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ABSTRACT

The control of fully actuated hexa-rotors is highly dependent on their physical parameters, especially those describing the rotors’

positions and orientations. Uncertainties in these parameters significantly affect the performance of classical control approaches,
particularly in small drones, where manufacturing tolerances amplify these uncertainties. To address this challenge, we propose
a novel adaptive and robust control strategy that compensates for parameter uncertainties and external disturbances without

requiring precise prior knowledge of the rotor poses. Unlike existing methods, our approach explicitly incorporates motor dynam-

ics into the control design, resulting in a more realistic and implementable framework. Using Lyapunov-based stability analysis,
we demonstrate the global asymptotic stability of the proposed control system under parameter uncertainties and disturbances.
Extensive simulations validate the efficacy of our method, showcasing superior tracking performance and robustness compared
to conventional controllers. This work represents a significant step toward enabling fully actuated multi-rotor UAVs to perform in

real-world scenarios with uncertain and dynamic environments.

1 | Introduction

Multi-rotor unmanned aerial vehicles (UAVs) have been scaled
down to a few centimeters and a few dozen grams. For instance,
the Crazyflie [1] is a nine cm? research quadrotor weighing less
than 30 g. With their small size, such miniature quadrotors are
promising flying platforms for indoor operations, from explor-
ing buildings [2] to getting data in more cave-like spaces [3, 4].
Such small quadrotors exist because they have no moving parts
except the four electric motors. This simplicity comes, however, at
a cost: since they can only generate four coaxial forces while they
need to control six axes, they are underactuated [5]. In concrete
terms, quadrotors must tilt their body to perform the translational

motion, whereas a fully actuated UAV could track any 6-D pose,
including translating without body tilting. The unwanted rota-
tions of an underactuated UAV make it difficult to reject linear
perturbations because the UAV needs first to tilt, then move, and
then stabilize its rotational velocity; similarly, they make it hard
to land precisely because any translation to adjust the position
induces some attitude changes. In addition, these rotations in
pitch and roll have to be compensated for by optical sensors. For
instance, sensors and cameras are typically stabilized using an
additional motor (such as a gimbal) to cancel for the rotational
flow [6], or the optic flow magnitude is derotated using a derota-
tion process that is not easy to synchronize with the current optic
flow measurement [7].

Abbreviation: UAV, unmanned aerial vehicle.
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1.1 | Related Work

One of the difficulties in controlling conventional multi-rotors
is their inherent property of being an underactuated system,
[8]. The latter means that these conventional multi-rotors have
more degrees of freedom than control inputs [9]. Several efforts
were conducted in the last decade by the UAV and robotics com-
munity to alleviate such complexity, see for instance [10, 11].
For that aim, the researchers have proposed some fully actuated
multi-rotor platforms [12-14]. However, usually, this approach
results in adding extra motors [15], provoking an increment in
the weight and size of the aerial robot. In recent years, the
robotics, UAV, and control communities have been interested in
solving the above problem by proposing fixed-tilted multi-rotors
so that the motors can generate both vertical and horizontal
forces without adding extra motors [12, 16-19]. These UAVs
are less energy-efficient than conventional multi-rotors, but they
keep the mechanical design simple and can, therefore, be scaled
in size.

Among hexa-rotor platforms, several studies aim to enhance
control performance under uncertainties and disturbances. For
instance, [20] introduces two architectures: a model refer-
ence adaptive controller with a command governor and a
dynamic control allocator, evaluated under actuator faults and
structured/unstructured uncertainties. Similarly, [21] combines
super-twisting observers with nonlinear predictive control for a
thrust-vectoring design. Fault-tolerant control is further explored
in [22], which employs adaptive backstepping techniques for atti-
tude stabilization under motor failures.

State of the art related to fully actuated hexa-rotors shows that
some works have focused on the modeling and control problem
[23]. For instance, the control allocation problem is addressed in
[24], presenting a methodology for analysis, control allocation,
and design of a fully actuated hexa-rotor. Also, in [25], the authors
propose a force decomposition to address the control allocation
problem of a hexa-rotor with tilted thrusters. It is designed to
perform dexterous interaction with structures. Besides, the influ-
ence of tilted angles in motors in the hexa-rotor dynamics is rel-
evant as it is investigated in [26], where it studied the fully actu-
ated hexa-rotor’s maneuverability by varying the tilting angles.
Furthermore, several control techniques to stabilize hexa-rotors
have been investigated, such as [16], where an exact feedback
linearization and decoupling control law was implemented for
stabilization. On the other hand, in [27, 28] it is presented as a
hexa-rotor capable of achieving full actuation through one addi-
tional motor that tilts all propellers. The stabilization is achieved
with a geometric controller. Sliding mode controllers (SMC) are
also investigated as in [29] develops an observer-based adap-
tive SMC for trajectory tracking while carrying a suspended pay-
load, using a high-gain observer to estimate unmeasured states.
Another control approach is presented in [30] through a modi-
fied Robust Integral of the Sign of Error (RISE) controller that
ensures robustness under thrust saturation. Similarly, [31] imple-
ments a nonlinear impedance control with force observers for
compliant contact interaction. Reference [32] investigates con-
trol architectures ensuring both position tracking and attitude
regulation by exploiting system flatness and hierarchical con-
trol. Reference [33] presents a discrete-time robust controller

ensuring trajectory tracking despite model and external distur-
bances. Also, some visual techniques have been applied to this
kind of aerial robot, as in [34]. Practical applications are high-
lighted in [35], where cascaded PID controllers manage five DOFs
in an agricultural tilt-rotor hexa-rotor. Load handling and aerial
interaction are addressed in [36] through a layered nonlinear con-
troller for coordinated payload-UAV control. We summarize the
most recent and relevant research strongly related to our work in
Table 1.

There is considerable flexibility in tolerating mechanical con-
struction variations, particularly in large hexa-rotors. However,
achieving precise orientation and positioning of the propellers to
minimize uncertainties remains a significant challenge. Recent
advancements, such as those presented in [44], have proposed
adaptive control solutions to address these issues. Additionally,
alternative approaches have been developed, as demonstrated in
[45] and [46], where the authors employ Legendre polynomials
to design adaptive controllers for uncertain nonlinear systems.
While these methods show promise in handling system uncer-
tainties, their adaptation to the specific case of small, fully actu-
ated hexa-rotors poses challenges, as even minimal mechanical
tolerances on the order of a few millimeters in rotor positioning
can significantly amplify uncertainties in orientation and control.
This underscores the urgent need for robust and adaptive con-
trol strategies specifically designed to manage the inherent vari-
ations in system parameters and external disturbances in such
systems.

Complementing the aforementioned contributions to the con-
trol of specific platforms, other works explore foundational or
supporting aspects. On the modeling and control framework
side, [47] proposes a ROS2-PX4-based system enabling decoupled
translational and rotational motions in fully actuated hexa-rotors.
Reference [13] studies ground effect dynamics across various
rotor tilting configurations, and [48] addresses UAV design opti-
mization using hybrid surrogate-based methods to efficiently
navigate discrete and continuous parameter spaces.

1.2 | Contribution

Model uncertainties and unknown external disturbances remain
critical challenges in the control of small UAVs, particularly in
fully actuated multi-rotor systems. While various robust control
strategies have been proposed to handle exogenous disturbances,
their effectiveness often depends on precise knowledge of the
UAV’s actuation geometry and actuator dynamics. In practice,
even small deviations in rotor orientations or motor parameters,
common in compact aerial platforms, can lead to significant per-
formance degradation. Therefore, addressing both types of uncer-
tainties simultaneously is essential for achieving reliable deploy-
ment in real-world applications.

In this work, we propose a nonlinear adaptive control frame-
work for a fully actuated hexa-rotor platform, as shown in
Figure 1, that explicitly accounts for both modeling uncertainty
and actuator-level variability. The core novelty lies in its ability
to stabilize the system without requiring exact knowledge of the
rotor tilting angles or motor parameters. The control strategy con-
sists of two main components:




TABLE1 | Relevant state of the art related to fully actuated hexa-rotors.
Parameter Robust against Control
Literature wuncertainty disturbances Stability achieved allocation Method
1  Ourresearch v v Global exponential in v Robust and adaptive nonlinear
attitude and position control
2 [37] v v None demonstrated X Integral sliding mode control
3 [38] X X None demonstrated Feedback linearization and
explicit reference governor
4 [39] X v Asymptotic in attitude X Super-twisting observer-based
and position sliding mode control
5 [40] X X None demonstrated X Observer-based
wrench/impedance control
6 [41] v v None demonstrated X Adaptive super-twisting
control
7 [42] X X None demonstrated X Nonlinear model predictive
control
8 [43] v Ve None demonstrated v Nonlinear model predictive
control
9 [29] X v Finite-time stability v Observer-based adaptive
sliding mode controller
10 [30] X v Local asymptotical X Satured robust controller
stability
12 [32] X v None demonstrated X Hierarchical controller
15 [36] x v None demonstrated v PID controller

« A robust nonlinear controller that computes the virtual
force and torque inputs required to track a desired trajec-
tory, assuming full actuation. This controller ensures global
asymptotic convergence of the position and attitude errors,
and is robust to external disturbances.

« An adaptive allocation mechanism that maps the virtual
control inputs to actual motor commands without need-
ing parameter identification. This stage incorporates the full
electromechanical dynamics of the motors and relies only on
the known sign structure of the actuation configuration. The
adaptation law ensures tracking of the desired control sig-
nals while compensating for uncertainties in the actuation
matrix and motor dynamics.

Unlike existing works that assume calibrated or fixed actuation
geometries, our approach is inherently robust to structural vari-
ations in the rotor orientations, enabling the use of interchange-
able or reconfigurable configurations. This feature is especially
relevant for platforms where the tilting angles vary slightly due
to manufacturing tolerances or modular design.

Overall, the proposed control strategy provides a unified and
implementable solution that combines theoretical guarantees
with practical robustness, enabling reliable operation of fully
actuated UAVs in the presence of both geometric and dynamic
uncertainties.

1.3 | Content

Section 2 describes the hexa-rotor system and its mathematical
model and poses the problem statement. Section 3 presents the

FIGURE1 | Hexa-rotor design illustration. Each motor (M,) has
fixed tilt angles (a;, f;), which rotations are described with orange arrows.
Three motors have clockwise rotation shown with gray arrows, and the
other three motors have counterclockwise rotation depicted by clear
blue arrows. An additional angle 4 defines the angular distance between
hexa-rotor arms. With this design, it is possible to partially decouple the
position and attitude dynamics presented in conventional underactuated
multi-rotors. Besides, the hexa-rotor is prone to external disturbances
A@).

two-step control algorithm, summarized in two main theorems
that use the matrix sign decomposition. In Section 4, we present
the simulations of our control algorithm and some comparisons
to verify its effectiveness. Finally, Section 5 provides some con-
clusions and further investigation on the subject of hexa-rotor
control.




2 | The Hexa-Rotor Mathematical Modeling
and the Control Problem

This section introduces the design of the fully actuated hexa-rotor
configuration. Then, the corresponding mathematical model,
considering the six degrees of freedom (6-DOF), is developed.
Once the modeling is given, we pose the control problem for sta-
bilizing the fully actuated hexa-rotor.

21 | The Fully Actuated Hexa-Rotor
Configuration

Let us consider the conventional coplanar hexa-rotor configura-
tion for a while. Like the rest of conventional multi-rotors, the
coplanar hexa-rotor configuration is an underactuated system,
which causes its attitude to change to achieve x — y displace-
ments. The latter is undesirable for particular UAV applications
thatrequire x — y displacements without changing the UAV’s atti-
tude. To cope with this, it is possible to strategically arrange the
six motors so that the hexa-rotor achieves full actuation. With
that aim, and as it can be seen in Figure 2a, motors are rotated
with angles (a, ), where a = {a;, ..., o}, p = {f1, ..., Bs}, and
separated by an angular distance A with an arm of length /.
The angles («, #) can be defined as positive or negative, allow-
ing numerous sign combinations. See, for instance, the differ-
ent hexa-rotor configurations depicted in Figure 2b; for more
details, see [16]. This knowledge of the fully actuated hexa-rotor
configuration is crucial for the model reference adaptive control
scheme.

The existence of the tilted angles (a, f) makes possible the full
actuation of the hexa-rotor at the cost of more significant power
consumption. The latter is due to each motor’s thrust not pointing
upward as in conventional multi-rotors.

2.2 | Mathematical Model of the Hexa-Rotor

In this section, we develop the mathematical model of the fully
actuated hexa-rotor depicted in Figure 1, including its rotor
dynamics.

2.21 | Rotor Dynamics

Each rotor in the hexa-rotor system is modeled to capture the
electromechanical behavior that links current input to rotor
angular velocity. The equation of motion for each rotor i €
{1,2,3,4,5,6} is given by [49]:

Ky, B, .
= 0= o, )
m,i m,i

where w; is the angular velocity of the i-th rotor, I; is the input
current, Kr; is the torque constant, and J,,;, B, ; denote the
rotor’s inertia and viscous damping coefficient, respectively. The
Coulomb friction term is assumed to be implicitly included in the

damping model.

For our UAV with six motors, the motor dynamics can be com-
pactly expressed in vector form as:

o=-J"B,o+J K., @)
where:

o ®=[w,w,, ...,04]" €RO is the vector of rotor angular

velocities,

o [ =[I,1,,...,1,]" € RS isthe vector of motor currents act-
ing as control inputs,

o J, =diag(J,, 1, J 0 -
of rotor inertias,

- Je) € R is the diagonal matrix

« K =diag(Ky,,Kr,, ..., Krs) € R is the diagonal
matrix of motor torque constants,

+ B, =diag(B,,, B, ..., B,s) € R is the
matrix of viscous friction coefficients.

diagonal

This dynamic model is used in the control allocation strategy to
translate desired forces and torques into appropriate motor cur-
rent commands.

‘With the motor model established, we now describe the 6-DOF
dynamics of the fully actuated hexa-rotor.

2.2.2 | Fully Actuated Hexa-Rotor Dynamics

The hexa-rotor has 6 fixed-tilted motors indexed by i = {1, ..., 6}.
Each motor is tilted with fixed angles (a;, §;), defining a rotation
of the motor frame M, w.r.t. the hexa-rotor body frame /3;. Recall
that the angular distance between motors equals 4; while the dis-
tance from each motor to the hexa-rotor center of mass is /. Thus,
the mathematical model in the 6-DOF of the hexa-rotor, together
with the motors’ dynamics, is as follows,

p =0 (3a)

T 1
D= ges + —RuF (3b)

m
. R=RO (4a)
o= @xIQ) + I, + A (4b)
[:{o=-J"B,0+J K] (5a)

where p = [p,. p,, p.]" € R*and v = [v,, v,, 0,]T € R? are the
hexa-rotor position and velocity in the inertial frame 7 respec-
tively; g is the gravity constant; e; = [0, 0, 1]7 € R%; m is the
hexa-rotor mass; R € SO(3) is the rotation matrix from body to
the inertial frame; Q = [@,, ®,, ®,]" € R? is the angular rate;
J € R®3 is the inertia matrix; the hat map (*) : R® - 80(3) is
defined by G4b=ax b, V a,b € R3, and then Q € 30(3) is the
skew-symmetric matrix of Q; the inverse of the hat map is the
veemap ()" : $0(3) - R*%u, = [u,, u,, u.]" € R*isthe torque
vector considered as virtual control input for the attitude dynam-
ics IT; A(t) = [84, 8, 6,]1T € R? is an exogenous unknown dis-
turbance due to wind gusts or similar external signals that pro-
duce undesired torques; and uy = [”FX’ Up,» uF‘_]T € R3 is the




(a) Angles o; and 3; are fixed parameters that define the tilt of each motor in its two corresponding axes.
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(b) Different configurations according to the arrangement of positive (+) and negative (-) values for cv; and ;.

FIGURE2 |

A change in the sign of «; and f, allows having different configurations for the hexa-rotor. (a) This figure depicts how the six motors are

tilted and parametrized by angles (a, f, 4) and distance /. (b) This figure shows the arrangement of the signs of «; and p; for the different configurations

(also discussed in [16]).

force vector considered virtual control input for the position
dynamics X. The components of the system I" are defined iden-
tically as in Section 2.2.1.

The forces generated by the motors are modeled as,

. 0
up = ZRde 0 (6)
i=1 5
- kfa)i

where the term & f“’iz represents the thrust generated by the i-th
motor, as illustrated in Figure 1. Here, k, € R* is the thrust coef-
ficient, which encapsulates physical properties such as the swept
rotor area, thrust generation characteristics, and dynamic pres-
sure effects [50]. The variable w, denotes the rotational speed of
the i-th motor. The matrix R’ is the rotation matrix from the
i-th motor frame M, to the hexa-rotor’s body frame B, and is
defined as:

Rzi (“h Bis ’li)

CoS f; cos 4; cos A; sina; sin f; — cosa; sin A; sina; sin 4; + cos a; cos 4; sin f;

=| cosfsini cosa; cos A +sina; sin f;sin A; cosa; sin §; sin A; — cos 4; sina;

— sing; cos f; cos ; cos a; sin f;
7
Notice that u; in (6) can also be expressed as @
RY (1.3)- o7 RY, (1.3)- @}
up =k Rﬁl(z,a)wf otk Rfﬁﬁ(z,a)-wg
Rﬁl (3,3) - w? R‘jﬁﬁ(S, 3) - w?
r 2
R%, (1,3) R, (1,3) -+ R, (1.3) Z;
=k Rfal(z, 3) Rﬁz (2,3) -+ Rﬁﬁ(z, ]2 (8)
_Rﬁl (3.3) R} (3.3) -+ R, (3.3) a;z
L

F(a.p.4)




where F € R¥™® and v € R°.

Similarly, the moments u, in (4b) are modeled as:

6

c= 2t x Ry 0 [+ YR o ©)
—k;w? - 0, dw?

where piB is the position of the i-th motor with respect to the body
frame, and o; € {—1, +1} denotes the direction of rotation of rotor
i (clockwise or counterclockwise). The drag torque coefficient d
quantifies the reactive torque induced by aerodynamic drag on
each spinning propeller. This torque is proportional to a),2 and acts
along the rotor’s axis of rotation [50]. Besides, notice that u, can
also be expressed as follows

o}
2
1)
=[C1 C, ... cﬁ] :2 (10)
H(a.p.1l) w;
—_——

where H € R¥%; and C, € R? is defined as

- (p}’(z) “RB,(3.3)-pP(3)- RS, (2. 3)) +o,d-RB, (13)
Ci=|k - (pPG) RE, (1L3) =PV RE (3.3)) +0,d - R, 2.3) |
k- (pfa) RE 2.3)-pP ) RfA‘_(1,3)) +od - RE (3.3)
(11)

Remark 1. 1In conventional hexa-rotors, the six matrices RB
in (6) are the 1dent1ty matrix since all the motors are perpendlc—
ular to the x® — y® plane (see Figure 1). However, in the fully
actuated hexa-rotor, each of the matrices RB is different from
the identity matrix. This makes it possible for our hexa-rotor to
be fully actuated.

2.3 | Problem Statement

From the motor dynamics derived in the previous subsection, it
is clear that both thrust and torques generated by the fully actu-
ated hexa-rotor are proportional to the square of the rotor angular
velocities, that is, wf for each motori € {1, ..., 6}. Therefore, for
control and modeling purposes, it is convenient to define the vec-
tor of squared angular velocities as:

v=[w?, @l ..., @] (12)

This vector v € R® serves as the virtual control input that directly
maps to the generalized force and torque vector acting on the
system. As such, the total control input u € R®, composed of
force ur € R3 and torque u, € R3 components, can be compactly
expressed as:

@]
ur F(a,p,2) w? ’ 13)
u, H(a,p, A1)
\,_/ —— | &?
B(a.p.A0) 6

v

where B € R%, and u, v € RS. If the vector v, composed of the
squared angular velocities coiz fori ={1,2, ...,6},istreated asthe
virtual control input for the hexa-rotor system (Z,II), then the
system becomes fully actuated. This implies that the six degrees of
freedomthree for position and three for attitudecan be controlled
independently by assigning appropriate values to the six motor
speeds.

Although v is defined as a function of w, its time evolution is not
simply the square of the motor dynamics. Instead, by applying
the chain rule, we obtain the derivative of v as:

T
2 ... a)é = 2 diag(w) o.

Substituting the vectorized motor dynamics,
. -1 -1
o=-J "B,wo+J "Krl,
we arrive at the evolution equation for v:

b =2 diag(w)(~J ' B0+ J 'K 1)
=-2J "B, v+2J 'K diag(w)I. (14)

This expression provides a consistent and valid model for the
squared angular velocities used in the control allocation. It
links the current inputs to the system-level force and torque
generation.

Let us consider (13). Since (u, u,) controls the hexa-rotor’s pose,
it must be considered the knowledge of the parameters («, §, 1)
for the control design. In this way, one can compute the v values
in (13) that will stabilize the hexa-rotor’s pose. If such parame-
ters are precisely known, several control strategies can be applied,
such as dynamic inversion or feedback linearization, as is done
in [16]. Once the control algorithm is designed using any of these
control techniques, one must solve the control allocation problem
by solving (13). However, it is unfeasible to perform such a kind of
approach if any of the parameters («, §, 4) is not precisely known.
Furthermore, the hexa-rotor’s parameters can be changed accord-
ing to different configurations (please see Figure 2) to obtain dif-
ferent desired dynamic behaviors and according to the mechani-
cal tolerance that increases the uncertainties in the case of a small
hexa-rotor. Thus, in the previous discussion, the problem of stabi-
lization of hexa-rotor without perfect knowledge of its parameters
becomes relevant.

Apart from the unknown system parameters, the hexa-rotor
is considered to be affected by exogenous and unknown sig-
nals given by A(r), as described in the hexa-rotor mathematical
model.

Considering the above, the problem statement is as follows.

Problem 1. Let’s consider the nonlinear system (X, I, I') rep-
resenting the fully actuated hexa-rotor UAV, where the parame-
ters (a, f, 4, 1) representing the pose of the motors w.r.t. the body
frame are non-precisely known. Besides, it is considered that the
attitude dynamics IT are affected by exogenous and unknown dis-
turbances. Thus, the problem is to design a control law (up, u,, r)

International Journal of Robust and Nonlinear Control, 2026



that globally stabilizes the origin of the dynamics of a predefined
trajectory error for the above system.

Remark 2. 1t is worth mentioning that not every control
approach is suitable for controlling every possible configuration.
For instance, according to the experiments presented in [16], con-
figuration I in Figure 2b is more challenging to control than con-
figuration II. However, the proposed control approach can cope
with all these hexa-rotor configurations.

3 | Control Strategy

This section presents the control strategy developed to obtain a
feasible controller for the hexa-rotor depicted in Figure 1. For
that, Problem 1 is presented as a solution.

Recalling Problem 1, there is a need for designing a robust con-
troller to stabilize the hexa-rotor nonlinear system given by sys-
tems (X,I1,T), that is, (3), (4), and (5). The controller must
consider parameter uncertainties, particularly in (a, g, 4,1) and
the internal motor parameters (I, D). Besides, the presence of
unknown disturbances in the attitude dynamics must be consid-
ered. Considering the above, a control strategy consisting of two
steps is proposed:

« Step 1. Propose a robust nonlinear control law for inputs
(up,u,) that globally exponentially stabilize systems (X, IT).
The control law must be robust against exogenous distur-
bance in the subsystem IT.

« Step 2. Propose an adaptive control law responsible for coping
with hexa-rotor parameter uncertainties (a, g, 4, /), includ-
ing those parameters of each motor, (I, D). The adaptive
control should not rely on any parameter identification or
estimation strategy. In this step, the previously designed con-
trol law for (up,u,) will be used as a reference for a proposed
dynamical system considering the motors’ dynamics.

The control diagram of the proposed controller is depicted in
Figure 3.

3.1 | Robust Nonlinear Control (Step 1)

In this step, it is intended to design a robust nonlinear control
law (up, u,) that stabilizes the system (Z, IT). Notice, however, that
(up,u,) are not real control inputs, but force and torque vectors
that accomplish the relation (13).! However, in this first step,
(up,u,) are considered as virtual controls for the system (%, IT).
Later, in step 2, control inputs will be found for the complete sys-
tem with such a virtual control.

Note that Remark 1 implies that we have a full control vector uy =
[up,. up, u F,]T € R3, in contrast to conventional hexa-rotors
where u, = [0, 0, f17, with f the hexa-rotor’s total thrust. This
point is essential for the following control strategy since it allows
the independent design of the attitude and position control of the
hexa-rotor system.

Assumption 1. The external disturbance A(7) is bounded as,

lAMI; < cllegllys (15)

where c € R,

The attitude control is based on the SO(3), and the aim is to stabi-
lize both equations in subsystem IT to a desired attitude position
and angular velocity given by

R, =R,Q,, and Q, = R]R, (16)

respectively. Notice that the time derivative of the given R, is
needed to get Q 4~ In practice, this is numerically computed in the
autopilot.

Theorem 1 (Attitude control). Let us consider the attitude
system II in (4) as well as define the errors related to attitude
dynamics by [51]

/ Position and attitude \ / Nonlinear adaptive

controller controller

Ugq

17 )

Reference system

K q
Adaptive parameters [6.K] [FSUSRINE
e 73) 1 control
(72)

[up, u,] (63)
[Pava, Ra, Q4] r

Robust controller Tm

+ (18,59) f

Um u | Virtual controller r
—®+ (70)

\ AN
>

Physical system

%
4

Hexarotor l—A(t)
dynamics

X0

G0 1 fupul

Control mapping

[wq, -, wg]
13) f I)

Motor dynamics

-

J

FIGURE3 |

This figure illustrates the block diagram of the proposed nonlinear robust and adaptive control system. The framework integrates a

virtual and nonlinear adaptive controller to effectively handle parameter uncertainties and external disturbances. The virtual controller computes the

robust control inputs, u, and u_, based on the desired states [p,, v;, Ry, ;] and the error dynamics. These inputs are further refined by the nonlinear

adaptive controller, which adapts system parameters ® and K in real-time using a reference system and adaptation laws defined in Equations (70), (72),

and (73). The outputs are applied to the physical system, including the hexa-rotor pose dynamics (X, IT) and motor dynamics (I'), to achieve accurate

control under uncertain and dynamic conditions.




\%
ex =3 (Re, = RL,) = le(D, ex@) ex@N",

eq =Q =R} Q; =leq(D), eq(2), 3",

1
Yso3) = 5Tr(13><3 -R,,), 17)

where the right attitude error is R,, = R] R, where R, is the refer-
ence angular position, and I, is the identity matrix of dimension
3. Then, the control law

u, = —J (kpeg + kgeq + k3vg + kyvg) + QX JQ
- J@QR] Q, - R] Q). (18)

where kg, kg, ks, and k, are positive definite matrix with vector
signals

[er(1)|"sgn eg(1) leq(1)|“sgn eq(1)
Og = | leg(2)|*sgneg(2) |, vo =|leq(2)|*sgn eq(2) (19)
ler(3)|*sgn eg(3) leqa(3)|*sgn eq(3)

with a positive real number a <1 exponentially stabilizes the
zero-equilibrium points (17).

Proof. Let us begin by computing the error dynamics of
Equation (17) as follows,

; 1 v
Yso0) = 5e;(RdTR - RTR;)" =epeq

ép = %(R;Rég +6,R"R,)

1
= z(Tr[RTRd]I3 —RTR,)eq

. J
N~

C(R,.R)

o =J 70— JTIQOX IO+ (QRTRde - RTRde>

+ Ag (). (20)
The last equation with the proposed control (18) results in:
éq = —(Kgreg + Kgeg + Ksvg + Ky00) + Ag().  (21)
Let the candidate Lyapunov function

V(R,R;, Q,Q,) = efeq +%e;JAeQ
o —
4 v,
+ %Tr(13 — R]R) +sgne] Beg, (22)

—_—
M v,

where A € R33 is a positive definite matrix, B € R¥3 is a diago-
nal and positive definite matrix, and

sgn eg(1) sgn e (1)
sgnep =|sgneg(2)| sgneg =|sgneqy(2)| (23)
sgn ex(3) sgn eq(3)

Now, let us compute the time derivative of V. For easy interpre-
tation, let begin by computing V', as follows

V,=¢épeq+epéq =e,C(R. R eg+ep(J 't —J7'Q
X JQ+ (QRTRde - RTRde) + Ag(t)> (24)
then, substitute (18) in the previous equation,

Vi=e C(R;, R)eq + e (—Krep — Kgeq

—K3vg — Kyvg + Ag(D)) (25)
and since ||C(R,, R)||, < 1, it follows that

y 2 T T T
Vi< ||eg||2 —epKrep —egKgeq — legl’ Kslegl®

+ 1K llleg] Tleql® + epAg(n) (26)
where
|9R(1)| |eR(1)|a
legl =|lexg@I | lerl” =]ler(2)]* |
ler(3) ler(3)]*
leq(D)] [eq(D)]*
legl =] leq@)| |, leql® =]leq@)|* | (27)
|eg(3)| |eg(3)|a

Now, let us continue by computing the time derivative of V, in
(22) along the trajectories of (21) as follows,
V,=elJAéq = el JA(-Kpep — Kgeg — Ksvp
—K,vg + Ag(D)
= —e (JAKR)ep — el (JAKg)eq — e (J AK3)vg
— el (JAK v + el,(J A)Ag (1)
< —ep(JAKpleg — e ,(JAKg)eq + leg|"J AK;|e|”
= leal T AK,Jeq|” + e (J A)Ag(1). (28)

Let us compute V', as,

. _dd d.. (d
Vy=2L701, - RTR) = - Tr(E(RdTR)> (29)

2 dt 2
and since
dpTpy_ 4 pT Td — O RT TRA
= (RIR) = 27 ROR+ R, —(R) = QR R+ Ry RQ
AT A
=RR|R"R,Q,R]R+Q]|, (30)
——
—(RTR, Q)

where (4) and (16) are used together with the property RAR" =
(Ra)* where a € R? and R € SO(3), and the fact that er =-Q,.
Then, it follows that,

%(R;R) = R} Ré,. (31)




Finally, from the last expression, it is clear that,

. d . d
V,= _ETr(R;ReQ) = Ee;(RdTR —R"R))
= e} Dey = e} Deg, (32)
where the property Tr(Ad) = —a' (A — AT) is used. From here,

a is defined as above, and A € R33. The diagonal matrix D is
chosen accordingly.

Finally, the time derivative of ¥, is computed as follows,

V,=sgnelB(—Kgep — Kgeq — K3vg — Kyvg + Ag(1))
< sgn e (BKp)eg —sgn ], (BKg)eq + (lexl?)T(BK;)leg|?

— (leql )T (BKleg| +1BAGO)I- (33)
Then, the following must be computed,

V < llegll; — exKrer — epKgeg — leg|" Ksleg|”
+ 11K, lller]Tleq|® + egAg()
—ep(JAKp)eg — el (JAKg)eq + leg| T J AK;|e|”
— leglTTAK,leq|® + el,(J A)Aq(t)
+ e;DeQ +sgn e;(BKR)eR —sgn e;(BKQ)eQ

+ (gl )T (BK3)lerl: — (legl D) (BK)egl® + [ BAW)II.

(34)
Grouping all the terms, it follows that,
V < —epKpeg — leg|TKsleg]® +sgnef(BKp)eg
+ (legl*) (BKy)legl (35)

—el(JAKQ)eg — leg| " JAK |eg|™ — sgnel,(BKg)eq

—(leg|>)T(BKyleql® + llegll? (36)
—epKgeq — ep(JAKp)eq + e Deg (37)
+epAg(t) + ey (JA)Ag(1) + [ BAG()| (38)

+ 1K llleg] Tlegl® + leq|J AK; leg . (39)

Let’s begin with the positive terms of (35) by noting that

sgn eR(BKpleg + (legl®) (BK)|eg?
= (legl) T (BKp)legl® + (leg] ) (BK;)leg|:
< 2%(leg] ) (BKp)legl® + (leg] ) (BK;)leg|:
< (legl)T(BI2"Kg + K;Dle| (40)

where it is assumed that @ + # = 1, and the fact that |||eg]]] < 2.
And then, (35) is simplified to

—e}Kpeg — leglTKslegl™ + (legl2) (B2’ Ky + K3D)eg|
(41)

Now, for (36):

—el(JAKg — Iy3)eq — leq| T J AK e |®

—sgn el (BKg)eq — (leql?)T(BKy)leq|? (42)
Next, (37) can simplified as:

—epKpeq —ep(JAKpleg + epDeg =0 (43)
aslongas D = K, + JAKjy, is defined.

Then, (38) is simplified by taking into account assumption 1 as
follows,

epAG(1) + e (TAAGD) + | BAG()]| < cllekllleq]]

+ e;(cJA)eQ + (sgn eQ)TcBeQ (44)
1-norm 1-norm

Finally, (39) is simplified by using the Young inequality, and con-
sidering that @ = 1/2:
leg|TKyleg|” + leq|TJ AK;|eg|”
< Neal )T ITK Nl Herllly + Nleal T 11T AK; 1 gl

1 1
IKyllPlerlTlerl  (leql®)leq|?
- 2 2

1
(2a||JAK3||1I3><3)|eQ|2‘ (45)

1
+(|eQ|E)T

Put together with all the simplifications, the following expression
is obtained:

V < —elKgeg — leglTKsleg]™ + (legl )T (BI2P Ky + KsDlegl
— el (JAKq — Iy g)eq — leg|  JAK, leg|®
—sgn el (BKg)eq — (leg| ) (BK,)leq|*
+ c||e;||||e9|| + eg(cJA)eQ + (sgn eQ)TcBeQ
a\T «
+ <|eQ|E) (2”K4||113><3)<|egl 2 )
+ (sgn eQ)T(za”JAK:%”lISx:%)er (46)
which can be rearranged as,
. 1 1
V< _e'II;KReR _ (leR| 2(a+l))TK3|eR| 5 (a+1)
+ (legl2) (B2’ Ky + K;])|eg 2
— el (JAK — Ty — cJ A)eg — (leg| 3 “)T T AK Jeq | @D
— (leqYHT(BKq — ¢ B = 2°||J AK, ||, I33)|eq| /2
- (|eg|E)T(BK4 - 2”K4||113><3)|99|E

+clleglllleqll- (47)

The last two terms in the first row of the previous equation can
be arranged as:

1 1 a a
—(legl2 ™) T K;leg|z“™ + (leg] ) (BI2P Ky + K3])eg]
1
= —(Jeg|z“*)Tx

l a
[Ky — I © leg| ' 1T B2’ K + Ky)] leg |2+ (48)




where
leg(D)|™!
legl™ =|lex(2)|™ (49)
leg(3)|™!
and O is the Hadamard product, and 17 = [1, 1, 1]. Notice that
the RHS of (48) must be positive, and hence
K3 > Iy O leg| 11T BQP K, + K3)
(K@ K + K3) (B! > I35 © leg| ™17
L3 © leg|1T > (B)2" K + K3)(K3) ™", (50)

which, after simple computations, it follows that:

2Phep +ky

leg(D] > b; a

, (51

i

for i = {1,2,3}. From (51) one can choose k;, arbitrarily large,
and b, arbitrarily small so that the right-hand side of (51) is arbi-
trarily close to zero.

Thus,
vV <-("Z¢, (52)

where
— H(a+1) 1(a+1) g N’
= lerl, lerl? . legls legl? s legl?, legl2 ) (53)

and

Kp- g ¢
0 K; — el 0
S| -3 0  JAKg—Iy;—cJA
0 0
0 0
0 0

where ¢ is a small positive number coming from (51). Besides,
o 1
BK, —cB— (z ITAK, |, — 5)Im > 0,4
1
B(Kg - clyy) > <2”||JAK3||1 - 5>I3X3
Ko > B (2901 4K, I,
1
-5+ cB) Iy (55

and the following inequalities must hold,

1K, I1?
2

Kg >

K; > elsy,

Ko > AT (T A+ Iys). (56)

Achieving that all the above inequalities hold is possible, and
thus, all the eigenvalues of the above matrix are clearly positive.
This implies that such a matrix is positively definite and that sta-
bility is achieved. O

Remark 3. Notice that the control terms in (19) are not dif-
ferentiable at zero. Since we later require the time derivative of
the position control vector « in (13), a smooth approximation is
implemented for numerical robustness. Specifically, instead of
using the non-smooth terms v, and vg, defined in (19), we imple-
ment their smoothed versions as:

(ex(1? +6)* tanh(yep(1)
v = | (ex(2? +6)* tanh(yer(2) |
(ex(3 +6)* tanh(vep(3)
(eq(1)? +6)* tanh(yeq(1))
vg = | (eq(2)? + 6) tanh(rea2)) | (57)
(eq(3) +6)* tanh(yeq(3))

where § > 0 is a small smoothing constant, y is a positive gain,
and « € (0,1) determines the level of nonlinearity. This modi-
fication preserves the finite-time convergence properties while
ensuring differentiability around the origin.

The position control is given in the following theorem.

Theorem 2 (Position control). Let us consider the position
system X in (3), and define the position and velocity errors as fol-
lows,

e,=p—Dpg €,=D—Dy (58)
0 0
0 0
0 0 0
, (54)
JAK, 0 0
0 BK, 0
0 0 BKg—cB-QIJAKsll = )]s

where e,= [epx, € ep_]T; and p,; € R3 is a smooth desired posi-
tion trajectory. Then, the control law

up = —mR' (ges + kye, + kyé, — p,). (59)

where (ky, k,) are positive numbers, globally asymptotically stabi-
lizes the zero-equilibrium points (58).

Proof.  Letus consider the errors (58), so that the following can-
didate Lyapunov function is proposed:

) 1 1.7,
Vi(e,.¢é,) = Ekle:ep + Ee;ep (60)

with time derivative

Viepé) =kie ¢, +¢&,. (61)
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Since &, = o — j,;, (3b) and the control (59) are substituted in the
last expression to get:

. , . , 1 ..
Vl(ep, ep) = kle;ep + e:(ge3 + ;RuF )
=kie ¢, +¢é (—kye, — kye,)

= —kze':él, <0. (62)

To prove that the closed-loop system X with the control
(59) is asymptotically stable, the LaSalle invariance principle
is claimed, in which needs to be proven that the set E =
{(e,.¢,) | V, (e, ¢,) =0} contains only the equilibrium point
le,» ¢,]1" = [0, O]".First, notice that the expression V' (e, ¢,) = 0
in the set = together with (62) means that é, = 0. Also, from the
closed-system error dynamics €, = —k;e, — kyé, = 0, it follows
that e, = 0. Hence, the only solution that is contained in = is
the equilibrium point [e,, ¢,] = [0, 0]". Thus, since V; is radially
unbounded, the zero-equilibrium point (58) is globally asymptot-
ically stable, and the proof is completed. O

Once the virtual controls (uy, u,) have been designed, one needs
to solve Equation (13) for the motor’s angular velocities v. This
is called control allocation problem, and can be easily solved
once we exactly know the values of parameters (a, g, 4). How-
ever, from Problem 1, such parameters can vary and are consid-
ered unknown. Thus, the second step in the proposed control
approach is to design an adaptive control based on a reference
model that copes with such a restriction. This requirement is
detailed next.

3.2 | Adaptive Control (Step 2)

A model reference adaptive control approach is developed for
the second step of the proposed approach. The reference model
is responsible for providing a tool to help the fully actuated
hexa-rotor to track the virtual controls (u,,uy) in (18) and (59)
despite the lack of knowledge of the system parameters. The ref-
erence model is designed as

u, =A,u,+G,r,, (63)

where A,, € R®S is a Hurwitz matrix; G,, € R®S is an invert-
ible matrix; and r, € RS is the control input. Here, the goal
is to design r,, such that u, € R® reach the desired trajectory
u; = [up, u,]” € RS, given by the previous designed controls
(18) and (59).

The following assumption is required for the adaptive control
scheme proposed in this design step.
first-time

Assumption 2. The control

differentiable.

(up,u,) is

One of the main results of this design step is presented next.

Lemma 1.
control law

Let us consider that Assumption 2 holds. Then, the

rm=-G'Ki—G,'A,u, +G i, (64)

where K € R%*® is a stable matrix, globally exponentially stabilizes
the origin
i=u, —u; =0qy €R® (65)

of the error system,

ii=Ayu, + G,r, —1,. (66)

Proof. Let us consider the candidate Lyapunov function V; =
' P,ii where P, is a symmetric positive definite matrix such that
R'P+PK = —Q; < 0 holds, for a positive definite matrix Q.
The time derivative of V; along the trajectories of the system (66),
together with control (64) is computed as follows:

ii
= (ul Al +r] Gl —i]) Pii+ " Py (A, + Gpury — i),
(67)

and after substituting the control (64) into the previous expres-
sion, it follows that,

V, = aT<1€TPa + P,ﬂ?)ﬁ =-i"Qi (68)

and thus, u,, follows u, globally exponentially, and the proof is
complete. O

Now, please recall Equation (13), where the square matrix
B(a, f, A,1) € R® represents the static control allocation map
and satisfies the following assumption:

Assumption 3. Toensure the hexa-rotor’s controllability, the
matrix,
F(a,p, A
B = (a,8, 1)
H(a, B, 4,1)

is invertible.?
Moreover, note that v := [w},®3, ..., ] € RS corresponds to
the squared angular velocities of the motors, which act as virtual
control signals for stabilizing the fully actuated hexa-rotor pose.

Thus, recalling that u = Bv from (13), we define a virtual dynam-
ical system governed by:

i = Bo, (69)

which describes the rate of change of the total forces and torques
generated by the spinning motors. Finally, combining Equations
(69) and (14), the full expression for the virtual control derivative
becomes:

i=-2BJ'B, B 'u+2B J 'K, diag(w)I, (70)
A G r

where A= B J'B, B! and G = 2B J 'K, are matrices con-
taining all the unknown system parameters, including those of
the motors’ system I'; the variable r = diag(w)[ is considered the
control input. Equation (70) links the evolution of the generated
forces and torques to the internal motor dynamics.
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Besides, the matrix G above is assumed to fulfill the following
assumption.

Assumption 4. Matrix G in (70) can be decomposed using
the matrix sign decomposition [52], where .S (the sign matrix)
gathers only the information about the type of configuration,

G =SN, S=sgn(G), GeR™. (71)
Also, if G = Zdiag(J(4,))Z ! is a Jordan decomposition, then

S = Zdiag(sgn (4,))Z7}, and N = Zdiag(sgn (4,))
diag (J(4)NZ7,

where A, are the eigenvalues of G. In accordance with the matrix
sign function theory [52], we assume that G has no purely imagi-
nary eigenvalues. For complex eigenvalues, the sign is taken with
respect to the real part, that is, sgn (4,) := sgn (R(4,)), so that S
remains real and well-defined. Notice that S, N and G commute
with each other.

Next, the second element in the main results is presented: the
adaptive control that will ensure thatu € R in (70) will converge
tou, = [uy, uT]T.

Theorem 3. Let us consider the dynamical system (70) together
with the reference model (63). Also, consider that Assumption 4
holds for G in (70). Let the adaptive control law be given by

r=0u+ Kr,, (72)

where r,, is defined as in (64), and ©,K € R® are adaptive
parameters governed by the update laws:

@T =—ue' PS,

K' = —r,e PS, (73)
where P € R%® is a positive definite matrix such that PA,, +

Al P = —Q, with Q symmetric positive definite,and S € R®*® is the
sign matrix of G. Define the tracking error and parameter errors as:

dP=0-0*, ¥Y=K-K* (74)

e=u-—u,,
where the ideal parameter values ©* and K* are given by:

e*=G6"'4,-4), K*'=G"'G,. (75)

Then, the tracking error globally asymptotically converges to zero,
that is, e(t) > 0 as t - oo for all initial conditions. Moreover,
the parameter error derivatives satisfy () - 0 and ¥(t) —» 0
ast — oo.

Proof. The error dynamics of the first equation in (74) is
given by,
é=u—u,=Au+Gr-A,u,—-G,r,
= Au+ G(@u + Krm) -A,u, —G,r,
= Au+G(®+0" )\u+GW¥W +K*r, — Au, —G,r,. (76)

and after substituting (75) into the previous expression it fol-
lows that,

6= Au+GOu+ (A, — A)u+ G¥r, +G,r, — Au, —G,r,
=GOu+ A,u+G¥r, - A, u,
=A,e+GOu+ G¥r,. (77)

Now, let us propose the candidate Lyapunov function,
Vy(e,®, %) = e Pe+Tr[®'N®| +Tr[¥TNY|, (78)

with time derivative along the trajectories of the error system (76)
given by

V,(e.®,W)=e Pé+¢é Pe+Tr [CDTNCI)] +Tr[®TN]
+Tr| ¥ VY| + Tr[¥TNY). (79)

By substituting (73) into the previous equation, and claiming the
equality PA, + AT P = —Q, it follows that,

V,= eTP(Ame +GOu + G‘I‘rm) + (Ame + GOu + GlPr,,,)TPe
+Tr[-ue PSN®| + T7[®TN (~ue" PS) |
+Tr [—rmeT PSN‘{’] +Tr [‘FTN(—rmeTPS)T]

= —¢"Qe +¢" P(GOu+ G¥r,) + (GDu + G'¥r,)' Pe
+Tr[—ue' PSN®| - Tr|®'NS" Peu'|
+Tr[-r,e PSNY| - Tr[¥TNST Per]]. (80)
Let us consider that G = SN is defined as in (71), while N
is a Hermitian positive definite matrix such that NT = N, and
also that Tr(ab' A) = b' Aa holds, where a, b € R”, and A € R"™".,

Then, we get the following expression

V,=—e"Qe+e P(GDu+G¥r,) + (GOu+ G¥r,) " Pe
—e"PGOu—u'®'G" Pe—e' PGYr, —r] WG Pe
=— eTQe. (81)

By applying Theorem 2.9 from [53], which is suitable for
time-varying systems, we analyze the set:

A= {(e, W) | V(e 0, 9) = o}.
From (81), it follows that:
V,=—'Qe=>V,=05e=0. (82)
Now, using e = 0 in (73), the parameter update laws reduce to:
d=—ue' PS =0, Y=—r e PS=0, (83)
so we conclude that:

¥ 0. (84)
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However, this does not imply that ®(t) - 0 or ¥(r) — 0 unless
additional conditions are satisfied. In particular, parameter con-
vergence requires the persistent excitation (PE) condition on the
signals u(t) and r,, (1), which is not assumed in this work.

To proceed, observe that since e = 0, then ¢ = 0, which from (76)
leads to:
i —ii, =0. (85)

Substituting (63) and (70) yields:
Au+Gr—A,u, —G,r, =0. (86)

By inserting the control law (72) into the equation above, we
obtain:
Au+ G(©u + Kr,) - A,u, —G,r, =0. (87)

This expression is satisfied if and only if:

0=67"'4, - A, K=G"G,, (88)
which correspond to the nominal values ®*, K* in (75). There-
fore, we deduce:

P=0-0"=0, Y=K-K"=0. (89)

Thus, using the result above, we conclude that:
A={Eo.w |V, eow=0] (90)

only contains the equilibrium point e = 05,,, ® = 04,4, ¥ = Og-
Therefore, the origin of the error system is globally asymptotically
stable. u]

Remark 4. Notice that in the adaptive law (73) it is only
required to know the sign of the matrix of the unknown G in
(70). Such a matrix can be easily known depending on the fully
actuated hexa-rotor configuration. As the reader can observe, the
proposed controllers only require knowing m and J, which are
easily known parameters, [see controls (18), and (59)].

Remark 5. Notice that the reference model (64) together
with control (63) make that the state u,, converges to u,, the
[Lemma 1]. Then, Theorem 3 demonstrates that the adaptive con-
trol law stabilizes the error e = u —u,, to zero. These two facts
imply that u converges to u, at the end, as desired.

Remark 6. The adaptive control proposed in this paper deals
with scenarios where the rotors’ pose can have small variations in
time (in-flight tilting, for instance), but always considering that
the rotors’ pose will have a constant value when the time tends
to infinity. Then, as long as the assumption regarding the sign of
the elements of matrix B does not change when the motors’ pose
changes, one can say that the control can work in case of varia-
tions of the rotors’ pose. In case of changes in the rotors’ pose, the
varying angular parameters should keep the same sign values of
matrix B with respect to the initial motors’ pose configuration.

A diagram of the proposed adaptive controller is depicted in the
nonlinear adaptive controller block of Figure 3.

4 | Simulations

This section presents the simulation results for the fully actu-
ated hexa-rotor system (Z, I1,I), stabilized by the proposed con-
trol algorithm, which integrates robust and adaptive controls
(Equations 18, 59, 64, and 72). All simulations were carried out in
MATLAB/Simulink R2023a on a standard PC (Intel i7 processor,
16 GB RAM), using the variable-step solver ode45 with default
tolerances. The simulations examine three distinct scenarios:

1. Scenario 1: Attitude tracking using the proposed adaptive
controller.

2. Scenario 2: Path tracking using the proposed adaptive con-
troller.

3. Scenario 3: Path tracking with direct passthrough of the
position and attitude controllers to the control allocation
and motor dynamics (no adaptive controller involved). This
scenario is designed specifically for comparison purposes.

For all simulation scenarios, the parameters for the fully actuated
hexa-rotor are consistent with those used in [42]. These param-
eters are detailed in Table 2. Moreover, we have intentionally
included several uncertainties into the model: the discrepancy
between the real and nominal parameter values is simulated by
adding an e value to the final allocation matrix, which will simu-
late a more realistic operating condition for the hexa-rotor. Using
the previous «, f, A parameters in Table 2, the motor rotation
matrices Rf/li for each motor are defined as:

[ 0.7660 0.2868 0.5753
RY (26.5°,40°,0°) =| 0 08949 —0.4462
—0.6428 0.3418 0.6856

[0.43830 —0.6316 —0.6740
0.6634 0.6959 -—0.2751
0.6428 —0.3418 0.6856

R}, (-26.5°, —40°, 60°) =

[~ 0.3830 —0.9184 0.0988
0.6634 —0.1991 0.7213
—0.6428 0.3418 0.6856

R, (26.5°, 40°, 120°) =

[ 0.7660 —0.2868 0.5753

R}, (-26.5°, —40°,180°) =| 0  —0.8949 —0.4462
4

0.6428 —0.3418 0.6856

[ 03090 0.8684 0.3878
R%, (26.5°, 40°, 240°) = [-0.9511 0.2822 0.1260
0  —0.4078 0.9131

[~ 0.3830 0.6316 -0.6740
RY, (=26.5°, —40°, 240°) =|-0.6634 —0.6959 —0.2751| (91)
—0.6428 0.3418 0.6856

In addition to the system parameters, all simulation scenarios
consider the following disturbances affecting the hexa-rotor atti-
tude dynamics:
0.2 cos(t)
A@®) =|0.2sin®) |- (92)
0
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TABLE 2 | Physical parameters of the fully actuated hexa-rotor.
Parameter Value Parameter Value
a [26.5; —26.5; 26.5; —26.5; 26.5; —26.5] deg. J,, € R%® (diagonal matrix) 6 x 10~%kg m?
B [40; —40; 40; —40; 40; —40] deg. B,, € R% (diagonal matrix) 2x107%m?/s
A 60 deg. K; € R®S (diagonal matrix) 1.0
m 1.0kg k 3.13x107®
I 0.25m 3x107*
J.. 0.0820kg m? d 7.5%x1077
Iy 0.0845kg m’
J,, 0.1377kg m?

TABLE3 | The initial conditions for Scenario 1. observing that the attitude states do not present significant
Parameter Value Parameter Value changes despite the Positiqn displiacem.ents iI.l F}%e fully .a.ctu—

ated hexa-rotor. The simulation begins with the initial conditions

$(0) 0 deg x(0) Om shown in Table 4.
6(0) 0 deg ¥(0) 0m o , . . :
oa a0 om e dmior ool i o don
$(0) 0 deg/s x(0) Om/s cally defined as:
6(0) 0 deg/s y(0) 0m/s
y(0) 0 deg/s 2(0) 0m/s

Disturbances are added to prove that the proposed control
algorithm is robust.

4.1 | Scenario 1: Attitude Tracking

In this scenario, the attitude dynamics is verified to converge to
arbitrary desired trajectories. It is also intended to show that the
rotations do not affect the position dynamics due to the attitude
tracking. The initial conditions for this simulation are shown in
Table 3. Notice that the simulation begins with the hexa-rotor
flying at 5 m of altitude. During the simulation, the hexa-rotor
should follow the desired trajectories:

b4 10sin(0.2¢) deg X4 0m
0, | =]15sin(0.21) deg|, [y,|=[0m]| (93)
Wy 0 deg Zy 5m

where ¢ is the simulation time. Figure 4 depicts the simulation’s
results for the attitude and position states, and Figure 5 shows the
controls and the spin of the six motors. The hexa-rotor is tracking
the desired trajectories and maintaining a stable position. Besides
the changes in the hexa-rotor’s attitude, the hexa-rotor suffers
minimal displacements in the position states since the changes in
(¢, 0) do not involve a position displacement, as expected in stan-
dard multi-rotors. With these results, it is clear that our control
preserves the full actuation of the hexa-rotor, showing that it per-
forms attitude commands without affecting the position states.

4.2 | Scenario 2: Path Tracking

This scenario shows the convergence of position states to
the given desired trajectories. We verify the full actuation by

vil= Ly m. (94)

This trajectory challenges the hexa-rotor’s ability to perform
simultaneous position and attitude control while maintaining
robustness under the uncertainties and external disturbances
considered in the simulation. The desired trajectories for the atti-
tude states are set to 0 degrees.

Figure 6 shows the results for the attitude and position states,
and Figure 7 depicts the results of the controls and motors’
spin. These figures show that the attitude states have mini-
mal changes while the hexa-rotor displaces along the circum-
ference. The hexa-rotor adapts its control gains during the ini-
tial transient phase using the proposed adaptive algorithm.
After that, the hexa-rotor advances steadily along the y-axis at
a constant speed while performing circular maneuvers in the
x-z plane.

4.3 | Scenario 3: Path Tracking Without
the Proposed Adaptive Controller

To underscore the significance of the proposed adaptive con-
troller, a third scenario is introduced in which no adaptive con-
troller is employed. In this case, the position and attitude con-
trollers directly interface with the control allocation and motor
dynamics. The simulation conditions are identical to those in the
previous scenario, with the initial conditions provided in Table 4.
The position and attitude states for this scenario are illustrated
in Figure 8. As shown, the primary controller struggles to guide
the aerial vehicle effectively along the desired trajectory, primar-
ily due to its lack of robustness against parameter uncertainties
and external disturbances.
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Scenario 1 (Attitude tracking)
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FIGURE 4 | Thisfigure shows the simulation results of Scenario 1 (attitude tracking). The attitude tracking consists of desired signals given by (93).
In the attitude plots (0, ¢, and ), the hexa-rotor satisfactorily tracks the desired values on each axis. Moreover, the position and velocity plots show no
significant displacement; the small variations are due to exogenous disturbances and can be minimized by choosing higher gains.

Scenario 1 (Attitude tracking)

Virtual Controls
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FIGURES5 | Control response during the simulation of Scenario 1. In this figure, the virtual control response (59) and (18) (top graphs) are depicted.
Also, the six right-hand side graphs depict the adaptive and robust control outputs (72). Finally, the left-hand side six graphs show the resultant motor
spin (v) that controls the hexa-rotor.
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Moreover, the attitude states exhibit oscillatory behavior, par-
ticularly after 40s, despite maintaining a relatively fixed posi-
tion. This indicates instability that can compromise performance.
Additionally, Figure 9 reveals that the control signals exhibit sig-
nificant noise, a phenomenon that could pose serious challenges
during real-world flight operations.

A notable comparison can also be made between the motor
spin dynamics in the proposed adaptive control and the case
where only position and attitude controllers are used, as shown
in Figures 7 and 9. The proposed adaptive controller achieves
smoother and more consistent performance, while the primary
control generates a highly noisy response, further emphasizing
the effectiveness of the adaptive strategy.

TABLE 4 | The initial conditions for Scenarios 2 and 3.
Parameter Value Parameter Value
@(0) 0 deg x(0) 0m
6(0) 0 deg ¥(0) 0m
w(0) 0 deg z(0) 0m
#(0) 0 deg/s %(0) 0m/s
6(0) 0deg/s 3(0) 0m/s
1y (0) 0 deg/s 2(0) 0m/s

4.4 | Performance Evaluation

After simulating Scenarios 2 and 3, with and without the pro-
posed adaptive controller, respectively, different errors are calcu-
lated based on the performance evaluation conducted in [54]. The
aim is to quantitatively evaluate the performance of the results
in Scenario 2, where the adaptive control approach is used, and
compare it to the results in Scenario 3, where only position and
attitude controllers are used without adaptive control. The three
calculated errors are the Integral Squared Error (ISE), the Inte-
gral of Absolute Error (IAE), and the Integral of Time-weighted
Absolute Error (ITAE) using the following equations:

ISE = / e()dt, IAE = / le2(1)|dt,
0 0

ITAE = / mt|e2(t)|dt. (95)
0

These errors are computed for the position and attitude states.
The results can be seen in Table 5; it is clear that in most of
the cases, the proposed control approach performs better than
only using the position and attitude controller. The ITAE results
reveal a significant disparity in errors, highlighting the superior
long-term performance of the adaptive control approach com-
pared to the nonadaptive controller. As expected, the system

Scenario 2 (Path tracking)
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FIGUREG6 |

The path-tracking simulation illustrates a spiral trajectory along the y-axis. The hexa-rotor advances along the y-axis at a constant

speed while performing circular maneuvers in the x-z plane. The simulation results demonstrate that the proposed robust control system achieves
smooth state responses, maintaining minimal errors between the actual and desired trajectories. Notably, the hexa-rotor’s attitude experiences close
null deviations despite the complexity of the longitudinal motion. The proposed controller ensures stable performance even in the presence of model

uncertainties and external disturbances.
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Scenario 2 (Path tracking)

Virtual Controls
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FIGURE7 | Control results during the simulation of Scenario 2 with the proposed adaptive controller. The upper two graphs illustrate the virtual

control outputs, u, and u,, derived from (59) and (18), respectively. The six right-hand side graphs display the adaptive control inputs, r, to rg, as defined
by (72). Lastly, the six left-hand side graphs present the resultant motor spin velocities, @, to w,, which drive the hexa-rotor. These results demonstrate
the system’s ability to maintain smooth and stable control responses under the proposed adaptive framework.

Scenario 3 (Path tracking without Adaptive controller)
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FIGURE 8 | Simulation results for Scenario 3: Path tracking without the Proposed Adaptive Controller, where only the main position and attitude

controllers are employed. While the state response initially follows the desired trajectory, significant position errors arise as the hexa-rotor navigates the
circular path. Additionally, during hover flight, the hexa-rotor’s attitude exhibits oscillatory noise, and during path-following maneuvers, the attitude
control performance is noticeably suboptimal. These issues are attributed to the lack of robustness in the main controller, which is unable to compensate
for external disturbances and parameter uncertainties, ultimately failing to stabilize the system effectively.
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Scenario 3 (Path tracking) without Adaptive controller
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Control inputs and angular motor velocities during the simulation of Scenario 3: path tracking without the proposed adaptive controller.

The virtual control outputs, derived from (18) and (59), are shown in the upper two graphs. The six bottom graphs illustrate the resultant motor spin
velocities that drive the fully actuated hexa-rotor. As observed, both the virtual controls (v, and u,) and the motor spins exhibit significant noise and
instability, especially under the influence of external disturbances and parameter uncertainties. This behavior contrasts sharply with the smoother and
more consistent response achieved by the proposed robust adaptive control.

TABLE 5 | Integral error results from simulations in Scenario 2 (adaptive) and Scenario 3 (nonadaptive).
ISE IAE ITAE
State Nonadaptive Adaptive Nonadaptive Adaptive Nonadaptive Adaptive
x 29.1817 22.4174 28.6443 7.4563 1552.3 10.8819
y 0.8923 0.013 4.2297 0.0683 248.5050 0.2087
z 0.6179 0.6976 6.9033 1.5251 280.0237 3.7923
0 72.4930 0.0000 60.3110 0.0764 2334.5 0.9384
[0) 46.5219 0.0004 52.8193 0.2777 2152.2 2.2424
174 5392.3557 0.0004 404.3903 1929 23570.3 0.1725

Note: The bold values under the Adaptive columns highlight an error reduction compared to the values under the Nonadaptive column.

accumulates higher errors over time for the approach without
adaptive control.

5 | Conclusions

This paper investigates the modeling and control of the fully
actuated hexa-rotor. This kind of aerial vehicle configuration has
the principal characteristic of decoupling position and attitude
dynamics. However, it is observed that such decoupling between
the position and attitude states has a limit, which means that it is

impossible to move at high speed without changing the attitude
of the UAV, and the same is true with high angular values.

This work’s main contribution is designing a robust and adap-
tive controller to stabilize a fully actuated hexa-rotor UAV
for which only the configuration—the direction of the rotors’
orientations—is known under exogenous signals and parame-
ter uncertainties. First, the robust virtual attitude and position
control are designed to reference the six motor angular veloci-
ties. Next, an adaptive control approach is developed to allow the
hexa-rotor to modify its motors’ angular velocities, compensating
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for the parameter uncertainties to produce the virtual reference
controls.

Three different simulation scenarios were performed with the
parameters’ angular values as unknown, and external distur-
bances were included. In these simulation scenarios, it was pos-
sible to evaluate and compare the control performance. The
first two simulations showed that the proposed approach could
independently control the fully actuated hexa-rotor in position
and angular displacements. The third simulation compared the
performance between our proposed adaptive controller and the
implementation of only the position and attitude controller,
showing the robustness of the proposed control.

As further work, we intend to construct a small, fully actuated
hexa-rotor prototype to implement the proposed control scheme.
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Endnotes
'Equation (13) will be used in step two of our control law.

21t can be demonstrated that such an assumption is easily achieved for
various configurations of the fully actuated hexa-rotor.
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