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Tight MDD Integration for Global Constraints:
the Multi-Cumulatives Case

Hugo Apeloig1, Nicolas Beldiceanu1, Odile Bellenguez1,
Guillaume Massonnet1, and Gilles Simonin1

IMT Atlantique, LS2N, UMR CNRS 6004, 44307, Nantes, France

Abstract. In problems with objects that have multiple feasible config-
urations, also known as multi-mode problems, a lack of communication
often arises between global constraints and side constraints. To address
this issue, we propose a novel approach where object configurations are
represented using multi-valued decision diagrams (MDDs). Within this
framework, global constraint filtering algorithms can directly query the
MDDs to obtain a more accurate estimate of the bounds of a variable.
We formally introduced this new method and a direct application is pro-
posed through the Cumulative constraint. We propose two new con-
straints, named MDD-Cumulative and MDD-Multi-Cumulatives.
The former is based on the state-of-the-art timetabling algorithm, while
the latter takes advantage of the method for filtering mode assignments.
We provide numerical evidence that demonstrates the effectiveness of
these methods over the state-of-the-art multi-mode resource-constrained
project scheduling problem (MM-RCPSP) benchmarks.

Keywords: constraint programming, multi-valued decision diagram, multi-
mode, RCPSP, cumulative, timetabling, scheduling.

1 Introduction

Constraint Programming (CP) has proven effective in addressing scheduling
problems with additional resources (e.g., resource constrained project schedul-
ing problem [4] (RCPSP)), notably in checking the feasibility of solutions wrt
resource demands and capacities. Since its introduction in [1], the Cumulative
constraint and its filtering algorithms have been extensively studied in the liter-
ature [8,25].

In this work, we focus on problems considering objects with attributes. For
example the multi-mode RCPSP [10] (MM-RCPSP) where the execution of a
task can be performed in alternative configurations, called modes, with a variety
of constraints between its attributes. This work is originally motivated by an
industrial use case modelled as an MM-RCPSP with additional constraints [17].

When considering such problems, two issues may arise. Firstly, a lack of
communication can occur between the global constraints of the problem (e.g
Cumulative) and the side constraints maintaining objects attributes consis-
tency. Secondly, considering a CP solver library, variants of a problem may ne-
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cessitate multiple variants of the same constraint, e.g. the original Cumulative
constraint of CHIP had up to 12 variants [21].

Modes are typically modelled (i) using optional tasks duplicates [26] or (ii) as
a set of Element constraints over the attributes of each task [46]. However,
case (i) cannot handle certain mode-specific conditions and may lead to an ex-
cessive number of duplicates. On the other hand, case (ii) risks underestimating
values in the reasoning performed by Cumulative, which can only be strength-
ened once assignments have already been made. Both approaches limit the rea-
soning capability of the solver, either by potentially introducing many optional
tasks or by weakening filtering.

This motivates the use of alternative representations capable of capturing
mode-dependent information in a more compact fashion, enabling stronger in-
teractions between constraints. One such structure is the Multi-valued Decision
Diagram (MDD), a graph-based representation widely used in discrete optimi-
sation, and particularly in CP [18]. To the best of our knowledge, MDDs have
been mainly exploited either to solve a complete problem [23] or to represent
a global constraint [38]. The idea of integrating them as parameters into global
constraints has not yet been explored.

The remainder of this paper is organised as follows. We start by recalling
in Section 2 useful notations and concepts of Constraint Programming and
Multi-Valued Decision Diagrams, as well as the current state of the art over
Cumulative constraints and MDD application in CP. In Section 3 we discuss
the advantages of integrating MDDs within global constraints. In Section 4, we
present two novel global constraints. Firstly, the MDD-Cumulative with its
filtering algorithm, which is a straightforward application of the method. Sec-
ondly, the MDD-Multi-Cumulatives, which takes advantage of the method to
reason, furthermore, over the assignment variables, which is useful for industrial
problems. Numerical results and their analysis are presented in Section 5. Fi-
nally, we conclude the paper in Section 6, discuss current limitations and propose
possible extensions for future research.

2 Background and Limitations

2.1 Constraint Programming

Notations Given a CP model, let X be the set of its integer variables, taking
values in finite domains D, and C its set of constraints. Given a constraint c ∈
C, X c ⊆ X is the set of variables of the constraint c, i.e. the scope of c. An
assignment of each variable x ∈ X to a value v ∈ D is denoted A(X ). A(X c)
denotes the restriction of the assignment A over the scope of c. Given a variable
x ∈ X , we let x and x denote the smallest and largest possible value of x,
respectively.

Constraint Programming Constraint Programming (CP) employs global
constraints to enhance the reasoning capabilities beyond those achievable with
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a collection of simple, individual constraints [12]. These constraints use spe-
cialised algorithms that leverage domain knowledge to improve propagation and
pruning. In general, solving a CP problem relies on a backtracked search tree.
At any node of the tree, several subtrees are created by partitioning the do-
main(s) of one or more variables of the problem (e.g. assignment of a value or
domains splitting). A propagation algorithm is then applied to remove from the
variable domains any value that is inconsistent with the constraints. The set of
inconsistent values detected, referred to as reasoning, is derived from deductions
generated by individual constraints and communicated indirectly to other con-
straints via domain reductions. Since this communication occurs only through
value pruning, constraints exchange information only when their internal infer-
ences are strong enough to eliminate domain values. This mechanism makes it
straightforward to define generic global constraints and design efficient filter-
ing algorithms. Determining whether a valid assignment exists for a certain CP
problem is NP-Complete [44].

Several constraints, such as Cumulative, Alternative or DiffN, will be
introduced when they first occur. The Element(I, T, V ) constraint [28] defined
on two variables I and V , and an array of variables T [1..n]. It is satisfied if and
only if V is equal to the I-th entry of table T .

2.2 Scheduling in CP and the Cumulative Constraint

Consider the problem of scheduling a set of tasks J wrt a cumulative renewable
resource with a finite capacity B ∈ N. A task i ∈ J is characterised by its
starting time Si, duration Pi, completion time Ci, and resource consumption
Hi. To be processed, a task must be executed wrt a set of modes. In multi-mode
problems, it is also classic to consider an additional assignment variable whose
value corresponds to the mode chosen. We denote it Yi. Regardless of the other
tasks, the modes of a task i correspond to the set of feasible assignments for
variables Yi, Si, Pi, Ci, Hi, provided that the constraint Ci = Si + Pi holds.
Each task must operate according to one of its available modes. Moreover, at
any time point t, the total consumption of the renewable resource by all tasks
that overlap t cannot exceed the resource’s capacity B. We denote n the number
of tasks and R the number of renewable resources.

The Cumulative Constraint The Cumulative constraint is a well-known
global constraint [1] whose filtering algorithms have been progressively enhanced
over the last 30 years [5]. It is defined over a set of tasks, and ensures that the
cumulated resource consumption never exceeds a maximum capacity at any time
point. Multiple filtering procedures exist for Cumulative. The most popular are
the energetic reasoning [49,14] and the timetabling reasoning [34,8,25]. Due to
its simplicity, we will use timetabling and show how to tightly integrate it with
MDD. To make the paper self-contained, we quickly review its main principles,
as well as a state-of-the-art timetabling algorithm.
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Timetabling Algorithm Before sketching the algorithm, we review two no-
tions: the mandatory part of a task, and the resource profile for a set of tasks.

Consider a task i, where the values of Pi and Hi are constant. If Si < Ci,
then task i is active during the interval [Si, Ci − 1]. This interval is referred to
as the mandatory part of task i [25]. It follows that the residual capacity of the
resource over the interval [Si, Ci − 1] is at most B − Hi. The resource profile
corresponds to the aggregation of all such mandatory parts and their associated
resource consumption across the entire set of tasks.

We now recall the filtering algorithm described in [25] as it is the simplest
state-of-the-art algorithm for the cumulative constraint based on timetabling.
The timetabling algorithm is based on the resource profile. It updates Si, Ci and
Si, Ci for each task i. First, it computes the mandatory parts of each task and
the corresponding profile, which consists of at most 2n+1 rectangles. The height
of the j-th rectangle in this profile is the sum of the heights of all tasks, whose
mandatory portion spans the entire interval [aj , bj ] associated with rectangle
j. We denote Dj the demand, or height, of rectangle j. A conflict arises when
a task overlaps a rectangle, causing the total demand to exceed B. To begin,
the filtering algorithm builds the resource profile. Then, for each task i that is
not yet instantiated, it tries to adjust its earliest start and latest completion
time based on the profile, excluding the mandatory part of task i. If task i is
in a left conflict, i.e. ∃aj : Si ≤ aj ∧ aj < Si + Pi ∧ Dj + Hi > B, its earliest
start time is pushed forward. Symmetrically, if task i is in a right conflict, i.e.
∃aj : Ci ≥ bj∧bj > Ci−Pi∧Dj+Hi > B, then the latest completion time of task
i is pushed backward. The overall algorithm runs iteratively until a fixed point is
reached, meaning a full pass is completed without creating any new mandatory
parts. This timetabling algorithm will be extended later on to include queries to
MDD to get tighter bounds for multi-mode problems.

2.3 Multi-valued Decision Diagrams

Given k variables with their associated domains, one can construct a Multi-
valued Decision Diagram (MDD) as a rooted, directed acyclic graph with k + 1
layers of nodes. Each non-terminal layer is associated with a specific variable,
and the outgoing arcs from a node in layer ℓ correspond to a distinct value
(or range of values) that the ℓth variable can take. The final layer contains the
terminal nodes, which represent a complete assignment (or restriction) of all
variables [39]. Let r denote the root node and t the leaves.

The width of an MDD is defined by the maximum number of nodes at each
level. Two nodes are equivalent if the combinations of values encoded by their
outgoing labeled path to the terminal nodes are the same. Equivalent nodes can
then be merged to reduce the width of the MDD [39]. This reduction depends
on the ordering of the variables (i.e layers), since different orderings can lead to
different numbers of states [43]. MDDs can be viewed as unfolded automata [41].
In this work, as the maximum width stays tractable by creation, we only consider
exact MDDs, i.e. MDDs in which any r-t path corresponds to a feasible solution.
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Given a set of variables X and an MDD M over X , we say that an assignment
A(X ) : A(X1) = v1, A(X2) = v2, . . . , A(X|X |) = v|X | is valid if and only if there
exists an r-t path in M such that for all ℓ ∈ {1, . . . , |X |}, its ℓ-th layer-arc has
value vℓ. [20,40] propose the constraint MDDC(X ,M) to check the validity of
variable assignments. We denote PM the set of all valid assignments over X (or,
equivalently, the set of all valid r-t paths in M). The constraint MDDC filters
domains equivalently to a Regular constraint [41], and achieves arc-consistency
when the associated MDD is exact.

2.4 Related Work

MDDs have already been used for the resolution of combinatorial problems by
encoding the problem, either entirely or partially [23]. In the specific context of
CP, MDDs have notably been exploited to represent constraints [3,19,27] or to
enhance propagation [11,22,30,2].

Boolean satisfiability solving techniques such as Lazy Clause Generation (LCG)
methods have already been applied with success for the Cumulative constraint
[48] and multi-mode RCPSP problems [45,47]. However, LCG necessitates an
additional integration within the CP solver. In the case of Multi-Mode Cumu-
lative [45,47], the clause generation was based on a minimal mandatory mode.
A possible extension would be to study the combination of MDD tight integra-
tion in a filtering algorithm and LCG methods. In such case, clauses could be
augmented in order to take into account information obtained by the MDD and
not only the fictitious minimal mandatory mode.

Another well-known method for scheduling problems with multi-mode con-
figurations is the Alternative constraint SAT the CPOptimizer solver [33].
It is based on optional tasks that may or may not be present in the resulting
schedule [32]. Given a task i, modes are defined as a collection of optional tasks
and the Alternative constraint enforces i to be exactly one of those tasks. Op-
tional tasks have proven efficient for variants of the RCPSP problems, see [29,37]
among others. However, they face scalability issues when the number of modes
becomes large.

3 MDDs Integration Method

We introduce a novel CP approach that uses MDDs to enhance CP reasoning for
problems with multi-mode objects, i.e. objects whose attributes can be assigned
different combinations of values based on their operational mode. The key idea
is to encode each object’s attributes as an MDD, which are then all integrated
into a global constraint. This integration enables stronger domain reduction
under specific assumptions. This section establishes the theoretical foundation
for MDD-enhanced CP reasoning. We depict in Example 2 a running example
to illustrate the method over the Cumulative constraint. In Section 4, we then
demonstrate its practical applicability by presenting two new global constraints
built upon this methodology.
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3.1 Constraint Pattern Considered

We focus on problems defined over a collection of n objects {o1, o2 . . . , on}, where
each object is defined over a set of q attributes, fixed or variable. We consider
the following conjunction of constraints: a single global constraint, GC, which
restricts the set of objects and their attributes; and a set of side constraints, Ctri

(with i ∈ [1, n]), that restrict certain attributes of each object individually. GC([o1, o2 . . . , on],Parameters) ∧
Ctr1(o1) ∧ Ctr2(o2) ∧ · · · ∧ Ctrn(on)
with oi = [ai1, ai2, . . . , aiq] for i ∈ [1, n]

(1)

Two problems illustrating this pattern are, for instance, the Multi-mode
RCPSP [10] or the Orthogonal Packing Problem, as illustrated by Example 1.

Example 1. In orthogonal packing problems, the objects correspond to rectan-
gles, GC to the non-overlapping constraint DiffN, and Ctri to constraints
modelling the orientation of each rectangle. Each rectangle is represented by the
coordinates Xi, Yi of its bottom left corner, and by its width Li and height Hi

in {si, ti}.  DiffN([o1, . . . , on])∧
i∈[1,n]

(Li = si ∧Hi = ti) ∨ (Li = ti ∧Hi = si)

where oi = [Xi, Yi, Li, Hi] (with i ∈ [1, n])

(2)

Example 2 (Running Example). In multi-mode RCPSP, the objects correspond
to tasks, GC stands for a cumulative constraint, and Ctri represents constraints
that model the multi-mode aspect, the conjunction of two element constraints
here: the duration Pi and the demand Hi of a task i may depend on its mode
Yi, corresponding to Cumulative([o1, o2, . . . , on], B) ∧∧

i∈[1,n]

Element(Yi, [pi1, . . . , pim], Pi) ∧ Element(Yi, [hi1, . . . , him], Hi)

where oi = [Yi, Si, Pi, Ci, Hi] (with i ∈ [1, n])

(3)

Consider a cumulative resource with a capacity of B = 2 and the consumption
profile given in Figure 1b. Consider a task a with the following five attributes
Ya, Sa, Ca, Pa, Ha and a dependency between Ya, Pa and Ha. Moreover, D(Ya) =
{1, 2}, D(Sa) = {0, . . . , 8}, D(Ca) = {4, . . . , 12}, D(Pa) = {4, 6}, D(Ha) = {1, 2}
and the following restrictions must hold Ya = 1 =⇒ (Pa = 4 ∧ Ha = 2) and
Ya = 2 =⇒ (Pa = 6 ∧Ha = 1).

3.2 Analysing the Lack of Filtering

Communication Issue An issue may arise when addressing such problems,
as the global constraint GC may underestimate (resp. overestimate) the value
of certain attributes without considering the restrictions implied by the side
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Fig. 1: The MDD Ma (1a) and a resource’s profile (1b) of Example 2 .

constraints. Given an object oi, it is typical that GC considers all of its attributes
simultaneously set to their minimal (resp. maximal) value, which is impossible
wrt constraint Ctri. This issue is illustrated in Part (1) of Example 3. While
this communication is typically established indirectly via domain reduction, a
filtering procedure may greatly benefit from a stronger communication between
the global and side constraints.

Implicit Assumptions To obtain reasoning over the attributes of an object oi,
GC filtering algorithm considers a subset of other objects. It implicitly assumes
that certain attribute values of oi are in interaction with this subset. In other
words, it makes implicit assumptions over the value of a subset of attributes of
oi. However, those assumptions are not taken into account when GC asks for
the minimal or maximal value of an attribute of oi. This is illustrated in (2).

Example 3 (Continuation of Example 2). (1) When the timetabling algorithm
is applied, minimum values of the attributes of a are considered. However, due
to the modes of a, Pa = Pa ∧ Ha = Ha cannot hold. In other words, it is not
a valid support for Element(Ya, [4, 6], Pa)∧Element(Ya, [2, 1], Ha). (2) In the
timetabling algorithm, three attributes of a are checked over the profile. The
starting time (Sa) and duration (Pa), to determine the rectangles of the profile
that are in conflict, and the demand (Ha) to ensure it does not exceed the
resource threshold. The timetabling algorithm implicitly assumes that a overlaps
certain rectangles in the profile when filtering a task attribute against them. In
this example, it assumes first that a only overlaps with the first rectangle; i.e.
it assumes that Sa + Pa ≤ 5. Then, it also considers Ha = Ha without taking
this assumption into account. Finally, as the height of the rectangle is 1 and
B − 1 ≥ Ha, the Cumulative constraint does not filter.

Objective We seek a method to bridge the gap between the implicit hypothesis
made by the filtering algorithm of GC and the external constraints Ctr.
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3.3 Novel Proposed Method

We propose a novel framework based on (1) MDDs and (2) a request mechanism
on the MDDs accessing the minimal or maximal value of an object attribute wrt
a set of assumptions.

Firstly, we propose to use MDDs to encode attribute relations, constructing
one MDD for each object of the problem. It enables the usage of existing proce-
dures maintaining consistency over MDDs [30] to obtain efficient reasoning over
object attributes. Secondly, we propose an interface such that MDDs can be em-
bedded as parameters inside global constraints. It restricts each MDD considered
to have a certain subset of variables called the core. Thirdly, we discuss explicit
assumptions. Finally, those assumptions and the MDDs are used to define the
request mechanism.

MDD Representation Considering an object o, we construct the correspond-
ing MDD Mo. Each attribute of o is represented by a variable in the CP model,
corresponding to a layer in the MDD. A mode can then be equivalently encoded,
either as a feasible tuple of attribute values, or as the corresponding r-t path in
the MDD. See (1) of Example 4. Since the number of objects and the number of
feasible modes per object are fixed problem parameters, the number of MDDs
involved and their respective sizes (or number of r-t paths) remain bounded,
making the use of exact MDDs practical.

Remarks Note that, in some cases, certain constraints are a by-product of object
definitions and may result in inefficient representations. For the sake of gener-
ality, we consider in this work arithmetic constraints embedded in the MDD,
although in practice it may be more computationally effective to handle some
of them externally, especially when a variable domain contains many values.
Problem-specific tuning may thus be necessary to ensure that the size of the
MDD involved remains tractable.

Global Constraint Interface We propose the following interface

MDD-GC([o1, o2 . . . , on],Parameters, T ) (4)

with T = [Mo1 ,Mo2 , . . . ,Mon ] the set of objects MDDs. This interface is
generic, as it enables using the same MDD-GC in multiple variants of prob-
lems, as the side constraints are directly encoded through MDDs. Moreover, in
order to be generic, the constraint must provide a core. This core is a common
subset of attributes of all objects assigned by the constraint. It corresponds to
a minimal subset of variables (i.e. levels in the MDD) that must be present for
each object. See (2) of Example 4 for the MDD-Cumulative definition and its
core.
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Explicitly Annotated Algorithm Our method leverages the efficient global
constraint algorithms that have been actively developed in the CP literature over
the past years. They are augmented by explicitly annotating the assumptions
made. We consider unary assumptions, which are tuples of the form < Y, op, v >
where Y is a variable, op is a binary relation (≤, <,=, ̸=, >,≥), and v is a value.
The term unary refers to the fact that such an assumption can be checked in
constant time. See Part (3) of Example 4.

Interactions Given a variable X, a multi-valued decision diagram M and a
set of unary assumptions Φ, we define the function minValue(X,M, Φ) that re-
turns the minimal value that X can take wrt its domain, MDD-based restrictions
from M and all the assumptions in Φ. See (4). Clearly, M can only strengthen
this minimal value if X is a variable that corresponds to a layer of M. This
observation is also valid for all variables Y that appear in the assumptions of Φ.
Note that the assumptions in Φ may involve variable X directly as well as other
variables Y ̸= X. In the latter case, and whenever Y is not in M, the assumption
can be considered as true by default. The complexity of minValue(X,M, Φ) is
linear wrt the size of M. This function extends directly to maxValue(X,M, Φ)
with maxValue(X,M, Φ) = −minValue(−X,M, Φ) and returns the maxi-
mum value that X can take wrt Φ. We also abuse the notation in what follows
by defining minValue(X , M, Φ), which returns the minimum feasible values for
all variables X ∈ X that correspond to a layer of M.

From the perspective of the constraint, a call to the MDD is treated as any
other operation (i.e. made in constant time); however, its computational cost
strongly depends on the size of the MDD and is therefore likely to differ from
one problem to another.

Remarks In general, filtering algorithms make more than one assumption. The
reasoning obtained results from the conjunction of multiple assumptions de-
tecting unfeasible variable assignments. However, the possible interdependencies
between the variables at play require to carefully manage their processing order
to guarantee consistent reasoning.

Example 4 (Continuation of Example 2).

(1) Figure 1a depicts the MDD Ma associated with task a. It is composed of four
layers, each one corresponding to one of the four variables Sa, Ca, Pa and Ha,
and encodes the two constraints Pa = 4 ⇔ Ha = 2 and Pa = 6 ⇔ Ha = 1
through its r − t paths.

(2) The parameters of the Cumulative constraint extended with MDDs T are

MDD-Cumulative([o1, o2, . . . , on], B, T )

with its corresponding core variables being [Si, Pi, Ci, Hi] for each object oi.
(3) Consider the timetabling algorithm recalled in Section 2.2. Algorithm 1

presents the left filtering of a task i with annotations for each assumption
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made. The procedure starts by assigning variable Si to its lowest current fea-
sible value denoted s∗ (line 4). Then, it fixes Pi to its lower bound (line 5).
Finally, the threshold test (line 6) sets Hi to Hi and updates s∗ accordingly.

(4) Firstly, using those three assumptions and setting Sa to 0, a call to Ma

reveals that task a cannot be processed wrt Pa = Pa and Ha = Ha. Thus,
not only rectangles between Sa and Pa will be considered but also those
in the interval [Pa, Pa]. Recall that, firstly, only the first rectangle of the
profile is checked (with the corresponding assumption s∗ + Pa ≤ 5) with
a height of 1. The value considered for Ha must be consistent with both
assumptions Sa = 0 and Pa ≤ 5. This value can be obtained directly using
h∗ = minValue(Ha,Ma, [Sa = 0, Pa ≤ 5]) = 2. However, as h∗ + 1 =
3 > B = 2, it means that no feasible assignment for a exist, such that it
only overlaps the first rectangle and respects the capacity. Thus, the second
rectangle can be checked, i.e. Pa > 5∧Pa ≤ Pa = 6. Again, the corresponding
minimum value for Ha is given by h∗ = minValue(Ha,Ma, [Sa = 0, Pa >
5, Pa ≤ 6]) = 1. As h∗ > 0, it raises a resource conflict with the second block
of the profile. Thus, reasoning can be made to update Sa to 7.

Algorithm 1 Cumulative: Left Sweep filtering algorithm for one task, from
[25] and annotated.
Require: A resource capacity B, a profile TTΩ and a task i: variables Si, Ci, Pi and Hi

Ensure: Return FAIL if it is unfeasible; otherwise, updates bounds on Si

1: compute j1 such that Si ∈ [aj1 ; bj1 [
2: compute j2 such that Ci − 1 ∈ [aj2 ; bj2 [
3: j ← j1
4: s∗ ← Si ▷ ϕ1 : Si = s∗

5: while j ≤ j2 ∧ aj < min(s∗ + Pi, Si) do ▷ ϕ2 : Pi = Pi

6: if B −Hi < Dj then ▷ ϕ3 : Hi = Hi

7: s∗ ← min(bj , Si)

8: j ← j + 1

9: if s∗ > Si then Si ← s∗

4 MDD-Cumulatives and MDD-Multi-Cumulatives
Constraints

We now use the method in two ways. Firstly, we apply it to the Cumulative con-
straint and describe the MDD-based timetabling algorithm for this constraint.
Then, we expand Cumulative by considering an assignment variable, effectively
generating a new version of timetabling that filters that assignment variable.

4.1 Timetabling Algorithm for the MDD-Cumulative

In this section we extend the basic timetabling algorithm, i.e. Algo. 1 presented in
Section 2, in order to handle the MDD-Cumulative introduced in Example 4.
We first define two functions that we will use in our extended algorithm Algo. 2.
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Notations We introduce the function IndexRectangle(v) where v is a time
point. This function returns the index j of the interval of the profile such that v
belongs to it. In other words, v ∈ [aj , bj [. Let δ denote the difference between the
threshold and the profile demand, and let δj denote the difference at rectangle j. δ
is computed as the minimum over all δj for all j between the start and the current
checked completion time. More precisely, if i has a mandatory part (i.e. Si <
Ci), δ does not consider Hi. The MinGapOnTopOfProfile(j, k, i) function
performs this computation; here, j and k are the first and last intervals taken
into account, respectively, and i is the current task.

Intuition of the new filtering algorithm Alg. 2 To ensure validity wrt the feasible
modes of a task, certain modifications are made. Given a task i, the idea is as
follows. As duration (Pi) and demand (Hi) may depend on the value of Si, we
iterate over each interval of the profile within Si and Si. For each interval j
considered, we explicitly assume Si ∈ [aj , bj [. Then, each interval corresponding
to the last use of the resource, i.e. Ci − 1, wrt the assumption Si ∈ [aj , bj [ must
be tested. To do so, we iterate over each interval k and assume that Ci − 1 ∈
[ak, bk[. Finally, rather than getting the minimum value of Hi (Hi), we compute
its minimal value wrt those assumptions and the MDD Mi; and check if it is
valid. In other words, we check if it exists an assignment such that Si ∈ [aj , bj [,
Ci − 1 ∈ [ak, bk[ and Hi ≤ δ.

Description of Alg. 2 The overall for loop, lines 2–15, corresponds to the it-
erations over the feasible intervals of Si. wrt Si within rectangle j, bounds for
Pi and Ci are computed in lines 3–6. Then, the inner for loop, lines 9–14, it-
erates over the feasible completion times of i. If a feasible assignment is found,
we update, if necessary, the lower bound of Si and exit with true, lines 12–14.
Otherwise, we check the next feasible starting interval. After checking all feasible
start intervals for Si, we return false. We depict only the filtering for the start
variables, since the same idea applies to the completion variables.

Validity and Worst-Case Complexity First, note that, for configurations without
modes, a call to the MDD returns the only value of the domain. Therefore, the
algorithm is equivalent to the one in [25]. Second, in the general case, once a
fixed point has been reached, let Si = s and j be the rectangle of the profile such
that s ∈ [aj , bj − 1]. This implies that there must exist an assignment of task i
wrt (1 ) Mi (modes of i) (2 ) the current profile (3 ) Si ∈ [s, bj − 1]. Moreover,
this indicates that s is not necessarily a feasible value for Si, as we only filter
rectangle by rectangle. In other words, there may be inconsistent values in the
domain of Si as granularity depends on the profile.

Functions IndexRectangle and MinGapOnTopOfProfile may need to
iterate over the entire profile. Thus, their complexity is in O(n). In the worst
case, every rectangle of the profile must be checked for Si and again for Ci. Thus,
the complexity is in O(n2). Finally, this algorithm is called for each task to filter
the starting and completion time variables, resulting in an overall complexity of
O(n3) for the MDD-Cumulative timetabling algorithm. Note that as introduced
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in Section 3.3, as the size of Mi is considered bounded by the number of modes
and the number of attributes (which is constant), a call to the minValue func-
tion is considered to be either in constant time or in Mi, the number of modes
of i. Formally, the overall complexity is thus bounded by O(n3 + n2 ·maxi Mi).

Algorithm 2 Cumulative: Left Sweep algorithm with assumptions and call
to the MDD. It is denoted Sweep(B, TT,Xi,Mi)

Require: A resource capacity B, a profile TT , variables Xi and the MDD Mi

Ensure: Return FALSE if it is unfeasible; otherwise, updates bounds on Si

1: j1 ← IndexRectangle(Si); j2 ← IndexRectangle(Si); s∗ ← Si;
2: for j ∈ [j1, j2] do ▷ ϕ1 : Si ∈ [s∗, bj − 1]
3: p∗min ← minValue(Pi,Mi, [Si ≥ s∗, Si < bj ])
4: p∗max ← maxValue(Pi,Mi, [Si ≥ s∗, Si < bj ])
5: c∗min ← s∗ + p∗min ▷ ϕ2 : Pi ∈ [p∗min, p

∗
max]

6: c∗max ← min(C,min(S, bj − 1) + p∗max)
7: k1 ← IndexRectangle(c∗min − 1); k2 ← IndexRectangle(c∗max − 1);
8: δ ←MinGapOnTopOfProfile(j, k1, i)
9: for k ∈ [k1, k2] do

10: h∗ ← minValue

Hi,Mi,

 Si ≥ s∗, Si < bj ,
Pi ≥ p∗min, Pi ≤ p∗max,

Ci − 1 ≥ ak, Ci − 1 < bk


11: δ ← min(δ, δk)
12: if h∗ ≤ δ then ▷ ϕ3 : Hi = h∗

13: if s∗ > Si then Si ← s∗

14: return TRUE
15: s∗ ← bj

16: return FALSE

4.2 The MDD-Multi-Cumulatives Constraint

In order to benefit as much as possible from the method, we modify the MDD-Cumulative
to filter the assignment variable Yi. Moreover, we also generalise the constraint
to handle more than one resource at a time. For the sake of generality, a mode is
defined by the value of the assignment variable Yi and other restrictions between
the variables of Xi. Consider the multi-valued decision diagram Mi based on the
set of variables ⟨Yi, Si, Pi, Ci, Hik|k = 1, . . . , R⟩ for task i.

We define a new constraint over the following interface:

MDD-Multi-Cumulatives(X , T , B)

with X = {Xi|∀i ∈ J } the set of tasks variables such that Xi = {Yi, Si, Pi, Ci, {Hr
ik|k =

1, . . . , R}} and T = {Mi|∀i ∈ J } the set of tasks MDDs. B = {Bk|∀k ∈ K}
denotes the resource thresholds vector. ⟨Yi, Si, Pi, Ci, Hik|k = 1, . . . , R⟩ is the
core of the MDD-Multi-Cumulatives constraint.

The constraint holds if the following conditions are true all together:

∀i ∈ J : Si + Pi = Ci (5)



Tight MDD Integration for Global Constraints: the Multi-Cumulatives Case 13

∀k ∈ K,∀t ∈ N :
∑

i|Si≤t<Ci

Hik ≤ Bk (6)

∀i ∈ J : ∃P ∈ PMi
: ∀X ∈ Xi : X = x, x ∈ P (7)

First (5) ensures the coherence of each task wrt its start, duration and completion
time. Then (6) enforces that at each time point where at least one task is active,
for each resource the threshold is respected. With (7), for each task, its mode
(variable assignment) must respect its corresponding MDD. Due to the MDDs
definitions, this constraint can enforce any mode configuration.

Consider a task i, for each variable in Xi the level of filtering made by the
MDD-Multi-Cumulatives constraint is the following. The complete domain
of Yi is filtered. In other words, all values belonging to D(Yi) are consistent with
the constraint. On the other hand, for variables Si and Ci, the same level of
consistency is reached as for the MDD-Cumulative. In other words, consistency
is enforced only wrt the interval of the profile. It may exist inconsistent values
inside the domain (i.e t ∈ [Si, Si]).

Filtering Algorithm In the MDD-Cumulative, Algorithm 2 is called twice
for each task. However, in the MDD-Multi-Cumulatives, it is called for each
mode m ∈ D(Yi) of each task i. At each call of Mi, the assumption Yi = m
is added. Moreover, whenever the algorithm returns FALSE, m is filtered. Note
that, as the assumption Yi = m is added, there is no more guarantee that
c∗min ≤ c∗max and thus, a test must be added after line 6.

We also consider multiple resources at the same time. The profile is built the
same way; however, for each event, all resources are considered. For each of those
resources, the event is mapped to a corresponding height. Even if the number
of resources is higher than one, the overall profile stays the same with the same
number of rectangles and events. Moreover, in practice, rectangle j is mapped
to a set of corresponding resources for which a change appears at aj and bj in
order to avoid iterating on resources with no demands.

The test made in line 12 must be performed over all resources. Thus the
complexity becomes O(n2 · R). Finally, for each task i, it is called 2 · |D(Yi)|.
Let Mmax = max |D(Yi)| be the maximum number of assignments for each task.
The overall complexity of MDD-Multi-Cumulative is O(n3 ·R ·Mmax).

5 Experiments

Both constraints have been implemented in Java on open-source ChocoSolver
[42]. Evaluations have been made on a computer with a 3.80 GHz Intel Core
Ultra 7 165H CPU and 32 GB of RAM. The version used of the ChocoSolver is
the 5.0.0-beta. A time limit was fixed at 1800 seconds (30 minutes).

We have tested the MDD-Multi-Cumulatives on the PSPlib [31]. It is
the state-of-the-art instances for the MM-RCPSP problem. In the MM-RCPSP,
a mode must be assigned to each task and a Cumulative constraint must be
respected for each renewable resource. Moreover, the problem also considers
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precedences between tasks and non-renewable resources. We use as baseline a
decomposed model (Dec) with a set of Element constraints ensuring mode con-
sistency for each task and a Cumulative constraint for each renewable resource.
In the second model (MC), they are replaced, respectively, by an MDDC con-
straint for each task and a unique Multi-Cumulatives for renewable resources.

Firstly, the (Dec) has been compared with both a CPOptimizer [33] and a
MiniZinc [36] model. For space reasons, these results are not reported in detail
here, but it is important to note that it is comparable with state-of-the-art meth-
ods. Letting the solver define the strategy itself (using heuristics and problem
recognition) has led to a faster resolution. Secondly, both Choco models have
been compared. Allowing the solver to define its own strategy (using heuristics
and problem recognition) has led to a faster resolution. However, in order to com-
pare efficiency, the search strategy must be fixed. It ensures that decisions are
the same for both models, and the reasoning is correctly compared. Two classical
search strategies have been implemented. A dichomotic search (denoted Dicho)
which splits the makespan and tasks starting (resp. completion) time into two
smaller windows [15] and one that creates mandatory parts for tasks (denoted
MP). Fifty instances were tested for each benchmark with both strategies. Also
note that in these benchmarks, tasks have only three possible modes.

Numerical results Observe the results in Table 1. In all cases (MC) solves
and proves optimality for more instances. We also present detailed results for
the instances solved by both models. Average time in seconds and number of
nodes are reported. Finally, we present detailed results for the instances solved
only by (MC). Note that all instances solved by (Dec) have also been solved by
(MC). The same is true for the optimally solved instances. Time and nodes are
only reported when an optimal solution has been found and proved.

Consider instances solved by both models. It can be observed that on average
(Dec) is faster than (MC). However, (MC) always goes through fewer nodes to
reach optimality, and all instances solved by (MC) where (Dec) times out are
not taken into account. The time difference can be explained by (1) the longer
procedure made by the MDD-Multi-Cumulatives constraint, and (2) the cur-
rent implementation. For the latter case, it is made as proof of concept and thus,
an overlay of the MDDs is built to make the implementation of the minValue
function easier. However, it can be noted that (1) the search space is signifi-
cantly reduced (more reasoning is obtained), (2) more instances are solved or
optimally solved, and (3) there are certain cases where the time gap is almost
leverage (e.g. benchmark R5 with dichotomic search). Finally, another test has
been performed to compare filtering. It consists of letting (MC) solve the in-
stance to optimality and retrieve the corresponding decision path. The domains
are observed after applying this path to (Dec). It shows that, on average, more
than 30% of the assignment variables are still not fixed. Both these results tend
to show the efficiency of the novel constraint even over instances with a small
number of modes per task.
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Bench Search
Dec MC Solved by both Solved only by MC

Sol Opt Sol Opt Time Node Sol Opt Time NodeDec MC Dec MC

R4 Dicho 24 23 42 39 7.22 90.79 470 197 74 491 14 10 194.55 176 128
MP 28 27 43 41 11.66 58.75 474 260 40 746 15 14 251.99 84 470

R5 Dicho 22 22 46 34 19.78 20.47 1 001 989 16 263 24 12 209.75 85 031
MP 26 25 38 37 11.70 98.73 449 005 109 978 12 12 95.27 105 787

C15 Dicho 30 30 43 39 3.06 18.02 182 824 17 422 13 9 90.27 46 076
MP 33 32 41 40 10.12 22.43 945 754 31 714 8 8 71.15 58 903

J20 Dicho 30 28 41 35 8.68 24.68 76 928 24 281 11 7 163.01 86 682
MP 32 29 40 35 8.79 84.47 383 766 112 538 8 6 337.78 91 698

M5 Dicho 30 30 44 40 1.08 13.66 93 404 10 436 14 10 252.25 243 661
MP 33 33 38 38 2.06 17.29 104 784 8 802 5 5 270.97 44 184

Table 1: Results of the decomposed (Dec) and MDD-Multi-Cumulatives
(MC) models over the PSPLib instances. Average time (in seconds) and number
of nodes are reported over instances optimally solved.

Discussion The novel constraints can handle problems with more task configu-
rations. To remain generic, mode values are checked wrt the starting time of the
task. To show the effectiveness of the method while staying accessible, tests were
conducted on PSPlib instances. In these benchmarks, modes depend solely on
the assignment variable, where optional task representation can be very efficient.
However, when considering dependencies with the execution time, the number
of modes may become very large. In our proposed method, only the number
of paths in the MDD increases, and those dependencies are directly taken into
account by the constraint. Conversely, classical models generate an optional task
for each of these modes. Therefore, it is expected that the method will be able
to handle instances where classical models time out. This behaviour has been
observed empirically in specific instances, and preliminary results from more
general instances suggest that this expectation remains consistent.

6 Conclusion

The novel usage of MDDs presented here opens several avenues for future work.
Expanded Applications and Constraints The integration of MDDs could lead
to more efficient reasoning within multiple constraints. In the packing domain,
constraints like DiffN [7,35] and Geost [6,50] would be prime candidates.
Other relevant constraints that consider objects with multiple attributes would
be Cycles [13], LexChain [16] or StableKeysort [9].
Enhancements for Cumulative Constraints This work offers new insights into
Cumulative constraints. The method could be enhanced for specific schedul-
ing scenarios (e.g., problems with setup tasks [24]) by integrating specialised
assumptions directly into the MDD structure. Moreover this work only consid-
ers the timetabling algorithm [25], but the MDD-Cumulative constraint could
also benefit from integrating energetic reasoning [14] with MDDs. Ultimately, de-
signing new algorithms based on the principle of integrated, tighter assumptions
within MDDs could lead to even greater efficiency.
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