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Abstract
In the context of lazy clause generation, we propose factorising bicliques in the implication graph to
reduce the associated overhead. This process consists of (1) identifying a set P of prunings that
share a common subset L of literals in their reason, (2) introducing an artificial literal f , called
a factor, and (3) adding the arcs (L × f) ∪ (f × P ) to the implication graph instead of the arcs
L × P . When P and L are large, biclique factorisation significantly reduces the number of generated
arcs. This technique offers two main advantages: (1) faster explanation generation and (2) a sparser
implication graph, leading to more efficient conflict analysis and reduced memory usage. We provide
tight worst-case bounds on both the time complexity of explanation generation and the maximum
number of generated arcs for two global constraints: alldifferent and cumulative. Experiments
were also conducted to evaluate and validate our approach.
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1 Introduction

Designing efficient Constraint Programming (CP) [35] solvers is often a matter of finding an
optimal trade-off between inference time and inference strength. Lazy Clause Generation
(LCG) [30] is one inference technique which is no exception to this rule. LCG is a hybrid
solving framework that combines CP with clause learning from boolean satisfiability (SAT) [9].
It extends classical propagation by recording explanations for domain reductions (prunings);
these explanations form an implication graph that is analysed during conflict analysis to
derive a learned clause. This integration enables the solver to benefit from powerful global
constraints while exploiting nogood learning and non-chronological backtracking, significantly
improving performance on combinatorial problems. However, LCG may incur a non-negligible
overhead due to literal creation, explanation generation, and implication graph traversal
during conflict analysis. This has motivated the introduction of lazy explanations [20], which
defer explanation generation until conflict analysis, thereby avoiding the computation of
explanations that are not useful for clause learning.

In this paper, we propose another method to reduce this overhead: biclique factorisation.
This idea stems from the observation that many prunings may share a common subset
of literals in their reasons, leading to a high worst-case time complexity for explanation
generation—especially for large global constraints—as well as to a locally, and potentially
globally, very dense implication graph. Such density slows down conflict analysis and increases
the memory footprint. Biclique factorisation originates from a graph compression technique
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2 Biclique Factorisation of Explanations in Lazy Clause Generation

and consists of (1) identifying a set P of prunings that share a common subset L of literals
in their reason, (2) introducing an artificial literal f , called a factor, and (3) adding the arcs
(L×f)∪ (f×P ) to the implication graph instead of the arcs L×P . This significantly reduces
the number of generated arcs while preserving reachability relationships. This technique
offers two main advantages: (1) faster explanation generation and (2) a sparser implication
graph, leading to more efficient conflict analysis and reduced memory usage.

We implement biclique factorisation for two core global constraints: alldifferent [34]
and cumulative [1]. We establish tight worst-case bounds on both the time complexity
of explanation generation and the maximum number of generated arcs. Experiments are
conducted using Choco-solver [33] to evaluate and validate the proposed approach. In
particular, we highlight the differences in the number of generated arcs in practice with
and without biclique factorisation, and show that memory requirements can be significantly
affected. Although explanation generation is usually not the main bottleneck in resolution
and therefore does not have a major impact on overall performance, we observed noticeable
differences in total computation time in some cases.

Section 2 introduces the basics of constraint programming and lazy clause generation.
Section 3 presents the general principle of biclique factorisation of explanations. Sections 4
and 5 detail how to efficiently factorise explanations for alldifferent and cumulative.
Finally, Section 6 reports the experimental evaluation conducted with Choco-solver.

2 Preliminaries

2.1 Constraint Programming
Constraint Programming (CP) [35] solves combinatorial problems by modelling variables
with finite domains subject to constraints and combining systematic search with inference to
efficiently explore the solution space. Modern solvers rely on backtracking search interleaved
with constraint propagation [8], where propagators prune infeasible variable-value pairs to
maintain (or approximate) local consistency. Generalised arc consistency (GAC) ensures that
every value of each variable in a constraint’s scope participates in at least one assignment
satisfying the constraint. Bound consistency (BC) is a weaker form of consistency that
considers the domains as intervals: it ensures that the lower and upper bounds of each
variable are consistent, i.e., each bound can participate in at least one assignment satisfying
the constraint. Constraint propagation iteratively calls propagators until the fix point is
reached, reducing the search space while preserving completeness. A key design trade-off in
CP is between inference strength—the amount of pruning achieved—and its computational
cost: stronger propagation can shrink the search tree but is costlier per node, whereas weaker
propagation is cheaper but may lead to more extensive search.

2.2 Lazy Clause Generation
Lazy clause generation (LCG) [17, 30] is a hybrid technique combining CP and boolean
satisfiability (SAT) solvers. It adapts conflict-driven clause learning (CDCL) from SAT [9]
by encoding a boolean variant of the domains and learning clauses upon failure to avoid
repeating the same failing subtrees. The encoding uses value literals (Jx = vK, Jx ≠ vK) and
bound literals (Jx ≤ vK, Jx ≥ vK) for each variable x and each value v in its initial domain. A
clause—a disjunction of literals—is learned whenever a conflict arises, i.e., when the current
partial assignment is unsatisfiable. This clause represents a nogood (a partial assignment
and subset of constraints that necessarily lead to a conflict) and is added to a SAT formula
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in conjunctive normal form (CNF). Unit propagation [9] is then performed over this formula
to derive further inferences along the search.

To enable clause learning, the filtering performed during constraint propagation is
explained: for each pruning p—typically an instantiation (Jx = vK), a value removal (Jx ≠ vK),
or a bound update (Jx ≤ vK or Jx ≥ vK)—a conjunction of literals, called the reason of p

and denoted R(p), is computed. The literals in R(p) are all set to true at the moment of
the pruning, and the logical implication R(p) −→ p holds at any time. This information is
stored in the implication graph, a directed acyclic graph (DAG) dynamically updated along
the search, where the predecessors N−(v) of a node v form the reason of the corresponding
literal. By definition, search decisions have no reason and are thus source nodes of the DAG.
When a conflict arises, its reason is computed and the implication graph is analysed to
find a vertex-cut separating decision nodes from the conflict node—this is conflict analysis.
The vertex-cut forms a nogood [42], which is then converted into a learned clause. The
first unique implication point (1-UIP) vertex-cut is considered the best in practice [42, 13],
as it can be found in linear time in the size of the explored subgraph [28] while enabling
non-chronological backtracking. Modern LCG solvers such as Chuffed [11], OR-Tools [32]
and Choco-solver [33] implement 1-UIP learning. Clause minimisation [38], i.e., removing
redundant literals, can further strengthen the learned nogoods.

Another version of lazy clause generation generates explanations lazily [20], in contrast
to the eager approach described above. The motivation is that many explanations computed
along the search are never used during conflict analysis, wasting time. In the lazy approach,
sufficient information is stored when a pruning occurs so that explanations can be generated
on demand during conflict analysis, ensuring that all generated explanations are actually
used. Although this delayed generation may incur some overhead, in practice it is typically
outweighed by the savings from avoiding unused explanations [20].

In this paper, we do not use lazy explanations but eagerly generate them. The combination
of lazy explanations and biclique factorisation constitutes a direction for future work.

3 Biclique Factorisation of Explanations

To reduce the overhead of lazy clause generation—particularly when global constraints
produce many explanations—we propose to factorise the bicliques that would otherwise be
generated in the implication graph. This overhead arises in particular because multiple
prunings may share common subsets of literals in their reasons, leading to a large number of
arcs and a dense implication graph.

Given a directed graph G = (V, A), let SL and SR be two disjoint subsets of V such
that SL × SR ⊆ A. The subgraph (SL ∪ SR, SL × SR) is then a complete directed bipartite
graph, called a (directed) biclique of G. Factorising this biclique means creating a new
vertex f , called the factor, and replacing (SL ∪ SR, SL × SR) in G by the directed graph
(SL ∪{f}∪SR, (SL×{f})∪ ({f}×SR)). We then say that G has been factorised. By doing
this, the number of arcs in G is reduced by (|SL| × |SR|)− (|SL|+ |SR|) while preserving the
reachability relationships. Biclique factorisation is then interesting as soon as both SL and
SR contain at least 2 vertices and one of them (or both) contains 3 or more vertices.

Let us go back to LCG and the implication graph. Let P be a set of prunings such that
R(p) = L ∪Rp for each p ∈ P , where L is the common subset of literals in the reason of the
prunings and Rp denotes the other literals in addition to L in the reason of p (potentially
Rp = ∅). Instead of generating all arcs (ℓ, p) ∈ L× P in the implication graph, we add the
artificial node f , the factor, and we create an arc (ℓ, f) for each ℓ ∈ L and an arc (f, p) for
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Figure 1 The original (left) and a factorised (right) implication graph at some point of the search
for the following CSP. Variables: a ∈ {1, . . . , 10}, b ∈ {2, . . . , 10}, u ∈ {3, . . . , 6}, v ∈ {3, . . . , 6},
x ∈ {1, . . . , 4} and y ∈ {1, . . . , 4}. Constraints: alldifferent(a, b, u, v, x, y) and Ju = 3K ∨ Ju =
4K ∨ Jv = 3K ∨ Jv = 4K. The explanations for alldifferent are the ones described in [14].

each p ∈ P (Figure 1). The arcs Rp × {p} for each p ∈ P are generated as usual.
When a pruning occurs, the clause expressing the explanation is added to the CNF formula

to maintain the consistency between the boolean encoding and the actual domains. This
clause will be removed from the formula upon backtracking. Without biclique factorisation,
the following clauses are added to the current CNF formula:

(p ∨
∨
ℓ∈L

¬ℓ ∨
∨

r∈Rp

¬r) ∀p ∈ P

With biclique factorisation, the following clauses are added instead:

(f ∨
∨
ℓ∈L

¬ℓ) and (p ∨ ¬f ∨
∨

r∈Rp

¬r) ∀p ∈ P

The same updates will be made by unit propagation. This formulation reminds us of common
subclause elimination [5].

Biclique factorisation has already been studied in many fields including circuit design
[27], linear boolean operators [24] and graph compression [16]. However, to the best of our
knowledge, no such technique was implemented nor described within the CP community for
LCG [30, 17, 20, 39, 12], nor within the SAT community for CDCL [42, 6, 3, 9, 2].

3.1 Conflict Analysis in the Factorised Implication Graph
The whole point of constructing the implication graph is to analyse it when a conflict occurs
to deduce clauses to learn. The question that naturally arises is then the following: Can
we adapt the original conflict analysis techniques to the factorised implication graph ? The
answer is yes and we shall see why. The difference brought by biclique factorisation is the
way to get access to the reason of a literal. In the presence of factors, one must recursively
expand the factors to retrieve the reason, as described in Algorithm 1.

The 1-UIP procedure [28], as well as local [6] and recursive [38] minimisation are graph
exploration procedures that mark the nodes based on certain properties and that traverse
their incoming arcs at most once. Therefore, they run in linear time in the size of the explored
subgraph of the implication graph. They can easily be adapted to biclique factorisation by
marking the factors as well so that they are not expanded several times when processing the
reason of different literals. By doing this, the algorithms will return the same output but in
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Algorithm 1 The algorithm skeletons to process the reason of a literal during conflict analysis in
the original (left) and factorised (right) implication graph. N−(v) are the predecessors of a node v.

procedure processReason(v)
for u ∈ N−(v) do

Do something with u

procedure processReason-F(v)
for u ∈ N−(v) do

if u is a factor then
processReason-F(u)

else
Do something with u

linear time in the size of the explored subgraph of the factorised implication graph, which is
sparser. Those three algorithms adapted to biclique factorisation are described in Section A.

Note that the order in which literals appear in the learned clause may be different when
using biclique factorisation, depending on the way explanations are generated by propagators
and on the way conflict analysis constructs the clause. This may lead to different search trees
because unit propagation may not find the same conflict due to different watched literals. In
this paper, there will be no difference in the order of literals for the considered propagators
and explanations when using biclique factorisation, so the search tree will remain the same.

3.2 Implementation for the alldifferent and cumulative constraints
In this paper, we implement biclique factorisation for two core global constraints widely used
in practice and extensively studied in the literature: alldifferent [34] (Section 4) and
cumulative [1] (Section 5). We show how to identify bicliques that arise in the implication
graph and how to factorise them efficiently. This leads to improved time complexities for
explanation generation for these two constraints. We analyse the worst-case time complexity
of explanation generation only, excluding the rest of the propagator and focusing solely on the
additional overhead introduced by explanations. We provide theoretical results for a single
propagator call as well as along any branch of the search tree, both with and without biclique
factorisation. In particular, we establish upper bounds on the worst-case time complexity
and prove their tightness by exhibiting families of instances that attain them. All these
complexity results are summarised in Table 1.

Upper bounds are obtained by bounding the computation time of explanations, which
simultaneously provides a bound on the output size, which corresponds to the number of
generated arcs. Inversely, we derive lower bounds on the running time by establishing lower

Worst-Case Time Complexity → Single Call Along a Branch

Propagator | Explanations ↓ Original Factorised Original Factorised

GAC alldifferent | Graph Θ(r3 d) Θ(r d) Θ(r3 d) Θ(r2 d)

Time-Table cumulative | Big-Step Θ(n3) Θ(n2) Θ(n2 |∆|) Θ(n |∆|)?
Time-Table cumulative | Pointwise Θ(n2 |∆|) Θ(n |∆|) Θ(n2 |∆|) Θ(n |∆|)?

Table 1 Worst-case time complexity of generating explanations for alldifferent [14] and
cumulative [37]. i) For alldifferent, there are r variables and initially d distinct values. ii)
For cumulative, the complexity of a single call corresponds to one iteration of the time-table
propagator, not for reaching the fix point. The number of tasks is n and the time interval is ∆. A
question mark ‘?’ means the claim requires further investigation.
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bounds on the number of generated arcs. Therefore, these tight bounds hold for both the
worst-case time complexity and the maximum number of generated arcs.

4 The alldifferent Constraint

Given a set of integer variables, the alldifferent constraint ensures these variables are
assigned to a different value (see [21] for a survey):

alldifferent(x1, . . . , xr) ≡ xi ̸= xj ∀(i, j) ∈ {1, . . . , r}2 | i ̸= j

The number of variables within the scope of the constraint is denoted by r and the total
number of distinct values from the variable domains is denoted by d. We assume that r ≤ d,
otherwise the constraint can not be satisfied.

The state-of-the-art propagators enforcing GAC on alldifferent [21, 25] are based on
Régin’s algorithm [34], which is a three-step procedure:
1. Find a maximum matching in the variable-value graph;
2. Compute the strongly connected components (SCCs) of the residual graph;
3. Prune all variable-value pairs that do not belong to the same SCC.
Specific explanations for alldifferent were introduced in [14]. These explanations are
based on the variable-value and residual graphs, we thus call them graph explanations.

The variable-value graph is the undirected bipartite graph whose vertices are the variables
from the scope and the values from their domains. An edge links together a variable x and
a value v whenever v belongs to the domain of x. A maximum matching is computed by
iteratively finding augmenting paths in the variable-value graph from unmatched variables. An
alternating path is a path for which edges alternatively belong or not to the current matching,
and an augmenting path is an alternating path whose both extremities are unmatched. The
size of the current matching is then increased by one by switching the matching membership
of the edges forming the augmenting path. The constraint is unsatisfiable whenever no
augmenting path can be found from an unmatched variable xu. The explanation of the
conflict κ proposed in [14] is then all missing edges between variables reachable from xu by
an alternating path and values that are not (see Figure 2-left). Let Avar(xu) (resp. Aval(xu))
denote the set of variables (resp. values) reachable from xu by an alternating path:∧

x∈Avar(xu)

(Jx ≥ vminK ∧ Jx ≤ vmaxK ∧
∧

v∈[vmin,vmax] | v /∈Aval(xu)

Jx ̸= vK) −→ κ

Where vmin and vmax are respectively the minimum and maximum values from Aval(xu).
Modern LCG solvers [11, 33] use bound literals to spare many value literals.

The residual graph is a directed variant of the variable-value graph where edges are
directed from variables and towards values, except for those in the maximum matching which
are in the other direction. An artificial vertex t is added along with an arc (t, vm) for each
matched value vm and an arc (vu, t) for each unmatched value vu. Whenever a variable xp

and a value vp from the domain of xp do not belong to the same SCC, the pair (xp, vp) is
pruned, i.e. vp is removed from the domain of xp. However, if vp is in a singleton SCC and
if xp and vp are matched together, then xp is assigned to vp instead. Let scc(vp) denote
the SCC that contains vp. The graph explanation for the pruning Jxp ̸= vpK is made of all
missing outgoing arcs from scc(vp) (see Figure 2-right). Let Xscc(vp) (resp. Vscc(vp)) denote
the set of variables (resp. values) in scc(vp).∧

x∈Xscc(vp)

(Jx ≥ vminK ∧ Jx ≤ vmaxK ∧
∧

v∈[vmin,vmax] | v /∈Vscc(vp)

Jx ̸= vK) −→ Jxp ̸= vpK
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Figure 2 LEFT: an illustration of a variable-value graph. The current matching is
{(a, 2), (b, 4), (d, 3)} and there is no augmenting path starting from variable c. The reason of
the conflict is made of the visited (black) variables paired with the unvisited (white) values,
R(κ) = {Ja ≥ 2K, Ja ≤ 4K, Ja ≠ 3K, Jb ≥ 2K, Jb ≤ 4K, Jb ̸= 3K, Jc ≥ 2K, Jc ≤ 4K, Jc ̸= 3K}.
RIGHT: an illustration of a residual graph. The maximum matching is {(a, 2), (b, 4), (c, 1), (d, 3)}
and there are two SCCs (black and white). The variable-value pairs {(c, 2), (c, 4), (d, 4)} are
pruned. Because their values belong to the same SCC they have the same reason, which is
{Ja ≥ 2K, Ja ≤ 4K, Ja ̸= 3K, Jb ≥ 2K, Jb ≤ 4K}, Jb ̸= 3K}.

Where vmin and vmax are respectively the minimum and maximum values from Vscc(vp). In
case scc(vp) = {vp}, the reason is made of the sole instantiation literal Jxm = vpK instead,
where xm is the variable matched to vp.

Finding a maximum matching can be done in O(r1.5 d) time thanks to Hopcroft-Karp’s
algorithm [23]. The strongly connected components are computed in O(r d) time by Tarjan’s
algorithm [41] and the domains are then pruned in O(r d) time. When using an incremental
matching [34], the time spent computing a maximum matching is O(r2 d2) along a branch,
because a pair from the matching can be broken at most r×d times and finding an augmenting
path takes O(r d) time. Also, computing the SCCs and pruning the domains takes O(r2 d2)
time along a branch, because the propagator is called at most r × d times along a branch.

We provide tight bounds on the worst-case time complexity of generating graph explana-
tions for alldifferent both for a single propagator call and along a branch of the search
tree, with and without biclique factorisation. The upper-bound proofs are provided in this
section while the lower-bound proofs are in the appendix (Section B).

▶ Lemma 1. Along a branch of the search tree, a GAC propagator for alldifferent
performs at most r × (r − 1) value removals.

Proof. All unmatched values that appear in the domain of at least one variable belong to
scc(t), which is the source of the SCC DAG and therefore has no incoming arcs. Consequently,
a value can be removed only after it becomes matched and moves to an SCC distinct from
scc(t). Moreover, once a value is matched and leaves scc(t), it remains matched and cannot
return to scc(t) further down the same branch. Since the number of matched values is
bounded by the size of the maximum matching, which is r, at most r such values can appear.
Furthermore, the variable-value pairs making the matching are not pruned, so at most r − 1
values can be removed from the domain of a given variable along a branch. ◀

▶ Theorem 2. The worst-case time complexity of generating graph explanations is Θ(r3 d),
both for a single propagator call and along a branch of the search tree.

Upper-bound proof. (i) The graph explanation of a conflict is computed in O(r d) time by
scanning the universe of values for each variable visited during the failed attempt to find an
augmenting path. At most one conflict can arise along a branch.
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(ii) By Lemma 1, the number of pruned variable-value pairs along a branch is O(r2).
Also, a graph explanation for a pruned pair (x, v) is computed in O(r d) time by scanning
the universe of values for each variable in scc(v).

Therefore, the worst-case time complexity of generating graph explanations is O(r3 d)
along a branch, and then also O(r3 d) for a single propagator call. ◀

4.1 Factorised Explanations for alldifferent
In this section, we show how to factorise graph explanations [14] for the alldifferent
constraint. First, let us identify the bicliques that would appear in the implication graph.

▶ Lemma 3. Let (x, v) and (x′, v′) be two variable-value pairs pruned by a GAC propagator
for alldifferent and let us consider graph explanations.

scc(v) = scc(v′) =⇒ R(Jx ̸= vK) = R(Jx′ ̸= v′K)
scc(v) ̸= scc(v′) =⇒ R(Jx ̸= vK) ∩R(Jx′ ̸= v′K) = ∅

Proof. The explanation of a pruning depends only on the SCC to which the value of the
pruned pair belongs. Therefore, if two pruned pairs (x, v) and (x′, v′) satisfy scc(v) =
scc(v′), they are associated with the same SCC and thus have identical reasons.

For a given SCC c, the corresponding reason consists of the non-arcs from the variables
in c to values outside c. Since two distinct SCCs contain disjoint sets of variables, the sets of
literals forming their respective reasons are also disjoint. ◀

Thanks to Lemma 3, whose claim was already partly mentioned in [20], we can identify
at no extra cost which prunings will have the same reason, and thus the bicliques that would
be generated in the implication graph during a single call to the propagator. Therefore, we
can factorise them without any overhead as described in Algorithm 2.

Algorithm 2 Generate a factorised graph explanation for the value removal Jx ̸= vK

if fscc(v) is not already in the implication graph then
Add fscc(v) with the reason associated with scc(v) as predecessors

Add the arc fscc(v) → Jx ̸= vK

When the reason is made of a unique literal, typically an instantiation Jx′ = v′K, there is
no need to create the factor as an intermediary.

▶ Theorem 4. The worst-case time complexity of generating factorised graph explanations is
Θ(r d) for a single propagator call.

Upper-bound proof. (i) The graph explanation of a conflict is computed in O(r d) time.
(ii) At most r × (r − 1) pairs can be pruned (Lemma 3), and every pruned pair (x, v)

has exactly one predecessor in the factorised implication graph: the factor fscc(v). Thus,
computing the predecessors for all the pruned pairs takes O(r2) time.

(iii) At most one factor is created per SCC. The predecessors of a factor fc associated
with the SCC c are computed by scanning the universe of values for each variable in c.
This is done in O(|Xc| d) time. The sets of variables of two distinct SCCs are disjoints so∑

c∈SCCs |Xc| = r. Thus, computing the predecessors for all the factors takes O(r d) time.
Therefore, the worst-case time complexity of generating factorised graph explanations is

O(r d) for a single propagator call. ◀
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Thanks to Theorem 4, generating graph explanations is no longer the theoretical bottleneck
in terms of worst-case time complexity for a single propagator call for enforcing GAC on and
explaining alldifferent.

▶ Lemma 5. Along a branch of the search tree, the number of calls to a GAC propagator for
alldifferent during which pruning occurs is less than r.

Proof. Let us follow the evolution along a branch of the number nvar of connected components
(CCs) in the variable-value graph that contain at least one variable.

Between two calls to the propagator. Let us consider two consecutive propagator calls
Ca and Cb, and let na,end

var (resp. nb,start
var ) be nvar at the end of call Ca (resp. at the start of

call Cb). Call Cb happens later than call Ca on the same branch, some edges may then have
been deleted but none has been added to the variable-value graph, so na,end

var ≤ nb,start
var .

Between the start and the end of the same propagator call. Let C be one call to the
propagator and let nstart

var (resp. nend
var) be nvar at the start of call C (resp. at the end of

call C). If no pruning occurs during call C, then no changes are made in the variable-value
graph and nstart

var = nend
var . Let us consider the case where a pair (x, v) is pruned.

First, all inter-SCC arcs in the residual graph are pruned by the propagator. So, the CC
in the variable-value graph that contained both x and v is split into at least two new CCs
once the propagator has ended: one of the new ones contains x, and another v.

Second, the unmatched values all belong to scc(t), which is the source of the DAG of
SCCs. So, all pruned variable-value pairs have their value matched. Also, the pairs making
the matching are not pruned, so a matched value always remain in the same CC as its
matched variable. Then, both x and v will belong to a CC that contains at least one variable.
Therefore we have nstart

var < nend
var , meaning that nvar strictly increases.

Finally, nvar is bounded by 1 and r by definition, so we deduce that the number propagator
calls during which pruning occurs along a branch is less than r. ◀

▶ Theorem 6. The worst-case time complexity of generating factorised graph explanations is
Θ(r2 d) along a branch of the search tree.

Upper-bound proof. If no conflict arises nor any pruning occurs during a propagator call,
then no time is spent generating graph explanations. Moreover, at most one conflict can
arise along a branch, and its reason is computed in O(r d) time. Therefore by Theorem 4
and Lemma 5, the worst-case time complexity of generating factorised graph explanations is
O(r2 d) along a branch. ◀

By Theorem 4 and Theorem 6, biclique factorisation allows for a faster explanation
generation for alldifferent, as well as a reduced number of generated arcs in the implication
graph as explained in Section 3.2, both for a single propagator call and along a branch.

5 The cumulative Constraint

A task i is made of an integer variable si defining its starting time, as well as a positive
integer di corresponding to its duration, and a positive integer hi called the height and
representing the resource consumption of the task. Given a set of tasks, denoted as Tasks,
and a capacity c, the cumulative constraint ensures the cumulated resource consumption
never exceeds the capacity:

cumulative(Tasks, c) ≡
∑

i∈Tasks | si≤tp<si+di

hi ≤ c ∀tp ∈ ∆
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mandatory part

capacity

profile

Figure 3 LEFT: an illustration of the mandatory part of a task i. RIGHT: an illustration of the
mandatory part of tasks a to g, as well as the corresponding profile and rectangle decomposition.

Where ∆ = {mini∈Tasks(si), . . . , maxi∈Tasks(si + di)− 1} is the discrete time interval over
which the tasks can be performed. The number of tasks is denoted by n.

Because the resource-constrained project scheduling problem (RCPSP) is NP-Hard [10],
enforcing bound consistency on cumulative is also NP-Hard. So, many filtering rules were
proposed for cumulative, and a filtering rule that received considerable attention in the
literature is the time-table propagator [7, 26, 31, 19]. In time-table propagation, the resource
profile induced by the mandatory parts of the tasks can be represented as a step function over
time (Figure 3). For a task i with earliest start time si, latest start time si and duration di,
the mandatory part is the time interval [si, si +di] whenever si < si +di. The resource profile
obtained by aggregating these mandatory parts is piecewise constant and changes value only
at event points corresponding to the start or end of mandatory parts. This profile can be
viewed as a decomposition of rectangles (Rj)j∈J in the time–resource plane. A rectangle
Rj is defined over a time interval [aj , bj ] and is made of all tasks whose mandatory part
contains [aj , bj ]: Tasks(Rj) = {i ∈ Tasks | si ≤ aj ∧ si + di ≥ bj}. The height of Rj is then
the cumulated mandatory resource consumption over [aj , bj ]: hj =

∑
ℓ∈Tasks(Rj) hℓ. The

number of rectangles can not exceed 2n + 1. During propagation, these rectangles are used to
update the bounds of the start times: for each task i and for each rectangle Rj , the algorithm
verifies whether i would overload Rj . More precisely, it verifies whether scheduling i at si

(resp. si) would make i overlap with [aj , bj ] and cause the total resource consumption to
exceed the capacity; if so, si (resp. si + di) must be greater than or equal to bj (resp. less
than or equal to aj). Rectangles are processed from left to right to update lower bounds,
and then from right to left to update upper bounds, using a sweep algorithm, resulting in an
O(n2) time complexity for the time-table propagator [19].

Three types of explanations were proposed in [37]: naive, big-step and pointwise. Here, we
focus on explanations for bound updates, but explanations are similar for conflicts, i.e. when
the constraint is detected as unsatisfiable. Let us consider the earliest start time updates, the
latest start times are updated symmetrically. Given a task i that would overload a rectangle
Rj over [aj , bj ], the naive explanation for setting si to bj is made of the current lower bound
of si and the current bounds of the tasks in Tasks(Rj). Big-step explanations are more
general by considering sufficient bounds for having this overload:

Jsi ≥ aj + 1− diK ∧
∧

ℓ∈Tasks(Rj)

(Jsℓ ≤ ajK ∧ Jsℓ ≥ bj − dℓK) −→ Jsi ≥ bjK

Pointwise explanations refine big-step explanations by focusing on individual time points
rather than whole rectangles. Each time point corresponds to a position within a rectangle
that would be overloaded; and two consecutive time points can not be more than di apart for
a task i. Let Tasks(tp) = {i ∈ Tasks | si ≤ tp < si + di} be the set of tasks whose mandatory
part intersects with a time point tp. Let TP be a valid set of time points for updating si,
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pointwise explanations are generated in increasing time point order:

Jsi ≥ tp + 1− diK∧
∧

ℓ∈Tasks(tp)

(Jsℓ ≤ tpK∧ Jsℓ ≥ tp + 1− dℓK) −→ Jsi ≥ tp + 1K ∀tp ∈ TP

A single pointwise explanation can be seen as a big-step explanation whose rectangle that
would be overloaded has width 1. There are many ways to choose a valid set of time points
and the complexity results presented in this section hold for any time points choices.

We analyse worst-case time complexity as a function of the parameters that independently
affect the running time. These parameters are n, c and |∆|. We assume that the integer vari-
ables are represented by their bounds, which is usually the case when considering scheduling
problems, so the size of a cumulative instance is O(n (log(|∆|) + log(c))) (assuming that
the minimum starting time is 0). Then, c and |∆| are numeric parameters and are included
in the analysis only when they can not be avoided to express the worst-case complexity. The
influence of c in the theoretical bounds lies in the maximum number of tasks that can be
performed in parallel, which is also bounded by n. Because the worst cases are attained when
min(n, c) = n, we do not use c to express the worst-case bounds. For the same reason, we do
not use |∆| in the worst-case complexity of generating (factorised) big-step explanations for
a single propagator call. Indeed, |∆| influences the maximum number of rectangles, which
is also O(n). However, we can not avoid |∆| in the other complexity results, meaning that
these problems are pseudo-polynomial. The upper-bound proofs are provided in this section
while the lower-bound proofs are in the appendix (Section C).

▶ Theorem 7. The worst-case time complexity of generating big-step explanations is Θ(n3)
for a single propagator call.

Upper-bound proof. During a single propagator call, a big-step explanation is computed at
most once per task-rectangle pair. The number of tasks and the number of rectangles are
O(n). The number of tasks per rectangle is O(n), so a big-step explanation is computed in
O(n) time. Therefore, the worst-case time complexity of generating big-step explanations is
O(n3) for a single propagator call. ◀

▶ Theorem 8. The worst-case time complexity of generating big-step explanations is Θ(n2 |∆|)
along a branch of the search tree.

Upper-bound proof. The number of bound updates, and thus the required number of big-step
explanations, can not exceed n× |∆| along a branch. Indeed, beyond n× |∆| bound updates
a domain is necessarily emptied and a conflict arises. Furthermore, a big-step explanation is
computed in O(n) time. Therefore, the worst-case time complexity of generating big-step
explanations is O(n2 |∆|) along a branch. ◀

▶ Theorem 9. The worst-case time complexity of generating pointwise explanations is
Θ(n2 |∆|), both for a single propagator call and along a branch of the search tree.

Upper-bound proof. The number of bound updates, and thus the required number of
pointwise explanations, can not exceed n× |∆| along a branch. Furthermore, a pointwise
explanation is computed in O(n) time. Therefore, the worst-case time complexity of generating
pointwise explanations is O(n2 |∆|) along a branch, and then also O(n2 |∆|) for a single
propagator call. ◀
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5.1 Factorised Explanations for cumulative
In this section, we show how to factorise big-step and pointwise explanations [37] for the
time-table propagator of cumulative. Each explanation can be split into two parts: (a) a
literal explaining why the updated task intersects the rectangle (resp. time point), and (b)
literals describing the mandatory parts forming the overloaded rectangle (resp. time point).
Part (b) is independent of the updated bound and forms a large biclique in the implication
graph when many tasks run in parallel due to high capacity and multiple explanations are
generated for the same rectangle (resp. time point), since mandatory parts remain unchanged
during a propagator call. Exploiting this property, big-step (resp. pointwise) explanations
can be efficiently factorised within a single call, as shown in Algorithm 3.

Algorithm 3 Generate a factorised explanation for the bound update Jsi ≥ bK caused by β, where
β is either a rectangle Rj (big-step explanation) or a time point tp (pointwise explanation).

if fβ is not already in the implication graph then
Add fβ with part (b) of the corresponding explanation as predecessors

Add the arcs ℓα → Jsi ≥ bK and fβ → Jsi ≥ bK, where ℓα is the literal from part (a)

▶ Theorem 10. The worst-case time complexity of generating factorised big-step explanations
is Θ(n2) for a single propagator call.

Upper-bound proof. (i) The big-step explanation of a conflict is computed in O(n) time.
(ii) At most two bound updates (lower and upper) can happen per task-rectangle pair

during one propagator call. The number of tasks and the number of rectangles are O(n), so
the number of bound updates is O(n2). The predecessors in the factorised implication graph
of a bound update for a task i and a rectangle Rj are a literal related to i and the factor
fRj

. Thus, computing the predecessors for all the bound updates takes O(n2) time.
(iii) At most one factor is created per rectangle, and its predecessors are computed in

O(n) time. Thus, computing the predecessors for all the factors takes O(n2) time.
Therefore, the worst-case time complexity of generating factorised big-step explanations

is O(n2) for a single propagator call. ◀

▶ Theorem 11. The worst-case time complexity of generating factorised pointwise explana-
tions is Θ(n |∆|) for a single propagator call.

Upper-bound proof. (i) The pointwise explanation of a conflict is computed in O(n) time.
(ii) At most two bound updates (lower and upper) can happen per task-time point pair

during one propagator call. The number of tasks is O(n) and the number of time points is
O(|∆|), so the number of bound updates is O(n |∆|). The predecessors of a bound update
for a task i and a time point tp are a literal related to i and the factor ftp

. Thus, computing
the predecessors for all the bound updates takes O(n |∆|) time.

(iii) At most one factor is created per time point, and its predecessors are computed in
O(n) time. Thus, computing the predecessors for all the factors takes O(n |∆|) time.

Therefore, the worst-case time complexity of generating factorised pointwise explanations
is O(n |∆|) for a single propagator call. ◀

By Theorem 10 and Theorem 11, biclique factorisation allows for a faster explanation
generation for cumulative for a single propagator call, as well as a reduced number of
generated arcs in the implication graph as explained in Section 3.2.
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5.2 A Stronger Factorisation Along a Branch
Stronger factorisation can be achieved by reusing factors created earlier along the same
search branch. For pointwise explanations, let A be the set of tasks intersecting a time
point tp at some point in the search, and B the set intersecting tp later on the same branch.
Since mandatory parts can only grow along a branch, we have A ⊆ B. If A = B, we reuse
the previously created factor fA; otherwise (A ⊂ B), we create a new factor fB whose
predecessors are fA and the bound literals of tasks in B \A. This ensures that the number of
generated arcs along a branch is O(n |∆|) (see Section D). For big-step explanations, part (b)
is split into two parts: (b-left) containing upper-bound literals and (b-right) containing
lower-bound literals. Each part is then associated with a single time point rather than the
whole rectangle interval, allowing the same reasoning to be applied independently.

Investigating the possibility of having a O(n |∆|) time complexity for generating big-step
and pointwise explanations would require studying an explanation-oriented incremental
algorithm for the time-table propagator, which is not the purpose of this paper. Yet, this
would constitute an interesting future work.

6 Experimental Study

Biclique factorisation was implemented in Choco-solver v5.0.02,3. We declared factors as
specific type of SAT variables. Thus, each of them requires allocation of additional auxiliary
objects that link CP and SAT. This cumulative allocation may mitigate the efficiency of
the biclique factorisation when the factorised biclique are not large. The main objective
of the experimental evaluation is to demonstrate the contribution of biclique factorisation.
Specifically, we aim to quantify the benefits provided by the approach in terms of reduced
memory footprint and computation time.

To do this, we selected four distinct problem categories: three involving one or more
alldifferent constraints and one involving one cumulative constraint with a large
capacity. The three alldifferent-based problems include the Golomb Ruler, Latin Square
and Langford problems, all sourced from the MiniZinc Challenges [40]. The Latin Square
instances converge to a solution without failures, enabling the measured memory consumption
to accurately isolate the cost associated with the size of the implication graph. The fourth
category consists of the Large Scale Scheduling problem, from XCSP3 library [4]. For each
problem, we ran multiple instances to observe the behaviour under increasing sizes.

The experiments were carried out with OpenJDK 21.0.1 on an Intel Xeon 6230 (2.10GHz)
with up to 8Go RAM per job. For each instance, a first resolution using biclique factorisation
with a hard time limit of 5 minutes is launched; the number of nodes processed during
this phase was recorded. Then, the same instance was solved again under a fixed limit
of the recorded node count, with and without biclique factorisation. A dynamic memory
management strategy was employed via the Java -Xmx flag: if the resolution failed due the
memory exhaustion, the available heap was increased iteratively until a successful run was
obtained. Once a valid resolution was achieved for the required parameters, this configuration
was locked and the instance was resolved 9 more times to ensure statistical stability of
computation time. Finally, the elapsed time and the cumulative size of generated clauses
(i.e., the total number of arcs generated in the implication graph) were reported.

2 https://github.com/SulianLBC/BicliqueFactorisation-March-2026
3 Conflict analysis consists of the 1-UIP learning scheme without minimisation. Plus, the threshold below

which variables’ domain are enumerated and not bounded is set at 6500.

https://github.com/SulianLBC/BicliqueFactorisation-March-2026
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Figure 4 Total number of generated arcs and computation time without (namely, ‘base’) and
with biclique factorisation on four problems: Golomb Ruler (upper-left), Latin Square (upper-right),
Langford (lower-left) and Large Scale Scheduling (lower-right). For each problem, the top figure
represents the total number of generated arcs and values within the rectangles denote the minimum
memory required to solve the instance, while empty squares indicate that the memory requirement is
identical to that of the previously evaluated rectangle. The bottom figure represents the computation
time with the violin plot for each parameter value, the curve passes through the mean value.

The experimental results are presented in Figure 4. Each sub-figure contains two sub-
plots illustrating the performance differences. The upper plot reports the resource overhead,
showing the total number of generated arcs and the minimum memory required to successfully
process the instance as the problem size grows. The lower plot shows the computation time
over ten runs, as violin plots, to either reach the node limit or close the instance, evaluated
under the strict memory constraints imposed by the protocol.

Number of Arcs The upper plots reveal a consistent reduction in the number of arcs
when biclique factorisation is activated, significantly decreasing the arc count compared to
the standard baseline across all problem categories, with reductions of up to 13-fold. This
compactness translates to a decrease in the memory footprint, an effect that is particularly
pronounced in the Golomb Ruler problem. On the largest instances of Golomb Ruler, the
memory requirement is reduced by nearly a factor of three, and one instance could not be
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solved under 8Go without biclique factorisation, confirming the interest of the proposed
approach in managing resource consumption.

Time One must first contextualise the variance observed in certain instances, which is
primarily attributable to the non-deterministic triggering of the Java Virtual Machine’s
garbage collector under critical memory pressure. This is particularly evident in the Langford
and Large Scale Scheduling problems. Beyond this variability, a positive correlation emerges
between the reduction in arc count and the improvement in solving speed; the greater the
difference in arc count, the more significant the gain observed for the Golomb Ruler, Latin
Square, and Langford instances (up to 28% reduction). On the smallest instances of Golomb
Ruler and Large Scale Scheduling, the additional creation of factors introduces a slight
overhead which is not compensated by arcs saving. In addition, the largest instances of
Large Scale Scheduling do not yield noticeable improvements with biclique factorisation.
This happens because the overhead incurred in explanation generation and conflict analysis
is insignificant when compared to the time spent propagating the cumulative constraint.

Equivalence Test We compared the runtimes on all MiniZinc Challenge instances since 2020
that contain at least one alldifferent or cumulative constraint, evaluating the solver
without and with biclique factorisation, with a time limit of 600 seconds per instance. Out
of 170 managed instances, both variants solved the same 58 instances, while most instances
(112) remained unsolved within the time limit, and no instance was solved by only one
variant. To assess performance in terms of runtime ratios, we applied a log transformation
to the paired runtimes and conducted a log-transformed two one-sided tests (TOST) [36]
equivalence test with a ±5% margin per instance. The test confirms that the runtimes are
statistically equivalent for the instances solved by both approaches (p ≈ 0.017 for the lower
bound, p ≈ 0.012 for the upper bound). These results indicate that biclique factorisation
does not degrade performance on this benchmark, which consists of instances that are not
favourable to biclique factorisation because the used global constraints are not very large.

7 Conclusion

We proposed biclique factorisation as a method to reduce the overhead of lazy clause genera-
tion, particularly for large global constraints where bicliques naturally arise in the implication
graph. We implemented this technique for the alldifferent and cumulative constraints,
and established tight bounds on both the worst-case time complexity of explanation genera-
tion and the maximum number of generated arcs. An experimental evaluation conducted
with Choco-solver demonstrates the practical impact of the approach.

Several directions for future work emerge from this study. First, it would be valuable
to implement biclique factorisation for other global constraint propagators. In particular,
alternative propagators for cumulative such as edge-finding and energetic reasoning [22]
would be relevant candidates. Also, flow-based global constraints [15]—such as those general-
ising alldifferent—also appear to be promising targets for further investigation. Second,
combining biclique factorisation with lazy explanations is a natural direction. Moreover,
since lazy explanations preserve information accumulated along the current search branch,
their integration could potentially yield stronger factorisations. Investigating the extent to
which this knowledge can be exploited constitutes an interesting research direction. Finally,
an open question is whether factorisation can be extended beyond the scope of a single
propagator, by automatically detecting bicliques induced jointly by multiple propagators.
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A First-UIP, Local Minimisation and Recursive Minimisation with
Biclique Factorisation

The 1-UIP nogood [29] is found by exploring the reverse implication graph (arcs are in the
other direction) by considering the nodes from the top of the trail (the stack of literals
added to the implication graph) and replacing them by their reason in the nogood under
construction. This is done until exactly one literal p from the nogood belongs to the same
decision level as the conflict node (p is a unique implication point (UIP)). A property of the
1-UIP clause is that the most recent decision level among its literals, excluding the UIP,
determines the backtrack level. After backtracking to this level, the clause becomes unit
and forces the UIP to true by unit propagation. Such clauses are called asserting clauses
and enable non-chronological backtracking. We present in Algorithm 4 the 1-UIP procedure
adapted to biclique factorisation.

We assume that all literals of a given decision level are reachable in the implication graph
from the decision node of that same level. This property is ensured, for example, when the
strongest available propagators are systematically used during constraint propagation. If
this assumption does not hold then the presented algorithms should be adapted accordingly.

The found nogood may not be minimal, as some of its proper subsets may also be nogoods.
These subsets are of better quality, as they may be triggered earlier by unit propagation or
allow larger jumps through non-chronological backtracking. Therefore, clause-learning-based

Algorithm 4 Finding the 1-UIP nogood with biclique factorisation
Require: The factorised implication graph, the trail and the conflict node κ

Ensure: Find the 1-UIP nogood
1: NG← ∅ ▷ The 1-UIP nogood under construction
2: count← 1
3: Mark κ

4: do ▷ κ is initially on the top of the trail
5: v ← trail.pop()
6: if v is marked ∧ v is not a factor then
7: processReason-F-1-UIP(v)
8: count← count− 1
9: while count > 1

10: do
11: p← trail.pop()
12: while p is not marked
13: Add p to NG

14: return NG

15: procedure processReason-F-1-UIP(v)
16: for u ∈ N−(v) : level(u) > 0 do ▷ Ignore literals from initial propagation
17: if u is not marked then
18: if u is a factor then
19: processReason-F-1-UIP(u)
20: else if level(u) = level(κ) then ▷ Literal from conflict level
21: count← count + 1
22: else ▷ Literal from anterior level
23: Add u to NG

24: Mark u
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Algorithm 5 Local minimisation of the 1-UIP nogood with biclique factorisation
Require: The factorised implication graph, the 1-UIP nogood NG and its UIP p

Ensure: Apply local minimisation to NG

1: NGinit ← NG ▷ Store the information of the initial nogood
2: for n ∈ NGinit \ {p} do
3: if n is not a decision ∧ processReason-F-Local(v) then
4: Remove n from NG

5: procedure processReason-F-Local(v)
6: for u ∈ N−(v) do
7: if u is a factor then
8: if u is not marked then
9: res← processReason-F-Local(u)

10: if u is marked as included ∨ res = TRUE then
11: Mark u as included
12: else if u is marked as non-included ∨ res = FALSE then
13: Mark u as non-included
14: return FALSE ▷ A literal from the reason does not belong to the nogood
15: else if u /∈ NGinit then
16: return FALSE ▷ A literal from the reason does not belong to the nogood
17: return TRUE ▷ All literals from the reason belong to the nogood

Algorithm 6 Recursive minimisation of the 1-UIP nogood with biclique factorisation
Require: The factorised implication graph, the trail, the 1-UIP nogood NG and its UIP p

Ensure: Apply recursive minimisation to NG

1: levels ← {level(n) | n ∈ NG}
2: minRank(ℓ)← minn∈NG|level(n)=ℓ(rank(n)) ∀ℓ ∈ levels
3: NGinit ← NG ▷ Store the information of the initial nogood
4: for n ∈ NGinit \ {p} do
5: if IsDominated(n, n) then
6: Remove n from NG

7: function IsDominated(v, n)
8: if v ∈ NGinit \ {n} ∨ v is marked as dominated then return TRUE
9: else if v is marked as undominated then return FALSE

10: else if v is a decision ∨ level(v) /∈ levels ∨ rank(v) < minRank(level(v)) then
11: Mark v as undominated
12: return FALSE ▷ The literal v is not dominated by NGinit

13: else
14: for u ∈ N−(v) : level(u) > 0 do ▷ Ignore literals from initial propagation
15: if ¬IsDominated(u, n) then
16: Mark v as undominated
17: return FALSE ▷ The literal v is not dominated by NGinit

18: Mark v as dominated
19: return TRUE ▷ The literal v is dominated by NGinit

solvers often apply internal procedures to minimise the learned nogood. Two minimisation
methods that yield good practical performance are local [6] and recursive [38] minimisation.
The former removes from the nogood all literals whose reason is included in the nogood. The
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latter removes every literal n that is dominated by the nogood NG, i.e. every path from a
decision to n passes through at least one literal of NG \ {n}.

We present in Algorithm 5 and Algorithm 6 the local and recursive minimisations
adapted to biclique factorisation. Actually, no particular changes are required for recursive
minimisation in the presence of factors. Let rank(ℓ) denote the index of a literal ℓ in the
trail. The smaller the rank, the longer ago the literal was added to the implication graph.
For recursive minimisation, the conditions in line 10 related to levels and minRank are
optimisations that reduce the size of the explored subgraph [38, 18].

B Lower-Bound Proofs for alldifferent

To establish lower bounds on the worst-case time complexity of generating graph explanations
for alldifferent, we construct infinite families of constraint satisfaction problems (CSPs)
that each contain an alldifferent constraint. In these families, the number of variables r

and the number of values d for the alldifferent constraint can grow independently subject
only to the necessary condition r ≤ d, ensuring that all considered instances are non-trivial.

Proof of the lower bound in Theorem 2. Let (GC
k,ℓ)k,ℓ∈N>0 be a family of CSPs defined as

follows (see Figure 5-left). Let k, ℓ ∈ N>0, the CSP GC
k,ℓ is made of:

A set V of k values whose minimum is vmin and whose maximum is vmax, and a set A of
k integer variables whose domain is V ;
A set W , disjoint from V , of k + ℓ values greater than vmin and smaller than vmax, and
a set B of k integer variables whose domain is V ∪W ;
A constraint alldifferent(A ∪B).

When the GAC propagator for alldifferent is called for the first time, the residual graph
has two SCCs: one made up of A ∪ V and another of B ∪W ∪ {t}. All variable-value pairs
in B × V are pruned, and the explanations are∧

a∈A

(Ja ≥ vminK ∧ Ja ≤ vmaxK ∧
∧

w∈W

Ja ̸= wK) −→ Jb ̸= vK ∀b, v ∈ B, V

So, a number of k2 × k × (k + ℓ + 2) arcs are generated in Ω(k3 (k + ℓ)) time. Also, the
number of variables is r = 2k, so k = Ω(r). And the number of distinct values is d = 2k + ℓ,
so k + ℓ = Ω(d). Therefore, the worst-case time complexity of generating graph explanations
is Ω(r3 d) for a single propagator call, and then also Ω(r3 d) along a branch. ◀

Figure 5 LEFT: an illustration of the residual graph during initial propagation for the CSP GC
k,ℓ.

RIGHT: an illustration of the residual graph along a branch for the CSP GB
k,ℓ. The artificial vertex

t is not represented because its presence would not change the SCCs.
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Proof of the lower bound in Theorem 4. Let k, ℓ ∈ N>0, and let GC
k,ℓ be the CSP defined

previously. A factor is created for the SCC A∪V , and computing its Ω(k(k + ℓ)) predecessors
requires Ω(k(k + ℓ)) time. The number of variables is r = 2k, so k = Ω(r), and the number of
values is d = 2k + ℓ, so k + ℓ = Ω(d). Therefore, the worst-case time complexity of generating
factorised graph explanations is Ω(r d) for a single propagator call. ◀

Proof of the lower bound in Theorem 6. Let (GB
k,ℓ)k,ℓ∈N>0 be a family of CSPs defined as

follows (see Figure 5-right). Let k, ℓ ∈ N>0, the CSP GB
k,ℓ is made of:

A set A = (ai)1≤i≤k−1 of k − 1 integer variables whose initial domain is {0, . . . , k + ℓ};
Two integer variables x and y whose initial domain is {0, . . . , k + ℓ};
A constraint alldifferent(A ∪ {x, y});
A boolean variable b and a constraint b =⇒ z ̸= i for k ≤ i ≤ k +ℓ−1 and z ∈ A∪{x, y};
A set B = (bi)1≤i≤k−1 of k − 1 boolean variables and a constraint bi =⇒ z ̸= i for
1 ≤ i ≤ k − 1 and z ∈ (A \ {ai}) ∪ {x, y}.

The search consists in branching first on b and then on the boolean variables in B by
increasing order of index, and setting them first to true. No pruning occurs during initial
propagation nor after setting b to true. After bi is set to true, with 1 ≤ i ≤ k−1, the variables
aj for 1 ≤ j ≤ i− 1 are already instantiated to j, the values {k, . . . , k + ℓ− 1} are present in
the domain of no variable, and the current domain of ai is {i, . . . , k − 1} ∪ {0, k + ℓ}. Also,
the variables {aj |i + 1 ≤ j ≤ k − 1} ∪ {x, y} and the values {i + 1, . . . , k − 1} ∪ {0, k + ℓ}
form an SCC. See Figure 5-right.

Thus, ai is forcibly instantiated to i and the explanation is∧
z∈{aj |i+1≤j≤k−1}∪{x,y}

(Jz ≥ 0K ∧ Jz ≤ k + ℓK ∧
∧

v∈{1,...,i}∪{k,...,k+ℓ−1}

Jz ̸= vK) −→ Jai = iK

So, a number of (k− i + 1)× (2 + i + ℓ) arcs are generated in Ω((k− i) (i + ℓ)) time. Because∑
i∈{1,...,k−1}(k− i)× (i + ℓ) = Ω(k2 (k + ℓ)), Ω(k2 (k + ℓ)) time is spent generating factorised

graph explanations along the branch. Finally, the number of variables for the alldifferent
constraint is r = k + 1, so k = Ω(r). And the initial number of distinct values is d = k + ℓ + 1,
so k + ℓ = Ω(d). Therefore, the worst-case time complexity of generating factorised graph
explanations is Ω(r2 d) along a branch. ◀

C Lower-Bound Proofs for cumulative

To establish lower bounds on the worst-case time complexity of generating big-step and point-
wise explanations for cumulative, we construct infinite families of CSPs, each containing a
cumulative constraint. In these families, either the number of tasks n, or both n and the
size of the time interval |∆|, can grow independently depending on the parametrisation of
the bound.

Proof of the lower bound in Theorem 7. Let (BSC
k )k∈N>0 be a family of CSPs defined as

follows (see Figure 6-left). Let k ∈ N>0, the CSP BSC
k is made of:

A set F L of k fixed long tasks starting at time 0, of duration k and height 1;
A set F S = (fS

i )0≤i< k
2

of ⌈k
2 ⌉ fixed short tasks such that fS

i starts at time 2i, has duration
1 and height 1;
A set U of k unfixed tasks starting at time 0 or later, of duration 1 and height 2;
A constraint cumulative(F L ∪ F S ∪ U, k + 1).
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capacity capacity

Figure 6 Illustration of the initial profile of BSC
k (left) and PW k,d (right) for arbitrary k, d ∈ N>0

For each task u in U , one call to the time-table propagator iteratively sets the lower bound of
the starting time of u to 1, then to 2, and so on until k because the profile is made of k steps.
A big-step explanation of size Ω(k) is computed for each one of these bound updates. So, the
time spent generating big-step explanations is Ω(k3). The number of tasks is n = 2k + ⌈k

2 ⌉,
so k = Ω(n). Therefore, the worst-case time complexity of generating big-step explanations
is Ω(n3) for a single propagator call. ◀

Proof of the lower bound in Theorem 8. Let (BSB
k,d)k,d∈N>0 be a family of CSPs defined

as follows (see Figure 7). Let k, d ∈ N>0, the CSP BSB
k,d is made of:

A set F of k fixed tasks starting at time d− 1, of duration d and height 1;
A set U of k unfixed tasks starting between 0 and 2d− 1, of duration d and height 1;
A task t starting between 0 and d− 1, of duration d and height 1;
A constraint cumulative(F ∪ U ∪ {t}, k + 1);
A set B = (bi)i∈{1,...,d−1} of d− 1 boolean variables;
A constraint bi =⇒ st ≥ i for all i ∈ {1, . . . , d− 1}.

Let us say the search consists in branching first on the boolean variables in increasing index
order by setting them first to true. During initial propagation, all the tasks in F have a
mandatary part of height 1 between d− 1 and 2d− 1 while t has a mandatory part of height
1 between d− 1 and d. Therefore, the lower bound of the starting time of each task in U is
updated and set to d− 1. A big-step explanation of size Ω(k) is generated for each bound
update. The fix point for the Time-Table propagator is reached by a single call. Then, the
search sets b1 to true and the mandatory part of t is now between d − 1 and d + 1. The
lower bounds are then updated again and big-step explanations are generated. This process
is repeated over the whole branch. A number of k big-step explanations of size Ω(k) are
generated at each node along a branch made of d− 1 nodes. Thus, the time spent generating
big-step explanations is Ω(k2 d).

The number of tasks is n = 2k + 1, so k = Ω(n). The size of the time interval is
|∆| = 3d− 1, so d = Ω(|∆|). Therefore, the worst-case time complexity of generating big-step
explanations is Ω(n2 |∆|) along a branch. ◀

Figure 7 Illustration of the evolution along a branch of the profile of BSB
k,d for arbitrary k, d ∈ N>0
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Proof of the lower bound in Theorem 9. Let (PW k,d)k,d∈N>0 be a family of CSPs defined
as follows (see Figure 6-right). Let k, d ∈ N>0, the CSP PW k,d is made of:

A set F of k fixed tasks starting at time 0, of duration d and height 1;
A set U of k unfixed tasks starting between 0 and d, of duration 1 and height 1;
A single constraint cumulative(F ∪ U, k).

One call of the time-table propagator updates all the lower bounds of the starting times of
the tasks in U , setting them to d. For each task u in U , pointwise explanations are generated
for all of the d− 1 time points between 0 and d because u has duration 1. Each one of these
explanations is of size Ω(k). So, the time spent generating pointwise explanations is Ω(k2 d).
The number of tasks is n = 2k, so k = Ω(n). The size of the time interval is |∆| = d + 1, so
d = Ω(|∆|). Therefore, the worst-case time complexity of generating pointwise explanations
is Ω(n2 |∆|) for a single propagator call, and then also Ω(n2 |∆|) along a branch. ◀

Proof of the lower bound in Theorem 10. Let k ∈ N>0, and let BSC
k be the CSP defined

previously. For each rectangle, a factor is created and its Ω(k) predecessors are computed.
Since the number of rectangles is Ω(k), this requires Ω(k2) time. Moreover, we have k = Ω(n).
Therefore, the worst-case time complexity of generating factorised big-step explanations is
Ω(n2) for a single propagator call. ◀

Proof of the lower bound in Theorem 11. Let k, d ∈ N>0, and let PW k,d be the CSP
defined previously. For each time point between 0 and d, a factor is created and its Ω(k)
predecessors are computed. Since the number of time points is Ω(d), this requires Ω(k d) time.
Moreover, we have k = Ω(n) and d = Ω(|∆|). Therefore, the worst-case time complexity of
generating factorised pointwise explanations is Ω(n |∆|) for a single propagator call. ◀

D Stronger Factorisation of Pointwise Explanations

▶ Theorem 12. The maximum number of arcs generated by strongly factorised pointwise
explanations is O(n |∆|) along a branch of the search tree.

Proof. Let us consider the subgraph of the implication graph induced by the strongly
factorised pointwise explanations. To bound the number of arcs, we consider a transformed
graph in which each literal is split into two sub-literals depending on whether it appears
in part (a) or part (b) of an explanation. Each original literal has exactly either zero or
two predecessors, and so do the sub-literals. This split ensures that each sub-literal appears
in the predecessor set of at most one node, by definition of the strong factorisation. Since
splitting literals can only increase the number of arcs, bounding the number of arcs in this
transformed graph also bounds the number of arcs in the original one.

We distinguish four types of arcs: (A1) sub-literal→ sub-literal, (A2) sub-literal→ factor,
(A3) factor → sub-literal, and (A4) factor → factor. Because the number of factors created
is O(n |∆|), the number of nodes in the transformed graph is O(n |∆|). From the previous
comments about sub-literals, the total numbers of predecessors and successors of sub-literals
are O(n |∆|). Thus, the number of arcs of types (A1)–(A3) is O(n |∆|).

Moreover, each factor has at most one predecessor factor and at most one successor factor,
which are the ones representing the same time point in a previous and next propagator call.
Since the number of factors is O(n |∆|), the number of arcs of type (A4) is also O(n |∆|).

Combining these bounds shows that the total number of arcs in the transformed graph is
O(n |∆|). Since the transformed graph contains at least as many arcs as the original one, the
same bound holds for the original graph. ◀
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