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Koopman-Based Sliding Mode Control for Data-Driven Stabilization of
Nonlinear Systems

Moussa Labbadi' and Zhengang Zhong?

Abstract— This paper presents a data-driven method for the
design of stabilizing controllers for nonlinear systems with expo-
nential stability guarantees. The approach leverages Koopman
operator theory to obtain a bilinear representation of the system
dynamics directly from measurement data, while explicitly
accounting for approximation errors arising from the use of
finitely many data samples. On top of this lifted representation,
a sliding mode control (SMC) strategy is developed to robustly
stabilize the system and compensate for residual modeling
error. The proposed framework focuses on bilinear single-input
systems, for which rigorous stability guarantees are provided.
Furthermore, the methodology naturally extends to multi-input
systems, opening the way for broader applications in data-
driven robust control.

Keywords— Koopman operator theory, sliding mode con-
trol, data-driven stabilization.

I. INTRODUCTION

Data-driven approaches have recently gained considerable
attention in control theory as measurement data have become
increasingly accessible. This trend is particularly notable for
nonlinear systems, where classical techniques such as system
identification or first-principles modeling are often time-
consuming, require expert knowledge, and may lead to non-
convex optimization problems [1], [2], [3], [4]. By leveraging
available data, these methods can construct representations
of complex systems that enable convex controller design [5],
[6], [7]. While data-driven feedback design with closed-loop
guarantees has been extensively studied for linear systems
[81, [5], [6], [7], providing rigorous guarantees for general
nonlinear systems remains challenging [1], [2], [3], [4].
Stability guarantees have been obtained for specific classes,
including Hammerstein and Wiener systems [9], bilinear
systems [10], polynomial systems [11], [12], and rational dy-
namics [13], typically via semidefinite programming (SDP).
For more general nonlinear systems, SDP-based designs
can be implemented using polynomial approximations [14],
[15], kernel regression [16], [17], or linear parameter-varying
embeddings [18], [19]. A comprehensive overview of these
methods is provided in [1].

The Koopman operator [20] provides a linear, infinite-
dimensional representation of nonlinear systems, enabling
linear analysis and control via observables that evolve lin-
early. Finite-dimensional approximations, obtained through
EDMD [21], [22], [23], [24] or machine learning [25], [26],
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allow practical control design, with error bounds analyzed
in [27], [28]. While many methods assume exact lifted
dynamics, Koopman-based control has been successfully
applied across diverse applications [29], [30]. For further
details on Koopman-based control, including error bounds
and closed-loop guarantees, we refer the reader to the recent
survey [31].

Inspired by [31], [28], this paper leverages a finite-
dimensional Koopman approximation to formulate a bilinear
system for sliding mode control, proposing a controller that
guarantees fixed-time convergence of the sliding variables
and exponential stability of the closed-loop system for single-
input cases. Guidelines for multi-input extensions are also
provided.

Notation: R: the set of real numbers. For n € N, R"
denotes the n-dimensional real vector space. sgn(z): the sign
function, defined componentwise for z € R as sgn(z) =
1ifz>0,0ifz=0, —1ifz<0.]-|, ]| r: Euclidean
and Frobenius norms, respectively. ®: Kronecker product.
I,,: m X m identity matrix.

II. PROBLEM SETTING

Consider an unknown nonlinear control-affine system:

@(t) = f(z(t) + Zm(m(t))ui(t), (1)

where z(t) € R™ denotes the state, and the input u € R™
represents the control. The mapping f : R™ — R" is referred
to as the drift, whereas g; : R™ — R"™, i € [m], are the input
vector fields. For an initial condition z(0) = # € R™ and
control input u, we denote the corresponding solution of (1)
at time ¢ by x(t; &, u), assuming existence and uniqueness
with f(0) = 0. The dynamics (1) are unknown; only data
samples of the form are available f(z;) + > 1" g;(z;)u;,
collected at state points z; € X C R", j € [d], for a finite
number d € N of suitably chosen inputs ;. The set X is
assumed to be compact and convex.

Our objective is to construct a sliding mode control
law g : R™ — R™ using the surrogate Koopman-based
model, in such a way that the closed-loop dynamics of (1)
achieve exponential stability of the origin within a specified
Lyapunov sublevel set, even in the presence of modeling
error.

III. KOOPMAN-BASED DATA-DRIVEN REPRESENTATION

In this section, we introduce the Koopman operator frame-
work and its data-driven approximation, followed by the



derivation of suitable error bounds characterizing the result-
ing approximation error.

A. Koopman operator

Let V := L?(X, ) denote the space of square-integrable
real-valued functions on X, where p is the probability
measure induced by the data. Given the autonomous system
z(t) = f(x(t)), x(to) = xo, we define the Koopman
semigroup of operators K2 : YV — V) as

(KA%) (z) = ¥ (22())

where @2t : X — X is the flow map generated by the
dynamics f, satisfying x(t + At) = ®2%((t)) over the
time horizon At and ¢) € V is a real-valued observable of
the system. It is known that the Koopman operator K2 is
linear but usually acts on an infinite-dimensional space of
observables [32]. This property indicates that the evolution
of observables is invariant in the space ) despite the inherent
nonlinearity of dynamical systems. Also, as the Koopman
operator is a linear operator [33], it can hence be applied as
a linear predictor for the observables of nonlinear dynamics
[34]. The idea behind the Koopman operator is applying the
eigenfunctions and eigenvalues of 2 to study the flow map
®A? correponding to the dynamics f. Let ¢; : X — R and
Ai € C denote the i-th eigenfunction and eigenvalue of the
Koopman operator, respectively, i.e. K2tp;(x) = \jp;(z).
If the function ¥ lives in the span of the eigenfunctions ;,
ie. 1 =) .2, aipi, then the observable evaluated along the
flow map is ¢ o @2t = KA%) = 320 a;\ip; [35], which
enables spectral identification of the dynamics.

B. Koopman operator for controlled systems

For the control-affine systems (1), we characterize the
dynamics of the observables via Koopman generator fol-
lowing the work [36]. For the fixed-input control system
with @, the family of Koopman operators K5 is generated
by the operator Ky VYV — V, which is defined by
Ka = limas_o+ %. For differentiable observables,
the Koopman generator can be characterized via gy =
Va4 (g @) - Vyip with g = [g1,-+ ,gm] and
U =[Gy, ,Um] . With By = Ky — Ko, we acquire
Bay = (g - @) - V1, which allows the dynamics to be
formulated in terms of the control affine operator IC, ;) =

Ko + 2211 U (t)BeiZ

L ptalt) = Flalt), u(®) - Vot a(0) = (Ku) (a(0).

Although the Koopman operator is defined on the infinite-
dimensional function space V), in practice we do not have
access to the full space. Instead, we identify a finite-
dimensional subspace V,, C V from state-input data,
which serves as a surrogate space for capturing the behav-
ior of the nonlinear dynamics. Given a subspace V,, :=
span{¢;,j = 1,..., N} of V, the Koopman generators pro-
jected to the finite-dimensional space V,, are denoted as

Vi,
ICu(t).

With a bit abuse of notation, we denote v :=
[th1,- -+ ,¥n] and Z(xz) = ¢ (x(t)) for the remainder of paper.
Given a training data set of state-input-derivative tuples
{a7, w7, &7}7_,, we construct the Extended Dynamic Mode
Decomposition (EDMD)-based approximation K, through

iz) ~ Kyn2(a) = (Ko + Z u,»(t)Be7,> 3 (),

where [ Ko Be, - Be, ] = "j)ﬂc,u (¢x,u)+7
_ P (') P (2")

Vou = |yl gy (2) ut @ 9 () } and

Vo = | qbl. e ¢n ] with the j-th element

defined via ¢; := vy, (z;).
C. EDMD error bounds

This subsection considers the modeling error between
the lifted dynamics of the true system and those obtained
from the data-driven approximation. The error arises from
the approximation of the Koopman generator. To address
this, we leverage the following lemma, adapted from [37,
Theorem 3], which establishes a probabilistic error bound
for the lifted system constructed using the approximated
Koopman generator.

A;: Assume that the data, for each autonomous system with
constant control u = e;,i € {0,...,m}, is sampled
ii.d. on X w.rt. the Lebesgue measure.

Lemma 1 ([37, Theorem 3]): Suppose that .Aq holds and
U c R™ is bounded. Then, for error bound ¢ > 0 and
probabilistic tolerance § € (0, 1), the probabilistic error
bound P (||, ~ Kug| <) 21 v =0 holds

F

for all measurable control functions u : [0,00) — U if

n > =0 (N?/e26) holds for the number of data points.

Similar to [38], we further make the following standard
assumption to ensure that no projection error occurs.

A,: For any ¢ € V, the relation ¢ (z(¢; Z,u)) € V holds for
alu(t)=aeU,z€ X,and t > 0.

By Lemma 1 and .4, above, we readily obtain ¥(z,t) =

(KX ~ Kuw) (@) < ()

our assumption A, below.

, which in turn justifies

IV. DATA-DRIVEN CONTROL OF NONLINEAR SYSTEMS

In this section, we design a data-driven sliding mode
controller for (1) within the Koopman framework, focusing
on the single-input case (m = 1), where the lifted dynamics
yield a robust bilinear control problem; extensions to multi-
input systems and broader parametrizations follow naturally.

A. Robust bilinear reformulation
Based on the section III, the lifted dynamics for the scalar-
input case (m = 1):
i(z) = A%(2) + (Ko + Be, 2(2)) u(t) + 4(t, ),  (2)

where 4(t, z) denotes the nonlinear remainder.
A representative solution for (2) is proposed in [28], where
the bilinear term is treated as an uncertain bilinear system



and handled via robust convex optimization. While this
approach ensures stability, it suffers from several intrinsic
drawbacks: i) Conservatism: modeling the bilinear term
purely as uncertainty limits achievable performance; ii) Scal-
ability: convex formulations scale poorly with the lifted state
dimension or number of data samples; iii) Robustness: struc-
tural properties of the nonlinear remainder 4(x,t) are not
exploited, leading to overly restrictive stability conditions.
To overcome these limitations, we advocate a sliding mode
control design in Koopman-lifted coordinates, leveraging
invariance and robustness to guarantee exponential stability
while reducing conservatism and enhancing robustness. We
adopt the following standing assumption.

Aj3: The nonlinear remainder 4(¢, ) satisfies a proportional
bound of the form

17 2)|| < erll2(@)l;

for some constant ¢, > 0 and compact set X C R".

V(t,z) € [0,00) x X,

B. Proposed approach

The forthcoming analysis relies on the following defini-
tions and notations.
Definition 1: The singularity hyperplane is defined as

= {2(30) eR" ’ A(Ko + Be, 2(x)) = 0}, 3)

where Ko + Be, 2(x) denotes the bilinear input operator of
(2) and A € R**™ is chosen such that AB # 0.

Definition 2: For o > 0, the boundary layer associated
with (3) is

A pe A g
L = {z(x) e R" | [A(Ko + Be, 2(2))| < 5}. @)
Definition 3: The augmented sliding mode control input
is

H(t) = us(t) + ueq(t) + Uq (t)a 5

where ug(t), Ueq(t), and u,(t) denote the discontinuous
sliding, equivalent, and auxiliary corrective components,
respectively.

Under (5), system (2) admits Filippov solutions [39] for
any locally bounded measurable feedback.

The control law is structured as

do, z(x) € &,,
AlF) = { AO(KO + Be, 2(2)), ofhe)rwise, (6a)
I'(2)=A(2) — A+ Be, 2(x), (6b)
olt) = er| Al 2(@)] + e, (60)
with
A#) = (IAA] + e [AD N2 @)]] + e M

and design constants 7, p, &, 69 > 0. The parameters A, g,
and o satisfy
o
5
ensuring nonsingular control behavior.

The control operates in two regimes: i); Outside the
boundary layer: Z(z) ¢ .%,. The singularity plane does not

o
[AKo| > [AKg — do| > 3 )

influence the system. Active branches of ug, us, and ueq
drive Z(z) toward s(¢) = 0 and maintain it there. ii); Inside
the boundary layer: 2(x) € %,. Two cases arise: 1); If
s(t) # 0, u, ensures reaching s(t) = 0, while ug and ueq are
zero. ii); If s(¢) = 0, ueq is zero, and u, and ug maintain
the manifold and ensure asymptotic stability. Singularity is
avoided as A(Z) remains finite.

Inequalities (8) guarantee the plane ABg, 2(x) = 0 does
not intersect .%, and I'(£) remains invertible.

V. SLIDING MODE CONTROL

Classical SMC [40] offers three main advantages: re-
duction of dynamics to a lower-order manifold, finite-time
convergence to the sliding surface, and robustness to matched
uncertainties. However, a well-known drawback is the pos-
sible singularity when the input gain vanishes [41]. Define
the sliding variable:

s(t) = Ax(z) - /O AKou, (7)dr, ©)

which corresponds to the integral sliding mode concept [42].
On the sliding manifold s(¢) = 0, 5(t) = 0 implies

AZ(z) — AKoug(t) = 0.

Substituting the system dynamics (2) and the composite
control fi(t) = uq(t) + us(t) + ueq(t) gives

AAZ(z) + ABe, 2(z)uq (t) + A(Ko + Be, 2(x))us(t) = 0.

Solving for the equivalent control produces the singular

term
~AAZ(z) + ABe, 2(2)ua(?)

Ueq(t) = ~ , (10)
alt) A(Ko + Be, 2(2))
while the standard discontinuous sliding law is
o(t)
ug(t) = — - segn(s(t)), (11)
0=~ Rt B3y )

with o(t) given in (6¢). Both expressions become unbounded

on the singularity hyperplane .7 .
To regularize the control law, the boundary layer .Z, is
introduced. The regularized control components are:

0, if 2(z) € % and s(t) #0,
Ueq(t) = 1 R R .
-TI'(2) (AAz(x) + ABelz(x)ua(t)), otherwise,

L0 i,
uelt) = { —T(2)""A(t)sgn(s(t)), otherwise,
A .
wa(t) = T ABe,2(2) sgn(s(t)), if 2(x) € %, and s(?i) #0,
P(2)7! [AAZ(w) = nA(2) (Ko + Be, 2(x))" Q2(a)] .

(12)

This design guarantees bounded control near ., ensures finite-
time convergence of s(¢) to the sliding manifold, and preserves
asymptotic stability of the closed-loop system. A formal stability
analysis is presented in the next section.



VI. STABILITY ANALYSIS

This section establishes the fundamental properties of the pro-
posed control scheme: fixed-time reachability of the sliding mani-
fold and exponential stability of the closed-loop system.

A. Fixed-time stability of the sliding manifold

Theorem 1: Under A, A, and A3, consider the bilinear sys-
tem (2) subject to the matched disturbance bound ||5(Z,t)|| <
k||Z(x)||. Under the control law defined by Definitions 2-3 and
equations (6a)—(7), the sliding manifold s(¢) = 0, defined in (12),
is reached in fixed time, T'(s(0)), bounded by
2
&- )
where £ > 0 is the design parameter from (7).

Proof: The proof proceeds by analyzing the Lyapunov func-
tion candidate V'(t) = $s(t)* and considering the two operational
regimes of the controller.

Taking the time derivative of V' (¢) and substituting the dynam-
ics (2) and the switching function derivative yields:

T(s(0)) < Thax = (13)

V() = s(t)3(t) = s(t){AAZ(:r) + ABe, 2(2)ua(t)

+A(Ko + Be, 2(2)u(t) + A2, t)}.

Case 1: 2(z) ¢ £, (Nominal SMC operation).
Substituting the control components us(t), ueq(t), and the defini-
tion of I'(2) leads to:

V(t) < —e@)s(®)] + erIAIZ(@)[]s(2)]-

Invoking the definition of o(t) from (7), o(t) = c.||A||||2(2)] +
2
£e® , we obtain:

(14)

V(t) < —€e”|s(t)] <0 for all s(t) # 0. (15)

Case 2: 2(x) € .4, (Boundary layer operation).
In this regime, us(t) = ueq(t) = 0. Substituting the auxiliary
control wue(t) yields:

V(t) = s(t) {AA2(z) + ABe, 2(x)ua(t) + A5(2,1)}.

Substituting wu(t) inside the boundary layer and using the bound
on o(t) yields

V(t) < —€e”|s(t)] <0, s(t)#£0.

This guarantees that the sliding manifold s(¢) = 0 is reached in
fixed time.

The global evolution of the Lyapunov function is governed by
a differential inequality whose structure depends on the value of
V(t):

(16)

: =222V ()*2, it V(1) 2 1/2,
V() < { —212¢v ()12, i V(1) < 1/2.

This is derived from the following analysis:
e Case 1: (V(t) > 1/2 = |s(t)] > 1). In this case,
2 B
e |s(t)| > |s(t)|®. Therefore,
. 52
V(1) < —ge [s(t)] < —€ls()f
= -2V (1)*? = —2¥%ev (1)*2.
o Case 2: (V(t) < 1/2 = |s(t)] < 1). In this case,

s2

e’ [s(t)] > |s(t)|. Therefore,

V() < —ge” |s(t)] < —€[s(t)]
= =6V = =2V ().

To compute the settling time 7', we integrate the differential
inequality (16) over two phases. Let 77 be the time to go from
V(0) to V =1/2, and T> the time to go from V =1/2to V = 0.
The total settling time is bounded by 7' < T3 + T5.

For the first phase (V > 1/2), we have V< —23/2§V3/2.
Separating variables and integrating:

1/2 Ty
/ d;; §_23/2€/ dt.
Vv (0) Vv 0

—2 [(1/2)‘1/2 - V(o)‘w} < 9327,

Since V' (0)~1/2 > 0, this yields Ty < ﬁ(w)*w = ﬁ
For the second phase (V' < 1/2), we have V' < —21/2§V1/2.
Integrating:

0 T
dV 1/2 / 2
1/2 Vi/z 0

-2 [0 - (1/2)1/2] < 2\,
1/2
Thus, Ty < 20050 — = .

The total settling time is bounded by T' < 17 + 15 < ﬁ +

5173 = ¢ Which is independent of the initial condition s(0). m

Remark 1: The fixed-time stability property ensures that the
sliding manifold is reached not only in finite time but within a
bounded duration Tmax = 2/€, regardless of the initial state s(0).
This is a stronger robustness property compared to conventional
finite-time stability, as it provides a guaranteed upper bound on the
convergence time [43]. Y

Remark 2: In this paper, we omit the formal definitions of finite-
time and fixed-time stability, as our focus is on presenting a data-
driven control design based on the Koopman operator. For detailed
discussions of these stability properties, the reader is referred to [43]
and the references therein. v

B. Exponential stability of the closed-loop system

Theorem 2 (Exponential Stability): Under A4, A; and A3 and
the conditions of Theorem 1, the closed-loop system is exponen-
tially stable. There exist constants x > 0 and 8 > 0 such that

I2(z)|| < ll20)]le” ", ¢ >0, (17)

with decay rate . .
win(R) = 261 QI

2Amax(Q)
Proof: Under sliding mode conditions (s(t) = 0), the control

components simplify to us(t) = 0 and ueq(t) = 0. The dynamics
are governed solely by the auxiliary control ue (t). The closed-loop
dynamics are given by:

2(z) = A2(x) — n(Ko + Be, 2(2)) (Ko
+Be,2(2)) ' Q2(2) + (2, 1)
Consider the quadratic Lyapunov function candidate:
W (t) = 2(z) " Q2(x).

Taking its time derivative along the trajectories of the closed-loop
system yields:

B = A (18)

19)

W(t) = 22(z) T Q(x) = 23(z) " Q

A2(2) — n(Ko + Be, 2(2)) (Ko + Be, 5(x)) T Q2 (x)

42,0 | = 2(2) T (QA+ ATQ)2(x) + 22(x) T QF(2,t)

—2n%(z) " Q(Ko + Be, £(2)) (Ko + Be, 2(2)) ' Q2(z).



Substituting the Lyapunov equation QA+ATQ =—Rand noting
that the second term is a negative semi-definite quadratic form, we
obtain:

W(t) = —2(z) " R2(x)
—27)||(Ko + Be, 2(z)) " Q2()||* + 22(z) T Q4(%,1).

We now bound the indefinite disturbance term. Applying
the Cauchy-Schwarz inequality and the given disturbance bound
7 DI < erl|2(2)| yields:

22(z) " Q(2,1) < 2|Q" ()| - 1Q™ 4 (2, 1)
S?HQWH AE@) - 121 - 112, o)
<21QI- 12@)] - erll2(@) | = 2¢,|QU2(2) 1.

Furthermore, the first term is bounded by its quadratic form:

—2(x) " R2(z) < —Amin(R)||2(2)]>. (20)
Since the second term, —27| (Ko +Be, 2(z)) " Q2(z)||%, is always
non-positive, it can be dropped from the inequality. Corpbining
these results, we establish the following upper bound for W (¢):
W(t) < = (Amin(B) = 26, 1Q) I1E@)I% @D
Follows directly from the Lyapunov inequality W(t) < —all2(x)|?
where & = Amin(R) — 2¢[Q|] > 0, and the fact that
Amin(Q)]|2]]? < w(t) < Amax(Q)[|2]|?. Therefore, if the con-
dition ¢, < Amin(R)/(2]|Q]]) is satisfied, then W (¢) < 0 for all
2(x) # 0, proving exponential stability. [ ]
Remark 3: When the lifting map is chosen such that the original
state is included as part of the lifted coordinates, i.e..Z = ¥ (x) =

x
6(x)
exponential stability guarantee provides a stronger characterization
of system behavior than asymptotic stability alone, ensuring a
minimum rate of convergence 3 > 0 that is independent of initial
conditions. This result follows directly from the quadratic form of
the Lyapunov function and the linear dissipation inequality. v

, we have 2, — 0O implies x;, — 0. Additionally, the

VII. GENERAL SMC LAWS REDUCING CONSERVATISM

We extend the previous scalar-input controller to general input
dimensions m > 1, introducing a multi-input sliding mode control
law that reduces conservatism. Consider the lifted dynamics

i(z) = A2(z) + Kou + Be, (u ® 2(x)) + A(t, ), (22)

where Z € R™ is the lifted state, w € R™ is the control input, A €
R™"™ Ko € R™™, Be, € R™™ ™™ denotes the bilinear operator
in Kronecker form, and 4(¢,z) is the approximation remainder
satisfying a finite-gain bound The lifted state is constrained to
2 € A, CR" and (¢, z) satisfies |§(¢,z)|| < 7 for all z € X
and v € U.

A. Multi-input SMC: robust bilinear formulation
For m > 1, the singularity hyperplane is

S = {z eR" ‘ det (A(Ko + Be, (I, ® 2))) = o}, 23)

with A € R™*™ a design matrix ensuring nonsingularity. Define
the adaptive boundary layer

Ly = {éjeR" IA(Ko + Be, (I, ® £))||r < %} (24)
The multi-input augmented sliding mode control law is
() = us(t) + teq(t) + ua(t), (25)

with ug(t), teq(t), ua(t) € R™, and the vector sliding variable
seR™.

2\ (50]1777,7 7:« c fa’,
A8 = { A(Ko + Be, (I, ® 2)), otherwise, (26)
I'(2) = A(2) — ABe, (I ® 2), 27)
T
o(t) = crl|Alle 2] + e, 08)

with design constants 7, p, &, do > 0 chosen to satisfy
g
5

Remark 4: i) The multi-input control law generalizes the scalar-
input design while reducing conservatism and improving scalability;
ii) The law guarantees boundedness of us, ueq, and u, near the sin-
gularity hyperplane .#; iii) Guidelines for the general solution are
presented; the proof of closed-loop exponential stability is omitted
due to page limitations. The proof of sliding mode convergence is
identical to the scalar-input case. v

|AKollr > 2, [[AKo — dululr >

VIII. CONCLUSIONS

In this paper, we presented a robust SMC for bilinear systems
using finite-dimensional Koopman approximations. The proposed
design ensures fixed-time convergence of the sliding variables and
exponential stability of the closed-loop system, while mitigating
singularities inherent to classical SMC. The framework extends
naturally to multi-input systems and remains compatible with data-
driven Koopman models, providing a scalable and practical control
solution.
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