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Estimating characteristic lengths by combining direct
measurements and the Kozeny-Carman relation
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Abstract: This work revisits an indirect characterization method that exploits visco-inertial and thermal frequency response
functions to estimate the macroscopic parameters of fibrous media [Panneton and Olny, J. Acoust. Soc. Am. 119, 2027-2040
(2006); Olny and Panneton, J. Acoust. Soc. Am. 123, 814-824 (2008)]. In practice, this method faces major challenges for
highly resistive materials because the transition frequencies fall outside the measurable range of the standing-wave tube. To
overcome this limitation, an alternative approach combining the equivalent characteristic-length relation derived from ultra-
sound measurements with a Kozeny-Carman-type relation is proposed. The methodology and its validation on resistive felts

demonstrate improved estimation of viscous and thermal characteristic lengths from measurable parameters. © 2026 Author(s).
All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://creativecommons.
org/licenses/by/4.0/).

[Editor: Joel Mobley] https://doi.org/10.1121/10.0042709
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1. Introduction

Experimental characterization methods of acoustic porous materials exhibit a rich landscape of approaches. Among them
are direct and indirect measurement techniques. Although the former are generally preferable, the latter are characterized
instead by model-dependent evaluation and the requirement of assumptions to be applicable. The expected universal
behavior of visco-inertial and thermal response functions is the underlying principle leveraged in many indirect characteri-
zation methods, where transport phenomena are governed by exact asymptotic limits that are connected in the complex
plane with approximate but robust functions. Recent experimental developments have enabled the estimation of intrinsic
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macroscopic transport properties of porous materials by combining physical measurements with Bayesian inference
frameworks."”

Accurately determining the intrinsic macroscopic properties of porous media is essential for understanding and
predicting their acoustic behaviors.” Among the available experimental strategies, indirect analytical inversion methods” °
are widely employed for characterizing porous acoustic materials. These techniques rely on the Johnson-Champoux-
Allard-Lafarge (JCAL) model” * and typically invert effective dynamic properties—namely, the dynamic density Peq and
bulk modulus K, obtained from impedance tube measurements—to infer the macroscopic intrinsic transport parameters
of the material. In standard practice, the air-flow resistivity ¢ and open porosity ¢ are imposed as known inputs, whereas
the remaining transport parameters—high-frequency tortuosity o, viscous and thermal characteristic lengths A and A,
and the static thermal permeability k’o—are estimated through model inversion. Furthermore, by exploiting the low- and
high-frequency asymptotic limits of the effective properties, resistivity and porosity can also be retrieved directly from
dynamic measurements.'’ Nevertheless, to enhance the robustness and accuracy of the inversion procedure, directly mea-
sured parameters, generally, should be used as inputs whenever available.

Their identification with such a relatively simple characterization method brought the indirect inverse analytical
approach into focus and motivated further exploration when the high-frequency behavior of the porous medium is outside
the range of measurable observations. This leads to a central question regarding how several types of phenomenological
conjectures can be used in combination with direct experimental techniques when the viscous f;, and thermal f;; transition
frequencies are outside of the available measurement range (Appendix G of Ref. 11). Semi-phenomenological studies””
introduced the M = 8kooo./(A?¢p) and M' = 8Ky /(A" ¢) dimensionless parameters and showed that they should not devi-
ate strongly from wunity for most porous structures. The Johnson-Koplik-Dashen (JKD) conjecture,
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M = 8koots, /(A*p) ~ 1, was revisited by Henry et al,'” who suggested that this characteristic length A in the denominator
could also be replaced by the characteristic length A’, thereby leading to the formula Myc = 8koooo /(A% ) = 1, which
they identified as a Kozeny-Carman (KC) type equation.

Advantageously, the high-frequency tortuosity o, can be determined directly using ultrasound transmission
measurements. This technique analyzes the propagation of ultrasound waves in a frequency range where the viscous and
thermal boundary layers are much thinner than the characteristic pore size.'”'* In this asymptotic regime, the acoustic
refractive index—obtained from the phase delay between a reference pulse in air and the transmitted pulse through the
sample—varies linearly with the inverse square root of frequency f~/2. The intercept of this linear relation with the
ordinate axis yields the tortuosity o, whereas its slope defines an equivalent length L.;, which incorporates viscous and
thermal effects according to

ERRE Y o
Lgq A AVPr
where 7 is the specific heat ratio and Pr is the Prandtl number of the saturating gas.

Building on the measurement principle used for tortuosity, Leclaire et al.'” introduced a two-gas ultrasound
transmission method in which the same porous sample is successively saturated with two gasses exhibiting markedly differ-
ent physical properties—typically, air and helium. This approach enables the independent determination of the viscous and
thermal characteristic lengths, A and A’. Because the two gasses have distinct values of y and Pr, the slopes of the linear
f~Y/% dependence differ, yielding two equivalent lengths, Leqir and Leqe. By solving the coupled equations derived from
Eq. (1) for each gas, the viscous and thermal characteristic lengths A and A’ can then be determined independently.

In this work, we demonstrate the challenges involved in estimating the viscous and thermal characteristic lengths,
A and A’, for highly resistive fibrous sound-absorbing materials. Our characterization strategy relies on inferring the high-
frequency asymptotic behavior from ultrasound measurements performed in an air-saturated configuration. This experi-
ment provides the high-frequency tortuosity o, together with an equivalent length Legir, which reflects a combined con-
tribution of the viscous characteristic length A and thermal characteristic length A". To separate the respective viscous and
thermal contributions embedded in the measured equivalent length Lcg .ir, We assess two phenomenological conjectures: the
KC relation [8kgos,/(A”?¢) ~ 1] and JKD conjecture [8koos/(A*}) ~ 1]. Both are appealing because they connect the
low- and high-frequency behaviors of a resistive porous structure exclusively through measurable transport parameters.

2. Materials and direct characterization methods

Two types of nonwoven recycled fibrous materials were investigated: cotton felts (F1-F4) and polyethylene terephthalate
(PET) felts (B1 and B2). The cotton felts were manufactured using an airlay process from a blend consisting of 75%
shoddy fibers (55% cotton and 45% PET) and 25% bicomponent fibers (PET core with a coPET sheath) by mass (mass
density, 1350 g/m?). During post-processing, the web was consolidated by thermobonding at a prescribed compression
ratio,'® where the bicomponent fibers provided thermal adhesion. The PET felts were produced from 70% PET fibers and
30% bicomponent fibers (by mass). The web was initially formed by carding and cross-lapping, followed by mechanical
reinforcement through needling, which reoriented a portion of the fibers along the thickness to create a needlefelt struc-
ture. Final consolidation was achieved by thermobonding under the selected compression ratio (Sec. 2.1 of Ref. 11). Note
that this series of materials was produced using the same process as described in Sec. 2.1 of Ref. 11 but constitutes a sec-
ond series that may differ slightly in composition, surface density, and compression ratio. For this reason, the characterized
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values reported in Ref. 11 (Tables 1 and 5) cannot be directly compared to those reported in this article (Tables 1 and 2).

The open porosity ¢ was determined using the pressure-mass method.'” The static airflow resistivity o = 1/ko
was measured at a flow velocity of 0.5 mm/s in accordance with Ref. 18, where i denotes the dynamic viscosity of air. The
high-frequency ultrasound transmission technique was used to determine the tortuosity o, and equivalent length in air
Leg.”'" Table 1 summarizes the results of directly measured parameters for the materials considered in this study. The
reported uncertainties cover thickness measurement tolerances and statistical variability across samples. Although greater
thickness may enhance precision, dimensions were constrained by the industrial process. Rigorous precautions ensured
accuracy across all thicknesses, and the protocols are detailed in the supplementary material (Sec. 1).

3. Indirect analytical characterization: Limitations of characteristic-length estimations

Using the dynamic density p.q and dynamic bulk modulus K.q obtained from a three-microphone impedance tube mea-
surement (44.4mm in diameter),”"” together with the independently measured tortuosity o, (Refs. 13 and 14; Table 1),
the viscous and thermal characteristic lengths, A and A’, can be determined via analytical inversion as"’

2pon

A= oy .
” \/w(b Im(peq) (/JO%O - (b Re(peq))/ (2)
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Table 1. Direct measurements of air-saturated resistive fibrous materials, PET felts (B1 and B2) and cotton felts (F1-F4).

Samples  Thickness (mm) Porosity ¢ Resistivity o (N's m) Tortuosity oo, Leq (um) ~ Compression ratio fr (Hz)

Bl 11.1 £0.3 0.887 £ 0.002 47426 = 1699 1.089 £ 0.005 38.3*4.5 1.0+ 0.0 5250 £ 190
B2 5.1%0.6 0.774 £ 0.001 161082 = 7561 1.175%=0.020 20.0 =4.0 22*0.3 14422 =720
F1 202*2.7 0.945 * 0.002 27132 = 561 1.023 +0.003 49.7*1.2 1.0*0.0 3406 =70
F2 17.0*x1.4 0.935 £ 0.002 48 642 * 3523 1.035*+0.007 29.0x£3.6 1.2*+0.2 5972 + 430
F3 13.3*1.0 0.916 = 0.001 84641 = 6965 1.042 =0.015 22.7*=3.8 1.5*+0.2 10212 *= 850
F4 8.1*+1.1 0.860 £ 0.005 229430+ 12814 1.075 = 0.008 16.7 £ 1.5 25%05 24946 *= 1400

K -k 2\
’ . a eq
A —fxﬁ{ Im((Ka—yKEJ )} , ®

where @ = 2nf is the angular frequency, p, is the density of air at rest, 3, = \/21/(p, C, ) is the thermal skin depth, K,
is the adiabatic bulk modulus of air, x is its thermal conductivity, and C, is its specific heat at constant pressure. The
reader can find the normalized dynamic density, Peq /o> and normalized dynamic bulk modulus, Keq /Ko, measured using
the impedance tube in the supplementary material, Sec. 2.

To assess the validity of the analytical inversion technique applied to the materials studied here, we plot the vis-
cous and thermal characteristic lengths, given by Egs. (2) and (3), as functions of frequency in Figs. 1 and 2. For
each material, three distinct samples were measured to illustrate spatial variability. The frequencies f;, = 0¢p/(2m0o0 p) and
fu = ¢V /(21k'y) denote the transition frequencies that separate the low- and high-frequency regimes, respectively, where
V' =1n/(poPr) is the thermal diffusivity of the saturating fluid. Here, the static thermal permeability was provided as
Ko = M'¢As*/8, using the measured porosity and the estimated thermal characteristic length. The coefficient M’ = 2.09 is
the dimensionless thermal shape factor, based on the average value reported for fibrous materials in Table II of Ref. 5.

As depicted in Fig. 1, the viscous characteristic length A exhibits a slight increase with frequency rather than the
expected constant plateau, resulting in an unreliable estimation. The determination of A, using the analytical inversion
method, should be performed in the high-frequency regime, i.e., for f > f;,, as noted in Ref. 4. For all materials studied
here except FI, the viscous transition frequency f;, is relatively high as a result of its large airflow resistivities (Table 1),
causing the high-frequency behavior to fall outside of the measurement range of the impedance tube used. For the lowest-
resistivity material F1, although the high-frequency regime is partially captured, the measured plateau is not stable, and the
estimation of A should, therefore, be interpreted with caution.

Similarly, the analytical inversion of the thermal characteristic length A’ is displayed in Fig. 2. Compared to the
viscous case, the results are even more unstable because of the high thermal transition frequencies f,. The complexity of
this issue is exacerbated by the fact that thermal dissipation is weaker than viscous dissipation, which substantially dimin-
ishes the sensitivity of impedance tube measurements for accurately determining the equivalent bulk modulus K.q. As a
result, the estimation of A’ often lacks reliability, thereby limiting its applicability for rigorous quantitative analysis.
Nevertheless, a consistent trend is observed: A’ decreases with increasing compression, as physically expected, reflecting
the reduction in pore size. For comparative purposes, the constant values of A and A’ estimated by the KC approach
(detailed later in Sec. 4 and Table 2) are also plotted in Figs. 1 and 2. This allows for an immediate visual assessment of
the fact that the indirect analytical inversions have not reached a stable plateau. It is worth noting that the tortuosity o

9%°€2:20 920T Ud21e 90

Table 2. Comparison of the thermal A’ and viscous A characteristic lengths together with their ratio A’/A for PET (B1 and B2) and cotton
(F1-F4) felts obtained by four estimation methods (a) KC relation; (b) JKD conjecture; (c) Leq-based estimate assuming an idealized fibrous
structure, A’ /A = 2; and (d) direct numerical simulations (Ref. 11), Sim.

A’ (um) A (um) N/A

(c) (o) (o)
Samples (a) KC (b) JKD A///\ =2 (d)Sim (a)KC (b)JKD A///\ =2 (d) Sim (a) KC (b) JKD /\//A =2 (d)Sim

Bl 61.5+22479+71948+11.281.8*+0.7542+9.161.5+22474*+5643.6+0.41.13*+0.220.78*+0.12 2.00 1.88=*0.02
B2 371%£1920.5*+4.2 49.5+9.9 38.8*+0.2268*+7.237.1+19247*+4920.3*+0.11.38+0.180.55*=0.11 2.00 1.91*0.01
F1 76.6 £1.667.2+2.2123.0+2891.3*+3.071.7*+2.576.6+1.661.5+1.452.1*+1.71.07*0.050.88*=0.07 200 1.75*0.08
F2 57.6+£42275+3471.8%£89 73.8%£22380*+6.357.6+4.2359+4541.3+1.21.52+0.200.48*=0.09 2.00 1.79*0.07
F3 443+3.822.0+3.7 56.2*+9.4 56.1 £0.629.9*6.644.3+-3.828.1*+4.730.1+0.31.48+0.190.50*0.08 2.00 1.86*0.03
F4 282*+1.6193*+2.1 41.3+3.8 30.1+1.223.2+3.0282*1.620.7*+1.9159+0.61.22*0.100.68*0.09 2.00 1.89=*0.10

JASA Express Lett. 6 (3), 032401 (2026) 6, 032401-3
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Fig. 1. Characterization of the viscous characteristic length using the analytical inversion technique. The black dashed line represents the esti-
mate obtained using the KC relation [Eq. (4)] combined with the ultrasound measurement of Leq [Eq. (1)]. The red dashed line marks the vis-
cous transition frequency.

and the static thermal permeability k'y can also be estimated from acoustic measurements using the indirect method [see
Eq. (11) of Ref. 4 and Eq. (12) of Ref. 5). This characterization method also fails to provide reliable estimates of the tortu-
osity o, and static thermal permeability k'y (supplementary material, Sec. 1).

Overall, these observations highlight the limitations of the analytical inversion method for highly resistive fibrous
materials, particularly when the relevant high-frequency regimes are inaccessible within standard impedance tube measure-
ments. Moreover, the two-gas method for estimating characteristic lengths, as proposed by Leclaire et al. in 1996, is rela-
tively straightforward to implement experimentally, relying only on standard ultrasound and vacuum equipment. However,
it requires that the saturating gasses completely fill the pore volume of the sample to ensure reliable measurements. In the
present study, the measurements performed with helium did not yield consistent results and produced unrealistically large
values (supplementary material, Sec. 2), most likely caused by incomplete gas saturation within the fibrous samples. As a
result, only the equivalent length L.y .- measured in air could be used (Table 1), preventing the independent estimation of
Aand A

As a result of the limitations in estimating the viscous and thermal characteristic lengths of highly resistive
fibrous materials, discussed above, an alternative estimation strategy is presented in Sec. 4.
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Fig. 2. Characterization of the thermal characteristic length using the analytical inversion technique. The black dashed line represents the esti-
mate obtained using the KC relation [Eq. (4)] combined with the ultrasound measurement of Leq [Eq. (1)]. The red dashed line marks the ther-
mal transition frequency.
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4. Alternative estimation approach based on the KC relation

Several approaches exist in the literature to relate the permeability of a porous medium to its microstructural characteris-
tics. One widely used method is based on the KC relation.”” ** This semi-empirical relation estimates the permeability of
granular materials from the inverse of the specific surface area (pore surface per unit solid volume) and porosity. The cor-
responding KC formulation was subsequently extended to foams and fibrous materials.””*" In addition, Walsh and
Brace,”” Berryman and Blair,”® and Schwartz et al.”’ incorporated the electrical formation factor F to account for pore con-
nectivity and tortuosity in KC type relations. In these formulations, the formation factor is related to the tortuosity of the
porous medium, typically through F = 0, /¢, which allows the permeability to be expressed in terms of the porosity ¢,
tortuosity o,,, and the thermal characteristic length A’. This approach leads to the form employed by Henry et al,"”
o = 8ason/(p A?).

This empirical KC relation, linking the resistivity to other measurable properties of a porous material, thus, can
provide an estimate of the thermal characteristic length such that

;8o
AN =,/ G0 (4)

Once A’ is determined, the viscous characteristic length A can be obtained by combining it with the equivalent
length L. through Eq. (1).

5. Discussion and conclusions
Table 2 compares the viscous (A) and thermal (A") characteristic lengths obtained using the four estimation methods:

(1) The determination of A’ from the KC conjecture or relation [Eq. (4)], combined with an ultrasound measurement of Leg
[Eq. (1)] to obtain A.

(2) The determination of A from the JKD conjecture, A = /(8 ¢ 17) /(¢ o) (in which it is implicitly assumed that the M fac-
tor is equal to one), together with an ultrasound measurement of Leq [Eq. (1)], to obtain A’.

(3) The determination of A" and A is achieved by solving Eq. (1) for A’/A = 2 using experimental values of Lq. This ratio of
2 is a theoretical result obtained by Allard and Champoux”* from a single dilute fiber.

(4) Direct numerical simulations by Tran et al."'

In what follows, we discuss the characterized and computationally obtained values of the viscous A and thermal
A characteristic lengths:

(1) The KC and JKD conjectures offer different perspectives on the microscopic foundations of macroscopic transport in
porous media. The KC-based approach is inherently more empirical as it relies primarily on a sequence of standard labo-
ratory measurements—namely, porosity, resistivity, and ultrasound-derived tortuosity.”” Conversely, the JKD conjecture
originates from a quest for a theoretical framework that integrates exact asymptotic mathematical limits with numerical
simulations.”

(2) All approaches yield consistent overall trends, showing a systematic decrease in A and A’ with increasing compression
ratios, as expected from the corresponding reductions in pore sizes. However, some discrepancies are observed between
the different estimation methods.

(3) In this study, the second estimation method, based on the JKD conjecture, does not seem applicable because it violates
the inequality A’ > A, which reflects the fact that in porous materials, the thermal diffusion path (A’) is expected to be
larger than (or at least equal to) the viscous path (A).

(4) The inappropriateness of the JKD conjecture in the present case can be explained by the simplifying assumption M = 1.
As discussed in Ref. 7, the dimensionless factor M accounts for the influence of pore connectivity and deviations from
the ideal capillary-tube geometry. From Table 1 of Ref. 29, M typically varies from 1.4 to 2.5 (experimental results),
which is comparable to the values reported by Johnson et al.” (Sec. 3) found from network simulations (from 1.6 to 2.0).
The results obtained by either experiments™ or simulations,” therefore, suggest that assuming M = 1 may lead to an
overestimation of A. Alternatively, the KC conjecture, when combined with the ultrasonic measurement of Lcq, allows
the dimensionless factor M to be directly evaluated for each material. The values obtained are F1 (M = 1.11), F2
(M =2.26), F3 (M = 2.15), F4 (M = 1.45), B1 (M = 1.26), and B2 (M = 1.88). These values fall within the ranges
reported by Baker”” and Johnson et al..” In other words, M should be close to unity, but the strict equality M = 1 is too
strong for the relationship (JKD conjecture) to be used as an accurate predictor.

(5) For all materials, the KC-based results lead to ratios A’/A ranging between 1.0 and 1.5, which agree relatively well with
values typically reported for fibrous porous media. Our numerical simulations reveal ratio values ranging between
1.75%+0.08 and 1.91+0.01 (Ref. 11).

(6) Conversely, the KC formulation provides a more physically consistent estimate of the characteristic lengths (by respect-
ing the A’ > A constraint) than the JKD conjecture does for these fibrous materials.

(7) Assuming that the porous material to be characterized is a fibrous structure (A’/A = 2), the third approach provides
fairly good estimates of the characteristic lengths (A and A').
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(8) It is also noteworthy that the inequality A'xc < A’sim holds (see, also, the supplementary material, Sec. 5).

(9) Overall, in comparison with the numerical results reported by Tran et al.,'’ the values obtained using the KC approach
show better overall agreement than those from the JKD approach and the case A’/A = 2. Although some discrepancies
are still present, the KC-based predictions recover the correct order of magnitude found in the numerical models. This
close agreement further corroborates the suitability of employing the KC relation, together with ultrasound measure-
ments of Leg 4ir, as a robust method for determining A and A’ in fibrous porous media. The reader is referred to Sec. 6 of
the supplementary material for a detailed comparison of the method’s errors against the numerical solutions.

(10) Finally, the identification of characteristic lengths using the proposed KC approach yields a high degree of consistency
when reconstructing intrinsic frequency-dependent quantities—specifically the dynamic density p., and bulk modulus
Keq—as well as the predicted sound absorption coefficient at normal incidence. As shown in the supplementary material
(Sec. 2), these estimates align closely with experimental measurements, confirming the robustness of the KC relation
combined with ultrasound measurements of Leq i for characterizing these fibrous materials.

Supplementary Material

See the supplementary material for additional information on (1) the direct characterization methods that were followed
during the course of this work; (2) the comparisons between experimentally determined and modeled frequency-dependent
effective properties, including the normalized effective density p.,/p,, the normalized effective bulk modulus Keq/Ko, and
the sound absorption coefficient at normal incidence; (3) the limitations of the analytical inversion techniques for estimat-
ing the tortuosity o and the static thermal permeability kj; (4) the ultrasonic measurements performed with air and
helium show that helium saturation did not yield consistent results and led to unrealistically large values; (5) the evaluation
of the finite length effect of the pores on the estimates of A; (6) comparison of the three estimation methods compared
with numerical simulations.
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