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Abstract

This paper analyzes a novel social learning model in which, at each discrete time step, agents with private preferences
repeatedly select actions via a softmax (Boltzmann) rule, and update their preferences based on public observations
of others’ choices. This work addresses a critical gap by introducing rational heterogeneity through agent-specific
rationality parameters ;. Unlike previous models, our approach accounts for the diverse ways individuals process
social information by using a discrete-time deterministic mean-field approximation map. We establish fundamental
equilibrium properties that were previously unexplored. In particular, we prove the existence of fixed points and
show that, on complete graphs, every mean-field equilibrium is a consensus state, where all agents share identical
preferences. We further derive sufficient conditions for the uniqueness of this equilibrium and its local asymptotic
stability. Numerical simulations validate our theoretical findings and illustrate how rational heterogeneity and network
structure interact to shape collective behavior in social learning systems.

Keywords: Multi-Agent Systems, Consensus equilibria, Stochastic Systems, Social Learning, Heterogeneous
Rationality, Stability Analysis.

1. Introduction

Individuals often look to the experiences of others in their immediate networks (social and/or physical) when
faced with behaviors that involve uncertain or unknown risks and outcomes. This process, known as Social Learning
(SL), can be formally described as a collective behavior phenomenon where agents form their opinions via the local
exchange of information ([Cha04, JG10]]), which typically occurs on social systems like online platforms through
repeated observation and reaction to public actions such as up-votes, likes, subscriptions, or contributions ([TNB12]}).

To capture these dynamics, researchers have employed frameworks such as interacting particle systems (IPS) and
multi-agent systems (MAS). In probability theory, an IPS is a continuous-time Markov jump process defined on a
configuration space and describes the collective behavior of stochastically interacting components ([Lig05]]). Classi-
cal IPS examples include stochastic Ising models, voter models, contact processes, and linear systems, which have
been used to model the spread of opinions within a population and to describe their dynamics in social systems
([SEMO3]). MAS, on the other hand, is an algorithmic system composed of multiple interacting intelligent agents
(ISLBQ9]), and are typically described by deterministic dynamics. Both frameworks consider large populations of
units that interact with each other, and thus naturally model dynamics on social networks.

Current research integrates concepts from social networks and statistical physics within MAS frameworks. MAS
models, techniques, and technologies have been used and have important potentialities for the study of social net-
works and the development of social network models. These approaches share structure and objectives, as they model
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individuals connected by relationships and are designed to achieve individual and collective goals ([FP11]]). Partic-
ularly relevant to social learning are Boltzmann-type models that capture decision-making under uncertainty. For
instance, [L121]] developed a Boltzmann-type kinetic model for interacting multi-agent systems where agents both
interact and switch group labels via a state-dependent Markov jump process, yielding general kinetic equations for
coupled interaction and label switch dynamics. While [GHB24al] analyzed independent Q learning with a Boltz-
mann exploration policy in MAS, and proposed a new discrete time approximation model that explicitly accounts for
agents’ update frequencies, whose dynamics fundamentally differ from earlier simplifications. Similarly, [PDPK15]]
introduced a Social Restricted Boltzmann Machine, an energy-based deep model, to predict human behavior in health
social networks. This deep learning model effectively predicts activity levels by learning the complex interactions
between these determinants in the network. Moreover, [SLA20] proposed a new multinomial logit learning model
that integrates a neural network to learn a nonlinear utility representation within the standard logit choice framework.

These approaches align with social learning algorithms where information aggregation often follows Boltzmann-type
distributions. For example, [BMS21]] aggregates neighbors’ information via log-linear models equivalent to softmax
functions, leading to distinct behavioral clusters based on network structure and learning parameters. This social
learning process leads to distinct clusters of behavior depending on memory, information transmission, learning about
network outcomes, initial conditions, and long-range connections. [NMP17] further demonstrates how agents learn
from the outcomes of their own and others’ actions within their social networks.

The common practice of assuming homogeneous rationality in logit models of boundedly rational discrete choice can
induce a homogeneity bias when the underlying population is in fact heterogeneous. In particular, Golman [Gol12]
shows that forcing a single logit sensitivity (rationality) parameter to match the aggregate behavior of agents with
heterogeneous sensitivities yields a downward-biased homogeneous parameter, so the population appears less ratio-
nal than it truly is. Motivated by this observation, we propose a novel Boltzmann social-learning framework that
explicitly incorporates rational heterogeneity, where each agent i has its own rationality parameter y;. Using a deter-
ministic mean-field approximation (MFA) map, we analyze how the distribution of {y;} shapes equilibrium existence,
consensus structure, uniqueness, and local stability.

Table [T] compares our contribution with representative Boltzmann and social-learning works, and the last column
highlights the novelty through keywords. We study a discrete-time social-learning mechanism in which agents repeat-
edly choose discrete actions under a logit rule while keeping private preference scores, and then update these scores
using public observations of others’ actions. Our main contribution is to develop a framework that explicitly captures
rational heterogeneity: each agent has its own rationality parameter y;, capturing heterogeneous decision-making, and
we analyze how this heterogeneity shapes equilibrium selection and stability.

We show that the dynamics remain in a compact invariant state space, establish the existence of a baseline equilibrium
(the uniform fixed point), and show a key structural property on complete graphs: every mean-field equilibrium is
necessarily a consensus state (all agents share the same preference vector). We then derive sufficient conditions for
uniqueness and local asymptotic stability of this consensus equilibrium and validate the theory numerically, highlight-
ing the interaction between heterogeneity and network structure. These results have not been previously established
for heterogeneous Boltzmann-type social learning dynamics.

The remainder of this paper is structured as follows. Section [2] presents the stochastic model and its deterministic
MFA. Section [3] establishes the existence and consensus property of fixed points, and derives conditions for stabil-
ity, convergence, and uniqueness. Section [4] presents numerical simulations validating our theoretical results and
exploring network effects. Finally, Section [5]concludes the paper and outlines future research directions.



Table 1: Comparison with representative Boltzmann and logit decision and social learning models.

Reference Main contribution

Golman (2012) ([Goll12]) Showed that forcing a homogeneous logit and quantal response parameter on a population with
heterogeneous rationality can lead to biased inference ("homogeneity bias").

Goll et al. (2024b) ([GHB24bl)) Proposed a deterministic approximation in discrete time of incremental multi agent Boltzmann
Q learning that explicitly accounts for agents’ update frequencies.

Hussain and Belardinelli (2024) Studied Q learning dynamics in competitive network games and characterize how competition,

((HB24]) exploration rate, and network connectivity affect convergence and stability, highlighting the
role of connectivity in delaying unstable behaviors.

Leonidov et al. (2025) Studied Boltzmann exploration in Q learning for the iterated Prisoner’s Dilemma, emphasizing

([LTV25]) the balance between exploration (temperature) and strategic exploitation (discount factor) and
the resulting learning regimes.

Wu et al. (2025) ((WDK*25]) Studied adaptive social learning and asocial learning in an immersive collective foraging task,

behavioral and computational results show flexible mixing of local search and conditional
social learning driven by individual success.

Taylor Davies et al. (2025) Proposed a rational framework for selective social learning based on groups, where learners
([IDBL25]) infer task relevant preferences of others and generalize using group signals, validated with
behavioral experiments.
Novelty of ""Boltzmann social Social learning model with actions chosen using a Boltzmann rule. Using a mean-field
learning with heterogeneous approximation, we prove existence of fixed points which are consensus in states, and derive
rationality" (Our work) sufficient conditions for equilibrium uniqueness and local asymptotic stability.
2. Model
We consider a set of n agents indexed by N = {1,...,n}. Ateach discrete time ¢, agent i selects exactly one action
from the discrete choices set A = {1,...,m}, denoted by a;(f) € A. Time is discretized, and agent i’s decision at time
t €{l,...,T} depends on an intrinsic preference vector 6;(r) = (91.' ®,...,0" (1)) for all actions, where Gf(t) represents

the instantaneous score that agent i assigns to action k. Initial preferences are normalized such that Gf.‘ (0) € [0, 1] for
allie Nandk € A.

Given 6;(1), agent i chooses action k randomly, with probability given by the softmax rule:

exp(y; 05(1))

Plait) = k) = FHO(0) = .,
(@) =8 =760 = S o)

ey

where y; > 0 is i’s rationality parameter.

While actions are publicly observable in this complete graph setting, preferences remain private. Following discrete-
time learning dynamics similar to [CMMS16] and [Mar(7], preferences are updated via a discrete-time learning loop:

i+ 1) =00 + & ) (Liam — 60), @)

JEN
where 0 < € < % is the learning rate.
We analyze this stochastic process through its deterministic mean-field approximation, replacing random action se-

lections with their expectations. This yields for all agents i and actions k, , the update map Gf,‘ 1 Q — Q, where for
any 6 € Q = [0, 1]

GiO) = (L—emdf + &y FLE). )
j=1
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with 0 < € < 1/n. The mean-field dynamics is generated by iterating 6(¢ + 1) = G(6(¢)). The choice of the mean-field
approximation over other stochastic modeling techniques, such as a Markov chain analysis, is motivated by analytical
tractability for large populations. The MFA replaces 1= in by E[1,(9=x) | 6()] = 7’] k(ej(t)), yielding the de-
terministic map G. This enables stability analysis for large n and is consistent with successful mean field approaches
developed for large-scale multi-agent learning dynamics ([HLL19, YLL*18]]).

At equilibrium of the learning loop (fo(t +1)= fo(t) for all i, k), the fixed-point condition becomes:
z"] exp(y; &)
Zis1 exp(y;) Oi)

The map G is a continuous self-map of the nonempty, compact, convex set Q. In the following section, we establish
that G admits at least one fixed point and that any equilibrium must be a consensus state. Under specific conditions,
this equilibrium is unique and locally asymptotically stable.

=n6 VieN, VkeA. 4)

=1

3. Analysis of Learning Dynamics

In this section, we show first preferences remain bounded, then establish fundamental properties of the system
including the existence and consensus property of fixed points, derive conditions for uniqueness, stability, and global
convergence, and analyze how these properties depend on agent rationality parameters.

3.1. Existence and Consensus Properties

We begin with the following lemma, which establishes a technical invariant property of the dynamics by proving
that the learning dynamics preserve the boundedness of the agents’ preference values, ensuring that the state remains
within the normalized interval [0, 1].

Lemma 1. The learning dynamics @) preserve the boundedness of preferences, i.e. 6{.‘(1‘) € [0,1] foralli,kandt > 0.
Proof. By induction on ¢. The base case t = 0 holds by assumption. For the inductive step, fix i, k and let x = Gf(t) €
[0,1],y = Z?:I ]l{aj(,):k} € {0, ...,n}. The update rule gives:
g+ 1) = (1 — en)x + &y.
Since e < 1/nensures | —en >0,and 0 < x < 1,0 <y < n, we have:
0=(1-&n)-0+&-0<6¢t+1)<(1—en)-1+&-n=1.
Thus 9;‘(1‘ + 1) € [0, 1], completing the induction. ]

This boundedness ensures the mean-field map G is a continuous self-map on the compact convex set Q = [0, 177",
In other words, it ensures the stability of the learning process and guarantees numerical robustness.

We now state a first equilibrium existence result. The following proposition proves that G : Q — Q has at least
one fixed point, the uniform point.

Proposition 3.1. The uniform point ¢, = (1/m, ..., 1/m) is a fixed point of G.
Proof. At the uniform point, all actions have equal preference 1/m. For any agent j, the softmax probability becomes:
eyj~(1/m) ey‘,'/m 1

Z';:l eyj'(l/m) - m- eYj/m - Z.

7:]]( (C unif’ ) =

Applying the mean-field map, for any i, &,
1 C 1
k k k
Gi(cuir) = (1 —en)— + & E 1 Fj (Cunif) = — = Cunir-
=

Therefore, (cypif, - - - , Cunif) 15 @ fixed point of G. O



The existence of this fixed point ensures that the system always has at least one equilibrium: a consensus state
in which all actions are equally preferred. The following results establish a fundamental property of the system at
equilibrium: all agents must share an identical preference vector (i.e., any fixed point of G must be a consensus point).

Proposition 3.2 (Consensus at fixed points). Let 6 € Q be a fixed point of the map G, i.e., G(0) = 6. Then,
all agents share identical preference vectors. Specifically, there exists ¢ = (ci,...,cn) in the probability simplex
A" ={xe[0, 11"/ X0, X =1} such that:

;=c VieN

Furthermore, this consensus vector satisfies:

1 & exp(yck
=gk == MXL’C)K forallk € A, )
e 2= exp(yct)

With Y5, ¢k = 1. Hence, any fixed point of G is a consensus equilibrium.
Proof. From the fixed point condition G(6*) = 6%, for any i € N and k € A:
n
sk <k k  ry
0% = (1 - en)o™ + SZ FEE)
=1

Solving,

0* —(1—eng* = ¢ Z 7O

=1

n
*k k o ¢
enf;" = SZTj(Gj)
—

J

sk _ 1 C k ¢ p%

ok = ;Z;fj(eﬂ, (6)
<

The right-hand side of (6) is independent of the agent index i. Therefore, for each action k, 9;"‘ are identical across all
agents i. Denote this common value by cf. Therefore 0: =cforallie N.

Summing over k € A:

koL ke — 1 _
PR ONHCESDINESES
k=1 =1 k=1 =1
so ¢ € A™. Substituting ¢; = c into (6) proves the equilibrium condition. O

In practical terms, this proves that social learning leads to agreement. In real-world terms, it shows how heteroge-
neous individuals reach a common decision even when members start with different personal preferences.

An immediate consequence of Proposition [3.2] is the following corollary, which explicitly establishes that non-
consensus equilibria cannot exist.

Corollary 1. Every fixed point of G is in consensus of preference across agents (i.e., there are no non-consensus fixed
points).

Proof. Assume that there exists a fixed point # € Q that is not a consensus. Then there exist p # g and k € A with
6% # 65. However, the fixed-point implies V i and k € A:

. 1 ¢ .
oF = ;Zﬁ(ej),
j=1

where the right-hand side is independent of i. Hence é,’f = éé‘ for all &, a contradiction. O
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The results of Section [3.1] ensure that preferences remain bounded and that any equilibrium of the mean-field
dynamics is a consensus. We now turn to the questions of uniqueness and stability of this consensus equilibrium in
the presence of heterogeneous rationality, which is analyzed in the following Section

3.2. Uniqueness and stability

Given that agents may have different levels of rationality ( different ;), we study how this heterogeneity in agent
rationality affects the uniqueness, stability, and convergence properties of fixed points. This reflects real-world sce-
narios where agents may have different levels of decision-making.

The following theorem bounds the Jacobian’s spectral radius, yielding local stability for the consensus fixed point.

Theorem 1. Let 0* = (c,...,c) be a consensus fixed point. If Z'}Zl vj < 2n, then all eigenvalues of DG(6*) are
strictly inside the unit disk, hence 8" is locally asymptotically stable.

Proof. We analyze the Jacobian of the mean-field map G. Since ¥; depends only on 6;,

o7 _[lou -7, r=i
90y 0, r# J.
At the consensus point 6%, p\/) = 771-(8’;.) = ¥ j(c) € A" and the blocks of the Jacobian is are:
HY = pl s = p p,= Diag(p?) - p?(p")’"
Hence the Jacobian J € R"™"" ig:
Janr = (1= &n) 8y + £ 7, F10,) (S5 = F,(6))).

Then the Jacobian at 8* has the form
J=0-en)l,, + €K

with
yiHD y,H® ..y H™
yiHD yH® ..y H®
K = . . .
i o) s HO ... Y H®

Inm = In ® Im, (Inm)(i,k),(r,s) = 6ir 6k5’

All block rows are identical, so rank(K) < m.
Let the m-dimensional subspace of block-constant vectors, S = {v € R™ : v; = ... = y,}, where v; € R is the i-th
agent block. For any v = (vy,...,vy),

erlzl VrH(r)Vr
Kv = esS.
Zl;zzl VrH(r)Vr
Thus Im(K) € S. In particular, for v = (w,...,w) € S, Kv = (T(W),...,T(w)),, where T(w) = X", y,H"w.
Therefore, the nonzero eigenvalues of K are exactly the eigenvalues of the m X m map T. Each HY) is symmetric

positive semidefinite with H'1,, = 0 (rows sum to zero), so it has at least one zero eigenvalue and rank(HY)) < m—1.
Let H = Diag(p) — pp" with p € A,,. Its entries are:

Hy = pe(1 = pr), Hys = —pips (s # k).
For each row k, the Gershgorin center and radius are

¢k = Hy = pi(1 = pi),
6



Ri= Y \Hil = ) pps = pe(1 = po).

s#k s#k

Hence every eigenvalue A of H lies in:

JtzeCik—al <R} = Ana(H) < max(e + R) = max(2 pu(1 = po) < 4,
k

Apply to each block, for HY = Diag(p?) — pP(p)" with pi = Fi(c) € A
Al H?) < = HY|, < L.
For symmetric matrices, the spectral norm ||H||, equals the largest absolute eigenvalue:
|H|l, = max{|1| : Ais an eigenvalue of H"}.

Since all eigenvalues are nonnegative, this simplifies to ||[H||; = Apax (HY).
Let T = Y"_, v,H" with y, > 0. For any unit vector u,

n n n
uTTLt:Zy,uTH(’)u < Zy,./lmax(H(’)) < %Z)/r.
r=1 r=1 r=1

Because each H") is PSD and |[H"||, < 1.

Taking the supremum over |[u||, = 1 yields:
Anax(T) =T < 3 3 s
r=1

ie. Umax(T) < % v Since J = (1 — en)l,, + €K, each eigenvalue of J has the form 2 = 1 —en + gy, with u an
eigenvalue of K.

OnSt,u=0s0dl=1-ene[0,1)forO<e<1/n.
OnS,0<pu< %Z};]')’r, hence Ay, < l—sn+8% 2o Yr < 1 whenever Y7 vy, < 2n.

Moreover, because K is positive semi-definite, all u > 0 and hence all 1 > 1 —en > 0, so |4 < 1 holds for ev-
ery eigenvalue. Therefore, the spectral radius p(J) < 1, and the consensus fixed point 6* is locally asymptotically
stable by the linearized stability principle for discrete time maps ([AG14! [Ela05]).

O

The following theorem provides that under the same condition, the mean-field map becomes a contraction, imply-
ing uniqueness and global convergence to equilibrium.

Definition 1. A fixed point 6" of the system 0(t+1) = G(6(2)) is globally exponentially attractive if there exist constants
C > 1andp € (0, 1) such that for all 6(0) € Q and all t > 0:

16(1) = 6"lleo < Co'1IB(0) = 6" lco.-

Theorem 2. If 3, y; < 2n, then:

1. G is a contraction on (,|| - |l) = G admits a unique fixed point, 6" € Q,
2. 0" is globally exponentially attractive.



Proof. Consider the complete metric space (€, || - ||l ), where Q = [0, 17" is closed and G(Q2) C Q.

For6,0/ e Qandi e N, k € A, we have:

Gk©) - Gi@)

= |(1 —en)(0 - %) + 2 ) (F1O) - ;fj‘(e;))| < -endf - 0|+ 8 Y |FH0) - F@))|
j=1 =1

J

where F¥(6;) is the homogeneous softmax.

Being Lipschitz continuous under || - ||, we compute the gradient to bound the difference via the mean value the-
orem. The gradient of F¥ is:
Vo, 7 =y 746)) (e = F6))

which is the k-th row of the Jacobian matrix of the softmax function ([GP17]). Here, e, is the standard basis vector.
Its L1-norm is:

Vo, 75Nl = vy FX©0)) llex — F(0))ll:.

Compute:

lec = F @], = |1 = F4@p|+ D Jo- Fop| = (1 = FX©@) + (1 - F©p) = 2(1 - F6)).

I#k

Thus:
Vo, FXll1 = 2,750, (1 = F4))).

The maximum of F*(1 — F¥)is 1/4 , so:

IV, FXlli < 2+ 4 = y;/2.

By the mean value theorem:
|70, — FX@)| < (7j/2)110; = O]l < (7/2)116 = ¢ || Therefore:

n

|GX0) - GL(#)

<SU-enllf~llo+e ) %ue — |l < [1 —en+e

J=1

| =

7;]”9— & lo-
=

This holds for all i and k&, so:

n

1
[IG(®) — GOl < [1 —en+ ) Zyj] 160 = & |lco.

J=1

Letc=1-en+ 8% 21}:1 v If Z;le vj < 2n, then ¢ < 1. Thus, G is a contraction on Q with contraction constant
c. By the Banach fixed-point theorem, G admits a unique fixed point 8* € Q and the contraction ensures the global
convergence to the unique fixed point 8* from any initial condition 8(0) € Q.

Moreover, since G is c—Lipschitz and G(6*) = ¢,
16z + 1) = 6"lle = IG(O(1)) = GOl <  llO) = 6"|co.-

By induction,

16(t) = 6"l < " 116(0) = 6"[l V220,
which establishes global exponential attractivity with ¢ € (0, 1). O
Remark 1. Lemma established that the uniform point €y = (1/m,...,1/m) is a fixed point of G. Under the

condition Z?zl v;j < 2n, the contraction mapping guarantees that G admits exactly one fixed point. Therefore, the
unique fixed point 6" is the uniform point €.



The following Theorem shows that when all agents prefer the same action, the fixed points become locally expo-
nentially stable as all rationality parameters tend to infinity.

Theorem 3. Letk € {1,...,m} and let 8" be a fixed point of G, where all agents concentrate on the same action k, i.e.,
0: = ey for all i € N, where ey is the k-th standard basis vector in R™. Then, for sufficiently high rationality y; — oo
forall j € N, all fixed points 0* of this form are locally asymptotically stable.

Proof. Consider the fixed point 6* = (e, ..., e;r) where all agents prefers action k. For each agent j (i.e., 0;" =1 and
0;‘) = 0 for £ # k), we compute the softmax probabilities at 6?;‘.:
evi'l

7—“}?(9}%) = =

67!"1 + Zf¢k eyf'o evi + (m - 1)’

evi

evi0

Fi(0) = (£ # k).

eVi+(m-1) :eV/'+(m—1)

Define the normalization constant Z; = ¢/ + (m — 1) and let:

1 evi

The probability vector becomes:

Asy; — oo, we have:
1 e

“Tim-Den 0 YT Tim-Den

b;

so pY) — ¢;.

The Jacobian of G at 8 has the structure:
J=0U-enl,, + ¢k,

where 1, is the nm x nm identity and K is the block matrix with blocks y;H” and HY) = Diag(p'?) — p(p")T.

Using Taylor expansion (1 + x)™' = 1 — x + O(x?) with x = (m — 1)e™:

bj=1-(m—1)e + 0,
aj=e+0(e ).
Since
H(j) — p(j)(sm _ p(j)p(j)
rs r r s o
The entries of HY satisfy:

e Diagonal entries: '
HY = bi(1 - b)) = (m—1)e™ + 0(e™),

H? =aj(1-a)=e" +0e™), (+k
e Off-diagonal entries:
HY = —bja;= -7 + 0, (#k
HY = —ajbj= -+ 0™, (#k
HD =@ =06, (#ntrik
9



All entries are of order O(e™"/), hence ||[H?|| = O(e™"})

Consequently:
= Y IHY| = O(yje”) >0 as y; — oo.

Since each block y;HY) — 0, we have K — 0, and:
J - (1 -éen)l,,.

Giventhat0 < g < %, we have 0 < 1 — en < 1, so the spectral radius p(J) < 1. Therefore, 6" is locally asymptotically
stable for sufficiently large ;. O

3.3. Convergence result

In this section, we show that the mean field model is a good approximation of the stochastic behavior for large
n. Our analysis is done in the case where the mean field model G is a contraction. Also, to simplify the analysis, we
consider a learning rate ¢ = 1/n. With this parameters, our result shows that E [||0(r) — 6*||,] is of order O(1/ vn)
when n is large. As indicated in the proof, using a smaller learning rate would lead to a more accurate error rate of

g4/n.

Theorem 4. Assume that Z;le vj < 2n. Then, for any & € (0, 1/n):

. . Vm/n
fim E[160) = 6"lle] < a2 7

Proof. Let M*(t) be a random variable defined as for any action k € A:

n

MA@ = & ) (Lo — T (6;(00).

=1
Conditioned on 6(1), the term .} 1(4,()=k is @ sum of n independent Bernoulli random variables. This shows that:
Var [M*(1) 1 6()] = Var [0 1 00)] = D" FFHO;0)(1 = FF0;0) < n.
=1 =1
As M*(1) is zero-mean, this implies that:
E[IM* ()P ] = E [Var[M*() | 09| < n.

By using Jensen’s inequality and the fact that ||M(t)||2 <Y |M¥(5)?, this implies that:

k=1

Equation (2) can be rewritten as:
0t + 1) = G(6(1)) + eM(1).
Let v(¢ + 1) be the deterministic trajectory, defined as:
vt + 1) = Gv(1)).
By using that G is a c-contraction with ¢ = 1 —en + £ Z’}:l vj, we have:
16 + 1) = v(t + Dl < IG(6(1) = GO (Dlles + £ 1M (D]l

10



Taking expectations and using the bound on E [||M(7)||] yields
E[6¢ + 1) — v+ DIl < cE[ll6@) — v()]] + € Vmn.
Iterating this inequality and using Y.}_, ¢/ < 1+ (since ¢ < 1) gives

e+mn
1-c’

SU(I)JE e = vl <

Moreover, since G is a contraction, v(tf) — 6* as t — oo, hence

&

H

limsup E [||6(z) — 6°]|]] <

t—00 1-c

Replacing ¢ by its value 1 —en + 5 Z;le v;j implies that:

eVmn _ emn Vm/n

_ —eNn o L~n 0
l—c  ne=325% 1-5X07

where on the second line we divided the numerator and denominator by ne. O

The previous result shows that IE [||6(¢) — 6*|| ] is of order O(1/ 4/n). The next proposition shows that |E [6(£)] — 6%l

O(1/n). In other words, if 6(¢) is at a distance O(1/ v/n) from %, its expectation IE [6(¢)] is at a distance O(1/n) from §*.
This is much smaller, which justifies the mean-field approximation. To keep the proof simple, we only prove the result
for € = 1/n. This allows us to apply the results of [GLM18]| directly. We believe that the approach of [GLM 18] could
be adapted to the case € < 1/n, but this would likely require a more complex approach to deal with the heterogeneity
of the values 6; for i # j (for instance, by using the framework of [AG22[]). As the proof of such a result is quite
technical, we left a detailed proof of this result for future work.

Proposition 3.3. Assume that });_, y; < 2n and & = 1/n. Then there exists a constant ¢ > 0 such that:

. y c
lim IE (6] - '] < - ®)
Moreover, there exists a vector V and a constant ¢’ such that:
\%
lim HE [0()] - 6" — —H <= ©)
t—o0 N |l n

Proof. When & = 1/n, the evolution equation (2Z)) can be rewritten (for all i and k) as:

65-(([ +1)= 82 ]llaj(t):k}~

JeN
This implies that for all i, j € N, we have Hf(t +1)= 6’;.(1‘ +1).

This implies that the model falls in the category of model studied by [GLMI8], where their variables X;(f) corre-
spond to our variables a;(), and their variables M;(¢) is our H’j‘.(t) (for any j since they are all equal). Our result is a
direct consequence of Corollary 1 of [GLM18§]]. O

Combining the ergodic theorem with Proposition [3.3]implies that
T
1 1 1
lim — 0)=60"+-V+0(=).
TgT;<> SV +0(—)

This justifies why the mean field approximation works so well: the expected opinions are at a distance of order 1/n
from the approximation.
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3.4. Homogeneous rationality

After exposing stability results of the fixed point in a general setting, we now focus on homogeneous population of
agent, where all agents share the same rationality parameter y; = . As a particular case from the framework developed
in Section [3.2] we obtain that fixed point uniqueness fails when the rationality parameter becomes sufficiently high,
in particular when y > m.

Theorem 5. Ify > m, then G admits at least m distinct non-uniform consensus fixed points of the form (x,y,...,y) €
A", where x > 1/mandy=(1—-x)/(m—1) < 1/m.

Proof. Assume a non-uniform fixed point where one action is preferred and all others are symmetric.

1
cL=x>—,
m
l-x
Q=a="==y="""7

withx #yand x+ (m— 1)y = 1.
To be a fixed point, it must satisfy the general fixed-point equation for the consensus vector ¢ for each action. From
the fixed point condition for action 1:

__explyer)  _ exp(yx)
i exp(yce) exp(yx) + (m—1) exp()/nlﬁ).

Similarly, for any other action we have:

y= exp(yy)
exp(yx) + (m — 1) exp(yy)

Dividing these equations and taking logarithms gives:

Inx—Iny=7y(x—-y). (10)

Substituting y = (1 — x)/(m — 1) into this equation, we define the function for x € (1/m, 1):
-X 1-x
1) T wm )

1-1 1-1
)y~

A value x € (1/m, 1) yields a fixed point of the form (x,y,y,--- ,y) & F(x) = 0. The derivative is:

F(x) = In(x) — ln( !
m

At x = 1/m, we have y = 1/m and:

F(1/m) = In(1/m) — In( )=0.

m

F ) 1 N 1 a1+ 1 ) 1 m
X) = — _— = -

x 1-x Y m-—1 x(1—x) ym—l
Atx = 1m, F(m) = gt = yit = 5.

When v > m, F'(1/m) < 0. For x > 1/m, F(x) < 0. Since F(1/m) = 0, there exists 6 > 0 such that for
x€(1/m,1/m+9), F(x) <0.

Asx —» 17, In(y) » —c0o = F(x) = +oo. By the Intermediate Value Theorem, there x* € (1/m, 1) such that
F(x*) =0.

This yields a non-uniform fixed point ¢* = (x*,y*,...,y") with y* = (1 —x*)/(m —1). By symmetry of the action, there
are m distinct fixed points (one for each action being the preferred one). This completes the proof.
O
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We now provide a Bifurcation diagram example that shows the theoretical results established in this section.

Example 1. As shown in Fig.[l) for y < m = 2, numerical simulations from many dependent random initializations
converge to the uniform consensus fixed point ¢,y = (0.5,0.5), confirming Lemma@and Remarkm

At the critical value y = 2, the system is at the switching point between the random and deterministic behavior.
Small variations around c i appear, showing that the uniform state becomes unstable as predicted by Theorems |Z|
and |2} which establish that the consensus equilibrium loses stability when Z?zl Yj = 2n.

Fory > m = 2, we observe two non-uniform fixed points across the random initializations, confirming Theorem 5]

Each fixed point has the form c* = (a,f) with @ # . By symmetry, each action can become the dominant choice,
leading to m distinct fixed points in the general case.

Bifurcation Diagram

. 1
104 O Actionl | -]
@ Action 0 I ] a 0
—— Critical threshold {y = 2} : (W)
----- Uniform fixed point 1
i 1]
0.8 |
- i
o 1
S I
(]
S I
n I
" oos :
m
g | o | R [ ‘ -------------------------------------------------------------------------------------------------
=
[1+]
€ 04 :
1
i I
S I
2 1
= I
4 1
0.2 1
I
! 1]
I
1 [ |
i 7|
0.0 I L | |
I
1 2 3 4 5

¥

Figure 1: Bifurcation diagram for two actions (m = 2) system after 7 = 10,000 iterations. Each point corresponds to the final action probability
obtained from random initialization. The vertical dashed line marks the critical threshold y = 2, and the horizontal dotted line indicates the uniform
fixed point cypir = (0.5, 0.5).

Remark 2. Numerical simulations indicate that, in the homogeneous case, when y < m, the uniform fixed point is the
unique consensus equilibrium. Fory > m, we observe exactly m non uniform consensus fixed point of the symmetric
form (a,B,...,.B), witha > 1/m > .

The following section illustrates the behavior of the model through numerical experiments.

4. Simulations Results

First, we study how the rationality level affects agents’ action distribution, then compare the stochastic dynamics
with its deterministic mean-field under the same initial condition, and finally examine the model on a non-complete
graph (connected/disconnected).
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4.1. Action distribution over time for all agents

Fig.[2| shows, for each action k € {1, ..., m}, the number of agents selecting k at each time step. We consider two
groups: Ny = 50 agents with high rationality (y; = 100) and N, = 50 agents with low rationality (y, = 1), with 10
actions.

Action Distribution Over Time

70

60 + i uit 1 i

50 +

40 +

30 A

Number of Agents

20 4

10 A

0 200 400 600 800 1000
Time

Figure 2: Action distribution over time (all agents). Each curve shows the number of agents choosing action k at time 7. Parameters: Ny = N, = 50,
m=10,y; = 100,y = 1, = 107, T = 1000.

The figure shows the appearance of a dominant action, here k = 7 ( which corresponds to the pink curve), whose
count around ~ 58 agents. This behavior is explained by rational heterogeneity: the high-rationality group selects
almost deterministically under the softmax rule, so once one action becomes preferred, it is consistently chosen by
these agents. While low-rationality agents keep randomizing across actions. As a result, the dominant-action count is
approximately N, plus a varying fraction of the N, low-rationality agents.

4.2. Stochastic vs. Deterministic Approximation

We compare the stochastic learning dynamics with its deterministic mean-field approximation to validate the
theoretical model. For clarity, we focus on a simplified case: a homogeneous population where all agents share the
same low rationality parameter y = 1 and choose between m = 2 actions. The stochastic update uses the actual counts
of how many agents chose each action ( 3 ; 1(4;)=«)). The deterministic update uses the expected counts (3 ; 7’;‘ @)
instead. Both simulations start with the same random initial preferences 6(0).
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Stochastic vs Deterministic — Action 0
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Figure 3: Preference for Action 0: stochastic vs. mean-field dynamics (y = 1, m = 2).
The close match for a single agent validates the approximation G.

For the homogeneous case , the theoretical analysis predicts convergence to the uniform fixed point (1/2,1/2)
since y < m. Figure [3]shows the evolution of the preference for Action 0 for a representative agent. The stochastic
trajectory (solid blue line) show small variations around the deterministic mean-field curves (dashed red line), demon-
strating close alignment.

At the final time T = 1000, the stochastic simulation preferences 6;(T) ~ [0.51,0.49], while deterministic mean-
field gives 6;(T) ~ [0.5,0.5]. The mean error over time is 0.012 (approximately 1.5%). This close match confirms
that the mean-field approximation accurately captures the average dynamics of the stochastic system for these param-
eter values. This example clearly illustrates the model’s behavior and validates the theoretical prediction of uniform
consensus when y < m, providing a foundation for the more complex heterogeneous analyses.

4.3. Convergence of the Stochastic Dynamics as n Increases

FigureElillustrates the gap |16 ()—6*||o, Where 6" (¢) is the stochastic state produced by the agent-level simulation
(direct iteration of Egs. [T]and [2)) and 6" is the mean-field fixed point. As n grows, the curve stays closer to 0, and its
jumps are smaller. For larger n, the random system remains closer to the mean-field target.
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Convergence to Equilibrium

. LY .d“l”*"”fl.t‘-
A U bl b s B 4

Figure 4: Distance to equilibrium for n € 10, 20, 50, 100, where n is the number of agents.
Trajectories are generated by iterating Eqs. (1)—(2) (choosing actions via Eq. (1), then updating preferences via Eq. (2)). The error 116“2(8) — 6%loo
decreases as n increases, illustrating concentration of the stochastic dynamics around the mean-field fixed point 6*.

4.4. Learning on a non-complete graph

In a non-complete graph, each agent observes only the actions of its neighbors and applies the same two step
procedure defined by Eqs. (I)—(([). We consider two networks, a connected sparse graph and a disconnected graph.
In both cases, agents do not end with the same preferences, i.e., there exists i # j : 6;(T) # 6;(T). Hence, the fixed
points are not in consensus even when the network is connected. Figure [5] shows for both cases that the nodes are
colored by the action that is preferred at time 7 (arg maxy Hf?(T)). The presence of multiple colors confirms that the
fixed point is not at consensus. This contrasts with the complete graph, where all actions are publicly observable,
resulting in the existence of the consensus fixed points. Future work will characterize the conditions for the existence
and stability of fixed points and their dependence on (&, y).

Remark 3. We use a small network and three actions to provide a readable visualization of the interaction structure,
while still reflecting the same update rules studied in the theory.
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Nodes Colored by argmax 85(T) — CONNECTED (T=10000) Nodes Colored by argmax 85(T) — DISCONNECTED (T=10000)

:
S

S0

Figure 5: Agent-level simulation of the dynamics on connected and disconnected sparse graphs at time 7 = 10*. Each node repeatedly chooses an
action via Eq. (m) and updates its preference vector via Eq. @[) using only neighbor-observed actions. Nodes are colored according to their preferred
action arg maxy Hff(T). Parameters: (Ni,N2) = (50,50), K = 3,9, = 2 = 50 and &€ = 1073, The presence of multiple colors in both networks
shows that the dynamics do not reach consensus (i # j: 6;(T) # 6;(T)).
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5. Conclusion

In this work, we have analyzed a discrete-time Boltzmann social-learning system in which agents repeatedly
choose actions while maintaining private preference and updating them from public observations of others’ actions.
Using a deterministic mean-field approximation map G, we proved the existence of fixed points and showed our re-
sults on a complete graphs. A central novelty of our work is that it explicitly accounts for rational heterogeneity by
allowing agents to have distinct rationality parameters ;. This heterogeneity perspective enables us to characterize
how the distribution of {y;} shapes equilibrium selection and stability.

However, relies on some simplifying assumptions, as we consider a fixed action set (common m for all agents) and
a non-dynamic population (fixed n over time). In addition, the main equilibrium structure results are derived for a
complete graph model. This work opens several directions for future research. An immediate extension is to consider
the dynamics on a network structure of agents, rather than a complete graph, and to study the structure of fixed points
as well as their stability and convergence properties.
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