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ANALYSIS OF AN EXPONENTIAL INTEGRATOR FOR STOCHASTIC
PDES DRIVEN BY RIESZ NOISE

CHARLES-EDOUARD BRÉHIER, DAVID COHEN, LLUÍS QUER-SARDANYONS,
AND JOHAN ULANDER

Abstract. We present and study an explicit exponential integrator for parabolic SPDEs in
any dimension driven by a Gaussian noise which is white in time and with spatial correlation
given by a Riesz kernel. Under assumptions on the coefficients of the SPDE, we prove strong
error bounds and exhibit how the rate of convergence depends on the exponent in the Riesz
kernel. Finally, numerical experiments in spatial dimensions 1 and 2 are provided in order
to confirm our convergence results.
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1. Introduction

The analysis of convergence of numerical schemes for stochastic partial differential equations (SPDEs)
started with the seminal paper [32]. In this reference, the authors showed the convergence in proba-
bility of an implicit numerical scheme to the solution of a stochastic heat equation with a nonlinear
term and driven by additive space-time white noise defined on the interval r0, 1s. The literature on
(strong) convergence of numerical schemes to solutions of SPDEs, in particular of the parabolic type,
in dimension 1 is now well established, see e.g [49, 31, 54, 28, 39, 35, 44, 3, 62, 5, 22, 50, 51, 61, 59,
48, 24, 9, 10, 30, 53, 8, 29, 16, 57] and references therein.

Moving beyond the one dimensional case and focusing on the random field setting, convergence
results of numerical methods for SPDEs in dimension larger than 1 are currently lacking. Without
being exhaustive, we refer the interested reader to [12, 51, 63]. Indeed, the results presented in our
paper are closely related to those obtained in [51]. More precisely, in the latter reference the authors
study the speed of convergence of explicit and implicit (semi-) discretization schemes for the following
semilinear stochastic heat equation driven by Riesz noise with parameter α P p0, 2 ^ dq, where d ě 1
is the space dimension:

(1)
#

Bu
Bt pt, xq “ ∆upt, xq ` bpt, x, upt, xqq ` σpt, x, upt, xqq 9Fαpt, xq,

up0, xq “ u0pxq for x P p0, 1qd,

with homogeneous Dirichlet boundary conditions. Here, ∆ is the Laplacian operator on r0, 1sd with
Dirichlet boundary conditions, 9Fα denotes a Gaussian noise which is white in time and has a spatial
correlation given by a Riesz kernel (see Section 2.2 for the precise definition), u0 is a continuous
function on r0, 1sd and the functions b, σ satisfy some conditions (see Section 2.4).

Our main objective is to analyze the rate of strong convergence of an explicit stochastic exponential
integrator for the SPDE (1). The main contributions of the present work are twofold:

First, we prove that the strong rate of convergence of the stochastic exponential integrator is p 1
2´α

4 q´

(see Theorem 8 for the precise statement). This rate of convergence is optimal, in the sense that it
coincides with the time regularity of the solution u of equation (1) (see Proposition 7). Moreover, the
obtained rate of convergence coincides with those of the explicit and implicit Euler–Maruyama schemes
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considered in [51, Thm. 3.4. (ii) and (iii)]. On top of that, our error estimates are uniform with respect
to time and space (see (35)) and require only the minimal assumption of the initial condition u0 being a
continuous function. We also point out that the considered stochastic exponential integrator provides
two distinct benefits over the numerical schemes studied in [51]: it avoids the CFL-related step-size
restriction of the explicit Euler–Maruyama scheme and it has advantages in implementation over the
implicit Euler–Maruyama scheme (see Section 5 for numerical illustrations).

The second important contribution of the present paper is that we numerically confirm the the-
oretically derived strong convergence rates in dimensions d “ 1 and d “ 2 (see Section 5). To the
best of our knowledge, no previous references in the literature have shown such numerical results in
dimension 2 in the random field setting.

Before elaborating a bit more on the above described contributions, let us mention that exponential
integrators have a long history in the numerical analysis of deterministic ordinary and partial differ-
ential equations, see the review [36]. It is also not the first time that this kind of time integrators
have been applied in the context of SPDEs, see for instance [38, 43, 37, 14, 6, 7, 42, 33] and the
references above. In addition, we refer the reader to [3], where the authors consider a one-dimensional
stochastic heat equation of the form (1) but driven by space-time white noise. The case of stochastic
wave equations has been addressed in [19, 60, 58, 20, 2, 55, 18, 21, 46, 11]. Furthermore, in the context
of stochastic Schrödinger equations, there have been advances in, e.g., [52, 17, 1, 34, 41, 15, 23].

The proof of our main result (Theorem 8) on the strong rate of convergence for the stochastic
exponential integrator is carried out using two important ingredients. On the one hand, we apply
well-known estimates for stochastic integrals with respect to our Riesz noise. Here, we adapt the
theory developed by Dalang in the seminal paper [25] to our setting, in which we consider our SPDE
in the bounded domain r0, 1sd. On the other hand, most of the technical effort has been focused on
proving precise estimates involving the Green function Gd of the stochastic heat equation in r0, 1sd

with Dirichlet boundary conditions (see Lemmas 3 and 4 for the precise statements), and using them
sharply throughout the proof of our main theorem. The proofs of some of those results, which involve
norms of Gd in the Hilbert space determined by the space covariance of the noise Fα, have been
sketched in [51]. For the sake of completeness, we have added a detailed proof of all estimates in
Appendix A. Finally, we remark that, conveniently used, this kind of bounds allows us to get our rate
of convergence uniformly with respect to time and space, with only assuming that u0 is continuous.

The paper is organized as follows. In Section 2, we present the main notation that will be used
throughout the paper, we describe the Riesz noise Fα together with the corresponding stochastic
integral, we provide some properties and estimates involving the Green function Gd and we establish
the main assumptions on the coefficients b and σ. Section 3 is devoted to defining the mild solution to
equation (1) and prove some of its properties. In Section 4, the continuous-time mild formulation of the
stochastic exponential integrator is presented and the main result of the paper is stated (Theorem 8).
Section 5 is devoted to present the numerical experiments in dimensions d “ 1 and d “ 2. Finally, in
Section 6 we give the proof of Theorem 8. Appendix A contains detailed proofs of the main properties
of the Green function Gd, while Appendices B and C contain details on the implementation on the
covariance matrix of the noise in dimension d “ 1 and d “ 2, respectively.

2. Setting

In this section, we first introduce notation in Subsection 2.1, then we provide the definition of the
Riesz noise and properties of the associated stochastic integral in Subsection 2.2. Next, we present
properties of the heat kernel in Subsection 2.3. Finally, in Subsection 2.4, we state regularity assump-
tions on the coefficients b and σ appearing in the SPDE (1).

2.1. Notation. The set of positive integers is denoted by N “ t1, 2, . . .u. Let Q “ p0, 1qd and Q “

r0, 1sd, where d P N is the spatial dimension. The Euclidean norm in Rd is denoted by | ¨ |. Let BpQq

denote the set of Borel subsets of Q.
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Let C0pQq denote the space of real-valued continuous functions on Q. For any v P C0pQq, set

}v}8 “ max
xPQ

|vpxq|.

Moreover, let
C0
0pQq “ tv P C0pQq; vpxq “ 0, @ x P BQu.

Let L2pQq denote the space of square-integrable real-valued functions on Q. In addition, let DpQq

denote the space of real-valued smooth functions defined on Q.
In this article, we consider the Laplace operator ∆ on the d-dimensional domainQ with homogeneous

Dirichlet boundary conditions on BQ “ QzQ. It is well-known that this operator can be diagonalized.

For all k “ pk1, . . . , kdq P Nd, define |k|2 “

d
ÿ

j“1

|kj |2. For all j P N, set φjp¨q “
?
2 sinpjπ¨q. For all

k P Nd, define

φkpxq “

d
ź

j“1

φkj pxjq, @ x “ px1, . . . , xdq P Q.

Then
`

φk

˘

kPNd is a complete orthonormal system of L2pQq. Moreover, for any k P Nd, the function
φk is an eigenfunction of the operator ∆, with associated eigenvalue ´|k|2π2.

Let pΩ,F ,Pq be a probability space. The expectation operator is denoted by Er¨s. For any p P r1,8q

and any real-valued random variable u, we define ~u~p “
`

Er|u|ps
˘

1
p P r0,8s. Let LppΩq denote the

space of real-valued random variables such that ~u~p ă 8.
In the sequel, C denotes a constant that may vary from line to line. Subscripts on C may be

employed to indicate dependence with respect to parameters.

2.2. Riesz noise. In this subsection, we introduce the Riesz noise Fα, depending on the parameter
α P p0, 2 ^ dq, and we provide the main tools to define stochastic integrals with respect to the noise
Fα.

For all α P p0, 2 ^ dq, define the inner product x¨, ¨yα and the norms } ¨ }α and } ¨ }pαq as follows: for
any smooth functions ϕ, ϕ1, ϕ2 P DpQq, set

xϕ1, ϕ2yα “

ĳ

QˆQ

ϕ1pxqϕ2pyq|x´ y|´α dx dy,

}ϕ}2α “

ĳ

QˆQ

ϕpxqϕpyq|x´ y|´α dx dy,

∥ϕ∥2pαq “

ĳ

QˆQ

|ϕpxq||ϕpyq||x´ y|´α dx dy.

Let us introduce the Hilbert space Hα as the completion of the space DpQq with respect to the inner
product x¨, ¨yα and the associated norm } ¨ }α. Any function g : Q Ñ R satisfying ∥g∥2pαq ă 8 belongs
to Hα (see, e.g.,[26, Prop. 2.6(a)]).

Next, define the Hilbert space Hα “ L2pr0,8q;Hαq with inner product x¨, ¨yHα and norm } ¨ }Hα

defined as follows: for all φ,φ1, φ2 P Hα, set

xφ1, φ2yHα
“

ż 8

0

xφ1pt, ¨q, φ2pt, ¨qyα dt,

}φ}2Hα
“

ż 8

0

}φpt, ¨q}2α dt.
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Given the parameter α P p0, 2^ dq, the Riesz noise Fα is defined as a family Fα “ tFαpφq; φ P Hαu

of centered Gaussian random variables, characterized by the following covariance structure: for all
φ1, φ2 P Hα, one has

E rFαpφ1qFαpφ2qs “ xφ1, φ2yHα
.

For any time s ě 0 and any Borel set A P BpQq, the function φs,A : pt, xq P R` ˆ Q ÞÑ 1r0,ssptq1Apxq

belongs to Hα. Set
Fα pr0, ss ˆAq “ Fα pφs,Aq .

For any t ě 0, we define Ft as the σ-algebra

Ft “ σ ptFαpr0, ss ˆAq; 0 ď s ď t, A P BpQquq .

In the sequel, we consider predictable processes with respect to the filtration tFtutě0.
The stochastic integral with respect to the noise Fα is understood in the Walsh–Dalang sense (see

e.g. [56, Chapter 2], [27, Chapter 2] or [25, 26]). Namely, if tXps, yq, s ě 0, y P Qu is any predictable
random field satisfying that Er}X}2Hα

s ă 8, then the stochastic integral
ş8

0

ş

Q
Xps, yqFαpds, dyq is a

well-defined centered random variable, which satisfies the following isometry property:

(2) E

«

ˇ

ˇ

ˇ

ˇ

ż 8

0

ż

Q

Xps, yqFαpds, dyq

ˇ

ˇ

ˇ

ˇ

2
ff

“ Er}X}2Hα
s.

If X, in addition, is such that E
”

ş8

0
}Xps, ¨q}2

pαq
ds

ı

ă 8, then one has

(3) E

«

ˇ

ˇ

ˇ

ˇ

ż 8

0

ż

Q

Xps, yqFαpds, dyq

ˇ

ˇ

ˇ

ˇ

2
ff

ď E
„

ż 8

0

}Xps, ¨q}2pαq ds

ȷ

.

For all φ P Hα, one has
ż 8

0

ż

Q

φps, yqFαpds, dyq “ Fαpφq.

Finally, let us recall the Burkholder–Davis–Gundy inequality, see e.g. [40, Appendix B]: for all p ě

1 and T P p0,8q, there exists CppT q P p0,8q such that for any predictable process X such that
şT

0
}Xps, ¨q}2

pαq
ds P LppΩq, the stochastic integral satisfies

şT

0

ş

Q
Xps, yqFαpds, dyq P L2ppΩq, and one

has

(4) E

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

ż T

0

ż

Q

Xps, yqFαpds, dyq

ˇ

ˇ

ˇ

ˇ

ˇ

2p
fi

fl ď CppT qE

«˜

ż T

0

}Xps, ¨q}2pαq ds

¸pff

,

which can be rewritten as

~

ż T

0

ż

Q

Xps, yqFαpds, dyq~
2p
2p ď CppT q~

ż T

0

}Xps, ¨q}2pαq ds~
p
p.

Remark 1. The Riesz noise Fα is indeed well-defined for all α P p0, dq. The restriction α ă 2 is due
to the fact that we want the following stochastic convolution to be well-defined, for all T ą 0:

ż t

0

ż

Q

Gdpt´ s, x, yqFαpds, dyq, pt, xq P r0, T s ˆQ,

where Gd is the heat kernel introduced in the next Section 2.3. More precisely, condition α ă 2 is used
to prove that the function ps, yq P r0, ts ˆ O ÞÑ Gdpt ´ s, x, yq belongs to Hα (see (12) in Lemma 4).
This is important in order to define the mild solution to equation (1) (see (20)).
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2.3. Heat kernel. In this subsection, we introduce the heat kernel Gd on Q with Dirichlet homoge-
neous boundary conditions, and provide several of its fundamental properties. For all t P p0,8q and
all x, y P Q, set

Gdpt, x, yq “
ÿ

kPNd

expp´|k|2π2tqφkpxqφkpyq,

where for all k P Nd, |k|2 and φk are defined in Subsection 2.1.
Let us first recall standard properties of the heat kernel Gd. First, one has

(5) Gdpt, x, yq ě 0, @t P p0,8q, x, y P Q.

Moreover, for all t P p0,8q and x P Q, one has

(6)
ż

Q

Gdpt, x, yqdy P r0, 1s.

Next, let us provide estimates for the heat kernel and its first order spatial and temporal derivatives.
Lemma 2. The heat kernel Gd, its spatial gradient ∇xGd and its temporal derivative BtGd satisfy the
following upper bounds: there exist cd, Cd P p0,8q such that for all pt, x, yq P p0,8q ˆQˆQ, one has

Gdpt, x, yq ď Cdt
´ d

2 e´cd
|y´x|2

t ,(7)

|∇xGdpt, x, yq| ď Cdt
´ d`1

2 e´cd
|y´x|2

t ,(8)

|BtGdpt, x, yq| ď Cdt
´ d`2

2 e´cd
|y´x|2

t .(9)
We refer for instance to [45, page 274 in Chapter 4] for a proof of Lemma 2. Combining (7) and

(9) yields the following inequality.
Lemma 3. There exists Cd P p0,8q such that for all t1, t2 P p0,8q such that t1 ă t2, and all x, y P Q,
one has

(10)

ˇ

ˇGdpt2, x, yq ´Gdpt1, x, yq
ˇ

ˇ ď Cd1 t2´t1
t1

ă1

t2 ´ t1
t1

t
´ d

2
1 e´cd

|y´x|2
2t1

` Cd1 t2´t1
t1

ě1

´

t
´ d

2
1 e´cd

|y´x|2
2t1 ` t

´ d
2

2 e´cd
|y´x|2

2t2

¯

.

In addition, for all γ P r0, 1s, for all t1, t2 P p0,8q such that t1 ă t2, and all x, y P Q, one has

(11)
ˇ

ˇGdpt2, x, yq ´Gdpt1, x, yq
ˇ

ˇ ď Cd
|t2 ´ t1|γ

tγ1

´

t
´ d

2
1 e´cd

|y´x|2
2t1 ` t

´ d
2

2 e´cd
|y´x|2

2t2

¯

.

Let us state additional properties of the heat kernel Gd, which are not standard since they are
concerned with the norms } ¨ }pαq. Some of the estimates below can be found in [51, Appendix A]. For
the sake of completeness, we add the whole proof of the lemma below in Appendix A.
Lemma 4. Let d P N and α P p0, 2 ^ dq. There exists Cα P p0,8q such that the following inequalities
hold:

sup
xPQ

}Gdpt, x, ¨q}2pαq ď Cαt
´ α

2 , @ t P p0,8q,(12)

sup
xPQ

ż t2

t1

}Gdpt2 ´ t, x, ¨q}2pαq dt ď CαpT q|t2 ´ t1|1´ α
2 , @ t2 ě t1 ě 0,(13)

ż `8

0

}Gdpt, x2, ¨q ´Gdpt, x1, ¨q}2pαqdt ď Cα|x2 ´ x1|2´α, @ x1, x2 P Q.(14)

Moreover, for all γ P p0, 12 ´ α
4 q, there exists Cα,γ P p0,8q such that

(15) sup
xPQ

ż t1

0

}Gdpt2 ´ t, x, ¨q ´Gdpt1 ´ t, x, ¨q}2pαq dt ď Cα,γt
1´ α

2 ´2γ
1 |t2 ´ t1|2γ , @ t2 ě t1 ě 0.



6 CHARLES-EDOUARD BRÉHIER, DAVID COHEN, LLUÍS QUER-SARDANYONS, AND JOHAN ULANDER

Let us finally provide a technical lemma on estimates for stochastic integrals of the heat kernel Gd

with respect to the noise Fα.

Lemma 5. Let d P N, α P p0, 2 ^ dq, T P p0,8q, and p P r1,8q. There exists Cp,αpT q P p0,8q

such that the following holds: if κ : R` Ñ R` is a mapping such that κpsq ď s for all s P R`, and if
tXps, xq, ps, xq P r0, T s ˆQu is any square-integrable predictable process taking values in Hα, then one
has the upper bounds

sup
0ďtďT

sup
xPQ

~

ż t

0

ż

Q

Gdpt´ κpsq, x, yqXps, yqFαpds, dyq~2p

ď Cp,αpT q

˜

ż t

0

pt´ κpsqq´ α
2 sup
xPQ

~Xps, xq~2
2p ds

¸
1
2

(16)

ď Cp,αpT q

˜

ż t

0

pt´ κpsqq´ α
2 sup
xPQ

Er|Xps, xq|2ps ds

¸
1
2p

(17)

ď Cp,αpT q sup
0ďtďT

sup
xPQ

~Xpt, xq~2p.(18)

The proofs of Lemma 3, of Lemma 4 and of Lemma 5 are postponed to Appendix A.

2.4. Regularity assumptions. We conclude this section by giving the assumptions on the initial
value u0 and on the coefficients b and σ which appear in the stochastic evolution equation.

Assumption 1. The initial value u0 is a function such that u0 P C0
0pQq. In other words, it is assumed

that u0 : Q Ñ R is continuous, and that u0pxq “ 0 for all x P BQ “ QzQ.

Note that in this article the initial value u0 is assumed to be deterministic. Considering F0-
measurable random initial values, independent of the Riesz noise Fα, would be possible up to minor
standard modifications.

Let T P p0,8q denote a fixed time. The mappings b and σ are assumed to satisfy the following
conditions.

Assumption 2. The mappings b : r0, T s ˆQˆR Ñ R and σ : r0, T s ˆQˆR Ñ R satisfy the following
assumptions: there exist C P p0,8q such that, for all s, t P r0, T s, x, y P Q, u, v P R, one has

|bps, x, uq ´ bpt, y, vq| ` |σps, x, uq ´ σpt, y, vq| ď C
`

|s´ t|1{2´α{4 ` |x´ y|1´α{2 ` |u´ v|
˘

,(L)

and such that, for all t P r0, T s, x P Q, u P R, one has

|bpt, x, uq| ` |σpt, x, uq| ď Cp1 ` |u|q.(LG)

Observe that the condition (L) means that the two mappings u P R ÞÑ bpt, x, uq and u P R ÞÑ

σpt, x, uq are globally Lipschitz continuous, uniformly with respect to t P r0, T s and x P Q. Moreover,
the temporal and spatial Hölder regularity exponents 1{2 ´ α{4 and 1 ´ α{2 in the condition (L) are
related to the optimal temporal and spatial regularity properties of the solutions, see Section 3 and
e.g. [51, Prop. 3.2].

3. Well-posedness and properties of the SPDE driven by Riesz noise

The objective of this section is to study the stochastic partial differential equation (1) driven by Riesz
noise in dimension d, employing the tools presented in Section 2. Proposition 6 provides existence and
uniqueness of a mild solution as well as moment bounds. Proposition 7 provides a temporal regularity
result.
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We consider the stochastic partial differential equation

(19)

$

’

’

’

&

’

’

’

%

Bu

Bt
pt, xq “ ∆upt, xq ` bpt, x, upt, xqq ` σpt, x, upt, xqq

B2Fα

BtBx
pt, xq, @ t ą 0, x P Q,

upt, xq “ 0, @ x P BQ,

up0, xq “ u0pxq, @ x P Q,

where the initial value u0 satisfies Assumption 1 and the mappings b and σ satisfy Assumption 2. The
formulation (19) is formal. We recall that a mild solution to (19) is an adapted process tupt, xq, pt, xq P

r0, T s ˆQu which satisfies the following identity: almost surely, for any pt, xq P p0, T s ˆQ, one has

upt, xq “

ż

Q

Gdpt, x, yqu0pyqdy `

ż t

0

ż

Q

Gdpt´ s, x, yqbps, y, ups, yqqdy ds

`

ż t

0

ż

Q

Gdpt´ s, x, yqσps, y, ups, yqqFαpds, dyq.(20)

The stochastic integral with respect to the Riesz noise Fαpds, dyq appearing in (20) is understood in
the Walsh–Dalang sense, as presented in Subsection 2.2.

Let us state properties of mild solutions of the parabolic SPDE (19).

Proposition 6. Let Assumptions 1 and 2 be satisfied. For all T P p0,8q, there exists a unique global
mild solution tupt, xq, pt, xq P r0, T s ˆQu to (19).

In addition, the mild solution satisfies the following moment bounds: for all p P r1,8q and all
T P p0,8q, there exists CppT q P p0,8q such that one has

(21) sup
tPr0,T s

sup
xPQ

Er|upt, xq|2ps ď CppT q
`

1 ` }u0}2p8

˘

.

Proof. Existence of the unique mild solution upt, xq to the parabolic SPDE (19) can be found in, for
example, [25, 13, 47, 27].

The moment bounds of upt, xq are established using standard arguments. A detailed proof is given
for completeness.

For all t P r0, T s and all x P Q, one has

(22) Er|upt, xq|2ps ď 32p´1
´

M1
p pt, xq `M2

p pt, xq `M3
p pt, xq

¯

,

where M1
p pt, xq, M2

p pt, xq and M3
p pt, xq are defined as

M1
p pt, xq “

ˇ

ˇ

ˇ

ˇ

ż

Q

Gdpt, x, yqu0pyqdy

ˇ

ˇ

ˇ

ˇ

2p

M2
p pt, xq “ E

«

ˇ

ˇ

ˇ

ˇ

ż t

0

ż

Q

Gdpt´ s, x, yqbps, y, ups, yqqdy ds

ˇ

ˇ

ˇ

ˇ

2p
ff

M3
p pt, xq “ E

«

ˇ

ˇ

ˇ

ˇ

ż t

0

ż

Q

Gdpt´ s, x, yqσps, y, ups, yqqFαpds, dyq

ˇ

ˇ

ˇ

ˇ

2p
ff

.

First, owing to the properties (5) and (6) of the heat kernel Gd (see Subsection 2.3), one has
ˇ

ˇ

ˇ

ˇ

ż

Q

Gdpt, x, yqu0pyqdy

ˇ

ˇ

ˇ

ˇ

ď

ż

Q

Gdpt, x, yq|u0pyq|dy ď sup
yPQ

|u0pyq|

ż

Q

Gdpt, x, yqdy ď }u0}8.

As a result, one obtains

(23) sup
tPr0,T s

sup
xPQ

M1
p pt, xq ď }u0}2p8 .
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Let us then consider M2
p pt, xq. Applying the Hölder inequality and the properties (5) and (6) of the

heat kernel Gd (see Subsection 2.3), one obtains

M2
p pt, xq ď

ż t

0

ż

Q

Gdpt´ s, x, yqEr|bps, y, ups, yqq|2ps dy ds

ˆ
ż t

0

ż

Q

Gdpt´ s, x, yqdy ds

˙2p´1

ď

ż t

0

sup
yPQ

Er|bps, y, ups, yqq|2ps ds t2p´1.

Owing to (LG), the mapping b has at most linear growth, therefore one has

sup
yPQ

Er|bps, y, ups, yqq|2ps ď Cp

`

1 ` sup
yPQ

Er|ups, yq|2ps
˘

.

As a result, one obtains

(24) M2
p pt, xq ď CppT q

ż t

0

`

1 ` sup
yPQ

Er|ups, yq|2ps
˘

ds.

Finally, let us consider M3
p pt, xq. Applying the inequality (17) from Lemma 5 (with κpsq “ s for all

s ě 0), one obtains

M3
p pt, xq ď Cp,αpT q

ż t

0

pt´ sq´ α
2 sup
yPQ

Er|σps, y, ups, yqq|2ps ds.

Owing to (LG), the mapping σ has at most linear growth, therefore one has

sup
yPQ

Er|σps, y, ups, yqq|2ps ď Cp

`

1 ` sup
yPQ

Er|ups, yq|2ps
˘

.

Hence, one gets that

(25) M3
p pt, xq ď Cp,αpT q

ż t

0

pt´ sq´ α
2

`

1 ` sup
yPQ

Er|ups, yq|2ps
˘

ds.

Combining the upper bounds (23), (24) and (25), one obtains the following inequality: there exists
Cp,αpT q P p0,8q such that for all t P r0, T s one has

sup
xPQ

Er|upt, xq|2ps ď Cp,αpT q

˜

}u0}2p8 `

ż t

0

`

1 ` pt´ sq´ α
2

˘ `

1 ` sup
yPQ

Er|ups, yq|2ps
˘

ds

¸

.

Applying a Grönwall inequality (e.g., [25, Lem. 15]) then provides the moment bounds (21).
This concludes the proof of Proposition 6. □

Let us now state and prove a result on temporal Hölder regularity of the mild solution (20) to (19).
The version presented in Proposition 7 has not previously been obtained in the literature, to the best
of our knowledge.

Proposition 7. Let Assumptions 1 and 2 be satisfied. Let T P p0,8q and tupt, xq, pt, xq P r0, T s ˆQu

be the unique mild solution to (19). For all α P p0, 2 ^ dq, p P r1,8q and γ P p0, 12 ´ α
4 q, there exists

Cp,α,γpT q P p0,8q such that for all 0 ă t1 ď t2 ď T one has

(26) sup
xPQ

`

Er|upt2, xq ´ upt1, xq|ps
˘

1
p ď Cp,α,γpT q

|t2 ´ t1|γ

tγ1
p1 ` }u0}8q.

Proof. Assume that 0 ă t1 ď t2 ď T and let x P Q, then one has the decomposition

upt2, xq ´ upt1, xq “ δ1pt1, t2, xq ` δ2pt1, t2, xq ` δ3pt1, t2, xq ` δ4pt1, t2, xq ` δ5pt1, t2, xq,
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where the error terms δjpt1, t2, xq for all j P t1, . . . , 5u are given by

δ1pt1, t2, xq “

ż

Q

rGdpt2, x, yq ´Gdpt1, x, yqsu0pyqdy

δ2pt1, t2, xq “

ż t1

0

ż

Q

rGdpt2 ´ s, x, yq ´Gdpt1 ´ s, x, yqs bps, y, ups, yqqdy ds

δ3pt1, t2, xq “

ż t2

t1

ż

Q

Gdpt2 ´ s, x, yqbps, y, ups, yqqdy ds

δ4pt1, t2, xq “

ż t1

0

ż

Q

rGdpt2 ´ s, x, yq ´Gdpt1 ´ s, x, yqsσps, y, ups, yqqFαpds, dyq

δ5pt1, t2, xq “

ż t2

t1

ż

Q

Gdpt2 ´ s, x, yqσps, y, ups, yqqFαpds, dyq.

Let us consider the term δ1pt1, t2, xq. Assume that γ P p0, 1q. Applying the inequality (11) on the
heat kernel (see Subsection 2.3), one obtains the following upper bounds:

ˇ

ˇ

ˇ

ż

Q

rGdpt2, x, yq ´Gdpt1, x, yqsu0pyqdy
ˇ

ˇ

ˇ
ď

ż

Q

ˇ

ˇGdpt2, x, yq ´Gdpt1, x, yq
ˇ

ˇ|u0pyq|dy

ď sup
yPQ

|u0pyq|

ż

Q

ˇ

ˇGdpt2, x, yq ´Gdpt1, x, yq
ˇ

ˇdy

ď C
|t2 ´ t1|γ

tγ1
}u0}8.

Therefore one obtains the following upper bound for δ1pt1, t2, xq: for all γ P p0, 1q, there exists Cγ P

p0,8q such that

(27) sup
xPQ

|δ1pt1, t2, xq| ď Cγ
|t2 ´ t1|γ

tγ1
}u0}8, @ 0 ă t1 ă t2.

Let us then consider the term δ2pt1, t2, xq. Let p P r1,8q. Applying the Minkowski inequality, one
has

~

ż t1

0

ż

Q

rGdpt2 ´ s, x, yq ´Gdpt1 ´ s, x, yqs bps, y, ups, yqqdy ds~p

ď

ż t1

0

ż

Q

ˇ

ˇGdpt2 ´ s, x, yq ´Gdpt1 ´ s, x, yq
ˇ

ˇ~bps, y, ups, yqq~p dy ds

ď sup
sPr0,T s

sup
yPQ

~bps, y, ups, yqq~p

ż t1

0

ż

Q

ˇ

ˇGdpt2 ´ s, x, yq ´Gdpt1 ´ s, x, yq
ˇ

ˇdy ds.

Owing to the condition (LG) from Assumption 2, the mapping b has at most linear growth. Therefore,
applying the moment bounds (21) from Proposition (6), one obtains the upper bound

sup
sPr0,T s

sup
yPQ

~bps, y, ups, yqq~p ď C
`

1 ` sup
sPr0,T s

sup
yPQ

~ups, yq~p

˘

ď CppT q
`

1 ` }u0}8

˘

.
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Applying the inequality (11) on the heat kernel (see Subsection 2.3), one obtains
ż t1

0

ż

Q

ˇ

ˇGdpt2 ´ s, x, yq ´Gdpt1 ´ s, x, yq
ˇ

ˇdy ds ď C

ż t1

0

|t2 ´ t1|γ

pt1 ´ sqγ

ż

Q

pt1 ´ sq´ d
2 e

´cd
|y´x|2
2pt1´sq dy ds

` C

ż t1

0

|t2 ´ t1|γ

pt1 ´ sqγ

ż

Q

pt2 ´ sq´ d
2 e

´cd
|y´x|2
2pt2´sq dy ds

ď C

ż t1

0

ż

Q

|t2 ´ t1|γ

pt1 ´ sqγ
ds

ď CγpT q|t2 ´ t1|γ .

Therefore one obtains the following upper bound for δ2pt1, t2, xq: for all p P r1,8q and γ P p0, 1q, there
exists Cp,γpT q P p0,8q such that

(28) sup
xPQ

~δ2pt1, t2, xq~p ď Cp,γpT q|t2 ´ t1|γ
`

1 ` }u0}8

˘

, @ 0 ă t1 ă t2 ď T.

The treatment of the term δ3pt1, t2, xq is similar: applying the Minkowski inequality and the prop-
erty (6) of the heat kernel (see Subsection 2.3), one has

~

ż t2

t1

ż

Q

Gdpt2 ´ s, x, yqbps, y, ups, yqqdy ds~p ď

ż t2

t1

ż

Q

Gdpt2 ´ s, x, yq~bps, y, ups, yqq~p dy ds

ď sup
sPr0,T s

sup
yPQ

~bps, y, ups, yqq~p

ż t2

t1

ż

Q

Gdpt2 ´ s, x, yqdy ds

ď CppT q
`

1 ` }u0}8

˘

|t2 ´ t1|.

Therefore one obtains the following upper bound for δ3pt1, t2, xq: for all p P r1,8q and γ P p0, 1q, there
exists Cp,γpT q P p0,8q such that

(29) sup
xPQ

~δ3pt1, t2, xq~p ď Cp,γpT q|t2 ´ t1|γ
`

1 ` }u0}8

˘

, @ 0 ă t1 ă t2 ď T.

It remains to deal with the terms δ4pt1, t2, xq and δ5pt1, t2, xq. Applying the Burkholder–Davis–
Gundy inequality (4), one obtains the upper bound

Er|δ4pt1, t2, xq|2ps “ E

«

ˇ

ˇ

ˇ

ˇ

ż t1

0

ż

Q

rGdpt2 ´ s, x, yq ´Gdpt1 ´ s, x, yqsσps, y, ups, yqqFαpds, dyq

ˇ

ˇ

ˇ

ˇ

2p
ff

ď CppT qE

«

ˇ

ˇ

ˇ

ˇ

ż t1

0

} rGdpt2 ´ s, x, ¨q ´Gdpt1 ´ s, x, ¨qsσps, ¨, ups, ¨qq}2pαq

ˇ

ˇ

ˇ

ˇ

p
ff

.

For all pt1, t2, xq P r0, T s2 ˆ Q (with t1 ă t2), introduce the auxiliary positive measure ν
p1q
t1,t2,x on

r0, t1s ˆ Q2, which is absolutely continuous with respect to the Lebesgue measure, and with Radon–
Nikodym derivative given by

dν
p1q
t1,t2,xps, y, zq

ds dy dz
“ |Gdpt2 ´ s, x, yq ´Gdpt1 ´ s, x, yq| |Gdpt2 ´ s, x, zq ´Gdpt1 ´ s, x, zq| |y ´ z|´α.

Making use of the auxiliary measure νp1q
t1,t2,x introduced above yields the upper bound

Er|δ4pt1, t2, xq|2ps ď CppT qE

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż t1

0

ĳ

QˆQ

|σps, y, ups, yqq||σps, z, ups, zqq|dν
p1q
t1,t2,xps, y, zq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pfi

fl .
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Applying the Hölder inequality, one then obtains

Er|δ4pt1, t2, xq|2ps ď

ż t1

0

ĳ

QˆQ

Er|σps, y, ups, yqq|p|σps, z, ups, zqq|ps dν
p1q
t1,t2,xps, y, zq ν

p1q
t1,t2,xpr0, t1s ˆQ2qp´1

ď sup
sPr0,T s

sup
y,zPQ

Er|σps, y, ups, yqq|p|σps, z, ups, zqq|ps ν
p1q
t1,t2,xpr0, t1s ˆQ2qp.

Owing to the condition (LG) from Assumption 2, the mapping σ has at most linear growth. Therefore,
applying the moment bounds (21) from Proposition (6), one obtains the upper bounds

sup
sPr0,T s

sup
y,zPQ

Er|σps, y, ups, yqq|p|σps, z, ups, zqq|ps ď sup
sPr0,T s

sup
yPQ

Er|σps, y, ups, yqq|2ps

ď CppT q
`

1 ` }u0}2p8

˘

.

Moreover, applying the inequality (15) from Lemma 4, with the condition γ P p0, 12 ´ α
4 q, if 0 ă t1 ă

t2 ď T , one obtains the upper bound

ν
p1q
t1,t2,xpr0, t1s ˆQ2q “

ż t1

0

}Gdpt2 ´ s, x, ¨q ´Gdpt1 ´ s, x, ¨q}2pαq ds ď Cα,µpT q|t2 ´ t1|2γ .

Gathering the upper bounds, one obtains the following upper bound for δ4pt1, t2, xq: for all p P r1,8q

and γ P p0, 12 ´ α
4 q, there exists Cp,α,γpT q P p0,8q such that

(30) sup
xPQ

~δ4pt1, t2, xq~2p ď Cp,α,γpT q|t2 ´ t1|γ
`

1 ` }u0}8

˘

, @ 0 ă t1 ă t2 ď T.

Finally, the treatment of the term δ5pt1, t2, xq is similar to the treatment of δ4pt1, t2, xq above.
Applying the Burkholder–Davis–Gundy inequality (4), one obtains the upper bound

Er|δ5pt1, t2, xq|2ps “E

«

ˇ

ˇ

ˇ

ˇ

ż t2

t1

ż

Q

Gdpt2 ´ s, x, yqσps, y, ups, yqqFαpds, dyq

ˇ

ˇ

ˇ

ˇ

2p
ff

ď CppT qE

«

ˇ

ˇ

ˇ

ˇ

ż t2

t1

}Gdpt2 ´ s, x, ¨qσps, ¨, ups, ¨qq}2pαq

ˇ

ˇ

ˇ

ˇ

p
ff

.

For all pt1, t2, xq P r0, T s2 ˆ Q (with t1 ă t2), we introduce the auxiliary positive measure νp2q
t1,t2,x on

rt1, t2s ˆ Q2, which is absolutely continuous with respect to the Lebesgue measure, and with Radon–
Nikodym derivative given by

dν
p2q
t1,t2,xps, y, zq

ds dy dz
“ Gdpt2 ´ s, x, yqGdpt2 ´ s, x, zq|y ´ z|´α.

Making use of the auxiliary measure νp2q
t1,t2,x introduced above yields the upper bound

Er|δ5pt1, t2, xq|2ps ď CppT qE

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż t2

t1

ĳ

QˆQ

|σps, y, ups, yqq||σps, z, ups, zqq|dν
p2q
t1,t2,xps, y, zq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pfi

fl .
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Applying the Hölder inequality, one then obtains

E

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż t2

t1

ĳ

QˆQ

|σps, y, ups, yqq||σps, z, ups, zqq|dν
p2q
t1,t2,xps, y, zq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pfi

fl

ď

ż t2

t1

ĳ

QˆQ

Er|σps, y, ups, yqq|p|σps, z, ups, zqq|ps dν
p2q
t1,t2,xps, y, zq ν

p2q
t1,t2,xprt1, t2s ˆQ2qp´1

ď sup
sPr0,T s

sup
y,zPQ

Er|σps, y, ups, yqq|p|σps, z, ups, zqq|ps ν
p2q
t1,t2,xprt1, t2s ˆQ2qp.

Owing to the condition (LG) from Assumption 2, the mapping σ has at most linear growth. Therefore,
applying the moment bounds (21) from Proposition (6), one obtains the upper bounds

sup
sPr0,T s

sup
y,zPQ

Er|σps, y, ups, yqq|p|σps, z, ups, zqq|ps ď sup
sPr0,T s

sup
yPQ

Er|σps, y, ups, yqq|2ps

ď CppT q
`

1 ` }u0}2p8

˘

.

Moreover, applying the inequality (15) from Lemma 4, if 0 ă t1 ă t2 ď T , one obtains the upper
bound

ν
p2q
t1,t2,xprt1, t2s ˆQ2q “

ż t2

t1

}Gdpt2 ´ s, x, ¨q}2pαq ds ď CαpT q|t2 ´ t1|1´ α
2 .

Gathering the upper bounds, and taking into account the condition γ P p0, 12 ´ α
4 q, one obtains the

following upper bound for δ5pt1, t2, xq: for all γ P p0, 12 ´ α
4 q and p P r1,8q, there exists Cp,α,γpT q P

p0,8q such that
(31) sup

xPQ

~δ5pt1, t2, xq~2p ď Cp,α,γpT q|t2 ´ t1|γ
`

1 ` }u0}8

˘

, @ 0 ă t1 ă t2 ď T.

Combining the upper bounds (27), (28), (29), (30) and (31) then provides the inequality (26). The
proof of Proposition 7 is thus completed. □

4. Convergence analysis of the stochastic exponential integrator

In this section, we introduce the stochastic exponential integrator given by (32) and (34) applied
to the stochastic partial differential equation (19). We then state Theorem 8, which is the main result
of this article, and provides strong convergence of the integrator when the time-step size τ goes to 0,
with rate γ arbitrarily close to 1

2 ´ α
4 .

Let T P p0,8q and given an integer m P N define the time-step size τ “ T
m . For all ℓ P t0, . . . ,mu,

introduce the grid times tℓ “ ℓτ . In addition, let t¨u denote the integer part, and for all s P r0, T s set

κTmpsq “ τ
Y s

τ

]

“
T

m

Yms

T

]

“ sup ttℓ; tℓ ď su.

Let us first start by giving a continuous-time mild formulation of the stochastic exponential inte-
grator which is inspired by [3] which treats the case of one dimensional SPDE driven by space-time
white noise. The random field tumpt, xq, pt, xq P r0, T s ˆQu is defined as the solution to the following
system: for all t P r0, T s and x P Q,

(32)

umpt, xq “

ż

Q

Gdpt, x, yqu0pyqdy

`

ż t

0

ż

Q

Gdpt´ κTmpsq, x, yqbpκTmpsq, y, umpκTmpsq, yqqdy ds

`

ż t

0

ż

Q

Gdpt´ κTmpsq, x, yqσpκTmpsq, y, umpκTmpsq, yqqFαpds, dyq.
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The formulation (32) of the stochastic exponential integrator is mainly useful for the theoretical
analysis of the scheme. For its practical implementation, it is sufficient to consider approximations
Um
ℓ “ umptℓ, ¨q at the grid times tℓ. From the definition (32) of the integrator and the semigroup

property of the heat kernel Gd, for all ℓ P t0, . . . ,m ´ 1u and all x P Q, one has

(33)

Um
ℓ`1pxq “

ż

Q

Gdpτ, x, yqUm
ℓ pyqdy

` τ

ż

Q

Gdpτ, x, yqbptℓ, y,Um
ℓ pyqqdy

`

ż tℓ`1

tℓ

ż

Q

Gdpτ, x, yqσptℓ, y,Um
ℓ pyqqFαpds, dyq.

Let the operator eτ∆ be defined such that for all v P C0
0pQq one has

eτ∆vpxq “

ż

Q

Gdpτ, x, yqvpyqdy, @ x P Q.

In addition, define Gaussian random variables
`

δℓFα

˘

0ďℓďm´1
by

δℓFαpφq “ Fα

`

1rtℓ,tℓ`1q b φ
˘

“

ż tℓ`1

tℓ

ż

Q

φpyqFαpds, dyq, @ φ P Hα.

Note that if ℓ1 ‰ ℓ2 then the Gaussian random variables δℓ1Fα and δℓ2Fα are independent. Moreover,
for all ℓ P t0, . . . ,m´1u, δℓFα is a centered Gaussian random variable, with covariance structure given
by

E
“

δℓFαpφqδℓFαpψq
‰

“ τxφ,ψyα “ τ

ĳ

QˆQ

φpxqψpyq|x´ y|´α dx dy, @ φ,ψ P Hα.

Employing the notation introduced above, the stochastic exponential integrator is written as

(34) Um
ℓ`1 “ eτ∆ pUm

ℓ ` τbptℓ, ¨,Um
ℓ q ` σptℓ, ¨,Um

ℓ qδℓFαq , ℓ “ 0, . . . ,m ´ 1.

The initial value of the scheme is Um
0 “ u0 for any value τ “ T {m of the time-step size.

We are now in position to state the main result of this article.

Theorem 8. Let Assumptions 1 and 2 be satisfied. Let T P p0,8q. Let u denote the unique mild
solution given by (20) to the stochastic partial differential equation (19). For all m P N, let um denote
the solution to the stochastic exponential integrator (32) with time-step size τ “ T {m.

For all p P r1,8q and γ P p0, 12 ´ α
4 q, there exists Cp,α,γpT q P p0,8q such that for all m P N one has

(35) sup
pt,xqPr0,T sˆQ

E
“

|umpt, xq ´ upt, xq|2p
‰

1
2p ď Cp,α,γpT qτγ .

The proof of Theorem 8 is postponed to Section 6.
Note that one obtains the same rate of convergence, arbitrarily close to 1

2 ´ α
4 , as for the explicit

Euler–Maruyama scheme and the semi-implicit Euler–Maruyama scheme obtained in [51, Theorem
3.4. part (iii)]. However, in Theorem 8 there is no need to impose regularity conditions on the initial
value u0 other than continuity.

5. Numerical experiments

In this section, we provide several numerical experiments in dimensions 1 and 2 in order to support
and illustrate the theoretical results of this paper. In addition, we shall compare the behavior of the
analyzed stochastic exponential integrator (34) with the following classical integrators for SPDEs. Let
us recall the notation for all of these integrators:
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‚ the stochastic exponential scheme (34) (denoted by Sexp below):
Um
ℓ`1 “ eτ∆ pUm

ℓ ` τbptℓ, ¨,Um
ℓ q ` σptℓ, ¨,Um

ℓ qδℓFαq .

‚ the Euler–Maruyama scheme (denoted EM) from [51]:
Um
ℓ`1 “ Um

ℓ ` τ∆Um
ℓ ` τbptℓ, ¨,Um

ℓ q ` σptℓ, ¨,Um
ℓ qδℓFα.

‚ the semi-implicit Euler–Maruyama scheme (denoted sEM) from [51]:
Um
ℓ`1 “ Um

ℓ ` τ∆Um
ℓ`1 ` τbptℓ, ¨,Um

ℓ q ` σptℓ, ¨,Um
ℓ qδℓFα.

Let us recall that the noise in the parabolic SPDE (19) is given by a Riesz potential fprq “ r´α with
parameter α P p0, 2 ^ dq.

We start this section by describing the finite difference discretization of the parabolic SPDE (19)
from [51] in Subsection 5.1. We then numerically illustrate the profile in Subsection 5.2, the strong rate
of convergence in Subsection 5.3, and the computational costs of the integrators (see Subsection 5.4)
applied to the SPDE (19) in spatial dimension d “ 1. Finally, strong rates of convergence and
computational costs of the integrators are presented for our parabolic SPDE in spatial dimension
d “ 2 in Subsection 5.5, resp. Subsection 5.6.

5.1. Spatial discretization of the parabolic SPDE. In this subsection, we briefly recall the finite
difference scheme for the parabolic SPDE (19) studied in [51].

Fix a positive integer n and consider a uniform grid k
n “ pk1

n , . . . ,
kd

n q of Q, where kj P t0, . . . , nu for
1 ď j ď d. For any non-negative integer i, set xi :“ i

n . In dimension d “ 1, a centered finite difference
approximation of the Laplacian is provided by the pn ´ 1q ˆ pn ´ 1q matrix n2Dn. The matrix Dn is
given by

Dn “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

´2 1 0 . . . 0

1 ´2 1
. . . ...

0
. . . . . . . . . 0

... . . . 1 ´2 1

0
... 0 1 ´2

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

For d ě 2, the spatial approximation of the Laplacian in the parabolic SPDE (19) is recursively given
by

Dpdq
n “ diagpDpd´1q

n q `

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

´2Idpn´1qd´1 Idpn´1qd´1 0 . . . 0

Idpn´1qd´1 ´2Idpn´1qd´1 Idpn´1qd´1

. . . ...

0
. . . . . . . . . 0

... . . . Idpn´1qd´1 ´2Idpn´1qd´1 Idpn´1qd´1

0
... 0 Idpn´1qd´1 ´2Idpn´1qd´1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

,

starting with D
p1q
n “ Dn, where Idpn´1qd´1 is the pn ´ 1qd´1 ˆ pn ´ 1qd´1 identity matrix and

diagpD
pd´1q
n q denotes the pn´1qdˆpn´1qd matrix with d diagonal blocks equal to the pn´1qd´1ˆpn´

1qd´1 matrix Dpd´1q
n . We denote by unptq the pn´ 1qd-dimensional vector approximating the solution

at time t to the SPDE (19) on the grid points. For any k1, . . . , kd P t1, . . . , n´ 1u, we define the non-
negative integer k “ pkd ´ 1qpn´ 1qd´1 ` . . .` pk2 ´ 1qpn´ 1q ` k1 and set unpt,xkq :“ punptqkq

pn´1qd

k“1 ,
with xk :“ pxk1

, . . . , xkd
q, which corresponds to a spatial approximation of upt,xkq. Then, the vector

unptq satisfies the stochastic differential equation

dunptq “ n2Dpdq
n unptqdt` bpunptqqdt` σpunptqqdFn

α ptq,(36)
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with initial values unp0qk “ u0pxkq. Here, the following classical convention is used: for any function
h : R Ñ R and vector v P Rr, we write hpvq :“ phpv1q, . . . , hpvrqq and interpret the last product in
(36) in the elementwise sense. The vector Fn

α ptq is given by

Fn
α ptqk :“ nd

ż t

0

ż

lxk

Fαpds, dyq,

where lxk
“ tx “ px1, . . . , xdq ; xkj

ď x ď xkj`1, @ 1 ď j ď du.
Note that, in order to apply a time integrator to the SDE (36), one needs to know the covariance

matrix of the discretized noise. An explicit formula can be obtain in the 1-dimensional case, see
Appendix B for details. To the best of our knowledge, this is not the case in the 2-dimensional case,
where we employ quadrature formulas, see Appendix C for details.

5.2. Time evolution and profile of the solution in dimension 1. We consider the semilinear
stochastic heat equation (19) on the interval r0, 1s with homogeneous Dirichlet boundary conditions
and in the time interval r0, 0.5s. For this numerical experiment, we choose bpuq “ σpuq “ 1`0.5 cospuq

and the initial value u0pxq “ sinpπxq. We illustrate the behavior of the solution for three values
of the parameter α of the Riesz noise: α “ 0.2, 0.7 and α “ 1 (in order to denote a space-
time white noise (which is not a Riesz noise) as in [51]). A proof of convergence of the
stochastic exponential scheme for space-time white noise is given in [3] for instance. The
finite difference method is employed with n “ 210 number of grid points and the stochastic
exponential integrator with τ “ 2´16. We display the time evolution as well as a profile of the
numerical solution at Tend “ 0.5 in Figure 1. In this figure, one can observe that the spatial
and temporal regularity depends on α, see Proposition 7.

5.3. Strong convergence in dimension 1. In this subsection we illustrate the strong con-
vergence of the stochastic exponential integrator (34) as stated in Theorem 8.

We consider the semilinear SPDE (19) for the time interval r0, 0.5s. We consider bpuq “

σpuq “ 1`0.5 cospuq and the initial value u0pxq “ sinpπxq. The parameter for the Riesz noise
is set to be α “ 0.7. In addition, we use 100 samples to approximate the expectations. We
have verified that this is enough for the Monte Carlo errors to be negligible. We apply the finite
difference method with n “ 29 and the stochastic exponential integrator with τref “ 2´20 to
produce the reference solution uref . The strong errors

sup
ptj ,xkqPr0,0.5sˆr0,1s

E
”

|uj,k ´ uref ptj , xkq|2
ı

of the considered integrators are presented in Figure 2 (left). Here, uj,k denotes a numerical
approximation of uptj , xkq. An order of convergence 1 ´ α{2 “ 0.65 for the proposed time
integrator (34) is observed. This is in agreement with the results of Theorem 8.

We now illustrate the dependence of the order of convergence of the stochastic exponential
integrator with respect to the parameter α and consider a smoother noise with the parameter
α “ 0.2 (the other parameters for this simulation are as above). The results are presented
in Figure 2 (right). Strong order of convergence 1 ´ α{2 “ 0.9 is observed for the stochastic
exponential integrator (34). This is in agreement with Theorem 8. Figure 2 also illustrates
the rates of convergence of the semi-implicit Euler–Maruyama scheme, as proved in the work
[51], as well as the (well-known) fact that the classical Euler–Maruyama scheme has a severe
step size restriction when applied to (S)PDEs.

We conclude this section by further illustrating the dependence of the strong order of
convergence of the proposed time integrator with respect to the parameter of the noise α.
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Figure 1. Time evolution (left) and profile at Tend “ 0..5 (right) for different
values of the parameter α.

We perform another numerical experiment with the following parameters: T “ 0.5, u0pxq “

sinpπxq, bpuq “ 2 ` sinpuq, σpuq “ u ` 2, n “ 28, τref “ 2´20, τ “ 2´9, . . . , 2´16, 150
Monte Carlo samples (this is enough for the Monte Carlo errors to be negligible), and α “

0.2, 0.4, 0.6, 0.8. The results are presented in Figure 3 and further illustrate Theorem 8.

5.4. Computational times in dimension 1. In this subsection we compare the computa-
tional cost of the above time integrators. To this end, we consider the SPDE (19). We run
50 samples for each numerical scheme. For each numerical integrator and each sample, we
use several time-step sizes (2´ℓτref for ℓ “ 1, 2, . . . , 10) and compare the strong error at the
final time T “ 0.75 with a reference solution computed with the same sample of the noise
and by the same numerical scheme for the time-step size τref “ 2´20. Figure 4 displays the
total computational time for all the samples, for each numerical scheme and each time-step
size, as a function of the averaged final error. In this figure, one observes better performance
for the stochastic exponential integrator (34) than for the two classical time integrators from
[51]. In addition, one can observe a time-step restriction for the explicit Euler–Maruyama
scheme (top right of the figure).

5.5. Strong convergence in dimension 2. In this subsection, we confirm the theoretical
result in Theorem 8 in dimension d “ 2. We consider the semilinear SPDE (19) on the spatial
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Figure 2. Strong errors for the SPDE (19) with Riesz potential fprq “ r´α.
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Figure 3. Strong errors for the SPDE (19) with Riesz potential fprq “ r´α

for α “ 0.2, 0.4, 0.6, 0.8.

domain r0, 1s2 with homogeneous Dirichlet boundary conditions and for the time interval
r0, 1s. We consider bpuq “ σpuq “ 1` cospuq and the initial value u0px, yq “ sinp2πxq sinp2πyq

for x, y P r0, 1s.
We compute the strong errors

˜

sup
ptk,xi,xjqPr0,1sˆr0,1sˆr0,1s

E
”

|uk,i,j ´ uref ptk, xi, xjq|2
ı

¸1{2

,

where the reference solution uref is computed using the stochastic exponential integrator with
temporal discretization size τref “ 2´13. We use 100 samples to approximate the expectation
in the strong errors and we have verified that this is enough for the Monte Carlo errors to be
negligible.
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Figure 4. Computational time as a function of the averaged final error for
the three numerical methods.

In the first numerical experiment, we fix the space discretization parameter to n “ 26 “ 64
and take the following values of the noise correlation parameter α “ 0.2, 0.4, 0.6, 0.8, 1, 1.2, 1.4, 1.6, 1.8.
As is seen in Figures 5 and 6, the decay of the strong errors follow the reference lines with
slopes 1{2 ´ α{4. This confirms the results derived in Theorem 8.

10-3 10-2 10-1 100

τ

10-1

100

Error

α = 0.2

α = 0.4

α = 0.6

α = 0.8

Figure 5. Root mean square convergence of the stochastic exponential Euler
scheme (34) for α “ 0.2, 0.4, 0.6, 0.8 and for n “ 64 space grid point in each
direction.

In the second numerical experiment, presented in Figure 7, we fix the noise parameter to
α “ 0.8 and use different values of the space discretization parameter n “ 16, 32, 64 to confirm
that the error in Theorem 8 is independent of n. In addition, we show that the convergence
rate agrees with the derived theoretical rate 1{2 ´ α{4.

5.6. Computational times in dimension 2. In this subsection we compare the compu-
tational costs of the stochastic exponential Euler scheme and of the semi-implicit Euler–
Maruyama scheme in dimension d “ 2. We consider the SPDE (19) with the same parameters
as in Subsection 5.5. We apply the finite difference discretization with mesh size n “ 25 “ 32
and these two integrators with time-step sizes 2´l for l “ 2, . . . , 218. The strong error is
computed using τref “ 2´19 for the reference solution and using 100 Monte Carlo samples to
approximate the expectations.
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Figure 6. Root mean square convergence of the stochastic exponential Euler
scheme (34) for α “ 1, 1.2, 1.4, 1.6, 1.8 and for n “ 64 space grid points.
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Figure 7. Root mean square convergence of the stochastic exponential Euler
scheme (34) for α “ 0.8 and for n “ 16, 32, 64 space grid points.

Figure 8 displays the total computational time for the SEXP and sEM schemes for all
samples; meaning that, only the parts of the implementations of the SEXP and sEM schemes
that are different are included in the elapsed times. In this figure, one can observe better
performance for the SEXP scheme compared to the sEM scheme in the regime of small
errors.

6. Proof of the main result

This section gives the proof of Theorem 8.

Proof. Recall that the random field u is the mild solution given by (20) to the stochastic
partial differential equation (19), and that, for all m P N, the random field um is the numerical
solution given by the stochastic exponential integrator (32) with time-step size τ “ T {m.

For all p P r1,8q, define

Em
2ppt, xq “ ~upt, xq ´ umpt, xq~2p “

`

Er|upt, xq ´ umpt, xq|2ps
˘

1
2p , @ pt, xq P r0, T s ˆQ,

Em
2pptq “ sup

xPQ

Em
2ppt, xq, @ t P r0, T s.
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Figure 8. Computational time as a function of the averaged final error for
the two time integrators sEM and SEXP in dimension 2.

We consider the following decomposition of the error upt, xq ´umpt, xq for all t P r0, T s and
x P Q: one has

upt, xq ´ umpt, xq “ Am
1 pt, xq `Am

2 pt, xq `Am
3 pt, xq `Am

4 pt, xq

`Bm
1 pt, xq `Bm

2 pt, xq `Bm
3 pt, xq `Bm

4 pt, xq,

where the error terms Am
j pt, xq, for j P t1, . . . , 4u, are defined as

Am
1 pt, xq “

ż t

0

ż

Q

“

Gdpt´ s, x, yq ´Gdpt´ κTmpsq, x, yq
‰

bps, y, ups, yqqdy ds,

Am
2 pt, xq “

ż t

0

ż

Q
Gdpt´ κTmpsq, x, yq

“

bps, y, ups, yqq ´ bpκTmpsq, y, ups, yqq
‰

dy ds,

Am
3 pt, xq “

ż t

0

ż

Q
Gdpt´ κTmpsq, x, yq

“

bpκTmpsq, y, ups, yqq ´ bpκTmpsq, y, upκTmpsq, yqq
‰

dy ds,

Am
4 pt, xq “

ż t

0

ż

Q
Gdpt´ κTmpsq, x, yq

“

bpκTmpsq, y, upκTmpsq, yqq ´ bpκTmpsq, y, umpκTmpsq, yqq
‰

dy ds,

and the error terms Bm
j pt, xq, for j P t1, . . . , 4u, are defined as

Bm
1 pt, xq “

ż t

0

ż

Q

“

Gdpt´ s, x, yq ´Gdpt´ κTmpsq, x, yq
‰

σps, y, ups, yqqFαpds, dyq,

Bm
2 pt, xq “

ż t

0

ż

Q
Gdpt´ κTmpsq, x, yq

“

σps, y, ups, yqq ´ σpκTmpsq, y, ups, yqq
‰

Fαpds, dyq,

Bm
3 pt, xq “

ż t

0

ż

Q
Gdpt´ κTmpsq, x, yq

“

σpκTmpsq, y, ups, yqq ´ σpκTmpsq, y, upκTmpsq, yqq
‰

Fαpds, dyq,

Bm
4 pt, xq “

ż t

0

ż

Q
Gdpt´ κTmpsq, x, yq

“

σpκTmpsq, y, upκTmpsq, yqq ´ σpκTmpsq, y, umpκTmpsq, yqq
‰

Fαpds, dyq.
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For all j P t1, . . . , 4u and all t P r0, T s, define
Am

j,2ppt, xq “ ~Am
j pt, xq~2p, Bm

j,2ppt, xq “ ~Bm
j pt, xq~2p, @ x P Q,

Am
j,2pptq “ sup

xPQ

Am
j,2ppt, xq, Bj,2p

m
ptq “ sup

xPQ

Bm
j,2ppt, xq.

Applying the Minkowski inequality, one has

Em
2ppt, xq ď

4
ÿ

j“1

Am
j,2ppt, xq `

4
ÿ

j“1

Bm
j,2ppt, xq, @ pt, xq P r0, T s ˆQ,

Em
2pptq ď

4
ÿ

j“1

Am
j,2pptq `

4
ÿ

j“1

Bm
j,2pptq, @ t P r0, T s.

The proof proceeds by proving upper bounds for each error term Am
j,2pptq and Bm

j,2pptq with
j P t1, . . . , 4u.

In the sequel, the value of the parameter γ P p12 ´ α
4 q is fixed. Note that for all s P r0, T s

one has κTmpsq ď s and |s´ κTmpsq| ď τ .

‚ Treatment of the error term Am
1,2pptq.

Applying the Minkowski inequality, for all pt, xq P r0, T s ˆQ, one has

~Am
1 pt, xq~2p ď

ż t

0

ż

Q

ˇ

ˇGdpt´ s, x, yq ´Gdpt´ κTmpsq, x, yq
ˇ

ˇ~bps, y, ups, yqq~2p dy ds

ď sup
sPr0,T s

sup
yPQ

~bps, y, ups, yqq~2p

ż t

0

ż

Q

ˇ

ˇGdpt´ s, x, yq ´Gdpt´ κTmpsq, x, yq
ˇ

ˇdy ds.

On the one hand, owing to the condition (LG) from Assumption 2, the mapping b has at
most linear growth. Applying the moment bounds (21) from Proposition 6 gives the upper
bounds

sup
sPr0,T s

sup
yPQ

~bps, y, ups, yqq~2p ď C
`

1 ` sup
sPr0,T s

sup
yPQ

~ups, yq~2p

˘

ď CppT qp1 ` ∥u0∥8q.

On the other hand, applying the inequality (11) on the heat kernel (see Subsection 2.3), one
obtains the upper bounds
ż t

0

ż

Q

ˇ

ˇGdpt´ s, x, yq ´Gdpt´ κTmpsq, x, yq
ˇ

ˇdy ds ď C

ż t

0

|s´ κTmpsq|γ

pt´ sqγ

ż

Q
pt´ sq´ d

2 e
´c |y´x|2

2pt´sq dy ds

` C

ż t

0

|s´ κTmpsq|γ

pt´ sqγ

ż

Q
pt´ κTmpsqq´ d

2 e
´c |y´x|2

2pt´κTmpsqq dy ds

ď C

ż t

0

τγ

pt´ sqγ
ds

ď CγpT qτγ .

As a result, for the error term Am
1,2pptq, one obtains the following upper bound: there exists

Cp,γpT q P p0,8q such that one has

(37) sup
tPr0,T s

Am
1,2pptq ď Cp,γpT qp1 ` ∥u0∥8qτγ .
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‚ Treatment of the error term Am
2,2pptq.

Applying the Minkowski inequality, for all pt, xq P r0, T s ˆQ, one has

~Am
2 pt, xq~2p ď

ż t

0

ż

Q
Gdpt´ κTmpsq, x, yq~bps, y, ups, yqq ´ bpκTmpsq, y, ups, yqq~2p dy ds.

Owing to the condition (L) from Assumption 2 and to the assumption γ P p0, 12 ´ α
4 q, the

mapping s P r0, T s ÞÑ bps, y, uq satisfies a Hölder continuity property with exponent 1
2 ´ α

4 ,
uniformly with respect to py, uq P R2. Therefore, one has

~Am
2 pt, xq~2p ď C

ż t

0

ż

Q
Gdpt´ κTmpsq, x, yq|s´ κTmpsq|

1
2

´α
4 dy ds

ď Cτ
1
2

´α
4

ż t

0

ż

Q
Gdpt´ κTmpsq, x, yqdy ds.

Applying the property (6) of the heat kernel Gd (see Subsection 2.3), one obtains

~Am
2 pt, xq~2p ď CTτ

1
2

´α
4 .

Recall that γ P p0, 12 ´ α
4 q. As a result, for the error term Am

2,2pptq, one obtains the following
upper bound: there exists Cp,γpT q P p0,8q such that one has
(38) sup

tPr0,T s

Am
2,2pptq ď Cp,γpT qτγ .

‚ Treatment of the error term Am
3,2pptq.

Applying the Minkowski inequality, for all pt, xq P r0, T s ˆQ, one has

~Am
3 pt, xq~2p ď

ż t

0

ż

Q
Gdpt´κTmpsq, x, yq~bpκTmpsq, y, ups, yqq´bpκTmpsq, y, upκTmpsq, yqq~2p dy ds.

Owing to the condition (L) from Assumption 2, the mapping u ÞÑ bps, y, uq satisfies a global
Lipschitz continuity property. Therefore, applying the property (6) of the heat kernel Gd (see
Subsection 2.3), one has

~Am
3 pt, xq~2p ď C

ż t

0

ż

Q
Gdpt´ κTmpsq, x, yq~ups, yq ´ upκTmpsq, yq~2p dy ds

ď C

ż t

0
sup
yPQ

~ups, yq ´ upκTmpsq, yq~2p

ż

Q
Gdpt´ κTmpsq, x, yqdy ds

ď C

ż t

0
sup
yPQ

~ups, yq ´ upκTmpsq, yq~2p ds.

To proceed, one needs to apply the regularity property (26) from Proposition 7 of the solution
u. However, since κTmpsq “ 0 for all s P r0, τq, it is not applicable on the time interval
r0,minpt, τqq. The integral is then decomposed as

ż t

0
sup
yPQ

~ups, yq ´ upκTmpsq, yq~2p ds “

ż minpt,τq

0
sup
yPQ

~ups, yq ´ upκTmpsq, yq~2p ds

` 1tąτ

ż t

τ
sup
yPQ

~ups, yq ´ upκTmpsq, yq~2p ds.
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On the one hand, note that for all s P r0,minpt, τqq one has upκTmpsq, ¨q “ u0, thus applying the
Minkowski inequality and the moment bounds (21) from Proposition 6, for the first integral
one has

ż minpt,τq

0
sup
yPQ

~ups, yq ´ upκTmpsq, yq~2p ds ď

ż minpt,τq

0

`

sup
sPr0,T s

sup
yPQ

~ups, yq~2p ` ∥u0∥8

˘

ds

ď Cτ
`

1 ` ∥u0∥8

˘

.

On the other hand, applying the regularity property (26) from Proposition 7, for all t P pτ,8q

one has
ż t

τ
sup
yPQ

~ups, yq ´ upκTmpsq, yq~2p ds ď Cp,γpT q
`

1 ` ∥u0∥8

˘

ż t

τ

|s´ κTmpsq|γ

pκTmpsqq
γ ds.

Using the lower bound κTmpsq ě s ´ τ , the upper bound |s ´ κTmpsq| ď τ and a change of
variables, one obtains the upper bounds

ż t

τ

|s´ κTmpsq|γ

pκTmpsqq
γ ds ď

ż t

τ

τγ

ps´ τqγ
ds ď τγ

ż t´τ

0

1

sγ
ds ď CγpT qτγ .

As a result, for the error term Am
3,2pptq, one obtains the following upper bound: there exists

Cp,γpT q P p0,8q such that one has
(39) sup

tPr0,T s

Am
3,2pptq ď Cp,γpT q

`

1 ` ∥u0∥8

˘

τγ .

‚ Treatment of the error term Am
4,2pptq.

Applying the Minkowski inequality, for all pt, xq P r0, T s ˆQ, one has

~Am
4 pt, xq~2p ď

ż t

0

ż

Q
Gdpt´κTmpsq, x, yq~bpκTmpsq, y, upκTmpsq, yqq´bpκTmpsq, y, umpκTmpsq, yqq~2p dy ds.

Owing to the condition (L) from Assumption 2, the mapping u ÞÑ bps, y, uq satisfies a global
Lipschitz continuity property. Therefore, recalling the definition of Em

2ppsq and applying the
property (6) of the heat kernel Gd (see Subsection 2.3), one has

~Am
4 pt, xq~2p ď C

ż t

0

ż

Q
Gdpt´ κTmpsq, x, yq~upκTmpsq, yq ´ umpκTmpsq, yq~2p dy ds

ď C

ż t

0

ż

Q
Gdpt´ κTmpsq, x, yqEm

2ppκTmpsqqdy ds

ď CpT q

ż t

0
Em
2ppκTmpsqqds.

As a result, for the error term Am
4,2pptq, one obtains the following upper bound: there exists

CpT q P p0,8q such that one has

(40) sup
tPr0,T s

Am
4,2pptq ď CpT q

ż t

0
Em
2ppκTmpsqqds.

This concludes the treatment of the error terms Am
j,2pptq with j P t1, . . . , 4u. It remains to

deal with the error terms Bm
j,2pptq with j P t1, . . . , 4u.

‚ Treatment of the error term Bm
1,2pptq.
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Applying the Burkholder–Davis–Gundy inequality (4), for all pt, xq P r0, T s ˆQ, one has

Er|Bm
1 pt, xq|2ps ď CppT qE

„ˇ

ˇ

ˇ

ˇ

ż t

0
}rGdpt´ s, x, ¨q ´Gdpt´ κTmpsq, x, ¨qsσps, ¨, ups, ¨qq}2pαq ds

ˇ

ˇ

ˇ

ˇ

pȷ

.

For all pt, xq P r0, T s ˆ Q, introduce the auxiliary positive measure νmt,x on r0, ts ˆ Q2, which
is absolutely continuous with respect to the Lebesgue measure, and with Radon–Nikodym
derivative given by
dνmt,xps, y, zq

ds dy dz
“

ˇ

ˇGdpt´ s, x, yq ´Gdpt´ κTmpsq, x, yq
ˇ

ˇ

ˇ

ˇGdpt´ s, x, zq ´Gdpt´ κTmpsq, x, zq
ˇ

ˇ |y´z|´α.

Making use of the auxiliary measure νmt,x introduced above yields the upper bound

Er|Bm
1 pt, xq|2ps ď CppT qE

»

—

–

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż t

0

ĳ

QˆQ

|σps, y, ups, yqq||σps, z, ups, zqq|dνmt,xps, y, zq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pfi

ffi

fl

.

Applying the Hölder inequality, one then obtains

Er|Bm
1 pt, xq|2ps ď CppT q

ż t

0

ĳ

QˆQ

Er|σps, y, ups, yqq|p|σps, z, ups, zqq|ps dνmt,xps, y, zqνmt,xpr0, ts ˆQ2qp´1

ď CppT q sup
sPr0,T s

sup
y,zPQ

Er|σps, y, ups, yqq|p|σps, z, ups, zqq|psνmt,xpr0, ts ˆQ2qp.

Owing to the condition (LG) from Assumption 2, the mapping σ has at most linear growth.
Therefore, applying the moment bounds (21) from Proposition 6, one obtains the upper
bounds

sup
sPr0,T s

sup
y,zPQ

Er|σps, y, ups, yqq|p|σps, z, ups, zqq|ps ď sup
sPr0,T s

sup
yPQ

Er|σps, y, ups, yqq|2ps

ď CppT q
`

1 ` }u0}2p8

˘

.

To proceed, one needs to prove an upper bound for

νmt,xpr0, ts ˆQ2q “

ż t

0
}Gdpt´ s, x, ¨q ´Gdpt´ κTmpsq, x, ¨q}2pαq ds.

For all s P p0, tq, let δpsq “ pt ´ κTmpsqq ´ pt ´ sq “ s ´ κTmpsq. In order to apply the
inequality (10) on the heat kernel from Lemma 3 (see Subsection 2.3), the cases δpsq ă t´ s
and δpsq ě t´ s are treated separately.

On the one hand, if δpsq ă t´ s, one obtains

}Gdpt´ s, x, ¨q ´Gdpt´ κTmpsq, x, ¨q}2pαq

ď C
δpsq2

pt´ sq2

ĳ

QˆQ

pt´ sq´de
´c |y´x|2

2pt´sq e
´c |z´x|2

2pt´sq |y ´ z|´α dy dz.

Under the condition δpsq ă t´ s, for all γ P p0, 1q one has

δpsq2

pt´ sq2
ď

δpsq2γ

pt´ sq2γ
.
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Applying changes of variable y1 “ y´x and z1 “ z´x, and y2 “ y1{
?
t´ s and z2 “ z1{

?
t´ s,

one has
ĳ

QˆQ

pt´ sq´de
´c |y´x|2

2pt´sq e
´c |z´x|2

2pt´sq |y ´ z|´α dy dz

ď

ĳ

RdˆRd

pt´ sq´de
´c |y1|2

2pt´sq e
´c |z1|2

2pt´sq |y1 ´ z1|´α dy1 dz1

ď Cpt´ sq´α
2

ĳ

RdˆRd

e´c |y2|2

2 e´c |z2|2

2 |y2 ´ z2|´α dy2 dz2

ď Cαpt´ sq´α
2 .

On the other hand, if δpsq “ s ´ κTmpsq ě t ´ s, applying the inequality (12) from Lemma 4,
one obtains

}Gdpt´ s, x, ¨q ´Gdpt´ κTmpsq, x, ¨q}2pαq ď }Gdpt´ s, x, ¨q}2pαq ` }Gdpt´ κTmpsq, x, ¨q}2pαq

ď Cαpt´ sq´α
2 ` Cαpt´ κTmpsqq´α

2

ď Cαpt´ sq´α
2 .

Moreover, under the condition δpsq ě t´ s, for all γ P p0, 1q one has

1 ď
δpsq2γ

pt´ sq2γ
.

As a result, in both cases one obtains the upper bound

}Gdpt´ s, x, ¨q ´Gdpt´ κTmpsq, x, ¨q}2pαq ď Cα
ps´ κTmpsqq2γ

pt´ sq2γ`α
2

.

Therefore, taking into account the condition γ P p0, 12 ´ α
4 q, for all pt, xq P r0, T s ˆ Q, one

has

νmt,xpr0, ts ˆQ2q “

ż t

0
}Gdpt´ s, x, ¨q ´Gdpt´ κTmpsq, x, ¨q}2pαq ds

ď Cατ
2γ

ż t

0
pt´ sq´2γ´α

2 ds ď Cα,γpT qτ2γ .

Finally, for all pt, xq P r0, T s ˆQ, one has the upper bound

~Bm
1 pt, xq~

2p
2p “ Er|Bm

1 pt, xq|2ps ď Cα,γpT q
`

1 ` }u0}2p8

˘

τ2pγ .

As a result, for the error term Bm
1,2pptq, one obtains the following upper bound: there exists

Cp,α,γpT q P p0,8q such that one has

(41) sup
tPr0,T s

Bm
1,2pptq ď Cp,α,γpT q

`

1 ` }u0}8

˘

τγ .

‚ Treatment of the error term Bm
2,2pptq.
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Applying the inequality (18) from Lemma 5 (with κpsq “ κTmpsq), for all pt, xq P r0, T s ˆQ,
one has

Er|Bm
2 pt, xq|2ps ď Cp,αpT q sup

0ďsďT
sup
yPQ

Er|σps, y, ups, yqq ´ σpκTmpsq, y, ups, yqq|2ps.

Owing to the condition (L) from Assumption 2, the mapping s P r0, T s ÞÑ bps, y, uq satisfies
a Hölder continuity property with exponent 1

2 ´ α
4 , uniformly with respect to py, uq P R2.

Therefore, recalling that γ P p0, 12 ´ α
4 q, one has

Er|Bm
2 pt, xq|2ps ď Cp,αpT qτ2pγ .

As a result, for the error term Bm
2,2pptq, one obtains the following upper bound: there exists

Cp,α,γpT q P p0,8q such that one has

(42) sup
tPr0,T s

Bm
2,2pptq ď Cp,α,γpT qτγ .

‚ Treatment of the error term Bm
3,2pptq.

Applying the inequality (16) from Lemma 5 (with κpsq “ κTmpsq), for all pt, xq P r0, T s ˆQ,
one has

~Bm
3 pt, xq~2

2p ď Cp,αpT q

ż t

0
pt´κTmpsqq´α

2 sup
yPQ

~σpκTmpsq, y, ups, yqq´σpκTmpsq, y, upκTmpsq, yqq~2
2p ds.

Owing to the condition (L) from Assumption 2, the mapping σ satisfies a global Lipschitz
continuity property. Therefore, one has

~Bm
3 pt, xq~2

2p ď Cp,αpT q

ż t

0
pt´ κTmpsqq´α

2 sup
yPQ

~ups, yq ´ upκTmpsq, yq~2
2p ds.

Like in the proof of the upper bound (39) for the error term Bm
3,2pptq, the regularity prop-

erty (26) from Proposition 7 is not directly applicable, and it is necessary to decompose the
integral as

ż t

0
pt´ κTmpsqq´α

2 sup
yPQ

~ups, yq ´ upκTmpsq, yq~2
2p ds

“

ż minpt,τq

0
pt´ κTmpsqq´α

2 sup
yPQ

~ups, yq ´ upκTmpsq, yq~2
2p ds

` 1tąτ

ż t

τ
pt´ κTmpsqq´α

2 sup
yPQ

~ups, yq ´ upκTmpsq, yq~2
2p ds.

On the one hand, note that for all s P r0,minpt, τqq one has upκTmpsq, ¨q “ u0, thus applying the
Minkowski inequality and the moment bounds (21) from Proposition 6, for the first integral
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one has
ż minpt,τq

0
pt´ κTmpsqq´α

2 sup
yPQ

~ups, yq ´ upκTmpsq, yq~2
2p ds

ď

ż minpt,τq

0
pt´ κTmpsqq´α

2

`

sup
yPQ

~ups, yq~2
2p ` ∥u0∥28

˘

ds

ď

ż minpt,τq

0
pt´ κTmpsqq´α

2 ds
`

1 ` ∥u0∥8

˘2
.

To deal with the integral in the right-hand side above, observe that since κTmpsq “ 0 for all
s P r0,minpt, τqs, one has

ż minpt,τq

0
pt´ κTmpsqq´α

2 ds “ minpt, τqt´
α
2 “ minpt, τq

α
2 minpt, τq1´α

2 t´
α
2 ď τ1´α

2 ď Cτ2γ .

On the other hand, applying the regularity property (26) from Proposition 7, for all t P pτ,8q,
one has

ż t

τ
pt´ κTmpsqq´α

2 sup
yPQ

~ups, yq ´ upκTmpsq, yq~2
2p ds

ď Cp,γpT q

ż t

τ
pt´ κTmpsqq´α

2
|s´ κTmpsq|2γ

κTmpsq2γ
dsp1 ` }u0}8q2.

The integral in the right-hand side above can be treated as follows: using the inequalities
s ě κTmpsq and κTmpsq ě s´ τ , for all t ą τ one has

ż t

τ
pt´ κTmpsqq´α

2
|s´ κTmpsq|2γ

κTmpsq2γ
ds ď τ2γ

ż t

τ
pt´ κTmpsqq´α

2 κTmpsq´2γ ds

ď τ2γ
ż t

τ
pt´ sq´α

2 ps´ τq´2γ ds

ď τ2γ
ż t´τ

0
pt´ τ ´ sq´α

2 s´2γ ds

ď τ2γpt´ τq1´α
2

´2γ

ż 1

0
p1 ´ s1q´α

2 ps1q´2γ ds1

ď Cα,γpT qτ2γ .

As a result, for the error term Bm
3,2pptq, one obtains the following upper bound: there exists

Cp,α,γpT q P p0,8q such that one has

(43) sup
tPr0,T s

Bm
3,2pptq ď Cp,α,γpT q

`

1 ` }u0}8

˘

τγ .

‚ Treatment of the error term Bm
4,2pptq.

Applying the inequality (17) from Lemma 5 (with κpsq “ κTmpsq ď s), for all pt, xq P

r0, T s ˆQ, one has

Er|Bm
4 pt, xq|2ps ď Cp,αpT q

ż t

0
pt´sq´α

2 sup
yPQ

Er|σpκTmpsq, y, upκTmpsq, yqq´σpκTmpsq, y, umpκTmpsq, yqq|2ps ds.
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Owing to the condition (L) from Assumption 2, the mapping σ satisfies a global Lipschitz
continuity property. Therefore, recalling the definition of Em

2ppsq, one has

Er|Bm
4 pt, xq|2ps ď Cp,αpT q

ż t

0
pt´ sq´α

2 sup
yPQ

Er|upκTmpsq, yq ´ umpκTmpsq, yq|2ps ds

ď Cp,αpT q

ż t

0
pt´ sq´α

2 Em
2ppκTmpsqq2p ds.

As a result, for the error term Bm
4,2pptq, one obtains the following upper bound: there exists

CpT q P p0,8q such that one has

(44) sup
tPr0,T s

Bm
4,2pptq2p ď CpT q

ż t

0
pt´ sq´α

2 Em
2ppκTmpsqq2p ds.

This concludes the treatment of the error terms Bm
j,2pptq for j P t1, . . . , 4u.

‚ Conclusion.
Gathering the upper bounds (37), (38), (39) and (40) for the error terms Am

j,2pptq for
j P t1, . . . , 4u, and the upper bounds (41), (42), (43) and (44) for the error terms Bm

j,2pptq

for j P t1, . . . , 4u, one obtains the following inequality: for all T P p0,8q, α P p0, 2 ^ dq,
γ P p12 ´ α

4 q and p P r1,8q, there exists Cp,α,γpT q P p0,8q such that for all t P r0, T s one has

(45) Em
2pptq2p ď Cp,α,γpT qτ2pγ

`

1 ` ∥u0∥8

˘2p
` Cp,α,γpT q

ż t

0

`

1 ` pt´ sq´α
2

˘

Em
2ppκTmpsqq2p ds.

Applying a version of the Grönwall inequality (c.f [25, Lem. 15]) yields the upper bound

(46) sup
tPr0,T s

Em
2pptq2p ď Cp,α,γpT qτ2pγ

`

1 ` ∥u0∥8

˘2p
.

This provides the strong error estimates (35) and the proof of Theorem 8 is completed. □

Appendix A. Proof of the properties of the heat kernel

The objective of this section is to provide the proofs of the properties of the heat kernel
stated in Subsection 2.3.

Let us first provide the proof of Lemma 3.

Proof of Lemma 3. Let t1 ă t2. The proof of the inequality (10) proceeds by considering two
cases.

First, assume that t2´t1
t1

ă 1, i. e. that t1 ă t2 ă 2t1. Applying the inequality (9) on the
temporal derivative of the heat kernel Gd, one obtains

|Gdpt2, x, yq ´Gdpt1, x, yq| ď

ż t2

t1

|BtGdpt, x, yq|dt ď Cdpt2 ´ t1qt
´ d

2
´1

1 e
´cd

|y´x|2

t2 .

Under the condition t2 ă 2t1, one obtains the upper bound

|Gdpt2, x, yq ´Gdpt1, x, yq| ď Cd
pt2 ´ t1q

t1
t
´ d

2
1 e

´cd
|y´x|2

2t1 .
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Secondly, assume that t2´t1
t1

ě 1, i. e. that t2 ě 2t1. Applying the triangle inequality and
the inequality (7) from Lemma 2, one obtains for all x, y P Q

|Gdpt2, x, yq ´Gdpt1, x, yq| ď Gdpt2, x, yq `Gdpt1, x, yq

ď Cd

`

t
´ d

2
1 e

´cd
|y´x|2

t1 ` t
´ d

2
2 e

´cd
|y´x|2

t2

˘

.

Combining the results above then provides the inequality (10).
The inequality (11) is a straightforward consequence of the inequality (10). Indeed, one

first obtains the inequality

|Gdpt2, x, yq ´Gdpt1, x, yq| ď Cdmin

ˆ

t2 ´ t1
t1

, 1

˙ ˆ

t
´ d

2
1 e

´cd
|y´x|2

2t1 ` t
´ d

2
2 e

´cd
|y´x|2

2t2

˙

and if γ P p0, 1q for all x P R one has minpx, 1q ď xγ .
This concludes the proof of Lemma 3. □

Let us now provide the proof of Lemma 4. The inequalities (12), (13), (14) and (15) are
established successively. Recall that d P N and α P p0, 2 ^ dq.

Proof of the inequality (12). Let t P p0,8q and x P Q. Applying the inequality (7), one has

}Gdpt, x, ¨q}2pαq “

ĳ

QˆQ

Gdpt, x, yqGdpt, x, zq|y ´ z|´α dy dz

ď Ct´d

ĳ

QˆQ

e´c |y´x|2`|z´x|2

t |y ´ z|´α dy dz

ď G1
t,x ` G2

t,x,

where G1
t,x and G2

t,x are defined as

G1
t,x “ Ct´d

ĳ

QˆQ

1|x´y|ě|y´z|e
´c |y´x|2`|z´x|2

t |y ´ z|´α dy dz

G2
t,x “ Ct´d

ĳ

QˆQ

1|x´y|ď|y´z|e
´c |y´x|2`|z´x|2

t |y ´ z|´α dy dz.

Concerning G1
t,x, taking into account the condition |x´y| ě |y´z| and applying the change

of variables py1, z1q “ py ´ z, z ´ xq, one obtains

G1
t,x “ Ct´d

ĳ

QˆQ

1|x´y|ě|y´z|e
´c |y´x|2

t e´c |z´x|2

t |y ´ z|´α dy dz

ď Ct´d

ĳ

QˆQ

e´c |y´z|2

t e´c |z´x|2

t |y ´ z|´α dy dz

ď Ct´d

ż

Rd

e´c |y1|2

t |y1|´α dy1

ż

Rd

e´c |z1|2

t dz1.
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Concerning G2
t,x, taking into account the condition |x´y| ď |y´z| and applying the change

of variables py1, z1q “ py ´ x, z ´ xq, one obtains

G2
t,x “ Ct´d

ĳ

QˆQ

1|x´y|ď|y´z|e
´c |y´x|2

t e´c |z´x|2

t |y ´ z|´α dy dz

ď Ct´d

ĳ

QˆQ

e´c |y´x|2

t e´c |z´x|2

t |y ´ x|´α dy dz

ď Ct´d

ż

Rd

e´c |y1|2

t |y1|´α dy1

ż

Rd

e´c |z1|2

t dz1.

Note that one obtains the same upper bound for the two terms G1
t,x and G2

t,x. Applying the
supplementary change of variables py2, z2q “ t´

1
2 py1, z1q, one then has

G1
t,x ` G2

t,x ď Ct´d

ż

Rd

e´c |y1|2

t |y1|´α dy1

ż

Rd

e´c |z1|2

t dz1

“ Ct´
α
2

ż

Rd

|y2|´αe´c|y2|2 dy2

ż

Rd

e´c|z2|2 dz2

ď Cαt
´α

2 .

One thus obtains the following upper bound: there exists Cα P p0,8q such that for all
t P p0,8q one has

(47) t´d

ĳ

QˆQ

e´c |y´x|2`|z´x|2

t |y ´ z|´α dy dz ď Cαt
´α

2 .

As a result, one has
}Gdpt, x, ¨q}2pαq ď Cαt

´α
2 .

The proof of the inequality (12) is thus completed. □

Proof of the inequality (13). Let t2 ě t1 ě 0 and x P Q. Applying the change of variable
s “ t2 ´ t and the inequality (12), one has

ż t2

t1

}Gdpt2 ´ t, x, ¨q}2pαq dt “

ż t2´t1

0
}Gdps, x, ¨q}2pαq ds ď Cα

ż t2´t1

0
s´α

2 ds ď Cα|t2 ´ t1|1´α
2 .

The proof of the inequality (13) is thus completed. □

Proof of the inequality (14). Let x1, x2 P Q, and set δx “ x2´x1. One has the decomposition
ż `8

0
}Gdpt, x2, ¨q ´Gdpt, x1, ¨q}2pαq dt “ δG1 ` δG2,

where δG1 and δG2 are defined as

δG1 “

ż |δx|2

0
}Gdpt, x2, ¨q ´Gdpt, x1, ¨q}2pαq dt

δG2 “

ż 8

|δx|2
}Gdpt, x2, ¨q ´Gdpt, x1, ¨q}2pαq dt.
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Let us first deal with δG1. One has
ż |δx|2

0
}Gdpt, x2, ¨q ´Gdpt, x1, ¨q}2pαq dt ď 2

ż |δx|2

0
}Gdpt, x1, ¨q}2pαq dt` 2

ż |δx|2

0
}Gdpt, x2, ¨q}2pαq dt

ď 4

ż |δx|2

0
sup
xPQ

}Gdpt, x, ¨q}2pαq dt.

Applying the inequality (12), one then gets

ż |δx|2

0
sup
xPQ

}Gdpt, x, ¨q}2pαq dt ď Cα

ż |δx|2

0
t´

α
2 dt “ Cαp|δx|2q1´α

2 “ Cα|δx|2´α.

As a result, one obtains the upper bound

(48) δG1 ď Cα|δx|2´α.

Let us now deal with δG2. By the definition of the norm } ¨ }pαq, one has

δG2 “

ż 8

|δx|2
}Gdpt, x2, ¨q ´Gdpt, x1, ¨q}2pαq dt

“

ż 8

|δx|2

ĳ

QˆQ

|Gdpt, x2, yq ´Gdpt, x1, yq||Gdpt, x2, zq ´Gdpt, x1, zq||y ´ z|´α dy dz dt.

Let xpτq “ p1 ´ τqx1 ` τx2 for all τ P r0, 1s. For all t ě 0 and all y, z P Q, one obtains

|Gdpt, x2, yq ´Gdpt, x1, yq| “ |Gdpt, xp1q, yq ´Gdpt, xp0q, yq| “
ˇ

ˇ

ż 1

0
∇xGdpt, xpθq, yq ¨ δx dθ

ˇ

ˇ

ď |δx|

ż 1

0
|∇xGdpt, xpθq, yq|dθ,

|Gdpt, x2, zq ´Gdpt, x1, zq| “ |Gdpt, xp1q, zq ´Gdpt, xp0q, zq| “
ˇ

ˇ

ż 1

0
∇xGdpt, xpηq, zq ¨ δx dη

ˇ

ˇ

ď |δx|

ż 1

0
|∇xGdpt, xpηq, zq|dη.

As a result, applying the inequality (8), one has the estimates

δG2 ď |δx|2
ż 8

|δx|2

ĳ

QˆQ

ĳ

r0,1s2

|∇xGdpt, xpθq, yq||∇xGdpt, xpηq, yq||y ´ z|´α dy dz dθ dη dt

ď C|δx|2
ż 8

|δx|2
t´pd`1q

ĳ

r0,1s2

ĳ

QˆQ

e´c |y´xpθq|2`|z´xpηq|2

t |y ´ z|´α dy dz dθ dη dt

ď δG2,1 ` δG2,2,
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where δG2,1 and δG2,2 are defined as

δG2,1 “ C|δx|2
ż 8

|δx|2
t´pd`1q

ĳ

r0,1s2

ĳ

QˆQ

1|y´xpθq|ě|y´z|e
´c |y´xpθq|2`|z´xpηq|2

t |y ´ z|´α dy dz dθ dη dt,

δG2,2 “ C|δx|2
ż 8

|δx|2
t´pd`1q

ĳ

r0,1s2

ĳ

QˆQ

1|y´xpθq|ď|y´z|e
´c |y´xpθq|2`|z´xpηq|2

t |y ´ z|´α dy dz dθ dη dt.

Concerning δG2,1, taking into account the condition |y ´ xpθq| ě |y ´ z| and applying the
change of variable py1, z1q “ py ´ z, z ´ xpηqq, one obtains

δG2,1 ď C|δx|2
ż 8

|δx|2
t´pd`1q

ĳ

r0,1s2

ĳ

QˆQ

e´c |y´z|2

t e´c |z´xpηq|2

t |y ´ z|´α dy dz dθ dη dt

ď C|δx|2
ż 8

|δx|2
t´pd`1q

ĳ

r0,1s2

ĳ

RdˆRd

e´c |y1|2

t e´c |z1|2

t |y1|´α dy1 dz1 dθ dη dt

ď C|δx|2
ż 8

|δx|2
t´pd`1q

ĳ

RdˆRd

e´c |y1|2

t e´c |z1|2

t |y1|´α dy1 dz1 dt.

Concerning δG2,2, taking into account the condition |y ´ xpθq| ď |y ´ z| and applying the
change of variable py1, z1q “ py ´ xpθq, z ´ xpηqq, one obtains

δG2,2 ď C|δx|2
ż 8

|δx|2
t´pd`1q

ĳ

r0,1s2

ĳ

QˆQ

1|y´xpθq|ď|y´z|e
´c |y´xpθq|2

t e´c |z´xpηq|2

t |y ´ xpθq|´α dy dz dθ dη dt

ď C|δx|2
ż 8

|δx|2
t´pd`1q

ĳ

r0,1s2

ĳ

RdˆRd

e´c |y1|2

t e´c |z1|2

t |y1|´α dy1 dz1 dθ dη dt

ď C|δx|2
ż 8

|δx|2
t´pd`1q

ĳ

RdˆRd

e´c |y1|2

t e´c |z1|2

t |y1|´α dy1 dz1 dt.

Observe that one gets the same upper bound for the two terms δG2,1 and δG2,2. Applying the
supplementary change of variables py2, z2q “ t´

1
2 py1, z1q, one then obtains the upper bounds

δG2 ď δG2,1 ` G2,2

ď C|δx|2
ż 8

|δx|2
t´1´α

2 dt

ż

Rd

|y2|´αe´c|y2|2 dy2

ż

Rd

e´c|z2|2 dz2

ď Cα|δx|2p|δx|2q´α
2 “ Cα|δx|2´α.

As a result, one gets the upper bound
(49) δG2 ď Cα|δx|2´α.

Combining the upper bounds (48) and (49) yields the inequality
ż `8

0
}Gdpt, x2, ¨q ´Gdpt, x1, ¨q}2pαq dt “ δG1 ` δG2 ď Cα|δx|2´α.

The proof of the inequality (14) is thus completed. □
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Proof of the inequality (15). Let t2 ě t1 ě 0 and x P Q.
Owing to the definition of the norm } ¨ }pαq, one has

ż t1

0
}Gdpt2 ´ t, x, ¨q ´Gdpt1 ´ t, x, ¨q}2pαq dt

“

ż t1

0

ĳ

QˆQ

|Gdpt2 ´ t, x, yq ´Gdpt1 ´ t, x, yq||Gdpt2 ´ t, x, zq ´Gdpt1 ´ t, x, zq||y ´ z|´α dy dz dt.

Let γ P p0, 1q. Applying the inequality (11) on the heat kernel Gd (see Subsection 2.3), there
exists Cγ P p0,8q such that for all y P Q and all t P p0, t1q one has

|Gdpt2 ´ t, x, yq ´Gdpt1 ´ t, x, yq|

ď
`

|Gdpt2 ´ t, x, yq ´Gdpt1 ´ t, x, yq|
˘γ`

Gdpt2 ´ t, x, yq `Gdpt1 ´ t, x, yq
˘1´γ

ď Cγpt1 ´ tq´ d
2

´γ |t2 ´ t1|γe
´c |y´x|2

t1´t .

Applying the change of variables py1, z1q “ py ´ x, z ´ xq, one has the estimates
ż t1

0
}Gpt2 ´ t, x, ¨q ´Gpt1 ´ t, x, ¨q}2pαq dt

ď Cγ |t2 ´ t1|2γ
ż t1

0
pt1 ´ tq´d´2γ

ż

RdˆRd

e
´cγ |y´x|2

t1´t e
´cγ |z´x|2

t1´t |y ´ z|´α dy dz dt.

Applying the auxiliary inequality (47) from the proof of the inequality (12), one then obtains
ż t1

0
}Gpt2 ´ t, x, ¨q ´Gpt1 ´ t, x, ¨q}2pαq dt ď Cα|t2 ´ t1|2γ

ż t1

0
pt1 ´ tq´2γ´α

2 dt.

Assuming that γ P p0, 1 ´ α
2 q, one has 2γ ` α

2 ă 1, and thus one gets the relation
ż t1

0
pt1 ´ tq´2γ´α

2 dt “

ż t1

0
t´2γ´α

2 dt “ Cα,γt
1´2γ´α

2
1 .

As a result, there exists Cα,γ P p0,8q such that one has the bound
ż t1

0
}Gpt2 ´ t, x, ¨q ´Gpt1 ´ t, x, ¨q}2pαq dt ď Cα,γt

1´2γ´α
2

1 |t2 ´ t1|2γ .

The proof of the inequality (15) is thus completed. □

It remains to provide the proof of Lemma 5.

Proof of Lemma 5. Applying the Burkholder–Davis–Gundy inequality (4), one has the upper
bound

E

«

ˇ

ˇ

ˇ

ˇ

ż t

0

ż

Q
Gdpt´ κpsq, x, yqXps, yqFαpds, dyq

ˇ

ˇ

ˇ

ˇ

2p
ff

ď CppT qE
„ˇ

ˇ

ˇ

ˇ

ż t

0
}Gdpt´ κpsq, x, ¨qXps, ¨q}2pαq ds

ˇ

ˇ

ˇ

ˇ

pȷ

.
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Owing to the definition of the norm ~ ¨ ~2p, one obtains

~

ż t

0

ż

Q
Gdpt´ κpsq, x, yqXps, yqFαpds, dyq~2p “

˜

E

«

ˇ

ˇ

ˇ

ˇ

ż t

0

ż

Q
Gdpt´ κpsq, x, yqXps, yqFαpds, dyq

ˇ

ˇ

ˇ

ˇ

2p
ff¸

1
2p

ď CppT q

ˆ

~

ż t

0
}Gdpt´ κpsq, x, ¨qXps, ¨q}2pαq ds~p

˙

1
2

.

Applying the Minkowski inequality for the norm ~¨~p and recalling the definition of the norm
} ¨ }pαq, one obtains

~

ż t

0
}Gdpt´ κpsq, x, ¨qXps, ¨q}2pαq ds~p ď

ż t

0
~}Gdpt´ κpsq, x, ¨qXps, ¨q}2pαq~p ds

ď

ż t

0

ĳ

QˆQ

Gdpt´ κpsq, x, yqGdpt´ κpsq, x, zq~Xps, yqXps, zq~p|y ´ z|´α dy dz ds.

Note that by the Cauchy–Schwarz inequality, for all s ě 0, one has

sup
y,zPQ

~Xps, yqXps, zq~p ď sup
yPQ

~Xps, yq~2
2p.

As a result, applying the inequality (12) from Lemma 4, one obtains

~

ż t

0
}Gdpt´ κpsq, x, ¨qXps, ¨q}2pαq ds~p ď

ż t

0
}Gdpt´ κpsq, x, ¨q}2pαqsup

yPQ

~Xps, yq~2
2p ds

ď CαpT q

ż t

0
pt´ κpsqq´α

2 sup
yPQ

~Xps, yq~2
2p ds.

This shows inequality (16).
To prove the inequality (17), it suffices to apply the Jensen inequality: one has

˜

ż t

0
pt´ κpsqq´α

2 sup
xPQ

~Xps, xq~2
2p ds

¸p

ď

ˆ
ż t

0
pt´ κpsqq´α

2 ds

˙p´1 ż t

0
pt´ κpsqq´α

2 sup
xPQ

~Xps, xq~
2p
2p ds

ď

ˆ
ż t

0
pt´ κpsqq´α

2 ds

˙p´1 ż t

0
pt´ κpsqq´α

2 sup
xPQ

Er|Xps, xq|2ps ds.

Recalling that α ă 2 and that κpsq ď s for all s ě 0, one has the upper bound
ż t

0
pt´ κpsqq

´α{2 ds ď

ż t

0
pt´ sq´α{2 ds ď CαpT q.

It is then straightforward to complete the proof of the inequality (17).
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To prove the inequality (18), it suffices to consider the supremum over s P r0, T s: one
obtains

ż t

0
pt´ κpsqq´α

2 sup
xPQ

Er|Xps, xq|2ps ds ď

ż t

0
pt´ κpsqq´α

2 ds sup
0ďsďt

sup
xPQ

~Xps, xq~
2p
2p

ď Cp,αpT q sup
0ďtďT

sup
xPQ

~Xpt, xq~
2p
2p.

It is then straightforward to complete the proof of the inequality (18).
This concludes the proof of Lemma 5. □

Appendix B. Implementation details on the covariance matrix of the noise in
dimension d “ 1

In this appendix, we provide some details on the implementation of the discretization of
the noise in Section 5.1 in d “ 1 dimension. We recall that α P p0, 1q and that the covariance
matrix C P Rpn´1qˆpn´1q has elements given by

Cij “

ż xi`∆x

xi

ż xj`∆x

xj

|x´ y|´α dx dy, for i, j “ 1, . . . , n ´ 1,

where we set ∆x “ 1
n for the mesh size. These integrals can explicitly be computed as seen

in the next lemma.

Lemma 9. For i ă j, one has

Cij “ Cji “
∆x2´α

p1 ´ αqp2 ´ αq

`

pj ´ i` 1q2´α ´ 2pj ´ iq2´α ` pj ´ i´ 1q2´α
˘

.

Furthermore, for all i P t1, . . . , n ´ 1u, one has

Cii “
2∆x2´α

p1 ´ αqp2 ´ αq
, for i “ 1, . . . , n ´ 1.

Proof. We first consider the case i ă j. This means that xi ` ∆x ď xj and that y ď x for all
y P rxi, xi ` ∆xs and for all x P rxj , xj ` ∆xs. One then has

ż xj`∆x

xj

|x´ y|´α dx “

ż xj`∆x

xj

px´ yq´α dx “
pxj ` ∆x´ yq1´α

1 ´ α
´

pxj ´ yq1´α

1 ´ α
.

Integrating the above with respect to the variable y, one thus obtains

Cij “
1

1 ´ α

ż xi`∆x

xi

pxj ` ∆x´ yq1´α dy ´
1

1 ´ α

ż xi`∆x

xi

pxj ´ yq1´α dy.

The first integral gives
ż xi`∆x

xi

pxj ` ∆x´ yq1´α dy “
1

2 ´ α

`

pxj ` ∆x´ xiq
2´α ´ pxj ´ xiq

2´α
˘

.

The second integral gives
ż xi`∆x

xi

pxj ´ yq1´α dy “
1

2 ´ α

`

pxj ´ xiq
2´α ´ pxj ´ xi ´ ∆xq2´α

˘

.
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Thus, one obtains

Cij “
1

1 ´ α

1

2 ´ α

`

pxj ` ∆x´ xiq
2´α ´ 2pxj ´ xiq

2´α ` pxj ´ xi ´ ∆xq2´α
˘

.

Finally, recalling that xj “ j∆x and xi “ i∆x, one obtains the expression

Cij “
∆x2´α

p1 ´ αqp2 ´ αq

`

pj ´ i` 1q2´α ´ 2pj ´ iq2´α ` pj ´ i´ 1q2´α
˘

.

To compute Cii, we first compute the integral
ż xi`∆x

xi

|x´y|´α dx “

ż y

xi

py´xq´α dx`

ż xi`∆x

y
px´yq´α dx “

1

1 ´ α

`

py ´ xiq
1´α ` pxi ` ∆x´ yq1´α

˘

.

Thus, integrating with respect to the variable y gives us that

Cii “
1

1 ´ α

ż xi`∆x

xi

py ´ xiq
1´α ` pxi ` ∆x´ yq1´α dy “

2∆x2´α

p1 ´ αqp2 ´ αq
.

This concludes the proof. □

Appendix C. Implementation details on the covariance matrix of the noise in
dimension d “ 2

In this appendix, we provide some details on the implementation of the discretization of
the noise in Section 5.1 in d “ 2 dimensions. We recall that α P p0, 2q and that the covariance
matrix C P Rpn´1q2ˆpn´1q2 has elements given by

Cij “ CovpFn
α pt, xiq, F

n
α pt, xjqq “

ż

lxi

ż

lxj

||z1 ´ z2||´α dz1 dz2, for i, j “ 1, . . . , pn´ 1q2.

As we are considering d “ 2 in this section, z1 P lxi
Ă R2 and z2 P lxj

Ă R2. For the
ith space grid point xi P r0, 1s2, let us write xi “ px1i , x

2
i q P r0, 1s2. x1j and x2j are defined

in the analogous way for xj P r0, 1s2. The following lemma reduces the computation of the
4-dimensional integrals in Cij to the computation of 2-dimensional integrals.

Lemma 10. For i, j “ 1, . . . , pn´ 1q2, one has that

Cij “

$

&

%

∆x4´α

ż 1

´1

ż 1

´1

`

pA` q1q2 ` pB ` q2q2
˘´α{2

p1 ´ |q1|qp1 ´ |q2|qdq1 dq2, i ‰ j,

∆x4´αIpαq, i “ j.

Here, A “
Ixpiq´Ixpjq

∆x , B “
Iypiq´Iypjq

∆x , and Ipαq “ ∆2p´αq is defined by

∆2psq “ 8
p3 ` sq2s{2 ` 1

ps` 2qps` 3qps` 4q
` 4B2psq ´

4ps` 4q

s` 2
B2ps` 2q, s P C,

where
B2psq “

2

2 ` s
2F1p1{2,´s{2; 3{2;´1q, s P C,

and 2F1 is the hypergeometric function, see [4].
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Proof. We write z1 “ px1, y1q P r0, 1s2 and z2 “ px2, y2q P r0, 1s2, so that Cij can be written
as

Cij “

ż Ixpiq`∆x

Ixpiq

ż Iypiq`∆x

Iypiq

ż Ixpjq`∆x

Ixpjq

ż Iypjq`∆x

Iypjq

ppx1 ´ x2q2 ` py1 ´ y2q2q´α{2 dx1 dx2 dy1 dy2.

Here, we integrate over the following: x1 P rIxpiq, Ixpiq ` ∆xs, y1 P rIypiq, Iypiq ` ∆xs, x2 P

rIxpjq, Ixpjq ` ∆xs and y2 P rIypjq, Iypjq ` ∆xs. In other words, Cij is of the more general
form

p˚q “

ż a`∆x

a

ż b`∆x

b

ż c`∆x

c

ż d`∆x

d

`

px1 ´ x2q2 ` py1 ´ y2q2
˘´α{2

dx1 dy1 dx2 dy2,

for different values of a, b, c, d P r0, 1s. Here we integrate over the following: x1 P ra, a` ∆xs,
y1 P rb, b` ∆xs, x2 P rc, c` ∆xs and y2 P rd, d` ∆xs.

Let us now introduce new variables x̃1, x̃2, ỹ1 and ỹ2 as follows:
x1 “ a` x̃1∆x, dx1 “ ∆x dx̃1

x2 “ a` x̃2∆x, dx2 “ ∆x dx̃2

y1 “ a` ỹ1∆x, dy1 “ ∆x dỹ1

y2 “ a` ỹ2∆x, dy2 “ ∆x dỹ2.

Then, for the above 4 dimensional integral we have that

p˚q “ ∆x4
ż 1

0

ż 1

0

ż 1

0

ż 1

0

`

pa´ c` ∆xpx̃1 ´ x̃2qq2 ` pb´ d` ∆xpỹ1 ´ ỹ2qq2
˘´α{2

dx̃1 dỹ1 dx̃2 dỹ2.

Relabeling back to x1, x2, y1, y2 and factorizing out ∆xα, one then obtains

(50) p˚q “ ∆x4´α

ż 1

0

ż 1

0

ż 1

0

ż 1

0

`

pA` px1 ´ x2qq2 ` pB ` py1 ´ y2qq2
˘´α{2

dx1 dy1 dx2 dy2,

where A “ a´c
∆x and B “ b´d

∆x .
If i “ j (meaning that A “ 0 and B “ 0), then p˚q reduces to

p˚q “ ∆x4´αIpαq,

where we recall that Ipαq is defined in the statement of the lemma. We refer to [4] for more
details.

If i ‰ j (meaning that A ‰ 0 or B ‰ 0), then we first consider

p˝q “

ż 1

0

ż 1

0

`

pA` px1 ´ x2qq2 ` pB ` py1 ´ y2qq2
˘´α{2

dx1 dx2.

Instead of integration over r0, 1s ˆ r0, 1s with respect to the measure dx1 dx2, we integrate
along r P r´

?
2{2,

?
2{2s (to match the domain r0, 1s ˆ r0, 1s) with respect to the measure

2p
?
2{2 ´ |r|qdr

p˝q “

ż

?
2{2

´
?
2{2

´

pA` 2r{
?
2q2 ` pB ` py1 ´ y2qq2

¯´α{2
ˆ 2p

?
2{2 ´ |r|qdr.

We now change variables according to q “ 2?
2
r and obtain that

p˝q “

ż 1

´1

`

pA` qq2 ` pB ` py1 ´ y2qq2
˘´α{2

p1 ´ |q|qdq.
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Repeating the above also for the double integrals involving y1, y2 in (50), gives us

p˚q “ ∆x4´α

ż 1

´1

ż 1

´1

`

pA` q1q2 ` pB ` q2q2
˘´α{2

p1 ´ |q1|qp1 ´ |q2|qdq1 dq2,

where we also added back the factor of ∆x4´α. □

In contrast to the dimension d “ 1 in Appendix B, some integrals in Cij cannot be computed
exactly. On the one hand, the diagonal elements Cii involve the integral Ipαq which can be
computed using matlab’s command hypergeom to evaluate the hypergeometric function. On
the other hand, the other elements of the covariance matrix need numerical approximations,
where we used the matlab command integral2.
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