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ANALYSIS OF AN EXPONENTIAL INTEGRATOR FOR STOCHASTIC
PDEs DRIVEN BY RIESZ NOISE

CHARLES-EDOUARD BREHIER, DAVID COHEN, LLUIS QUER-SARDANYONS,
AND JOHAN ULANDER

ABSTRACT. We present and study an explicit exponential integrator for parabolic SPDEs in
any dimension driven by a Gaussian noise which is white in time and with spatial correlation
given by a Riesz kernel. Under assumptions on the coefficients of the SPDE, we prove strong
error bounds and exhibit how the rate of convergence depends on the exponent in the Riesz
kernel. Finally, numerical experiments in spatial dimensions 1 and 2 are provided in order
to confirm our convergence results.

AMS Classification. 60H15. 60H35. 60M15. 65C20. 65C30. 65J08.

Keywords. Stochastic partial differential equations. Stochastic parabolic equations. Stochastic heat
equations. Riesz kernel. Stochastic exponential integrator. LP(Q2)-convergence.

1. INTRODUCTION

The analysis of convergence of numerical schemes for stochastic partial differential equations (SPDEs)
started with the seminal paper [32]. In this reference, the authors showed the convergence in proba-
bility of an implicit numerical scheme to the solution of a stochastic heat equation with a nonlinear
term and driven by additive space-time white noise defined on the interval [0,1]. The literature on
(strong) convergence of numerical schemes to solutions of SPDEs, in particular of the parabolic type,
in dimension 1 is now well established, see e.g [49, B, b4, 28, BY, B5, 44, B, 62, b, 22, b0, b1, 61, 59,
48, 24, 9, 10, B0, b3, B, 29, [16, p7] and references therein.

Moving beyond the one dimensional case and focusing on the random field setting, convergence
results of numerical methods for SPDEs in dimension larger than 1 are currently lacking. Without
being exhaustive, we refer the interested reader to [12, b1, 63]. Indeed, the results presented in our
paper are closely related to those obtained in [51]. More precisely, in the latter reference the authors
study the speed of convergence of explicit and implicit (semi-) discretization schemes for the following
semilinear stochastic heat equation driven by Riesz noise with parameter a € (0,2 A d), where d > 1
is the space dimension:

{f;;(t,x) = Au(t,z) + b(t, =, u(t, 2)) + o(t, z, ult, ) Fa(t, z),

(1) u(0,2) = ug(x) for z € (0,1)%,

with homogeneous Dirichlet boundary conditions. Here, A is the Laplacian operator on [0, 1]¢ with
Dirichlet boundary conditions, F,, denotes a Gaussian noise which is white in time and has a spatial
correlation given by a Riesz kernel (see Section for the precise definition), ug is a continuous
function on [0, 1]¢ and the functions b, o satisfy some conditions (see Section a)

Our main objective is to analyze the rate of strong convergence of an explicit stochastic exponential
integrator for the SPDE ([I]). The main contributions of the present work are twofold:

First, we prove that the strong rate of convergence of the stochastic exponential integrator is (%— 9
(see Theorem [ for the precise statement). This rate of convergence is optimal, in_the sense that it
coincides with the time regularity of the solution u of equation (E) (see Proposition [1). Moreover, the
obtained rate of convergence coincides with those of the explicit and implicit Euler-Maruyama schemes
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considered in [p1, Thm. 3.4. (ii) and (iii)]. On top of that, our error estimates are uniform with respect
to time and space (see (BY)) and require only the minimal assumption of the initial condition ug being a
continuous function. We also point out that the considered stochastic exponential integrator provides
two distinct benefits over the numerical schemes studied in [51]: it avoids the CFL-related step-size
restriction of the explicit Euler—-Maruyama scheme and it has advantages in implementation over the
implicit Euler-Maruyama scheme (see Section f for numerical illustrations).

The second important contribution of the present paper is that we numerically confirm the the-
oretically derived strong convergence rates in dimensions d = 1 and d = 2 (see Section ff). To the
best of our knowledge, no previous references in the literature have shown such numerical results in
dimension 2 in the random field setting.

Before elaborating a bit more on the above described contributions, let us mention that exponential
integrators have a long history in the numerical analysis of deterministic ordinary and partial differ-
ential equations, see the review [36]. It is also not the first time that this kind of time integrators
have been applied in the context of SPDEs, see for instance [38, 43, B7, 14, B, [1, 42, B3] and the
references above. In addition, we refer the reader to [3], where the authors consider a one-dimensional
stochastic heat equation of the form ([l) but driven by space-time white noise. The case of stochastic
wave equations has been addressed in [[19, 60, 58, 20, 2, 55, IL§, 21, 46, 11]. Furthermore, in the context
of stochastic Schrédinger equations, there have been advances in, e.g., [b2, 17, [l, B4, 41, 15, 23].

The proof of our main result (Theorem E) on the strong rate of convergence for the stochastic
exponential integrator is carried out using two important ingredients. On the one hand, we apply
well-known estimates for stochastic integrals with respect to our Riesz noise. Here, we adapt the
theory developed by Dalang in the seminal paper [25] to our setting, in which we consider our SPDE
in the bounded domain [0,1]?. On the other hand, most of the technical effort has been focused on
proving precise estimates involving the Green function (4 of the stochastic heat equation in [0,1]%
with Dirichlet boundary conditions (see Lemmas B and Y for the precise statements), and using them
sharply throughout the proof of our main theorem. The proofs of some of those results, which involve
norms of G4 in the Hilbert space determined by the space covariance of the noise F,, have been
sketched in [p1]. For the sake of completeness, we have added a detailed proof of all estimates in
Appendix Al Finally, we remark that, conveniently used, this kind of bounds allows us to get our rate
of convergence uniformly with respect to time and space, with only assuming that ug is continuous.

The paper is organized as follows. In Section P, we present the main notation that will be used
throughout the paper, we describe the Riesz noise F, together with the corresponding stochastic
integral, we provide some properties and estimates involving the Green function G4 and we establish
the main assumptions on the coefficients b and o. Section B is devoted to defining the mild solution to
equation ([ll) and prove some of its properties. In Section {f, the continuous-time mild formulation of the
stochastic exponential integrator is presented and the main result of the paper is stated (Theorem {).
Section f is devoted to present the numerical experiments in dimensions d = 1 and d = 2. Finally, in
Section § we give the proof of Theorem 8. Appendix |Al contains detailed proofs of the main properties
of the Green function Gy, while Appendices B and [ contain details on the implementation on the
covariance matrix of the noise in dimension d = 1 and d = 2, respectively.

2. SETTING

In this section, we first introduce notation in Subsection EI, then we provide the definition of the
Riesz noise and properties of the associated stochastic integral in Subsection R.4. Next, we present
properties of the heat kernel in Subsection P.3. Finally, in Subsection R.4, we state regularity assump-
tions on the coefficients b and o appearing in the SPDE ([lf).

2.1. Notation. The set of positive integers is denoted by N = {1,2,...}. Let Q = (0,1)% and Q =
[0,1]%, where d € N is the spatial dimension. The Euclidean norm in R? is denoted by | - |. Let B(Q)
denote the set of Borel subsets of Q.
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Let C°(Q) denote the space of real-valued continuous functions on Q. For any v € C°(Q), set

[v]oo = max [v(z)].
QR

Moreover, let

CO(Q) = {veC®(Q); v(x) =0, VazedQ}.
Let L?(Q) denote the space of square-integrable real-valued functions on Q. In addition, let D(Q)
denote the space of real-valued smooth functions defined on Q.

In this article, we consider the Laplace operator A on the d-dimensional domain @ with homogeneous
Dirichlet boundary conditions on 0Q = Q\Q. It is well-known that this operator can be diagonalized.
d

For all k = (ki,...,kq) € N%, define |k|?> = 2 |k;|?. For all j € N, set ¢;(-) = v/2sin(jr). For all
j=1
k € N¢, define

d
op(@) = [ Jor (@),  Va=(x1,...,24)€Q.
j=1

Then (cpﬁ) rena 18 @ complete orthonormal system of L?(Q). Moreover, for any k € N, the function

¢ is an eigenfunction of the operator A, with associated eigenvalue —|k|?m2.
Let (9, F,P) be a probability space. The expectation operator is denoted by E[-]. For any p € [1, )

and any real-valued random variable u, we define ||ul|, = (E[|u|p])% € [0,0]. Let LP(£2) denote the
space of real-valued random variables such that ||u||, < .

In the sequel, C denotes a constant that may vary from line to line. Subscripts on C' may be
employed to indicate dependence with respect to parameters.

2.2. Riesz noise. In this subsection, we introduce the Riesz noise F},, depending on the parameter
a € (0,2 A d), and we provide the main tools to define stochastic integrals with respect to the noise
F,.

For all a € (0,2 A d), define the inner product (-, -), and the norms | - |, and | - |(4) as follows: for
any smooth functions ¢, ¢1, ¢2 € D(Q), set

(61, $2)a = J 61(2)da(y)|z — y|~* de dy,

QxQ
umﬁ:‘ﬂ\wmwwu—yr%Md%
QxQ
H¢W®::Jfldwm¢@mw—yrﬂdx@L
QxQ

Let us introduce the Hilbert space H,, as the completion of the space D(Q) with respect to the inner
product ¢+, ), and the associated norm || - | o. Any function g : @ — R satisfying HgH?a) < o belongs
to He (see, e.g.,[26, Prop. 2.6(a)]).

Next, define the Hilbert space H, = L*([0,0);H,) with inner product ¢, g, and norm || - |,
defined as follows: for all ¢, 1, ps € H,,, set

<%m%=f@ﬁ%m@%%

o0

2 2

me=f lio(t, |2 dr.
0
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Given the parameter « € (0,2 A d), the Riesz noise F,, is defined as a family F, = {F,(p); ¢ € H,}
of centered Gaussian random variables, characterized by the following covariance structure: for all
1,2 € H,, one has

E[Fa(p1)Fa(e2)] = {p1, 02)H,. -
For any time s > 0 and any Borel set A € B(Q), the function ¢, 4 : (t,2) € RT x Q — Tpg q(t)1a(x)
belongs to H,,. Set
Fo ([0,8] x A) = Fy, (ps,4) -

For any t > 0, we define F; as the o-algebra
Fir=0({Fa([0,s] x A); 0<s<t,Ae B(Q)}).

In the sequel, we consider predictable processes with respect to the filtration {F}i>o.

The stochastic integral with respect to the noise F, is understood in the Walsh-Dalang sense (see
e.g. [p6, Chapter 2], [27, Chapter 2] or [25, 26]). Namely, if {X(s,y), s = 0,y € Q} is any predictable
random field satisfying that E[| X|? ] < oo, then the stochastic integral §oX(s,y)Fa(ds, dy) is a
well-defined centered random variable, which satisfies the following isometry property:

[ [ xenrsan

(2) E l ] = E[| X |&,]-

If X, in addition, is such that E [Sgc 1X (s, )% ds] < 0, then one has
2 0
] <E UO 1X (s, )1y ds] :

[ [, e nutas.dn - £t

(3) E l

[ [ xtnr s

For all ¢ € H,,, one has

Finally, let us recall the Burkholder-Davis—Gundy inequality, see e.g. [40, Appendix B]: for all p >
1 and T € (0,00), there exists Cp(T) € (0,00) such that for any predictable process X such that

Sg | X (s, )7, ds € LP(2), the stochastic integral satisfies SOT §o X(s,y)Fa(ds,dy) € L*(9), and one

has
2p T P
<@(T>El< f |X(s,->|%a>ds> ]

(4) E

LT JQ X(sy)Falds, dy)

which can be rewritten as

T T
I L fQX (5,9) Fa(ds, dy) |55 SCP(T)H\L 1X (s, )2, ds||2.

Remark 1. The Riesz noise F, is indeed well-defined for all o € (0,d). The restriction o < 2 is due
to the fact that we want the following stochastic convolution to be well-defined, for all T > 0:

f J Gualt — 5,2, y)Fa(ds, dy), (t,z) € [0,T] x @,
0JQ

where Gy is the heat kernel introduced in the next Section @ More precisely, condition o < 2 is used
to prove that the function (s,y) € [0,t] x O — Gq(t — s,x,y) belongs to H,_(see (@) in Lemma )
This is important in order to define the mild solution to equation ([l) (see (E))
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2.3. Heat kernel. In this subsection, we introduce the heat kernel G4 on @) with Dirichlet homoge-
neous boundary conditions, and provide several of its fundamental properties. For all ¢ € (0,00) and
all z,y € Q, set
Galt,z,y) = Y exp(—|k/*T°t)pk(x)er(v),
keNd
where for all k € N, |k|? and ¢}, are defined in Subsection EI
Let us first recall standard properties of the heat kernel G4. First, one has

(5) Gd(t.ﬁl},?j) = Oa Vt e (0700)7 xvyeé~
Moreover, for all t € (0,00) and = € Q, one has
(6) f Galt.z,y) dy  [0,1].

Q

Next, let us provide estimates for the heat kernel and its first order spatial and temporal derivatives.

Lemma 2. The heat kernel Ga, its spatial gradient V. Gq and its temporal derivative 0:Gq satisfy the
following upper bounds: there exist cq, Cyq € (0,00) such that for all (t,x,y) € (0,00) x Q x Q, one has

-
(7) Gd(t,l’,y) < Cdtigeicd‘ t ‘ )
y—z|?
(8) Vo Galt, 2, )| < Cat~ s,
y—a|?
9) 10:Gat, 2, y)| < Cgt =" emea ="

We refer for instance to [45, page 274 in Chapter 4] for a proof of Lemma E Combining (H) and
(9) yields the following inequality.

Lemma 3. There exists Cy € (0,00) such that for all t1,ty € (0,00) such that t; < ta, and all 7,y € Q,
one has

to —t1 tige_cd \y;ta;\Q

tp *

|Gd(t2,a:,y) — Gd(tl,x,y)| < Cyl 2=t g
(10) '

ly—z|?

4 _, _d _, lu==|?
+Cd]lt2—t1>1(t126 4728 +t226 472t )
t1 =

In addition, for all vy € [0,1], for all t1,t5 € (0,00) such that t; < ta, and all z,y € Q, one has

y—=z|? d ly—=|?

o=tV /-4 o lv—e> 4 _
(11) |Gd(t2,x,y) — Gd(tl,x,y)| < Cd%(tl Ze I 4, %e )
1
Let us state additional properties of the heat kernel G4, which are not standard since they are
concerned with the norms || - | (,). Some of the estimates below can be found in [51, Appendix A]. For

the sake of completeness, we add the whole proof of the lemma below in Appendix [Al.

Lemma 4. Let de N and a € (0,2 A d). There exists Cy, € (0,0) such that the following inequalities
hold:

(12) sup ”Gd(tv‘ra )H%a) < Cat7%7 Vite (0700)7
zEQ
to
(13) sup J [Gats — t,, )2, dt < Ca(T)|ts — 015, V13> 11 >0,
reQ Jt1
+00 o
(14) J [Galt,x2,-) — Ga(t, z1, ~)||%a)dt < Culre — 217, Y a1,20€ Q.
0

Moreover, for all v € (0,3 — <), there exists Cq € (0,00) such that

t1 a
(15)  sup J |Ga(ty = t,2,) = Galty — t,2,-)[,) dt < Corty 2 Mty —t1|2, Via =t >0.
ze@ JO
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Let us finally provide a technical lemma on estimates for stochastic integrals of the heat kernel G4
with respect to the noise Fy,.

Lemma 5. Let d € N, a € (0,2 A d), T € (0,0), and p € [1,0). There exists Cp o(T) € (0,00)
such that the following holds: if k: Ry — Ry is a mapping such that k(s) < s for all s € Ry, and if
{X(s,2), (s,2) € [0,T] x Q} is any square-integrable predictable process taking values in H,, then one
has the upper bounds

t
sup sup || f JQGdu—n<s>7x,y>X<s,y>Fa<ds,dy>||2p
0

0<t<T e

Nl

0 zEQ

(16) < Gpa(T) (J (t = k(s)) " Fsup [|X (s, 2)[I3, d$>

(17) < Cpa(T) (J (t — ()~ Fsup E[|X (s, 2)|*"] d5>
0 zeQ
(18) < Cp,a(T) sup sup || X(t,z)]|2-

0<t<T 4eq

A

The proofs of Lemma B, of Lemma H and of Lemma a are postponed to Appendix @

2.4. Regularity assumptions. We conclude this section by giving the assumptions on the initial
value ug and on the coefficients b and o which appear in the stochastic evolution equation.

Assumption 1. The initial value ug is a function such that ug € Cg@). In other words, it is assumed
that ug: Q@ — R is continuous, and that ug(x) = 0 for all x € 0Q = Q\Q.

Note that in this article the initial value ug is assumed to be deterministic. Considering Fp-
measurable random initial values, independent of the Riesz noise F,, would be possible up to minor
standard modifications.

Let T € (0,00) denote a fixed time. The mappings b and o are assumed to satisfy the following
conditions.

Assumption 2. The mappings b: [0,T] x Q xR — R and o: [0,T] x @iR — R satisfy the following
assumptions: there exist C € (0,00) such that, for all s,t € [0,T], x,y € Q, u,v € R, one has

(L) |b(s,z,u) = blt,y,0)| + |o(s,2,u) — o(t,y,0)] < C(|s — t|/27* + |o — y[' =2 + |u — v]),
and such that, for allt € [0,T], v € Q, u e R, one has
(LG) lb(t, z,u)| + |o(t, 2, u)] < C(1 + [ul).

Observe that the condition (E) means that the two mappings u € R — b(t,z,u) and u € R —
o(t,z,u) are globally Lipschitz continuous, uniformly with respect to t € [0, 7] and x € Q. Moreover,
the temporal and spatial Holder regularity exponents 1/2 — «/4 and 1 — «/2 in the condition (i) are
related to the optimal temporal and spatial regularity properties of the solutions, see Section B and
e.g. [61, Prop. 3.2].

3. WELL-POSEDNESS AND PROPERTIES OF THE SPDE DRIVEN BY RIESZ NOISE

The objective of this section is to study the stochastic partial differential equation (m) driven by Riesz
noise in dimension d, employing the tools presented in Section PJ. Proposition fj provides existence and
uniqueness of a mild solution as well as moment bounds. Proposition [ provides a temporal regularity
result.
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We consider the stochastic partial differential equation

ou 0*F,
o —(t,z) = Au(t,z) + b(t,z,u(t,x)) + o(t, z,u(t,x)) o (t,z), Vt>0,z€qQ,
(19) u(t,z) =0, YaedQ,

uw(0,7) = up(x), VaweqQ,

where the initial value ug satisfies Assumption E and the mappings b and o satisfy Assumption E The
formulation (@) is formal. We recall that a mild solution to (@) is an adapted process {u(t, x), (t,z) €
[0,T] x Q} which satisfies the following identity: almost surely, for any (t,2) € (0,T] x @, one has

ult, x) = jQ Galt,z, yuo(y) dy + jo fQ Gt — 5,2,y)b(s, v, u(s, ) dy ds

(20) n j fQ Gt — 5,2, 9)0(s,y, u(s, 1)) Fa(ds, dy).

The stochastic integral with respect to the Riesz noise F,(ds,dy) appearing in (@) is understood in
the Walsh—Dalang sense, as presented in Subsection
Let us state properties of mild solutions of the parabolic SPDE (@)

Proposition 6. Let Assumptions B and@ be satisfied. For all T € (0,00), there exists a unique global
mild solution {u(t, ), (t,x) € [0,T] x Q} to (E)

In addition, the mild solution satisfies the following moment bounds: for all p € [1,00) and all

€ (0,00), there exists Cp(T) € (0,00) such that one has
(21) sup sup Effu(t, 2)[*] < Cp(T)(1 + [uo[20).

tG[O,T] :Eea

Proof. Existence of the unique mild solution u(¢,z) to the parabolic SPDE (@) can be found in, for
example, [25, L3, 47, 27].

The moment bounds of u(t, z) are established using standard arguments. A detailed proof is given

for completeness.
For all t € [0,T] and all = € @, one has

(22) Effu(t, )] < 3271 (M} (t,2) + M2(t, ) + Mi(t,)),

where M (t,x), M}(t,x) and MJ(t,z) are defined as

2p
My (t,x) = U Ga(t, ,y)uo(y) dy
Q

t
J Galt — s,2,4)b(s,y, uls, y)) dy ds
0

|

Gd t—s,x y) ( $Y,U ( ay)) a(dsvdy)

M (t,x) :]El

M‘3t:17 l

|

First, owing to the properties (a) and (E) of the heat kernel G4 (see Subsection @), one has

U Ga(t,z,y)uo(y) dy‘ <f Ga(t, z,y)luo(y)| dy < sup |uo(y |J Ga(t,z,y) dy < uoleo-
Q Q

As a result, one obtains

(23) sup_sup M, (t,2) < |uo| 7
te[0,T] zeQ
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Let us then consider M]f (t,z). Applying the Holder inequality and the properties (E) and (B) of the
heat kernel Gy (see Subsection ﬁ), one obtains

N@@Jﬁ<~EJ;GAt—SJAMEHM&yﬂd&yDFﬂdde(EJ;GAt—&xJdeE>%_1

t
< J sup E[|b(s, y, u(s,y))|*"]ds t2P~L.
0 yeQ

Owing to (@), the mapping b has at most linear growth, therefore one has
sup E[|b(s,y,u(s,y))[**] < Cp(1 + sup E[|u(s,y)[**]).
yeQ yeQ
As a result, one obtains
t
(24) M2(t,2) < cp(T)f (1 + sup Efju(s, y)|?]) ds.
0 yeQ
Finally, let us consider Mg’ (t,z). Applying the inequality (@) from Lemma E (with x(s) = s for all
s = 0), one obtains

t
W@@<%AﬂLWﬂY%@dew@MWN&
yeQ

Owing to (@)7 the mapping ¢ has at most linear growth, therefore one has
sup E[|o(s,, u(s,))|*"] < Cp(1 + sup Efju(s, y)[**]).

yeQ yeQ
Hence, one gets that
¢
(25) Mt x) < cp,a(T)f (t— )5 (1 + sup EfJu(s,)*"]) ds.
0 yeQ

Combining the upper bounds (@), (@) and (@)7 one obtains the following inequality: there exists
Cp.o(T) € (0,00) such that for all ¢ € [0,T] one has

sup E[Ju(t, 2)[*"] < Cpa(T) (I%Iiﬁ + J (L+(t—s)"%) (1 +sup Ef|u(s, y)[**]) ds) :
zeQ 0 yeQ

Applying a Gronwall inequality (e.g., [25, Lem. 15]) then provides the moment bounds (@)
This concludes the proof of Proposition fj. |

Let us now state and prove a result on temporal Holder regularity of the mild solution (@) to (@)
The version presented in Proposition [ has not previously been obtained in the literature, to the best
of our knowledge.

Proposition 7. Let Assumptionsl] and@ be satisfied. Let T € (0,00) and {u(t, ), (t,z) € [0,T] x Q}
be the unique mild solution to (@) For alla € (0,2 A d), pe [1,00) and v € (0,5 — 2), there exists
Cp,a~(T) € (0,0) such that for all 0 < t; <ty <T one has
P\ & [ta —t1|"
(26) sup (E[[u(tz, #) — u(ts, 2)["]) " < Cpaqy(T) =1+ [uo]w).
TEQ 1
Proof. Assume that 0 < t; <ty < 7T and let x € @), then one has the decomposition

u(tg,x) — u(tl,x) = (Sl(tl,tg,l‘) + 52(t1,t2,$) + 53(t1,t2,l‘) + 54(t1,t2,$) + (55(t1,t2,l‘),
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where the error terms &7 (tq,to, ) for all j € {1,...,5} are given by

51 (11, t,7) = jQ [Galta,,9) — Galtr, 7, y)] uo(y) dy
Fitrtao) - ! j (Cults — 5,2.3) — Galts — 5,2,9)] b(s v, u(s.)) dy ds
5%(t1, 5, 2) j J Galts — 5,2, 9)b(s, y, u(s,)) dy ds

(b1t j j [Cults — 5,2.5) — Galtr — 5, )] 05, y,u(s, 9)) Fa(ds, dy)

to
(ty,t2, f J Ga(ta — s,2,y)0(s,y,u(s,y)) Fo(ds, dy).

Let us consider the term §'(¢;,ts, 7). Assume that v € (0,1). Applying the inequality (@) on the
heat kernel (see Subsection R.3), one obtains the following upper bounds:

” [Ga(tz, z,y) — Galt1,z,y)] uo(y) dy’ < J Galta, x,y) — Gal(tr, z,y)||luo(y)| dy
Q Q

< sup |uo<y>|f (Galta, 2. y) — Galtr,,y)| dy
yeQ Q
[ta —t1]7
2=l ).,
1

Therefore one obtains the following upper bound for 6*(¢y,t2,x): for all v € (0,1), there exists C, €
(0,00) such that

to —t1|7
uHuouw, VO <t <t

(27) sup |6 (t1,t2,2)| < O, i
1

zeQ

Let us then consider the term §2(¢,t2, 7). Let p € [1,00). Applying the Minkowski inequality, one
has

t1
{ f L} [Galts — s,2,y) — Ga(ty — s,2,9)] b(s,y,u(s,y)) dy ds]|,
0
t1
< f fQ |Galts — s,2,y) — Ga(tr — s,z,y)||1b(s,y, u(s, ) ||, dy ds
0

ty
< sup sup [Ib(s, 5, u(s, v)lly f f (Gults — ,2,y) — Galts — 5,2, )| dy ds.
SE[OT] ’gEQ 0 Q

Owing to the condition (@) from Assumption E, the mapping b has at most linear growth. Therefore,
applying the moment bounds (R1)) from Proposition (), one obtains the upper bound

sup sup [[b(s, y, u(s,y)) ||, < C(1+ sup sup [lu(s, y)ll,) < Cp(T) (1 + Jluolleo)-
s€[0,T] ye@ s€[0,T] ye@
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Applying the inequality (@) on the heat kernel (see Subsection @), one obtains

! Utz =t —4 —cat?ll
|Ga(tz — s,2,y) — Ga(t1 — s,2,y)|dyds < C . Gios)y (t1 — s)" ze -9 dy ds
0 J@ o Q
t1 2
to — tq| e, Jy=al®
+ C’J- | 2~ h J (ta — s)_%e Ca 35 dyds
tl —S
cfl o —hll _tm ds
tl — S

< Oy ( )\tg — 7.

Therefore one obtains the following upper bound for §2(t1, 2, z): for all p € [1,00) and « € (0, 1), there
exists Cp (T € (0,0) such that

(28) SUB ‘H(52(t1,t2,$)mp < pr’y(T”tQ — t1|V(]_ + ”’U,()Hm), V0< tl < tz < T.
zEQ

The treatment of the term §2(¢y,to, z) is similar: applying the Minkowski inequality and the prop-
erty (ff) of the heat kernel (see Subsection PR.3), one has

to £
IHJ L Galt2 — 5,2,9)b(s,y,u(s,y)) dy ds|l, <J JQ Galty — s,2,)||b(s, y, u(s, )|, dy ds
t1 .

to
< sup sup [Ib(s,,u (s,y»mpf deaz—s,x,y)dyds
s€[0,T] ye@ t1 JQ

< Cp(T) (1 + Jluollon) t2 — ta-

Therefore one obtains the following upper bound for §3(t1, 2, z): for all p € [1,00) and 7 € (0, 1), there
exists Cp ,(T) € (0,00) such that

(29) SUB H‘(Sg(tl,tg,(ﬂ)mp < pr’y(T”tQ — t1|7’(1 + ”’U,()HOO), VO0< 11 <tg < T.
zEQ

It remains to deal with the terms §%(¢1,t,x) and §°(¢1,t, x). Applying the Burkholder-Davis—
Gundy inequality (@), one obtains the upper bound
th 2p
J [Gd(tQ - S, T, y) - Gd(tl - S, T, y)] 0(87 Y, U(S, y))Fa(d87 dy) ]
0 J@
p]

For all (t1,t2,7) € [0,T]? x Q (with t; < tg), introduce the auxiliary positive measure 1/,5(117)@71

[0,%1] x Q2, which is absolutely continuous with respect to the Lebesgue measure, and with Radon—
Nikodym derivative given by

E[|6%(t1,t2,2)[*"] = E [

f I [Galts — 5,2,) — Galts — 5,2, )] o (5, u(s, D2,

0

< C,(T)E l

on

1
dyt(l ,)tz,ér(s7 Y, Z)

dsdydz |Ga(te — s,2,y) — Ga(ty — s,2,y)| |Gata — s,2,2) — Ga(t1 — s,2,2)| [y — 2|~

Making use of the auxiliary measure Vt(ll,)tz,z introduced above yields the upper bound

t1

E[[64(ty, t2, 2)|*] < C,(T)E j ﬂ 08,9, u(s, 1) |0 (s, 2 u(s, 2))| dvD), o(5,9. 2)
0
QxQ
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Applying the Holder inequality, one then obtains
E[|5* 2 < 1 ([ & P P} du}) o 2yp-1
[16%(t1, t2, )] < . llo(s, y,uls,y))IPlo(s, 2, uls, 2)[P1dvg, 3, 2 (5,4, 2) vy 1, 2 ([0, 0] X Q7)
QxQ

< sup sup E[lo(s,y, u(s,9))||o(s, z,uls, 2))[7] vi, o ([0,t:] x Q)7
SE[O,T] y7z€§

Owing to the condition (@) from Assumption E, the mapping o has at most linear growth. Therefore,
applying the moment bounds (R1)) from Proposition (E)7 one obtains the upper bounds

sup sup Ef|o(s,y, u(s,y))Plo(s, z,u(s,2)[’] < sup sup Eflo(s,y,u(s,y))[*"]
SG[U,T] y,ZGQ SG[O,T] yeQ

< Cp(T) (1 + Juo32).-

9),if0 <t <

Moreover, applying the inequality (@) from Lemma H, with the condition ~ € (0, %

to < T, one obtains the upper bound

t

1
v, ([0,01] x Q) = f |Galts — s,2,) — Ga(ts — 5,2,)[2,) ds < Cau(T)|t2 — 11>,

0

Gathering the upper bounds, one obtains the following upper bound for §*(¢y,ts, z): for all p € [1, )
and v € (0,3 — ), there exists Cp o,4(T) € (0,0) such that

(30) SUB ‘H54(t1,t27$)m2p < Cp}a’»y(T)|t2 — 151|’Y (1 + ”’U()Hm)7 VO0< 11 <tg < T.
zEQ

Finally, the treatment of the term 6°(t1,ts,2) is similar to the treatment of 6*(t1,t2,2) above.
Applying the Burkholder-Davis—Gundy inequality (H), one obtains the upper bound

)
]

For all (t1,t2,2) € [0,T]? x @ (with t; < t5), we introduce the auxiliary positive measure ”t(i)tz,w

[t1,t2] x Q2, which is absolutely continuous with respect to the Lebesgue measure, and with Radon—
Nikodym derivative given by

E[|6°(t1, t2, )] =E

to
J J Gd(tZ —8,l’,y)U(S,y,U(S,y))Fa(dS,dy)
t1 JQ

to
< Cy(TE f Galts — 5,2, ) (s, u(s, )2,
t

1

on

2
dyt(l ,)t2,£(s7 y7 Z)

dede :Gd(tQ_S,.'E,y)Gd(tg_S,Z',Z)|y_2«'| .

(2)

Making use of the auxiliary measure v, . introduced above yields the upper bound

p

to

E[[65(t1, t2, 2)|*] < C,(T)E j f o (s, , u(s, 1) |0 (s, 2 uls, 2)| dvD), o(5,9. 2)
t1
QxQ
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Applying the Holder inequality, one then obtains
P

£2f 05,9, us, )l (5, 2, (s, 2))| dv2), o (5,11 2)

to
j jf llo(s. 1 u(s, 9) Pl (s, 2 uls, )P Ao, (5,9, 2) v (. t] X Q)P
" v
)

2
< sup sup Eflo(s,,uls, p)Plo(s, z uls, 2] 2, ([t ta] x Q).
SG[O,T] y7ZE§

Owing to the condition (@) from Assumption E, the mapping o has at most linear growth. Therefore,
applying the moment bounds (@) from Proposition (E), one obtains the upper bounds

sup sup Eflo(s,y,u(s,y))Plo(s, z,u(s,2))[P] < sup sup Eflo(s, y,u(s,y))[*"]
s€[0,T] y,zeQ s€[0,T] ye@

< Cp(T) (1 + [uolZ2).

Moreover, applying the inequality (E) from Lemma H, if 0 < t; < tg9 < T, one obtains the upper
bound

ta
Vt(12,)t2,m([t1at2] X Qz) = J HGd(tQ -85, )“%a) ds < Ca(T)‘tQ - t1|1_§'
t1

Gathering the upper bounds, and taking into account the condition v € (0, % — ), one obtains the
following upper bound for 6°(t1,ts,2): for all v € (0,3 — 2) and p € [1, ), there exists Cp o, (T) €
(0,00) such that
(31) sup 116°(t1, ta, )| 2p < Cpary (T)[t2 — )" (1+ Juoleo), YVO<ty <ty <T.

zeQ
Combining the upper bounds (@), (@), (@), (@) and (@) then provides the inequality (@) The
proof of Proposition [ is thus completed. O

4. CONVERGENCE ANALYSIS OF THE STOCHASTIC EXPONENTIAL INTEGRATOR

In this section, we introduce the stochastic_exponential integrator given by (@) and (@) applied
to the stochastic partial differential equation ([L9). We then state Theorem E which is the main result

of this article, and provides strong convergence of the integrator when the time-step size 7 goes to 0,

with rate  arbitrarily close to % -7

Let T' € (0,00) and given an integer m € N define the time-step size 7 = % For all £ € {0,...,m},
introduce the grid times t;, = ¢7. In addition, let |-| denote the integer part, and for all s € [0,T] set
T fJ:Z{@J:, bt <
K (8) =T {T — |7 sup {ts; to < s}.

Let us first start by giving a continuous-time mild formulation of the stochastic exponential inte-
grator which is inspired by [3] which treats the case of one dimensional SPDE driven by space-time
white noise. The random field {u™(t,z), (t,x) € [0,T] x Q} is defined as the solution to the following
system: for all t € [0,7] and = € Q,

m&@=f(%@mwwwﬂy
Q
(32) +J;LQGAt—Kﬁﬁhxdﬁwﬁﬂwﬁyﬂfmﬁﬁﬁ%y»dyds

][ Gt k5068 6) v (5, ) Fulds, )
0JQ
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The formulation (@) of the stochastic exponential integrator is mainly useful for the theoretical
analysis of the scheme. For its practical implementation, it is sufficient to consider approximations
Uy = u™(tg,-) at the grid times t,. From the definition (BZ) of the integrator and the semigroup
property of the heat kernel Gy, for all £ € {0,...,m — 1} and all z € @, one has

U (z JGdey)ue()

(33) . j Gualr 2, y)b(te, y. U () dy

toy1
v ] ], Gttt v @) Pt )
Let the operator e™ be defined such that for all v € CJ(Q) one has
eTAU(x) = J Gd(T,ZL’,y)U(y) dya Vaze a
Q

In addition, define Gaussian random variables ((54F ) by

o<l<m-—1

tetr1
6Fa(9) = Fa(Litt,,0) ® 0) f f o(ds,dy), Ve Ha.

Note that if ¢; # ¢5 then the Gaussian random variables d;, Fi, and dg, F,, are independent. Moreover,
forall £ € {0,...,m—1}, §;F, is a centered Gaussian random variable, with covariance structure given
by

B[50Fa()3cFa()] = .0 =7 || ploile — sl " dedy. Vv Ha.
QxQ
Employing the notation introduced above, the stochastic exponential integrator is written as

(34) U =™ U™ + (e, UT) + o(te, - UM F,), £=0,...,m—1.

The initial value of the scheme is UJ* = ug for any value 7 = T'//m of the time-step size.
We are now in position to state the main result of this article.

Theorem 8. Let Assumptions B and @ be satisfied. Let T € (0,0). Let u denote the unique mild
solution given by (R{) to the stochastic partial differential equatwn @ For allm e N, let u™ denote
the solution to the stochastic exponential integrator () with time-step size T =T /m.

For allp € [1,00) and vy € (0,5 — %), there exists Cpa~(T) € (0,00) such that for all m € N one has

1
(35) sup E [|um(t, x) — u(t, m)|2p] < Cpraqy(T)T7.
(t,)€[0,T1xQ

The proof of Theorem E is postponed to Section E

Note that one obtains the same rate of convergence, arbitrarily close to % — 7, as for_the explicit
Euler-Maruyama scheme and the semi-implicit Euler-Maruyama scheme obtained in [51, Theorem
3.4. part (iii)]. However, in Theorem { there is no need to impose regularity conditions on the initial

value ug other than continuity.

5. NUMERICAL EXPERIMENTS

In this section, we provide several numerical experiments in dimensions 1 and 2 in order to support
and illustrate the theoretical results of this paper. In addition, we shall compare the behavior of the
analyzed stochastic exponential integrator (@) with the following classical integrators for SPDEs. Let
us recall the notation for all of these integrators:
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e the stochastic exponential scheme (@) (denoted by SEXP below):
Uty = e U+ Tb(te, - UP") + o (te, - U6 F) -
e the Euler-Maruyama scheme (denoted EM) from [p1]:
ULy = U + TAU + 7b(te, - U™ ) + o (te, - U™ )0 Fa.
e the semi-implicit Euler-Maruyama scheme (denoted SEM) from [51]:
Uy = U + TAUT + T(te, - U™) + o(te, - U™ )0 Fa.

Let us recall that the noise in the parabolic SPDE (@) is given by a Riesz potential f(r) = r~¢ with
parameter « € (0,2 A d).

We start this section by describing the finite difference discretization of the parabolic SPDE (@)
from [51] in Subsection p.l. We then numerically illustrate the profile in Subsection p.2, the strong rate
of convergence in Subsection @, and the computational costs of the integrators (see Subsection p.4)
applied to the SPDE ([19) in spatial dimension d = 1. Finally, strong rates of convergence and
computational costs_of the integrators are presented for our parabolic SPDE in spatial dimension
d = 2 in Subsection p.f, resp. Subsection @p

5.1. Spatial discretization of the parabolic SPDE. In this subsection, we briefly recall the finite

difference scheme for the parabolic SPDE (E) studied in [51].

Fix a positive integer n and consider a uniform grid % = (k—nl, ce %) of @, where k; € {0,...,n} for
1 < j < d. For any non-negative integer ¢, set z; := ;. In dimension d = 1, a centered finite difference
approximation of the Laplacian is provided by the (n — 1) x (n — 1) matrix n?D,,. The matrix D, is

given by

-2 1 0 ... 0
1 -2 1
D,=10 0
1 -2 1
o : 0 1 -2

For d > 2, the spatial approximation of the Laplacian in the parabolic SPDE (E) is recursively given
by

—20d(_yyir Td_yyis 0 . 0
Idg—1ya-1 —2Idg,_1ya—1 Idg_1ya :
D — diag(D{*V) + 0 0 ;
: Id_yya1  —2Id_yyar Tdg_1ya-
0 : 0 Id,_1ya-1r  —2Idg, 1y
starting with Dg) = D,, where Id(,_jja—1 is the (n — 1)1 x (n — 1)?! identity matrix and
diag(DY™") denotes the (n—1)% x (n—1)? matrix with d diagonal blocks equal to the (n—1)4=1 x (n—

1)?~! matrix DY We denote by u"(t) the (n — 1)%-dimensional vector approximating the solution
at time ¢ to the SPDE (@) on the grid points. For any kq,...,kq € {1,...,n — 1}, we define the non-

d
negative integer k = (kg —1)(n — 1) 4. ..+ (ky — 1)(n — 1) + ky and set u™(¢,xy) := (u”(t)k)l((i_ll) ,
with xx := (2, ,..., 2k, ), which corresponds to a spatial approximation of u(t,xx). Then, the vector

u"(t) satisfies the stochastic differential equation

(36) du™(t) = n®DDu™(t) dt + b(u"(t)) dt + o (u™(t)) dF(t),
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with initial values u™(0)x = uo(xk). Here, the following classical convention is used: for any function
h_: R — R and vector v € R", we write h(v) := (h(v1),...,h(v,)) and interpret the last product in
(BM) in the elementwise sense. The vector F(¢) is given by

t
Fo(t) = ndf F,(ds,dy),

where [ ], ={z = (z1,...,2a); Tp; <@ <ap;41, V1 < j < d}.

Note that, in order to apply a time integrator to the SDE (@), one needs to know the covariance
matrix of the discretized noise. An explicit formula can be obtain in the 1-dimensional case, see
Appendix [B for details. To the best of our knowledge, this is not the case in the 2-dimensional case,
where we employ quadrature formulas, see Appendix [ for details.

5.2. Time evolution and profile of the solution in dimension 1. We consider the semilinear
stochastic heat equation (E) on the interval [0, 1] with homogeneous Dirichlet boundary conditions
and in the time interval [0,0.5]. For this numerical experiment, we choose b(u) = o(u) = 1+ 0.5 cos(u)
and the initial value ug(z) = sin(rz). We illustrate the behavior of the solution for three values
of the parameter « of the Riesz noise: o = 0.2,0.7 and « = 1 (in order to denote a space-
time white noise (which is not a Riesz noise) as in [51]). A proof of convergence of the
stochastic exponential scheme for space-time white noise is given in [3] for instance. The
finite difference method is employed with n = 2!° number of grid points and the stochastic
exponential integrator with 7 = 2716, We display the time evolution as well as a profile of the
numerical solution at T,,q = 0.5 in Figure [ll. In this figure, one can observe that the spatial
and temporal regularity depends on «, see Propositiongﬁ.

5.3. Strong convergence in dimension 1. In this subsection we illustrate the strong con-
vergence of the stochastic exponential integrator (B4) as stated in Theorem §.

We consider the semilinear SPDE ([L9) for the time interval [0,0.5]. We consider b(u) =
o(u) = 14 0.5 cos(u) and the initial value ug(z) = sin(7wx). The parameter for the Riesz noise
is set to be a = 0.7. In addition, we use 100 samples to approximate the expectations. We
have verified that this is enough for the Monte Carlo errors to be negligible. We apply the finite
difference method with n = 2° and the stochastic exponential integrator with 7,. = 2720 o
produce the reference solution u,.s. The strong errors

sup E [‘UJJC - uref(tja xk’)‘z]
(t;,2)€[0,0.5] x[0,1]

of the considered integrators are presented in Figure E (left). Here, u?* denotes a numerical
approximation of u(t;,z;). An order of convergence 1 — a/2 = 0.65 for the proposed time
integrator (B4) is observed. This is in agreement with the results of Theorem {.

We now illustrate the dependence of the order of convergence of the stochastic exponential
integrator with respect to the parameter o and consider a smoother noise with the parameter
a = 0.2 (the other parameters for this simulation are as above). The results are presented
in Figure E (right). Strong order of convergence 1 — /2 = 0.9 is observed for the stochastic
exponential integrator (@ This is in agreement with Theorem {. Figure P also illustrates
the rates of convergence of the semi-implicit Euler-Maruyama scheme, as proved in the work
[b1], as well as the (well-known) fact that the classical Euler-Maruyama scheme has a severe
step size restriction when applied to (S)PDEs.

We conclude this section by further illustrating the dependence of the strong order of
convergence of the proposed time integrator with respect to the parameter of the noise «.
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FIGURE 1. Time evolution (left) and profile at Te,q = 0..5 (right) for different
values of the parameter a.

We perform another numerical experiment with the following parameters: T = 0.5, ug(x) =
sin(rz), b(u) = 2 + sin(u), o(u) = u+2, n = 28, 7.y = 2729 7 =279 ... 2716 150
Monte Carlo samples (this is enough for the Monte Carlo errors to be negligible), and o =
0.2,0.4,0.6,0.8. The results are presented in Figure H and further illustrate Theorem 8.

5.4. Computational times in dimension 1. In this subsection we compare the computa-
tional cost of the above time integrators. To this end, we consider the SPDE ([19). We run
50 samples for each numerical scheme. For each numerical integrator and each sample, we
use several time-step sizes (277, ¢ for £ =1,2,...,10) and compare the strong error at the
final time T = 0.75 with a reference solution computed with the same sample of the noise
and by the same numerical scheme for the time-step size 7.y = 2729, Figure {f displays the
total computational time for all the samples, for each numerical scheme and each time-step
size, as a function of the averaged final error. In this figure, one observes better performance
for the stochastic exponential integrator (B4) than for the two classical time integrators from
[b1]. In addition, one can observe a time-step restriction for the explicit Euler-Maruyama
scheme (top right of the figure).

5.5. Strong convergence in dimension 2. In this subsection, we confirm the theoretical
result in Theorem § in dimension d = 2. We consider the semilinear SPDE ([19) on the spatial
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FIGURE 3. Strong errors for the SPDE (@) with Riesz potential f(r) = r~¢
for « = 0.2,0.4,0.6,0.8.

domain [0,1]? with homogeneous Dirichlet boundary conditions and for the time interval
[0,1]. We consider b(u) = o(u) = 1+ cos(u) and the initial value ug(x,y) = sin(27z) sin(27y)
for z,y € [0,1].
We compute the strong errors
1/2

sup E [\uk’” — Uref (s, T4 xj)IQ] ;
(tx,xq,x5)e[0,1]x[0,1]x[0,1]
where the reference solution u,.; is computed using the stochastic exponential integrator with
temporal discretization size T,..; = 2713 We use 100 samples to approximate the expectation
in the strong errors and we have verified that this is enough for the Monte Carlo errors to be
negligible.
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FicURE 4. Computational time as a function of the averaged final error for
the three numerical methods.

In the first numerical experiment, we fix the space discretization parameter to n = 26 = 64
and take the following values of the noise correlation parameter o = 0.2,0.4,0.6,0.8,1,1.2,1.4,1.6, 1.8.
As is seen in Figures [l and [, the decay of the strong errors follow the reference lines with
slopes 1/2 — /4. This confirms the results derived in Theorem .

10%

FIGURE 5. Root mean square convergence of the stochastic exponential Euler
scheme (B4) for o = 0.2,0.4,0.6,0.8 and for n = 64 space grid point in each
direction.

In the second numerical experiment, presented in Figure H, we fix the noise parameter to
«a = 0.8 and use different values of the space discretization parameter n = 16, 32, 64 to confirm
that the error in Theorem J is independent of n. In addition, we show that the convergence
rate agrees with the derived theoretical rate 1/2 — /4.

5.6. Computational times in dimension 2. In this subsection we compare the compu-
tational costs of the stochastic exponential Euler scheme and of the semi-implicit Euler—
Maruyama scheme in dimension d = 2. We consider the SPDE ([19) with the same parameters
as in Subsection 5.5. We apply the finite difference discretization with mesh size n = 2° = 32
and these two integrators with time-step sizes 27! for [ = 2,...,2!8. The strong error is
computed using 7.y = 2719 for the reference solution and using 100 Monte Carlo samples to
approximate the expectations.
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FIGURE 6. Root mean square convergence of the stochastic exponential Euler
scheme (@) for o = 1,1.2,1.4,1.6,1.8 and for n = 64 space grid points.
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FIGURE 7. Root mean square convergence of the stochastic exponential Euler
scheme (B4) for a = 0.8 and for n = 16, 32,64 space grid points.

Figure E displays the total computational time for the SEXP and SEM schemes for all
samples; meaning that, only the parts of the implementations of the SEXP and SEM schemes
that are different are included in the elapsed times. In this figure, one can observe better
performance for the SEXP scheme compared to the SEM scheme in the regime of small
errors.

6. PROOF OF THE MAIN RESULT

This section gives the proof of Theorem E

Proof. Recall that the random field u is the mild solution given by (@) to the stochastic

partial differential equation (@), and that, for all m € N, the random field ©™ is the numerical

solution given by the stochastic exponential integrator (B2) with time-step size 7 = T'/m.
For all p € [1,00), define

SQTZ(tﬂ JI) = H‘u(twr) - um(tvx)”bp = (]Eﬂu(t?x) - um(t?x)‘Qp])ﬁ’ v (t,l’) € [O,T] X év

E(t) = sup Ey(t,x), Y tel0,T].
ze@
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FicUre 8. Computational time as a function of the averaged final error for
the two time integrators SEM and SEXP in dimension 2.

We consider the following decomposition of the error u(t,z) —u™(t,x) for all t € [0,T] and
x € Q: one has

u(t,z) —u™(t,x) = A7 (t,z) + Ay (t, ) + AS'(t,x) + A (t, =
+ BY'(t,7) + By'(t,z) + By'(t,v) + By'(t, z),

where the error terms A™(¢,), for j € {1,...,4}, are defined as

400) = [ [ [Gult = 500.) = Gt = 5 0) )] o)) s,

AN (t, ) = f J Ga(t — K (8),2,y) [b(s, y, u(s, y)) — bkl (s), y,u(s, y))] dy ds,

A7 (¢, ) j J Galt — w5 (). 2.) [bkh (), 9. uls.9)) — b(E ()., u(r (s). )] dy ds.

APt =j j Glalt — T (5), 2. ) [b(KE, (), v, u(kE(5), 1)) — b(RE, (5), y, w™ (k2 (s), )] dy ds,

and the error terms BP(t,z), for j € {1,...,4}, are defined as

By (ta) - | f (Gt — 5,2.) — Galt = KL, (5), 2.9)] (s, . u(s,y)) Fu(ds, dy),

By (t.) f f Gt — K5 (s),2.9) [0(s,y,u(s.)) — o k(). v u(s, )] Fa(ds, dy),

B (t,) - j j Galt = wE(),2,) [0 (T (5), ., u(s. ) — ok (), g, u(KE (5). )] Fa(ds, dy).
BI(t,) j j Galt = KT(),2,) [0 (T (5), . u(KT, (5), ) — (kT (), y ™ (T (5), )] Fa(ds, ).
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For all j € {1,...,4} and all ¢ € [0,T], define
Jop(tsx) = AT (8 2)llap,  Boy(tx) = 1B (t,2)ll2p, Ve,
A%p( ) =sup ATy, (t,x), Bj2p (t) =sup Bjy,(t,z).

zeQ €@

Applying the Minkowski inequality, one has

Ep(t,z) < Z o (t, ) +Z o (t YV (t,2) € [0,T] x Q,
4 4
< D A1) Z (¢ ¥ te[0,T].
i=1 i=1
The proof proceeds by proving upper bounds for each error term .A;”QP( ) and B;”QP( ) with

jefl,... 4}

In the sequel, the value of the parameter v € (5 — ) is fixed. Note that for all s € [0,T]

1
2
one has s (s) < s and |s — kL (s)] < 7.

o Treatment of the error term A7 (¢).
Applying the Minkowski inequality, for all (¢,x) € [0,T] x @, one has

t
ATt 2) |2 < jﬁ JQ (Galt — s,2,y) — Galt — KE(5), 2, 9)|[16(5, 9, uls, ) |2p dy ds

t
< sup sup (s, g uls. )l | [ [Galt = s,.) = Gt = kE(5). )] dy s
SG[O,T] yeQ 0 Q

On the one hand, owing to the condition (@) from_Assumption E, the mapping b has at
most linear growth. Applying the moment bounds (R1) from Proposition f gives the upper
bounds

sup_sup [|b(s,y, u(s,y))|l2p < C(1+ sup sup [Ju(s, y)ll2p) < Cp(T)(1 + fJuolle)-
s€[0,T] yeQ s€[0,T] yeQ

On the other hand, applying the inequality (@) on the heat kernel (see Subsection @), one
obtains the upper bounds

t _ v \—90\2
f f ‘Gd(t—s,x,y)—Gd(t—lﬁ; ,z,y)| dy ds \Cf M(Sﬂf (t—s)*%e 2=5) dy ds
0JQ Q

)Y
T _ ly— 1\2
—i—CJ ls = Fm ()] f (t—ﬁ%(s))*%e 2t=rim (=) dy ds
t—S v Q

<, 75
< Cy(T)T7

As a result, for the error term A%p(t), one obtains the following upper bound: there exists
Cp~(T) € (0,0) such that one has

(37) sup A, (1) < Cpy (T) (1 + [Juoll)7”
te[0,T]
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o Treatment of the error term A3 (¢).
Applying the Minkowski inequality, for all (¢,x) € [0,T] x @, one has

AT () |2y < f f Galt — KT (3), 2, 9) [b(5. 1 u(s,4)) — B(KT ()., u(5, ) |2p dy .

Owing to the condition (@) from Assumption E and to the assumption v € (0,1 — <), the
mapping s € [0,7] — b(s,y,u) satisfies a Holder continuity property with exponent % -4
uniformly with respect to (y,u) € R%. Therefore, one has

t
A5 (1, 2)l2p < C f fQ Galt — K5 (s),a,9)|s — T(s) 3% dy ds
0

t
< CTé_Zf f Ga(t — KL (s), z,y) dy ds.
0JQ

Applying the property (B) of the heat kernel G4 (see Subsection @), one obtains

[e3

1
A2, 2)lll2p < CTT27 5.

Recall that v € (0,3 — %). As a result, for the error term A5, (), one obtains the following
upper bound: there exists Cp (1) € (0,00) such that one has

(38) sup A3’ Zp( ) < Cpy(T)77.
te[0,T']
o Treatment of the error term A% (t).
Applying the Minkowski inequality, for all (¢,2) € [0,T] x Q, one has

145" (¢, 2)lll2p < f J Galt—rim(s), 2, y) 16k, (), 5, uls, y)) =k, (5), y, ki, (5),9)) 1 2p dy ds.

Owing to the condition (@) from Assumption E, the mapping u — b(s,y,u) satisfies a global
Lipschitz continuity property. Therefore, applying the property (f) of the heat kernel G4 (see
Subsection R.3), one has

AT (t,2)]lp < C f f Galt - KT(5), 2, 9)u(s, 9) — u(kT(5),1) |2p dy ds

<C f sup [lu(s, ) — w(kE(), 9)l2p f Galt — kT (s), 2. y) dy ds
0 ye@ Q

<c j sup [Ju(s, ) — u(xhy (), 1)l|2p ds.
0 ye@Q

To proceed, one needs to apply the regularity property (@) from Proposition H of the solution

u. However, since k1 (s) = 0 for all s € [0,7), it is not applicable on the time interval

[0, min(¢,7)). The integral is then decomposed as

t min(¢,7)
f sup [Ju(s, y) — ulkin(s), ) ll2p ds = J sup [Ju(s, y) — ultkin(5),y)l|2p ds
0 ye@ B e

t
e j sup [Ju(s, y) — u(kT(5),y) lzp ds.
T yeqQ
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On the one hand, note that for all s € [0, min(¢, 7)) one has u(x., = wg, thus applying the
Minkowski inequality and the moment bounds ()@) from Propos1t1 E for the first integral
one has
min(t,7) min(t,7)
J sup [[u(s, y) — ulkp,(s),y)|l2p ds < f (‘sup_sup [[u(s,y)ll|2p + [luoll,) ds
0 yeQ 0 s€[0,T] yeQ

< CT(l + ||u0||00)

On the other hand, applying the regularity property (@) from Proposition H, for all t € (1,00)
one has

J[ s ) = b 90 )y s < Copp (D)1 + ) [ L g

Using the lower bound s’ (s) > s — 7, the upper bound |s — s (s)] < 7 and a change of
variables, one obtains the upper bounds

_ ¥ t ¥y t—T1 1
M()'ds<f Tds<ﬂf —ds < C,(T)7".
+ (kE(s))7 r(s=1)7 0o &

As a result, for the error term .Ag?zp(t), one obtains the following upper bound: there exists
Cp~(T) € (0,0) such that one has

(39) sup A" 2p( ) < Cpﬁ(T)(l + HU0Hoo)TV
te[0,T]

o Treatment of the error term A} (t).
Applying the Minkowski inequality, for all (¢,2) € [0,T] x Q, one has

AT (t,2)]l2p < j f Galt—rT (), 2, pIIB(E (), v, wl (), 9)=b(KE (8), ys u™ (5 (5), ) |y dy .

Owing to the condition (D) from Assumption E, the mapping u — b(s,y,u) satisfies a global
Lipschitz continuity property. Therefore, recalling the definition of ?g;(s) and applying the
property (ff) of the heat kernel G4 (see Subsection @), one has

A (t, )|y < C fo fQ Gt — KT (s), 2, 9) [Ju(kT (), ) — ™ (5T, (), ) 2p dy s

< C’L JQ Ga(t — KT (s), y)EZ;(nﬁ(s)) dyds

T) f £ (T (5)) ds

As a result, for the error term .AZ?QP(IS), one obtains the following upper bound: there exists
C(T) € (0,0) such that one has

(40) sup Af, (t J 52p
te[0,T]
This concludes the treatment of the error terms .A 7 ( ) with j € {1,...,4}. It remains to

deal with the error terms B™

Br,, (1) with j € {1,...,4}.

o Treatment of the error term By, ().
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Applying the Burkholder-Davis—Gundy inequality (H), for all (t,z) € [0,T] x @, one has

|
For all (t,z) € [0,T] x @, introduce the auxiliary positive measure vy on [0,t] x Q?, which

is absolutely continuous with respect to the Lebesgue measure, and with Radon—Nikodym
derivative given by

E[| By (1, ) 7] < [

f H Gd z, ) - Gd(t - ”;n(s)v Zr, ')]0(57 K u(s, ))H%a) ds

dvi7 (s, 9, 2)
dsdydz

Making use of the auxiliary measure 1", introduced above yields the upper bound

= ’Gd(t -5, y) - Gd(t - H%(S)a xz, y)} ’Gd(t -5, Z) - Gd(t - 55(5%1'7 Z)’ |y_z|_a‘

E[|B(t, )] < Gy f ﬂ o5, us, gl (s, 2, u(s, 2)) | dvfs(s, . )

Applying the Holder inequality, one then obtains

BB (t, 2)*] < @(T)jo ﬂ Ef[o (s, y, u(s, y))P|o(s, 2 u(s, 2)) 7] dvi™ (s, 4, 2)vf ([0, £] x Q)P
QxQ

< Cp(T) sup  sup Eflo(s,y,u(s,y))[Plo(s, z,u(s, 2))[PIvf5 ([0, 1] x Q*)P.
5€[0,T] y,2eQ

Owing to the condition (@) from Assumption E, the mapping o has at most linear growth.
Therefore, applying the moment bounds (@) from Proposition B, one obtains the upper
bounds

sup sup E[|o(s,y,u(s,y))[Plo(s, z,u(s, 2))P] < sup sup E[|o(s,y,u(s,y))|*]
SG[O)T] y,ZG@ 86[07T] ye@

< Cp(T) (1 + [JuolZ2).

To proceed, one needs to prove an upper bound for
100 < @) = [ [Giatt = 2. = Gult = kb (5).. )

For all s € (0,t), let 6(s) = (t — kL (s)) — (t —s) = s — KL (s). In order to apply the
inequality (@) on the heat kernel from Lemma J (see Subsection E), the cases d(s) <t —s
and 0(s) >t — s are treated separately.

On the one hand, if §(s) <t — s, one obtains

|Ga(t —s,z,-) - Gd(t—ff s)2, )t
ly=z|® _ |e—c|?
\ t_s ff e 2(t s)e 2(t é)‘y_z’ adydz
RQXQ

Under the condition d(s) <t — s, for all v € (0,1) one has

B _ b
(-2 S t-9)7
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Applying changes of variable y = y—z and 2’ = z—x, and ¢y’ = y//v/t — sand 2" = 2//\/t — s,
one has

olu=e® \2 \z—lQ

‘ \2 |z|
Jf (t* 5)_ e 2(31 e €3(t—s) |y |—a dy/dzl

R4 xR

22
t— s 7% Jf 2‘ ‘ "o //‘ ady” dz"

R4 xRd
< Cut—s)72.

On the other hand, if §(s) = s — k% (s) = t — s, applying the inequality (@) from Lemma H,
one obtains

|Ga(t = 5,2,) = Galt = ki (8), 2, )Gy < [Galt = 5,2, )7y + [Galt

S Cot—5)72 +On(t — kL (s))72
< Cu(t—s)”

T( z, )H%a)

l\J

R

Moreover, under the condition d(s) >t — s, for all v € (0,1) one has

5(s)*
it

As a result, in both cases one obtains the upper bound
(s — Km(5))*

T 2
HGd(t —S,x, ) — Gd(t — I{m(S),$, )H(a) o (t _ S>27+%

Therefore, taking into account the condition v € (0,3 — ), for all (¢t,z) € [0,T] x Q, one
has

t
000 % @) = [ 1Gult = 5.2.) = Galt = kb (5). . ) d

0

t (e}
< CaTQWJ (t —s) 27" 2ds < Cory (T) 7.
0
Finally, for all (¢,z) € [0,T] x @, one has the upper bound
I BY (8, 2) 155 = E[IBY' (£, 2) ] < Can(T) (1 + Juo|2£) 7.

As a result, for the error term B, (t), one obtains the following upper bound: there exists
Cp.a~(T) € (0,0) such that one has

(41) sup B, (1) < Cpany(T)(1 + Juofeo) 77
te[0,T7]

o Treatment of the error term By (1)
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Applying the inequality (@) from Lemmaa (with s(s) = kX (s)), for all (t,z) € [0,T] x Q,
one has

[|B2 (t x)’2p] Cp a(T) Sup sup E[|a(s,y,u(s,y)) - U(R%(s),y,u(s,y))]%].
0<s<T ye@

Owing to the condition (@) from Assumption E, the mapping s € [0,T] — b(s,y, u) satisfies
a Holder continuity property with exponent 5 1 ¢, uniformly with respect to (y,u) € R2.
Therefore, recalling that v € (0,1 — ¢), one has

E[|B' (t,2)[*] < Cpa(T)7%7.

)

As a result, for the error term B%p(t), one obtains the following upper bound: there exists
Cp.ar(T) € (0,0) such that one has

(42) sup By, () < Cpay(T)77.
te[0,T]

e Treatment of the error term B3* 2p( ).

Applying the inequality (E) from Lemmaa with k(s) = k1 (s)), for all (t,z) € [0,T] x Q,
one has

I B (¢, 2) I3, < Cp.a(T) L (t—ﬁfm(S))_gsug llo (ki (5), y, uls, y) =0 (ki (5), y, ulkig (5), ) I3, ds.

Owing to the condition (D) from Assumption B, the mapping o satisfies a global Lipschitz
continuity property. Therefore, one has

t
1B (£, )15, < Cp.a(T) fo (t = Fipm(5)) " 2sup [[u(s,y) — u(kp,(s), )3, ds.
yeQ

Like in_the proof of the upﬁer bound (@) for the error term By (t), the regularity prop-

erty (@) from Proposition [ is not directly applicable, and it is necessary to decompose the
integral as

f (t = /E(s) "3 sup [Julsy) — (kT (s),y) I3, ds

0 yeQ
min(t,7) T s T )
=f (t — T ()" sup [[u(s, ) — u(xT(s),y) |3, ds
0 yeQ
t
n nf (t — wT()) Fsup [Ju(s,y) — ulxT(s). )13, ds.

T yeQ

On the one hand, note that for all s € [0, min(¢, 7)) one has u(x = wug, thus applying the
Minkowski inequality and the moment bounds (R1) from Proposm E for the first integral
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one has

min(t,7) a
|7 = sty s lluts.) — uleh (5). B, ds
0 =

min(t,7) T L a ) 5
< J (t = fin ()™ 2 (sup [luls, m)ll3, + lluoll) ds

0 yeQ

min(t,7) T L a 9
< f (t— kT ()% ds(1 + [luoll,.)>

0

To deal with the integral in the right-hand side above, observe that since xZ (s) = 0 for all
s € [0, min(¢, 7)], one has

min(t,7) o o o 0 o o
L (t— kT (5))"% ds — min(t, 7)t=% — min(t, )% min(t, 7)1 5% < 7% < O,
On the other hand, applying the regularity property (@) from Proposition H, forall t € (7, 00),
one has

f (1= R Fsup lfu(s,9) = wl 510, 0

t S—HT s 27y
< () [ (= (o) S s+ ol

T

The integral in the right-hand side above can be treated as follows: using the inequalities
s>kl (s) and kI (s) = s — 7, for all t > 7 one has

t s — kL ()27 t a
[t 2Bt s < o2 [ st St as

t
< 727J (t—s)"2(s—7)" 2 ds

T

t—7
& _
<T27J (t—7—5)" 25 7ds
0
1

<7t - T)lé‘%f (1—s)"2(s) 21 ds’
0
< Coy (T)TH.

As a result, for the error term Bg’fzp(t), one obtains the following upper bound: there exists
Cp.a~(T) € (0,0) such that one has

(43) sup Bg’bp(t) < C’p@w(T)(l + HuOHOO)TV.
te[0,T7]

e Treatment of the error term B’y (t).
Applying the inequality ([L7) from Lemma E (with x(s) = kL (s) < s), for all (t,z) €
[0,7] x @, one has

E[| B (t,2)[*] < Cpa(T) fo (t—s)"2 SuapE[!U(Hﬁ(S%y,U(Hf@(S),y))—U(Hﬁ(S),y,um(/ﬂfn(S), y))|*] ds.
ye
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Owing to the condition (D) from Assumption E, the mapping o satisfies a global Lipschitz
continuity property. Therefore, recalling the definition of ?g;(s), one has

¢
BB} (12)[7] < CpaT) | (1= 57 sup Bllu(wh (9).) = (] (). 9) 7] s
yeQ
¢
< CpalT) | (1= FER (T () s
As a result, for the error term Bf{fzp(t), one obtains the following upper bound: there exists
C(T) € (0,0) such that one has

¢

(44) sup BZ?QP(t)% < C(T) J (t— s)fgﬂ;;)(ﬁfn(s))% ds.
te[0,T] 0

This concludes the treatment of the error terms Bjy (t) for j € {1,...,4}.

e Conclusion.

Gathering the upper bounds (@), (E), (E) and (@) for the error terms %(t) for
j € {1,...,4}, and the upper bounds (K1), (12), (@) and (@) for the error terms %(t)
for j € {1,...,4}, one obtains the following inequality: for all 7" € (0,00), a € (0,2 A d),
ve(3—9)and p e [1,%), there exists Cp,a,(T) € (0,90) such that for all ¢ € [0,77] one has

-m

t
2 o\
(45) E5p()* < Cpan(T)T7 (1 + Jluoll,) ™ + Cp,oc,’y(T)J (1+ (t = 5)72)Eqp(rp(5)) ds.
0
Applying a version of the Gronwall inequality (c.f [25, Lem. 15]) yields the upper bound
= 2
(46) s[up] Eg;(t)Qp < Cp’aﬁ(T)TQM(l + HuOHOO) P
te[0,T

This provides the strong error estimates (@) and the proof of Theorem E is completed. [

APPENDIX A. PROOF OF THE PROPERTIES OF THE HEAT KERNEL

The objective of this section is to provide the proofs of the properties of the heat kernel
stated in Subsection R.3.
Let us first provide the proof of Lemma E

Proof of Lemma B Let t; < t9. The proof of the inequality (@) proceeds by considering two
cases.
First, assume that % < 1, i.e. that t; <ty < 2t;. Applying the inequality (E) on the
temporal derivative of the heat kernel G4, one obtains
to —d—l _cd|’y;21|2

|Gd(t2,l’,y) - Gd(t17$ay)| < J |atGd(t7x7y)| dt < Cd(tQ - 7fl)tl 2 €
t1

Under the condition to < 2t1, one obtains the upper bound

(ty —t1) —d ly—z|?

|Gy(ta, z,y) — Gg(t1,z,y)| < Cy 5 t 27 Cd o
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Secondly, assume that % > 1, i.e. that to > 2¢;. Ap}iying the triangle inequality and
the inequality (H) from Lemma E, one obtains for all z,y € Q

’Gd(t%xay) - Gd(tlax7y)‘ < Gd(t%xvy) + Gd(tl,l‘,y)

y—z? 4 . ly—al?
a4ty %e t2

Combining the results above then provides the inequality (@)
The inequality (@) is a straightforward consequence of the inequality (@) Indeed, one
first obtains the inequality

to —t _d . |y—z|? d _ ly—x?
‘Gd(tg,m,y) — Gd(tl,ac,y)| < Cymin ( 2 7 ! , 1) (tl 2p %2 +t, 27 3ty >
1

and if v € (0,1) for all z € R one has min(z,1) < z7.
This concludes the proof of Lemma 3. O

Let us now provide the proof of Lemma H The inequalities (), (@), () and (@) are
established successively. Recall that d € N and a € (0,2 A d).

Proof of the inequality (@) Let t € (0,00) and = € Q. Applying the inequality (B), one has

[Gult. )y = [ Gutt..)Gult,2)ly — o1 dyats
QxQ
<ot jj eﬂjww —z|7%dydz
QxQ
<Gl +Gia

where G}, and G7, are defined as

1 _d _oly=aP+z—a? o
gt,x =Ct Lipyi>y—zl€ ¢ ly —2|"*dydz
QxQ

2 —d _clymaPrlz—a? a
Gto = C1 Ljgyl<ly—2l€ tJy— 2 “dydz.
9xQ

Concerning Qt{ .+, taking into account the condition |x —y| > |y — 2| and applying the change
of variables (v, 2') = (y — 2z, 2 — z), one obtains

_ B T G - _
iz = ” Lpoyspy—ze” © € Jy—2[""dydz
QxQ
_d _olu=z? _lz=c? o
< Ct et e v |y—z"%dydz
QxQ

2
[=]

1|2 z
< C’t_df ey dy’f e ¢ d7.
R R
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Concerning gt%x, taking into account the condition |z —y| < |y —z| and applying the change
of variables (v, 2') = (y — z,z — x), one obtains
ly=z|®> _ |z=z|?
th,w = Ct_d ff ]1|w—y\s|y—z\€_c = e ‘1 |y — Z‘_a dydz
QxQ
_d B T - o
< Ct e t e ¢t |ly—z %dydz
QxQ

ly' |2 z
< C’t_dj e_cyT|y'\_°‘ dy/f e ¢t d7.
R4 R4

Note that one obtains the same upper bound for the two terms Q’%x and ggx. Applying the

supplementary change of variables (y”, 2") = f%(y’ ,2'), one then has
12

/|2 2|
Gl +Giy < Ct‘df e T |yl dy’f e dy
]Rd

R4
_a _ a2 a2
— O+ 5 |y//| @, cly”| dy” e clz"| dz"
R4 R4

< Cut™2.

One thus obtains the following upper bound: there exists C, € (0,00) such that for all
t € (0,00) one has

n|R

—d _oly=aP+z—a|? _ _
(47) t ffe ¢ t ly — 2|7 *dydz < Cyut
QxQ
As a result, one has
|Ga(t,z, )7,y < Cat™2.
The proof of the inequality (@) is thus completed. O

Proof of the inequality (@) Let to > t; > 0 and € Q. Applying the change of variable
s = to — t and the inequality (), one has

to to—11 to—11 o o
L |Gd<t2—t,x,‘>|%a>dt=fo |Gals, 2, )y ds < Ca L 573 ds < Calta — ]2,

1

The proof of the inequality (@) is thus completed. O

Proof of the inequality (@) Let z1, 22 € Q, and set 6x = x5 —x1. One has the decomposition

+00
|Ga(t, za,-) — Ga(t, x1, )%, dt = 6G* + 6G2,
0 ()

where 6G! and §G?2 are defined as

|2
o6 = [ 16t Gutt 1, 1
0

oe]
0G° = J' |Galt, w2,-) = Galt, 21, )|y dt.

dx|?
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Let us first deal with G!. One has

|ox|?

|6x|? o]
JO Galt, 22,7) — Galt, 1, )yt < 2 jo Galt, 1, )2y dt +2 fO IGalt, 2, )2,

|oz|?
< 4] sup HGd(taxa')H?a) dt.
0 z€Q

Applying the inequality (@), one then gets

|52 |oz> a
f sup |Galt, 7, |2, dt < caf =% dt = Ca(022) =5 = Ol
0 TeQ 0

As a result, one obtains the upper bound
(48) 6G' < Cyloz)?~.

Let us now deal with 6G?. By the definition of the norm | - ||(4), one has

0
0G* = f| |Galt, 22, ) = Galt, @1, 7 dt

ox|?

o0
— J| | ff |Ga(t, za,y) — Ga(t, x1,9)||Ga(t, x2, 2) — Ga(t, 21, 2)||y — 2|~ dy dz dt.
ox|?
QxQ

Let 2(7) = (1 — 7)1 + 72 for all 7 € [0,1]. For all t > 0 and all y, z € @, one obtains

Gult,2.1) = Gult,1.)| = Galt (1) 9) = Gt 0). )] = | | VaGalty2(6), ) -G )
< |o| fo V. Glt,2(0). )| 46,
|Gy(t, 2, 2) — Gq(t, z1, 2)| = |Gy4(t,x(1),2) — Gq(t,z(0), 2)| = |J;)1 V:Ga(t,z(n), z) - 0x d77|
< |oz| fol |V:Ga(t,z(n), z)| dn.

As a result, applying the inequality (E), one has the estimates

e}

52 < fosf? [ [ [ 19uCutt. 200, 0)19aGatt. o). )l — 21 dydz g dnet

oz
| |QXQ[071]2

0 2 (0) 21— ()2

< C|5$|2f —(d+1) ff Jf (el lz=a(o) y— 2 dy dz do dy dt
132

o7l [0,1]2@%xQ

< 6g2,1 + 6g2,2’



32 CHARLES-EDOUARD BREHIER, DAVID COHEN, LLUIS QUER-SARDANYONS, AND JOHAN ULANDER

where 6G%! and 6G2? are defined as

. z<9)|2+|z x(n)|?
6GHt = C’|5:c|2J5 2t (d+1) Jf JJ Ly—a(0)|2|y—21€ = : ly — 2| "% dy dzdf dndt,
|| 1] G20
—x 2 zZ—T 2
|| 1P Gx0

Concerning 6G*>!, taking into account the condition |y — z(6)| > |y — 2| and applying the
change of variable (v/,2') = (y — 2z, 2z — x(n)), one obtains

Z2 Z—T
5921<C|5x|2f ¢~ (d+D) H U el el gy 2 g dypdt
622

[0,1]2 @%xQ
<cisaf [ e |f H
|6x|2
012RdXRd
C|6$|2J (d+1 Jf
|62
R4 xRd

Concerning 6G*?, taking into account the condition |y — z(0)| < |y — 2| and applying the
change of variable (y’ 2"y = (y — z(0),z — x(n)), one obtains

2,2 2 4—(d+1) cly= z<9>|2 clz=zml? o
0G7* < Clox| ) 2 Liy—zo)|<jy—z€ < ° ly — z(0)|”*dydzdfdndt
|oz| OAp GxQ

ol I

[0,1]%2 Re xR

2 (d+1) —‘” 2
< Clox| t-
|62

R4 xRd

Observe that one gets the same upper bound for the two terms §G>! and §G%2. Applying the

/!
9y

supplementary change of variables (y”, 2") = f%(y/, z'), one then obtains the upper bounds

3G* < 66> + G**

0
< C\éfeIQf t17% dtf |y | e dy”f ol g
o] R4 Rl

< Coloz2(|6z|?)72 = Culdz|?~.
As a result, one gets the upper bound
(49) 6G% < Cyloz)?~.
Combining the upper bounds (@) and (@) yields the inequality

+0
| 1Guttiza, ) = Gatton, R dt = 56" + 8% < Coldaf~.
0

The proof of the inequality (@) is thus completed. O
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Proof of the inequality (@) Let tg >t; > 0and z € Q.
Owing to the definition of the norm || - |(4), one has

1
|Galts = t,,) = Galts = t,, )y At
0

t1
= f f |Gy(ta —t,z,y) — Ga(t1 — t,x,y)||Ga(ta — t,x,2) — Ga(t;1 — t,x, 2)||ly — 2|~ dy dz dt.
0
QxQ

Let v € (0,1). Applying the inequality L@) on the heat kernel Gy (see Subsection @), there
exists C, € (0,00) such that for all y € () and all t € (0,¢;) one has
|Gd(t2 —t,, y) - Gd(tl —t,x, y)|
1—
< (|Gd(t2 - tu Z, y) - Gd(tl - ta Z, y)‘)v(Gd(tQ - t) x, y) + Gd(tl - t7 Z, y)) K

_d_ 7C7‘y—z‘2
< C'y(tl — t) 2 7|152 — t1|76’ =t

Applying the change of variables (v/,2") = (y — x, 2 — ), one has the estimates

t1
HG(t2 —t,x, ) - G(tl —t,, )H%a) dt
0

(31 ly—z|? lz—z|?

(ty —t)~ 4= J e Tt e Tat |y — 2| “dydzdt.
R4 x R4

< Gyt - tl\%f
0

Applying the awsiliary inequality (1) from the proof of the inequality (i), one then obtains
t1 " )
f |Gtz ~ 1.2, ) = Gltr = £, e At < Caltz - t1I2WJ (th— 1) % dt.
0 0

Assuming that v € (0,1 — §), one has 2y + § < 1, and thus one gets the relation

t1 a t o 1-2y—2
L (t1 — )" 2dt = JO T dt = Oty 2.

As a result, there exists Cy 5 € (0,00) such that one has the bound
h 2 1-2v-5 2y
0 ”G(tZ _tvx") _G(tl -1, )H(a) dt < Ca77t1 ’t2 _t1| :

The proof of the inequality (@) is thus completed. O
It remains to provide the proof of Lemma B

Proof of Lemma B Applying the Burkholder-Davis—Gundy inequality (H), one has the upper
bound

|

2p

1

< e[ 16t = wts). )X ) 0

t
f j Galt — (), 2,9) X (5, y) Fal(ds, dy)
0JQ




34 CHARLES-EDOUARD BREHIER, DAVID COHEN, LLUIS QUER-SARDANYONS, AND JOHAN ULANDER

Owing to the definition of the norm || - |2, one obtains

Uot fQ Ga(t — k(s),z,9) X (s,y) Fa(ds, dy)

t
JO fQ Ga(t — k(s),2,y)X (s,y) Fa(ds,dy) |2y = (E

)
< Cy(T) ( L Galt — (s), 2, ) X (5,) %y dsnp) ’

Applying the Minkowski inequality for the norm ||- ||, and recalling the definition of the norm
|+ (), one obtains

t t
I | 16att = 5(5). 2. X (5. dslly < | Gt = (5)2. )X (5. 2y s
t
<[] Gt = 519 )Gate = w(5). 2,21 X (5,)X 5.2 by — 21 dy s,
0
QxQ

Note that by the Cauchy—Schwarz inequality, for all s > 0, one has

sup || X (s,5)X (s, 2)[lp < sup [| X (s,9)3,-
Y,2€Q YyeEQ

As a result, applying the inequality (@) from Lemma H, one obtains

t t
IIIJ0 |Galt = #(s), 2, )X (s, )7 dsllp < L |Ga(t = w(s), 2, ) |faysup | X (s, )13, ds

yeQ
t
< Ca(T) f (t — w(s))"Fsup [|X (5, )12, ds.
0 yeQ

This shows inequality (@)
To prove the inequality (@), it suffices to apply the Jensen inequality: one has

(f (t— k()" Zsup || X (s, 2)I3, ds)

0 TeQ

< (Lt(t _k(s))"% ds)p
< (Lt(t — K(s))72 ds)p_l K(t - ﬁ<s))—‘3izg E[| X (s, 2)|?"] ds.

Recalling that o < 2 and that x(s) < s for all s > 0, one has the upper bound

-1

t
f (t - w(s))"$sup [|X (s, )22 ds
0 €@

jt (t—r(s)) "% ds < Jt(t —5)7% ds < Cu(T).

0 0

It is then straightforward to complete the proof of the inequality (@)
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To prove the inequality (@), it suffices to consider the supremum over s € [0,7]: one
obtains

t t
f (t — r(s)) % sup E[|X (s,2)[?] ds < f (t - n(s))~% ds sup sup | X (s, 2122
0 ze@ 0 0<s<t ze@

< Cpa(T) sup_sup [|X(t,2)]12.

0<t<T z€Q
It is then straightforward to complete the proof of the inequality (@)
This concludes the proof of Lemma §. O
APPENDIX B. IMPLEMENTATION DETAILS ON THE COVARIANCE MATRIX OF THE NOISE IN

DIMENSION d =1

In this appendix, we provide some details on the implementation of the discretization of
the noise in Section in d = 1 dimension. We recall that a € (0,1) and that the covariance
matrix C' € R(=D*(=1) hag elements given by

z;+Azr px;+Ax
Cijzj J |z —y| " *dady, fori,j=1,...,n—1,
T; x;

where we set Ax = % for the mesh size. These integrals can explicitly be computed as seen
in the next lemma.

Lemma 9. Fori < j, one has

Ax2fa
O = i 1)2C (i _ )2 i 1)2)
Cij = C;j (1_a)(2_a)((9 i+1) G+ (G —i-1)*7)
Furthermore, for all i€ {1,...,n — 1}, one has
2Az?—
W= e ,=1,...,n—1.
C A—a)@—a) for n

Proof. We first consider the case i < j. This means that x; + Az < z; and that y < z for all
y € [x;, z; + Az] and for all x € [z;,x; + Az]. One then has

zj+Ax zj+Ax (.T + Ar — y)l—a ($ _ y)l—a
_ —de — o —ad — J o J ]
| ear= [ e - 2

Ty

Integrating the above with respect to the variable y, one thus obtains

1 x;+Ax 1 1 z;+Ax 1
C’i-—f (xj + Az —y)  *dy — J (xj —y)  “dy.

I—al, 1—al,,

The first integral gives

Ti+Ax
! - 1 —« -
f (zj + Az —y)' " *dy = 5 ((zj + Az — 2)*% — (25 — 2;)*7%)..

The second integral gives

z;+Ax L 1 ) )
J (xj —y) *O‘dyzz_a((a;j—a:i) Y= (zj—m — Az)*TY).



36 CHARLES-EDOUARD BREHIER, DAVID COHEN, LLUIS QUER-SARDANYONS, AND JOHAN ULANDER

Thus, one obtains
1 1

l—a2—«

Cij = ((xj + Az — a;i)Q*a — 2(z; — xi)Q*O‘ + (xj — @ — Ax)%o‘) .

Finally, recalling that z; = jAx and x; = iAx, one obtains the expression

Ax2—a )
G- ©

To compute Cy;, we first compute the integral

Cij = — i+ 1) =20 — )T+ (i — 1))

x;+Ax Yy T +Ax 1
f |lz—y|~*dz = f (y—x)™“ dx—i—f (x—y) %dx = —— ((y — )T+ (x; + Az — y)l_“) )

T z; Yy l-a

Thus, integrating with respect to the variable y gives us that

1 T, + Az Lo 2A.,L.27o¢
i = —x;) + Az —y) YAy = —— .
This concludes the proof. [l

APPENDIX C. IMPLEMENTATION DETAILS ON THE COVARIANCE MATRIX OF THE NOISE IN
DIMENSION d = 2

In this appendix, we provide some details on the implementation of the discretization of
the noise in Section in d = 2 dimensions. We recall that « € (0,2) and that the covariance
matrix C € Rm=D**(n=1? hag elements given by

Ciy = Cov(F(t,a2), F2 (1, 2)) :f f 21 — 2|~ dz1 dzp, for i,j = 1,..., (n— 1)2.

As we are considering d = 2 in this section, 21 € [],, © R? and 23 € [k, R2. For the
ith space grid point z; € [0,1]?, let us write z; = (z},2?) € [0,1]% iL‘Jl and x? are defined

177
in the analogous way for z; € [0,1]%. The following lemma reduces the computation of the
4-dimensional integrals in Cj; to the computation of 2-dimensional integrals.

Lemma 10. Fori,j=1,...,(n— 1)2, one has that

o2 ] f (At @) + (B +0)?) " (1~ a1~ lgal) day dgs, % j,
Azt=I(a), i = j.

Here, A = I’“'(i)A_l{z(j), B = Iy(i)g;y(j), and I(a) = Ag(—a) is defined by

B (3+5)2%2 +1 CA(s+4)
Ag(s) = 8(5 905+ 3)(s £ 4) + 4Bs(s) ST By(s+2), seC,
where
Ba(s) = =Py (1/2,—5/2;3/2, —1), s,

2+s
and o Fy is the hypergeometric function, see [4].
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Proof. We write 21 = (z1,71) € [0,1]% and 23 = (z2,92) € [0,1]?, so that C;; can be written
as

I (i) + Az ply()+Az pl(j)+Az Iy (5)+Ax
Cij _f f f J (1 — 22)* + (y1 — 92)*)~** day dza dyy dye.
Lo (i) Iy (3) I (5) Ly (5)

Here, we integrate over the following: x1 € [1,(7), I.(i) + Ax], y1 € [Iy(7), Iy(i) + Ax], z2 €
[1:(7), 1:(4) + Azx] and yo € [Iy(j),Iy(j) + Az]. In other words, Cj; is of the more general

form
a+Az rb+Azx pct+Ax pd+Ax —a/2
*) = J f f f ((361 — azg)Z + (y1 — y2)2) dxy dy; dxo dyo,
a b d

for different values of a,b, c,d € [0,1]. Here we integrate over the following: x; € [a,a + Az],
y1 € [b,b + Ax], x5 € [¢,c+ Ax] and ys € [d,d + Azx].
Let us now introduce new variables Z1, Zo2, %1 and g2 as follows:

1 =a+ 1Az, dry = Axda,
To = a+ oAz, dry = AxdIs
y1 = a+ 1Az, dy; = Axdy
Yo = a + JoAx, dys = Az djs.

Then, for the above 4 dimensional integral we have that

= AZE4J J f j (((l —c+ A:L'(i’l — i’z))Q + (b —d+ A:E(ﬂl — gg))2)7a/2 dZ1 dgy dzo dgo.

Relabeling back to x1, 2, y1, y2 and factorizing out Az®, one then obtains

(50) * 4 aJ J f f A + a;l — .%'2))2 + (B + (y1 — y2))2)_a/2 dz; dy; dao dyo,
where A = %= and B =
If i = j (meaning that A = 0 and B = 0), then () reduces to
(+) = Aat=I (),

where we recall that I(«) is defined in the statement of the lemma. We refer to [4] for more
details.
If i # j (meaning that A # 0 or B # 0), then we first consider

5) = L fo (A+ (21— 22)* + (B + (n — 12))*) " doy da.

Instead of integration over [0,1] x [0,1] with respect to the measure dz; dza, we integrate
along 7 € [—v/2/2,4/2/2] (to match the domain [0,1] x [0,1]) with respect to the measure

2(v/2/2 —|r|) dr

Va2 ~a
@ = (s @ o-w?) " vz -
—/2/2

We now change variables according to ¢ = \%r and obtain that

1
@)= [ (0P + B+ = w)?) " 1~ lahdg
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Repeating the above also for the double integrals involving 1, y2 in (@), gives us

1 1
(%) = Azt~ Jl fl (A+aq)? + (B +a)?) """ (1~ )1 - |a2]) dar dop,

where we also added back the factor of Az*—2. O

In contrast to the dimension d = 1 in Appendix E, some integrals in C;; cannot be computed
exactly. On the one hand, the diagonal elements Cj; involve the integral I(«) which can be
computed using matlab’s command hypergeom to evaluate the hypergeometric function. On
the other hand, the other elements of the covariance matrix need numerical approximations,
where we used the matlab command integral2.
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