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DEGENERATIONS OF COHAS OF 2-CALABI-YAU CATEGORIES

LUCIEN HENNECART AND SHIVANG JINDAL

ABSTRACT. By work of Davison and Meinhardt, the cohomological Hall algebra of a symmetric quiver
with potential admits a geometrically defined filtration (the perverse filtration) whose associated graded
is a supercommutative algebra. In the case of the triple quiver of a quiver with the canonical cubic
potential, which corresponds to the preprojective algebra of the quiver via dimensional reduction, there is
an additional filtration (the less perverse filtration), which is defined more generally for cohomological Hall
algebras of suitably geometric 2-Calabi—Yau categories in work of Davison. In this paper, we show that the
degenerations of the cohomological Hall algebras of preprojective algebras and more generally 2-Calabi—Yau
categories with respect to the less perverse filtration is isomorphic to the enveloping algebra of the current
Lie algebra of the BPS Lie algebra. This result applies in particular to CoHAs of local systems on Riemann
surfaces and Higgs bundles on smooth projective curves. We extend this description to deformations of the
cohomological Hall algebra obtained via torus actions on the arrows of the quiver and deformed canonical
cubic potentials via the deformed dimensional reduction of Davison—Padurariu. Last, we use our results
to compare the less perverse filtration on CoHAs of preprojective algebras with the order filtration on the

Maulik—Okounkov Yangian, via the comparison isomorphism of Botta—Davison and Schiffmann—Vasserot.
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1. INTRODUCTION

1.1. Background. Cohomological Hall algebras (CoHAs) of quivers with potentials were introduced around
2010 by Kontsevich and Soibelman [KS11]. In parallel, Schiffmann and Vasserot introduced in [SV13] the
cohomological Hall algebra of the preprojective algebra of the Jordan quiver (i.e. of the commuting stack
of pairs of matrices). Their construction is generalized to preprojective algebras of arbitrary quivers by
Yang and Zhao in [YZ18]. CoHAs are associative algebra structures on the (singular, critical or compactly
supported) cohomology of the stack of objects in the category of representations of the quiver. The coho-
mology theory one choses depends on the context: for quivers with potentials, the critical cohomology is
well-suited, while for preprojective algebras, one choses the Borel-Moore homology (a.k.a. dual compactly
supported cohomology). When the potential vanishes, singular and critical cohomology coincide. It happens
that the cohomological Hall algebra of the preprojective algebra of a quiver is isomorphic, via dimensional
reduction [Dav17, Appendix A], to the cohomological Hall algebra of the triple quiver with its canonical
cubic potential. This dual approaches makes CoHAs of preprojective algebras particularly well-suited to a
detailed study. Further, CoHAs of preprojective algebras have applications to a broad range of questions in
representation theory and enumerative geometry, in relation to the geometry of Nakajima quiver varieties
and of symplectic surfaces.

Cohomological Hall algebras of quivers with potentials are further studied in [DM20], where Davison
and Meinhardt define the BPS Lie algebra and prove the cohomological integrality isomorphism. The latter
takes the form of a PBW isomorphism for the cohomological Hall algebra of the quiver with potential. It
gives a comparison of the underlying graded vector spaces of the cohomological Hall algebra and of the
symmetric algebra of the current Lie algebra of the BPS algebra. If A is the cohomological Hall algebra
and n the BPS Lie algebra, then there is a linear isomorphism .4 & Sym(nfu]).

Cohomological Hall algebras now play a major role in various subjects of mathematics, including enumer-
ative geometry, algebraic geometry, representation theory and combinatorics. This role is explained by the
access to the symmetries of the moduli problems given by CoHAs. Indeed, CoHAs act on the cohomology of
related moduli spaces (sheaves on surfaces, quiver varieties). For example, CoHAs admit applications to a
proof of the P=W conjecture of de Cataldo—Hausel-Migliorini in [Hau+22] (proven first by purely geometric
means in [MS]), to the study of the cohomology of Nakajima quiver varieties and the proof of the positivity
of cuspidal polynomials of quivers in [DHM23] (a further refinement of Kac polynomials of quivers and the
corresponding Kac positivity conjecture). Following [BD23; SV23], CoHAs also allow a computation of the
Maulik—Okounkov Lie algebra defined in [MO19] via geometric R-matrices.

The examination of the structure of CoHAs is preliminary to their use and application to concrete
problems. In this paper, we study further cohomological Hall algebras of 2-Calabi—Yau categories, including
that of preprojective algebras of quivers together with their deformations. The geometric examples include
the category of Gieseker semistable coherent sheaves of fixed normalised Hilbert polynomial on a polarised K3
surface and the category of semistable Higgs sheaves of fixed slope on a smooth projective curve. Although
their precise structure remains unclear, we study the less perverse degeneration of these algebras. We show
that the associated graded with respect to the less perverse filtration (defined in [Dav25]) is isomorphic to
the enveloping algebra of the (twisted) current Lie algebra on the BPS Lie algebra. The heart of this paper
is Theorem 5.7, which describes the Lie bracket on the associated graded of the preprojective CoHA with

respect to the less perverse filtration, from which all other results follow.

1.2. Main results. We give a brief outline of our main results.

Let @ = (Qo, Q1) be a quiver and Il its preprojective algebra (see Section 3.1). We let BPSy,, be the
BPS sheaf (defined as in [Dav25]) and nﬁQ = H*(BPSn,,) its derived global sections. It has the structure
of a Lie algebra, obtained by dimensional reduction from the BPS Lie algebra BPS i of the triple quiver
@ with its canonical cubic potential W [DM20]. The preprojective sheafified cohomological Hall algebra is

denoted by ,;zfﬁpQ. It is a constructible sheaf on M, the moduli space of semisimple Tlg-representations
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(Section 3.1). Tt has a structure of an algebra object for a certain monoidal structure on DF (M), the
category of locally bounded below constructible complexes on Mi,. We also let AﬁQ = H* (,;zfﬁbQ). Here,
1 is a bilinear form on N9° whose symmetrization is the symmetrized Euler form of Q (e.g. the Euler form
of @ is itself a valid choice for ¥) and encodes a twist of the geometric product on the cohomological Hall
algebra. We refer to Section 2.7 for the definition of the twist. We let £ be the less perverse filtration on
Aﬁ@ [Dav25], see Section 3.5.

Theorem 1.1 (=Theorem 5.7+Corollary 5.9). Let Q be a quiver and Ilg be the preprojective algebra of Q.
We let u be the first Chern class of a positive determinant line bundle over the stack My, of representations

of g (Section 3.2). Then, there is an isomorphism of algebras

Un 2™ @ He. (pt) — Gré(Af,),

where U denotes the universal enveloping algebra, nﬁ;@BPS ® HE. (pt) has the Lie bracket P[—, —] given by
the |—|-twisted H§. (pt)-linear extension of the Lie bracket on nfgfps. This means that for any dimension
vectors d,e € N?, 1 ¢ nf{ﬁﬁs, Yy € nﬂﬁeps and m,n € N,
d|"[e|"
p .Z"U;m7 un — | ; um+n
™ ") = g 0]

where |d| = Zier rid; if the determinant line bundle on M, is determined by GLa — G, (9:)ieq, —

[licq, det(g:)"™ and [—, —| denotes the Lie bracket on the BPS Lie algebra nE’QBPS.

There is an extension of this theorem to the more general 2-Calabi—Yau setting. When C is a 2-Calabi—
Yau abelian category (§6.1), we define the BPS sheaf BPS¢ as in [DHM23]. It has the structure of a Lie
algebra object in the category of perverse sheaves on the moduli space M¢ of semisimple objects in C
(a.k.a. the good moduli space of the stack M of objects in C). We let né"BPS = H*(BPS¢). It has a
Lie algebra structure. It is the BPS Lie algebra of C. When C is the category of representations of the
preprojective algebra of a quiver @), it coincides with the BPS Lie algebra of the triple quiver with its
canonical potential (Q, W) It is proven in [DHM23] that the BPS Lie algebra of C has the structure of a
generalized Kac—Moody Lie algebra. We let @4 be the sheafified cohomological Hall algebra of C and as
usual, we fix a bilinear form ¢ on the numerical Grothendieck group mo(9¢) of C whose symmetrization is
the Euler form of C and we let ;zfcw be the cohomological Hall algebra of C with the twisted multiplication.
We denote by £ the less perverse filtration on H* (sz;f) defined in terms of the good moduli space morphism
JHe: Me — M [Dav24]. The CoHA product on H*(&7Y) is compatible with the less perverse filtration,
so that there is an induced algebra structure on the associated graded GrS(H*(;z/Cd’)) = H*(”H(%w)) The
following theorem gives a description of this algebra. We refer to Lemma 6.2 for the definition of the monoid
morphism |—|: mo(9M4) — N.

Theorem 1.2. Let C be a suitably geometric 2-Calabi-Yau abelian category (i.e. satisfying the assumptions
given in §6.1). Then, the perversely degenerated Lie bracket on VH(MCw) preserves the subobject BPS¢e ®
HE. (pt) and the Lie bracket *[—, =] on BPSc ® H§. (pt) is given by the |—|-twisted trivial HE. (pt)-linear
extension of the Lie bracket on BPSc. In particular, the subspace nér’BPS ® H&. (pt) C H*(Jafcw) 1s stable
under the perversely degenerated Lie bracket, which is given by the |—|-twisted Hg. (pt)-linear extension of
the Lie bracket on ng’BPS. This means that for any a,b € mo(M¢), = € ng”f’ps, Yy € nz”;gps, m,n € N, and
u the first Chern class of a determinant line bundle over Me,
) ol
la + b|mtn

m m+n

Plzu [z, ylu

where [—, —| denotes the Lie bracket on the BPS Lie algebra nz’BPS.

In addition, there are isomorphisms of associative algebras

U(BPSc ® Hg. (pt)) — PH(Y)
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and
Ulng ™ @ He (o1) = Gr*(H* (o))
where p?-[(,zzfcw) =P,cz "Hi(,ngcw)[—i] is the total perverse cohomology sheaf of ﬂcw.

The last layer of generality regarding the perversely degenerated cohomological Hall algebra of the pre-
projective algebra of a quiver consists in adding a torus action on the arrows of the quiver for which the
preprojective relation is homogeneous. In this case, we denote by Mr{;’w the corresponding sheafified co-
homological Hall algebra. It is a complex of constructible sheaves in the T'-equivariant derived category
D, 1/(Mmn,). The absolute cohomological Hall algebra Ag;w = H*(JA/HTC;w) is a H%., (pt)-module.

Theorem 1.3. Let Q be a quiver and Ilg be the preprojective algebra of Q. We let u be the first Chern
class of a positive determinant line bundle over My,. We let T" be a torus acting on the arrows of @
such that the preprojective relation is homogeneous (see Section 3.1 for the definition). Then, there is an
isomorphism of algebras
U(nf P @ Hy o o- (b)) — Gro(H* (o41")),
+,BPS

where n ® HY., ., o« (pt) has the Lie bracket given by the |—|-twisted HY., ., o« (pt)-linear extension of the
T xC xC

Lie bracket on nJHr;zBPS,

These theorems constitute a step towards a full understanding of the CoHA product on cohomological
Hall algebras of 2-Calabi—Yau categories. Before taking any perverse degeneration, the behaviour of the
product takes, in known cases, a very interesting form involving avatars of vertex algebras. We refer the
reader to [Dav22] and [Jin24] for full determination of the entire cohomological Hall algebras for affine type
A quivers, which involve the Wi Lie algebra. We also refer to [Mel+23] for a study of the cohomological

Hall algebras of finite length coherent sheaves on smooth surfaces.
1.3. Ackowledgements. The first author thanks CNRS Mathématiques for financial support.

1.4. Conventions and Notations.

(1) If F is a constructible complex on an algebraic variety X, we abbreviate H*(F) := H*(X, F) for the
cohomology of X with coeflicients in F.

(2) If F is a semisimple constructible sheaf on an algebraic variety X, we denote by P the perverse
filtration on H*(F). We make an exception for the less perverse filtration of cohomological Hall
algebras of 2-Calabi—Yau categories, which is denoted by £.

(3) If F is a constructible sheaf on an algebraic variety X, we denote by PH(F) = ;.4 P (F)[—1] its
total perverse cohomology sheaf, a Z-graded perverse sheaf on X.

(4) If X is an algebraic variety with an action of an algebraic group G, we denote by X/G the quotient
stack. That is, we omit the brackets to lighten the notation.

(5) If f: X — Al and g: Y — A! are two regular functions on some algebraic varieties or stacks X,Y,
we denote by fHg: X x Y — Al the function (z,y) — f(z) + g(y).

(6) Let n be a Lie algebra graded by a monoid M such that ng = 0 and let |—|: M — Z be a monoid
homomorphism such that |m| # 0 for m # 0. Then, the |—|-twisted Lie bracket on n[u] is defined

by
[m[P|n|
[zu”, yul] = W[%y]umq
for © € ny,, y € ny, p,g € N. The multiplication by u on nfu] is a derivation, that is u - [z,y] = [u

x,y]+[x, u-y] for any 2,y € nfu]. There is another derivation d on nfu] defined by d(xu?) = |m|zuP~!
for x € nfm] and p € N. We have [0, u] = |m|zu™.
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2. COHOMOLOGICAL DONALDSON-THOMAS THEORY OF QUIVERS WITH POTENTIAL

We recall background material regarding cohomological Hall algebras of quivers with potentials [KS11],

including the powerful relative/sheafified cohomological Hall algebras [DM20)].

2.1. Constructible sheaves. The base field for all geometric objects (schemes, algebraic varieties, stacks,
algebraic groups) is the field of complex numbers C. Let X be a finite type separated scheme over C.
We let D.(X) be the derived category of constructible complexes of rational vector spaces over X. It is
defined as the subcategory of D(Sh(X(C)>")), the derived category of the Abelian category of sheaves of

an’ of complexes with constructible cohomology sheaves. We

Q-vector spaces on the analytic space X (C)
let D2 (X) be the full subcategory of bounded complexes and D (X) the subcategory of complexes that are
bounded below. We let Perv(X) C D.(X) be the category of perverse sheaves. It is an Abelian category
realized as the heart of the perverse t-structure (PD=°(X),"D="(X)). We denote by Pr=' Pr=" the perverse
truncation functors and "H' = Pr="7="[{]: D,(X) — Perv(X) the perverse cohomology functors. If F is a
complex of constructible sheaves on X, we let PH(F) :== D, 4 PI{"(F)[—i] be its total perverse cohomology.
We see the total perverse cohomology "M as a functor *H: D.(X) — PervZ(X) with target the abelian
category of cohomologically graded perverse sheaves on X, with graded morphisms. In Peer(X ), kernels,
cokernels, etc. are computed componentwise. While not faithful, the restriction of the functor *H to the
subcategory of DF(X) of complexes that are bounded below is conservative, meaning that a morphism
between constructible complexes is an isomorphism if and only if it is an isomorphism after applying PH.
This is easily seen by considering the long exact sequence of perverse cohomology sheaves, see [Bei+18,
Proposition 1.3.7].

If X is an algebraic variety and f: X — A! a regular function, there is a perverse exact functor
¢ DH(X) — DI (X), this is the vanishing cycle sheaf functor. We refer the reader to [DM20] for the
essential properties that it satisfies.

If M is a monoid in the category of schemes with finite type separated connected components (see
Example 1 for an example), ®: M x M — M denotes the monoid structure (which we assume to be a
finite morphism) and 7: pt — M is the unit, the formula F G = @, (F X G) defines a monoidal structure
on DF (M). The monoidal unit is given by 7.Qpt. By finiteness of @, the pushforward @, is perverse exact
and so preserves the subcategory Perv(M) of perverse sheaves. We obtain induced monoidal structures on
Perv(M) and PervZ(M).

Let T be a torus. A monoid in the category of schemes is T -equivariant if there is an action of 77 on M
such that the structure morphism ®: M x M — M is T’-equivariant for the diagonal T"-action on M x M.
We let MT" = M/T’ be the quotient stack. Then, MT" is a monoid over BT”, i.e. the structure map
induces a morphism ol MT X BT’ MT" 5 MT'. To ease the notation, we will often write ® = ol We
consider the perverse t-structure on the T’-equivariant derived category D (MT/) so that a constructible
sheaf F on M7’ is perverse if and only if its pullback M — MT/)*]: to M is perverse. In particular, if
Y C M is a smooth connected component, the shifted constant sheaf Qy/7+[dim Y] is in Perv(MT/). Note
that usually, perverse sheaves on Artin stacks (in particuler ./\/lT/) are defined by descent from schemes so
that if 9 is a smooth stack, Qon[dim 9] is perverse. Hence, our definition of perverse sheaves on MT
differs by a shift. The formula for F [ G induces monoidal structures on both D (MT") and Perv(MT").

We also consider the category PervZ(MT') := | Perv(MT") of cohomologically graded T’-equivariant
perverse sheaves. The ith component of F € PervZ(MT') is denoted by F[—i]. The formula for F & G
induces a monoidal structure on PervZ(MT").

The total perverse cohomology functor

. DIMT) = PervE(MT)
F = @iezmi(f)[—i]
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is a monoidal functor since @ is perverse exact. If f: F — G is a morphism between constructible sheaves
in DF (M), the morphism PH(f): PH(F) — PH(G) is called its perverse degeneration. In this paper, we will

study the perverse degenerations of Lie brackets on cohomological Hall algebras.

Ezxample 1. A typical example of monoid M appearing in the study of cohomological Hall algebras of quivers
is M =@, cn C"/6,, where &, acts on C™ by permuting the n components (this is the monoid one gets
for the study of the CoHA of the Jordan quiver — the quiver with one vertex and one loop). The unit is
the inclusion of the connected component CY/&y = pt C M and the structure morphism is induced by the
(G X 6,,) — &, 1 n-equivariant isomorphisms C™ x C™* — C™*" for any m,n € N, which give morphisms
C" )&, x C")|&, — C"™" /&, +, between the quotients.

Ife: (V,®) = (M, D) is a saturated submonoid in the sense that the diagram

NxN -2 N

x| k

Mx M —25 M

is Cartesian, then the exceptional pullback 1': DF (M) — DF(N) is strict monoidal (by base-change). If
f: M — N is a morphism of monoids in the category of schemes, then f, is a strict monoidal functor. In
particular, if AV = pt is the trivial monoid, the derived global section functor f, = H* is strict monoidal.
If M is a commutative monoid, i.e. @ osw = @ where sw is the operator swapping the two factors of
M x M, then the monoidal structures [J on the various categories D (M), Perv(M), PervZ(M) and their

T’-equivariant versions are symmetric.

Remark 1. If 0: mo(M) X mg(M) — Z is a bilinear form on the monoid my(M) of connected components
of M, we may twist the monoidal structure [J on D (M) by 6 in the following way. For F,G € DI (M),
we let 7 0o G = D, pero () (Pap)«(Fa ¥ Gp)[0(a,b)]. The O-twisted monoidal structure [p is considered
when studying CoHAs of non-symmetric quivers, in which case 6 is the antisymmetrized Euler form of @

(Section 2.7). For symmetric quivers, § = 0 and it is not necessary to twist the monoidal structures.

2.2. Associative and Lie algebras in categories of perverse sheaves. As in [DM20], the cohomo-
logical Hall algebras we consider will be defined as algebra objects in monoidal categories of constructible
complexes. We briefly define how these algebras are defined.

Let M be a monoid in the category of schemes as in Section 2.1 and DJ (M) the category of locally
bounded below (i.e. bounded below on each connected component of M) complexes of constructible sheaves
with the monoidal structure [ defined in Section 2.1 induced by the binary structural operation on M. An
associative algebra object in DF (M) is a complex F € DF (M) together with a morphism m: F L F — F
called the multiplication and a unit morphism w: 7,Qp — F where n: pt — M is the unit of the monoid

M. They satisfy the associativity axiom which is the commutativity of the following diagram:

FROFRFrYER rar

FOF ——— F

and the unitality axiom, given by the commutativity of the diagram

FEFOQy N FO F

lm
idr

F

and of the similar diagram with F [ Qp replaced by Qp [ F.
We now assume that M is commutative, so that DF (M) is symmetric. For F,G € D} (M), we let
Trg: FEOG — G F be the braiding isomorphism. A Lie algebra object is an object £ € DF (M)
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together with a morphism ¢: L L — £ (the Lie bracket) that is antisymmetric: co T » = —c, and that
satisfies the Jacobi identity. The Jacobi identity can be expressed as follows: co (¢c[Hidz) 4+ co (¢[Didg) o
Ti93+co(cEidg)oTy 30 =0 where Ty 23 and T 31 are the cyclic permutation automorphisms of £53,
which may be defined in terms of the braiding operator Ty o as T1 23 = (idg 0T, 2) o (T . Hidg) and
Ti30=(TecBidg)o (de DTz ).

If we apply a monoidal functor to an associative algebra or a Lie algebra object, then we obtain a similar

object in the target category. As noticed in Section 2.1, the derived global section functor
H*: Df (M) — D (pt)

is strict monoidal. We may identify DI (pt) with the category of Z-graded vector spaces with the symmetric
monoidal structure involving the Koszul sign rule. Therefore, any algebra or Lie algebra in D (M) produced

a Z-graded algebra after taking derived global sections.

2.3. Quivers with potentials. Let () be a quiver with set of vertices (Qy and set of arrows (); and
C[Q] be the path algebra of Q. A potential for @Q is an element W € C[Q)] that is a linear combination
of (oriented) cycles. Sometimes, in the litterature, a potential is defined as an element of the quotient
C[Q]/[C[Q), C|Q]]vec of the path algebra by the subspace linearly generated by commutators (a basis of
which being given by non-based oriented cycles in Q). However, it is more convenient for our purposes to
consider directly a lift in C[Q] instead of just the class in C[Q]/[C[Q], C[Q]]vec. We recall the definition of
the cyclic derivatives % of a potential with respect to arrows a € @1 by linearly extending the formula on
a cyclic word aj . ..a, € C[Q] with a; € @1,

dai...a,
—_— = E Qi1 oo QpQp .. . Qj—1 -«

da -
1<i<lr
a;=a

The Jacobi algebra Jac(Q, W) of the quiver with potential (Q,W) is defined as the quotient of the path
algebra C[Q)] of @ by the two-sided ideal generated by all cyclic derivatives <%—‘f: a € Q1>.

A particular case of interest is given by triple quiver with the canonical cubic potential, defined as follows.
Let Q be a quiver. Then, we define the triple quiver Q = (Qo, Ql) It has the same set of vertices as () but
Q1 =Q U Q7 U Qo where Q7 is the set of opposite arrows and (g is seen as the set of loops at vertices.
For a € Q1, we denote by a* the opposite arrow and for ¢ € g, we denote by w; the loop at the ith vertex.
The canonical cubic potential is W = (Zing wi) (Zate

(one vertex with a single loop), then Q is the one-vertex three-loop quiver and, letting v, o*, w be labels for

[ov, a*]). For example, if @ is the Jordan quiver

the three loops, W = wla, a*] = waa™ — wa*a.
In this paper, we will always assume that all potentials W are such that the critical locus crit(Tr(W)) is
contained in the zero locus Tr(W)~1(0).

2.4. Moduli stacks and moduli spaces. Let Q = (Qo, Q1) be a quiver. We denote by s(«) and ¢(«) the
source and target of an arrow o € Q1. We let Mg be the stack of representations of (). It decomposes into
connected components Mg =~ | |3eneo M@,a where Mg 4 is the stack of d-dimensional representations of
Q. It can be presented as a quotient stack Mg a = Xg,a/GLa where Xgq = Hate Hom(Cds(e), Cde(en)
and GLg = Hier GLg4, acts by changing bases at vertices.

The stack €racty, of extensions of representations of @ can be defined in a similar way. Namely, for
d,d’ € N9, we fix a direct sum decomposition C4t4" = C4 @ C4" and we let X@,d,a’ be the subspace
of elements (z4)acq, € X@,d+da such that for any arrow o € @1, 2o(Cd) C Cd ). We denote
by Pqa: € GLatar the stabilizer of cd C C‘“"y7 a parabolic subgroup. Then, there is an equivalence
Cractg ~ |y greneo XQ.dar/Pa,ar-

The P4,q' — GLgta/-equivariant inclusion Xg a4/ — X@,d+a’ induces a proper and representable mor-
phism of stacks pa.a: Mg d.a — Mg,d+a- The vector bundle Xgaa — Xg,a X Xg,a- (projection on
the diagonal blocks) is equivariant with respect to the projection on the Levi P44 — GLg x GLgs and
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therefore induces a smooth morphism gq,q4/: Mg.a,a0 — Mg,a X Mg,a-- This morphism is even a vector
bundle stack [Hei03, Definition 0.1], as it can be presented as the total space of a complex of vector bundles
over Mg a x Mg a- concentrated in degrees [—1,0] (the RHom-complex).

For d € N% we let Mga = X0.a/GLa = Spec(C[Xg.a]%") be the good moduli space for Mg q. It
is in this case an affine GIT quotient. We let JHg q: 9Mg.a — Mq.a be the good moduli space morphism.
On C-points, it takes a d-dimensional representation of @ and sends it to its semisimplification (i.e. its
associated graded with respect to a Jordan-Hélder filtration). We let Mg = | |qeneo M@,a, and JHg =
| lgeneo JHQ,a- The direct sum morphism @: Mg x Mg — Mg induces, by universality of the good moduli
space morphism, a direct sum morphism &: Mg x Mg — Mg. It is a finite morphism [MR19].

If 7" is an auxiliary torus acting on the arrows of @, it acts on the representation spaces X¢g 4 (d € N®o),
and this action commutes with the GLg-action. We let smg =Mo/T" and /\/lg = Mq/T" be the quotient
stacks. Since JHg is T'-equivariant, it induces a morphism JHg: SJLTtg — ./\/lg. The stack smg’ and the
moduli space ./\/lg have natural structure morphisms to BT".

We let (—, —) be the Euler form of Q. If d,d’ € N®@° are dimension vectors, (d,d’) = >icq, did; —
Zate dy(a)di(a). The stack mg:d has relative dimension —(d,d) over BT". We let (—, —) be the sym-
metrized Euler form: (d,d’) = (d,d’) + (d’,d).

Let (Q,W) be a quiver with potential. We assume that the potential W is invariant for the T”-action.
Then, the trace of W acting on representations of @) gives a regular function Tr(W): zmg’ — Al

2.5. Determinant line bundles. A determinant line bundle on M, is a line bundle £ such that for any
C-point = € Mg, the pullback act: H*(Mg) — H*(BG,,) in cohomology of the action map acty: BGy —
Mg, induced by the inclusion of scalar automorphisms of x, is such that act’(c1(£)) # 0. We assume in

addition that £ is compatible with short exact sequence. Namely, in the correspondence
Mo x Mg < Cracty, 2 Mo,

we assume that p*L = ¢* (LK L).
The line bundle £ induces a morphism Det: 9y — BGy, which we call the determinant. We denote by
®: BGy, x BGy, — BGy, the morphism induced by the multiplication of Gy,. Then, the diagram

Mo x Mg +—— Cracty —2 g

Det x Detl lDet

BG, x BGy, BGn

commutes.

Since Mg.a = Xg.a/GL4 is a quotient stack of an affine algebraic variety X 4, a line bundle over
Mg is given by a one-dimensional representation of GLq, that is by a group homomorphism GLg — G
of the form (g;)icq, = [l;cq, det(g:)™® for some m; € Z ~ {0}. The compatibility with short exact
sequences means that mgq ; does not depend on d and we will simply write m; = mgq,;. The non-vanishing
of act} (c1(£)) implies that ;o d;m; # 0 for any d € N@0 and so either all of the m;’s are either positive
or negative. Conversely, it is easily seen that any choice of Qo-tuple (m;)icq, in (N~ 0)9° or (=N \ 0)@°

defines a positive determinant line bundle on M.

2.6. Ext-quivers. Let C be an Abelian category. Let S = {S1,..., S, } be a set of pairwise non-isomorphic
objects of C (which we do not assume to be simple for the definition, but which will be in practice). The
Ext-quiver of § is the quiver Qg with set of vertices S and having dim Ext!(S;, S;) arrows from ¢ to j for
1<i,j<r. If M= 692:1 S;nj is a semisimple object of C (where the S; are pairwise non-isomorphic simple
objects of C), we may associate to M the Ext-quiver (Qg,m = (mq,...,m,)) of the set of its simple direct
summands together with the dimension vector given by the multiplicities of the simple summands of M.
Let @ = (Qo, Q1) be a quiver. We let C = Rep(Q) be the category of finite dimensional complex

representations of Q.



DEGENERATIONS OF COHAS OF 2-CALABI-YAU CATEGORIES 9

We denote by ¢: N™ — N@o (my,...,m,) — 22:1 m; dim S; the morphism of monoids induced by a
set S.

Lemma 2.1. Let S be a collection of pairwise non-isomorphic simple representations of Q. Then, (*(—, —)o =
<*7 7>Q§'
Proof. This is a straightforward calculation. O

2.7. Cohomological Hall algebras. Let @Q be a quiver and T’ an auxiliary torus acting on the arrows of
Q. We recall in this section how the cohomological Hall algebras for quivers with potentials are constructed
following [DM20], which is a sheafification over the good moduli space of the construction of Kontsevich and
Soibelman [KS11]. It is an algebra structure on the constructible complex .77 "= JHSQ"WHQ € Df (Mg),

where for d € N@o_ ( ;Ji{g,)mgd = ngzd [—(d, d)] is the perverse constant sheaf (Section 2.1).
We consider the commutative induction diagram:
T T da,a’ T Pq,a’ T’
de XBT/ mQ,d/ < e;aCfQ,d’d/ > mQ,d—}—d/
JHQ,dXJHQ,d’l l‘]Hde-Fd/

T T T’
MQ’d X BT ./\/lQ’d, MQ,d+d’

®d,d/

The morphism pq g/ is proper, and therefore (pa,da/)« = (pa,a/)1- The natural pullback morphism
Qmé’,d+d/ - (pd7d’)*Q@xactg"d’d,
therefore dualizes, thanks to the smoothness of all stacks under consideration, to a morphism
21 (paa) Qepar,  [2(~(d.d) — (dd)) — @.d))] > Qe [-2(d+d'.d+d)].
Q.d,d Q.d+d
The pullback by ¢q,4/ is a morphism of constructible complexes
(2.2) ngfdeT,mgfd, - (Qd,d’)*Q@mctg"dyd/ .
By composing (JHg da+a’)«[(d,d) + (d’,d’) + 2(d’, d)] applied to Equation (2.1) with (®q,d')+ © (JHg,a X
JHg,a')«[—(d,d) — (d’,d")] applied to Equation (2.2), we obtain the CoHA multiplication
(2.3) ma.a: (JHQ.d)« ;ng [ (JHQ.a)« Qi — (JHgata)Qyir  [(d,d) —(d,d)].
s Q,d’ Q

,d+d’

By putting together all mg g/ for d,d’ € N®, we obtain the CoHA product on JZ%QT'. If the Euler form
(=, =) of @ is symmetric, then the shift on the r.h.s. of the CoHA multiplication Equation (2.3) vanishes
and we get an ordinary degree 0 multiplication. Then, ,;a/g " is an algebra object in (DF (Mg), O). IfQis
not symmetric, it is necessary to twist the monoidal structure [J as explained in Remark 1. The twist 6 is
given by the antymmetrized Euler form 6(d,d’) = (d,d’) — (d’,d) of Q.

Let W be a potential that is 7"-invariant. Then, by applying the vanishing cycle sheaf functor @ryw)
for the trace function Tr(W): 9)?5 — Al to m, we obtain the sheafified critical CoHA ,;zfg/w For this, we
rely on the fact that the Jordan—Holder morphism JH is approachable by proper maps [DM20, §4.1], so that
it commutes with the vanishing cycle sheaf functor ¢m.(y). It is again an algebra object in the monoidal
category (Dj(./\/lg),lﬂ). If W =0, Jng/VV = gl.

It is customary to twist the multiplication m: %g /W G %QT /W — %g /W by a compatible system of signs
to make the identification with enveloping algebras and quantum group related objects cleaner. The signs
involved appear in [KS11], [Efi12], [DM20], [DHM23] and the twist is defined as follows.

We let 1p: NQo x N¥ — Z/27Z be a bilinear form such that for any d,d’ € N,

(2.4) ¥(d,d’) +(d’,d) = 7(d,d)

where 7(d,d’) = (d,d’) + (d,d)(d’,d’) (mod 2) is a bilinear form (the quadratic term (d,d)(d’,d’) be-
comes linear after reduction modulo 2). Then, we define the 1-twisted product m¥ on ,Q%g /W by mi a =
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(—1)w(d7d/)md?d/ for d,d’ € NQo. We denote by ,Qfg'vff the ¢-twisted cohomological Hall algebra. Note that
the space of bilinear forms 1 satisfying Equation (2.4) is stable under translation by symmetric bilinear
forms.

If Q is the triple quiver, then the Euler form of Q satisfies (d, d)5 =0 (mod 2) for any d € N® 5o that
7 can be identified with the symmetrized Euler form of Q modulo 2. Therefore, a choice for ¢ is given by
the Euler form of @ itself.

If Q' is the Ext-quiver of a collection of simple representations of ) and (: N@ — N@ is the morphism
of monoids that it induces, then if ¢ is a bilinear form satisfying Equation (2.4) for @, 9 o ( is a bilinear
form on N satistying Equation (2.4) for ’. This follows from the fact that (—, —)or = (((—=),¢(—))e
(Lemma 2.1).

We define -AS,W = H*(;zfQT ,W) and Ag‘}é = H*(ﬂg /le’) the absolute cohomological Hall algebra and its

1-twisted version.

2.8. BPS Lie algebras and associated graded with respect to the perverse filtration. Let @
be a symmetric quiver and W € C[Q] a potential. By [DM20], the complex CQKQT/W € Dj‘(./\/lg) has no
perverse cohomology in degrees < 0, that is *’Hl(dg/w) = 0 for i« < 0. The BPS sheaf is defined as the
lowest possibly non-vanishing perverse cohomology of MQT ,Wv that is BPSS,W = p?{l(szfQT /W) There is an
adjunction morphism BPSg)W[— 1] = pTgl,chgi/VV — ,Qfg/w

Since ;zfg = DF (Mg) is a semisimple complex, there is an isomorphism of constructible complexes
JA/QT = "H(Jz%g l) with the total perverse cohomology. Then, since MQT /W = @Tr(w)ﬂg " and the functor
¢1r(w) of vanishing cycles is perverse t-exact, there is an isomorphism of constructible complexes szg /W =
W{(MCQT/‘,V) We define the perverse filtration of AE:W by ‘BiAg’W = H*(pTSi;z{CZW) C Aaw. It is
compatible with the CoHA multiplication. The Z-graded perverse sheaf p?—[(.;z/g w) € Perv? (/\/lg) has the
associative algebra structure given by PH(m). By taking the derived global sections, we obtain the perverse
degeneration H*("”H(szg w)) = GrmAg’W of the cohomological Hall algebra of (Q,W).

The following theorem already appears in the literature ([Dav22, Theorem 3.4], extending [DM20, §1.7]
from the T = 1 case). It regards the description of the associated graded of the CoHA of symmetric quivers
with potentials with respect to the perverse filtration 3. We recall its statement and proof for completeness
and comparison with the case of the less perverse filtration £, defined for triple quivers with the canonical

cubic potential, that we define study later (from Section 5).

Theorem 2.2. Let Q be a symmetric quiver and W € C[Q] a potential. Let T’ be an auziliary torus acting
on the arrows of Q so that W is T'-invariant. Then, the cohomological Hall algebra product on &fg#
induces a Lie bracket on BPSg:W[—l] = Wl(dgw))[—l}. The associated graded of ﬂg# with respect to
the perverse filtration is a super-commutative algebra in PervZ (Mg ). There is an isomorphism of algebra
objects
’ T/
Syme(BPSG,w[~1] © He- (pt)) = PH(e/g i) -

Proof. We first prove that "H(szg /Vf,/’) is commutative. By the definition of the CoHA product at the sheaf
level, it suffices to consider the case W = 0. Indeed, if the perversely degenerated CoHA p”H(,QfQT /’w) is
commutative, the same is true for VH(&/QT /V;f) by applying the perverse exact vanishing cycle sheaf functor
OTr(w) since pH((pTr(W)mgyd,) = <pTr(W)"H(m§7d,).
It also suffices to consider the case T’ = 1 by faithfulness of the forgetful functor Perv? (Mg) —
Perv? (Mg). Thus, we only need to prove that the perversely degenerated CoHA P}-L(;zf/g ) is commutative.
We let P[—, —] be the commutator Lie bracket on W(ﬂ%g ). We would like to show that it vanishes. For

a contradiction, if it does not vanish, there exists i, j € IN such that the morphism

C: P (oy) OPH () — PH ()
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induced by the Lie bracket does not vanish. Since C' is a morphism between semisimple perverse sheaves,
there exists € M so that ¢5C does not vanish. The point x corresponds to a semisimple representation
M = @;:1 M]mj of @, where the M; are pairwise non-isomorphic simple representations of ). We let
M = {Mi,...,M,} be the set of simple direct summands of M and we denote by Qa its Ext-quiver.
There are embeddings of monoids
SV N~ — Mg
(mji<jcr = @ M;™
and
N N - Maqu
m=(mj)ij<r = Om

Mw) where (: N — N% is the monoid

There is an isomorphism of algebras Z*M’“H(ﬂg ) = zl’imp?-[(ﬂfé

homomorphism in Section 2.6. This comes from the étale local description of Mg around the image of ¢5/

by Mq,, around the image if o).

Moreover, by C*-equivariance, Z?{mﬂg =~ H* (xzi/gM) is the absolute cohomological Hall algebra for Q.
Since it is supercommutative [Efi12], its Lie bracket vanishes, and therefore so does the Lie bracket of
Z*Mp?{(dg ). It follows that ¢%C vanishes, and we reached the contradiction. This proves that "H(%g ) is
commutative.

We now prove that W(%g#) is isomorphic to Symp (BPSSiW[fl] ® Hg. (pt)) as a supercommutative
algebra.

Again, since @) is strict monoidal for [J and is perverse t-exact, it suffices to prove the statement for
W = 0. There is a natural morphism BPSg [-1] — ,ngg/’w. By using the HE. (pt)-action on dg’,w induced
by the choice of a determinant line bundle, we obtain the morphism 87385/ [-1] @ HE. (pt) — ,@75 " After
taking the perverse degeneration, this becomes a morphism of Lie algebra objects in Pervz(/\/lg). The Lie
brackets on both sides vanish. By the universal property of the universal enveloping algebra, we obtain a
morphism of algebras Symp (BPSS [—1]®Hg. (pt)) — pH(JZfQT/’w). To prove it is an isomorphism, it suffices
to prove it after applying the (conservative) forgetful functor Perv? (Mg) — Perv®(Mg). Then, it is a

consequence of the cohomological integrality isomorphism [DM20, Theorem A]. O

The commutator Lie bracket on JA/QT /Ml,/’ induced by the associative multiplication m¥ induces a Lie bracket
on BPSS:W[—I], which by taking derived global sections, gives a Lie bracket on BPSSW. This is the BPS

. . . T BP ’ .
Lie algebra. We may also use the more convenient notation n, i/ S+ = BPSS,W when convenient.

Corollary 2.3. We assume that BPSS’W is a free Hk, (pt)-module or that H*(BPSqw) carries a pure
mixed Hodge structure. Let B be the perverse filtration on the absolute cohomological Hall algebra Ag;{’, =
H*(MQTW}/’) Then, there is an isomorphism of algebras SymH;/(pt)(BPSS’W[u]) = Grm(H*(ﬂgm}p)) =

Gr¥ (Ag‘}é) where BPSS:W[u} = BPSS:W ®q Q[u] under an identification H&. (pt) = Qu].
Proof. The corollary follows by taking the derived global sections of Theorem 2.2. The freeness or purity of

BPSg_W over HY., (pt) is used to identify SymH*T/ (pt) (BPSg’W(@H* <(py) With H* (Symg (BPSg:W)@)H* . (pt))

via the equivariant Kiinneth formula. O

Corollary 2.3 applies for the triple quiver with the canonical cubic potential, as the BPS Lie algebra is

known to carry a pure mixed Hodge structure, by [Dav23].
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3. THE COHOMOLOGICAL HALL ALGEBRA OF PREPROJECTIVE ALGEBRAS

3.1. Preprojective algebras and moduli stacks. Let Q = (Qo, Q1) be a quiver. We denote by Q =
(Qo,Q; = Q1 UQ3P) the double quiver. It has the same set of vertices as @ and Q7 is the set of opposite

arrows, that is the set of a*: j — ¢ for a: i — j. We denote by p =" [, ] € C[Q)] the preprojective

ac
relation. The preprojective algebra of Q is the quotient C[Q]/(p) of the pzich algebra of @ by the two-sided
ideal generated by the preprojective relation.

We denote by My, the stack of representations of the preprojective algebra. Its set of connected com-
ponents is N@o and we have a decomposition My, = |_|deNQ0 Mm,.a where for d € NQO, M, .a is
the stack of representations of IIg with dimension vector d. It may be realized as the stacky Hamilton-
ian reduction of the stack of representations of Q. Namely, the moment map induces a GLg-equivariant
morphism pia: Xz 4 — gl (TasTar)acq, — Zate[xa,ma*], where GLqg acts on gly by conjugation.
Then, My, qa ~ ,ugl(O) /GLg. We also define the stack of exact sequences of representations of the pre-
projective algebra €racty, = | g qeneo €racty, g.a0 Where €racty, g9 = (Xgqa N ugid,(O))/GLd,d/
and GLg,qar € GLg4q/ is the parabolic subgroup of invertible matrices preserving a d-dimensional sub-
space. There are morphisms pq.q:: QEzcactHQ,d’d, — M, ,d+a’ and qq,q: G;actHQ,d’d, — My.a X Mg, ar
respectively sending a short exact sequence to its middle term and and its extreme terms.

We denote by M, = |_|d€NQ0 Mii, a the good moduli space of Myy,. It can be realized as an affine
GIT quotient My, .a = pg'(0)/GLa = Spec(C[ug'(0)]). It parametrizes semisimple d-dimensional
[Ig-representations. We denote by JHr1, q: M, ,a — M, 4 the good moduli space morphism (also known
as semisimplification morphism or Jordan—Hélder morphism in this case).

If T is an auxiliary torus acting on the arrows of @, we say that the preprojective relation p is homogeneous
if for any vertex i € Qo, e;pe; is homogeneous of some weight, where e; € C[Q)] is the idempotent at the ith
vertex. If we denote by w, € Hom(7”, G,,) the weight of the T-action on the arrow « € @, this means
that for « € @1, the weight wawa+ of aa® only depends on t(a).

If T’ is an auxiliary torus acting on the arrows on @ so that the preprojective relation p is homogeneous,
there is an induced action of 7" on My, and on My,,. We denote by zmg’@ and ./\/lql-;:g the correspond-
ing quotient stacks. The Jordan-Holder morphism JHp,, is 7"-equivariant, thus inducing a morphism

T . T’ T
JHpy,, + My, = My,

3.2. Determinant line bundles. We define a determinant line bundle over My, exactly as in Section 2.5
by replacing Mg by My, and €racty, by Cracty o Namely, this is a line bundle £ over My, such that in
the correspondence M, x M, & Cractyy,, LN M, ¢* (LK L) = p*L. We assume that L is positive in
the sense that for any C-point x € My, for the morphism act,: BGn, — My, given by the inclusion of

scalar automorphism of z, acttci (L) # 0.

Lemma 3.1. There exists a monoid homomorphism |—|: N@° — Z such that for any C-point x € M, d

the line bundle act:L on BGy, is given by the weight |d|-representation of Gyy,.

Proof. We write M, a ~ pg'(0)/GLg. There is a morphism of stacks ug: 3" (0) x BGy — M, a-
The pullback u}L is a line bundle over ugl(O) X BGy,. It is equivalent to the datum of a Z-weight on a
line bundle over u;l(O). We denote by |d| this weight. The compatibility of £ with short exact sequences

implies that |—|: N@° — Z is a monoid homomorphism. This concludes. 0

3.3. Dimensional reduction. Recall the triple quiver with potential (@, W) associated to a quiver ) from
Section 2.3. Let Jac(Q, /V[v/) be the Jacobian algebra associated to the quiver with potential (Q, W) There
is an isomorphism of algebras Jac(@, W) & TIg[w], where I is the preprojective algebra of @ and w =
Zier wj is a central element: the partial derivatives with respect to the w; impose the preprojcetive relation
while the partial derivatives with respect to the a and a* arrows impose respectively the commutation of

w with o* and «a respectively.
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We have the following dimensional reduction isomorphism due to Davison [Dav17] relating the CoHA of

the preprojective algebra and the of triple quiver with its canonical cubic potential. Let
.o T’ T
VI i)ﬁQd — m§7d

be the natural forgetful morphism, where @ is the doubled quiver. We have a product decomposition

(31) mgd :de XBGLg4 de

where L is the quiver with vertices Qg and loops w; at each vertex i. We let Q;;;T, = szg’ . [—(d,d)g]
Mg .d Q-

and vmzer’ = szT’ [—(d,d)g] is defined as in Section 2.7. Then applying dimension reduction [Dav17],

where we con51der the C* action scaling the loops, gives an isomorphism of complexes
3.2 DQ. oy i QU
(3.2) mr Q QDTr(W)QmS’d

We have a commutative square

T T’
Mo — Mg

where 7/ is the morphism induced by 7 between the good moduli spaces.
Taking cohomology gives an isomorphism of N?° x Z-graded Hy» (pt)-modules
. T’ B vir ~ vir
(33) DRaq : H(méyda QOTr(W)Qgﬁgd) - ( HQ d?DQgﬁg;? d)'
3.4. Cohomological Hall algebra structure. Let () be a quiver. We consider an auxiliary torus T’

acting on the arrows of Q) so that the preprojective relation is homogeneous. We let %ﬁrc; = JHL DQVm"T,

DF (MT/ ). Using the closed immersion MTI — MZ' which induces a fully faithful functor DF (ML Q)
Df (Mg), we may consider JZZHT as an object in D+(MT ) when convenient.

There is a unique extension of the 7" action to the arrows of Q so that the canonical cubic potential TV
is T'-invariant.

We define CoHA structure on o7 T from the CoHA structure on /= g W of the CoHA of the triple quiver
with cubic potential via dlmensmnal reduction. It is defined so that above dimensional reduction isomor-

phism Equation (3.2) is an isomorphism of algebras: we have

i, =, ,5275 W
We will as usual twist the CoHA product on both sides by a bilinear form 1 as in Section 2.7. We denote
by gfgc; and d < lw the resulting twisted algebras.

By taking derlved global sections, we obtain the cohomological Hall algebra structure on AE/Q =

H*(MHTC;) Taking the 9-twist into account, we obtain the algebra Aﬁ;w

3.5. Support Lemma and Less Perverse filtration. We saw that the dimensional reduction morphism

(Equation (3.2)) is an isomorphism of complexes. Combined with the Integrality Theorem 2.2, this gives

a integrality theorem for the pushforward (JHT ) DQ;T, , where we may treat ]D)Q‘”r as a complex on
g

smg via the closed immersion imﬁlQ — Sﬁg . By forgetting the additional loops w; at Vertices, we obtain a

commutative diagram

T’ i T’
SDTQ — ﬂﬁa
JHg l Lﬂ%

T T’
Mg — Mg

The dimensional reduction isomorphism together with the integrality gives an isomorphism of complexes
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(3.4) (9HE).DQy, = Symp (w BPST [ 1]®HC*(pt)>

smT’ -

The sheaf w;BPSgW[—l] is perverse sheaf on M% . This is a consequence of the following support

lemma, proved in [Dav23].

Lemma 3.2 (Support lemma [Dav23, Lemma 4.1]). The support of the sheaf BPS gy is contained in the
closed subvariety of MQ consisting of representations where for each vertex i € Qq, the actions of all the
loops w; are given by a single scalar multiple of the identity. In particular, there exist a semisimple perverse
sheaf BPSu, on Mg such that
BPS gy = L(BPSn, B Qi)

where I : Mg x Al — My is the closed embedding given by sending a representation p of Q and a scalar
A € Al to the representation j of Q defined by p(a) = pla) for a € Q, and p(w;) = A -id for each vertex
1€ Q.

In the presence of an auxiliary torus 7", all complexes and perverse sheaves appearing in Lemma 3.2
are T’-equivariant, and we let BPSE/Q € Perv(/\/lg@) be the corresponding perverse sheaf, which satisfies
T’ ~ T ir
B”PSQW =~ l*(BPSHQ XQRY)-

By Equation (3.4) and Lemma 3.2, we have isomorphism of complexes

(3.5) (3HL). ]D)QV“T, ~ Symg (BPSHQ ® He- (pt))

Since BPSE,Q is semisimple T’-equivariant perverse sheaf, the complex of constructible sheaves (3.5)
splits, which means that

(JHS ).DD iy = ~ P P ey (L;ldim(Z))[-i].

1€2Z>0 JES:
where Z; C MHQ}d are T’-invariant locally closed irreducible smooth subvarieties of MHQ,d and L; are

T'-equivariant simple local systems on Z;.

For any 4, applying the natural transformation P(7<%) — id, gives a split morphism

Pr<((3HG).DQyr ) — (JBG ). DQy
Q Q

Therefore, the morphism

eiAr od: _H*(MHQd, <Z(JHT 4Dy )—>AHQd

induced by taking derived global sections is an injection, giving an increasing filtration, called the Less

Perverse Filtration which starts from degree 0, i.e we have

’Q.AHQ d — (0 g SOAIZI—‘Q,d g EIAHQ d = AHQ d)

It is proved in [Dav25, Proposition 5.1] that the Less Perverse filtration is compatible with the CoHA
multiplication on .AEIQ. This follows formally from the fact that the CoHA multiplication m: .szfl-}:; Ddg; —
%Ii; at the sheaf level is a morphism of constructible sheaves and standard properties of t-structures. Thus,
we have induced graded algebra structure on the associated graded algebra

Gr®(Afr,) == @ L' AL, /£ Af,,
i>0

The algebra structure on Gr* (AE,Q) is denoted by Pm. The commutator Lie bracket induced by the
algebra structure on Gr® (AEIQ) is denoted by 7[—, —].

The main goal of this paper is to precisely describe the algebra Gr*® (Ag;) in terms of the BPS Lie algebra
of HQ.
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4. CoPRODUCT ON COHAS AND AFFINIZED BPS LIE ALGEBRAS

In this section we define a coproduct structure on the CoHA of the triple quiver with the canonical
cubic potential, and use it to define the affinized BPS Lie algebra (Section 4.2). Note that CoHAs of
arbitrary quivers with potentials carry the localized coproduct of Davison [Dav17] and the advantage of the
triple quiver with its canonical potential is that one can define an actual, non-localized, cocommutative
coproduct, leading the the definition of the affinized BPS Lie algebra.

4.1. Coproduct for the CoHA of the triple quiver. Let ) be a quiver. Recall (Section 3.3) that there
is an isomorphism of algebras Jac(Q, W) = TIg[w] between the Jacobi algebra of the triple quiver with its
canonical cubic potential and the polynomial algebra over the preprojective algebra.

Let U C C be any analytic open subset. Then, we define smgd - E)JYQ,d to be the open (analytic) substack
of representations, such that the generalized eigenvalues of w; for all i € )y are all inside U. We can similarly
define the coarse moduli space ./\/l% 4 8 an analytic open subvariety of Mg 4. Let Sﬁ% = Hﬂﬁg d and

/\/lg2 =11 ./\/lg 4 Given a short exact sequence of representations
0—p1—p2—p3—0,

the eigenvalues of p;(w) and ps(w) are in U if and only if the eigenvalues of ps(w) are in U. This means
that the full subcategory of representations of Q such that the eigenvalues of the extra loops at vertices are
in U forms a Serre subcategory. From [DM20, Section 3|, we have that for any open U C C,
AGw = B HOMG 4 (enqi)io)
deN@Qo
has a structure of cohomological Hall algebra. Given two open sets U; and Us such that U; C Us, we have

open immersion Smgl — zmgQ and thus the restriction morphism in cohomology gives morphism

U. U
PU,U; ¢ AQZ,W — AQI,VV

Then using the functorial properties of vanishing cycles and proper base change, it is checked in [Jin25,
Proposition 6.1.3] that this morphism is compatible with the CoHA structures on both sides, i.e., it is a
morphism of algebras. When U = C is the full affine line, we denote this morphism by py, := pc v, -
When the set U is an open ball (in particular, U is contractible) then as a consequence of the support
lemma, it is proved in [Jin25, Proposition 6.1.4] that the restriction morphism is an isomorphism of algebras,

i.e we have an isomorphism of algebras
PU AQ,W = A%,W
Let U; and Us be two disjoint open subsets of C. Then, we have a closed embedding of stacks
Uy Us U1UU5
m g % m 5 m 5
U1UU2

Jac(Q,W)
of IIg with endomorphism p(w) such that eigenvalues of p(w) are in Uy U Us. Since p(w) commutes with

given by taking direct sum of representations. Suppose p € M - SmglUUz. Then p is a representation

I1g-action, the generalized eigenspaces of p(w) are IIg-submodules. Thus, we have a decomposition

p= P -

z€UUU,

where p, is the generalized eigenspace of p(w) with eigenvalue z. Since U; and Us are disjoint, we have
that p = py, @® pu,, where py, = GazEUi p~. This shows that the above closed embedding restricts to an

equivalence of stacks
U, mUQ ~ mUluUQ
Jac(Q,W) Jac(Q,W) = 7 Jac(Q,W)"
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Using the Thom—Sebastiani isomorphism and deformed dimensional reduction theorem, it is proved in

[Jin25, Proposition 6.1.5] that the above equivalence of stacks induces an isomorphism of algebras
U1UU5 ~ Uy Us
A" = Asw @A

Now let U; and U; be any two disjoint open balls in C. Then we have the following commutative diagram
of algebra morphisms:
A
Agw —=7 » Agar @ Agw

pU1UU2l Tﬂ[}ll(@p;];
U,UUs U, Us
Agw - = Asw @ Aow

defining the coproduct A as the unique morphism making the diagram commute. It is proved in [Jin25,
Proposition 6.1.10, 6.1.11] that this coproduct is coassociative and independent of the choice of open balls
Uy and Us. Intuitively, since U; and Us can be exchanged via a homotopy, one can expect the coproduct to
be cocommutative. It is indeed proved in [Jin25, Proposition 6.1.12] that the coproduct A is cocommutative
up to a sign, i.e we have

Age = (—1)>eca de@euates@di@ g (A, 4).

where 0: Ap i @ Ag i = Ag w ® Ag 4y is the braiding morphism defined by o(a®b) =b® a. We define
the twisted coproduct
AX AQ,W — AQ,VV ® AQ,VV
by Aﬁ’e = (—1)X(de) A4, where y is the euler form of the quiver Q. Tt is immediate to check that the
twisted coproduct AX is coassociative and cocommutative. Furthemore, since A is compatible with the
CoHA multiplication then as checked in [Jin25, Proposition 6.1.13], AX is compatible with the twisted
CoHA multiplication defined in Equation (2.4) for the particular case ¢ = x. Let us denote the twisted
P
CoHA by A oW

4.2. Affinized BPS Lie algebra. Let P be the set of primitive elements of the cocommutative coalgebra
(] .
(A@’W,AX), ie.,
P=f{r el |AXz) =201+ 100},

Since AX is compatible with the CoHA multiplication on Ag i 1t follows that P is closed under the
commutator Lie bracket [a,b] = ab — ba. Thus, P has a structure of Lie algebra. We call this Lie algebra
the affinized BPS Lie algebra associated to the quiver @ and denote it by g%ﬁw.

+,BPS :

It follows from the support lemma (Lemma 3.2) that ng,  ®@He- (pt) C ggfw, where nE’QBPS is the BPS

Lie algebra defined in [Dav25]. By the Milnor-Moore theorem, we have injections of algebras
U™ @ He (pt) C U(gAT,) = A% ..

By the integrality theorem, this composition is an isomorphism of algebras and hence we have a canonical

isomorphism of graded vector spaces

BPS ~
nf{’Q ® He- (pt) = ng
and an isomorphism of algebras
Un?" @ He (pt) =2 AY .

Note that the Lie bracket on ng’QBPS ® He-(pt) is not usually the trivial HE. (pt)-linear extension of the

Lie bracket on nﬁrQ [Dav22; Jin24]. It is not yet known what the actual Lie bracket on the affinized BPS
Lie algebra is. See however Proposition 5.11 for a statement regarding the degree 0 cohomological piece. In

this paper, we determine the less perverse degeneration of this Lie bracket.
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5. LESS PERVERSE DEGENERATION OF THE AFFINIZED BPS LIE ALGEBRA

In order to compute the less perversely degenerated affinized BPS Lie algebra, we recall the definitions
of raising and lowering operators on the cohomological Hall algebras of quivers with potentials and prepro-

jective algebras.

5.1. Raising operators. Let (Q, W) be a quiver with potential, £ a determinant line bundle over g, and
u = c1(L) € H* (M) the first Chern class of L. We consider the morphism [ := Detxid: Mg — BG,, x M.
The function Tr(WW) on the source coincides with the pullback of the function 0 8 Tr(W) on the target,
giving a natural pullback morphism in vanishing cycle cohomology
I": H*(BGw) @ H' (Mg, ene(wy) = H (Mg, o)) »
inducing an action of H*(BG,,) & Q[u] on Agj)w
The following is proven in [Dav22, Proposition 4.1].
Proposition 5.1. Let (Q,W) be a quiver with potential. The morphism ue— = [*(u® —): .Ag%v — Ag’b%/v

is a derivation.

When we consider the triple quiver with its canonical cubic potential (Q7 W), we obtain a derivation of
Aﬁ/;). It may be defined directly in terms of My, by adapting the definition, replacing I: Mg — Mo xBGy,
by I’ := Det xid: M, — BGumxMi, and using that l’*(QBGmXDQ"m‘YHQ) = ]D)QVM‘THQ. Here, Det: My, —
BG,, is the morphism describing the determinant line bundle L.

5.2. Lowering operators. Let (Q, W) be a quiver with potential. We define a morphism of stacks
A: BG,, X WQ — SDTQ

given by (L', F) — L' ® F at the level of X-points for X a scheme, where £’ is a line bundle over X and
F is a flat family of @-modules over X. This makes the stack 9y a module over BGy,. The pullback in
cohomology

AT H (Mg, prewy) = H(BGw) @ H (Mg, oo (wr))
makes .Ag%v a comodule for the coalgebra H*(BG,,). We write for a € Agﬁ,‘,, A*(a) = 3, 50u" ® ay,
defining the coefficient «,, € Ag %,V The following is [Dav22, Proposition 4.2].

Proposition 5.2. The morphism

Oy 1 AYYW = AT
o d [e%1

is a derivation of of Ag’%,v

Again, when (Q, W) is the triple quiver with its canonical cubic potential, we obtain a derivation on ASQ

which can be defined directly in terms of My, .
Lemma 5.3. Let Q be a symmetric quiver and W € C[Q)] a potential. Then, 0,(BPSq w) = 0.

Proof. After pushing the vanishing cycle sheaf on 9ty to the good moduli space, the pullback morphism

5’}{@2 — A,(Qpg,, X QQ,’J?Q) gives a morphism of contructible complexes
A5 — H* (BGm) @ 7.

After taking derived global sections, this morphism gives the morphism A* in critical cohomology. By
formal properties of t-structures, the morphism A* respects the respective perverse filtrations on Ag)%/v
and H*(BG) ® Agp%,[, Identifying H*(BG,,) with Q[u], u™ sits in perverse degree 2n. Therefore,
A*(BPSqgw) C B='(H*(BG) ® Agp)w) = BPSq,w. In particular, for x € BPSgw C .Agj%,v, A*(z) =z
has no terms with positive u-degree. This implies that 9, (z) = 0.

O



18 LUCIEN HENNECART AND SHIVANG JINDAL

5.3. Heisenberg algebra action. We define the Heisenberg Lie algebra Heis as the Lie algebra over Q
with basis {p, ¢, ¢} and Lie bracket given by [q,p] = ¢, [¢,p] = [¢, q] = 0.

We let @ be a quiver and £ a determinant line bundle over M. Since Mg ~ Xg a/GLqg and X 4 is an
affine scheme, the restriction L4 of £ to Mg q is given by a one-dimensional representation of GLg, that is
by some representation GLg — BGm, (9i)ieq, = [licq, g;*" for some integers rq; € Z. The compatibility
with exact sequences (Section 2.5) ensures that rq,; does not depend on d and also by the non-degeneracy

of £ (Section 2.5) that either r; > 0 for all i, or r; < 0 for all i. For d € N%°, we let |d| := > icqo diri-
Proposition 5.4 ([Dav22, Proposition 4.3]). For any d € N0, there is an action of Heis on Agp%,[, where
p acts via ue — and q by 0,. The central charge of the Heis-action on Ag%v,d is |d|.

<

We have the following lemma that generalizes Lemma 5.3

Lemma 5.5. The action of 9, decreases the Less perverse degree by 2 and action of u e — increases the

Less perverse degree by 2, i.e we have

3u (£ (Amg.a)) € £ (Ang.a)
and
ue (£(Ang.a)) C £ (Ang,a)-

Proof. The morphism A* in Section 5.2 is defined by taking derived global sections on the morphism of

constructible complexes

a: (JHQ)*QOTr(W)(QVQﬁHQ) — (JH). A+(QBa,, X ome(w) (ngizré))

Since the morphism A commutes with the semisimplification, we have a commutative diagram

A
BGp x My —2— Mg

J/TFQ J,JHQ
JHg5

Q
My ——2— Mg

N
My ———— Mg.

Thus we have
(JHg)» Ax(QBa.. B onw)(@,)) = H(BGm, Q) @ (Hg)«mew) Qi)

Pushing forward by the forgetful morphism 7/ and using dimensional reduction (Equation (3.2)), we get

an isomorphism of complexes

W;(JHQ)*A* (QBGm X @Tr(W)(Q;}IrQ)) =~ H* (BGHU Q) & (JHQ)*DQ;),}{HQ*{

Thus, the morphism

<i <i vir <i vir
Pr= 7Tia: Pr= (JHQ)*DQEUIHQ@ — Pr W;((JHQ)*A*(@BGH, X SDTr(W)(QEmQ)))

factors through

&j20H* (BGw, Q) ® 7= JLDQyy
Taking derived sections, the first claim follows. The second claim is similar and is proved in [BD23,
Proposition 5.7].
O

Lemma 5.6. The action of 9,, on nE’QBPS ®q (uQ[u)) is injective. Moreover, for d € N0, x € BPSg w.a

and n € N, 0, (xu") = n|d|zu"~ 1.
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Proof. The derivation 0, sends nf{’QBPS ®qQ Qlu]deg<n tO n;’QBPS ®q Q[u]deg<n—1 for any n > 1 and therefore,

for the injectivity, it suffices to show that for =z € nEQ’d and n > 1, writing 9, (zu™) = Z?:_ol x;,uj , the
coefficient /,_; is non-zero. One may indeed prove by induction on n > 1 that 9,(zu™) = n|d|zu""!,
which would conclude. For n = 1, the formula may be written 9, (xu) = |d|z, which follows from 0, (zxu) =
[Ou, u]z + udy(x) = [Oy,u]x = |d|x, using Proposition 5.4, since 9, (x) = 0 (Lemma 5.3). The formula for

general n follows by induction, Proposition 5.4 and

Oulzu™) = [0y, u)(zu" ") +u e Oy (zu""1) .

5.4. The less perverse associated graded of the preprojective CoHA.

Theorem 5.7. Let Q) be a quiver and nﬂfps the BPS Lie algebra for the preprojective algebra Ilg of Q.

We let nﬁ;@BPS[u} = nE’QBPS ® Hg. (pt) be the affinized Lie algebra where u is the first Chern class of a
determinant line bundle £ on My,. Then, nJH“QBPS[u] C Aﬁ@ is a subspace that does not depend on the
choice of L, it is stable under the less perversely degenerated Lie bracket *[—,—] on H*(ﬂfﬁg) = Aﬁ@ and

for any d,e € N9, z € n;’;gs, Yy € nﬁ’Q]%ePS, m,n € N, we have

dm n
A .

+
= fa e o

)

where we denote by [—,—] the Lie bracket on the BPS Lie algebra n;{;?BPS.

Proof. The existence of the affinized BPS Lie algebra structure on nﬂfps[u], that is that ng’QBPS[u] C Aﬁ@

is realised as the space of primitive elements for a cocommutative coproduct on A’ﬁQ (Section 4.2) implies

that nJHrégBPS[u] is stable under the Lie bracket on Aﬁ@ and therefore under the perversely degenerated Lie
bracket P[—, —]. Let x,y € nf{’QBPS and m,n € N. Then, zu™ and yu™ respectively sit in less perverse

degrees 2m and 2n. Therefore, the Lie bracket [zu™™,yu"] sits in cohomological degree < 2(m + n) and
by Lemma 5.5, the perversely degenerated Lie bracket P[zu™, yu™] sits in less perverse degree < 2(m + n).

This means that there exists z € nﬁ’QBPS such that Plzu™, yu"] = zu™™. It remains to identify z with

A" el [ 1
‘d+e|m+n Y HQ

If m =n =0, then z = [z, y] by definition of the BPS Lie algebra. If m > 0 or n > 0, then m+n > 0
and zu™*" is determined by 9,(zu™*") by Lemma 5.6. Since 9, acts as a derivation, 9, (zu™*") =

P[Ou(zu™), yu™] + Plzu™, 8, (yu™)]. We have by Lemma 5.6

PS, by induction on m + n.

Du(zu™ ™) = (m +n)|d + e|zu™" 1

and by Lemma 5.6 and induction on m + n,

p m n p m—1 n |d|m—1|e|n m+n—1
and
P m n p m n—1 |d‘m‘e|n—1 m+n—1
[zu™, Oy (yu™)] = Plzu™, |elnyu" "] = n|e|m[m,y]u .
By comparing the formulas, we obtain z = %[l‘, y] as wanted. O

Corollary 5.8. Let i) be a bilinear form as in Section 2.7. Then, the subspace nﬂ’QBPS ® Hg. (pt) € AﬁQ

is closed under the less perversely degenerated Lie bracket, which is given by the formula in Theorem 5.7.

Proof. As noted in Section 2.7, the bilinear forms 1 and the Euler form x differ by a symmetric bilinear
. ,BPS ,BPS

form, which we denote by ¢. Then, for any d,e € NQ, z ¢ nHQ’d [u] and y € nEQ’e [u], [z,y]ly =

(—=1)#(@e)[z y],. This proves the stability of nﬁ’@BPS[u] under P[—, —], and also the formula for the Lie

bracket by using Theorem 5.7. O
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Corollary 5.9. Ford € N9 we set uly = rar- Then, the Lie bracket on ny BPS[ 'T'= Pgenao nEQBPS[u:i]

is the Qu']-linear extension of the Lie bracket on nﬂQBPS

Proof. This follows directly from Theorem 5.7. O

Corollary 5.10. In the situation of Theorem 5.7, there is an isomorphism of algebras
BPS *
U PP ) — (7 (oA, = Ay, Pm?) = GréAf

where Pm¥ denotes the perversely degenerated CoHA product on H* (,Qflfo) and n{p BPS[ | has the |—|-twisted

Qlu]-linear extension of the Lie bracket on n;{fps, defined by the formula in Theorem 5.7.

Proof. By Theorem 5.7 and Corollary 5.8, the morphism nJr BPS[ ]

— GrEAﬁQ is a morphism of Lie algebras
where both sides have the less perversely degenrated Lie bracket [—, —]. By the universal property of the
enveloping algebra, we obtain a natural morphism of algebras U(HE;BPS[U]) — Grf Aﬁ@. By the PBW
isomorphism for enveloping algebras and the PBW isomorphism for the perversely degenerated CoHA, we

obtain a commutative diagram in which the diagonal arrows are isomorphism of vector spaces:

Sym(nf;: > [u])

PBW &B\i\l

U(nf " [u]) GroAj,

Therefore, U(n};’ BPS[ ) — GrEA%wQ) is an isomorphism. This concludes. O

5.5. The degree zero affinized BPS Lie algebras. In this section, we determine the degree zero affinized
BPS Lie algebra H°(BPSn,,) ® Hg. (pt) (without taking any degeneration). We show that it is a trivial
extension of the positive part of the Kac—-Moody algebra of the real subquiver of Q.

Proposition 5.11. Let Q be a quiver. Then, the degree zero affinized BPS Lie algebra na.e [u] = ngre ®
Hg. (pt) € n; BPS @ He,. (pt) C .Ald-iQ is stable under the Lie bracket and for any x,y € ngm, m,n € N,
[zu™, yu"] = [z, y|u™T", that is the Lie bracket on ngm [u] is the trivial |—|-twisted H&. (pt)-linear extension
of the Lie bracket on nae.

Proof. Let # € HY(BPSn,a) = né,ed, y € HY(BPSn,.e) = ngree and m,n € N. Then, zu™ and
xu™ respectively sit in cohomological degrees 2m and 2n. Therefore, the Lie bracket [zu™,yu™] sits in
cohomological degree 2(m + n). Additionally, by Theorem 5.7,

m+n—1

[ m Z J_|_ |m|e|n [ ] m-+n
xu™, yu"] a;u At ot z,ylu

with a; ; € H*(BPSn,,) = n; BPS  Since n+ BPS is concentrated in nonpositive cohomological degrees, a;u’

m—i—n 1

sits in cohomological degrees < 2(m + n) for 0 < j < m+ n. Therefore, we must have » " ajul =0,

which concludes. O
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6. LESS PERVERSE DEGENERATION FOR THE SHEAFIFIED AFFINIZED BPS LIE ALGEBRA

6.1. 2-Calabi—Yau abelian categories. In [DHM22], we defined and studied the BPS Lie algebra of 2-
Calabi—Yau abelian categories satisfying some geometric assumptions. The BPS Lie algebra is defined as
the positive part of a generalized Kac-Moody Lie algebra at both the sheaf (over the good moduli space)
and absolute levels. We recall here our main geometric assumptions from [DHM22].

We let C be an abelian category which is a finite length abelian category of the homotopy category of
a C-linear dg-category €. We assume that the stack of object M of C is a 1-Artin open substack of the
stack of objects My of € [DHM22, §5.1.1]. We further assume

(1) The morphism p: Eract; — M from the stack of short exact sequences to the stack of objects of C
keeping the middle term is proper and representable [DHM22, Assumption 1].

(2) Each connected component of M has the resolution property [Tot04], and the RHom complex
over Me x M is quasi-isomorphic to a complex of vector bundles over each connected component
[DHM?22, Assumption 2].

(3) The stack M has a good moduli space JHe: Me — M and Mc is a scheme [DHM22, Assump-
tion 3.

(4) The direct sum morphism &: M¢ x Me — M is finite [DHM22, Assumption 4].

(5) For any collection of pairwise non-isomorphic simple objects F := (Fi,...,F,) of C, the full dg-
subcategory of ¢ generated by F carries a right 2-Calabi—Yau structure [DHM22, Assumption 5].

(6) There is a positive determinant line bundle over 9. That is, there is a line bundle £ over M
such that for any C-point = € M, the morphism act,: BG,, — ¢ given by the inclusion of scalar
automorphisms of x, act’(¢1 (L)) # 0.

Under these assumptions, one can define and study the cohomological Hall algebra A¢ of C and also its
sheafified version 274, as an algebra structure on the complex of constructible sheaves (J HC)*DQVW“C. As usual
and explained in [DHM23, §8.1], we twist the CoHA product by a bilinear form v : 7o (M) x 7w (M) — Z/2
such that the symmetrization of ¢ is the Euler form (—, —). We denote by dcw and Ag the twisted algebras.
Moreover, there exists a Lie algebra object BPS: € Perv(Mc) together with a canonical morphism of
Lie algebras BPS: — szcw. Using the HE. (pt)-action on szcw induced by the choice of the determinant
line bundle, we obtain the morphism BPS¢ ® Hg. (pt) — Mcw. By evaluating symmetric tensors via the

cohomological Hall algebra product, the cohomological integrality isomorphism holds:
Y =2 Symy (BPSc @ H. (pt)) .

We refer to [DHM22; DHM?23] for details.

6.2. Local neighbourhood theorem for 2-Calabi—Yau categories. We recall the local neighbourhood
theorem for 2-Calabi—Yau categories from [Dav24]. Let C be an abelian category satisfying the assumptions
of Section 6.1. Any closed point x € M¢ corresponds to a semisimple object F = @;:1 f]-m 7 where the F;
are pairwise non-isomorphic simple objects of C. We let Q be the Ext-quiver of {F;: 1 <i < r} and @ a half
of @ (Section 2.6). Then, there exists an affine pointed scheme (4, y) with a GLum = [[,<;<, GL,-action
and a diagram with Cartesian squares and étale horizontal morphisms o

(mHQ,myom) D— (A/Gay) — (mC7I)

g | | [

(Mng,m,O0m) +— (4/G,y) —— (Mc,T)

In particular, one can identify the fiber of JHe over T and the fiber of JHp, over Om,.
In [DHM23], the first author together with Davison and Schlegel Mejia exploited this theorem and the
following comparison result (Proposition 6.1) to describe the BPS Lie algebra of 2-Calabi-Yau categories

by generators and relations.
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We let F = {F1,...,F} be a set of pairwise non-isomorphic objects of C and

1F: N7 — Me
(mi)icicr = @i F™.
We also let
Nl - N” — MHQ

(mi)i<i<r —  Om.

Proposition 6.1 ([DHM22, Corollary 7.3]). There is a natural isomorphism of algebras i'z.o/e = i@, -
After taking the perverse degenerations, there is an isomorphism of algebras fi”H(dc) > z%\mp’?-l(;aan).

Lemma 6.2. There exists a monoid homomorphism |—|: mo(Mc) — N such that |a| # 0 for any a # 0
and such that, for any a € mo(Me) and x € M 4, the composition BGy, — Me — BGy, given by the
inclusion of scalar automorphisms of x and the determinant line bundle L over My, is described by the

one-dimensional representation of Gy, of weight |a|.

Proof. Let a € mo(M¢) and x € Me o be a closed C-point. Then, the composition BG,, — BGy, of the
lemma is given by a one-dimensional representation of Gy, of weight w,, € Z ~ {0}. It suffices to show that
w,, only depends on a, giving a well-defined integer |a| = w,. Then, the compatibility of £ with short exact
sequences implies that mo(M¢) — Z,a — |a| is a monoid homomorphism.

To show that w, only depends on a, it suffices to show that it is locally constant. In an étale neighbour-
hood of z, M is described by My, for some quiver @, by the local neighbourhood theorem (Section 6.2).
The result then follows from the result for My, (Lemma 3.1). O

6.3. The sheafified less perverse associated graded of the affinized BPS Lie algebra for 2-
Calabi—Yau categories. We denote by ¢: mo(M¢) X mo(Mc) — Z/2Z a bilinear form such that the
symmetrization of ¢ coincides with the Euler form of €.

Since we work with the perversely degenerated CoHA products in this paper, we can drop the ad hoc
[DHM22, Assumption 7] which is the associativity of the CoHA product on déw) = JH*DQ‘S’}{C thanks to

the following proposition.

Proposition 6.3. The less perversely degenerated CoHA product PH(m(¥)): ,Qic(w) Ll ,;zfc(w) — ,Qic(w) 18 asso-

ciative. The less perversely degenerated CoHA product on A(Cw) 18 associative.

Proof. The associativity of Aéw) follows from that of .dc(w) by taking derived global sections; and the
associativity of @ and dcw can be proven in the exact same way. Therefore, it suffices to prove that o
with the product PH(m) is associative.

The associativity is the equality of the morphisms PH(m)o (id o, IPH(m)) and PH(m)o (PH(m)Hidz, ) from
%Cm — c. We let D be the difference of these two morphisms. Since it is a morphism between Z-graded
semisimple perverse sheaves, the morphism D vanishes if and only if it vanishes at any point x € Mg, i.e.
if 2, D vanishes for any 2 € M¢. The point 2 corresponds to a semisimple object F = EB;zl ]-"j@mj in C
where the F;’s are pairwise non-isomorphic simple objects of C. We let @ be the Ext-quiver of {F1,...,F}

— Section 2.6. This is the double of a quiver Q). By Proposition 6.1, there is an isomorphism of algebras
(6.1) (p e, ie"H(me)) 2 (g g, i "H (i)
Since (1, , mi,, ) is associative (by [DHM22]), my,, o (m,, Uidez,, ) —mi, O(idgan Cmp,) = 0. Therefore,
we also have

pH(an) o (p'H(mHQ)) - idFH(an)) — pH(an) o (ide(g{HQ) - pH(an)) =0.

After applying Z!Nil, we obtain

Zi\lilm(mﬂq) o (Zi\lilp}[(mHQ)) Lid,, m(ﬂn@)) - Zi\lilm(mHQ) o (id,;

UNil N ”

H () o Z!NilpH(mHQ)) =0.
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By the isomorphism of algebra (6.1), we obtain z!iD =0 and in particular, 2\, D = 0 since x belongs to the
image of 1x. 0

Theorem 6.4. Let C be a 2-Calabi—Yau abelian category satisfying assumptions Section 6.1. Then, the less
perversely degenerated Lie bracket on ﬂcw induces a Lie bracket on BPS¢ ® H¢. (pt). This Lie bracket is
the |—|-twisted Hg. (pt)-linear trivial extension of the Lie bracket on BPS.

Proof. We consider the natural morphism ¢: BPS¢®Hg. (pt) — szcw induced by the morphism BPS: — @
and the HE. (pt)-action on ;zfcw coming from the choice of a positive determinant line bundle £. After
taking the associated graded with respect to the less perverse filtration, it gives a monomorphism BPS¢ ®
Hg. (pt) — PH(JZ{Cw) in the category PervZ(Mc). The Z-graded perverse sheaf W{(szcw) has the associative
algebra structure given by ¥} (m"¥) (the so-called less perversely degenerated CoHA product), Proposition 6.3.
We would like first to prove that induced Lie bracket ¥—, —] on PH(</)’) preserves the subobject BPS¢ ®
HE. (pt). We consider the composition

M2 _
E: (BPSe ® Hi. (pt)P2 s PH(e/)P2 "7 vy (ar?) = coker(P[—, ] 042) .

We have to show that this composition vanishes. Since this is a morphism between Z-graded semisimple
perverse sheaves, it vanishes if and only if it vanishes at any point x € M. If it does not vanish, we let
G C coker(?P[—, —]02™2) be a simple direct summand of the image of E. We fix z € M a point in the support
of G so that the stalk of G at x is non-zero. The point = corresponds to a semisimple object F = @;:1 .7-";9 i
in C. Welet F = {F;:1<j <r} be the corresponding set of simple direct summands of . Then, z!zE
coincides with the analogous morphism Ep, obtained for C = Ilg, where @ is half of the Ext-quiver of F,
by Proposition 6.1. Since the latter does not vanish, there exists a direct summand H C coker(sr,,) such
that O lies in the locus where H is given by a local system so that zi\m’H # 0. We also have 1{;H # 0.
However, by C*-equivariance, 5, = H*(H) and we obtain a contradiction with Theorem 5.7 which states
that H*(Er,, ) vanishes (since BPSy, ® Hg. (pt) is stable under the less perversely degenerated Lie bracket).
Therefore, BPS¢ ® HE. (pt) is preserved by the less perversely degenerated Lie bracket P[—, —].

The Lie bracket *[—, —] on BPS¢ ® Hg. (pt) induces for each m,n € N and a, b € 79(M_) a morphism

Coap.mn|—m —n]: pHm(BPSQa ® He. (pt)) O pHn(BPSQb ® Hg. (pt)) — pymEn (BPSc.a+b @ HGx (pt))

and therefore a morphism Cl pm n: BPSc,qo L0 BPSc iy = BPSc o1b-
To identity the Lie bracket P[—, —] on BPS¢ @ Hg. (pt) with the |—|-twisted H§. (pt)-linear extension of
the Lie bracket of BPS¢, we consider for each m,n € N and a,b € mo(9¢) the difference

a|™|[b|™
Da,b,m,n = Ca,b,m,n - |a|—i|—b|m|+"

[—,—]: BPS¢ o D BPScy, = BPSc.a+b

where [—, —]: BPScEBPS: — BPS: denotes the Lie bracket of the sheafified BPS Lie algebra BPSc. The
goal is to prove that it vanishes. Again, we prove this vanishing using a local argument based on the local
neighbourhood theorem of Section 6.2. If this morphism does not vanish, then there exists a point x € Mg
such that, denoting by u,: {z} — M the inclusion, z;Da,bmm # 0. We pick a simple direct summand G
of BPS¢c [ BPSc such that the restriction of z!szb,mm to 2,.G is non-zero. The point z corresponds to a
semisimple object F = @;_, F;"* of C, where the F;’s are pairwise non-isomorphic simple objects of C. We
let @ be the Ext-quiver of F = {Fi,...,F,}. It is the double of a quiver Q. We let d,e € N%° be such
that ini(d) = a, ini(e) = b.

By Proposition 6.1, Ny Dd.e.mn 7 0 and 80 Dg e m.n 7 0 does not vanish on a simple direct summand
G’ of BPSn,, O BPSn, such that 1,G’ # 0. Then, 153G’ # 0 and by taking derived global sections, we
obtain a contradiction with Theorem 5.7. This concludes and provides the formula for the less perversely
degenerated Lie bracket on BPS¢ ® Hg. (pt). O
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A special case of Theorem 6.4 is the situation C = rep(Ilg) for some quiver ), which we write explicitly

for later use. It provides a sheaf-theoretic enhancement of Theorem 5.7.

Corollary 6.5. Let Q be a quiver and Ilg be the preprojective algebra of Q). Then, there is a split inclusion
BPSn, ® Hg. (pt) — ,fofQ and the less perversely degenerated Lie bracket on .;afrlfQ induces a Lie bracket on
BPSn, ® Hg.(pt). This Lie bracket is the |—|-twisted Hg. (pt)-linear trivial extension of the Lie bracket
on BPSHQ. O

Corollary 6.6. In the situation of Theorem 6.4, the subspace BPSc[u] := BPS¢ ® HE. (pt) is stable under
the less perversely degenerated Lie bracket on H* (%Cw) = .AZ’. The Lie bracket on BPSc[u] is the |—|-twisted
HE. (pt)-linear trivial extension of the Lie bracket on BPSc.

Proof. This follows by taking derived global sections of Theorem 6.4. O

Corollary 6.7. Let C be a 2-Calabi—Yau abelian category satisfying the assumptions Section 6.1. There is

an isomorphism of algebra objects in Perv(MZ):
U(BPSc @ H. (pt)) — PH ().
There is an isomorphism of algebras
U(nd " u]) = B (o),
where H* (,chw) has the less perversely degenerated CoHA product.

Proof. Clearly, the first statement implies the second by taking derived global sections and the fact that
BPSc is pure [Dav24]. By Theorem 6.4, there is a Lie algebra homomorphism BPS: ® HE. (pt) — "H(;aff)
By the universal property of the universal enveloping algebra of a Lie algebra object on the category
PervZ(Mg), this morphism can be extended to a morphism of algebras U(BPS¢ ® Hi. (pt)) — V}{(gfcw).
By the respective PBW morphism for U(BPSc ® Hi. (pt)) and PH (<), we obtain a commutative triangle

of morphisms in PervZ (Mc) in which the diagonal arrows are isomorphisms:

Sym(BPS¢: ® HE. (pt))
PBW PBW

U(BPSc ® Hg. (pt)) PH ()
Therefore, the horizontal map is also an isomorphism. This concludes. U

6.4. Deformed dimensional reduction and (affinized) BPS Lie algebra for deformed canonical
cubic potential. In this section, we explain how to generalize our results from triple quivers with the
canonical cubic potential to triple quiver with deformed canonical cubic potential via deformed dimensional

reduction.

6.4.1. BPS Lie algebra for deformed canonical cubic potentials. Let @ be a quiver, Q the triple quiver and
W its canonical cubic potential. We let Wy € C[Q] be a potential for Q and W = W + W, be the deformed
cubic potential. We let /5y, € Df (M) be the sheafified CoHA of (Q,W). We let 7" Mg — Mg be
the projection forgetting the extra loops of Q.

We define BPSn, w, = @1wy)BPSn,, BPSn, w, = H*(BPSHQ,WO). They have the Lie bracket
induced by the Lie bracket on BPSy,, after taking the vanishing cycle sheaf functor and derived global
sections.

The potential W is quasi-homogeneous if for some torus action of Ggl on the arrows of Q, the potential
W has positive weight. Note that the notion of quasi-homogeneous potential in [DP22, §7] is vacuous and
should be adapted as, in [DP22], for the weight one action on all arrows of Q7 any potential would be
quasi-homogeneous.

Deformed dimensional reduction [DP22] yields the following proposition.
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Proposition 6.8. We assume that W is a quasi-homogeneous potential for Q. Then, there is a canonical

isomorphism 7'(';427@ w = QW) @1, of constructible complexes in DF (Mr,).

We define the dimensionally reduced cohomological Hall algebra of (Q, W) as o éegv = W*MQ,W.

6.4.2. Structure of the BPS Lie algebra for deformed canonical cubic potential. In this section, we determine

the structure of the BPS Lie algebra for a triple quiver Q with deformed canonical cubic potential W =
W + Wy, where W, is a potential for the double quiver Q.

Lemma 6.9. Let Q be the triple of a quiver Q and W = W+ Wy be a quasi-homogeneous potential
where W is the canonical cubic potential of Q and Wy € C[Q]. The complex of constructible sheaves
WLBPSQW[—I] € DE(MQ) is perverse. It is isomorphic to ooy (w,) BPSn,, -

Proof. The cohomological integrality isomorphism for @/, reads

1, = Symg (BPSn, @ Hg- (pt)) .

~

By the cohomological integrality isomorphism for @7 y,, T BPSs y, [—1] is a direct factor of w5y, =
OTr(Wo)PM1,, Where the isomorphism comes from Proposition 6.8. Since the latter complex is isomor-
phic to its total perverse cohomology (by perverse t-exactness of the vanishing cycle sheaf functor), the
same is true for W;BPSQ’W[—l]. Moreover, @1y(w,) @1, is concentrated in nonnegative perverse de-

~

grees since () s perverse t-exact, and therefore so is T, BPSg y,[—1]. We obtain m,BPS s y[—1] =
@jZO W{j(wiBPSQ:W[—l])[—j].
The cohomological integrality for o7 y, gives, after applying the strict monoidal functor 7, : D (M) —
DF (Mg):
7y = Symg (w;BPSQW[—u ® HE. (pt)) .

The perverse degree 0 parts of the cohomological integrality isomorphisms for @y, and W;JZ%Q)W give

Sym(ome(wo) BPS1,) = Sym(PH’ (w, BPS 5 1 [-1)) -

~

By induction on the dimension vector, we obtain the existence of an abstract isomorphism oy (w,) BPSm, =
W{O(WQBPSQ’W[— 1]). Now, all of pr(wy)BPSn,, mBPSsy[—1] and LN (miBPS 5 w(—1]) satisfy the

cohomological integrality isomorphism for 7T*JZ{Q”W which concludes. 0

Proposition 6.10. The enveloping algebras in the category Perv(/\/la) of pre(wo)BPS11, and w;BPSQ’W[—l]
are both isomorphic to WO(@Tr(WU)dﬁpQ),

Proof. By [DHM23, Theorem 1.1], pHO(JZ%;fQ) is isomorphic to the enveloping algebra of BPSr,, in Perv(Mi,, ).
By applying the perverse exact functor ¢y (wy), it follows that wTr(WO)pHO(Jz{ﬁZ’Q) = W{O(wﬂ(wo)xzfﬁ%) is the
universal enveloping algebra of or(w,)BPSn,, in Perv(Muy,,).

Moreover, by Lemma 6.9, there is an inclusion of a direct factor m,BPSgs y, [—1] — LN (w;dgw) that
is a Lie algebra homomorphism. By the universal property of the universal enveloping algebra, we obtain
an algebra homomorphism U(m, BPS y, [-1]) — p?—[o(@ﬂ(wo)dﬁ%) which must be an isomorphism by the
respective PBW isomorphisms for ¢y w,)BPSn, and m.BPSg y,[—1] and Lemma 6.9. O

Corollary 6.11. There is an isomorphism of algebras U(BPSg y,) = U(BPSn, w,). Both are isomorphic
to B (pryqu) PHO (AL, ).

Proof. 1t follows by taking the derived global sections of Proposition 6.10. O

Remark 2. Tt is not immediate to decide from Corollary 6.11 whether BPS y;, and BPSyy,, ,w, are isomorphic
as Lie algebras or not. In general, given two Lie algebras g and 0, it is not true that an isomorphisnm
U(g) = U(h) implies an isomorphism g = h. This is called the isomorphism problem of universal enveloping
algebras, see [SU11] for some references. In the rest of this paper, we use the algebra structure on AQ,W

given by the isomorphism Agw = H*(ngr(WO)szfﬁbQ).
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As in [DHM23], we define the set of primitive simple positive roots Xy, C N0 as the subset of dimension
vectors d € N@¢ for which there exists a simple representation of Ilg of dimension d. We define the set
of simple positive roots @HQ = Y, U{fd: ¢ > 2,d € ¥p,,(d,d)g = 0}. For d € Xp,, we define
Yq = IC( M, ,a) and Gpq = (A¢)+ZC( Mg, ,a) where Ap: My, a — Mg ea, © — 2% is the ¢-th direct

sum power of x.

Theorem 6.12. The Lie algebra object BPSn, w, = ¢1r(wo)BPS1n, may be described by generators and
relations as the quotient of the free Lie algebra generated by prv(w,)%a for d € @ﬁrQ by the Serre relations

ad(goTr(Wo)gd)l_(d’dl)(SDTr(WO)gd/) ford,d’ € @ﬁrQ such that (d,d)g =2 or (d,d’) = 0.

Proof. Then, the presentation of BPSm, w, by generators and relations follows from that of BPSy,, given
in [DHM23] since @myw,): Perv(Mm,, ) — Perv(Miy,, ) is a strict monoidal functor. O

Corollary 6.13. There is an inclusion of Lie algebras na,.e - HO(BPSYQ??W) C BPSg -

Proof. The explanation from [Dav25, §7.2.1] in the case of affine type A quivers works mutatis mutandis.
Namely, for d concentrated at a single real vertex, the function induced by Tr(Wp) on M, ,q vanishes
and therefore, BPS1,a = BPSng,w,.d- By Theorem 6.12, the subalgebra of BPSy, w, generated by

BPSHQ,WO,d for d concentrated at a single real vertex is isomorphic to nae. O

In [Dav25, §7.2.1], Davison asks the question whether on can always find a potential Wy € C[Q)] such
that BPSn, w, = ng and positively answered the question of affine type A quivers [Dav25, §7.2.1]. The

same strategy gives a positive answer in types D,, and Eg.

Lemma 6.14. Let S be the minimal resolution of the type D,, singularity with equation x> 4+y" 1 4+y22 = 0.
Then, the function y on S is such that H*(p,Qg) = Q".

Proof. The strategy is the same for all n. The reduced subscheme of y = 0 inside S is the union of the
exceptional curves over 0 and the line parametrized by z. The equation y = 1 defines the curve 22422 = —1
which is isomorphic to A'. Therefore, the long exact sequence in cohomology involving vanishing and nearby
cycles splits (by purity) and gives the result. Namely, by C*-equivariance, one may identify the nearby cycle
cohomology with the cohomology of {y = 1} and we obtain as in [Dav25]

0— H'(p,Q) = H'({y =0}) - H'({y =1}) = 0.
0

Remark 3. For the type Eg singularity given by 22 + y3 + 2° = 0, it is much harder to find an explicit
function g on the minimal resolution S such that H*(¢,Qg) = Q®. Typically, we obtain a H?(¢,Qg) with
too high dimension. For example, if g = 2%, then the reduced subscheme of g=1(0) C S is the union the the
8 exceptional curves and the affine curve 22 4+ y® = 0 and the nearby fiber C’ is an affine curve of genus

one. Therefore, the long-exact sequence gives
H'(g71(0)) = 0 — H(C") = Q* = H*(p.2Qg) — H*(¢71(0)) — H*(C").

Since C’ is an affine curve, H?(C”) = 0. Therefore, H?(¢,3Qg) has dimension 2+ 8 = 10 > 8.

Proposition 6.15. Let Q be a quiver of type D,,. Then, there exists a potential Wy € C[Q)] such that
BPSHQ,WO = né.

Proof. By Theorem 6.12 and Corollary 6.13, it suffices by the arguments of [Dav25, §7.2.1] to find a potential
Wy such that the function Tr(Wy) induced on the resolution of the minimal singularity of type D,, is the
function given by Lemma 6.14. This is clear, since a potential is a linear combination of cycles and any
function on My, s where J is the indivisible imaginary root of @ is given by the trace along a linear
combination of cycles [LP90]. O
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Remark 4. By studying the generators of My, 5 (the surface singularity of Dynkin type @) for an affine
quiver @ and the indivisible imaginary root §, one can provide explicit choices of potentials satisfying

BPS, w, = nzg. Namely, we consider the affine quiver of type D,, with the labeling of vertices:

n
wsz
‘/n,n—'z
n—2
Xr,,—in—l
In—l,:k
n—1

0

T34 Tn—-3,n—2

T4,3 Tp—2,n—3

Yﬁ
Lk T2,3
2 3
IV T3 2
‘Al
1

where x; ; are the elements in the path algebra of Q.

Then, generators for the ring of functions on M, 5 = ;' (0) /GLs are given by

y =Tr(z2,0702), @ =Tr(z02225 Tn-sn—2(Tn—2.n-1Tn—1,n—2)(Tn-2nTn,n—2)Tn—2,n—3 " * - T3232,0),

and
Z=u—0
where
u = Tr(w0,2m2,3 co o Ip—3n—2Tn—2n-1Tn—-1,n—2Tn—-2n-3 - - - 73;3,2-1'2,0);
v ="Tr(zo2%23 - - Tn-3n-2Tn-2nTnn-2Tn—2n-3---,T32T2,0) -

Therefore, a choice for Wy is z2 0202 € C[Q)].

6.4.3. The less perverse associated graded for deformed canonical cubic potential. In this section, we extend
our results regarding the affinized BPS Lie algebra for triple quivers with their canonical cubic potential to

deformed canonical potentials.

Theorem 6.16. Let Q be a quiver, Q the triple quiver and Q the double quiver. We let W € C[Q] be the
canonical cubic potential and Wy € C[Q] a potential for Q. We let W = W + W be the deformed potential.
We assume that W is quasi-homogeneous. Then, BPSS?W ®@ Hg. (pt) € DF (M) is stable under the less
perversely degenerated Lie bracket which is given by the trivial |—|-twisted extension of the Lie bracket on
BPSEy-

Proof. The les perversely degenerated Lie bracket on %I}Il)QJ}VO is given by applying ¢ry(w,) to the less
perversely degenerated Lie bracket on @4,. Since the later perserves BPSn, ® Hg. (pt) (Corollary 6.5),
the same is true after applying ¢mw,). The description of the Lie bracket on BPS®? @ HL.(pt) also

QW
follows from Corollary 6.5. O
Corollary 6.17. In the situation of Theorem 6.16, the subspace BPSg?W[u] = BPSg’dW ® HE. (pt) C
H*;z%ea’/w is stable under the less perversely degenerated Lie bracket and the Lie bracket on BPSgdW [u] is

.o . . red
the trivial extension of the Lie bracket on BPSQ,W'
Proof. This follows from Theorem 6.16 by taking derived global sections. O
Corollary 6.18. In the situation of Theorem 0.16, there is an isomorphism of algebra objects in PervZ (Mny,):
re * red,
U(BPSSY, @ He. (pt)) — m%,wﬂ” .
There is an isomorphism of algebras
U(BPSg yy[u]) — H*(%{W)
where H*(a/c) is given the perversely degenerated CoHA product.

Proof. The second statement follows from the first by taking derived global sections and the fact that the

less perverse filtration on V}{(&fg;’/(w)) is split. O
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7. THE DEFORMED COHOMOLOGICAL HALL ALGEBRA

In this section, we turn on an extra torus action acting on the arrows of the quiver. We explain how to

describe the associated graded of the affinized BPS Lie algebra in this deformed situation.

7.1. Equivariant parameters. Let () be a quiver and W € C[Q] a potential for ). We let 7" be an
auxiliary torus acting by rescaling the arrows of ) so that the potential is T'-invariant. Then, we may
consider the quotient by 7" of the good moduli space morphism JuT" zmg’ — /\/lg, where E)th and MS
are the quotient stacks Dﬁg =My /T and ./\/lgl = Mq/T’. The construction of the CoHA product gives
a product on (JH' ), om(w) %‘{Q € D:T, (Mg) (Section 2.7). If Q is a symmetric quiver, we may define
the BPS Lie algebra sheaf BPSE:W = p?-ll(.;zfg/‘;f)[—l] We let BPSg,W = H*(BPSgW). By [Dav22,
Theorem 3.4], it carries a Lie algebra structure.

We now let Q be the triple of some quiver and W be the canonical cubic potential on Q. Then, the
torus 1" acts on the arrows of @Q and the preprojective relation is homogeneous. We let 7: ./\/lg — ./\/lg
be the natural morphism forgetting the loops of Q. We define the dimensionally reduced BPS Lie algebra
BPSY, = mBPSE ,[~1]. We let BPS], = H*(BPS},). Tt is a trivial deformation of the BPS Lie
algebra BPSm,,:

Proposition 7.1 ([DHM23, Proposition 11.13]). There is an isomorphism of Lie algebras BPSE; =
BPSn, ® H}.(pt): the Lie bracket on BPS%IQ is the trivial Hy, (pt)-linear extension of the Lie bracket
on BPSr,, .

The purity of BPSyy,, is used to prove the isomorphism BPSE/Q = BPSp,, ® H} (pt).

7.2. Associated graded of the affinized BPS Lie algebra of the deformed cohomological Hall

algebra.

Theorem 7.2. Let Q be a quiver and Il its preprojective algebra. We let T' be extra torus acting on the
arrows of Q so that the preprojective relation is homogeneous. Then, the perversely degenerated Lie bracket
on the deformed CoHA dg;’w induces a Lie bracket on BPS%IQ ® HE. (pt). It is the trivial |—|-twisted

extension of the Lie bracket on BPSE,Q.

Proof. We consider the natural morphism a7 : B”PS%IQ ® H&. (pt) — dg;’w. After taking the perverse
perverse degeneration with respect to JHE/Q, it becomes a monomorphism in the category PervZ (/\/ng) of
T’-equivariant Z-graded perverse sheaves on My,. After forgetting the T”'-equivariance, we recover the

natural morphism 2: BPSy, ® Hg. (pt) — Mﬁg. We consider the composition

’ ’ zE’,z ’ ’ P —— ’
(BPSE, © Hg. (pt)) B (BPST, © He. (pt)) T a7V Bl 12T 4T s coker(P[—, —] 0 157).
If this composition does not vanish, then the same composition after applying the faithful forgetful functor
Perv? (MEIQ) — Perv? (M, ) does not vanish either. This contradicts Corollary 6.5.

The Lie bracket on BPSE/Q ® Hg. (pt) = D50 BPSEIQ [—2j] induced by the perversely degenerated Lie

bracket is given by morphisms of T’-equivariant perverse sheaves
BPSH [~2i] O BPSH [~25] — BPSH, [~2(i + j)]

for any 7,5 > 0. Applying the forgetful functor again, we recover the components of the Lie bracket on
BPStn, @Hg. (pt). Therefore, this morphism is given by the shift by —2(i+j) of the Lie bracket on B’PS%IQ
by Corollary 6.5. The proves the last statement of the theorem. g

Corollary 7.3. The perversely degenerated T'-deformed affinized BPS Lie algebra of Ilg is the H, (pt)-
module BPSEIQ ® Hg. (pt) = BPSp, ® HY/y ¢- (pt) with the |—|-twisted trivial extension of the Lie bracket
on BPSHQ .
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Proof. By taking derived global sections of Theorem 7.2, the Lie bracket on BPSE; ® Hg. (pt) is the trivial
| —|-twisted Hg. (pt)-linear extension of the Lie bracket on BPSIC—F[/Q. By combining this with Proposition 7.1,
we obtain further that BPSE/Q ®@Hg. (pt) = BPSn, ® Hy - (pt) has the Lie bracket from BPSy,, linearly
H. o« extended with the |—|-twist. O

Corollary 7.4. There is an isomorphism of algebras in the category Perv(/\/lgg):
U(BPST, @ Hg- (pt) — PH (a7 "),
There is an isomorphism of algebras
U(BPST, [u]) — H* (4], ¥)
where ;2/1{; has the perversely degenerated CoHA product.

Proof. The second statement follows from the first by applying the derived global sections functor. By
Theorem 7.2, there is a morphism of Lie algebras BPSE/Q ®HE. (pt) — "H(&/gc;w) By the universal property
of universal enveloping algebras, it can be extended to a morphism of algebras U(BPS%IQ ® H&. (pt)) —
p’?—l(dli;w) This is a morphism between cohomologically graded T’-equivariant perverse sheaves which
becomes an isomorphism after forgetting the T’-equivariance by Corollary 6.7. Therefore, by it is an

isomorphism, which concludes the proof. O

7.3. Associated graded for the BPS Lie algebra of deformed cohomological algebra of the triple
quiver with deformed canonical cubic potential. We may now generalize the results of Section 7.2 to
CoHAs of triple quivers with deformed canonical cubic potential.

Let Q be a quiver, Q the triple quiver and W the canonical cubic potential. We let Wy € C[Q] C C[Q]
be a potential only involving the arrows of Q. We let 7" be a torus acting on the arrows of Q so that
the potential W := W + W, is invariant and quasi-homogeneous. All constructions of Section 6.4.1 work

T’-equivariantly, which gives the BPS Lie algebra sheaf BPSgW € Perv(./\/lg), and the dimensionally

reduced BPS Lie algebra sheaf BPSg’Vr‘fd € Perv(M% ). We define similarly the less perverse filtration on

T’ red,(¥) ~ T', (1)
Do Semov Ty
By combining Theorem 7.2 with the perverse t-exactness of the vanishing sheaf functor, we obtain the

following.

Theorem 7.5. The affinized BPS sheaf BPSgg;d ® Hg. is stable under the perversely degenerated Lie
bracket on ,QfHT(;"er. The Lie bracket on B'PSg’;;d ® HE. is the |—|-twisted trivial extension of the Lie

T’ red
bracket on BPSQ,W .

Proof. The Lie bracket on @1, w, is obtained by applying ¢r(w,) to the Lie bracket on @#1,. The latter
preserves BPSn, ® H¢. (pt) and so, the former preserves oy (w,)BPSn, ® Hg.(pt). Moreover, the Lie
bracket on BPS, ®Hg. (pt) is the |—|-twisted trivial extension of the Lie bracket on BPSr,,, and therefore
so is the Lie bracket on BPSn, w, ® Hg. (pt). O

Corollary 7.6. In the situation of Theorem 7.5, the affinized BPS Lie algebra BPSS/’;;(1 ® Hg. (pt) C

H*( QT/‘;;ed’d’) is stable under the perversely degenerated Lie bracket. The Lie induced Lie bracket on
T',;ed * . . . * . . . T’ red

BPSQ,W ® HE. (pt) is the trivial |—|-twisted HE. (pt)-linear extension of the Lie bracket on BPSQ’W .

Proof. This follows from Theorem 7.5 by applying the derived global section functor. O

If we assume further that H* (o rw,) BPSn,, ) = BPSg 1y is pure, then there we obtain the T’-equivariant
formality of H}, (BPSn,,w,) and so, there is an isomorphism BPSgW = BPSn,,w, ® H7, (pt).
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Corollary 7.7. In the situation of Theorem 7.5, if BPS v carries a pure mized Hodge structure, then there
is an isomorphism of Lie algebras BPSgW ® HE. (pt) = BPSQ’W ®@ H% o« (pt) where the right-hand-side
has the |—|-twisted H7 , o (pt)-linear extension of the Lie bracket on BPSg y.

Corollary 7.8. In the situation of Theorem 7.5, there an isomorphism of algebra objects in Perv(./\/lﬁ/Q)

U(BPS i @ He (pt)) = PH(/ ).

There is an isomorphism of algebras

U(BPSG yp [u]) — H (7 ")

where H* (%g/‘;ed’w) has the perversely degenerated CoHA product.
Proof. By Theorem 7.5, there is a morphism of Lie algebras BP8§;7W0 ® Hg. (pt) — p?-[(,;z{HT(;t‘/jV ,), which
extends to a morphism of algebras
T’ . T 2
U(BPSHQ,WU (24 HC* (pt)) — p,H(JZ{HQ,WO) .

By the perversely degenerated PBW theorem for VH(%HTC;WO) and the PBW theorem for enveloping algebras
for B’PS%:Q?WO ® HE. (pt), there is a commutative diagram in which diagonal arrows are isomorphism of

cohomologically graded perverse sheaves:

Sym(BPSY, w, ® He. (pt))

PBW PBW

U(BPSY, w, ® H. (pt)) P, )

Therefore, the horizontal morphism is an isomorphism of algebra objects in Pervz(./\/lg;?)‘

8. COMPARISON WITH THE FILTRATION ON THE MAULIK-OKOUNKOV YANGIANS

In [MO19], Maulik and Okounkov construct Yangians associated with quivers using geometric methods.
In particular, they construct a Yangian Y associated with the preprojective algebra of a quiver Q. It is

proved in [BD23] that there is an isomorphism of algebras between the CoHA
AT T’
A" = Y

and the Yangian Ygl for suitably choosen torus T”. The algebra on the right has a filtration defined by the
degree of u operators [MO19, Section 5.2.10]. We show that this morphism respects the filtrations on both
sides and induces an isomorphism on the associated graded algebras.

We follow [BD23] for quickly summarizing the definition of the Maulik—-Okounkov Yangian and its filtra-
tion. Let Ng(f,d) be the Nakajima quiver variety associated with quiver ¢ with framing f and dimension
d. Let 7" be a torus acting on the arrows a, a* € @ such that >_[a, a*] is homogeneous of equivariant weight
h. Let Ty = T x A¢ be the torus acting on Ng(f,d) where let Ay is framing torus which acts on framing

arrows a; ,;, with weight 1 and o, with weight —1. Let

Nge= P Nipa where Ni; g = H7, (No(f,d), Q™)

deNQo
be the T¢-equivariant cohomology of the Nakajima quiver variety, where Q""" := Q[dim(Ng(f,d))] is the
constant sheaf shifted by the virtual dimension of N (f, d). Similarly, let N2 = Bacneo i (No(f,d), Q")
and Ng,f,d be the T’-equivariant cohomology.
Then given two framing vectors ' and f” such that f = + f”, certain elements

Ter Terr *
Rf',f” € EndH,}f (Nnyf, ®H;, NQt;f//) ®H}f FraC(HTf)
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are constructed using stable envelopes. Owing to there geometric definition, these elements satisfy the
Yang—Baxter equation. More precisely, for any three framing vectors f;, f5, f3 such that f = f; + f5 + f3 we
have
ReZe, Ril e, RE s, = Re e, Ri' s, Riv,
in EndH}f (Ngf,lfl ®H;/ Ngfié ®H;, Ng?g) ®H}f Frac(Hé‘f)'
Note that if the framing vector is f = §; for some vertex i € @y, where ¢; is the vector with 1 at the i-th
vertex and 0 elsewhere, then, since the action of Aj, is trivial on the quiver variety Ng(d;, d), we have

Ts. ’
NQ(iltsi = Ng,(si [a]

where we are identifing HY == Q[a]. Let
T Vv T
Nos = @ Homgy: , (Ng 5, —a: H7)
—deN®o
be the graded dual of Ng s, as Hy,-module. This defines a trace morphism
Tr: N 5, ®uz, No i — Hi

by taking the composition on the graded pieces.

For any ¢ € Qo, let m;(a) € Ngﬁi ®Hr, Nch/Zsf [a] be a polynomial in a with coefficients in Ng,éi ®H:, Ngb\;-

4 T Vv T ' T' Vv T * :

Let (NG ,lal @17, N 5, @11z, NG g)roe = (NG 5,la) @1z, Noi; ®nz, Noip) Oy, Frac(Hy, ). We consider
the composition

(13)

’ T Vv T 5;.F ’ T Vv Ty
(NG s.lal @mz, No 57 @z, Nog) ——= (NG 5.la] @u:, N 5 ®mz, Nl )noc

lmi(a)(@l
' T, T
1®10ld (NG 5,la] Dn, NQ’(;\; @z, Ngg)Loc
J{Tr
Ngf,f ” (Ngf,f)Loc

where the second arrow is given by applying s, ¢ to the first and third factors, the third arrow is given by
taking the tensor product with m;(a) and the fortth arrow is given by applying the trace morphism Tr to

the first two factors. Then taking the residue of the above compostion, we obtain
1
E(mi(a)) := + > Resa(Tr((mi(a) ® 1)Rs, )
It is proved in [MO19] that the operator E(m;(a)) is well-defined and lives in EndH;f (Ngff)

Definition 8.1. [MO19, Section 5.2.6] The Maulik—Okounkov Yangian YCTQI is the subalgebra of [ [¢ EndH*Tf (Ngff)
generated by the operators E(m;(a)) for all i € Qo and all polynomials m;(a).

Theorem 8.2. [MO19, Section 5.3, Theorem 5.5.1] The algebra Yg enjoys the following properties:

o Let ggo’T/ be the span of the operators E(m;) for all constant polynomials m;. Then gl\Q/IO’T/ 1s closed

under Lie bracket and is called the Maulik-Okounkov Lie algebra. Furthermore, the algebra Yg 18
generated by ggO’T/ and the operators of multiplication by the Chern classes of the tautological
bundles on the Nakajima quiver variety.

o The algebra Yg admits a natural increasing filtration F'® defined by setting degree of the generator

E(m;(a)) to be the degree of a in m;(a), i.e

deg(E(m;(a))) = deg,(mi(a)).
The associated graded algebra is isomorphic to the universal enveloping algebra of ggO’T/ [a], i.e,

U(gy© " [a)) 2 Grp(YE)
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where ggO’T/ [a] is the trivial Q[a]-linear extension of Lie algebra structure on ggO’T/ by the variable

a and any element o™« for a € ggO’T, is in degree n.
e The Lie algebra ggo’T/ admits a triangular decomposition

MO, T’ MO, T’ ,+ MO, T’ MO,T’,—

such that ngO’TH' is NQo_graded
MO, T’ + _ MO,T”
Q = D noa
deNQo\0

where any operator o € nl\Q/I?i’T + acts by

. NI T
@:Nggar 7 Nogara
for any d,d’.

Let Yg’Jr be the subalgebra of Yg generated by ngo’T/’+ and multiplication by tautological classes. It

is shown in [DM20] that for any framing f, there is an H7, -linear action of the cohomological Hall algebra

Ag;w on Ngf,f’ thus giving a morphism of algebras
T % T
AHQ - H EndH’}f (Nvaf)'
£

Then it is proved in [SV23] and [BD23] that this morphism is an injection and the image of this morphism

is exactly Yg’+ and thus we have an isomorphism of algebras
AT T+
QAR =Y,

Note that since the Yangian is a Z@0-graded algebra, the filtration F'® restricts to the positive Half YCTQ/’Jr
of the Yangian. We then have

Theorem 8.3. The morphism ® induces isomorphism between the less perverse filtration on the cohomo-

logical Hall algebra and the degree filtration on the Maulik—Okounkov Yangian, i.e,
DL (AT)) = P2V
for alli > 0.

Proof. We first check that the morphism ® respects the filtrations in this way. The cohomological Hall
algebra Ag;w is generated by nf{;gBPS’T/ ®HE. (pt), thus degree of elements in nﬁ;?BPS’T’ ®@HE. (pt) defines the
less perverse filtration on .Ag@. By definition, any « € nf{;?BPS’T is in £° (AﬁQ’w) (the less perverse filtration
is coarser than the perverse filtration). On the other hand, it is proved in [BD23] the the morphism
® sends «a € nJHréBPS’T/ to ngO’Tl’+ and thus ®(a) € FO(YS’+) for any o € nJH“QBPS’T/. The action of
cohomological Hall algebra on Ngff is defined by convolution with tautological classes, thus the morphism
® sends multiplication by tautological classes to multiplication by tautological classes. In particular, for
any o € nHéBPS’T/ and n > 0, (u"a) = (Y, c1(Vi))"®(a) where V; is the tautological bundle on the
ith vertex. But it is proved in [MO19, Proposition 5.5.3] that the cup product with ¢;(V;) increases F
degree by 1, thus ®(u"a) € F"(Y§ ™). This shows that ®(L<>"(Af ")) C F<*(Y{, ") for all n > 0.
Since ESQ”(AQJP) = £§2"+1(A£;;p)7 shows that <I>(£9(A§;;¢)) C pshi/2 (Yg’Jr) for all 4+ > 0. Since the

morphism ® respect the filtrations, this induces a morphism on the associated graded algebras
Gr(®): Gre(AfY) = Grp(Yg ™).

Since the morphism @ is an isomorphism, the induced morphism on the associated graded algebras is
surjective. But by Corollary 5.10 and Theorem 8.2, the associated graded algebras are isomorphic to
U(nﬁ;}BPS’T/ [u]) and U(nl\Q/IO’T/’Jr[a]) respectively. Thus the graded dimensions as a N@0 x Z graded vector
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space are the same under the morphism ® where the Z-grading is coming from the grading of the associated
graded algebra. Thus Gr(®) is surjective. Since each graded pieces on the source and the target have the
same dimension, Gr(®) is an isomorphism. Since both filtration start in degree 0, the isomorphism between
the associated graded implies @(QSO(Ag;;w)) =F SO(YS""). Now we may conclude by induction since we

have pair of exact sequences
0 —— L5 ARY) —— L5 (AY) ——— Cri(Af)") —— 0
0 —— FlE=D/AYLH) s Py ) — @l vy ) — 0

for 4 > 1, where by induction, we may assume that first vertical arrow is an isomorphism. Since the third
vertical arrow is an isomorphism, we conclude that the middle vertical arrow is an isomorphism as well by

the snake lemma, which concludes the proof. O
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