi, V pGqzYiy. It satisfies P for any 0 ď i ď p ´ 1 (see Figure 14b): indeed,
we refer to (C1), and remark that |T pV0q| ”2 |T pYiq| ”2 p. We now show that the decomposition
is good. V0 induces a path so it has an acyclic T0-odd orientation by Lemma 4.4. The graph
GrV1s is a grid with an odd dimension, hence it has an acyclic T1-odd orientation by Lemma 4.8.

b.2. Assume without loss of generality that T pXě1q satisfies both S and S in GrXě1s.
b.2.i. Suppose that T pX0q ‰ H. We consider the first-row T -decomposition C “ xV0, V1y “

xXě1, X0y (see Figure 14c). This decomposition satisfies P as T pX0q satisfies P in GrX0s by
hypothesis and T1 satisfies P in GrV1s by Lemma 4.3.
Furthermore, it is good. Indeed, GrV0s is a cylinder with an even dimension and has an
acyclic T0-odd orientation by induction, and GrV1s is a cycle in which T1 satisfies S since
T1 “ X0 T pX0q ‰ X0 “ V1 from the hypothesis, so it has an acyclic T1-odd orientation by
Lemma 4.5.

b.2.ii. Suppose that T pX0q “ H. We consider the first-row T -decomposition D1 “ xV0, V1y “

xX0, Xě1y (see Figure 14d). The decomposition D1 satisfies P: indeed, we refer to (C1) and
remark that |T pV0q| ”2 |T pX0q| ”2 p. Note also that GrV0s has an acyclic T0-odd orientation
by Lemma 4.5. We now have three cases to consider:
- If T1 satisfies both S and S in GrV1s then GrV1s has an acyclic T1-odd orientation by induction
and D1 is good.
- If T1 does not satisfy S in GrV1s, then T1 “ Xě1ztX1, Xq´1u and T “ V pGqztX0, Xq´1u,
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which is precisely saying that T does not satisfy S (see Figure 11), a contradiction.
- Finally, if T1 does not satisfy S in GrV1s, then T1 “ Xě1, which implies that T “ V pGqztX0, X1u.
If q “ 2 then T does not satisfy S as every vertex of G would be of degree 3 but none of them
would belong to T . Hence, we can assume that q ě 3. We define C4 “ tpu0, v0q, pu0, v1q, pu1, v0q, pu1, v1qu

and consider the T -decomposition D2 “ xV0, V1, V2y “ xC4, Xě2, Xă2zC4y (see Figure 14d). By
Lemma 4.3, it satisfies P. Indeed, we have:

|T0| ”2 |T pV0q| ”2 0 ”2 |EpGrV0sq|

|T2| ”2 |T pV2q| ´ |Z2| ”2 0 ´ 0 ”2 |EpGrV2sq| by (G0)

We now show that it is good. GrV0s is a cycle and admits an acyclic T0-odd orientation by
Lemma 4.5. GrV1s is a cylinder with T1 satisfying PSS since pu0, v2q, pu1, v2q R T1 (i.e. in
SourcepT1q of GrV1s), pu2, v2q P T1 is of degree 3 in GrV1s (i.e. in SinkpT1qzSourcepT1q of
GrV1s) . So GrV1s has an acyclic T1-odd orientation by induction. Finally, pGrV2s, T2q is not a
bad grid instance since both corner vertices pu3, v1q and pup´1, v1q are not in T2. Hence it has
an acyclic T2-odd orientation by Lemma 4.8.

l
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Figure 14: T -decompositions used for the proof of Lemma 4.13 in which p is even by hypothesis.
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Quasi 2-cylinders

In this subsection, we take care of special instances that prove to be useful in the proof of Theorem
1.3 for tori.
We define a quasi 2-cylinder Qp as a cylinder Cp ˝P2 for some integer p ě 4 from which the vertex
x “ pu0, v1q is removed. We abusively use the notations defined for cylinders and tori, and as such,
we note the set tpu1, v1q, . . . , pup´1, v1qu as X1 and tpu0, v0qu as Y0. It is useful to keep in mind
that:

|V pQpq| ”2 1 and |EpQpq| ”2 p ´ 1 (QC)
Also, in a quasi 2-cylinder Qp, a subset T of the vertex set does not satisfy S if and only if
T “ V pQpq and does not satisfy S if and only if T “ tpu0, v0q, pu1, v1q, pup´1, v1qu (see Figure 15).

q2-cyl bad instance

0 p− 1

0

1

Figure 15: A quasi 2-cylinder Qp and a subset T satisfying P and S but not S.

Lemma 4.14. Let p ě 4. The quasi 2-cylinder G “ pCp ˝ P2qztxu admits an acyclic T -odd
orientation for any subset T Ď V pGq satisfying:

• P if p is odd.
• PSS if p is even.

Proof.
Let p ě 4 and G “ pCp ˝ P2qztxu.
a. Suppose that p ”2 1 and let T Ď V pGq be a subset satisfying P. Then by (QC), we have that
|T | ”2 |EpGq| ”2 0 and |V pGqzT | ”2 1. Hence T satisfies both S and S as well.

a.1. Suppose that T pX0q satisfies P in GrX0s, i.e., |T pX0q| ”2 p ”2 1. Then T pX1q satisfies P
in GrX1s as well, indeed:

|T pX1q| ”2 |T | ´ |T pX0q| (˚)
”2 |EpGq| ´ |EpGrX0sq|

”2 |EpGrX1sq| ` |δpX0, X1q| ´ 1

”2 |EpGrX1sq|

- If T pX0q ‰ tpu0, v0qu, we consider the T -decomposition A2 “ xV0, V1y “ xX1, X0y (see Figure
16a). By Lemma 4.3, it satisfies P since |T0| “ |T pX1q| satisfies P in GrV0s. Furthermore, it is
good. Indeed, the path GrV0s admits an acyclic T0-odd orientation by Lemma 4.4. Moreover,
since T pX0q ‰ tpu0, v0qu, there exists pui, v0q P T pX0q. Thus pui, v0q P SourcepT1q in GrV1s (see
Figure 16a), so T1 satisfies S in GrV1s and the cycle GrV1s admits an acyclic T1-odd orientation
by Lemma 4.5.

- Else if T pX0q “ tpu0, v0qu, we consider the T -decomposition A1 “ xV0, V1y “ xX0, X1y (see
Figure 16a). By Lemma 4.3, it satisfies P since |T0| “ |T pX0q| satisfies P in GrV0s. Furthermore
it is good, because T pX0q ‰ X0, so T0 satisfies S in GrV0s and the cycle GrV0s admits an acyclic
T0-odd orientation by Lemma 4.5. Moreover, the path GrV1s admits an acyclic T1-odd orientation
by Lemma 4.4.

a.2. Suppose now that T pX0q does not satisfy P in GrX0s, i.e., |T pX0q| ”2 0. Then, by p˚q,
T pX1q does not satisfy P either, i.e., |T pX1q| ”2 0.
- If T pX0q ‰ H, then there exists i P t1, . . . , p ´ 1u such that pui, v0q P T . We consider the
T -decomposition B1 “ xV0, V1, V2y “ xX0ztpui, v0qu, X1, tpui, v0quy (see Figure 16b). By Lemma
4.3, it satisfies P since:

|T0| “ |T pV0q| “ |T pX0q| ´ |T ptpui, v0quq| ”2 1 ´ 1 ”2 |EpGrV0sq|

|T2| “ |T pV2q| ´ |Z2| ”2 1 ´ 3 ”2 |EpGrV2sq|
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Furthermore, it is good since for all k P t0, 1, 2u, the path GrVks admits an acyclic Tk-odd orien-
tations by Lemma 4.4.

- Suppose now that T pX0q “ H. We consider the T -decomposition B2 “ xV0, V1, V2y “

xtpu0, v1qu, X0, X1ztpu0, v1quy (see Figure 16b). By Lemma 4.3, it satisfies P since:

|T0| “ |T pV0q| ”2 0 ”2 |EpGrV0sq|

|T1| “ |T pX0q| ´ |Z1| ”2 0 ´ 1 ”2 |EpGrX0sq|

Furthermore, it is good since for all k P t0, 1, 2u, the path GrVks admits an acyclic Tk-odd orien-
tations by Lemma 4.4.

b. Suppose that p ”2 0, so in particular |X0| ”2 0 and |X1| ”2 1. Let T Ď V pGq be a subset
satisfying PSS. Then by (QC) we have that |T | ”2 |EpGq| ”2 1 and |V pGqzT | ”2 0.

b.1. Suppose first that T pX0q satisfies PSS in GrX0s. We consider the decomposition C “

xV0, V1y “ xX0, X1y (see Figure 16c). Since T0 “ T pX0q satisfies P and S in GrV0s by hypothesis,
using Lemma 4.3 is enough to show that C satisfies P. Furthermore, it is good since the cycle
GrV0s admits an acyclic T0-odd orientation by Lemma 4.5 and the path GrV1s admits an acyclic
T1-odd orientation by Lemma 4.4.

b.2. Suppose now that T pX0q satisfies P but does not satisfy S (or equivalently S) in X0,
then T pX0q “ X0 and |T pX1q| ”2 1. In this case, we claim that we can split X1 into two paths
such that one of them, say P , is of even length and T pP q satisfies P in GrP s. More precisely,
we claim that there exists l P r1, p´2

2 s such that either |T pX
rď2ls
1 q| ”2 1 or |T pX

rě2ls
1 q| ”2 1.

Suppose by contradiction that it is not the case, then for all k P r1, p´2
2 s, we have |T pX

rď2ks
1 q| ”2

|T pX
rě2ks
1 q| ”2 0 and:

0 ”2 |T pX
rď2ks
1 q| ` |T pX

rě2ks
1 q| ”2 |T pX1q| ` |T ptpu2k, v1quq| ”2 1 ` |T ptpu2k, v1quq|

So for all k P r1, p´2
2 s, we get that pu2k, v1q P T pX1q. But we also have for all k P r1, p´2

2 s,
that |T pX

rď2ks
1 q| ”2 0 by hypothesis, so we deduce inductively that pu2k´1, v1q P T pX1q for all

k P r1, p´2
2 s. This implies that |T pX1q| “ |X1| and thus that T “ V pGq and does not satisfy S,

which contradicts our assumptions.
Thus, let l be such that, up to symmetry, |T pX

rě2ls
1 q| ”2 1. We define the decomposition

D “ xV0, V1, V2y “ xX
rě2ls
1 , X0, X

ră2ls
1 y (see Figure 16d). By Lemma 4.3, it satisfies P since:

|T0| “ |T pX
rě2ls
1 q| ”2 1 ”2 |EpGrX0sq|

|T2| “ |T pX
ră2ls
1 q| ´ |Z2| ”2 |T pX1q| ´ |T pX

rě2ls
1 q| ´ 0 ”2 1 ´ 1 ”2 |EpGrX

ră2ls
1 sq|

Note that |Z2| ”2 0 because |Z2| ”2 |δpV0 Y V1, V2q| ”2 |δpV0, V2q| ` |δpV1, V2q| ”2 1 ` 1 ”2 0.
We now show that the decomposition is good. GrV0s and GrV2s are paths and admit an acyclic
T0-odd and T2-odd orientation respectively by Lemma 4.4. GrV1s is a cycle and T1 satisfies S
in GrV1s since T1 “ T pV1q Z1 “ X0 X

rě2ls
0 ‰ X0 (i.e. SourcepT1q ‰ H in GrV1s), so GrV1s

admits an acyclic T1-odd orientation by Lemma 4.5.

b.3. Suppose now that T pX0q does not satisfy P, i.e., |T pX0q| ”2 1 and |T pX1q| ”2 0.
b.3.i. Suppose first that T pX0q ‰ tpu0, v0qu. We consider the decomposition E “ xV0, V1y “

xX1, X0y (see Figure 16e). By Lemma 4.3 it satisfies P since |T0| “ |T pX1q| ”2 |T |´|T pX0q| ”2

1 ´ 1 ”2 |EpGrX1sq|. We now show it is good. The path GrV0s admits an acyclic T0-odd
orientation by Lemma 4.4. In order to show that the cycle GrV1s admits an acyclic T1-odd
orientation using Lemma 4.5, we have to show that T1 ‰ V1. By contradiction, we have:

T1 “ V1 ðñ T pV1q Z1 “ V1

ðñ T pX0q X
rě1s
0 “ X0

ðñ T pX0q “ X0 X
rě1s
0

ðñ T pX0q “ tpu0, v0qu a contradiction

b.3.ii. Now suppose that T pX0q “ tpu0, v0qu. In this case, we claim that we can split X1

into two paths such that one of them, say P , is of even length and T pP q does not satisfy P in
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GrP s. More precisely, we claim that there exists l P r1, p´2
2 s such that either |T pX

rď2ls
1 q| ”2 0

or |T pX
rě2ls
1 q| ”2 0. Suppose it is not the case, then for all k P r1, p´2

2 s, we have |T pX
rď2ks
1 q| ”2

|T pX
rě2ks
1 q| ”2 1 and:

0 ”2 |T pX
rď2ks
1 q| ` |T pX

rě2ks
1 q| ”2 |T pX1q| ` |T ptpu2k, v1quq| ”2 |T ptpu2k, v1quq|

So for all k P r1, p´2
2 s, we get that pu2k, v1q R T pX1q. Using that |T pX

rď2s
1 q| “ |T ptpu1, v1q, pu2, v1quq| ”2

0, we deduce that pu1, v1q P T pX1q. Similarly, because |T pX
rěp´2s
1 q| “ |T ptpup´2, v1q, pup´1, v1quq| ”2

0 we deduce that pup´1, v1q P T pX1q. Then using |T pX
rď2ks
1 q| ”2 0 for all k P r2, p´2

2 s

we further deduce inductively that no other vertex belongs to T pX1q and that T pX1q “

tpu1, v1q, pup´1, v1qu. This implies that T “ tpu0, v0q, pu1, v1q, pup´1, v1qu and does not sat-
isfy S as it contains precisely every vertex of even degree (see Figure 15), which contradicts our
initial assumptions.
Thus, let be such an l and assume up to symmetry that |T pX

rě2ls
1 q| ”2 0. We define the de-

composition F “ xV0, V1, V2y “ xYě2l, Y0, Yă2lzY0y (see Figure 16f). By Lemma 4.3, it satisfies
P since:

|T0| “ |T pYě2lq| “ |T pX
rě2ls
1 q| ` |T pX

rě2ls
0 q| ”2 0 ` 0 ”2 |EpGrX

rě2ls
1 sq|

|T1| “ |T pV1q| ´ |Z1| ”2 1 ´ 1 ”2 |EpGrV1sq|

We now prove that the decomposition is good. The graphs GrV0s and GrV2s are grids and admit
an acyclic T0-odd and T2-odd orientation respectively by Theorem 4.11. Indeed, pGrV0s, T0q is
not a bad grid instance since the corner vertex pup´1, v0q R T0 and pGrV2s, T2q is not a bad grid
instance either since GrV2s is a grid with an odd dimension.

l
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q2-cyl case a.1

A2

V0

V1

A1

V1

V0

0 p− 1

0

1

0 p− 1

0

1

(a) Case a.1: p ”2 1 and T pX0q satisfies P in GrX0s

q2-cyl case a.2

B2

V2

V1

V0
B1

V0

V1

V2
0 p− 1

0

1

0 p− 1

0

1

(b) Case a.2: p ”2 1 and T pX0q does not satisfy P in GrX0s

q2-cyl case b.1

V0

V1

C 0 p− 1

0

1

(c) Case b.1: p ”2 0 and T pX0q satisfies PSS in GrX0s

q2-cyl case b.2

V0

V1

D

V2

0 p− 1

0

1

(d) Case b.2: p ”2 0 and T pX0q satisfies P but not S
and S in GrX0s

q2-cyl case b.3.i

V0

V1

E 0 p− 1

0

1

(e) Case b.3.i: p ”2 0, T pX0q does not satisfy P in
GrX0s and T pX0q ‰ tpu0, v0qu

q2-cyl case b.3.ii

V2

V1

F

V0

0 p− 1

0

1

(f) Case b.3.ii: p ”2 0 and T pX0q “ tpu0, v0qu in GrX0s

Figure 16: T -decompositions used for the proof of Lemma 4.14.
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Torus

This part is dedicated to proving Theorem 1.3 for tori. As before, the proof works by construction
and induction. For any torus G “ Cp ˝ Cq, it is useful to remind that:

|V pGq| ”2 p ˆ q , |EpGq| ”2 0 (T)

Lemma 4.15. Let p, q ě 4. The Torus G “ Cp ˝ Cq admits an acyclic T -odd orientation for any
subset T Ď V pGq satisfying PSS.

Proof.
Let p, q ě 4 and G “ Cp ˝ Cq. Let T Ď V pGq be a subset which satisfies PSS. By (T) we have
that |T | is even.

a. First, suppose that T pX0q satisfies P and S, that is, |T pX0q| ”2 p, X0zT ‰ H, and consequently
that |T pXě1q| ”2 p. By Lemma 4.5, we already have that GrX0s admits an acyclic T pX0q-odd
orientation. We distinguish two cases depending on the set T pXě1q.
- Suppose that T pXě1q ‰ Xě1 and T pXě1q ‰ Xą1zXq´1 (this last set is well defined since q ě 4)
and let us consider the decomposition A1 “ xV0, V1

D

“ xX0, Xě1

D

(see Figure 17a). By Lemma
4.3, this decomposition satisfies P, indeed |T0| “ |T pX0q| satisfies P in GrX0s by hypothesis. In
order to prove that GrV1s admits an acyclic T1-odd orientation, and thus that A1 is good, we use
Theorem 1.3 on cylinders. To do so, we have to prove that T1 satisfies S and S. Equivalently, we
prove by contradiction that T1 ‰ Xě1 (i.e. SourcepT1q ‰ H in GrV1s) and T1 ‰ Xą1zXq´1 (i.e.
SinkpT1q ‰ H in GrV1s):

T1 “ pXě1 or Xą1zXq´1q ðñ T pV1q Z1 “ pXě1 or Xą1zXq´1q

ðñ T pXě1q pX1 Y Xq´1q “ pXě1 or Xą1zXq´1q

ðñ T pXě1q “ pXě1 pX1 Y Xq´1q or pXą1zXq´1q pX1 Y Xq´1qq

ðñ T pXě1q “ pXą1zXq´1 or Xě1q a contradiction

- Now, suppose that T pXě1q is either Xě1 or Xą1zXq´1. Let O be an acyclic T pX0q-odd orientation
of GrX0s. Let w1 and w2 be vertices of X0 such that d´

GrX0sO
pw1q “ d´

GrX0ztw1usO
pw2q “ 0. Note that

this directly implies that T ptw1, w2uq satisfies P in Grtw1, w2us. We define the decomposition A2 “

xV0, V1, V2

D

“ xtw1, w2u, Xě1, X0ztw1, w2u
D

(see Figure 17a). By Lemma 4.3 this decomposition
satisfies P : indeed, T0 “ T ptw1, w2uq satisfies P in GrV0s and:

|T1| “ |T pXě1q| ´ |Z1|

”2 |T | ´ |T pX0q| ´ 2

”2 |EpGq| ´ |EpGrX0sq|

”2 |EpGrXě1sq| ` |δpX0, Xě1q|

”2 |EpGrXě1sq|

proving that T1 satisfies P in GrV1s. Furthermore, A2 is good. Indeed, by construction, GrV0s and
GrV2s admit acyclic T0-odd and T2-odd orientations respectively. Finally, we use 1.3 on cylin-
ders to prove that GrV1s admits an acyclic T1-orientation. To do so, we have to show that
T1 satisfies S and S: call w1

1, w
2
1 and w1

2, w
2
2 the four neighbors of w1 and w2 in V1. Then

T1 “ T pV1q Z1 “ T pXě1q tw1
1, w

1
2, w

2
1 , w

2
2u ‰ Xě1 (i.e. SourcepT1q ‰ H in GrV1s) and

T1 ‰ Xą1zXq´1 (i.e. SinkpT1q ‰ H in GrV1s) as T pXě1q is either Xě1 or Xą1zXq´1 by hy-
pothesis. Thus pGrV1s, T1q cannot be one of the instances on which T1 fails S or S in the cylinder
GrV1s (see Figure 11).

b. One may assume now that for all i P t0, . . . , p´1u, either T pXiq does not verify S in GrXis (i.e.,
Xi Ď T ) or does not verify P in GrXis (i.e., |T pXiq| ”2 p´1). Equivalently, for all i P t0, . . . , p´1u,
|XizT pXiq| is either 0 or odd. By symmetry, assume also that for all j P t0, . . . , q´1u, |T pYjq| ”2 q
if and only if Yj Ď T (i.e., |YjzT pYjq| is either 0 or odd). Furthermore, since T verifies S, we may
suppose T pX0q satisfies S, which implies |T pX0q| ”2 p ´ 1 and X0zT ‰ H. As a consequence, and
since |T | is even by (T), we have |T pXě1q| ”2 p´ 1. Let x P X0zT and by symmetry, suppose that
x “ pu0, v0q.

b.1. If p is even then |T pX0q| ”2 1, so we can assume up to rotation that pup´1, v0q P T . Also,
it implies |T pXě1q| ”2 1, so there is 0 ă i ď q ´ 1 such that |T pXiq| ”2 1. Let k be the smallest
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such index. Since p ě 3, up to symmetry, we may assume that k ă q ´ 1. By definition of k, we
have that Xj Ď T for all 0 ă j ă k. We now consider two cases:
- Suppose there exists j P tk ` 1, . . . , q ´ 1u such that Xj Ć T . We consider the decom-
position B1 “ xV0, V1y “ xXăk`1, Xěk`1y (see Figure 17b). By Lemma 4.3, it satisfies P as
|T0| “ |T pXăk`1q| ”2 |T pX0q| ` |T pXkq| ”2 1 ` 1 ”2 0. Also, B1 is good. Indeed, T0 sat-
isfies S and S in GrV0s as x P SourcepT0q in the cylinder GrV0s and pup´1, v0q P SinkpT0q in
GrV0s. Thus, GrX0s admits an acyclic T0-odd orientation by Lemma 4.13. Furthermore, T1

satisfies S in the cylinder GrV1s since T pXjq ‰ Xj by hypothesis (i.e. SourcepT1q ‰ H in GrV1s)
and it satisfies S in GrV1s indeed: by hypothesis T pXěk`1q ‰ Xěk`1 and T1 “ T pV1q Z1 “

T pXěk`1q pXk`1 Y Xq´1q ‰ Xąk`1zXq´1 (i.e. SinkpT1q ‰ H in GrV1s). Thus pGrV1s, T1q is
not an instance for which T1 fails S in GrV1s (see Figure 11). So, by Lemma 4.13, the cylinder
GrV1s admits an acyclic T1-odd orientation.

- Suppose now that T pXjq “ Xj for all j P tk ` 1, . . . , q ´ 1u. We consider the decomposition
B2 “ xV0, V1, V2y “ xY

răq´1s
0 , Xq´1 Y X0ztxu, V zpV0 Y V1qy (see Figure 17b). By Lemma 4.3, it

satisfies P since:

|T0| “ |T pY
răq´1s
0 q| ”2 |T pY0q| ´ 1 ”2 q ”2 |EpGrY0sq| ”2 |EpGrY

răq´1s
0 sq|

|T1| “ |T pXq´1 Y X0ztxuq| ´ |Z1|

”2 |T pXq´1q| ` |T pX0q| ´ 4

”2 0 ` 1 ´ 4

”2 |EpGrXq´1 Y X0ztxusq| by (QC)

Furthermore, B2 is good. By Lemma 4.4, the path GrV0s admits an acyclic T0-odd orientation. By
Lemma 4.14, the quasi-cylinder GrV1s admits an acyclic T1-odd orientation. Indeed, T1 verifies S
because T1pXq´1q “ Xq´1 Ă SinkpT1q in GrV1s and it verifies S since pup´1, v0q P SourcepT1q in
GrV1s. Furthermore, V2 induces a grid with an odd dimension so Lemma 4.8 ensures that GrV2s

admits an acyclic T2-odd orientation.

b.2. Suppose now that p and q are odd. Recall that we supposed in b. that for all i P t0, . . . , p´1u

either T pXiq “ Xi or |T pXiq| is even, and for all j P t0, . . . , q ´ 1u either T pYjq “ Yj or |T pYjq|

is even.

b.2.i Assume that X1 Ď T . Then, T pXă2q and T pXě2q verify P in GrXă2s and GrXě2s

respectively. Indeed:

|T pXă2q| “ |T pX0q| ` |T pX1q| ”2 0 ` 1 ”2 |EpGrXă2sq| by (C0)
|T pXě2q| “ |T | ´ |T pXă2q| ”2 0 ´ 1 ”2 |EpGrXě2sq| by (C0)

We rely on Figure 17c to illustrate the following cases.
- If T pXě2q verifies S and S in GrXě2s then the decomposition C1 “ xV0, V1y “ xXě2, Xă2y is
good by Lemma 4.12.
- If T pXě2q does not verify S in GrXě2s then T pX2q “ T pXq´1q “ H and Xi Ď T for all
2 ă i ă q ´ 1 (see Figure 11). In this case, since p ě 5 and by Lemma 4.3, the decomposition
C2 “ xV0, V1y “ xX1 Y X2, X0 Y Xě3y satisfies P as |T pX1 Y X2q| “ |T pX1q| ` |T pX2q| ”2

1 ` 0 ”2 |EpGrX1 Y X2sq|. Furthermore, the decomposition is good by Lemma 4.12. Indeed,
T0 satisfies S and S in GrV0s as X1 P SinkpT0q in GrV0s and X2 P SourcepT0q in GrV0s, and
T1 satisfies both S and S in GrV1s as Xq´1 P SourcepT1q X SinkpT1q in GrV1s. Note also that
because we supposed that for all i P t0, . . . , p ´ 1u either T pXiq “ Xi or |T pXiq| is even, it
imposes that T pX0q “ H.
- If T pXě2q does not verify S in GrXě2s then Xi Ď T for all 1 ď i ď p ´ 1. Suppose first that
T pX0q ‰ H and up to symmetry we can assume that pu1, v0q P T . Also, since T satisfies S,
i.e., V zT ‰ H and |V zT Y tv P T, dpvq ”2 1u| ą 1, we know |V zT | ą 1. Hence, there exists
y ‰ pu0, v0q with y P X0zT . Let us now consider the decomposition C3 “ xV0, V1y “ xYă2, Yě2y.
By Lemma 4.3 it satisfies P as |T0| “ |T pYă2q| “ |T pY0q| ` |T pY1q| ”2 0 ` 1 ”2 |EpGrYă2sq|.
Furthermore, the decomposition is good by Lemma 4.12. Indeed, T0 satisfies S and S in the
cylinder GrV0s as x P SourcepT0q in GrV0s and pu1, v0q P SinkpT0q in GrV0s. Furthermore, T1

satisfies S in the cylinder GrV1s as Y
rě1s
2 P SourcepT1q in GrV1s and also satisfies S in GrV1s

as y either belongs to Y2 or Yq´1, in which case it belongs to T1 and is of degree 3 in GrV1s, or
it does not belong to Y2 nor Yq´1, in which case it does not belong to T1 and is of degree 4 in
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GrV1s. In both cases, y P SinkpT1q in GrV1s.

Finally, assume that T pX0q “ H. In this case, we consider the decomposition C4 “ xV0, V1, V2y “

xtxu, Yě2, Yă2ztxuy. By Lemma 4.3, the decomposition satisfies P:

|T0| “ |T ptxuq| ”2 0

|T1| “ |T pYě2q| ´ |Z1| ”2 1 ´ 1 ”2 |EpGrYě2sq|

Furthermore, the decomposition is good. Indeed, the cylinder GrV1s admits an acyclic T1-odd
orientation by Lemma 4.12 since T1 satisfies both S and S in GrV1s as the vertex pu3, v0q P

SinkpT1q in GrV1s because q ě 4 and pu2, v0q P SourcepT1q in GrV1s. Also the quasi-cylinder
GrV2s admits an acyclic T2-orientation by Lemma 4.14 since q is odd.

b.2.ii Suppose now that for all i P t0, . . . , p ´ 1u and j P t0, . . . , q ´ 1u, we have |T pXiq| ”2

|T pYjq| ”2 0. We consider the decomposition D “ xtxu, Xě2, Xă2ztxuy (see Figure 18). By
Lemma 4.3, it satisfies P:

|T0| “ |T ptxuq| ”2 0

|T1| “ |T pXě2q| ´ |Z1| ”2 pq ´ 2q ˆ pp ´ 1q ´ 1 ”2 p ”2 |EpGrXě2sq| by (C0)

We now show the decomposition is good. From the hypothesis, |T pX2q| ”2 p ´ 1 and by con-
struction of the decomposition Z1 “ X2 Y Xq´1. This implies that X2 contains both vertices
that are and are not in T1 “ T pV1q Z1. In particular, T1pX2q Ă SinkpT1q in GrV1s as those
are vertices of degree 3, and X2zT1pX2q Ă SourcepT1q in GrV1s. Therefore T1 satisfies both S
and S in GrV1s and the cylinder GrV1s admits an acyclic T1-odd orientation by Lemma 4.12.
Also the quasi-cylinder GrV2s admits an acyclic T2-orientation by Lemma 4.14 since q is odd.

In all cases, we get a good T -decomposition and one can conclude by applying Theorem 4.2. l

4.5 Final remarks
It seems that Lemma 4.15 works when p “ 3 and q ą 3. Nevertheless, the proof would be even
more technical to settle this case. Moreover, the configuration illustrated in Figure 19 shows that
with p “ q “ 3 the result fails.
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tore case a

X0

X≥1

X0 \ {w1, w2}

X≥1

w2 w1A1 A20 p− 1

0

q − 1

0

q − 1

(a) Case a: T pX0q satisfies S and P in GrX0s

tore case b.1

X≤k

X>k

V1

V
\
V
0 ∪

V
1

V0

B1 B20 p− 1

0

q − 1

0 p− 1

0

q − 1

k k

(b) Case b.1: p is even, |XizT pXiq| and |YjzT pYjq| are 0 or odd for all i, j

tore case b.2.i

X<2

X≥2

X
1 ∪

X
2

X
≥
3 ∪

X
0

Y0 ∪ Y1 Y≥2 Y<2 \ x Y≥2

x

C1 C2

C3 C4

0 p− 1

0

q − 1

0 p− 1

0

q − 1

0 p− 1

0

q − 1

0 p− 1

0

q − 1

1 1

2

11

(c) Case b.2.i: p, q are odd, |XizT pXiq| and |YjzT pYjq| are 0 or odd for all i, j and X1 Ď T

Figure 17: T -decompositions used for the proof of Lemma 4.15
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tore case b.2.ii

X<2 \ x

X≥2

x

0 p− 1

0

q − 1

1

D

Figure 18: Case b.2.ii: p, q are odd, |XizT pXiq| ”2 |YjzT pYjq| ”2 1 for all i and jTore3x3

Figure 19: The Torus C3 ˆ C3 with a bad T .

5 Proof of Corollary 1.5
This section is dedicated to the proof of Corollary 1.5. For readability, we recall Theorem 1.1 and
Corollary 1.5 here :

Theorem (1.1).
paq CS “ CS “ t , u,
pbq CSS “ t , , u,
pcq CP “ t u Y tG P CPSS | G is connected, non-Eulerian, and |V pGq| ` |EpGq| ”2 1u,

pdq CPSzCP “ CPSzCP “ t , u Y tG P CPSS | G is Eulerianu,

peq CPSSzCPS Ă t u Y tG | G is connected, non-Eulerian, and |V pGq| ` |EpGq| ”2 0u.

Corollary (1.5). Let p, q, k ě 1 be three integers.
(c)’ The Cylinders C2p`1 ˝ P2q, the Grids P2p`1 ˝ Pq, and Trees are in CP .
(d)’ The Tori Cp ˝ Cq with p, q ě 4 and Cycles are in CPSzCP .
(e)’ The Cylinders C2p ˝ Pq, C2p`1 ˝ P2q`1 are in CPSSzCPS .
Moreover,
(c)” The Cliques K4k`2 P tG connected and non-Eulerian | |V pGq| ` |EpGq| ”2 1uzCP .
(d)” The Cliques K2k`1 P t˝ ˝u Y tG | G is EulerianuzCPS .
(e)” The Cliques K4k P tG connected and non-Eulerian | |V pGq| ` |EpGq| ”2 0uzCPSS .
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5.1 Proof of (c’), (d’) and (e’)
Proof of (c)’: By Lemma 4.4, all trees belong to CP . Furthermore, by Lemma 4.8 on grids, if
G “ Pp ˝Pq with p or q odd, then G P CPSS . Similarly, by Lemma 4.12 on cylinders, if G “ Cp ˝Pq

with p odd and q even, then G P CPSS . In both cases, the graph G is connected, non-Eulerian
and the condition |V pGq|`|EpGq| ”2 1 is satisfied. So, by (c) of Theorem 1.2, we have G P CP .

Proof of (d)’: By Lemma 4.5, all cycles belong to CPSzCP . Furthermore, by Lemma 4.15, any tori
Cp ˝Cq with p ą 3 or q ą 3 is in CPSS . In these cases, those graphs are Eulerian and hence belong
to CPSzCP from (d) of Theorem 1.2.

Proof of (e)’: Theorem 1.3 states that all cylinders belongs to CPSS . Furthermore, C2p`1 ˝ P2q`1

and C2p ˝ Pq are non Eulerian and verify |V pGq| ` |EpGq| ”2 0, thus C2p`1 ˝ P2q`1, C2p ˝ Pq are in
CPSSzCPS from (c) and (d) of Theorem 1.2.

5.2 Proof of (c”), (d”) and (e”)
We first prove the following lemma on cliques:

Lemma 5.1. Let p ą 1 be an integer, and T be any subset of p ´ 2 vertices of a complete graph
Kn on n P t2p ` 1, 2p ` 2u vertices. We have:

- K2p`1 P tG | |V pGq| ` |EpGq| ”2 p ` 1u X tG | G is Eulerianu.
- K2p P tG | |V pGq| ` |EpGq| ”2 pu X tG | G is connected and not Eulerianu.
- T verifies PSS in Kn.
- If n ě 5 then Kn has no acyclic T -odd orientation.

Proof.
The first two parts come from the facts that for n P t2p, 2p ` 1u, we have |V pKnq| “ n, |EpKnq| “
npn´1q

2 ”2 p and dpvq ”2 n ´ 1 for every vertex v. For the third part, P follows from |T | ”2 p and
S from |V pKnqzT | ě 2, since p ą 1. Moreover, S follows from dpvq ”2 n ´ 1 for all v in V pKnq:
indeed, vertices in V pGqzT are potential sinks whenever p is odd and vertices in T are potential
sinks whenever p is even.
The last assertion is a direct consequence of the claim asserting that the complete graph on n
vertices admits an acyclic T -odd orientation if and only if |T | “ tn2 u. This claim can be easily
proved by induction on n. l

Now, we know from Lemma 5.1, that Kn R CPSS for any n ě 5. And we also know that:
- For any odd p ě 1, we have that K2p P tG | |V pGq| ` |EpGq| ”2 1uzCPSS and is non-Eulerian.
Thus, (c”) of Theorem 1.5 is a direct consequence of this last observation.
- For any p ě 1, we have K2p`1 P tG | G is Eulerianu. Thus, (d”) of Theorem 1.5 is a direct
consequence of this last observation.
- For any even p ě 1, we have that K2p P tG | |V pGq| ` |EpGq| ”2 0uzCPSS and is non-Eulerian.
Thus, (e”) of Theorem 1.5 is a direct consequence of this last observation.

6 Conclusion
This paper advances our understanding of the acyclic orientation problem with parity constraints.
We introduced new necessary conditions, the first one, S ensures the existence of a source which
would not be the unique sink, and symmetrically S ensures the existence of a sink which would
not be the unique source . From those necessary condition, we established a hierarchy of graph
classes, CN for N Ď tP,S,Su, which characterize when those conditions are also sufficient. Our
preliminary characterization of these classes in Theorem 1.1 reveals strict inclusions and highlights
the special role of Eulerian graphs (see Figure 20).
In fact, we could take apart a condition S X S that is currently included in S and S. That is,
if SourcepT q “ SinkpT q “ tvu for some vertex v, then no acyclic T-odd orientation exists unless
the graph is a singleton. We would like to discuss some properties of this condition. Remind that
SourcepT q “ SinkpT q if and only if the graph has no odd degree vertices. Now, in graphs satisfying
|E| ` |V | ”2 0 the condition P already imposes that |V zT | ”2 0 so in particular S X S is always
satisfied. Hence, the condition S X S, for graphs with at least 4 vertices, finds its real meaning for
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class intersections

|E
|+

|V
| ≡

2
1

CPSS

|E
|+

|V
| ≡

2
0

Eulerian

N
on
Eulerian

CP
CPS

Figure 20: Hierarchy of classes CN for N Ď tP,S,Su.

Eulerian graphs verifying |E| ` |V | ”2 1 and taking it apart would allow only to refine the class
CPSzCP into two subclasses depending of whether the graphs verify |E|`|V | ”2 1 or |E|`|V | ”2 0.

A central contribution of this work is the complete characterization of solvable instances for grids,
cylinders, and large tori. These results not only solve the problem for significant graph families but
also serve to demonstrate the strictness of the inclusions within our proposed hierarchy. Method-
ologically, we introduced T -decompositions, a powerful constructive tool that provides a pathway
to polynomial-time algorithms for these specific graph classes.

Our findings open several avenues for future research. A primary open question is the computational
complexity of recognizing graphs in the class CPSS . A polynomial-time algorithm for this problem
would significantly clarify the landscape of tractable instances especially since it would directly
provide from our results a polynomial-time algorithm for recognizing instances in CPS and CP .
Further investigation is also needed to fully characterize the graphs within this class, for which we
have provided initial insights and counterexamples using cliques. We thus pose the following open
problem:

Problem 4. Given a graph G, does there exists a polynomial time algorithm to decide whether
G P CPSS?

Finally, extending our results on Cartesian products presents a natural next step. Indeed, a con-
sequence of Theorem 1.8 in [6] gives that, given two graphs G,H P CP such that |V pGq| ”2 1, we
have G ˝ H P CP . More generally, determining the conditions on factors G and H such that G ˝ H
belongs to one of our classes remains a challenging problem. The case of small tori, such as C3 ˝Cq,
which our current methods do not cover, stands as an intriguing open problem as well.
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