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2 MATEIS, CNRS UMR 5521, INSA-Lyon, Univ Lyon, F-69621 Villeurbanne, France
(Dated: February 3, 2026)

The impact between a spherical shell (a table-tennis ball, in practice) and a compliant silicone surface is
studied. Experimentally, the potential for achieving higher reflected angular velocity on a compliant surface
compared to a rigid one is explored with special attention given to the roles of friction and of the soft substrate
deformability. Additionally, local observations of the contact region and potential buckling of the spherical
shell are pursued. In normal incidence, the main effect of the soft substrate on the rebound is a decrease in
the coefficient of restitution of the linear velocity and an increase in the duration of contact, without a clear
dependence on the substrate thickness. In addition, by observing the shell geometry at contact it was found that
the shell flattening prior to its buckling is smaller on a soft surface than that observed on a rigid surface. In
oblique incidence, the introduction of a soft layer clearly increases the ability of the substrate to transfer spin
to the spherical shell, with a significant dependence on the layer thickness. A mechanical model incorporating
linear elasticity of the surface shows a good correlation with the latter experimental results.

I. INTRODUCTION

The impact between objects is an everyday phenomenon
that raises many questions ranging from simple kinematics
(speeds after vs. speeds before contact) to the possible per-
manent deformation of the objects, or even their breakage, in-
duced by contact forces. If one wishes to consider collisions
involving hollow objects, the simplest case is probably that
of a spherical shell striking a rigid plane. There are thus nu-
merous studies on the bounce of a table tennis ball on a rigid
and flat surface, as it is a prototypical model of thin-walled
spherical shells.

Under normal incidence, without initial spin, it is observed
that the shell buckles from a critical flattening of about twice
its thickness [1–5]. The friction is then playing a major role
in the energy dissipation, leading to a significant decrease of
the restitution coefficient of the linear velocity [5, 6].

In oblique incidence, or for shells initially spinning around
the normal to the incidence plane, the contact results in a
change in the spin. For an impact on a rigid surface, without
initial spin, the reflected angular velocity is limited by slid-
ing. Theoretical models have been developed to explain the
bounce of spherical shells on a rigid surface [7, 8], giving rise
to laws trying to predict the rebound regardless of the ini-
tial trajectory [9, 10]. For limited incidence angle, the max-
imum angular velocity is achieved because the shell leaves
the substrate while rolling without sliding [8]. However for
more grazing trajectories, the shell still slides as it leaves the
substrate because the frictional force is no longer sufficient to
achieve rolling without sliding during the contact time.

The above results are valid for spherical shells, of which
table-tennis balls are the prototype, bouncing on rigid sub-
strates. Other studies, however, show that, after collision, spin
beyond rolling without sliding [10–14] and even, in very spe-
cific conditions, normal restitution coefficient greater than 1
[15], can be observed when energy is stored by the impacted
surface. In this context, it is crucial to consider the bounce off
a deformable surface, as the mechanical properties of the lat-
ter become essential for predicting the subsequent kinematics.

The study of the buckling of a spherical shell made of an

elastic rubber has already been conducted [1, 14, 16]. Ad-
ditionally, the buckling of a table tennis ball with a compli-
ant surface has been investigated under quasi-static uniaxial
compression [6, 9]. However, these results are marginal and
have not been obtained under dynamic loading similar to that
considered in the experiments performed with rigid surfaces
[5, 8, 9].

Fundamentally, new questions arise compared to what has
been determined on a rigid surface. One might think that elas-
tomeric surfaces increase the friction coefficient between the
surfaces in contact. Moreover, more energy dissipation may
eventually be expected on soft viscoelastic surfaces. Also, one
can wonder how the thickness and the deformation of the sub-
strate alter the buckling of the shell from a geometrical point
of view, as well as the restitution of speed and spin. Therefore,
in this study, normal and oblique impacts of a deformable ta-
ble tennis ball on compliant surfaces of varying thicknesses
will be investigated and then compared to the results obtained
on a rigid surface to draw qualitative conclusions. A dense
silicone elastomer has been selected to design the compliant
surfaces. This choice is motivated by the transparency, which
permits the observation of the contact region, and the hyper-
elasticity of the material.

II. EXPERIMENTAL PRINCIPLE AND SETUP

The aim of the experiment is to assess the role played by the
substrate properties in the characteristics of the rebound of a
spherical shell. Thus, we propose to probe the reflected linear,
v⃗r, and rotational, ω⃗r, velocities as well as the rebound angle
θr for a shell impinging on the substrate with well-defined
initial velocities, v⃗i and ω⃗i, and incidence angle, θi. Ideally,
the experimental setup should make it possible the observation
of the deformation of the shell during impact.
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A. Trajectory

In order to assess how the collision alters the trajectory, we
consider the rebound of a spherical shell moving downwards
along the vertical with the linear incident velocity v⃗i which
collides with a, nominally flat, solid substrate (Fig. 1). For
simplicity, the shell does not initially spin (ω⃗i = 0⃗). Also, the
substrate is tilted and makes the angle α with the horizontal
such that the incidence angle, the angle that the incident ve-
locity v⃗i makes with the normal to the surface (z-axis), θi = α .
For convenience, the y-axis is chosen along the slope such that
the x-axis is perpendicular to the incidence plane (y,z). Indeed,
considering the symmetry of the problem, we predict that the
trajectory will remain in the (y,z) plane.

FIG. 1. Sketch of the experimental configuration: the spherical shell
reaches the substrate, a glass plate coated with a silicone sheet of
thickness e, with the initial velocity v⃗i, along the vertical. Initially,
the spherical shell does not spin. The nominally flat substrate makes
the angle α with the horizontal such that the incidence angle θi = α .
After rebound, the linear velocity v⃗r makes the angle θr with the
normal to the surface (z-axis) whereas the spherical shell spins with
the rotational velocity ω⃗r around the x-axis. We denote C the center
of the sphere, P the center of the contact region, F⃗ the force applied
by the substrate on the spherical shell.

As it is a prototypical model of thin-walled spherical shell,
we perform the experiments with a table-tennis ball. Let us
mention that, as a consequence, in the following the term ball
will be largely employed and does refer to the "spherical shell"
under study. The ball (CornilleauT M , P-ball 3 stars, 4 cm-
in-diameter, mass of 2.7 g, ABS plastic) is launched using a
striker mechanism that consists of a metal rod propelled by
a compressed spring as already used in [5, 8]. For each ex-
perimental test, the system is initially armed by compressing
the spring. The ball is then put into place in a holder under-
neath. In order to achieve reproducible experimental condi-
tions, a special attention is paid to ensure that the ball weld
(where the two hemispheres are bonded) is in the horizontal
plane. To do so, the weld is previously marked with a dashed
line, and the images of each test were screened prior to fur-

ther post-processing, to validate the weld position. The striker
is subsequently released. The ball reaches the substrate with
the vertical incident velocity, v⃗i, which typically ranges from
1 m s−1 to 12 m s−1 depending on the initial compression of
the spring (the reader should refer to [9] for further details).

Side images of the rebound are captured at a constant
frame-rate using a high-speed camera (Kron Technologies,
Chronos 2.1-HD, monochrome image sensor, 2,142 fps). The
optical axis of the camera is set along the normal to the in-
cidence plane (the x-axis) to keep the whole trajectory in the
focal plane (Fig. 2). The position of the ball is determined on
each recorded image, using the image analysis software Im-
ageJ [17]. Its velocity v⃗, before and after the rebound, is es-
timated as a function of time t by interpolating its successive
positions through time t by a parabola. We observe that the
ball accelerates downwards due to the acceleration of gravity.
The velocities right before, vi, and after, vr, the rebound (sup-
posed to be instantaneous at this timescale) are then evaluated
at the intersection of the two parabolas, which defines the time
of contact tc. In a similar manner, the rebound angle, θr, is es-
timated at tc from the interpolation of the trajectory after the
rebound. Finally, the rotational speed ωr around the x-axis is
evaluated by considering in the images the orientation through
time t of the dashed line marking the ball joint.

B. Deformation of the ball shell at contact

The substrate consists of a glass plate covered with a layer
of a highly elastically deformable material (Fig. 1). The ma-
terial used in the study is a transparent RTV silicone rubber
(Loctite, SI 595). This material is an elastomer which ex-
hibits an almost ideal hyperelastic behavior at room temper-
ature. The layer is prepared by leveling, with a sharp blade
guided by two spacers, the liquid silicone initially poured onto
the glass plate. The substrate is then rested overnight at room
temperature to complete the curing prior to any experimental
test. Various sets of spacers are used to tune the thickness of
the elastic layer. We report in Table I the thickness e of each
sample measured after curing.

Sample name e1 e2 e3 e4
Thickness e (± 0.03 mm) 0.50 0.96 1.25 1.78

TABLE I. Thickness of the silicone layer (samples e1 to e4).

As already evoked, we specifically choose a transparent sil-
icone which makes it possible to observe from below the con-
tact region between the ball and the substrate during the im-
pact. Results obtained in the case of a rebound in normal in-
cidence (α = 0 deg.) on a rigid surface have been previously
reported [5, 9]. The shadow of an array of parallel needles is
cast from underneath on the ball surface. By observing the
contact region from a side view at a 45 deg angle, as depicted
in Fig. 3, one can assess the deformation of the ball shell from
the distortion of the needles shadows. For practical reasons,
when observing the contact region, we use the same camera
as that used for the observation of the trajectory, whose posi-
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FIG. 2. Superimposed images of the ball colliding with the tilted
substrate. For the sake of clarity, only five images, with a time dif-
ference of 7.9 ms between two consecutive images, are shown here
(frame rate: 2,142 fps). The position of the ball through time, pre-
vious to the collision, is used to assess the incident velocity, vi =
9.8 m s−1. The position of the ball through time, after the collision,
is used to assess the outcoming linear velocity, vr = 5.8 m s−1 and
the rebound angle θr = 24 deg. The black dashes drawn onto the
ball to mark the ball joint are used to assess the rotational velocity
around the x-axis after the rebound, ωr = 302 rad s−1 [α = 45 deg,
e = 0.96 mm].

tion remains unchanged. A mirror making a 22.5 deg angle
with the horizontal is used to provide a view at 45 deg from
below without moving the camera. Focus is made on the im-
age in the mirror of the region of interest, and the frame-rate
is set to 19,784 fps offering a decent compromise between the
temporal and the spatial resolutions. With a contact duration
of about 0.5 ms, around 10 images are captured during the
contact between the ball and the substrate.

In practice, a powerful LED (Luxeon Rebel ES, LXML-
PWN2, 230 lm) and a lens are used to cast the shadow of the
array of equally-spaced steel needles aligned along the y-axis
(Fig. 4). The use of the array clears any imprecision that might
be due to the relative position of the shadow of a single nee-
dle with respect to the impact region. Ultimately, the shadow
experiencing the largest geometrical change is the closest to
the center of the contact region. We shall thus consider only
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FIG. 3. Sketch of the ball in contact with the substrate (α = 0 deg).
The shadow of an array of parallel needles (aligned with the y-axis)
is casted on the ball surface (black dashes). The surface is observed
from below at a view angle of 45 deg. From the images of the de-
formed array (Fig. 4), one can determine the buckling depth d and
the diameter of the deformed region D.

that shadow to determine the relevant geometrical characteris-
tics such as the depth d and diameter D of the buckled region
(Fig. 3).

III. EXPERIMENTAL RESULTS

A. Focus on the contact region in normal incidence

In a first step, we focus on the local deformation of the
ball shell for normal impacts at incident velocities vz,i rang-
ing from 1 to 12 m s−1 onto the different soft surfaces of vari-
ous thicknesses. As an example, we display in Fig. 4, a series
of images obtained for the impact on a 0.96 mm thick sub-
strate (Sample e2) at normal velocity vz,i = 12.7 m s−1. Qual-
itatively, during the collision, the diameter D of the contact
region first increases, reaches a maximum and then decreases
until the ball loses contact with the substrate. As previously
observed for a collision with a rigid surface, the contact re-
gion between the ball and the silicone substrate exhibits a re-
versible transition from a flat disk to a ring, with a buckled
central part, for normal velocities above a critical velocity of
about vc

z,i = 5 m s−1 [5].
Now based on the analysis of the distortion of the shadows

of the needles (see Sec. II B), the evolution of the depth d and
diameter D of the contact region through time can be quanti-
fied for various samples and incident velocities. Reporting in
Fig. 5 the depth d as a function of the diameter D, we observe
that the curves obtained during the increase or decrease al-
most overlap for all the substrate thicknesses and incident ve-
locities in the experimental range. Thus, unlike the collision
onto a rigid surface, the system does not exhibit any signifi-
cant hysteresis [5]. The deformability of the substrate reduces
significantly the effects of the solid friction that explains the
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FIG. 4. Sequence of images showing the deformation of the ball
shell during the collision with the soft transparent substrate, in nor-
mal incidence. We report here only one out of three captured images.
The shadow of the array of parallel needles, visible as dark lines in
the image, makes it possible to assess the profile of the ball shell in
contact with the substrate. In this sequence, one can clearly observe
that the shell is subjected to a buckling instability. Indeed, the curva-
ture of the needle shadow inverts at the center marking an inversion
of the local curvature of the shell [vz,i = 12.7 m s−1, α = 0 deg, e =
0.96 mm, Sample e2, frame rate: 19,784 fps].

hysteretic behavior of the ball shell buckling when the ball
collides with a solid surface.

Also, we observe in Fig. 5 that the depth d starts increasing
for a contact diameter D smaller than predicted theoretically
for a contact with a solid substrate [2]. Thus, whatever the
testing condition, the ball is seen to buckle earlier on a com-
pliant surface compared to what is observed on a rigid surface
[5]. Two phenomena, yet to be proven, can be evoked to ex-
plain this finding: first, due to significantly less friction during
contact with a compliant surface, the onset of the buckling in-
stability is not delayed. Second, when the ball impacts the
substrate, the latter, being deformable, can exert pressure and
push to raise the shell upwards at the center, favoring its buck-
ling.

Focusing on the contact region also makes it possible to es-
timate the duration τ of the contact by counting the number
of frames in which the diameter of the contact region D is
greater than zero. In Fig. 6, we display τ as a function of the
incident normal velocity vz,i. Whatever the thickness e, the
data follow the same trend: prior to buckling (evidenced, for
the case of the rigid substrate, by the gray vertical line) a sig-
nificant decrease of τ when the incident velocity is increased
followed, beyond the buckling instability, by a plateau or a
slight increase of τ . However, we observe that the duration

FIG. 5. Depth of the buckle d as a function of the diameter of the
contact region D during the contact, for various thicknesses e of the
silicone layer and incident velocity vi (Open symbols: vi = 8 m s−1,
Full symbols : vi = 13 m s−1). Unlike what is observed on a rigid sur-
face, the curves upon loading and unloading (arrows) almost overlap.
The gray and vertical dashed line indicates the theoretical diameter
of the contact at the buckling onset (of about 9 mm [2]) whereas the
vertical gray region marks the actual buckling onset [α = 0 deg].

FIG. 6. Duration of the contact τ as a function of the incident velocity
vz,i. In the whole experimental range of thicknesses e of the silicone
layer, the duration τ of the contact is larger for the rebound on the de-
formable substrate than on the rigid one (gray squares from Ref. [5]).
Prior to the buckling instability (vertical gray line), the duration τ de-
creases when the incident velocity vz,i is increased, whereas a plateau
or a slight increase of τ is observed beyond.

of the contact is systematically larger for collisions with the
deformable substrate than for collisions with the rigid one.
This experimental observation is not surprising and might be
accounted for by the combination of two contributions: first,
one must consider that during the contact the ball travels al-
most back and forth through the layer thickness which adds
a contribution of the order of 2e/vz,i to the contact duration.
With a typical thickness e of the order of 1 mm and a typical
incident velocity of the order of 5 m s−1, this contribution is
of the order of 0.2 ms (the velocity cancels out during the con-
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tact). Second, one can consider the ball-substrate ensemble as
a spring-mass system. The collision duration is half the pe-
riod of the system. The silicone layer decreases the stiffness
of the system whereas the mass remains unchanged, which
leads to the increase of the characteristic time of the system,
thus of τ . If both arguments can qualitatively explain that τ is
larger when a silicone layer is introduced, the measurements
do not reveal, in the whole experimental range, any system-
atic dependence of τ on the thickness e of the layer. Yet, it
is worth noting that the measurement precision, illustrated by
the error bars in the figure, hinders to definitively conclude
that τ does not depend on neither the thickness e nor the ve-
locity vi. However, at this point, it is worth comparing the
apparent stiffness of the layer to that of the ball. From [5],
we estimate that the apparent stiffness of the ball is of about
kb ≃ 6104 N m−1 which leads, with mb = 2.7 g to the estimate
of the contact time τ ≃ 0.6 ms in accordance with the experi-
mental measurements for a solid substrate. For the elastomer
coating, we estimate for a typical diameter of the region of
contact of the order of 1 cm, for a typical thickness of the or-
der of 1 mm and for a typical Young modulus (later estimated
in this paper) of 3 MPa, that the apparent stiffness of the layer
is of about ks ∼ 2.5105 N m−1, thus significantly larger than
kb. Provided that these estimates are correct, the spring-mass
model shows that the contact time is mainly governed by the
stiffness of the ball and not that of the substrate. The depen-
dence on the thickness is thus expected to be weak, at least for
thin coatings.

In the next section, we observe the rebound of the ball at
a larger scale while varying the incidence angle and assess
the ability of the substrate to transfer velocity and/or spin to
the ball depending on the thickness of the silicone deformable
layer.

B. Ball trajectory

1. Restitution of the normal component of the velocity

Still considering the case of a ball impinging in normal in-
cidence onto the horizontal glass plate coated with a layer of
silicone, we focus on the restitution of the incident linear nor-
mal velocity, vz,i. To do so, we define the normal restitution
coefficient εz ≡−vz,r/vz,i, the ratio of the reflected normal ve-
locity vz,r to the incident normal velocity vz,i. In Fig. 7, we
report εz as a function of vz,i for rigid and deformable sam-
ples.

On the one hand, we observe two regimes on both sides of
a critical velocity of about 5 m.s−1 which, we remind, corre-
sponds to the buckling instability, as we know from a previous
study [5]: at small incident velocities, a plateau of the restitu-
tion coefficient εz is observed whereas εz decreases when the
velocity vz,i is further increased and the ball buckles.

On the other hand, we observe that εz is systematically
smaller by about 10% or more for the rebound of the ball on
the soft substrate than on the bare rigid one. We note that
the data obtained for distinct layer thickness e do not strictly
superimpose but the experimental setup does not make it pos-

sible to study the dependence on the thickness in detail.

FIG. 7. Normal restitution coefficient εz as a function of the normal
incident velocity vz,i for various thicknesses, e, of the silicone layer.
As for the collision with a solid surface, we observe two regimes on
both sides of a critical velocity of about 5 m s−1 (vertical gray line)
which is associated with the buckling of the ball shell. The main
observation is that the restitution is systematically smaller when the
solid substrate is coated with a silicone layer.

In summary, in normal incidence, both the duration of the
contact, τ (Sec. III A) and the restitution coefficient of the in-
cident normal velocity, εz, differ between the rigid and the soft
substrates we studied.

It is worth commenting here that the limit e→ 0 is neverthe-
less singular. Indeed, coating the solid substrate, whatever the
thickness e of the elastomer layer, is crucial as it changes the
frictional properties of the surface. However, we know from
our previous studies that the friction plays an important role
in the dissipation during the contact, even in normal incidence
[5, 8]. Yet, the dependence of τ and εz on the incident ve-
locity, vz,i, or on the silicone-layer thickness, e, remains weak
and are poorly accessible to our experimental device.

In the next Section III B 2, we shall see that, by contrast, the
elasticity of the silicone layer is predominant in the ability of
the substrate to transfer spin to the ball.

2. Spin transfer for oblique incidence

We now consider the configuration in which the ball reaches
an inclined substrate. In this situation the tangential velocity is
finite and a significant shear force is applied to the soft surface
which, in turn, transfers spin to the ball. Experimentally, we
tilted the substrate at angles ranging from 0 to 60 deg and,
performing the same initial launches, we tracked the resulting
ball trajectories.

In Fig. 8 we report, for various thicknesses e of the silicone
layer, the reflected angular velocity of the ball as a function of
the tangential incident velocity vy,i. In the whole experimental
range, vy,i ∈ [0, 10] m s−1, we observe that the reflected rota-
tional velocity ωx,r is always larger for a bounce on a soft sub-
strate than on a solid one. Moreover, the experimental results
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FIG. 8. Reflected rotational velocity ωx,r as a function of the initial
tangential velocity vy,i for a collision in oblique incidence without
initial spin. The green dashed line is the interpolation of the ex-
perimental data obtained for e = 0.5 mm by the model proposed in
Sec. IV A. The solid black line represents the lower bound, which
corresponds to a ball rolling without sliding as it leaves the substrate
[Σ = 0, Eq. (10)]. The dashed black line corresponds to the theo-
retical upper bound corresponding to the case in which the initial
tangential velocity of the contact point would be reversed [Σ = −1,
Eq. (10)].

reveal a clear dependence on the thickness e of the silicone
layer, an increase in the thickness leading to an increase of the
final spin.

For a rigid substrate, i.e. the gray squares in Fig. 8, re-
gardless of the initial conditions provided that the tangential
velocity is not too large, the maximum reflected angular ve-
locity ωx,r corresponds to the case of a ball leaving the sub-
strate while rolling without sliding [8]. Yet, the reflected rota-
tional velocity is seen to depart from this prediction, becoming
smaller, when the frictional force is no longer sufficient to pre-
vent the sliding between the ball and the rigid surface before
the ball leaves the surface. This is the case in Fig. 8 for vy,i

typically greater than 8 m s−1.
Now focusing on the soft silicone substrates, the large re-

flected rotational velocities that are achieved experimentally
suggest that the tangential velocity of the contact region with
respect to the substrate must change in sign, thus overcoming
the limits imposed by the condition of rolling without sliding.
In the forthcoming section, the final rotational velocity will
be accounted for by a simplistic model involving the lateral
elasticity of the impacted surface.

IV. THEORETICAL ANALYSIS

A. Modeling

For the sake of simplicity, following the approach sug-
gested by Cross [12], we model the soft surface as a cart that
translates along the substrate surface as depicted in Fig. 9. The
ball lands on top of the cart, of mass mc, which is attached to
the solid surface through a spring of stiffness k and damping

coefficient η . We also consider the ball as a spherical shell, of
a mass mb, that does not deform during the collision. We de-
note vi and vr its incident and reflected velocities respectively
and ωr the reflected rotational velocity. We remind that the
ball does not initially spin. The incident and reflected veloci-
ties make respectively the angles θi and θr with the normal to
the surface. From now on, one must consider that the rebound
of the ball occurs in several stages.
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FIG. 9. Schematic representation of the model used to describe the
rebound in oblique incidence of a ball on a soft surface. The ball of
mass mb hits the cart of mass mc with the incident velocity v⃗i. During
the contact the ball applies to the cart the force Fy along the y-axis.
Conversely, the cart applies the force −Fy which reduces the tangen-
tial velocity of the ball and puts the latter in rotation. In response
to the displacement of the cart, the spring exerts the restoring force
Fs =−kY −η

dY
dt .

Initially, when the ball makes contact with the cart, it nec-
essarily starts sliding, which reduces its tangential velocity
while carrying the cart away tangentially. During this first
stage, the ball and the cart are in frictional contact. Conse-
quently, the ball exerts the tangential force Fy = µ |Fz| along
the y-axis where Fz is the normal component of the contact
force and µ is the dynamic friction coefficient. The position
Y of the cart is governed by the dynamical equation:

mc
d2Y
dt2 +η

dY
dt

+ kY = Fy. (1)

and, simultaneously, the tangential velocity of the ball is gov-
erned by:

mb
dvy

dt
=−Fy. (2)

The force Fy is thus associated with a torque that makes the
ball spin according to:

J
dωx

dt
= RFy (3)

where J = 2
3 mb R2 is the moment of inertia of a spherical shell.

The friction between the two surfaces leads to a decrease of
the relative velocity vP of the contact point P which is given
by:

vP = vy −Rωx −
dY
dt

. (4)
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The first stage ends if the frictional force is large enough for
vP to cancel out during the contact time τ .

The second stage starts when the condition of rolling with-
out sliding, vP = 0, is reached. During this second stage, the
dynamics of the ball and slider are constrained by:

vy −Rωx =
dY
dt

. (5)

In addition, the equations of dynamics applied to the ball im-
pose a relationship between the variations of the velocity vy
and the rotational velocity ωx:

J
dωx

dt
=−mb R

dvy

dt
. (6)

Combining Eq. (5) and the dynamical equations for the ball
motion, we get:

Fy =−2
5

mb
d2Y
dt2 (7)

and then the equation governing the dynamics of the cart dur-
ing the rolling without friction:(

mc +
2
5

mb

) d2Y
dt2 +η

dY
dt

+ kY = 0. (8)

The second stage lasts as long as the magnitude of the normal
force, |Fz|, is large enough to ensure that the point P does not
slide.

Indeed, the magnitude of the normal force |Fz| decreases
before the ball leaves the substrate. Thus, the magnitude of the
tangential component |Fy| necessarily overcomes the onset of
sliding µs |Fz|, where µs is the static friction coefficient, before
the end of the contact. During a third stage, the dynamics
of the system is similar to that of the first stage. In practice
however, the static frictional coefficient µs is greater than µ ,
the relative velocity of the two surfaces in regard is initially
zero and the magnitude of the normal force |Fz| is small and
decreasing fast, so that we expect the duration and the effects
of this third stage on the dynamics of the ball to be negligible.

Thus, we solve numerically the system taking into account
the first and second stages, only. The first stage of the collision
provides the initial conditions for solving Eq. (8). The ball
leaves the surface at time τ with a reflected rotational velocity
ωx,r and a linear tangential velocity vy,r that depend on the
velocity of the cart at the end of the second stage. If the cart
ends up at time τ in the elastic return phase of its sinusoidal
trajectory, meaning it has a reversed velocity in the y direction,
the rotational velocity of the ball is larger than that obtained
on a rigid surface [Eq. (5) with dY

dt < 0 instead of being 0].

B. Adjustment to the experimental data

The aforementioned theoretical framework allows the pre-
diction of the reflected angular velocity as a function of the
ball incident trajectory provided that the parameters of the
model are known. The prediction relies on several material

constants and/or adjustable parameters. The mass of the ball,
mb = 2.7 g, and its radius R = 2 cm are known. Thus, its
moment of inertia J = 2

3 mb R2 is also given. By contrast, the
mass of the cart mc, the stiffness k, the damping coefficient η

as well as the frictional coefficient, µ , are unknown.
In addition, the model does not describe the dynamics along

the normal to the surface (z-axis), which requires making ad-
ditional assumptions. However, from the data in Fig. 6, we
can set the duration of the contact τ = 0.8 ms. In the same
way, from the data in Fig. 7, we set the restitution coefficient,
εz = 0.8. The duration τ imposes the duration of the integra-
tion of the model whereas εz is used to get an estimate of the
average normal force, Fz = (1+ εz)mb vz,i/τ .

The frictional coefficient µ governs the coupling between
the normal, Fz, and the tangential, Fy, components of the re-
action force between the ball and the substrate. We solve the
set of equations above, assuming for the sake of simplicity
that the normal force is constant and equal to its average over
the contact time. The model is found to adjust correctly to
the experimental data with a constant frictional coefficient of
about µ ∼ 0.92, independent of the silicone layer thickness
(Fig. 8). The frictional coefficient was found to be around 0.2
for the contact between the ball and a rigid glass plate [5].
The value around 1 is here compatible with the large value of
the frictional coefficient measured for the contact of the ball
with rubber coating [18]. Let us comment here that sliding
friction tests giving an independent estimate of the frictional
coefficient are barely feasible in the range of sliding veloci-
ties implied here (a few m s−1, typically). Note that a large
value of µ ensures that the rolling without sliding condition is
reached rapidly, even for large incident angle. Thus, contrary
to what is observed for glass for which the data depart from
the linear law for vy,i ∼ 8 m s−1 (thus for θi of the order of
55 deg), no drastic change in regime is observed on the data
obtained with the soft substrate. The rolling without sliding
condition is reached in the whole experimental range which
is compatible with a large enough value of µ (typically larger
than 0.8), only. In addition, we checked that taking µ = 0.8
instead of µ = 0.92 leads to a decrease by 2% of the estimate
of the stiffness k.

Likewise, the experimental data are also correctly ac-
counted for taking η = 0, which suggests that the viscous dis-
sipation does not play any significant role in the ability of the
tangential motion of the silicone layer to transfer momentum
to the ball.

Finally, the interpolation of the experimental data leads to
an almost constant mass of the cart mc ∼ 0.6 g whereas, by
contrast, only the tangential stiffness k significantly depends
on the thickness e of the silicone layer, the latter decreasing
when e is increased (Table II). If the decrease of the stiffness
k associated with an increase of the thickness e is intuitively
expected, the constant mass mc of the cart is surprising. We
attempted to adjust the whole set of data imposing both an in-
crease of the mc and a decrease of k but the best adjustment
is obtained by taking mc constant. This result remains unex-
plained but one can however notice that the layer is crushed
during the process and that the model, which remains simplis-
tic, can probably not account for the complexity of the whole
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es (mm) 0.50 0.96 1.25 1.78
k (104 N m−1) 4.8 4.0 3.7 3.2

TABLE II. Stiffness k obtained by interpolation of the reflected ro-
tational velocity ωx,r as a function of the initial tangential veloc-
ity vy,i in Fig. 8. Values of k are determined to within 103 N m−1

[mb = 2.7 g, R = 2 cm, τ = 0.8 ms, εz = 0.8, η = 0, µ = 0.92].

phenomenon.
It remains that our simplistic model succeeds in predicting

that the silicone layer can achieve larger rotational velocity
than a solid substrate (Fig. 8). Moreover, the interpolation
of the experimental data makes it possible to reveal which is
the most relevant parameter and its dependence on the layer
thickness, which will be discussed in the next section.

V. DISCUSSION

The calibration of our model with the experimental data re-
veals that the apparent stiffness k of the spring increases when
the thickness e of the substrate is decreased. The spring is in-
troduced in the model to account for the tangential stiffness of
the substrate, relative to the displacement of its free surface in
the direction parallel to the surface plane, thus to shear. The
stiffness k can thus be directly related to the shear modulus G
of the material. Considering that the ball is in contact with the
silicone layer over a surface area S, we can write:

G ≈ k e
S
. (9)

Considering further that the contact region is a disk of typical
diameter D ≈ 10 mm (Fig. 5), we obtain that G ∼ 0.5 MPa
and, thus, a Young modulus of the order of 1.5 MPa, consis-
tent with data reported in the literature for unfilled elastomeric
materials [19].

Due to the finite stiffness of the substrate, the reflected ro-
tational velocity ωx,r can be, as observed in Fig. 8, larger than
would be observed for a rigid substrate. From our crude the-
oretical analysis, we understand that this feature is accounted
for by the fact that the contact point P (Fig. 9) is likely to move
backwards before the ball leaves the surface. Thus, a conve-
nient way to rationalize our experimental data is to introduce
the restitution coefficient of the velocity of the contact point
P, i.e.

Σ =
vy,r −Rωx,r

vy,i −Rωx,i
. (10)

Defined as is, Σ = 1 if the point P only slides along the sur-
face without any change of the tangential velocity vy, Σ = 0 if
the ball leaves the surface while rolling without sliding, and
Σ = −1 if the velocity of the point P is inverted as result of
the collision. These last two limits are displayed in Fig. 8
as the solid and dashed black lines respectively. It is then of
particular interest to display Σ as a function of the normal inci-
dent velocity vz,i to perceive any potential effect of the normal
loading. In Fig. 10, we observe a significant dependence of

FIG. 10. Coefficient of restitution, Σ, of the velocity of the contact
point P as a function of the normal incident velocity of the ball, vz,i.
The tangential velocity vy,i is fixed for each series of measurements
to assess the influence of the normal load, which is not considered in
the mechanical model. The dashed line is only a guide for the eye
[e = 0.96 mm].

Σ on vz,i, at constant incident velocity vi. More precisely, Σ

should start from 1 for vz,i → 0 (the frictional force vanishes
in this limit) and reach 0 in the limit vz,i → ∞ (the elastomer
is crushed which impedes any tangential motion). Between
these two expected limits, we observe experimentally that Σ

exhibits a minimum, roughly Σ ≈−0.7, for a normal incident
velocity of about vz,i = 5 m s−1 or less.

Interestingly, this minimum can be predicted theoretically.
Indeed, considering that the maximum rotational velocity is
achieved if the ball leaves the substrate after exactly half a pe-
riod of the cart motion governed by Eq. (8), one can estimate Σ

considering the initial amplitude of the cart motion as a result
of the first stage. Thus, solving first Eq. (1) and then Eq. (8)
when rolling without friction is reached, we get:

Σmin =− 2mb

2mb +5mc
(11)

With the experimental values of mb and mc, we get
Σmin ≃ −0.64 in reasonable agreement with the experimental
value observed in Fig. 10 given the scatter of the data.

It is then of particular interest to compare the half-period
of the motion of the cart rolling without sliding to the contact
duration τ . From Eq. (8), we have:

T
2
= π

√
mc +

2
5 mb

k
(12)

For a stiffness k ≃ 4104 N m−1 (Table II, e = 0.96 mm), we
get that T

2 ≈ 0.64 ms, thus close to but smaller than the contact
duration τ ≈ 0.8 ms reported in Fig. 6. However, it is not
surprising that the estimate of T

2 is smaller than τ by a few
tenths of millisecond. Indeed, taking into account the duration
of the first stage during which the ball slides, we rather expect
τs +T/2 = τ where, we remind, τs is estimated to range from
60 to 300 µs.
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Despite the difficulty to correctly estimate the duration of
the successive stages, our experimental results suggest that the
largest rotational velocity ωx,r (minimum Σ) is achieved when
the half-period of the spring-mass system T

2 compares with
the contact duration τ such that the velocity of the contact
point P is maximum when the ball leaves the substrate.

VI. CONCLUSION AND PERSPECTIVE

In conclusion we reported on the rebound of a spherical
shell (a table-tennis ball) on a nominally flat substrate coated
with a mm-thick elastomeric layer. We observed that the coat-
ing permits the ball to achieve large final rotational veloci-
ties that were not achievable for rebounds on solid substrates
[5, 8]. For a soft substrate, which is compliant in shear, the
contact region can move backwards in the plane of the sub-
strate when the ball leaves the substrate, which in turn can re-
sult in an additional contribution to the ball rotation. The effi-
ciency of the mechanism depends on the layer thickness. The
use of a transparent substrate made it possible to observe the
contact region and to report on the contact duration, slightly
larger than that measured for a rigid substrate. The analysis of

the ball motion also shows that the normal restitution coeffi-
cient of the velocity is slightly reduced.

The impact of the spherical shell on a compliant surface can
be considered as a simplified version of the impact of the ball
on a table-tennis racket. Therefore, applied to the table ten-
nis, these results can be useful for a competitor who wants to
gain a better understanding of its racket response and assess
the amount of spin and speed he can impart to the ball. A
natural extension of the present work is thus to get closer to
the real substrate by considering the effects of both the archi-
tecture and the intrinsic material properties. More precisely,
table tennis coverings consist of a foam layer stacked with an
elastomeric dense layer covered with an array of cylindrical
pimples. The role played by the pimples (both its pattern and
geometry) and the elastomer mechanical property will be the
subject of a forthcoming study focusing on the applications to
table tennis.
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